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Abstract

In 2011 Avsec showed strong solidity of the g-Gaussian algebras, building upon previous results of Hou-
dayer and Shlyakhtenko, and Ozawa and Popa. In this work we study this result as well as the necessary
literature and ¢g-mathematics needed to replicate the proof. The literature is combined within this thesis,
whilst additionally filling in gaps in Avsec’s proofs. Overall, the thesis aims to present an improved and
more accessible proof of the strong solidity of the ¢-Gaussian algebras.
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Introduction

Introduced in the 20th century, von Neumann algebras are a special type of C*-algebra with a widespread
presence in mathematics. These algebras play a significant role in various fields of mathematics, such as
functional analysis, quantum mechanics, probability, ergodic theory, and group theory.

A Von Neumann algebra is a strongly closed *-subalgebra of bounded operators on a Hilbert space that
contains the identity operator. In this thesis we will be studying a very specific type of von Neumann
algebra, namely the ¢-Gaussian algebra. These von Neumann algebras form an active area of research,
see [2, 6, 7, 14] for instance.

The ¢g-Gaussian algebras stem from creation and annihilation operators a* and a on a Fock space that
satisfy the g-relations, which are as follows:

a(f)a*(g) — qa*(g9)a(f) = (f, 9)1,

where —1 < ¢ < 1. An the appropriate Fock space is needed for the creation and annihilation operators
to be each others adjoints, as demonstrated by Bozejko and Speicher in [3]. We reinvestigate these results
and verify the construction, and make improvements where possible.

In the aforementioned paper Bozejko and Speicher laid the foundation for the g-Gaussian algebras. Sub-
sequently, Bozejko, Kiimmerer and Speicher. further investigated the subject in [4]. Given a real Hilbert
space Hg with complexification H, —1 < ¢ < 1, and the associated g-Fock space F,(H), we define the
g-Gaussians w(f) for f € Hg by

wr = a"(f) + a(f).

The von Neumann algebra generated by the g-Gaussians on F,(H) is what we call the ¢-Gaussian algebra,
denoted by I'y(Hg). Taking inspiration from [4], we perform this construction and introduce the Wick
words. Given a word (tensor), the Wick operator assigns an element of I';(Hg), namely the Wick word.
The Wick operator will prove to be a powerful tool in working with the ¢-Gaussian algebra.

A von Neumann algebra whose center consists only of multiples of the identity operator is called a
factor, which in forms an interesting class of von Neumann algebras. In Chapter 4 we show that this
definition applies to the ¢-Gaussian algebra whenever dim Hy is at least 2, utilising proofs from [16].
In the subsequent chapter we introduce the g-Gaussian functor, which assigns to a contraction on Hg
a linear map on I';(Hg). We also present the notion of bimodules for von Neumann algebras, and in
particular the coarse bimodule L?(I'y(Hg)) ® L*(T';(Hg)).

The notion of strong solidity for a von Neumann algebra was established by Ozawa and Popa in [15]
for the free group factors. The application of strong solidity arises from the use of Cartan subalgebras,
which are maximal abelian subalgebras whose normalizer generates the entire von Neumann algebra. The
existence, of a Cartan subalgebra implies that the von Neumann algebra allows for a generalized crossed
product decomposition [12]. On the other hand, if no Cartan subalgebra exists, there is no generalized
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10 1. INTRODUCTION

crossed product decomposition of the von Neumann algebra. Provided the von Neumann algebra is not
amenable, strong solidity offers a stronger property than the lack of a Cartan subalgebra. That is, it
allows us to place the von Neumann algebra in the second category.

Not long after Ozawa and Popa’s paper, Avsec proved that the ¢-Gaussian algebras satisfy the conditions
for strong solidity in [1]. The final chapter is dedicated to studying Avsec’s proof of the aforementioned.
As such, the proofs are largely based on those of Avsec. We aim to present a more accessible version of
said proof, and in doing so close some gaps and make further improvements.



Preliminaries

Familiarity with functional analysis, and particularly x-algebras is assumed. We refer to [8] and [13] for
the basics not covered in the preliminaries. We shall state a number of important definitions and results,
and establish notation.

Definition 2.1. For q € R the q-bracket for n € N is given by

and the q-factorial is defined by as

Note that if ¢ # 1 we have [n], = 111‘1;, and for ¢ = 1 we have [n], = n and [n],! = nl.

Definition 2.2. Let G be a group and ¢ : G — C. We call ¢ is positive definite on G if the matrix
(¢(m710))r oer is positive definite, for any finite F C G.

Remark 2.3. Considering the definition of positive definite matrices, we see that the above definition is
equivalent with requiring that

S (r ' o)r(o)r(m) > 0

m,0€F

for arbitrary non-zeror : I — C.
Proposition 2.4. The product of two positive definite functions is positive definite.

Proof. Let ¢, : X — C be positive definite functions, and let F C X be finite. Then (¢(7710))r ser
and (¢Y(7710)) ser are positive definite matrices. Ergo, (¢(m710))r oer @ (Y(7710))r 0er is positive
definite. As ¢ and 1 are scalar-valued, we can conclude that the diagonal ((¢¢))(7 7o) seF is a positive

definite matrix. O
Below are some classical theorems that we shall make use of later on.

Theorem 2.5 (Goldstine’s Theorem). Let X be a Banach space. Then Bi(X) lies weak™ dense in
Bi(X**).

We recall the definition of the Schatten class. Let p > 1 and H a Hilbert space. The Schatten class
Sp(H) is defined as
Sp(H) :={T € B(H) | tr(|T|?) < >0},

equipped with the norm || T, = tr(|T|?)}/?. The Powers-Stgrmers inequality provides us with he following
norm estimate for the difference of two operators in Sy (H):

11



12 2. PRELIMINARIES

Theorem 2.6 ([5]). Let H be a Hilbert space. Then for trace class operators T, S € So(H) we have
IT = S[5, < 15*=17|s,.
The Kaplanksy Density Theorem is stated as:

Theorem 2.7 ([17]). Let A C B(H) be a *-algebra represented on a Hilbert space H. Then the unit ball
of A lies strongly dense in the unit ball of the weak closure of A.

We recall the definition of a von Neumann algebra:

Definition 2.8. A von Neumann algebra is a strongly closed x-subalgebra of bounded operators on a
Hilbert space that contains the identity operator.

The commutant of a subset S of an algebra A is defined as the set of all elements in S that commute
with A, i.e. S":={a € A|as = sa for all s € S}. The double commutant theorem provides us an easy
property to verify if a x-algebra is in fact a von Neumann algebra:

Theorem 2.9 (Double commutant theorem). Let H be a Hilbert space, and A be a *-algebra of operators
acting on H such that 1g € A. Then A is a von Neumann algebra if and only if A” = A holds.

This gives rise to the following equality:

Theorem 2.10. Let A be a subset of B(H) and denote the von Neumann algebra generated by A on H
by vNA(A). We have:
vNA(A) = A",

For a discrete group we define the von Neumann group algebra L(G) as the von Neumann algebra gen-
erated by the image of the left regular representation of G' on B((?(Q)).

A trace on a von Neumann algebra M is a function 7 : My — [0, 00] such that 7(z + y) = 7(x) + 7(y),
7(Ax) = Ar(x) and 7(z*z) = 7(az*) for any x € My and A > 0. A trace can have multiple interesting
properties. We call 7

e faithful if 7(«) > 0 for any > 0 in M.
e finite if 7(1) < 0.
e normal if 7(sup, ;) = sup, 7(z;) for any bounded increasing net (x;) in M.

A tracial state is then a state that satisfies the property of a trace as well.

An interesting class of operators on von Neumann algebras are the conditional expectations. We de-
fine these as follows:

Definition 2.11 ([5]). Let A, B with B C A be C*-algebras. A conditional expectation from A onto B is
contractive completely positive map E : A — B such that E |gp=idg, and E(byxby) = b1 E(x)by for every
x €A and by,by € B.

We remark that E is a projection. In the case of von Neumann algebras, such a conditional expectation
is provided by the following proposition:

Proposition 2.12 ([5]). Let M be a von Neumann algebra with a faithful normal tracial state T, and
N C M a von Neumann subalgebra. If 1p; € N then there exists a unique, trace-preserving, normal
conditional expectation En from M onto N.

Let M be a von Neumann algebra and assume it has a faithful normal tracial state. In this scenario
we can define the spaces L'(M) and L*(M). Let M, := {xy | z,y € M and 7(z*x),7(y*y) < co}. We
can extend 7 to a linear functional on M, such that it retains its properties, see [17] for the details. By
the required properties imposed on the trace we can create a norm on M, through ||z||; := 7(]z|). The
completion of M, with respect to ||-||; gives us the definition of L'(M).

Likewise, we can perform a similar construction on {z € M | 7(z*z) < oo} in the case that M is
semi-finite, and construct the inner product (z,y) := 7(y*z). The completion of {z € M | 7(z*x) < oo}
then yields the definition for L?(M).
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2.1. FACTORS

Whenever we talk of a projection in a von Neumann algebra, we assume it is orthogonal, unless explicitly
stated otherwise. After we classify projections, we will introduce the concept of factors for von Neumann
algebras.

Definition 2.13. Let M be a von Neumann algebra acting on H, and p,q € M be projections. Define
the following:

e p ~ q if there exists u € M such that u*u = p and uu* = q.

e p = q if there exists exists a projection p' € M such that p’ < q and p ~ p’. Strictness corresponds
to case that p £ q.

e p is minimal if there exists no non-zero projection g € M such that ¢ < p. We also call p an atom.

o [f for all projections ¢ € M such that p ~ q we have that ¢ < p implies p = q, we say p is finite.
Otherwise, p is called infinite.

In turn, these classifications will let us name some properties of von Neuman algebras. Let M be a
von Neumann algebra acting on H.

e M is called injective if there exists a projection p : B(H) — M such that ||p|| = 1.
e M is said to be (in)finite if the identity is (in)finite.
e M is diffuse if it has no non-zero minimal projections.

e M is called atomic if for every non-zero projection p € M there exists a non-zero projection g € M
such that ¢ < p and ¢ is minimal.

If a von Neumann algebra’s center is trivial, i.e. it contains only multiples of the identity operator, then
we call it a factor. A factor can have different types, namely type I, type II and type III.

Definition 2.14. Let M be a factor. Then M is of type
o [ if there is a minimal projection.

o [ if it does not contain a minimal projection, but does contain non-zero finite projections. We
further classify it as type

— I if M is finite.
— Il otherwise.
o [II if it contains mo non-zero finite projections.

Takesaki [17] lists a number of useful results for factors, and we refer to this book for further study on
factors. The following two results will also be applied later on:

Proposition 2.15 ([17]). An Abelian von Neumann algebra on a separable Hilbert space is generated by
a single self-adjoint element.

Theorem 2.16 ([17]). Let A be a diffuse abelian von Neumann algebra on a separable Hilbert space. If
A is diffuse then it is isomorphic with L>=(0,1).

The proof of Theorem [17], which utilizes the preceding proposition, can be adjusted to work in the case
that A is atomic instead. This in turn yields an isomorphism with ¢>°(X) instead, where X is of the
same cardinality as the set of atoms.
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Central in this thesis will be the tensor product, which we use to construct the Fock space. It is defined
as follows:

Definition 2.17. Let H be a (complex) Hilbert space. For n > 1 define the n-fold tensor product

H®":=H® - -®H,
——

n

We take € to be an abstract vector that we designate as the unit of C, such that for n = 0 we can set
H®Y = CQ. Now define the full Fock space F(H) as

oo

F(H) = Q) H®".

n=0

Let us equip F(H) with the inner product (-,-)o given by the linear extension of

(1@ @ fo, 1 © - @ gm)o := Snm(f1,91) - {fn: gn)-

As we consider this the standard inner product on a Fock space, we may omit the subscript in subsequent
use. Later on it will become apparent how the Fock space will be linked to von Neumann algebras.

There are numerous tensor product to consider. We start with the spatial tensor product. Let A and B
be C*-algebras and (H, ¢) and (K,%) be universal representations of A and B respectively, where the
universal representation of A is defined as the direct sum of all GNS representations associated to states
on the respective space. Then by Theorem 6.3.3 from [13] there exists a unique injective *-homomorphism
m: A® B — B(H®K) such that m(a ® b) = ¢(a)&1(b). We find the following C*-norm on A ® B:

[ellmin = llw ()]l

where we recall that a C*-norm is a norm such that ||c*|| = ||¢| and ||c*c|| = ||c[|>. We call the above
norm the spatial norm. A ®, B is defined as the completion of H ® K with respect to the spatial norm.
By Theorem 6.4.18 of [13] this equals the min-norm [13], hence the notation.

More generally, if v is a C*-norm, then with A ®., B we denote the completion of A ® B with respect to
~. One more norm to consider is

||CHmax = sup 7(8)7
7y is a C*-norm on AQB

which defines a C*-norm [13].

Yet another tensor product to consider is the binormal tensor product, or A ®;, B, which is defined as
A @pin, B:={f € S(A® B) | (a,b) — f(a®Yb) is separately weak+ continuous},

where S(A ® B) denotes the set of states on A ® B. We recall that a state is a positive linear functional
with norm 1.

If in particular we are working with von Neumann algebras, there is a tensor product to consider such
that it is a von Neumann algebra as well. Let M and N be von Neumann algebras on H; and Hs respec-
tively. The tensor product of M and N, denoted with M®N, is the von Neumann algebra on Hy x Hy
generated by z ® y for x € M, y € N. However, Chapter 6 in [13] provides us with the fact that the
representations ¢ and 1 used in the definition can be replaced with the GNS representation. Utilizing
this fact we simply see M@N as the closure of M ® N represented on H; ® H,.

Proposition 2.18. Let M and N be von Neumann algebras. Then the weak”™ closure of M ®.in N equals
M®N.
Proof. First let x € M®N and assume ||z|| = 1. Then by the double commutant theorem z lies in

- 50
M® NSOT, which by Kaplanksy’s density theorem lies in B;(M ® N) T. As the strong operator
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- WO
topology is finer than the weak operator topology, we find that © € By (M ®@ N )W
— WO
rem 4.2.4 of [13) Bi(M @ N) "

weak™ closure of M ®,,in N.

T
. Lastly, by Theo-

coincides with the weak™ closure of By(M ® N) which in turn lies in

Conversely, as the weak™ topology is finer than the weak operator topology, the weak™ closure of M ®,,,;, N
is contained in M ®,in Nver, Applying Theorem 4.2.5 from [13] the finishes the proof. O






The ¢-Gaussian Algebra

In this chapter we introduce the g-Gaussians, the Wick words, and most importantly the g-Gaussian
algebra I'y(Hgr). In general ¢ can range from —1 to 1, and although I' 4 (Hg) and I'1 (Hg) are in themselves
interesting spaces, in this thesis we will concern ourselves with the case —1 < ¢ < 1.

3.1. ¢-FOCK SPACES

In this section we establish the ¢-Fock space. As the name implies, it is similar to the usual (full) Fock
space, but we use an inner product dependent on ¢ instead to create a Hilbert space.

Let Hg be a real Hilbert space, and define H := Hr @ iHg to be its complexification.

As we did for the Fock space, we designate an abstract vector  as the unit of C. Henceforth, we
shall refer to  as the vacuum vector. Let H®™ be as in the preliminaries. We define

]_-finite(H) = Span{f1®-~®fn c H®" | nGNO}.

Definition 3.1. Let n € N and denote the symmetric group of n elements with S,,. For a permutation
7w € Sy, define the number of inversions i(m) as

i(m) o= #{(i,5) [ 1 <i <j < m,w(i) > 7(j)}-

Observe the following: for a permutation 7 € S,, we have that i(7) = i(7!). Indeed, any pair (4, j) such
that (i) > m(j) yields i’ = 7(j) and j' = 7 (i) such that i’ < j' and 7= 1(i’) > 7= 1(5').

We will now make our first steps towards defining the g-inner product (-, -),.

Definition 3.2. Let fi ® -+ ® fn, 01 ®@ -+ @ g, € F/M. For g € (—1,1), set

<f1 Q@ fn, 1@ ®gm>q = Onm Z qi(w)<flag7r(1)> T <fnag7r(n)>'
TESy

Define {-,-), on Ffinite qs its sesquilinear extension.

Note that it agrees with the inner product in Definition 2.17 for ¢ = 0.

Let [-]|, denote the norm induced on F7#¢(H) by the g-inner product. For example, ||f; ®- - ® fn|, =
Ifi® & follo if f1,..., fn are pairwise orthogonal in H.

Theorem 3.3. (-,-), is positive definite on F/inite,

The proof is structured as follows: First we define an operator P, such that we can write (-, ), = (-, Py-)o.
Then, by showing that 7 — ¢“(™) is a strictly positive definite function in the sense Definition 2.2, we can
conclude that P, is positive definite. From this we can conclude the theorem.

17



18 3. THE ¢-GAUSSIAN ALGEBRA

We start by defining P, on F finite through the linear extension of P, := and
Pifi®: - ® fn:= Z 0" ey ® @ frin)- (3.1)
TESy

A simple substitution then shows that

(i@ @ frg1®@ - @n)g=(fi® @ fn, Pg1 @+ D gn)o

as desired. By our definition of (-, ), we therefore have that (¢, n), = (&, Pyn)o for any &,n € Frnite(H).

In order to simplify the notation and help with the proofs, we use the unitary representation 7 — U, of
S, on H®" defined through

Urf1 @@ fn = fr) @ @ fr(n)-
That is, we can write

Pfi®@-@fo= Y ¢OUcfr@ @ fp (3.2)
‘ﬂ'esn

We now arrive the main proof of this section:

Proof of theorem 3.53. The following proof it taken from [3]. We first show that the function
¢g i Sn — C g g™
is a positive definite function, and conclude from there.

For arbitrary non-zero r : S,, — C we need to show that

Z qi(”fl‘y)r(a)r(ﬂ) > 0.

T,0€ES,
Define
® = {(G,4)i#5,1<i,j<n}
ot = {(l,])|1§l<]§n}

For any w € S,, and A C ® we set

m(A) = {(x (i), (7)) | (i,5) € A}.

Note that 7(A) C ® and |r(A)| = |A|. From the definition of i(7) as the number of inversions, we have
that i(7) = |7(®T)\@*| for any 7 € S,,. Combining the above facts, and using that i(7) = i(7~ 1) we
find that

2i(n) = i(m)+i(rh)

r(@ NG| + [ (@)\ 2|
m(@N\F| + @\ (@)
(@T)ADT.

= |n

Let 0 € S,,. Substituting 7~ !o in the above and applying 7 to 7(®T)A®T we deduce that 2i(r~lo) =
|o(®F) Am(®T)].

Observe that for ¢ = 0 we have ¢4(m) is 1 for the identity and otherwise 0, which is positive defi-
nite. For ¢ # 0, we split the problem into the cases ¢ < 0 and ¢ > 0.
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For the first case, let 0 < ¢ < 1. Take A > 0 such that ¢ = e™*, and let 14 be the indicator func-
tion for a set A. We find:

- A
qz(ﬂ' o) _ exp <—2|U((I)+)A7r(cl)+)|>
A
= exp (2 Z|la(q>+)(95) - 17r(<I>+)(‘T)|2>
zed
A
— H exp (2|10(¢+)(I) — 1W(¢+)(x)|2> .
zed

By Proposition 2.4 it suffices to prove positive definiteness for a single term, i.e. for the function

A 2 . . il . . o
T > exp (—§|1o-(q>+)($) — 1o at+)(7)] ) Applying the aforementioned proposition then yields positive
definiteness for the entire product as a function on S,.

Let z € ®, and r : S,, — C be an arbitrary function. Moreover, define s: {0,1} — C by

s(0) := Z r(o), s(l):= Z r(o)

oESR €Sy
zgo(dT) zea ()

We have:

> e (- 3lawn o) - Luwn @) ) o))

T,0ES,
= Z r(o)r(m) + e 2 Z r(o)r(n)
T,0ES, T,0ES,
zgo(dT)An(dT) z€a (@) Am(dT)
= X ) X rm+ ) @) Y, v
o€Sn TSy ocS, TES,
zgo(®1) zgn(®T) z€o(®T) zEm(®T)
+e 2 N o) > @+ Y o) D ()
oES, TESy o€Sn TESn
z€o (1) zgm(®T) z€a(dT) zgm(®T)

= 5(0)5(0) + s(1)s(1) + e~ 2 [5(0)5(1) + 5(1)@}

= 2 e M@

i,7=0

Asz s e 3l ig a positive definite function, we deduce that

Z e=31=11 5(3)5(7) > 0

4,j=0
and conclude that ¢, is positive definite for 0 < ¢ < 1.

The case of —1 < ¢ < 0 remains. By definition of ¢, we obviously have that ¢,(7m) = ¢m =
(=1)i™¢_, (7). We claim that 7 +— (—1)(™) is positive definite. Provided this is the case, we can
call upon Proposition 2.4 again to conclude ¢4 () is positive definite.

The first step is to show that m,0 € S,, i(wro) and i(7) + i(c) have the same parity. Indeed, if we
have (i,5) € ®F such that (wo)(i) > (no)(j), then either (4,4) yields an inversion for o, or (o(i),o(j))
yields an inversion for 7. If (4,7) does not yield an inversion, then it either yields one for both ¢ and
7, or none for either. Ergo, we have that i(mo) and i(7) + i(0) have the same parity, and therefore
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(=1)i 1) = (=1)i= ) (=1)i(@) = (=1)i(™)(=1)i(=) That is, the sign is a representation of S,,.

Now let r : S, — C be an arbitrary function. Using the result above we conclude the claim as fol-
lows:

S DT on@m =S (1) (o) (~1)@r(m)

T,0ESy T,0ES,
= Y ) Or(e) Y (o)
ocES, o€ESy
> 0.

We are now able to finish the proof. We need only show that (n, P;n)o > 0 for non-zero n € H®"
for n € Ng. Let n € H®" be non-zero and {;};,c; be a complete orthonormal system for H®", i.e.
N="> icr(m&)o&. Using (3.2) and that ¢, is positive-definite, we have:

P =Y ¢ n,Umo
TESy

1 i(n to
= E Z q( )<777U7T*1077>0

T,0ES,

1

1
= E Z ql(ﬂ U)<U7r777UU77>0
" m,o€S,

= % Z qi(ﬂfla) Z<Uﬂn7€i>0<§iaUan>0

" m,o€Sy el

1 o
= Ez Z qz(ﬂ' U)<§Z—7Uﬂ1’]>0<£mUan>0

i€l |mo€S,
> 0.

Now that we have proven (-,-), to be positive definite, and therefore an inner product, we can properly
define the g-Fock space. O

Definition 3.4. We define the q-Fock space F,(H) as the completion of F/"'¢(H) with respect to the
inner product (-,-)q.

3.2. THE CREATION AND ANNIHILATION OPERATORS

Just as they exist on regular Fock spaces, we define creation and annihilation operators on the ¢-Fock
space. Applied to a tensor in H®", as hinted by the names, the creation operator creates an extra tensor
leg to obtain a new tensor in H®(*1  On the other hand, the annihilation operator sends a tensor in
H®" to an element in H®("~1),

Definition 3.5. Given f € H, we define the creation operator a* on F4(H) as the linear extension of

a" () = f,
GNP @ Qg = OO R gy

The annihilation operator a on ]-',{i"”e(H) is defined as the linear extension of

a(f)QQ = 0,
W@ @gn = > ¢ NHg)n @ BGR- ®gn,
=1

where ¢; indicates that it has to be deleted in the tensor.
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We will also briefly consider the right variants of the creation and annihilation operator, denoted by a
and a, respectively. These are defined identically on the vacuum vector, and otherwise

a(flp®@ Qg = O Rg.f
n )
a(Ng® - @gn = Y " H9)n QG B gn.

i=1
Later on we will apply some of the results for the creation and annihilation operator to their right variants,
the proof of which are analogous and will therefore be skipped. There are however some interesting

relations between the left and right analogues that we would like to make explicit. Namely, the following
remark allows us to switch between the two:

Remark 3.6. Let S be the operator on F4(H) that turns the order of tensors around. For f € H we
have:

ay(f) Sa*(f)S
ar(f) = Sa(f)S.

We now arrive at two important properties that the creation and annihilation operators that we have
defined satisfy.

Lemma 3.7. For all f,g € H and q € (—1,1), on F™¢(H) the operators a* and a satisfy
a(f)a*(g) — qa*(9)a(f) = (f, 9)1,

which we shall refer to as the q-relations. Moreover, a*(f) and a(f) are adjoints with respect to the
q-inner product.

Proof. By linearity it suffices to show both statements hold on H®". We first show that the g-relations
are indeed true.

Let hy ® -+ ® hy, € H®". Then:
(a(f)a* (g @@ h, = a(f)g@h @ - hy,

= (L@ @h+q¢) ¢ Hf,g) 9O @ - Qh; - ®hy,

(f.9) + qa* (@)al)hy ® - ® b,

which yield the g-relations. It remains to show that the creation and annihilator operators are each
other’s adjoint. For f € H and g1 ® --- ® g, € H®" and hy @ - -+ @ hpy1 € HE" D) we set out to prove
that

(@ ()@ QGn, M1 @ Qhpy1)g = (01 @+ @ gn,a(f)h1 @ - @ hyy1)gq,

We proceed with a proof by induction on n.

The case n = 0 follow directly from the definition. Let n > 1 and assume the above statement holds for
all n’ < n. Consider the subset of permutations of S,, which map 1 to 7. We denote:

SO = {r eS8, |n) =i}
Recall that

<91®"'®gn,h1®"‘®hn>q: Z qi(")(gl®~~®gn,Uah1®~'®hn>o~
oESy
Fori:=1,...,n+1, we claim that we can rewrite Zaesn NG @ DGn, Ugh1 @ R “® hpt1)o
using elements from Sﬁf}rl instead. Identify o € S,, with 7 € Sfﬁrl where

i i1 =1,
m(l) =< a(l) it o(l) < 4,
ol)+1 ifo(l) >i.
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Note that this construction yields a bijection between Sfllll and S,,. Moreover, we can see that pairs of
the form (1,j) for j = 2,--- ,n + 1 yield exactly i — 1 inversions by taking j' = o~!(j) and noting that
o~1(j) > 1. All the other inversions of m have a one-to-one correspondence to the inversions of o by the
above construction, and hence

i(r) =i—141i(o),

Thus, for 0 € S, and i = 1,...,n+ 1, if we pick the associated 7 € S,(le we can then write
qi(a)<gl ®"'®gnaU0hl ®®ﬂz ®"‘®hn+l>0 = qi(ﬂ)7i+l<gl7h7r(2)>"'<gn7hﬂ'(n+1)>a

where we note that the i-th leg of h1®- - -®h,, 11 is not accessed in the right hand side. Foralli =1---n+1
we have arrived at the conclusion of the claim:

(1@ @ Gn,hy @+ ®Hi ®...®hn+1>q _ Z qi(”%”l(gl,hﬂ@)) <gmhw(n+1)>

‘n'eSSJ)rl

Using the fact that {Sffll |i=1,--- ,n+1} forms a partition of S, 11, we complete the proof as follows:

n+1
(G @ Qg a(H @ Bhnyr)g = Y ¢ L h)gr @ Qgn, M@ @ @ @ hnta)g

=1
n+1 . . .

= Z ql_1<f7 h”b> Z q’L(ﬂ')—’H-l <glv h7r(2)> e <gn7 hw(n+1)>
= nes,
n+1 )

= Z qz(ﬂ) <f> h‘n’(l)><gla h‘n’(?)> e <gn, hﬂ(n+1)>
=1 st

= Z qi(ﬂ—) <fa hﬂ'(l)><glﬂ hTI'(2)> T <gn7 h7r(n+1)>
TESnt1

= (a"(flr @ ®gn, 1 ®"‘®hn+1>q-
[

The next object of our attention will be the boundedness of a* and a. Then by a density argument we
can conclude that Lemma 3.7 holds on the entirety of the ¢g-Fock space as well.

Remark 3.8. The above proof allows us to compute the norm of f&" explicitly for f € H. The above

proof shows that
n+1

LFECEDN2 = 37 G YIFIPIFEM2 = [+ g FIRIFE™ 12

i=1
Hence, by a simple induction argument we can conclude that || f<™||, = \/[n]!|| fII™

We can in fact compute the exact norms of ¢* and a on Fy(H):

Lemma 3.9. a* and a are bounded on Fy(H), and

A1l :
* _ _ ) Vi if0<qg<1,
o (Dll = )l {” A 33)

Proof. Part of the lemma in itself is that we can in fact extend a and a* to F4(H). That is, we show that
the above results instead hold for F/"#¢(H) with the g-inner product, and then by a standard extension
argument we find the result.

The first equality follows from a* and a being adjoints, and thus we only need to compute the norm
for a*. Let us split the problem into two, the case of negative ¢ and non-negative q. We start with the
former, i.e. —1 < ¢ <0.
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Let ¢ € Ffmite(H) and f € H. From the g-relations and the adjointness of a* and a of we have:

lla* fElI3 (@™ (£)E, a*(f)E)q
(a(f)a*(£)E;€)q

= (({f; /) +aa™(f)a(f))E, &)q
IFIZ1€NE + allalHElIg

£ €113 (3-4)

IN

That is, @ and a* to F,(H) are indeed bounded on F/"e¢(H) and |la(f)|| = |la*(f)| < ||fll. As
a*(f)2 = f we have equality as well, proving the statement for —1 < ¢ < 0.

The case of 0 < ¢ < 1 is somewhat more involved. Let us first show that is an upper bound

1
V1—q
for the norm of a*.

Let f € H and £ € H®". We shall define m;; € S,, as the transposition of i and j, where 1 < i,j <n
and 7 # j. For notational purposes we set m;; as the identity. Moreover, let us embed S,, into S, 41 in

the trivial sense. Recall that P, was such that (£,&), = (£, P,€)o. Let Pq(") denote the restriction of P,
to H®" where we note that if maps to H®". Moreover, as the definition involves a finite sum it is also
bounded.

From the proof of Lemma 3.7 we can derive

IR SO
TES,

= Zqi_l Z qi(a)(:l@UU)Uﬂ'u
=1

0ESH_1

n

_ Zqi—l 1® Z qi(a)Ua Un,.

i=1 oESn—1

n
(1 ® Pq(n—l)) Zqi_lUﬂ'”

i=1

Since both Pq(n) and Upr,, are self-adjoint with respect to the standard inner product, we have that

n * n
((1 ® Pq(n_l)) Z qi_lUWu> = Z qi_lUﬂu(l ® Pq(n_l))'

i=1 i=1
This yields:

n

L@ P )Y q e Y 0 Un, (1@ BY)

i=1 i=1

Z qi—l :

i=1

34
z
N
<2
z
N——
*
I

3

IN

n—1 n—1
(1@ P"Y) (1® PnY)

1
(1-1q)?

IN

n—1 n—1)\x*
(1o P )1 P ).
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Hence P\™ < =1l P{" ™ as 0 < g < 1. This yields

la(HIIZ = (al(f)E alf)E)q
= (fRL &,
= (f®& P (f®RE)),

1
< [ feste R e )
1 2
— TIPS (35)
By the same argument as before a and a* are bounded operators on F,(H) with ||a(f)]| = [a*(f)] <

IfIl/vVT=gqfor0<gq<1. Let f" = f®---®@ f € H®". Lastly, we have that

la*())FEMZ = (FfE" f& [

(f@fE 1@ P DY g Un, (f ® F2™))o

i=1
= S S, P femy,
i=1
L—g™ o) a2
g MG
which gives us equality in norm as n — oc. O

Now that we have established our creation and annihilation operators on F,(H), as well as the g-relations,
are ready to introduce the g-Gaussians.

Definition 3.10. For f € Hg, we define the q-Gaussians w(f) as

w(f) == a™(f) + a(f).

With these, we define T';(Hr) as the von Neumann algebra generated by the g-Gaussians in B(F,(H)).
That is,
Ty(Hr) = {a”(f) +a(f) | f € Hr}" C B(F4(H)).

Lemma 3.11. The vacuum vector is cyclic and separating for T'y(Hg), and defines a trace through
7(x) == (Q,2Q),. Moreover, T';(Hg) is a finite von Neumann algebra.

Proof. See [4]. O

Remark 3.12. The right analogues of the above construction are defined by substituting the right creation
and right annihilation operators. That is, wy(f) := a:(f) + ar(f), and Ty (Hr) = {w,(f) | f € Hr}".

3.3. WICK WORDS

Consider an element from I';(Hgr) and apply it to the vacuum vector. Since the vacuum vector is sepa-
rating, we obtain a unique element in F,(H). Conversely, certain vectors from F,(H) can be identified
with elements in I';(Hg), which we will see as we introduce the Wick words. We first consider the results
on FFinite([]) after which it can be extended to JF,(H).

Let us first define some notation. For n € N and £ =0,...,n let us define
P =L, JC{1,... .0} || =k |J|=n—k TUJ={1,...,n}},
where we take each I and J as ordered sequences, i.e. for (I,J) € P,E"):

I = (il,...,ik), 11 < < in,
1 <

J = (jla"'vjnfk)a J

S jnflv
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Note that I and J are disjoint. Moreover, for (I,.J) € P,gn) we set
L(LJ) ::#{(pa(I) | Z‘q >jq71 <p<k,l ngn—k}.

As the final step in defining the g-Wick product, we collect all of the P}En) in

n) ._ " n)
P™ = | J P,
k=0

Definition 3.13. We define the Wick product of an element in Ff™(H) on F,(H) through the linear
extension of

Wihe of)= Y ¢ () 0" (fy,)alf) - alfy,).

(I,J)eP()

for fi® - ® f, € H®".

Observe that

W@ fu) =W f)
There is the question of whether these operators are elements of I';(Hg). For a single f € H we have
W(f)=a*(f)+a(f) =w(f) € Ty(Hr). For higher order terms, we turn deduce a recursive formula for
W(f1 ® - ® fny1). Clearly we have

W(H @ & fap1) = a'(fi) > ¢ " a* (fi) - a* (fi)alfi) -~ alfy,)

(I,J)eP(n+1) 1e]
+ Z qL(LJ)a*(fil)"'a*(fi|1|)a(fl)a(fj2)"'a(fjw\)
(I,J)ePn+)1eJ
= A+ B

We can use the g-relations to move a(f1) forward in a*(f;,)---a*(fi, )a(f1)a(fj,)---a(fj ) which make
up the terms in B, to obtain that

B = a(f) > q"Da(fis) a0 (i +)alfie) - alf 1)
(I,J)ep)
n+1

- Zqi’1<f1,fi+1>W(f2 ®:® fir1 ® -+ ® far1).
i=1

through an exercise of expanding the terms. Combining these statements we get

n

W@ @ for1) = W(fOW(2@& far1) =Y ¢ i, fir)W(f2 @@ fi1 ® - ® fuga)-

i=1

Thus, by a simple induction argument with the above formula we conclude that W(f1®---®f,) € T'y(Hg).

We elaborate upon the aforementioned relation between I'y(Hg) and F/™¢(H). For any & € F/nite(H)
we have that
W(Q =&

For any f1 ® --- ® f, € H®™ this is easily seen, as applying any annihilation operator to the vacuum
vector will yield zero, and so only the term a*(f1) - - a*(f,)$2 remains. Moreover, since € is separating,
W(¢) is the only element that yields . In this fashion, we can uniquely extend W to the entirety of
I',(Hg)$? by requiring that W()Q2 = ¢ for € € T',(Hg)Q. Thus, if we have an x € T';(Hg), we have
& :=xQ € Fy(H) such that z = W(¢).



26 3. THE ¢-GAUSSIAN ALGEBRA

Remark 3.14. For the Wick words we can also define the right-analogue W, by using the right creation
and annihilation operators. Let S be the operator that reverses the order of tensors once again. Using
Remark 3.6 we can deduce the following:

Wy (5€) = SW(E)S,
which shows us that T';(Hgr)Q =T . (Hr)S2.

In particular, for W(€),W(n) € T'y(Hg) this gives us the following nice equality:

W(&)n = W(Wr(n)Q = Wr.(mW (§)Q = W (n)€.

3.4. THE ¢-GAUSSIAN FUNCTOR

Suppose we have a contractive map u : Hg — Hg. This section is dedicated to constructing a map I'y(u)
between I'y(Hr) and I'y(Hr) which is completely positive and trace preserving. We call this construction
the ¢-Gaussian functor.

Lemma 3.15. Let T : Ffnite([) — Flinite(H) be an operator such that it commutes with P,, where
P, defines the inner product on F/™®¢(H) as in section 3.1. Then ||T|o = ||T||-

Proof. Let & € Ffimite(H). By the functional calculus we have that we have that qu /% and T commute
as well, and so:

IT¢)2 = (T€,T¢),
T57PQT£>0

(
{
= (P}2T¢, PYPTE),
{
{

TP/, TP,"¢)o
P2, T*TF;/%€)o

< T Tlo(Py/%€, Py/%€)0
= 7" Tlloligll3-
Therefore
TN < IT*T o < I TI5.
Applying the above with P, ! instead we find the reverse inequality, and so || T[|q = [|T[lo O

Now suppose we have a contraction T': Hg — Hg. We can define the map F(T) from F/™"i¢(H) to
Ffimite( ) through the linear extension of
F, (T = Q,

for f1 ®---® fn, € H®". Note that as T is a contraction we have that || F,(T)||o < co. We also note that
for another contraction S on Hg we have Fy(T'S) = F4(T)F4(S).

It is easily verified that P,F,(T) = F4(T)P,. Thus, we can apply Lemma 3.15 to find that Fy(T) is
bounded with respect to the g-norm, and therefore we can extend it to a bounded operator on F,. With
the operator established on the entirety of F;, we can move on to the main theorem of this section:

Theorem 3.16. Let T : Hr — Hr be a contraction. Define I'y(T) : I'y(Hr) — I'q(Hr) through
(T(T)X)Q2 = Fo(T)(XQ).

for X € T'y(Hg). ThenT((T) a unique linear, bounded, completely positive trace preserving map. More-
over, if T is orthogonal, then T'¢(T) is a x-automorphism. If T is an orthogonal projection then I'y(T') is
a conditional expectation.
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Proof. Linearity is clear, and uniqueness follows from the separating property of the vacuum vector in
I';(Kgr). The unital property is also easily verified by the definition. Recall that for W (§) € T',(Hg) we
have that W(§)* = W(£*). Utilizing this fact in combination with the definition of I',(T’) yields that it
respects the x operation.

Let S : Hr — Hgr be a contraction as well. Then
(Fg(T'9)X)Q2 = Fy(T'S)(XQ) = Fo(T)F¢(S)(XQ) = (Tq(T)I(5) X)),

by the multiplicativity of F,(-). Thus, a factorization of T into contractions yields a factorization of
I',(T). Given a factorization of T', tt suffices to prove the statements for each case separately as these
translate to the result throughout the composition.

Set Kr = Hr ® Hg. We claim that we can write T'= POI, where
e | : Hr — Ky is an isometric embedding,
e O: Kg — Ky is orthogonal,
e P : Kr — Hp is an orthogonal projection.
We choose I to be the canonical embedding of Hg into Hgr @& Hg in the first coordinate, which clearly

satisfies the required properties. Similarly, for P we choose the projection onto first coordinate.

It remains to find the appropriate operator for O. Since T is a contraction, 1 — T*T is well-defined.
Now consider the operator O on K — Kg given by

O_ T VI—T*T
“\viztrr -1t )

Note that (1 — T*T)T* = T*(1 — TT*), and so by the continuous functional calculus we obtain that T*
and /1 — T*T commute. Consequently, it is easy to verify that O is orthogonal.

We now show that the statements hold for the individual factors. Let us start with the orthogonal
map O. We claim that
[, (0)X = F(0O)XF,(0),

Obviously it holds for the unit. First we show that it holds for Wick words of length 1. Let f € H. We
observe that

Fo(T)a™(f) = a*(Tf)F,(T)
a(f)F(T") =

Recall that (T'f,Tg) = (f,g) for any g € H. Utilizing this, and that OO* = 1k, for ¢ ® - ®@ g, € H®"
we find:

F(O)W(f)Fo(0) = Fo(O)(a*(f) + a(f))Fq(O0)*
= F(0)F,(0")a™(Of) + F4(0)F4(O*)a(Of)
= F(00")(a*(Of) + a(Of))
= W(Of).

To obtain the result for higher order Wick words, we call upon the recursive formula we found in Section
3.3. Suppose the result holds for Wick words of length less than n. Now for g1 ® - - ® g, € H®" the fact
that

FoOW ()W (f2® - fu) F4(O)" Fo(O)Fo(O) W(Of)W (Fy(O) fa @ -+ fn)

W(Of1)W(Fy(O)f2@ -+ fn)

suffices, as the recursive formula then yields the result. With our explicit expression for I';(O)X we can
deduce that it is bounded and completely positive.
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It remains to check that it preserves the trace. Indeed,

T(F(O)XF(07)) = (@, F(0)XF (O7))y
= <]:q(0)*QaX]:q(O*) >q
= <]:q( *)QvX]:q(O*)Q>
= (Q,X0),
= 7(X).

Utilizing that F,(0)*F,(0) = F4(0)F4(O)* = 1x we can see that yields an automorphism. Thus, in
the case that T is orthogonal, we could conclude the proof here as I'j(T) is a *-automorphism.

Let us now consider the factor P. The above proof for boundedness, complete positivity, and the trace
preserving property can be applied to identically to P, as PP* = 1, (however, the automorphism result
fails). In a similar manner, if T is a projection, if we verify that it yields a conditional expectation to
finish the proof. As for any f € H and g € ranP we have (f,g9) = (Pf,g) = (Pf, Pg) we can repeat a
similar argument with F,(P) and the Wick operator to conclude this case.

In the case that T is neither a projection nor orthogonal, only the first factor remains. Let P; be
the orthogonal projection of Ky into the first coordinate. Then through its definition we find F,(P;) is
a projection in F,(K) equal to projecting on the first coordinate. That is,

Fq(H) = F4(K)Fq(Pr).
Let wi (f) be the ¢g-Gaussians on Fy(K). We set:
I'X(Hg) := vNA(wk (f ®0) | f € Hg).

Embedding F,(H) in the first coordinate we have ') (Hg)F,(H) C F4(H). By the previous identifica-
tions we can deduce
To(Hg) 2 TN (H)F (P1).

But this homomophism is in fact equal to I. As a *-homomorphism I';(I) is therefore completely positive.
Lastly, using that F,(P1)Q2 = Q we see that it preserves the trace. Having now shown the statements for
all three factors, we conclude the proof.



Factoriality of I';(HR)

Recall that a von Neumann algebra is a factor if its centre consists of multiples of the identity. The main
result of this chapter is the following:

Theorem 4.1. If dim H > 2 then I'y(Hg) is a factor.
The proof of the theorem rests on the next proposition:

Proposition 4.2. Suppose dim H > 2, and e € Hy is such that |le|| = 1. Then {W(e)}" is a mazimal
abelian subalgebra.

First we fix some notation. Recall that for é =& ® --- &, € H® and n =1 ® ---m, € H®? then

(1@ 8aym®-Nn)g = 0ap(§1 @&, Pim @ -+ - mp),

where P is P, restricted to H ®a_ This is possible by Theorem 3.3. Let us denote the Hilbert space as
Hg and let [|{[ #s denote the norm of § with the above norm.

We now split H®™ into two, namely a part of size n — k and a part of size k, for k < n. If we take
E@n, & @n € H®" %) @ H®* we have the inner product

negon el m = (Eon P~ o Piy).

Note that this does not coincide with the inner product on H®". To link the two, we define the unique
operator R, i : H®™ — H®™ through its adjoint by
_ —k k *
Pl = (P " ®P])

n,k>

where we embed H®("=%) @ H®F in H®" in the canonical way.

It can be verified (see [16]) that

Rn,k = Z ql(ﬂ) U7'r7
ﬂ'GSn\Sn,kXSk

where the representative of each right coset is chosen such that the number of inversions is minimal. This
provides us with an upper estimate for the norm, namely

[ Bl < T =12l
i=1
Set Cy = H;.i1(1 —|q|H) "

29
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Lemma 4.3. The embedding of H;_k ® Hé“ in Hy' has norm at most /C.
Proof. We have:

(P)? LA
(P~ @ Py)R;, R i (Py " @ P)*
1B i R | (P @ P)?

2 n—k k\2
Cy (P @ P))".

IN A

Thus, P < CqP?~% @ PF and we conclude that for any v € H we have

(Plv,v)
C <P’“’c ®Pku V)
= Cyllvl}

7y
q

IN

Hy P@HE
O

Remark 4.4. Applying the above result inductively on e; @ --- @ e, where e; € H are unit vectors we
have

ler® - @ en @™y < Cller @ -+ @ enllglle®™ g < C/y/Imlg.
One more definition and result before we start on the proof of the proposition:

Definition 4.5. Lete € H. Set E. C Fo(H) as
E, := Span{e®" | n > 0}.

We note that E. = F,(Re).

We construct an identification between {W(e)}” and E. N T',(Hg)Q. On the one hand, suppose we
have W (&) € {W(e)}’. Then as {W(e)}” is closed in the strong operator topology, we can find §; € E,
such that W(§;) converges weakly to W (). But then applying both to Q and using that W (&;)Q2 = &;
we directly find that £ € E..

On the other hand, suppose we have £ € E. N[ (Hr)2. Let Pr. : Hr — Re be the orthogonal
projection onto Re. Then

(Cq(Pre)W ()2 = Fy(Pre)(W()Q2)

= fq(PRe)§
= Pgg

I
2

W (£)Q. (4.1)
As Q is separating, this implies that W (&) = I'y(Pre)W (§), and therefore W (§) € {W(e)}".

Proof of Proposition 4.2. Let W(§) € Ty(Hgr) N {W(e)}. We need to show that W (&) € {W(e)}’, or
equivalently ¢ € F,.

Let n € E, and consider W (n). By our assumption W (§) and W (n) commute. Applying (W (§)W (n) —
W (n)W (w)) to the vacuum vector and utilising Remark 3.14 we have:

W(W(n) — W)W (£))$2
= W(n—-Whn)¢

Wi (m)é = W(n)§
= (We(n) - )

0

—~
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Thus

ce () ke(Wiln)— W)
W(ne{W(e)}”

To show that ¢ € E., it suffices to show that

EX C Span U ran(W.(n) — W (1))
Wn)e{W(e)}”

Now extend {e} to an orthonormal basis (e;);>0 of Hg, where we take eq = e. Clearly we have

E}r =Span{e;, ®---®e;,

n>1,e;, # 0 for some k}.

Take z = e;, ®- - ®e;, € EX. It suffices to show that z is the weak limit of elements in Span{Ran(W,.(n) —
W(n)) | W(n) € {W(e)}"}.

As {W(e)}” is commutative and diffuse by we have {W(e)}” ~ L*°([0,1]) equipped with the Lebesgue
measure. We can identify the Rademacher functions

ri(z) == signsin(2'rz), i=1,2,---
on [0, 1] with elements in {W(e)}”.
Let (1;); C E. be the sequence such that W (n;) ~ r; for i > 1. Then W(n;)? ~ r? = 1, and simi-

larly we see that W (n;) is self-adjoint. Moreover, 7; — 0 weakly as i — oo in L*(]0,1]), and so we find
weak convergence for n; in F,(H) as well.

Let us now define the following sequence in F,(H):

zi = (W(ni) = We(0:)) (W (1) 2).
Expanding the brackets we note that

z; = W(m)22 = We(n)W(ni)z
z = We(ni))W(n;)z.

Thus, it suffices to show that W,.(n; )W (n;)z converges weakly to zero. To simplify our notation, set
Yi == Wr(ni)W ().

Obviously the norm of W (»;) is at most 1, through the identification with ;. Remark 3.14 then gives
us the same estimate for W,.(n;). Hence, |ly;|| < ||z||, and thus it is sufficient to show that for any pure
tensor t = ej, ® ---®e;, € Fy(H) that (y;,t)q — 0 as i — 0. By Remark 3.14 we have:

<yiat>q = <Wr(77i)W(77¢)th>q
= (Wr(2)mi, W(mi)t)g
= (We(2)ni, W(t)ni)q-

Recall the definition of the Wick word from Definition 3.13 (as well as the the right-analogue in this
case). Substituting the sum in the above expression and moving the sums out of the inner product, we
obtain

(W (2)mi, W(t)mi)g = S gD ax e, ) - an(er,, Jarlen, ) - ar(ei, i, (4.3)
(1,J)ep™
(1',J")ep®

0" (es,)) " (e ales, )+ alei, I
.
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where

(I’J) = ((Tlv"'arm)7(817"'75n—m))
(II7J/) = ((T/h"'7711/)7(3/17"'7‘9;770)'

As the number of terms in P("™) and P®) is finite and depends only on n and p, ans lg| < 1, it is sufficient
to show that each inner product goes to 0 as ¢ — co. Since we intend to show the result for all pure
tensors z and ¢, and can thus freely reorder them, we can drop the double indexing. That is, we may
assume I = (1,...,m)and J = (I+1,...,n) since this will be the case for some (different) z, and similarly
for I’ and J'.

By way of this simplification, we can write the inner product terms in the right-hand side in (4.3)
in the following manner:

Ii = (a(eq,) - az(ei, )ar(€i, ) - arlei,)ni, a”(ej,) - a*(ej,)alej ) - - alei, ) i) g,
which gives us a more manageable expression. To aim is now to show that I; — 0 as ¢+ — oo.

We look at the terms within the inner product in more detail. As n; € E,, it follows that a,(e;, )n; = 0
whenever e;, # e, as it lies in the orthogonal complement. As such, we can assume that e;, = e. More-
over, a,(e)n; € E., and so we can repeat the argument to argue that Cirpy = iy =1 =€, =E€. Thus,
in order to be non-zero, our term must be of the form

n—m

ap(ei,) - az(ei,,)ar(€)" ;.

For k > 1 we have that a,(e)e®* = [k],e®*~1D. Write n; = > ,5,aie®*. Note that as W(n;) is
self-adjoint we necessarily have that all aj are real. We can now write:

(ar(e)" M = ZGZ(ar(e))"_meQz”f

k>0

_ 7 [k]q' Rk+m—mn
N Z ak[k‘—l—m—n]q!e '

k>n—m
Thus, overall this yields the result that for non-zero terms we have

* * n—m 7 k ' * * —(n—m
e ailen, )o@ = 3 ah () ain, ),
.

k>n—m

Now consider the other term in the inner product, that is, W (¢)n;. Nearly identically we also derive:
|

* * — 7 [k] : * * —
o) )P = Y g e ) o )P

We now substitute these terms to find that

I;
i [k]q! * * Qk+m— i [k/]q! * ®K'+1—
(S I are) e an(en, ), S gkl gt (e ) (e )P HT)
kz;m "kt m—nl o k/;:fz YR+ 1= plg! ! g !
; i [k —2m +n],) [K — 21+ pl,!, . . o N r_
- ;@ak*Qernak’*Qler [k' - m]q' } []41/ - l]q' : <a‘r(ei1) e ar(eim)e®k @ (ejl) e a (6j1)6®k l>q
k' >1
; ; [k—=2m+n])[k-20+Dp],)!, . . % . _
= Z a2,2m+na;§72l+p [k — m} ! . [k - l] | s <ar(ei1> T ar<eim)e®k " a (ej1) e a (ejz)e®k l)Q‘
E>m a s

k>l
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We now investigate the inner product terms appearing in the above sum. Let v be the largest index such
that e;, =e;, =--- =e;,_, = e. By choice of z there must exist i;, with k¥ < m with e;, # e, so v < m.
Taking the adjoint for a)(e;, ) --ak(e;,) we have

(ay(es,) - ay(eq, )e® ™™, a" (ej,) -+ a*(e;,)e® )
= (a(er, ) - ax(es, )e® ™ ar(er,) - ar(eq ) (e, ® - ®ej, @),

= (ai(ei ) ar(ei)e® ™™ are;, )ar (€)' ey, @+ @ ey, @ePFT),.

We consider a,.(e)* (e, ® -+ ® e;, ® e®*~1). Each application of a,(e) cancels an occurrence of e mul-
tiplying by factor of ¢ depending on n and the index of the cancelled tensor leg. Suppose k& > v so that
we do not (necessarily) cancel all of the tensors.

We investigate how each term in the expanded result looks. As we are working with the right-annihilation,
let us consider the indices as counted from the right. Let (e;, ®---®ej, ®e®(k_l))h)T forh = (hy,..., hy_1)
denote the term such that the tensor leg at index h; as counted from the right has been cancelled, after
which we repeat the procedure to the remaining tensor with (hg,...,h,—1). Necessarily we must have
1<h;<k—i+1fori=1,...,v—1. Whenever we cancel an e; # e the term yields zero. In this spirit,
let 65, be 0 if an e; # e is cancelled, and otherwise 1. Altogether, we can express

v—1
ar(e)”_l(ejl Q- ® €5 & 6®k_l) = Z (5hqiv+1+2i:1 h (ejl Q- ® €5 & €®(k_l))h re

he{l,... .k}t
1<h;<k—i+1

In order to express the whole term, remains to apply a.(e;,). Let us assume k& > n + p, which ensures
that k > [ +v. By our choice of v we have e;, # e, so in order for it not to yield zero, we need to cancel
an element from e;, ® --- ® ej,. As we have removed v — 1 tensor legs, the tensor now has a length of
k —v + 1, of which at most { — v + 1 remain from e;, ® --- Q@ e;,.

The assumption k > n + p guarantee that at least 1 tensor leg coming from e®*~Y remains in the
term. In particular, there are at least £ — [ — v 4+ 1 such legs. If we consider the definition of the right-
annihilation operator, we find that the exponent in the ¢-term is at least £k — [ — v + 1 by virtue of the
previous sentence. The remaining tensor now has length k — [, of which at most [ of ¢j, ® - - - ® e, remain
and at most k — [ of e®*=0,

By Remark 4.4 and the fact that C;, > 1, a — [a],! is increasing, we can conclude that

||ar(€iv)(6j1®"’®ejz®€®(kil))h,r“q < Czlz/2 k—1y < Cﬁ'\/ [k —1]g!

Let us start absorbing constants, starting with C, , = CP. Substituting the above in (4.4) together with
the above result yields that

v—1 .
lar(es)ar(e) Hes, @+ ey @)y < 3 gt T R My e — 1,

he{l,.. .k} !
1<h; <k—i+1

v—1
We claim that we can bound Zh€{17___,k}'u—1|q‘v_l+zi=l " by a constant depending only on v and g.
1<h;<k—it1
Considering the last index separately, we have that

_ v—lh’_ _ v—zh_

Do laPTHRet = gt 3T gl Y gl
he{l,... .k} ! he{l,... .k} =2 hy—1=1
1<h;<k—i+1 1<h;<k—it1

VD D
he{l,...,.k}v 2 ~lal

1<h;<k—i+1
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Applying an induction argument, we can argue that

v—1
Z |q|U_1+Zi=1 hs < g —
v e (= aD)
1<h;<k—i+1

|v71

=Cy -

Since v itself depends on n, we have therefore found that
lar(ei,)ar(e)" (ej, © -+ @ ej, ® e )lg < Cqnpy/[k — Ul

We arrive at the end of the proof. Let N > 2max(n,p), and split the sum in [ into the parts AEN) with
k< N and B™) with k > N.

On the one hand we have

AN < ST Jal amynllah ol CNgnp-
N>k>m
N>k>1

by the fact that the sum is now finite. As 7; converges weakly to zero, we have that a?€ converges to zero
as i — 0o. Thus, we find that lim;_, AEN) =0.

We now consider BZ-(N). As |e®*| = /[K],!, and ||n|| = 1, we necessarily have that |a}| < [k} . We
apply Cauchy-Schwarz and see that

‘Bz( )| S Z ‘ak72m+n||a‘k72l+p‘ [ []{1 _ m] |] [ [k — ” ]q H r( ZU+1) : ar(eim)e®k Hq
q

k>N

.”ar(@iv)ar(e)vfl(ejl ® - ®ejz ®e®k l)”

—2m+n [k 2l+p o
< q,n,p Z \/ ' \/ [ = | | \/ _l ||elv+1 e, ®e®k ”‘1
k>N
—2 -2 !
< Conn Y “ n il l“,’]q al*yfle = ml!
k>N VIkE=1]g!
B —2m+n} [k —20+pl,!, &
= Conr 2 L) ¢ g,
k>N
Note that s
[k —2m + n],! T 1 1
—— = ilg < < :
oy AL S g < e

Likewise, we find a similar expression for [k — 21 + p|,!/[k — l];!. We can conclude thus conclude

N
B S Y e

5 (A =lahm 1—|q|)”
gV
S Canv T e
= Cq,n7p|q|N-

We emphasize that the constant Cy 5, does not depend on the choice of N. Consequently, we have

limsup|l;| < Jim |A )| + limsup| BN | < CypplalY

1—00 17— 00

Since this must hold for arbitrary large N, we conclude that I; = 0. O
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Now that we have completed the proof of the proposition, we can show the proof of Theorem 4.1 and
conclude the chapter.

Proof of Theorem 4.1. We now conclude with the theorem. Let z = W(§) € Z(T';(Hg)). Then by
Proposition 4.2 we have W (§) € {W(e)}" for any unit e € Hg. Hence, by our previous assertion we have
& € E, for any e € Hpr of norm one. But since dim H > 2 and we can thus find two non-zero orthogonal
elements, we necessarily have £ = 0. That is, £ is a multiple of 2 we conclude that x is a multiple of
identity. O






Deformations and bimodules

In this chapter we set up the deformation «; that we will end up using to prove strong solidity of ', (Hg).
We also introduce the coarse bimodule. The content of this chapter are largely based on [1].

5.1. THE DEFORMATION oy

Let us start by defining the necessary functions.

For t > 0 define the map wu; : Hg — Hpg through
uth == e th, h € Hg.

Then w; is obviously a contraction, so we satisfy the requirements for Theorem 3.16. Hence, said theorem
provides us with a trace-preserving, completely positive, unital map T, = T'y(u;). As we have that
Ug O Up = Ugqt, We can deduce that Ts o Ty = Ty by multiplicativity of the functor. Moreover, Ty =
Ly(1m:) = 1r, () Therefore, (T})¢>o forms a semigroup of completely positive, unital maps on I'y(Hg).
From now on we refer to this function whenever we write T;.

Definition 5.1. Let us now consider I',(Hgr & Hg), and set R, : Hg & Hr — Hr © Hg as the rotation

Rt_( ot —J1—7—2>

1 —e—2t et

By Theorem 3.16 this yields a group (I'q(R:))t>0 of *-automorphisms of I'q(H @ H). Let us denote
oy :=Ty(Ry). We shall refer to oy, sometimes referred to as an s-malleable deformation in the literature,
as the deformation or the deformation of T'y(Hg).

Now that we have introduced I'y(Hg @ Hr), we are interested in how it interacts with I',(Hr). By consid-
ering I';(¢) of the canonical embedding ¢ : Hr — Hg @ Hp in the first coordinate we can embed I'y(Hr)
in the first coordinate in I'y(Hr @ Hg). Additionally, we observe the following relation between «; and T;:

Similar to the above we can project elements from I';(Hgr & Hg) onto the first coordinate. That is,
let P, : Hg @ Hgr — Hg be the projection onto the first coordinate, such that I'y(P;) gives us the desired
projection. Then T;(z) = I'y(P1) o ay(x), which one can verify using Wick words.

Definition 5.2. Let P C M be a von Neumann subalgebra, and let (0;)i>0 be a continuous family of
completely positive maps 0, : M — M. Then P is rigid with respect to (0;)ier if
lim sup 0¢(x) — z||L2(ary) = 0.

0 ge
llzll<1

We will exclusively apply this definition with I'y(Hg) and (T});>0 or I'y(Hr @ Hgr) and the deformations
(ou)e>0. As it is now always easy to check the above definition, we formulate some equivalent conditions
in the case that we are working with «; and Hp is finite-dimensional.

37
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Theorem 5.3. Let Hg be finite-dimensional and B C T'y(Hg) be a von Neumann subalgebra. Then the
following are equivalent:

(i) B is rigid with respect to ay.
(i) B is rigid with respect to Ty.
(iii) B is atomic.

Proof. We start by showing that (i4) = (#i7). Suppose B is diffuse, and B is rigid with respect to T;. Let
U(B) denote the set of unitaries in B. By definition of rigidity there exists ¢y such that

1
[T~ <
for all t < tg and z € U(B).

Let A C B be a maximal abelian subalgebra of B. We claim that A must be diffuse as well, which
we argue by contradiction. Suppose we can find a minimal projection p € A. Then as p is not minimal
in B by assumption, pBp must contain elements different from multiples of p. Indeed, if pBp = Cp, then
we could find no smaller projection in B than p, contradicting that B is diffuse. Thus, let x € pBp be
such that it is not a multiple of p.

We claim that z commutes with elements in A. Let a € A. Then by orthogonality of p we can write
a = pTapt + pap. Moreover, since p is minimal we have pAp = Cp, so we can write a = A\p for some
scalar p. Using that pzp = z, we note:

ar = apxp
= (prap™ + pap)pzp
= 0+ papzxp
= Apzp.

Repeating the same computation with xa reveals that £ commutes with elements from A, which contra-
dicts the assumption that A is a maximal abelian subalgebra.

Hence, by Theorem 2.16 we have that A ~ L°°(0,1), where L>(0,1) is equipped with the Lebesgue
measure. This identification allows us to find a sequence (2,,)%2 ; in A such that ||z,| =1, 7(x,) = 0 and
x,, converges weakly to zero in L?(I'(Hg)). In L (0, 1), consider the function ¢ — €'"*, and define z,, to
be the associated sequence element in A. Firstly, the norm is indeed 1. Secondly, as the trace in Lo, (0,1)
being given by Lebesgue integration, the trace is zero. And lastly, the Riemann-Lebesgue Lemma yields
weak convergence to zero.

We now argue that ||Tixz,ll2 — 0 as n — oo. Note that all the eigenvalues of T; are of the form
e for k > 0. The corresponding eigenvectors are direct sums of tensors with a total length of k, and
result of H being finite-dimensional it follows that the corresponding eigenspaces are finite-dimensional.
Thus, we can conclude that T; is compact. But a compact operator maps weakly convergent sequences
to norm-convergent sequences, and thus ||T;z,|l2 — 0 as n — oo for any fixed t. We conclude this
implication by noting that

IT:(xn) — Znll2 = |zallz =1, asn — oco.

which contradicts (5.1).

Secondly, we prove that (éii) = (i4). Suppose B is atomic. Using Chapter V.1 we can write
B~ B(H,)
el

where I is an index set. We can derive some extra properties here. Firstly, we necessarily have that
dim H; < oo for all i € I, as I';(Hg) is a finite von Neumann algebra. Secondly, as the predual of I'y(Hr)
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is separable by virtue of dim(Hg) < oo, we can conclude that I is countable. That is, we can take I C N.

Let z; be the projection on coordinate i in €, ; B(H;). Then {z;},c; forms an orthogonal family,
2;Bz; = B(H;), and ), ; 7(2;) = 1. For a set I C I define tp : B — B by

)= Z ZiTZ;.
i€l

Now let € > 0. By the fact that Y, _; 7(2;) = 1 we can find a finite F' C I such that

Z T(z) < e.

i€FC

icl

A crude estimation then shows that for z € P such that ||z|| < 1 we have
lepe (@)]I3 < Y- 7(z) <e.
i€eFC
Let us write © = tp(x) 4+ tpo(z). Then we have:

ITi(z) =zl = [(Ti(r(2)) = er(2)) + (Ti(epe
< (T —id)(er(@))ll2 + [(T; —id

) = tpe(x))|l2
(epe (@))]2

Since the range of ¢y is finite-dimensional, it follows that ||(T3 — id)(¢p(x))||2 — O uniformly in ¢, as T}
weakly converges to the identity. For the other term, by the properties of T; we deduce that

T3 (epe (2))]l2 < Ve

As T; is a contraction, we have that ||(T3 — id)(tpe(x))]]2 < 2||tpe(2)||2. Since this holds for any € > 0,
we conclude that

(
)

lim sup ||T¢(z) — z||2 = 0.
tl0 rEB
l=ll<1

That is, B is rigid with respect to T3.

The computations to show that (i) < (i) are more straightforward. Assume B is rigid with respect to
ay. Let x € Tj(Hg). From the embedding it follows that

(z,a4(x)) = (x, Ty(x)).
Applying the above and Cauchy Schwarz, we have:
lae(z) —zl3 = 2(z,2) — (e(2), 2) - (2, au(z))
= 2((z, > (2, Ti(z)))
= 2,z —Ty(z))
< II%‘HIITt( ) —zl2.

The assumption that ||T3(x) — z||2 converges uniformly to 0, in combination with the above inequality,
yields that the same holds for a.

We can in fact obtain the reverse inequality of the above. Let Er () be the conditional expectation of
I';(Hr @ Hg) onto I'y(Hr) as given by Proposition 2.12. Then for « € I'y(H) we have

T3 (z) — |2 I Er, () (e (@) — )]l

[t (2) — 2|2,

IN

and by the same argument «; converges uniformly to the identity under the assumption B is rigid with
respect to T;. O
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5.2. BIMODULES FOR VON NEUMANN ALGEBRAS

Let M and N be von Neumann algebras, and let N°P denote the opposite algebra. That is, in N
the multiplication is reversed. Recall the binormal tensor product from Chapter 2. We define an M-N-
bimodule as the x-representation of M ®p;, N°P on a Hilbert space, where M acts on the first tensor leg,
and N acts on the second tensor leg with reversed multiplication. One particular bimodule that will play
a very important role is the coarse bimodule:

Definition 5.4. Let M and N be von Neumann algebras. We call the M-N -bimodule L*(M) @ L?(N)
the coarse bimodule.

For two M-N-modules we can define a notion of weak containment of one bimodule in the other. We
define it as follows:

Definition 5.5. Let H and K be M-N-bimodules. If for all e > 0, all £ € H, and all finite subsets
F CM and E C N, there exist ny,...1n, € K such that

n

(& 2€y) =Y (nj,amyy)| <e,  forallz € F andy € E,

j=1
we say that H is weakly contained in IC. Let us denote this as H < K

Remark 5.6. If two M-N-bimodules Hi and Hs are weakly contained in IC, then we can see Hi B Ho
as an M-N-bimodule by the canonically extending the action. Then, for Hi ® Hso it is easily checked that
it is weakly contained in IKC.

Recall that S(A ®mar B) denotes the set of states on A ®4. B. Let H be an M-N-bimodule, and let
& € H such that [|£]| = 1. We can define an element ¢ of S(M ®,q; N) by the linear extension of

pe(z @y) = (&, 28y).
From here, we define a map T,,, : M — N through
Toe(2)(y) = pc(z®y), v €M, yeN.

In particular, for z € M and y € N we therefore have T, (z)(y) = (£, 2{y). As we will have great interest
in if a bimodule is weakly contained in the coarse bimodule, we derive equivalent conditions to give us
more options to verify weak containment, given some conditions on the von Neumann algebras.

Lemma 5.7. Let M and N be finite von Neumann algebras with separable predual and H be an M-N -
bimodule. Consider the following statements:

(i) For & € H, Te =T, extends to an element Sy(L*(M), L*(N)).

(it) For & € H such that ||€]ln =1, pe € S(M ®mas N) is continuous with respect to the minimal tensor
norm.

(iii) H < L2(M) ® L2(N).
Then (i) implies the others, and (ii) and (iii) are equivalent.

Proof. First we show that (i) = (ii). We set up an identification of the coarse bimodule L?(M) ® L?(N)
with So(L2(M), L*(N)). Indeed, for a pure tensor £ ® n € £2(M) ® L2(N) let ¢, : L>(M) — L*(N) be
defined through the linear extension of

Oc.n(C) = (¢, E)n, ¢ € L*(M).

clearly 0, € S2(L*(M), L*(N)). Conversely, Sy operators allow for an approximation in the form of a
linear combination of 6, for £ € L?(M), n € L*(N) (see Chapter 2.4 of [13]).

By the assumption that T}, can be extended to an element in Sy(L*(M), L*(N)). Using the identi-
fication So(L*(M),L*(N)) ~ L*(M) ® L*(N) ~ L*(M ®p;n, N°P), we can find ¢ € L*(M ®y;, N°P) that
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corresponds with 7;,,. Moreover, as M and N are finite, we have that ¢ € LY (M ®p;r, N°P). Lastly, by
Proposition 2.18 we can identify L'(M®N) with M @iy N and conclude that [|¢¢|lmin+ < | Ty |5, -

We continue by showing that (iii) = (ii). If H < L?(M) ® L*(N), using the definition of weak contain-
ment we can find 71, -+ n, € L?(M) ® L?(N) such that

ez @y) =Y _on(z@y) <€
j=1

for all x € F finite, y € F and ¢ > 0. Let m be the %representation as in the definition of the coarse
bimodule. We have:

o, (@ y) = (), 7(T @ Y)n;),

and hence ¢, lies in the predual of B(L*(M) @ L*(N)). As a limit of elements of the form Z;L=1 ©On;»
Section 2 in [9] yields that g is min-continuous.

Lastly, we prove that (#4) = (i43). Assume ¢ is continuous with respect to the min-norm. Conse-
quently, it can be extended to M ®,;,, N and is therefore an element of M ®,,;, N. By Proposition 2.18
we have that M ®,,;, N equals the closure of M ® N with respect to the norm of B(L?(M) ® L?*(N)).
Using the Hahn-Banach extension theorem we can extend ¢ to the entirety of B(L*(M)® L?(N)). That
is, e € B(L?*(M) ® L*(N))*.

By Goldstine’s Theorem (Theorem 2.5), we have that the predual of B(L?(M) ® L?(N)) lies dense
in B(L?(M) ® L?(N))* with respect to the weak™ topology. For n € L*(M) ® L*(N) let us define a
continuous linear functionals 6, on B(L?*(M) ® L*(N)) through

0,(C) == (n.Cm), ¢ € B(L*(M)® L*(N)).
Then
X = Span{0, | n € L*(M) ® L*(N)}

lies dense in the predual of B(L?(M) ® L?(N)) with respect to the norm, and therefore it lies weak®
dense in B(L?(M) ® L*(N))*.

Thus, we can find (¢;)72; in X in the form ¢; = 377", 6,,; such that for any € B(L*(M) ® L*(N)) we
have pointwise convergence:

Yi(z) = pe(z), as i — oo.
This holds for finite sets of B(L?(M) ® L?(N)), so in particular for any ¢ > 0 and £ C M, F C Y finite
we can find ¢ such that:

nq

(& xty) =D (migrzmigy)| = lpe(z @y) =iz ®@y)| < e,

j=1

for all x € F,y € F, which yields us weak containment.






Strong solidity of [';(HR)

In this chapter we reach the core result of the thesis, which is to show that I';(Hg) is strongly solid.
This result is based on Avsec’s paper on the subject [1]. We replicate a number of the proofs, and make
improvements where possible. In particular, we fill some gaps in the proofs and offer more expanded
proofs.

The definition of strong solidity is in order now. For this we first need the concept of amenability:

Definition 6.1. Let M be a von Neumann algebra with tracial state T. Then M 1is is called amenable if
there exists a state ¢ € B(L?*(M)) such that ¢ |y= 7 and p(az) = ¢(za) for alla € M and z € L*(M).

At last, we can define one of the central definitions in this thesis.

Definition 6.2. Let M be a von Neumann algebra, and let P C M be a subalgebra. The normalizer of
P in M is defined as
Ny (P) :={ueU(M) |u*"Pu= P}.

We call M strongly solid if for all diffuse, amenable subalgebras P C M, N (P) generates an amenable
subalgebra.

Sadly, from here on forth we will be restricted to finite dimensional Hg, as this will prove necessary in
some of the proofs that are to follow.

6.1. WEAK CONTAINMENT IN THE COARSE BIMODULE

We reiterate that Hg is from now on taken to be finite-dimensional. Let L*(T,(Hg @ 0))* denote the
orthocomplement of L?(I',(Hg & 0)) in L?(I'y(Hg & Hg)).

Definition 6.3. Let m > 0. Define the following subspaces of L*(Ty(Hg @ 0))*:
Fpy :=Span{W(f1 ® --- @ fn) | m legs of f1 ®---® fp are from 0 @& Hp and n—m from Hg @& 0}'l2,
and

m
E,, = @ F.
k=0

We can view Fj and Ej as I'j(Hg)-I'q(Hgr)-bimodules by restricting the action of I'y(Hr @ Hgr). This
section will be dedicated to showing that E,, is weakly contained in the coarse bimodule L?(T',(Hg)) ®
I'y(Hg) for appropriate m.
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Theorem 6.4. Let m > — 3350 with d = dim(H). Then Ej_; < L*(Ty(Hg))@L?(Ty(Hg)).

Throughout this section we will identify elements from Ej and F) with elements from F,(H) through

the vacuum vector. To simplify the notation, we shall set M := T'y(Hg), M := I'y(Hg @ Hg). We shall
need a number of lemmas before proving the proposition. The following lemma is dependent on Hg being
finite-dimensional:

Lemma 6.5. Let K = ®32(H; be a Hilbert space and A = [A;;] : K — K be an operator such that
(i) Aij =0 if |i — j| > L for a fixed L > 0.

(i) There exists jo such that _
1435 < Cr7*

for all j > jo and for constants 0 <r < 1, k, and C independent of i and j.
(iii) dim(H;) = d’ for a fized d.

Then A € Sp(K) forp > _klcffé?r))'

Proof. Let Ky = &’ ' H; and Ky = @;>,H;. Then
||A||Sp S ||AIK1—>K1HST)+”A:K1—)K2||SP+||ASK2—>K1||Sp—|—HAIK2—>K2||Sp
||A Ky — KlHSP + ||A Ky — K2||Sp + ||A* K1 — K2||Sp + HA Ky — K2||Sp (61)

As K; is finite-dimensional, we can estimate the first three terms using a constant, and so only the last
term remains. Suppose p > —kl%g(((iz), or equivalently drP* < 1. Applying the min-max theorem for

singular values we obtain

L
JA: Ky = Kalls, < C'+ > D Ajjm

<
I=—L||j>L s,
L ) P
<oy (3w (oo
l=—L \Jj=Jjo
o P
= O +C" Zdejrjkp < 0.
J=Jo

O

Let Ejr denote the conditional expectation on M, and define ®¢, : LP(M) — LP(M) by ®¢ () :=
Eyn(W(&)*2W (n)) for £,n € Fj,. We intend to show that we can apply the above lemma to ®¢, for

&,m e Fy, for p=2 and for k > —211‘22((6‘2‘).

The following proposition will yield us the result:

Proposition 6.6. Let& € (HOH)®™NE,, n € (HOH)®™2NFy, and (; € (HB0)®™, and ¢ € (HD0)®L.
Then we have that

(G2, @en(C))al < Caemlal lICullqliC2llq,

for a constant Cq ¢, depending only on q, & and 7.

Recall how the splitting of H®" into 2 parts in Chapter 4. We perform a similar construction, but this
time we consider H®* ® H®® @ H®® such that a + b+ ¢ = n. Recall that with H} we denote H®"
equipped with the g-inner product.
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Consider the space H{ ® H(ZI’ ® Hf. For {@on® & en el € Hf ® Hf]’ ® Hg we have the inner
product

Eone¢don e u =E@ne( P @ Py’ P’
Note that this does not coincide with the inner product on H(}X) (@+b+e) T link the two, we define the

unique operator R, p . through its adjoint by

anerJrc _ (Pa ® Pb ® Pc)

a,b,c*

similarly to how we defined R, in Chapter 4.

To aid us in proving Proposition 6.6 we need the following lemma:

Lemma 6.7. For v € H®H+9) ye have
[l gotere < Collvll g omg
for a constant Cy depending only on q.

Proof. Recall the operator R}, ; from Chapter 4 and the explicit form for R, x. On the hand we have
that
Pyt = Rogpico(Rasos © Lug ) (P © Py @ Fy).
But then we must have
abe = Raipp @ 1) Ry e

Applying Lemma 4.3 twice we obtain the result. O
The following operator will be needed to effectively use Ry , .

Definition 6.8. For j € N we define
niHY? @ HY — C

as the inner product pairing, where m;(v @ w) = (v,w). Suppose now have a triple tensor product space
Hy ®@H"® Hé“. For 1 < a < b < 3 and appropriate j we define m?b as the operator that applies the
inner product pairing to the right end of the a-th space after splitting, and the left end of the b-th space
after splitting. For example, applying m}?’ to an element from H;_j ® Hg @ H" ® Hg ® Hlf_j would
pair elements from both H(g spaces, and applying the identity on the remainder, mapping to an element
in H 7 @ H* @ HY

We now set out to prove the proposition.

Proof of Proposition 6.6. Let £ € (H® H)®™" NFy, ne€ (H® H)®2NF, and ¢ € (H & 0)®™, and
(2 € (HD0)®L. Let Ejr denotes the conditional expectation of M onto M. By that fact that (; € (H®0)™
we have that

(G2, @e,n(C1))g W (), Exr(W(§)" W (C1)W (1)),
EpW () WEW (W (1))
W ()2, W(E)* W (C)W (7))

G, W(EIW (C)W (1)) -

q-

o~ o~~~

Proposition 4.9 in [6] states that

(G2, W(E)" W(C)W (n)€2)q
= <C27 Z qr(m - é)m 3m m23R:Ll r— s’rs(g*)®Rz,mfsfj,j(<1)®R;rn2 —j— 7‘(77)>q

J,r820
r+s<ni
s+ji<m
Jjtr<ns
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Note that the terms in the above sum in which a tensor from 0@ H occurs yield zero in the inner product
by virtue of (. Thus, we only need consider the terms in which all of the tensors in 0 & H from £ get
cancelled against all of the tensors in 0® H from 7. As both £ and 7 have exactly k such tensors, we can
see that the non-zero terms must satisfy the condition that » > k. Thus, by applying Cauchy-Schwarz
we find

(G282, W) W (C)W (m)$2)4]

< Gl Yo T mPmPmP Ry, (€) © R () © Ry (0)lg
3,820,122k
r+s<ni
s+ji<m
Jjt+r<ng

Now that we have obtained ||(2| g1, we continue by estimating the norm of the sum. Since we can at
most remove n + k elements through the pairing of ¢; with £ and 7, we have that m—j —s > m—n; —no
and therefore ¢"(m—75) < gr(m=n1=n2) 1y combination with 6.7 and the triangle inequality we see:

|| Z T(m I é)m m m23R:,1 r— s’rs(g*)®R:,mfsfj,j(<1)®R;rn2 —j— 7‘( )”q

J,$20,r>k

r+s<ni

s+j<m

Jjt+r<ng

—ni— 23
S Cq|q|r(m mna) Z Hm m m R:Ll —r— srs(f*)®R:,m—s—j,j(C1)®

J,s>0,r>k
r+s<ni
s+j<m
j+r<ng

®R;’I"’I’L2 j— r( )||H;'l_T_S®H;ﬂ—S—j®H;12—J‘—T

As we have previously established that ||R}, ;|| < Cg, all that remains is to find an estimate for mgb.

Lemma 4.11 in [6] offers an estimate for ml, which is dependent on the dimension of the spaces in-
volved. As j,7,s are bounded by either n; or ns, this lemma immediately yields the result as H is
finite-dimensional.

Thus far, we have that

Hm m m23R;1 —r— srs(g*)(g)R;k,mfsfj,j(Cl)®R;rn2 —j— r( )||H;1_T_S®H;"*S*j®]-]:2_j_r
Cf 77||Rn1 —r— srs(g )®R:m s5— J,j(C1)®R;,r,nzfjfr(n)||H;‘17T75®H;”*S*j®H;2*j*T

< Coenlld @G ® 77‘|H;L1®H;n®H§2

IN

= Coenll€ Ny ISl zg 0l =

Lastly, summarising our results we see:

(G WE W WMl < Coeanlal™™ ™ il D 1€ e 61l rom Il gona

J,$20,r>k
r+s<ni
s+j<m
Jj+r<ns
km
< Cyenmldl ||C1||H;" CQHH}Ia
as we can bound the number of terms in the sum depending on only n and k. O

We are now equipped to prove the theorem.

Proof of Theorem 6.4. We first show that ®,, is Hilbert-Schmidt by applying Lemma 6.5 to it. Let
(1 € H®™ and (¢, € H®'. From the fact that

(G2, Pen(C1))g = (W (C2)Q2 W(E) W I(C)W (1)Q)g = (G2, W) W (1))

we can easily see that ((2, @¢,,(¢1))q = 0 if |m — | > L for some L depending on n and k that depends
only on £ and 7. From this we deduce that the first criterion of Lemma 6.5 is satisfied. The third criterion
is satisfied trivially. The last statement follows directly from 6.6.
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We will now argue that that F}, is weakly contained in L?(M) @ L?(M). Let & € Fy, for k > —2112?(73‘).
Take z,y € M. With the M-M-bimodule structure on F}, on the one hand we have

(€ a28y) = T(W(E) 2W(E)y)
= T(Ex(W(E)"2W(£))y)
T(Pee(2)y).

On the other hand, we recall ¢¢ and T, from Lemma 5.7, whereas T, (z)(y) = (£, 2z€y). That is, ®¢ ¢
coincides with Ty, as defined in Lemma 5.7. By choice of k£ and the previous lemma we have it lies in So
and as such we find that Tj, is Hilbert-Schmidt. Thus, Lemma 5.7 yields that Fj, < L*(M) ® L*(M).
Lastly, by Remark 5.6, the direct sum of weakly contained bimodules is still weakly contained in another,
and so we conclude:

Bt = OismFy < LA(M) ® L*(M).

m

6.2. STRONG SOLIDITY

Provided that k is large enough, by Proposition 6.4 we have that E,i;l is weakly contained in the coarse
bimodule. To make use of this, we need to relate a; to E,ﬁ_l.

Let us use Pp, and Pg, , to denote the orthogonal projection with respect to the g¢-inner product
onto their respective spaces. In particular, we explicitly construct the projection onto F}, which, with
some abuse of notation, we do through the identification given by the application of the vacuum vector.

Take © = (f1.1 D f12) ® - @ (fu1 D fae) € (H® H)®™ and let A C {1,--- ,n} of size k. We de-
fine Ajgx € Fj as the tensor in which we project the i-th leg of x on 0 H if i € A and on H ® 0

otherwise. That is,
0@ fi, ificA,
(Aaz); = © fiz o c
fiir® 0 ifi g A.
We claim that Pg, : (H ® H)®" — (H & H)®" is given by
Pp(z)= >  Aaz.
AcC{1,,n}

|A|=k

Since ApAa(x) = dapAa(z) it is obvious that if we extend by linearity the right-hand side of the
above expression defines a projection, and has Fj as its range. To see that it is orthogonal, let y =
(911D 912) @+ ® (gn,1 ® gn2) € (H D H)®". and we find that

(Pp,z,y) = Z Z q'™ H<fi,2,9w(i),2> H (fi1, 9r(iy1) = (T, PRyy)-
AcC{l, ,n}mES, i€EA i€ AC
|Al=k

As the Fj, are orthogonal for different k, the above provides us with an explicit form for Pg, , namely

Pg,, =Y Pr,

Remark 6.9. For Wick words of length 1 we one can verify that Pg, (W (f)W (R)W (g)) = W(f)Pg,, (W (h))W (g)
forW(f),W(g) € Em—1 and W(h) € I'y(Hrgr). Then, using the recursive formula determined in Section
3.8 for Wick words, we can extend the result to Wick words of arbitrary length.

Proposition 6.10. Let k € N be given. Then there exists a constant Cy depending only on k such that
(e, —id) ()2 < Okl Prp ax(@)]2

forz € @, H®" C Fy(H) and t < 27k,
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Proof. We first prove it for pure tensors. Note that all operators involved preserve tensor lengths, so it
suffices to show the inequality on H®" forn > k. Let 2 = f1®@ - - @ fpand y = g1 @ - - - @ gn,.

Firstly, we have:

NE

(Pps au(@), Ppe au(y))y = () Pr,au(), Y Pr,au(y))
m=k

k

I
=3

(Pr, ai(z), P, a:(y))q-

3
I
e

Applying our previously found formula for Pr,_, we can see that

Pr, ai(z) = Z e t=m\ /1 —e=2t Az

AC{T, -}
|[Al=m

by bringing the scalars out of the tensor product. Hence, we have:

(Pr, ci(x), Pp,,01(y)q = Z e (1 — e )™ (A g, Ay,
A,BC{1,---,n}
A= Bl=m

In computing (A2, Apy) we note that the terms in the g-inner product can only be non-zero if A is
matched exactly with B. But for a fixed A, if we iterate over all possible B C {1,--- ,n} and iterate over
all permutations matching A to B, it is equivalent to iterating over S,, entirely. Thus, we obtain:

Z<PFmat(I)7PFmat(y)>q = Z Z e 2T (1 — e )™ (1, ),

m=k m=k AC{1,---,n}
|[Al=m
n

> (1) = e,

m=k

Let us now look at that which we wish to estimate using the above. Note that (ayx (), e (2))g = (,Y)q
as (e7)2 4+ (v/1 — e=2%)2 = 1. Similarly, (z, a (Y)q = e*"tk<x,y>q = (ayx (), y)q- Thus, we have:
((age —id)(x), (g —id)(y))q = (s (2), aur(y))g + (2, 9)q — ({2 e (y))g + (e (2),9)q)
= 20— ")),

Thus, it suffices to show that 2(1 — e ") < C, 32" _, (7)e=2(n=m)t(1 — e=26)™ for some C}, depending
only on k. For the case k = 0 any C' > 2 suffices, so let us assume k > 2.

First pick C,, for m =0,...,k — 1 such that

(n>62mt(1 _ e—Qt)m < Cmnmtm.
m

form =0,...,k—1and all t < 27% and n € N. This is clearly possible as for n >> k we have (Z) = %,
and the other two factors in the left-hand side are bounded from above by €. Now pick M}, such that
et an_:lo Crpn™t™ < % for nt > Mj,, which is possible since e~ dominates the sum as nt becomes
large. Suppose that nt < Mj. First we use that

n
n —2t(n—m)(q _ ,—2t\m N\ _at(n—k) L —2t\k
mz::k <m>e (I—e"H)™ > <k>e (I—e"H)".

For t < 2% and n € N we have 1 — e~™" < ntk < nFt* and (1 —e~2Y)k > t*. As such, it suffices to find
C}, such that (:)e’zt(”*’“) > CyxnF > 0. For one part we see that e=2t("=%) > =27t ~ ¢=2Mr  For the
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other part, as before we use that if n >> k then (Z) ~ ’;—T and so (Z) > Cyn* and thus we conclude this
case.

Now suppose that nt > M. Then ¢t < 27% and n > 2* so applying the Binomial Theorem to (1 + (1 —
e 2))" we have

n k—1
n —2t(n—m) 1_e 2tym _— 1 _ n —2t(n—m) 1 e 2tym
) <m> (1-e2) > () (1-e2)

m=k
k—1 n
= 1- —2nt 2tm 1— —2t\m
e E <m>e (1—e™7")

m=0

k—1
> 1- 6727175 Z Cyn™ ™
m=0

1
> .
-2
As 2(1 — e’"tk) < 2 we have proved the statement for all n and t < 27*. O

We have almost arrived at the main conclusion where we show I'j(Hg) is strongly solid. Before we do
so, we need to introduce the concept of weak compactness for a subalgebra P C I';(Hg) from Ozawa and
Popa’s paper [15].

Definition 6.11. Let P C Iy(Hr). We say P is weakly compact inside I'q(Hg) if there exists a net
(n;) € L?>(P @ P) such that

(i) lim;||n; — (v @ V)n;||l2 =0 for v € U(P),
(i) lim;||n; — (u ® u)* ni(u @ u)ll2 = 0 for u € Np,_ () (P),
(iii) (1 ® Z)n;,n;) = 7(x) = (N, (x @ 1)n;) for x € P and any i.

With all set in place, we now enter the final stage of the thesis, as we have arrived at the main theorem
of this work. In the proof of strong of the ¢-Gaussian algebras, Avsec borrows from Houdayer and
Shlyakhtenko work [11], and as such the proof of the following theorem is an amalgamation of [1] and
[11].

Theorem 6.12. For —1 < ¢ <1 and finite-dimensional Hr we have that I'y(Hg) is strongly solid.

Proof. Recall the definition of strong solidity from Definition 6.2. Let P C I'y(Hgr) = M be a diffuse,
amenable subalgebra. We need to show that N/ (P)” is amenable.

By Lemma 2.2 in [10], if we can show that for any non-zero z € Z(Np(P)' N M) and any finite
F C UNy(P)") we have that

Zuz@%

ueF

= |F], (6.2)
MM

we find that N/ (P) is amenable. Thus, we we set out to show that the above it satisfied.

Note that |3, puz ® U_ZHM@M < |F| holds by the triangle inequality and the fact that |[uz®@uz|| y;e 5 =
1 by definition of the spatial norm. The rest of the proof will be focussed on showing that the reverse
inequality holds.

Let z € Z(Na(P) N M) be a non-zero projection. Since P is diffuse, Theorem 5.3 yields us that P
is not rigid with respect to a;. Thus, a; cannot converge uniformly to the identity on By (P). A simple
contradiction argument tells us that Pz is diffuse as well, so we can instead apply Theorem 5.3 to By (Pz).
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Since we can write any element as the sum of 4 unitary operators within the algebra, a; cannot converge
uniformly on U(Pz) either. Thus, we can find a sequence (uy)reny C U(Pz) together with (¢;) such that
tr — 0 such that |l (u]l’z) — ugzll2 > c|lukz|l2 = ¢||#||2 for some ¢ > 0. We now apply 6.10 to obtain

1P an (ue2)l = Cmllag: (unz) —urzla > Cullz]2,

whereas obviously C,,, < 1. From now on, we fix the constant C,, as it is above. By Pythagoras’ Theorem
we find that

e(urz)llz < V1= CF lag, (urz)llz = V1 = CF [[(ur2)ll2 = /1 = CF [|z]|2- (6.3)

We shall show that this will lead to a contradiction. Set § = ——Y--—m Wn and pick kg such that ||ay, (2) —
z||l2 < 6 for any k > ko.

| Pe,, o

Combining the main result from [18] with Theorem 3.5 from [15] we have that P is weakly compact
inside I'y(Hg). Let (n,) be as described in the definition of weakly compact. Let us now define the
following sequences for k > kg:

my = (ay, @ g,
5’5 = ((Pqu)Lo‘tk ® 1)777la
Cyli = (PE}n,ilO‘tk ® 1)1

1-C2

Lemma 6.13. Fiz § = 1_# as before, and let k > ko. Then

lim| (= @ )¢ ]2 > &

Proof. We give a proof by contradiction. Assume we can choose k > ko such that lim,||(z ® 1)¢¥||» < 6.
Using that 7% = &F + ¢* we note that

lim(|(z @ Dk — (Pg,,_ o, (ur)z @ u)érll2 < lim (= @ Dy = (Pg,,_, o, (ur)z ® k) n) |2
|| (Pg,, ;o (ug)z @ Wi )G |2-

On the one hand we have

lim|| (P, o, (ug))z ® wi)Chll2 < liml|(z © 1)K

Before we continue with the other term, we make a small detour. Let z € M. Recall that o is a
x-automorphism. In combination with the third property of (7,) for any k we have

[z Dmll; = ((zay, © 1), (way, @ 1))
= (s (azkm*xatk ® 1)nn)
= (1, (of, (z"2)ag, oy, @ 1))
= 7(ag, (z72))
(Enaq, (z"x))
T(x"x)

= [l=[l3- (6.4)

T

Now let z € M instead. Then by Remark 6.9 we find

Iz ® DGl

[(z®1)(Pps_ @ M
(P ®1)(z® M
Iz © Ly l2

]2

IN
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We now continue with our estimation. We have:

lim| (2 @ )y — (P, o, (ug) 2 @ i)y |2

IN

B 20 () @ 103 )11y |2 + M| (P, (o, (ur) 2 — 20w, (ux) © Ty |2

)

lim|| (= ® 1)} — (Pe i)

< liml|(z @ 1)nf — (Pr,, 20, (ug) © dicynfll> + lim| (0, (k)= — 200, (u)) © L)k
(= L)k — (P il + lima, () — za, (uy) .

Ep— 1zatk( )

= lim|[(z® 1)y

Recall that z € Z(Ny(P)"). Since obviously U(P) C Nas(P) we have that u, commutes with z for any
k. Hence, by reusing oy is a x-homomorphism we deduce that

o, (ur)z — zou, (un)ll2 - < flow, (ur)z — oy (2) ey, (un) 2 + [love, (2) v, (un) — 2o, (ur)|l2
vty (ur) 2 — vy (un) ey, (2) |2 + lla, (2) — 2|12

2f|au, (2) = 2|2

For the remaining term we first note that

IN A

lim | (z@1)m, (P, 2o, (ur)@ug)ip [l < liml|(z01)¢p|2+Hliml| (2P, -, @1)15—(Pp,, _ 20w, (ur) @i )y |2

We now claim that lim,||(zPg, _, ® 1)nf — (Pg, _, zas, (ux) @ up)nklls = 0. By the fact that z € M,
Remark 6.9, and property (ii) of 7; we obtain

1irrln||(ZPEm_1 @ 1)k — (Pp,,_, zou, (up) @ )0kl < li7£n||(zPEm_la: @ Dnk — (2Pg,,_,au, (ur) @ )0k |2
< li7rln||77§ — (ag,, (ug) ® i) np |l
< limf|(ay, © 1) (0 — (ur @ ug)na)|2
< limflnn — (up ® )2
= 0.
Combing the results we arrive at
hng(Z @ )nk — (Pg,,_, as, (upz) @ up)EF s < 411}}1”(75 ®1)¢ellz < 44, (6.5)

We use this to create a contradiction with (6.3). Recall the assumption that |[ay,, (2) — 2|2 < ¢ for any
k' > ko. Using the reverse triangle inequality we obtain

1P,y (ur)) 2|l = | P, -ty (urz) = (P, o, (ur)) 22

II(P B 1 Ot (Uk)) 2| = [ty (ur) o, (2) — vy (ur) 22

(P e (un)) 2|l = [las (2) = 2]l
(ur))

||(PEm—1atk Uk ZH — 0.

1P,y ey (urz)|2

atk Uk

AV AVAR VARV

Applying the formula from (6.4) and using the properties of the conditional expectation again we find
|(Pe,,yau (un)zllz = (1P, (Pr,, . auy (ur))2)]]2
1(PE,—y © D((Pp,, s, (ur))z @ )y 2
(e, (e, (ur))z © i )Ep 12
Now applying the inequality we found in (6.5) we can conclude our contradiction by
1Pp,,_ on (ur2)llz > liml|(Pr,,_, (o, (uk))z @ i) 2 — 6
liml|(= @ 1)k — 55
I]l2 — 56

V1=CZllzll2.
0

v

v

V
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We continue with proving strong solidity. Let p(M°P) denote the space of right actions of I',(Hg) on
Em_1. Let (2% := (2 ® 1)¢*. We define the state ** on B(E,,_1) N p(M°P)" as follows:

. 1 z n
o) = g e e NG5 G
n 2

Lemma 6.14. Let a € Ny (P)”. Then ¢**(ax — xa) converges uniformly to 0 on the unit ball of
B(E,—1) N p(MeP)'.

Proof. Let u € Ny (P). Since z and u commute, we have that

im| ¢ — (w@ )G ue @) = lmll(z@1)(G" - (w@a)¢" (w® ) ).

IN

lim|| ¢ — (u ® @)¢y (u @ @)* |2

tim||G (u @) — (u® B)CE 2
By the Pythagorean Theorem we have that
s (u @ @) = (u @ &[5 + I (u @ @) — (we B)CIZ = [l (uw© @) — (u @ w3,
allow us to see that
lim [ ¢3* = (u @ @) (u @ @)l < lim|oy (u @ @) — (u® @y o
By a simple triangle inequality we have
lim(lnf (u ® @)* — (w@ @yl < limfog (v a) — 0 (o, (u) @ @)
+Lim gy (e, (1) © @) — (o, (w) @ Wng|2
+1im|| (ae, (u) @ @)y — (u @ @)y

By (6.4) we can

lim|| (o, (u) ® @)y — (w@ @2 < lim (o, (u) ® oy — (u@ ngl2

=l (u) = ulla.

We find the same estimate for lim,,|[n* (u ® @) — ¥ (a, (u) ® @)|2. Thus, we find

117131H77§(U®ﬂ)**(u®ﬂ)775\\2 < 2fju = ag (w2 + limf[ (e, @ 1)((u @ @)nn = 1mn(u @ @))|2
< 2ffu = g (w)]l2 + lim|[(u @ @) = na(u @ @)l
= 2lju = ay (w2 +limfn, = (u @ @) n.(u @ w2
= 2lju—ay (w2,

Moreover, for any € B(E,,—1) N p(M"p)/7 using the fact that v is unitary, we have
2.k * . 1 * —\ ~z,k —\ ~n,k

e (utau) = th«U ru®1)(1eu)r", (1@ u)¢r")

n' |2

= lim ”ij«x ®1)(u@w)¢F, (ue a)r)
n 2

- lim ngkz«x 2 1)(u @ B)CF (1@ 8)*, (u @ &) (u @ )"
n 2
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Combining these statements with Lemma 6.13 we obtain:

6 () — g (@) = liggnK:k”2|<($®1)(u®U)Ci’k(u@)U)*,(U®U)Cﬁ’k(u®u)*>
n 2

~((z @ 1)¢*, M)

< ol (e G e o', e it e s~ GY)
HGE G — (e u)C (u e a)*))

< i (0@ 0G0 0l © 0G0 0 ) G,
FIGH TG - (e D o 0)]l)

< tim o (2162l e )

4
< Sl an ).
Letting kK — oo and multiplying by u this yields

lim |p**(uz — zu)| = 0
k—oo

for any u € Ny (P), with uniform convergence for x € B(E,,—1) N p(M)'. Consequently, it holds for any
a € Span(N/(P)) and as well.

We now intend to apply Kaplansky’s density theorem (Theorem 2.7), but it remains to check that ¢**
is indeed bounded. Let a € F,,_1. Then

. 1
" (za)| < szllzlll(az ®1) Gl
1
= 5 llzllll=allz
1
< sllzllallz. (6.6)
We can estimate |p**(az)| similarly, and using Kaplanky’s density theorem yields the result. O

We continue to the final stage of the proof. Let p be the representation of M ®p;,, M P from the definition
of F,,_1 as an M-M-bimodule. Then through Lemma 5.7 we find continuity with respect to the minimal
norm, and thus we can extend it to a unital completely positive map ji : B(L*(M))@M — B(E,,_1).
Now define ¥ on B(E,,,—1) by ¥(z) := i(x®1). Note that ¥ extends the left action on E,,_;. Moreover,
as M°P is in the multiplicative domain of ji, elements in the range of ¥ commute with the right action.
Set 1*F := ¢** o W, which is a state on B(L*(M)).

Let u € Ny (P). Using Lemma 6.14 we can see that for any x € B(L?(M)) we have that

V()]
V()]
— li]£n|¢z”“(u*\I/(M) —U(2))

= 0,

limy** (uz)"a(uz) — 2] = lm|g** (W ((u2) " (uz)) -
=l ((u2) W (w(uz)) -

where z disappears simply by applying the definition of ¢**. Moreover, by Lemma 6.14 this convergence
is uniform on the unit ball. By applying the Hahn-Banach separation theorem we can find a sequence
(%) C S1(L*(M))* such that ||g**|; =1 and

lin[5=* — (u2)=* (uz)" |1 = 0 (6.7)
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for all u € U(Ny(P)). Since f is finite we may replace p** by zu®*z, which we note is positive, and
scale it by ||zu**z||; to obtain elements a sequence of (u**) of norm 1 elements such that zp**z = p**
and the limit holds for v € F.

Let us define a sequence (v**), € So(L?(M)) through v** := (u**)1/2. The elements have norm 1
and satisfy zv**z = v** as well as

li/lgn||uz’]C — (u2)v®*(uz)*||2 = 0 (6.8)
for all u € F by Theorem 2.6. Let us identify Sy(L?(M)) with L?(M)® L?>(M) as bimodules through the

identification of (§{ ® 1) with 0¢ ,(v) := (v,7)§. By Theorem 6.4.19 in [13], this yields the spatial tensor
norm on L?(M) @ L?(M). Using the above results, we can conclude:

k
FL o= 1) v
uekl
< 1 z,k (. z,k\* : z,k z,k *
< lim Z(uz)u ¥>") +h£n ZV (uz)v®" (uz)
u€el 2 uck 2
= i z,k *
im Z(uz)y (uz)
uck 2

ueF



Conclusion

The main focus of this thesis was to show strong solidity of the g-Gaussian algebras for —1 < ¢ < 1, in
which we have succeeded in Chapter 6. Borrowing results from [1] and [11], we combined the coarse bi-
module and the deformation a; to show that the normalizer of diffuse amenable subalgebras are amenable.
This result is based on Avsec’s paper [1], on which we have made some adjustments and improvements.

In our journey to achieve the main result, we have been exposed to some of the existing literature
on g-mathematics, and have seen the details of the construction of the g-Gaussian algebras. In Chap-
ter 3 we introduced and constructed the g-analogue of the Fock space. Together with the creation and
annihilation operator, which satisfy the g-relations, these form the basis of the ¢-Gaussian algebras.
Moreover, this chapter also introduced the Wick operator, which together with the vacuum vector, allows
us to study elements in I'y(Hg). The Wick operator proved to be extremely useful in subsequent chapters.

In an intermezzo we showed that the ¢-Gaussian algebras are factors by an application of the Wick
operator. In the subsequent chapter, we introduced the deformation oy, which comes from a rotation of
Hy into Hr @ Hg. This chapter also introduced the coarse bimodule, which together with the deformation
formed a crucial element in the proof of strong solidity of I',(Hg).

Lastly, Chapter 6 was dedicated to the main focus of the thesis. Here we showed that F,,_; is con-
tained in the coarse bimodule for sufficiently large m dependent on q. We borrow a result from the
literature which gives us weak compactness for amenable subalgebras of I';(Hgr). Unfortunately the
methods used in the proof only allowed for finite dimensional Hg. Nevertheless, the aforementioned
results in combination with an application of the deformation «; allowed us to conclude that I'y(Hg) is
in fact strongly solid.
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