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A B S T R A C T

The foundation of homogenisation methods rests on the postulate of Hill–Mandel, describing energy consistency
throughout the transition of scales. The consideration of this principle is therefore crucial in the discipline of
Digital Rock Physics which focuses on the upscaling of rock properties. For this reason, numerous studies have
developed numerical schemes for porous media to enforce the Hill–Mandel condition to be respected. The most
common method is to impose specific boundary conditions, such as periodic ones. However, these boundary
conditions influence both the effective property and the size of the REV. The recent study of Thovert and
Mourzenko (2020) has shown that most boundary conditions still result in the same intrinsic effective physical
property if the averaging is applied outside the range of the boundary layer. From this discovery, it becomes
logical to question the status of Hill–Mandel postulate in porous media when homogenising away from the
boundary. In this contribution, we simulate Stokes flow through random packings of spheres and a range of
rock microstructures. For each, we plot the evolution of the ratio micro- vs macro-scale of the energy of the
fluid transport outside the boundary layer, for a growing subsample size of porous media. Here, we prove that
we naturally find energy consistency across scales when reaching the size of the Representative Elementary
Volume (REV), which is a known condition for rigorous upscaling. Furthermore, we show that this index for
the energy consistency is a more accurate indicator of REV convergence since the mean value is already known
to be unitary.
1. Introduction

In an attempt to reduce and replace destructive experiments, the
goal of Digital Rock Physics (DRP) is to determine the physical response
of the rock at the macro-scale, using simulations on the digitised
microstructure. It is widely acknowledged that physical rock properties
are mainly determined by the geometry and arrangement of grains at
the microscale, under the concept of structure–property relationships.
For example, rock permeability, which is the focus of this contribu-
tion, has been shown to be influenced by the grain shape (Beard
and Weyl, 1973). The characterisation of permeability has later been
extended to more morphological parameters of the rock microstructure
(Cox and Budhu, 2008; Torskaya et al., 2014). Given the existence of
scale separation between the microscopic level, obtained with 𝜇CT-
imaging, and the macro-scale, rock properties can be obtained through
homogenisation (Auriault, 2011).

The foundation of homogenisation methods rests on the Hill–Mandel
(Hill, 1963; Mandel, 1972) principle, which states that energy cannot
be created or destroyed in a closed system and thus remains consistent.
In the context of homogenisation schemes, the principle is applied by
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conserving energy throughout the transition of scales, which means
that the energy of the different scales should be identical to be able to
apply homogenisation from the lower scale. As the local energy inside
the heterogeneous microstructure can spatially vary significantly, usual
homogenisation procedures apply the variation principle and split the
energy into an average and fluctuation term. Only when the fluctuation
of the energy becomes zero does the homogenised energy of the micro-
scale have achieved consistency across the scales. To make sure that
the fluctuation of the energy is zero, current homogenisation schemes
impose specific types of boundary conditions. For the homogenisation
of permeability, which is a hydraulic property, we are looking at
the work energy of the fluid transport. It is shown that this energy
consistency is enforced by applying kinematic, traction or periodic
boundary conditions (Bøe, 1994; Renard and de Marsily, 1997; Du
and Ostoja-Starzewski, 2006; Su et al., 2011; Marinelli et al., 2016;
Paéz-García et al., 2017; Khoei et al., 2023). However, those different
boundary conditions significantly influence the effective permeability
of the rock sample. By imposing either a pressure gradient or a constant
flux boundary condition at the inlet/outlet, the permeability becomes
vailable online 11 December 2023
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respectively maximal and minimal (Pouya and Fouche, 2009). Similar
effects are shown by applying closed walls, periodic flows, slip or pres-
sure external boundary conditions, as the permeability is influenced in
both direction and magnitude (Andrae et al., 2013; Guibert et al., 2015;
Gerke et al., 2019; Shi et al., 2020; Zakirov and Khramchenkov, 2022).
These effects can also be seen when mechanical behaviour is included,
shown in the frameworks of Nguyen et al. (2012), Jänicke et al. (2015),
Sandström et al. (2016), Khoei and Hajiabadi (2018), Saeedmonir and
Khoei (2022) and Khoei et al. (2023), which present different behaviour
between linear or periodic boundary conditions.

To overcome this homogenisation challenge, we refer back to the
foundational paper of Hill (1963), who states that the fluctuation
of the mean becomes insignificant within a few wavelengths of the
surface and the contribution of the surface layer becomes negligible
by taking the sample large enough. This means that upon increasing
the sample size, away from the boundary, the homogenised property
will converge to the effective property, despite the different boundary
conditions. Note that the size where convergence is reached is called
the Representative Elementary Volume (REV), which can be used to
create a homogeneous equivalent medium for the larger scale. How-
ever, depending on the type of external boundary conditions, the size
of the REV can vary. In the case of Dirichlet or Neumann boundary
conditions, they converge when REV is reached but periodic boundary
condition has been shown to converge to REV earlier (Terada et al.,
2000; Kanit et al., 2003; Larsson et al., 2011). An influence of the
boundary conditions on either the REV value or size is unacceptable
because, in essence, the REV is an intrinsic property of the porous
material and should therefore be independent of numerical artefacts.

Instead, Hill’s concept of attenuating fluctuation away from the
boundary has recently been illustrated by Thovert and Mourzenko
(2020), which studied the influence of the boundary conditions when
determining the transport coefficients of a sample. The study shows
that the effective permeability of an intrinsic sub-volume, away from
the boundary, appears to be identical, despite considering different
boundary conditions. However, when the boundary layer is taken
into account, the permeability will vary depending on the different
boundary conditions implemented. For example, the mean permeability
can be up to ten times higher than the effective property when Dirich-
let boundary conditions are applied to all the external boundaries.
Therefore, it was recommended to compute the effective permeability
inside an intrinsic volume, away from the boundary layer, such that the
boundary does not influence the homogenised property. This is already
applied in our recent work (Lesueur et al., 2022a).

Due to the influence of the boundary condition on the effective
property and the size of the REV, it becomes logical to question the
purpose of the boundary conditions currently deemed necessary for ho-
mogenisation schemes to enforce energy consistency throughout scales,
as mentioned previously. When it comes to the Hill–Mandel principle,
indeed, we expect the energy dissipation of the fluid transport to be
influenced in a similar way to the fluid flow by the boundary condi-
tions. Therefore, we wonder what becomes of the energy consistency
across the scales in the intrinsic volume, away from the boundary. Is
the Hill–Mandel principle still respected away from the boundary layer,
unaffected by the boundary conditions? In this contribution, we devise
a method to trace the evolution of the energy dissipation of fluids in
the sample during a REV convergence. The method is then put to test
on both idealised porous media and real microstructures, to verify if
the results found are affected by natural heterogeneities.

2. Material and methods

2.1. Flow model

Assuming incompressible fluids, the lack of body forces, the lack of
inertial effects and stationary solutions, which is the most common en-
vironment for fluid transport in the subsurface, one will automatically
2

Fig. 1. Example of flow through a random packing of spheres. The figure visualises
a cross-section, with a porosity of 53% of spheres of 0.005 diameter (compared to a
total volume of 1). The grains are shown as white disks and the velocity of the fluid
is shown in the coloured range, where blue is low velocity and red is high velocity.

arrive at Stokes flow. The momentum and mass balance of the fluid
implemented for the flow simulations are expressed as

𝜇∇2𝒗 − 𝛁𝑝 = 0, (1)
∇ ⋅ 𝒗 = 0, (2)

with 𝒗 the fluid velocity, 𝑝 the pore pressure and 𝜇 the viscosity. Note
that the bold characters indicate vectors and the non-bold characters
are scalars. MOOSE (Permann et al., 2020; Peterson et al., 2018) is
used to implement the Stokes flow equations, following the framework
of Lesueur et al. (2017). We impose a normalised unitary viscosity for
each sample. The classical no-slip (the velocity of the fluid is equal to
zero in all directions) condition is applied on the boundary of the grains
inside the sample, which relates to non-penetrable grains. The external
boundary conditions to impose the flow and to solve the simulation are
discussed in more detail in Section 2.5. An example of the flow through
a cross-section of a random packing is shown in Fig. 1.

2.2. Permeability homogenisation

We also compute the permeability, since the energy consistency
of the fluid flow is a prerequisite of the latter. The permeability is
postprocessed using Darcy’s law (Darcy, 1856), which describes the
relationship of Darcy’s flux (𝑞) with the permeability (𝑘𝑖𝑖) of a porous
medium in the direction (𝑖 = 𝑥, 𝑦, 𝑧) of the flow. Darcy’s flux is directly
related to the average of Stokes flow-velocity of the fluid through
the grains (𝑣𝑖) by multiplying the velocity with the porosity (𝜑) of
the microstructure. This results in the following formulation of the
permeability specifically expressed in index notation here as:

𝑘𝑖𝑖 = 𝜑𝑣𝑖𝜇∕∇𝑝𝑖. (3)

Note that the overhead bar is used to indicate an average value, which
is computed as:

𝑋 = 1
𝑉 ∫𝑉

𝑋𝑑𝑉 . (4)

Darcy’s law was initially formulated based on the results of experiments
and has later been verified to be a homogenisation of the Stokes
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formulation (Whitaker, 1986). The pressure gradient is either imposed
due to the boundary conditions or can be found by averaging and
similar for the velocity.

2.3. Energy consistency index

Hill–Mandel principle of energy consistency across scales can be ex-
pressed physically as the equality between the macro-scale energy dis-
sipation and the homogenised micro-scale energy dissipation, thereby
referred to as upscaled energy. For our system where the energy
dissipation of the fluid transport is calculated by taking the product of
the pressure gradient and the velocity of the fluid, the principle states
that:

𝛁𝑝 ⋅ 𝒗 = 𝛁𝑝 ⋅ 𝒗, (5)

n which the pressure gradient and the velocity are both vectors,
enoted in bold. Note that the energy dissipation was confirmed to be
athematically related to the permeability (Du and Ostoja-Starzewski,
006). The local velocity of the fluid and pressure gradient can be
xpressed in terms of the average value (indicated with the overhead
ine) and the fluctuation (indicated with the overhead tilde) (Whitaker,
986; Du and Ostoja-Starzewski, 2006):

𝑝 = 𝛁𝑝 + 𝛁𝑝, (6)
= 𝒗 + 𝒗̃. (7)

The average of the local energy dissipation, therefore, becomes:

𝛁𝑝 ⋅ 𝒗 = 𝛁𝑝 ⋅ 𝒗 + 𝛁𝑝 ⋅ 𝒗̃. (8)

This equation shows that Hill–Mandel principle is respected when
the energy dissipation from the microscale becomes stable, i.e. the
fluctuations average out. Traditionally, Dirichlet and Neumann bound-
ary conditions are implemented to nullify fluctuations at the boundary
which allows to implement rigorous homogenisation. Periodic condi-
tions have also been shown to have the same effect. In this contribution,
in order to determine whether a sample has reached energy consistency
and how far it is from it, we define an energy consistency index 𝑖𝐻𝑀
as the ratio between the energy of the two scales:

𝑖𝐻𝑀 =
𝛁𝑝 ⋅ 𝒗
𝛁𝑝 ⋅ 𝒗

. (9)

This index is conveniently chosen to be unitary once energy consistency
is achieved.

2.4. REV convergence

Tracing the evolution of an effective property during a REV conver-
gence is usually done by running multiple simulations on samples of
increasing size. Every point on the curve corresponds to the effective
property of one sample at full size. This is plotted in Fig. 2 with
every black cross (postprocessed away from the boundary layer). In
this contribution instead, we only consider intrinsic subsamples, where
the effective property is postprocessed away from the boundary layer
in order to recover the natural conditions of fluid flow. Thovert and
Mourzenko (2020) does not prescribe how far away should we be
from the boundary layer. We speculate that his results are still correct
independently of the size of the subsample if we are away from the
boundary layer. To verify this approach, we conduct flow simulations,
applying external classical no-slip boundary conditions and pressure-
induced flow conditions at the inlet/outlet, to subsamples of the same
random packing with growing in size (with a stepsize of 5% in linear
length), growing from the middle of the random packing. For each, the
energy dissipation is computed on a continuously growing postprocess-
ing window which is captured on that specific subsample. The energy
dissipation is normalised with respect to the value of the full-sized
3

sample. The results are represented by each solid line in Fig. 2 and can
Fig. 2. The upscaled energy of a random packing with a porosity of 53% (normalised
by the final value of the full random packing). Increasingly larger subsamples, growing
from the centre of the sample, are used in the simulation, with a stepsize of 5% in
size, from 5% up to 100% of the total random packing size. For each subsample the
normalised energy is traced, starting from the centre. The black crosses indicate the
upscaled energy for each subsample, postprocessed at 90% of the subsample size.

be compared to the discrete crosses obtained from the full subsamples.
Note that the method to generate a random packing is described in
more detail in Section 3.

We observe that the energy dissipation of the different sample sizes
evolves in a nearly identical matter, following the same values and
trend. This confirms that it is possible to compute and trace the effec-
tive property, with a single simulation by homogenising the property
over a growing sub-sample within. However, when each subsample
reaches its maximum size, we notice that the evolution of the energy
dissipation diverges downwards from the previously stabilised value.
For smaller subsamples, this effect is even stronger. This divergence
can be explained by the influence of the boundary conditions that we
characterise in the next subsection.

2.5. Boundary effects

The extent of the boundary layer needs to be determined so that
the boundary conditions do not influence the computation of the
effective properties. To achieve this, we test different model setups,
by applying different boundary conditions. Specifically, two different
flow conditions are considered. One imposes a normalised pressure
gradient on the model, with a normalised pressure value of one at
the inlet and zero at the outlet. The other model imposes an equal
discharge at the inlet and the outlet, i.e. an average velocity such that
the postprocessed average pressure gradient of this model is also (close
to) one. In parallel, we consider slip (the velocity in the direction of the
flow is set to zero, while the velocity in the normal direction is free), no-
slip (the velocity components are both set to zero), or pressure gradient
(velocity is free in each direction, but the pressure is defined over the
boundary as to respect the imposed pressure gradient) conditions on
the top and bottom parts of the model to investigate their respective
range of influence. The average pressure gradient and velocity for the
energy dissipation on the macroscale are either found from the imposed
boundary conditions or by an averaging method. To ensure robustness
in our observations, each setup is analysed for three distinct random
packing samples. For each of the different samples, the normalised
value of the upscaled energy on micro-level is traced, following the
method explained in Section 2.4. The results in Fig. 3 show that the
upscaled energy for the different model setups is similar, within an
error of 2%, to each other. However, upon increasing the sample size
to 70%, the discharge-induced flow shows a clear upward trend in the
upscaled energy, while the pressure-induced flow remains with a stable
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Fig. 3. The upscaled energy traced for three different random packings, using different flow model setups. On the left, the difference between the pressure- and discharge-induced
flow is shown. On the right, the difference between the slip and no-slip boundary conditions is shown (implementing pressure-induced flow). We normalise the upscaled energy
by the average value of all samples at 70% of the full sample size.
Fig. 4. The boundary effects on the normalised upscaled energy for random packing samples. An example of the evolution of the normalised energy is shown on the left for 100
samples (in grey) with a porosity of 53% and their mean in dashed blue. A divergence of the energy dissipation in the subsamples, compared to the mean, is observed in the last
5%. On the right, we report the maximum linear length without the influence of the boundary layer.
trend. At maximum size, we observe a small dip with the pressure-
induced flow. Those two very characteristic boundary effects illustrate
clearly that different boundary conditions result in different boundary
layers. For the external slip, no-slip and pressure gradient boundary
conditions, their difference only becomes discernible at the last 10%
of the full sample size. Since the pressure-induced flow in combination
with no-slip boundary conditions appears to be more stable, we select
this setup in our contribution for the flow-through model. Note that
the discharge-induced flow could yield better results with different
implementations (Guibert et al., 2015), but this is out of the scope of
our study.

To determine the exact size of the boundary layer, we trace 100
samples for different porosities in random packings. To emphasise the
boundary effect, the average of the upscaled energy is also plotted. An
example of the evolution of the energy is shown in Fig. 4 for a porosity
of 53%. The upscaled energy follows the same trend for all the samples
and different porosities. While the evolution of the upscaled energy has
stabilised towards a certain value, once the boundary of the sample is
approached a decrease is observed for each sample, which is where
we assume the effect from the boundary kicks in. The exact size of
the boundary layer is determined by comparing the derivative of the
REV convergence with the gradient of the previously stabilised trend, at
which the derivative is (close to) zero. Once the local derivative exceeds
a relative error of 2%, we define it as the boundary layer. The results
for each porosity are reported in Fig. 4b. We find similar sizes for other
porosities, with a boundary layer between 2% to 10%. As a conservative
estimate, we consider for each that the boundary layer extends to the
last 10% of the sample and do our postprocessing in the remaining 90%
of the samples.
4

3. Idealised microstructures

We mentioned in a previous section that the grain properties have
a strong influence on the permeability and consequently expect those
to have a direct influence on the energy dissipation. We are there-
fore initially considering an idealised porous medium not to let the
grain shape influence the numerical results. The random packing of
spheres is selected as the porous medium for this study. It repre-
sents adequately the microstructure of granular rocks but with perfect
spheres instead of grains, preventing as intended any fluctuation of the
permeability (Bijeljic et al., 2013).

3.1. Random packings

The distribution of the spheres in the packing is generated with
the OpenMC Monte Carlo code (Romano et al., 2015). We create
different sphere packings with the same characteristics by changing
the seed parameter, which corresponds to a random packing set-up
described in Jodrey and Tory (1985). The porosity of the microstructure
is controlled by setting the packing fraction of the spheres, which
is the only parameter defining the random packings since the grain
diameter is fixed at 0.005 compared to a total volume of 1. Therefore,
the analysis includes multiple porosities, ensuring the reliability of the
results and verifying the applicability to different microstructures, all
while excluding any influences of grain heterogeneities. We compute
the evolution of the permeability and the energy consistency index for
different porosities, increasing the packing fraction from 0.07 up to
0.62 with a step size of 0.05.

To reduce the computational cost, we take a single 2D cross-section
from each generated sphere packing as our idealised microstructure.
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Fig. 5. REV convergence of the energy consistency index of the random packing for different porosities is presented on the left and the normalised permeability is shown on the
right. Each grey line is a random packing realisation, and the blue line represents the mean of all the random packings at the considered length.
Marafini et al. (2020) demonstrated that when accounting for the
third dimension, the increased flow path connectivity leads to a re-
duction in the size of the REV. However, the characteristics of the
flow do not change. Hence, a 2D analysis remains adequate for study-
ing the evolution of the energy consistency between different scales.
Gmsh (Geuzaine and Remacle, 2009) is used to create the mesh for the
cross-section, with triangular elements and a specified mesh element
size.

3.2. Tracing the energy consistency index

For each porosity, 100 Monte Carlo realisations have been com-
puted, where the REV convergence is traced for each sample with
a postprocessing window growing from the middle up to the edges
of the maximum subsample. The evolution of the physical properties
is displayed in Fig. 5 for different porosities, where each subsample
is shown in grey. To represent the overall evolution of the effective
properties, the mean is plotted in blue.

The energy consistency index for each sample evolves with a unique
trajectory, varying and oscillating in values, especially considering
5

smaller volumes (observed more clearly in Fig. 4), which indicates that
neither energy consistency, nor the REV is achieved at every stage of
the curve. However, the mean quickly converges, which indicates at
this point that the sample has reached statistical REV (Zhang et al.,
2000). Indeed, the ensemble of curves outlines a cone-shaped conver-
gence and the index variation monotonously decreases with size, which
is the typical behaviour past statistical REV.

Given a reasonable level of variation of five per cent, all samples
eventually display REV convergence, despite the different porosities,
verifying the applicability to different micro-structural characteristics.
However, we observe that the porosity of the packing affects the speed
of convergence. Higher porosities display a slower convergence than
lower porosities. For example, the variation of the index for the 69%
porosity random packing goes lower than 0.25 at around 20 L/D and
drops below 0.1 around 50 L/D. Whereas at 47% porosity, the variation
falls lower than 0.25 already at 10 L/D and drops below a variation of
0.1 around 25 L/D; at 50 L/D, it is negligible.

The converged value of the mean of the energy consistency index,
around which the REV convergence cone is centred, is unitary, which
is our condition for energy consistency. The conclusion is that without

the influence of the boundary conditions, energy consistency is only
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obtained when the REV is reached. This means that the requisite of
the energy conservation prescribed by the Hill–Mandel principle is only
met at a certain volume, which is the REV. Current homogenisation
schemes already require the REV on top of respecting the Hill–Mandel
principle for valid homogenisation. Therefore, we show that we fall
back to the same constraint as before. Still, one crucial advantage
exists when considering the energy consistency index instead of the
permeability itself to determine REV convergence: the convergence
value is known to be unitary. Compared to traditional permeability REV
convergence where the permeability value of the REV is unknown, we
can assess instead accurately when is the REV reached and otherwise
how far we are from it, as it is directly related to the distance to unitary
value.

To compare the rate of REV convergence of the energy consistency
index with the permeability’s which is the effective property sought
after, we present the results of the convergence of the corresponding
normalised permeability on the right side of Fig. 5. It is evident that the
overall shape of the convergence is similar. However, the traditional
method exhibits slower convergence towards a specific value. At a
porosity of 47% and considering 50 L/D, the variation of the energy
consistency index is numerically observed to be negligible, whereas the
variation of the permeability remains above 15% and similar results
are observed for other porosities. The discrepancy between the two
convergences can be made clear when understanding that the ratio of
the energies of the different scales needs to become equal before their
values converge, at which point the permeability will converge equiva-
lently. On a practical level though, we can consider the convergence to
happen realistically around the same timing but with a variation that
could be bigger for the permeability.

4. Application to real microstructures

Using the random packing of spheres, we showed that energy con-
sistency is found intrinsically at REV. In this section, we consider real
rock microstructures to verify whether this result still holds despite the
influence of the natural heterogeneities from the rock.

The process of digital rock reconstruction follows the framework
of Lesueur et al. (2017). Segmented 2D microCT-scans are translated
to 3D computational models, in which the rock and void space are
separated. In order to reduce the computational costs of the simula-
tions, we use the Displaced Boundary Method (Lesueur et al., 2022b)
to conform the pore–boundary interface to a coarser background mesh.
It is shown that mesh convergence is still achieved with a coarser mesh,
which results in the reduction of computational costs of the simulations.
Those mesh structures are used to run the Stokes flow simulations, with
a similar model set up as described in Section 2, except in 3D. Because
of large run times, the simulations are performed using the DelftBlue
supercomputer (Delft High Performance Computing Centre (DHPC)).

While an unlimited number of perfect random packings can be
generated by the algorithm, the microstructures obtained from 𝜇CT-
scanning are limited by the sample size and scan resolution. Tracing
the energy consistency index through the full sample provides a single
curve and therefore is not statistically representative. To obtain some
information about the variation of the energy consistency during the
REV convergence, the sample is divided into multiple subsamples.
The size of the subsamples is selected bigger than the average grain
size to ensure the behaviour of the fluid transport inside the rock is
accurately represented. The sample is divided into 43 = 64 equal-sized
subsamples. Splitting it into fewer subsamples would result in a bigger
subsample size, yet less statistical representativeness. Splitting it into
more subsamples would result in a tiny maximum size of the samples
which might not be representative. The subsamples do not overlap in
order to ensure the independence of the results. For each subsample,
the energy consistency index is traced away from the boundary layer,
6

growing in size from the centre up to the edges.
4.1. LV60A sandpack

The first microstructure is the LV60A sandpack (Imperial College
Consortium On Pore-Scale Modelling, 2014b), shown in Fig. 6a. Sand-
packs are monomineralic, which makes them quite homogeneous in
both grain size and shape, yet they include natural heterogeneities
such as the grain roughness and non-sphericity of the grains. Sandpacks
have high permeability, as the voids within the sample are connected
throughout. The influence of the occurring natural heterogeneities on
the energy consistency is expected to be low, considering the fairly
homogeneous characteristics of the sandpack. Therefore, this rock is
most suitable to start verifying the result obtained on the random
packings. The LV60A sandpack has a full size of just above three mm.
With a scan resolution of 10.008 μm, the full sample contains 3003

voxels.
Despite the lack of statistical representativeness, the full sample

displays undoubtedly convergence of REV where the energy consistency
index remains stable at the converged value indefinitely. The ensemble
of grey lines conveys more information. The cone of convergence
appears once again. The initial variation is larger than for the ran-
dom packing which prompts us to rescale the 𝑦-axis twice larger. We
observe this time a non-negligible amount of subsamples that are non-
percolating, distinguished by an energy consistency index of 0. Those
cases did not appear in the random packings. As expected, the mean
converges faster than the single curve of the full sample and the conver-
gence is reached quickly, before the maximum size of the subsamples.
While the maximum sample size is a bit restrictive, we expect the level
of variation to be close to convergence. This is confirmed in the study
of Mostaghimi et al. (2012), which finds a REV of 1.1 mm in linear
length. The mean value of the energy consistency index as well as the
converged value for the full sample is unitary, within a small margin
of 0.08, indicating energy consistency at REV as it was shown for the
random packing of spheres.

4.2. S1 sandstone

The second sample is the S1 sandstone (Imperial College Consortium
On Pore-Scale Modelling, 2014c), shown in Fig. 7a. Whereas sandpacks
are typically made of individual grains, sandstone is a rock with a much
more cohesive structure where the grains are cemented together by
minerals. Due to this cement fraction, sandstones often have a lower
permeability than sandpacks, as the voids show a lower connectivity
and flow paths are more tortuous. This cementation overall results
in slightly more heterogeneous properties. With a scan resolution of
8.7 μm for a total sample length of 2.6 mm, the S1 sandstone sample is
reconstructed with 3003 voxels.

The results of the S1 sandstone are plotted in Fig. 7b. The curve
of the full sample differs from the sandpack, strong variations stabilise
past 0.6 mm of size, yet a completely stable line, which was observed
with the sandpack, is not observed numerically. The energy consistency
index tracing ends with a value of 0.91. As expected, the values of the
energy consistency index are more scattered within the subsamples of
the sandstone, as shown in grey. The index displays values ranging from
zero up to five in subsamples of size 0.4 mm. To put it into contrast,
this region was only half as big when the sandpack was analysed.
From 0.25 mm, the index exhibits a cone-shaped convergence towards
a value of one, like the sandpack and random packings. Although, at
the maximum size of the subsamples (0.54 mm), the index still varies
by an amplitude of 0.6. Looking at the mean, we accordingly have
large variations before the cone of convergence can be observed. We
then observe light oscillation around the unitary value. Convergence
seems not to be observed yet. Nonetheless, with the mean value near
one along with the decreasing variation of the index, it is logical to
assume we are close to the REV size along with energy consistency.
Similar trends are shown by Mostaghimi et al. (2012) who traced the
REV convergence of the permeability of this sandstone. The variation
of the permeability dampens out, but the average permeability of the
full sample still presents the same decreasing trend we observed when

the full sample of the sandstone is considered.
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Fig. 6. On the left a reconstruction of the LV60A sandpack pore space is displayed. On the right, the tracing of the energy consistency index of the sandpack is shown. The
upscaled energy of the 64 subvolumes is shown with grey lines and the average of the upscaled energy is shown with the blue dashed line. The index for the full sample is shown
in orange.
Fig. 7. On the left a reconstruction of the S1 sandstone pore space is displayed. On the right, the tracing of the energy consistency index of the sandstone is shown. The upscaled
energy of the 64 subvolumes is shown with grey lines and the average of the upscaled energy is shown with the blue dashed line. The index for the full sample is shown in
orange.
4.3. Ketton limestone

The third sample is the Ketton limestone (Imperial College Con-
sortium On Pore-Scale Modelling, 2015), shown in Fig. 8a. Limestone
is mainly composed of calcium carbonate and therefore usually quite
heterogeneous. The grain shape and sizes vary substantially and the
pore spaces may not always be connected. This Ketton sample is rather
homogeneous for a limestone and has voids reasonably well connected.
Where many similar rocks do not reach easily the REV size, we expect
this to be different with the Ketton rock sample. The sample with a
size of just over 3 mm has a much higher CT-scan image resolution
compared to the others, of 3 μm, resulting in a digitised microstructure
with 10003 voxels.

The results for the Ketton are plotted in Fig. 8b. The variation of
the energy consistency index displays a similar trend to the sandstone.
Despite a large variation initially, the cone of convergence eventually
appears. We find a more stable mean than the sandstone. However, the
value seems to be below one, with an exact value of 0.94, close to one.
The full sample reaches a stable value of the energy consistency index
of one after 1.75 mm in length. All those results indicate that energy
consistency along with the REV should be numerically determined
naturally between 1 to 2 mm.
7

4.4. C2 carbonate

The last sample is the C2 carbonate (Imperial College Consortium
On Pore-Scale Modelling, 2014a), shown in Fig. 9a. The C2 carbonate
exhibits a high heterogeneity in grain properties and a low connectivity
of the voids, which results in a low permeability overall. Mostaghimi
et al. (2012) has shown that the size of the REV is not observed
numerically for the permeability, even when the full sample is taken
into account. This sample is the most heterogeneous considered in this
study. The sample has an image resolution of 5.7 μm and with the total
size of the sample of 2.3 mm, the result is 4003 voxels.

The results for the C2 carbonate are shown in Fig. 9b. The subsam-
ples show an unparallelled variation of the energy consistency index,
compared to the previously assessed rock samples. Whereas we find
values of the index from zero and above five until 0.4 mm in the Ketton
and S1, the C2 exhibits these values still up to 0.5 mm, which is the
maximum size of the subsamples considered. The average value of the
energy consistency index of the subsamples, shown in blue, oscillates
until the end and is not close to converging to one. The energy consis-
tency index from the full sample, plotted in orange, appears to be more
stable towards full size but noticeably below one (0.67). Eventually, not
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Fig. 8. On the left a reconstruction of the Ketton limestone pore space is displayed. On the right, the tracing of the energy consistency index of the limestone is shown. The
upscaled energy of the 64 subvolumes is shown with grey lines and the average of the upscaled energy is shown with the blue dashed line. The index for the full sample is shown
in orange.
Fig. 9. On the left a reconstruction of the C2 carbonate pore space is displayed. On the right, the tracing of the energy consistency index of the carbonate is shown. The upscaled
energy of the 64 subvolumes is shown with grey lines and the average of the upscaled energy is shown with the blue dashed line. The index for the full sample is shown in
orange.
only do we not observe REV convergence from all this variation, we
also have little confidence in providing any prediction on the expected
size of REV. The conclusion is that energy consistency cannot be
numerically determined for the C2 carbonate and valid homogenisation
cannot be applied. The previously assessed rock samples show a clear
trend of convergence after the percolation threshold has been reached.
As we still observe subsamples that are below the percolation threshold
for the C2 carbonate at the maximum size considered, it is coherent
with our previous results that convergence is not observed.

5. Conclusion

In this contribution, the traditional ways to apply Hill–Mandel
principle of energy conservation throughout the transition of scales in
homogenisation methods were revisited. This requirement for rigorous
homogenisation is usually enforced by applying specific boundary con-
ditions, which however influences the resulting effective properties,
in both magnitude and rotation for permeability. The necessity of
those boundary conditions was investigated and we observed that Hill–
Mandel principle could be respected independently from the boundary
conditions used.

Using the results of Stokes-flow simulations through digitised mi-
crostructures, this study assessed the energy consistency of fluid trans-
port inside idealised and real microstructures inside an intrinsic vol-
ume, away from the boundary layer and therefore uninfluenced by the
8

boundary conditions. We numerically observed that energy consistency
is linked to reaching the Representative Elementary Volume (REV).
When this size is reached, all requisites are met for rigorous homogeni-
sation to be applied. And from Thovert and Mourzenko (2020), we
know that the effective property computed at this size in an intrinsic
volume will be exact, instead of an upper or lower bound estimation
due to the use of specific boundary conditions. It is important to note
that the result obtained should be extendable to other properties of
interest and for different physics since the Hill–Mandel principle is
universal. Taking the example of solid mechanics for example, the
difference will be that the energy dissipation will be defined as the
product of the strain rate and the stress.

In this study, we introduced an index for energy consistency which
is the ratio between the micro- to macro-scale energy of the fluid
transport. This index follows a typical REV convergence in a cone
shape. However, the difference and advantage of using that index
during a REV convergence is that – from the results of this study – we
know that the index will converge to one at REV, whereas traditional
homogenisation schemes use an iterative process to determine the sta-
bilised property value, which is usually unknown. This index becomes
therefore a great indicator of REV which can also easily indicate as
supplementary information the error we have from REV.

We extended the numerical results of the random packings to real
rock microstructures, which include natural heterogeneities. We show
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Fig. A.10. The mesh convergence of the homogenised properties inside a 2D cross-section of a random packing, normalised to their respective final value, for a porosity of 53%
(left). On the right, we show the evolution of the mesh size needed for mesh convergence with porosity.
that those heterogeneities mainly influence the width of the base of the
cone of convergence, as the variation at the base is a lot higher than
for the random packings. Still, the cone converges towards an energy
consistency index of one, which means the Hill–Mandel principle is
eventually respected. Despite a slower convergence, the heterogeneities
of natural rocks do not influence the principle of energy conservation
and it remains possible to apply valid homogenisation at REV, even
when heterogeneities are present.

We note that the size past which the REV convergence cone can
be found inside real microstructures seems to directly depend on the
percolation threshold. The energy consistency index fluctuates con-
siderably when sub-samples are not percolating. This is observed on
highly heterogeneous samples and this behaviour prevents an accurate
prediction of REV. In comparison, when the percolation threshold is
reached, the mean value of the energy consistency index stabilises and
reaches convergence quickly.
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Appendix A. Mesh convergence

Mesh convergence is a crucial aspect of numerical simulations, as it
ensures that the solution obtained is independent of the discretisation
used and thus can be considered to be numerically accurate. As we
increase homogeneously the number of mesh elements, we find that
both the energy consistency index and the permeability converge to-
wards a respective unique value, see Fig. A.10. We consider the mesh
to be converged when we fall below a 2% error of the normalised
value. The mesh convergence is obtained at different mesh resolutions
for different porosities (see Table A.1). This difference is due to the
particular attention to meshing that is required at the boundary of the
spheres. Those circles of the cross-section are challenging to represent
using a triangular mesh configuration, which results in the need for
9

more elements at the boundary compared to the pore space in between
Table A.1
Element sizes for mesh convergence of the different samples.

Porosity Mesh element size

74%–61% 0.0004
61%–57% 0.0004
57%–38% 0.0001
38%–35% 0.00009
35%–32% 0.00008

the circles. Consequently, higher porosities, which include more circles,
require a smaller mesh element size for mesh convergence. Note that
the mesh convergence for the permeability is found earlier than for the
energy. While the permeability is computed via Darcy’s law, the energy
is postprocessed on the micro level, which means that both the velocity
of the fluid and the pressure need to reach mesh convergence and the
accumulation of error, therefore, leads to a slower mesh convergence.

Appendix B. Model verification

The Kozeny–Carman equation (Kozeny, 1927; Carman, 1937) is
a relation commonly employed to find the permeability of porous
media. The relationship was originally developed by Kozeny using the
simplified model of parallel capillary tubes of equal length and diam-
eter to describe a packed bed. Carman later calibrated the equation
experimentally on real samples. The model assumes that the spheres
have a uniform diameter and do not overlap. The flow of the fluid is
assumed to be governed by Darcy’s law, as the flow is laminar. The
pores between the spheres are assumed narrow and any permeability
of the solid grains is neglected. As these assumptions match our model
rather well, the equation is used to validate our model.

The Kozeny–Carman model relates permeability in the direction of
the flow (𝑘) with the sphericity of the particles in the packed bed (𝜙𝑠),
the porosity of the sample, the average diameter of the grains (𝐷𝑝) and
the Kozeny constant (𝐾), depending on the tortuosity of the sample:

𝑘 = 𝜙2
𝑠

𝜑3𝐷2
𝑝

36𝐾(1 − 𝜑)2
(B.1)

The results of the permeability computed from the random packing
cross-section and Kozeny–Carman model are compared and shown
in Fig. B.11. The evolution of permeability with porosity is simi-
lar in trend. However, we encounter the same limitation as noted
by Marafini et al. (2020), which demonstrated that the exact values ob-
tained from two-dimensional models differ from those derived through
post-processing of three-dimensional models. Despite this discrepancy,
the observed trend remains consistent. Considering the similarity be-
tween our setup and that of Lesueur et al. (2017), we conclude that
our model setup is correct.
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Fig. B.11. Comparison of permeability from different porosities, computed with the
Kozeny–Carman (orange) and the numerical models (blue).
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