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DISCRIMINANT ANALYSIS IN SMALL AND LARGE DIMENSIONS
T. BODNAR, S. MAZUR, E. NGAILO, N. PAROLYA

ABSTRACT. We study the distributional properties of the linear discriminant function under the as-
sumption of normality by comparing two groups with the same covariance matrix but different mean
vectors. A stochastic representation for the discriminant function coefficients is derived, which is then
used to obtain their asymptotic distribution under the high-dimensional asymptotic regime. We inves-
tigate the performance of the classification analysis based on the discriminant function in both small
and large dimensions. A stochastic representation is established, which allows to compute the error
rate in an efficient way. We further compare the calculated error rate with the optimal one obtained
under the assumption that the covariance matrix and the two mean vectors are known. Finally, we
present an analytical expression of the error rate calculated in the high-dimensional asymptotic regime.
The finite-sample properties of the derived theoretical results are assessed via an extensive Monte Carlo
study.

Key words and phrases. Discriminant function, stochastic representation, large-dimensional asymp-
totics, random matrix theory, classification analysis.
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1. INTRODUCTION

In the modern world of science and technology, high-dimensional data are present in
various fields such as finance, environment science and social sciences. In the sense of
many complex multivariate dependencies observed in data, formulating correct models
and developing inferential procedures are the major challenges. It is usually assumed
that the sample size is considerably larger than the process dimension in the traditional
multivariate statistical theory. However, this assumption is not longer valid under the
high-dimensional setting, where the dimension is comparable to the sample size.

The covariance matrix is one of the most popular approaches to capture the depen-
dence among variables. Although its application is restricted only to linear dependence
and more sophisticated methods, like copula, should be applied in the general case.
Recently, a number of papers have been published, which deal with estimating the co-
variance matrix (see, e.g., [1, 8, 9, 16, 18, 22, 23, 32]) and testing its structure (see, e. g.,
[2, 7, 19, 20, 28, 29, 31]) in large dimension.

In many applications, the covariance matrix and mean vector are utilized together. For
example, the product of the inverse sample covariance matrix and the difference of the
sample mean vectors is present in the discriminant function, where a linear combination
of variables (discriminant function coefficients) is determined such that the standardized
distance between the groups of observations is maximized. A second example arises in
portfolio theory, where the vector of optimal portfolio weights is proportional to the
products of inverse sample covariance matrix and sample mean vector [13].

The discriminant analysis is a multivariate technique concerned with separating dis-
tinct sets of objects (or observations) [30]. Its two main tasks are to distinguish distinct
sets of observations and to allocate new observations to previously defined groups [37].
The main methods of the discriminant analysis are the linear discriminant and quadratic
discriminant functions. The linear discriminant function is a generalization of Fisher
linear discriminant analysis, which is used in statistics, pattern recognition and machine
learning to find a linear combination of features that characterizes or separates two or
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more groups of objects in the best way. The application of the linear discriminant func-
tion is restricted to the assumption of the equal covariance matrices of the populations.
Although the quadratic discriminant function can be used when the latter assumption is
violated, its application is more computational exhaustive which needs to estimate the
covariance matrices of each group, and requires more observations than in the case of
linear discriminant function [35]. Moreover, the decision boundary is easy to understand
and to visualize in high-dimensional settings, if the linear discriminant function is used.

The discriminant analysis is a well established topic in multivariate statistics. Many
asymptotic results are available when the sample sizes of groups to be separated are
assumed to be large, while the number of variables is fixed and significantly smaller than
the sample size (see, e.g., [34, 37]). However, these results cannot automatically be
transferred when the number of variables is higher than the sample size, the situation
which is known in the statistical literature as the high-dimensional asymptotic regime.
It is remarkable that in this case the results obtained under the standard asymptotic
regime can deviate significantly from those obtained under the high-dimensional asymp-
totics (see, e.g., [3]). Fujikoshi [24] provided an asymptotic approximation of the linear
discriminant function in high dimension by considering the case of equal sample sizes
and compared the results with the classical asymptotic approximation by [41]. For the
samples of non-equal sizes, they pointed out that the high-dimensional approximation is
extremely accurate. However, [40] showed that the Fisher linear discriminant function
performs poorly due to diverging spectra in the case of large-dimensional data and small
sample sizes. The papers [6, 39] investigated the asymptotic properties of the linear
discriminant function in high dimension, while modifications of the linear discriminant
function can be found in [17, 38]. The asymptotic results for the discriminant function
coefficients in matrix-variate skew models can be found in [11].

We contribute to the statistical literature by deriving a stochastic representation of
the discriminant function coeflicient and the classification rule based on the linear dis-
criminant function. These results provide us an efficient way of simulating these random
quantities and they are also used in the derivation of their high-dimensional asymp-
totic distributions, using which the error rate of the classification rule based on the
linear discriminant function can be easily assessed and the problem of the increasing
dimensionality can be visualized in a simple way. An important challenge, which is not
discussed in this paper, is the extension of the derived theoretical results to the case of
the quadratic discriminant function, i.e. when two populations have different covariance
matrices. These results will require the development of new stochastic representations
and are left for future research.

The rest of the paper is organized as follows. The finite-sample properties of the dis-
criminant function are presented in Subsection 2.1, where we derive a stochastic repre-
sentation for the discriminant function coefficients. In Subsection 2.2, an exact one-sided
test for the comparison of the population discriminant function coefficients is suggested,
while a stochastic representation for the classification rule is obtained in Subsection 2.3.
The asymptotic distributions of the discriminant function coefficients and of the classi-
fication rule are derived in Section 3, while finite sample performance of the asymptotic
distribution is analysed in Subsection 3.2.

2. FINITE-SAMPLE PROPERTIES OF THE DISCRIMINANT FUNCTION

Let x(ll), . ,xﬁ}l) and x(12), .. ,x%) be two independent samples from the multivariate
normal distributions which consist of independent and identically distributed random
vectors with xl(-l) ~ Np(uy,X) for i =1,...,n; and x§-2) ~ Np(Hy, X) for j =1,...,n9
where 3 is positive definite. Throughout the paper, 1,, denotes the n-dimensional vector
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of ones, I,, is the n x n identity matrix, and the symbol ® stands for the Kronecker
product.

Let X(1) = xgl), X)) and X@ = x§2), ..., xP) be observation matrices. Then
the sample estimators for the mean vectors and the covariance matrices constructed from
each sample are given by

g0 L S X0 = 1xon,,
'I’Lj im1 ’I’Lj

j
gu) — 1 Z(X(‘j) _ i@) (Xm _ i(j))
n] _ 1 (] K3

i=1

T

The pooled estimator for the covariance matrix, i.e., an estimator for X obtained from
two samples, is then given by

1

Sp=—
Pl 77,1+Tl272

[(nl —1)SD 4 (ny — 1>s<2>] (1)

The following lemma (see, e.g., [37, Section 5.4.2]) presents the joint distribution of
M %2 and S,,.

Lemma 1. Let X; ~ Np,, (k1) . Z®L,,) and X3 ~ Ny, (o1, E®1,,) for

ny? na?

p < ny+ng—2. Assume that Xy and Xy are independent. Then
(1 1 .
(a) X( ) NNP(”’D Ez))
< (2 1 .
(b) X( ) ~ Np(“-z, EE))
(c) (n1+n2—2)Sy ~W,(n1 +ne —2,%).
Moreover, V), %2 and Sy are mutually independently distributed.

The results of Lemma 1, in particular, imply that

1 1
xM —x® ~ A, (lh — Ko, < + ) 2) ; (2)

ni no

which is independent of S,;.

2.1. Stochastic representation for the discriminant function coefficients. The
discriminant function coefficients are given by the following vector

a=8) ()2(1) - x(z)) , (3)

which is the sample-based feasible estimator of the population discriminant function
coefficient vector expressed as

a=3""(1 —py)

We consider a more general problem by deriving the distribution of linear combina-
tions of the discriminant function coefficients. This result possesses several practical
application: (i) it allows a direct comparison of the population coefficients in the dis-
criminant function by deriving a corresponding statistical test; (ii) it can be used in the
classification problem, where, providing a new observation vector, one has to decide to
which of two groups the observation vector has to be classified.

Let L be a k xp matrix of constants such that rank(L) = k < p. We are then interested
in

0 —La=Ls;/ (>z<1> - x<2>). (4)

Choosing different matrices L, we are able to provide different inferences about the linear
combinations of the discriminant function coefficients. For instance, if K = 1 and L is the
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vector with all elements zero except the one on the jth position which is one, then we get
the distribution of the jth coefficient in the discriminant function. If we choose k = 1 and
L = (1,-1,0,...,0)T, then we analyse the difference between the first two coefficients
in the discriminant function. The corresponding result can be further used to test if the
population counterparts to these coefficients are zero or not. For k > 1 several linear
combinations of the discriminant function coefficients are considered simultaneously.

In the next theorem we derive a stochastic representation for . The stochastic rep-
resentation is a very important tool in analysing the distributional properties of random
quantities. It is widely spread in the computation statistics (e.g., [25]), in the theory of
elliptical distributions [27] as well as in Bayesian statistics (cf. [4, 5, 10]). Later on, we

use the symbol 2 to denote the equality in distribution.

Theorem 1. Let L be an arbitrary k X p matriz of constants such that rank(L) = k < p.

Then, under the assumption of Lemma 1, the stochastic representation of 0 = La is
given by

xT¥-1x

X2 X LRLT) P |,
ny+nz —p

0L (ny+ne—2)E [ LY %+

where Ry = %71 — NI TNUKTD % £ o~ X2 1, KX~ Np(pl .
(i + L)E), and to ~ tp(ni + na — p, 0, Ix). Moreover, &, X and to are mutually

ni na
independent.
Proof. From Lemma 1 (c) and Theorem 3.4.1 of [26], we obtain that
1

_ ~T - 1,274,
ny+ ng — 2 pl W(n1+n2+p ’ )

Also, since x = x() — x(® and Sy are independent, the conditional distribution of

0 = LSglli given X = X* equals to the distribution of 0* = LS, 1“* and it can be

rewritten in the following form

LS 'x* x*Ts tx*

*TSpl x* (n1 +ng — 2)x* T X 1x*

0" = d (’I’Ll +n2—2) *TE Ly

Applying Theorem 3.2.12 of [34] we obtain that
ex Ty —1g*
X' ¥
E=n14+n2—2)————— ~ X tno—ne
( 1 2 )i*TS;lli* X 1+n2—p—1

and its distribution is independent of x*. Hence,
CcTe—1y
X' Tx 9
&= (Tl1 +n2— 2) )V(Ts—ll)v( ~ Xni+na—p—1

and &, X are independent.

—lv*
X

Using Theorem 3 of [12], we obtain that x*TS X* is independent of for given

V*Tsilv*
x*. Therefore, &* is independent of x*T 2~ 1x* -LSpllx*/k*TSpllx* and & is independent

of x'X 1% LS;llf(/fiT S;llfc. Furthermore, it holds from the proof of Theorem 1 of [15]
that

LS 1x* T —1y*

v —1v ! 1u X X

Ts %Pt (ny 4+ ny — LI, = LR LT
X TS, X" ny+ng—p

with Ry = 71 — B %% T 21 /% T 8- 1%
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Thus, we obtain the following stochastic representation of 0 which is given by

xT¥-1x

X X T 1/2
nﬁnrp(LRxL) to |,

0L (ny+ny—2)8 LY %+

where Ry = 271 — NI N LK%, & ~ 2 g X~ Np(pl .

no

(n% + i)2), and tog ~ tx(n1 + no — p, 0, I;). Moreover, &, %X and to are mutually
independent. The theorem is proved. O

In the next corollary we consider the special case when k = 1, i.e., L =17 is a
p-dimensional vector of constants.

Corollary 1. Let A = 1/ny + 1/ns and let 1 be a p-dimensional vector of constants.
Then, under the condition of Theorem 1, the stochastic representation of 0 = 1Ta is
given by

0 4 (n1 + ng — 2)571 <1T21(p1 — )+ \/()\+ Mu)szllz()),

ny+mng—p

where

&~ X?Ll+n2—p—17 29 ~N(0,1), u~F(p—1,n1 +nz —p, (1y — 1) "Ri(py — Hy)/A)

(non-central F-distribution with p—1 and nq+no—p degrees of freedom and non-centrality
parameter (B, — 1o) T Ri(1y — Ko)/A) with Ry = 271 = S~ MTE-1 1T, & 29 and
u are mutually independently distributed.

Proof. We get from Theorem 1 that

A < T -1x
0L (ny+np—2)8 [ 1TSS 1%+ to\/xx TRyl | =
ny+ng —p

=(ng +ny—2)&7" <1T215< + t”%ﬂz—uﬁﬂm&),
Vn1+n2 —p
where Ry = 271 = S~MTS /1781 £ ~ %2, 1, fo ~ t(ny + 71z — p,0,1), and
x ~ Np(Hy — Ho, AX) with A = 1/nq + 1/ng; &, tp and % are mutually independent.
Because of X ~ N,(K; — 1y, AX), RiZR; = Ry, and tr[R;X] = p — 1, the application
of Corollary 5.1.3a of [33] leads to

C=A"%TRix ~ x2 4 (8%),

where 62 = (1 — py) "Ri(Ky — 1y)/A. Moreover, since RjEX~!1 = 0, the application of
Theorem 5.5.1 of [33] proves that 1" 7% and ( are independently distributed.

Finally, we note that the random variable tg ~ t(ny + ns — p,0,1) has the following
stochastic representation
d ny+ng—p

20 )
w

to

where zp ~ N (0,1) and w ~ xiﬁnz _p; 20 and w are independent. Hence,
AC-1ITXE-1]
1*2—1>2+t0\/(:7 =
ny+ng —p w

— N(lTElp, >\1T211(1 + plu)),
P

ny + no —

C,w NN(sz—lu, MTz—ll(l + C)) =
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where
¢/(p—1) T
=———" "~ F(p—1,n1 +nzy —p, — R — A).
e ) (p—Ln1+n2 —p, (1 — Ko)  Ra(ky — 1y)/A)
Putting all above together we get the statement of the corollary. O

2.2. Test for the population discriminant function coefficients. An important
question, when the discriminant analysis is performed, is to decide which coefficients
are the most influential in making the decision. The most popular methods in the
literature are (cf. [37, Section 5.5]): (i) standardized coefficients; (ii) partial F-values;
(iii) correlations between the variables and the discriminant function. In Theorem 5.7A
of [36] it is argued that each of these three methods has several drawbacks. For instance,
the correlations between the variables and the discriminant function do not show the
multivariate contribution of each variable, but provide only univariate information how
each variable separates the groups, ignoring the presence of other variables.

In this subsection, we propose an alternative approach based on the statistical hy-
pothesis test. The exact statistical tests will be derived under the null hypothesis that
two population discriminant function coefficients are equal (two-sided test) versus the
alternative hypothesis that a coefficient in the discriminant function is larger than an-
other one (one-sided test). The testing hypothesis for the equality of the i-th and the
j-th coefficients in the population discriminant function is described by

Hy: a;, =a; against H;: a; #a,, (5)
while in the case of one-sided test we test
Hy: a; <a; against H;: a; >a;. (6)
The following test statistic is suggested in both the cases:
T=+/ni+n,—p—1x
1's ' (x() — x(2))

X
VS (1 41 = 2) (L + 5) + (X0 — xC) TRy (x(0) — x2)
with
R s s !
Ri=S' -2 and 1=(0,...,0, 1 ,0...,0, —1,0,...,0)7.
P 1TS'1 ~~ ~~

@ J
The distribution of T' follows from [13, Theorem 6] and it is summarized in Theorem 2.
Theorem 2. Let A = 1/n1+1/ny and let1 be a p-dimensional vector of constants. Then,
under the condition of Theorem 1,

(a) the density of T is given by

ny +ng —

fT(x) - )\(Tl)p Jo ftn1+n2—p—l=51(y) (.Z‘) x

ny+ng—p
o A (>\(p—1)y) dy
T —1 _
with 81 (y) =n/VA+y, 1= o=t and s = (1 — )T Ra(py — wy); the
symbol fa(+) denotes the density of the distribution G.
(b) Under the null hypothesis it holds that T ~ tn, 4n,—p—1 and T is independent of

(x) — ,—(<2>)Tf{1 (x) — x@).
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Theorem 2 shows that the test statistics 7" has a standard t¢-distribution under the null
hypothesis. As a result, the suggested test will reject the null hypothesis of the two-sided
test (5) as soon as |T'| > tp, 4ny—p—1;1—a/2-

The situation is more complicated in the case of the one-sided test (6). In this case
the maximal probability of the type I error has to be controlled. For that reason, we
first calculate the probability of rejection of the null hypothesis for all possible parameter
values and after that we calculate its maximum for the parameters, which correspond to
the null hypothesis in (6). Since the distribution of 7" depends on py, py, and ¥ only
over 1 and s (see Theorem 2), the task of finding the maximum is significantly simplified.
Let Fg(-) denote the distribution function of the distribution G. For any constant ¢, we
get

P g = [ freie =

+°°n1—|—n2— ny+ng —p
:J 7J Fenyins—v1.6000 OIF s iny g <M9>dyd$:

q

n1+n2— Ny +ng —p oo
= j fF, nqtng—p.s/A (My) Jq ft,,LlJrnrpfl,&l(y) (z)dxdy =
7n1+n2—p ny+ng —p
= ﬁ JO (1 — Ft,,L1+7L27p—1,51(y)(Q)>f.7:p,1,n1+n2,p,5/)\ (}\(p—l)y> dy <

ni+ne—p [ ny+mng —p
ST S, O s o (55 2570

=1- Ftn1+1127p71,0 (q)7
where the last equality follows from the fact that the distribution function of the non-
central ¢t-distribution is a decreasing function in non-centrality parameter and 8, (y) < 0.

Consequently, we get ¢ = tpn, 1n,—p—1;1—« and the one-sided test rejects the null hypoth-
esis in (6) as soon as T' > tp, 4ny—p—1;1—a-

2.3. Classification analysis. Having a new observation vector x, we classify it to one
of the two groups under consideration. Assuming that no prior information is available
about the classification result, i. e. the prior probability of each group is 1/2, the decision,
which is based on the optimal rule, is to assign the observation vector x to the first group
as soon as the following inequality holds (cf. Section 6.2 of [36]):

1 -
(1= 1) T3 7x > Sy — ) T3 (b + o) (7)

and to the second group otherwise. The error rate is defined as the probability of classi-
fying the observation x into one group, while it comes from another one. The book [36]
presented the expression of the error rate expressed as

1
ER,(A) = §P(classify to the first group | second group is true) +
1
+ QP(claSSify to the second group | first group is true) =
A . 2 Ty—1
=@ -5 | with A%= (1 —pg) E7 (1 — 1),
where ®(-) denotes the distribution function of the standard normal distribution.

In practice, however, B, Hy, and 3 are unknown quantities and the decision is based
on the inequality

()—((1)_,—((2)> Slx > 2( (1) _ ,—((2>)TS&1<}—(<1>+,—(<2)) (8)
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instead. Next, we derive the error rate of the decision rule (8). Let

q (,—(u)_}—(@)) s X_i( <) _ (2))TSJ(>’<(”+>’<(2)) _

= (;7:(1) - x<2>) s (x ) (x(l) + x(z))) .

In Theorem 3 we present the stochastic representation of d.

Theorem 3. Let A = 1/ny + 1/ny.  Then, under the condition of Theorem 1, the
stochastic representation of d is given by

) B ' o _qyi-1
= LW ((—1)1_1)\23\”2 (?\Ez +(A+ ﬁwo)2) + cu (A2 + ﬁAwO) +

7\77,1'

1 P .
+\/<1+n1+n2+n1+n2 )\/7\&24- A—l—\fwo) 0) for i=1,2, (9)

where ul&y, &2, wo ~ F(p— 1,n1 +ng — p, (n1 + n2) "1&1) with &€&z, wo ~ X,_1.52

£ w00

AZ
and 8%, woi = S sgriat dreny 70000 ~ N (0D, £~ X pn, o1 &2~ X7 & 20
are independent of u, &1, &2, wqy, where & and wg are independent as well.

Proof. Let x ~ N, (n;, X). Since M %@ x, and S, are independently distributed, we

get that the conditional distribution of d given x(1) = x{" 2

the distribution of dy defined by
-
o = (=) — %) 875,

where X = x — (Xél) + = )> ~ Np (Pn - 7<xél) + _(2)>72)7 (n1 4+ ng —2)Sy ~
~Wp(n1 +ng —2,%), X and S,; are independent.
Following the proof of Corollary 1, we get

T 1
do 4 (ny +mng —2)&7 " ((xgl) _ 5(82)) -1 (m _ 5(5(81) +X62))> n

N QT
whereu~]~'(p—1,n1+n2—p, (ui—%(*(l) *(2))>TR (ul 1(xg (4 ]@))) with
R, = 5 _ E—l()—((()l) _}-{ém) (i(gl) 2)) /< (1) )—(2)>TE—1<}—(81)_)—((()2)>7

20 ~N(0,1), and & ~ X%1+n27p71; &, zp and u are mutually independently distributed.
By using that

L/  _e (2
M; — 2(()+XE)))_FL1*XE)Z) (-1)"~ Q(X(()) X8)>

and x® = x” is equal to

T
and (5{81) — i(()z)) Ry =0, we get
sd np+ng—2 (—1)1 (1) =(2) L ~(1) _ =(2)
=T (2 (x =) 37 (0 -x)

_ (,—{m _ i@))Tyl (,—{m _ ui) T

_P=l N 20) 2@ T3 (=(1) _ =(2)
+\/<1+n1+n2_pu)(x x2)) B-1(x x() z |,
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where u|x(), () ~ f<p —1,n1 +ns —p, (9 — pi)TRx(i(i) - pi)) with Ry = 271 —

—51(xM - x@) (x0 — x@) 571/ (xM) = £@) TE-1(x0) - x?) 2 ~ A0, 1), and
&~ X2 tnyp_1; & 20 are independent of u, ) %),
Since X and % are independent and normally distributed, we get that

20—, 0 iy o
<) _ %2 ~ sz TRT] ’ (—1)11'71 .
1 2 — X AX

and, consequently,

2 _ | (iu) B 2(2)> N/\/p<(_1)i1 (x(l) _x@ (g — le)), 1 2> ,

An; ni + no

g 11 __1
where we used that - an? = it

The application of Theorem 5.5.1 in [33] shows that given (X — %(?)) the random
variables (x(1) — @) TE~1(x(® — w.) and (X — p;) TR (X — ;) are independently

distributed with
(,2(1) _ x<2>>Tg‘1 (5{@) _ ui) ‘ ()—(m _ ,—(<2>) -
N /\/<(_;7);1 (x(n _ 5((2))1—2*1 ()—(u) Cx® (- M)),

Jlr (,—{u) _ X(Q))Tgfl (x(n _ x<2>))
ny + no

and, by using Corollary 5.1.3a of [33],

(n1 + m)(g(i) _ P-Z')TRX ()—((i) _ P-i) ’ (5((1) _ 5((2)) ~Xp18

with
ni+ng [ _ Ty (e _
62 = ez <x(1) —x@ —(y, - p.2)) Ry (X(l) —x® —(p, - l»lz)) =
ny + no
= gz (= ) Ra(py — 1) =
n;

_mitne (B~ H) T2 (R ) (41) 7(z>>T (,(1)_,(2)>
TN & —x@) Ty (x0 —x) F X)) RuelxE X,

where we use that (x() —x(?)TR, = 0 and
Ru=3""-3""(1; — uy)(1; - o) TZT (1 — o) T (g — ).
As a result, we get

sd M1 +ng —2 M =2, (=)
= — | (-1 A

(b — 1) T2 (%M — %) +

&
1 -1
+ <1 + I u> Ao |,
ny+ng nNip+ng—p
where A2 = () — x@)T2-1(x1) — @) wx® % ~ F(p - 1,n1 + ns — p,

),
(n1 +ng) &) with & ~ Xp—1,52, 20 ~ N(0,1), and & ~ X3, 1, p_1; & 20 are in-
dependent of u, &;,x(1), x(2).
Finally, it holds with A2 = (p; — py) "2 1 (g — p,) that

—1l(s — 2
82 = (x - x2) Ry (x) - x) 4 (2w 2T X))
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where both summands are independent following Theorem 5.5.1 in [33]. The application
of Corollary 5.1.3a in [33] leads to
_1/- _(on T _ _
A l(x(l) _ X(2)) Rp(x(l) _ X(2)) ~ X§_1
and
(b1 — 1) TE7H (& —x) ~ N (A%,0A07).
We get the stochastic representation of d from the last statement expressed as

A B ' o 1yi—1
i LZ?Q ((1)’1}‘”2;n2 (7\52 +(A+ ﬁwo)Q) + % (A2 + ﬁAwo) +

1 p—1
1 A A A 2
+\/< +n1+n2+n1+n2—pu>\/£2+( +fw0) ZO)’

where u|&;, E2,wp ~ ]-'(p —1,n1 +ng —p,(n1 + n2)7151) with & |&2, wo ~ Xp—1,52

Eo,w(,1

2 _ m+ A2 2 2 .
and 5527111071 B n;\ngz Ao+ (A+VAwo)? £2, 20, wo ~ N(0,1), &~ Xy +na—p—1> €2 ~ Xp—15 &
zo are independent of u, &1, &2, wp, where &5 and wg are independent as well. O

Theorem 3 shows that the distribution of d is determined by six random variables
&, &1, &2, 20, wp, and u. Moreover, it depends on H;, 1y, and 3 only via the quadratic
form A. As a result, the error rate based on the decision rule (8) is a function of A only
and it is calculated by

1 - 1.
ERs(A) = §P(d > 0| second group is true) + §P(d < 0| first group is true).  (10)

The two probabilities in (10) can easily be approximated for all A, p, ny, and ng with
high precision by applying the results of Theorem 3 via the following simulation study
(i) Fix A and i € {1,2}.
(ii) Generate four independent random variables & ~ X2 {n, p 1> &2:6 ~ Xoo1
z0.6 ~ N(0,1), and wpy ~ N(0,1).

(iii

. A5,
Generate ~ with 62 = mng 2 '
E1p Xp*l’éig,wo,i £2,b,W0,b,1 nZ Azt (A+vAwoep)?

)

(iv) Generate u ~ ,F(p —1,n14+ns —p,(ny + ng)_lﬁl,b).
(v) Calculate cz,(f) following the stochastic representation (9) of Theorem 3.

(vi) Repeat steps (ii)—(v) for b =1,..., B leading to the sample CZY), ... ,a?g).

The procedure has to be performed for both values of i = 1,2 where for ¢ = 1 the relative
number of events {d > 0} will approximate the first summand in (10), while for i = 2
the relative number of events {d < 0} will approximate the second summand in (10).

It is important to note that the difference between the error rates calculated for the
two decision rules (7) and (8) could be very large as shown in Figure 1, where ER,(A)
and ERs(A) are calculated for several values of ny = ny € {50,100, 150,250} with fixed
values of p € {10,25,50,75}. If p = 10, we do not observe large differences between
ER,(A) and ER,(A) computed for different sample sizes. However, this statement does
not hold any longer when p becomes comparable to both n; and ns as documented for
p = 50 and p = 75. This case is known in the literature as a large-dimensional asymptotic
regime and it is investigated in detail in Section 3.

3. DISCRIMINANT ANALYSIS UNDER LARGE-DIMENSIONAL ASYMPTOTICS

In this section we derive the asymptotic distribution of the discriminant function coef-
ficients under the high-dimensional asymptotic regime, i. e., when the dimension increases
together with the sample sizes and they all tend to infinity. More precisely, we assume
that p/(n1 +n2) = c € [0,1) as ny + ng — 0.
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FIGURE 1. Error rates ER,(A) and ER,(A) as functions of A for
p € {10,25,50,75} and ERs(A).

The following conditions are needed for the validity of the asymptotic results:

(A1) There exists y > 0 such that p~Y(p; — py) ' =71 (g — y) < o0 uniformly on p.
(A2) 0< lim (ny/ng) < co.

(n1,n2)—00
It is important to note, that no assumption on the eigenvalues of the covariance matrix
is imposed like they are uniformly bounded on p. The asymptotic results are also valid

when 3 possesses unbounded spectrum, as well as when its smallest eigenvalue tends to
zero as p — oo. The constant vy is a technical one and it controls the growth rate of the
quadratic form. In Theorem 4 the asymptotic distribution of linear combinations of the
discriminant function coefficients is provided.

Theorem 4. Assume (A1) and (A2). Let1 be a p-dimensional vector of constants such
that p~Y1T X7 < oo is uniformly on p, y > 0. Then, under the conditions of Theorem 1,
the asymptotic distribution of @ =17 a is given by

- 1
Vni + npo! (9 - 171T271(111 - HQ)) 5 N(0,1)

—C
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for p/(n1 +mn2) = c€[0,1) as ny + ny — oo with
1

2 _
AR REE

+A(n1 + nz)sz_llﬂ{o}(Y)) ,

_ 2 _ _
((ITE M — 1)) TS (e — o) "B (g — o) +

where 1 4(+) denotes the indicator function of set A.

Proof. Using the stochastic representation (5) of Corollary 1, we get

~1(4 1 _
Vi1 +n20-'y1 (6 - 1711—2 Huy — uz)) <

— C
1 YTyl —
g Vni + ng ((Tll + ng — 2)((_,71 — )p — (ul u2)
1-c p~Yoy

_ _ —v]1T$—1
n1 + no 2\/<py+py p—1 u)\/p Ts-11

g ny+mng —p pYoy

+

+ 7\(n1 +n2) 205

where
E, ~ Xi1+n27p717 20 ™~ N(O7 1)7 u ~ -7:(]9 - 1;”7‘1 +n2 —p, (u‘l - M)TRI(M - uQ)/}\)

with R} = 7! - Z7MITE"1 /1TSS &, 20 and u are mutually independently dis-
tributed.
Since, & ~ X7211+n2—p—17 we get that

&

ny +TL2*

nl—l—ng—p—l( 1—1>£>N(0,2)
D

for p/(n1 +n2) = ¢ € [0,1) as ny + ny — oo and, consequently,

_ 1 vni+n ni+ny—p—1 1
VN1 + ng (n1+n272)5, 1_ = 1 2 1 2— P
1—c¢ ny+ng—p—1 £ 1—c¢
-2
x\/n1+n2—p—1<(1—c) m ot & >£>

m4nyg—p—1 ni+tng—p—1

2

&%NN(O, )
1—c

for A =c+o((m + no)~1/?), where zy and % are independent.

Furthermore, we get (see, [14, Lemma 3])

p—

—Y+ -Y
P P ny+mng —p

u— T (v) —

C

- (11{0} (v) +

1 PV (1 — 1) "Ra(my — u2)> as,
—C

cA(ny + na)
Putting the above results together, we get the statement of the theorem with
1 _ 2 _
o} = W(Q(lTE NPT S LD s ((THETRORD : A (TRER TR S
+A(ny + nz)lTE_ll]l{o}(Y)) =
1
(1—-¢)?

+ A(my +n2)1T2*11]1{0}(y)). O

_ 2 _ —
(0727 0y = 1)+ 17200y — ) TS (g = o) +
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The results of Theorem 4 show that the quantity y is present only in the asymptotic
variance 03,. Moreover, if y > 0, then the factor A(ny + ns) vanishes and therefore the
assumption (A2) is no longer needed. However, in the case of Yy = 0 we need (A2) in
order to keep the variance bounded. We further investigate this point via simulations
in Subsection 3.3, by choosing vy > 0 and considering small n; and large no such that
TLl/TlQ — 0.

3.1. Classification analysis in high dimension. The error rate of the classification
analysis based on the optimal decision rule (7) remains the same, independent of p and
it is always equal to

AN . _
ER,(A) = <I><—2> with A% = (1 — 1) ' 27 (1 — o).

In practice, however, u,, Hy, and 3 are not known and, consequently, one has to make
the decision based on (8) instead of (7). In Theorem 5, we derived the asymptotic
distribution of d under the large-dimensional asymptotics.

Theorem 5. Assume (A1) and (A2). Let p~Y A2 — A2 and An; — b; for p/(ny+ns) —
— c€[0,1) as ny +ny — oo. Then, under the conditions of Theorem 1, it holds that

. -
pmin(v:1)/2 (d __mtne—2 (Z1)F p—YA2> =

pY mni+neo—p-—1 2

c

gN((—l)i l—cb2b (b1 + b2) L0y (V)

2(1%0)35411[1,%0)@) + ﬁ(c(bl +b2) 10y (v) + AL g (y)))

forp/(n1 +ng) = c€[0,1) as ny + ng — oo.

Proof. The application of Theorem 3 leads to

prin(v:1)/2 (d __mtmne 2 (_I)Hva) 4

pY ni+ne—p-—1 2

4 min(y.1)/2-1/2 VP ni+ng —2 I —
n1—|—n2—p—1 &
(—1)i71 —v A2 ny+ng —2 i1 An; — 2
A — (-1 — X
< n1+n2— —1) 2 p + S ( ) 2An;

( min(y,1)/2— YAL, _|_2pm1n(y ,1)/2— Y/Z\/TAQ\[WO"'pmm(Y 1)/2— YAw )

( ) prin(rD/2- y/zm\fwo>

-2 1 -1
pmtne -2 <1+ +—L u>><
g ny+mny MNp+ng—p

% \/pmin(y,l)—QyA£2+(pmin('y,l)/Z—‘y/2 /=7 A2 +pmin(y,1)/2—y\f7\w0)220) D,
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c b;—
1—c 2b

1>Af((_l)i_l (bl + b2) L0y (v),

c

m541[1,+w)(V) +

b
=0y
where the last line follows from Lemma 3 in [14] and Slutsky Theorem (see, [21, Theo-
rem 1.5]). O

(c(by + ba) Loy (v) + A%y 4 (Y))) ,

The parameters of the limit distribution derived in Theorem 5 can be significantly
simplified in the special case of n; = ny because of An;y = Ang = 2. The results of
Theorem 5 are also used to derive the approximate error rate for the decision (8). Let

a= 1; %p“’A. Then, the error rate is given by
1_ (- 1 ¢«
——— P — Z <0li = =
ER,(A) 2P{d>0‘z 2} + QIP’{d_O‘z 1}
_ l]Py pmin(y,l)/Q i _ (_1)i—1a > _pmin(y,l)/Q(_l)i—la i=92% 4
2 pY
+ 1p prin(v:1)/2 i — (1) ta | < —pPinD2(L1y gl =1 % &
2 pY -
min(y,1)/2 _ _ apmin(y,1)/2 _
~ (P ma +}q) ap my
2 v 2 v
with
mi= — 2 (), e = —— 22 )10y (),
1= 1_¢ 2b1 1 2 {O} 2 = 1_c 2b 1 2 {0}
2 c _ 2 1 v A2
v 2(1 —¢)3 (A ) Ui, to0) (¥) + (1—c)3 (b1 + b2) g0y (v) +p Y A% 11(v)),

where we approximate A2 by p~YAZ.
In the special case of n; = no which leads to b; = by = 2, we get

ER,(A) = @(—hcg)

with
poin(vs /2=y /T ¢, [p=Y A2
\/C YA ooy (V) /2 + Acloy (v) + p Y AT g 1) (v)

which is always smaller than one. Furthermore, for y € (0,1) we get h. = /1 —c.

In Figure 2, we plot ERs(A) as a function of A € [0,100] for ¢ € {0.1,0.5,0.8,0.95}.
We also add the plot of ER,(A) in order to compare the error rate of the two decision
rules. Since only finite values of A are considered in the figure we put y = 0 and also
choose n1 = no. Finally, the ratio %’?ﬁl in the definition of a is approximated by

L. We observe that ERs(A) lies very close to ER,(A) for ¢ = 0.1. However, the

1—c*
difference between two curves becomes considerable as ¢ growths, especially for ¢ = 0.95

and larger values of A.

3.2. Finite-sample performance. In this subsection we present the results of the sim-
ulation study. The aim is to investigate how good the asymptotic distribution of a linear
combination of the discriminant function coefficients 6 = 1T a performs in the case of
the finite dimension and of the finite sample size. For that reason we compare the as-
ymptotic distribution of the standardized 0 as given in Theorem 4 to the corresponding
exact distribution obtained as a kernel density approximation with the Eppanechnikov
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kernel applied to the simulated data from the standardized exact distribution which
are generated following the stochastic representation of Corollary 1: (i) first, &, zo.p, wp
are sampled independently from the corresponding univariate distributions provided in
Corollary 1; (ii) second, 0, is computed by using (5) and standardized after that as in
Theorem 4; (iii) finally, the previous two steps are repeated for b = 1,..., B times to
obtain a sample of size B. It is noted that B could be large to ensure a good performance
of the kernel density estimator.

In the simulation study, we take 1 = 1, (p-dimensional vector of ones). The elements
of p; and p, are drawn from the uniform distribution on [—1,1] when y > 0, while the
first ten elements of p; and the last ten elements of p, are generated from the uniform
distribution on [—1,1] and the rest of the components are taken to be zero when y = 0.
We also take X as a diagonal matrix, where every element is uniformly distributed
on (0,1]. The results are compared for several values of ¢ = {0.1,0.5,0.8,0.95} and
the corresponding values of p,n1,ny. Simulated data consist of N = 10° independent
repetitions. In both cases y = 0 and vy > 0 we plot two asymptotic density functions to
investigate how robust are the obtained results to the choice of y.

In Figures 3—4, we present the results in the case of equal and large sample sizes
(data are drawn with v = 0 in Figure 3 and with v > 0 in Figure 4). We observe
that the impact of the incorrect specification of y is not large. If ¢ increases, then the
difference between the two asymptotic distributions becomes negligible. In contrast,
larger differences between the asymptotic distributions and the finite-sample one are
observed for ¢ = 0.8 and ¢ = 0.95 in all figures, although their sizes are relatively small
even in such extreme case.

- ERP(A)
ER4(A), c=0.1
ER4(A),c=0.5
- ERs(A),c=0.8
ER,(A), c=0.95

0.5

0.4

0.3

0.2

0.1

0.0

T T T T T T
0 20 40 60 80 100

FIGURE 2. Error rates ER,(A) and ER,(A) as functions of A for
c€{0.1,0.5,0.8,0.95}
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JIUCKPUMIHAHTHUM AHAJII3 ¥ MAJINX TA BEJIMKUNX
PO3SMIPHOCTAX

T. BOAHAP, C. MA3YP, E. HTATIJIO, H. ITAPOJIS

AHoTALIA. JIOCHAIIKYIOTHCH CTOXACTUYHI BJIACTUBOCTI JiHINHOT puckpuMinanTHO! DyHKUIT 33 npuiyIe-
HHSI HOPMaJIBHOCTI IIJIAXOM IODIBHSHHS JBOX IPDYI 3 OJHAKOBOIO KOBapianiifHOIO MaTpHIElo, aje pi3Hu-
Mz BeKTOpamu cepexnix. OmepKaH0 CTOXACTHYHE HPEeACTaBIeHHA KoedimienTis nuckpuminantaol QyH-
KIIil, IKe IOTIM BUKOPUCTOBYETHCS JIJISL OTPUMAaHHS iX aCHMIITOTUYHOrO PO3IO/iiIy npu 6araTroBUMipHOMY
acumnToTuaHOMY pexxumi. Jlocaimkyerbes edpekruBHicTh KiacudikaniifHoro anastizy Ha OCHOBI JUCKpU-
MiHAaHTHOI OYHKIIT 9K ¥y MaJUX, TaK 1 Yy BEJUKUX PO3MIPDHOCTSAX. YCTAHOBJIEHO CTOXAaCTHUYHE IIPEJICTAB-
JIEHHS, SIKe [03B0Jisi€ edexkTuBHO 00uncauTu koedinient moxubku. [lasi Mu nopiBHIOEMO pO3paxoBaHmit
KoedinieHT noXubKU 3 ONTHMAJbHUM, OTPHMAHUM 32 IPHUIYIIEHH:, IO KoBapiarifiHa Marpuid i asa
cepenui BexTopu € Bimomumu. Hapemti, Mu mpeacTaBasgeMo anaituannil Bupal3 koedinienTa moxubok,
O/IEP2KAHOI0 y 6araTOBUMIPDHOMY aCHMITOTHYHOMY peXuMi. CKiHYEeHHOBUMIDHI BJIACTHBOCTI OTPUMAHUX
TEOPETUYHHUX Pe3yJbTaTiB OIHIOKTHCS 33 JOIOMOro o0mupHoro Mmetony Mourte-Kapio.

JUCKPUMUHAHTHBIN AHAJIN3 B MAJIBIX 1 BOJIBIIINX
PASMEPHOCTAX

T. BOIHAP, C. MABYP, B. HTATJIO, H. TTAPOJIS

AnHoTAnus. Mccmenyiorcs CToxacTHYeCKHe CBOHCTBA JIMHEHHON JUCKPUMUHAHTHOM (DYHKIHH NIpH
NIPeINOJIOKeHNH HOPMAJIbHOCTH IIyTeM CPaBHEHHUs ABYX I'DYNI C OZUHAKOBOH KOBAPHAIIHOHHON MaTpHU-
neil, HO Pa3HBIME BEKTOPAMH cpefHux. Iloryaeno cToxacTraeckoe npeacTaBaeHne KOI(PMUIUEHTOB AUC-
KPUMHUHAHTHON (pyHKITUN, KOTOPOE 3aTeM HCIONB3YeTCd A NMOJYUYeHHS UX aCHMITOTHYECKOTO pacIipe-
[leJIeHns [IPXA MHOTOMEDHOM ACHMITOTHYIECKOM pexkmume. VMccaemyercs 3 ¢pexTuBHOCTS KiracCu(UKAILN-
OHHOTO aHAJIH3a Ha OCHOBE JUCKPUMHHAHTHOH OYHKIHH KaK B MaJEBIX, TaK X B OOJIBIINX Pa3MePHOCTIX.
VCTaHOBIEHO CTOXACTUYIECKOE IPECTABICHUE, KOTOPOe H03BOIseT 3 ()eKTUBHO BLIUUCIUTH KOIDDumn-
€HT HorpemrHocTH. /langee MBI CpaBHUBaeM PAaCCIATAHHBIN KO3 OUIUEHT IOIPEITHOCTH C ONTHMAJIBHBIM,
IOJYYEHHBIM IIPU HPEIIIOJIOXKEHAM, YTO KOBAPDUALMOHHAA MATPHULOA U [BA CPEIHUX BEKTOPA M3BECTHHI.
Haxkonern, MBI IpefcTaB/isgeM aHAJIUTHIECKOE BBIpaskKeHHe KOI(MMUIINEHTa IOTPEITHOCTH, IOy IeHHOIO B
MHOTOMEPDHOM aCHUMIITOTUYCCKUM DeXHuMe. KOHe‘IHOMeprIe CBOMCTBA TIOJIYYC€HHBIX TEOPeTUYICCKUX pe-
3yJIBTATOB OIEHUBAIOTCS C IIOMOIIBIO 00ImupHOro Merona MonTe-Kapio.



