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Abstract

Physics-Informed Neural Networks (PINNs) offer a promising approach to solving partial differential
equations (PDEs). In PINNs, physical laws are incorporated into the loss function, guiding the network
to learn a model that adheres to these laws as defined by the PDEs. Training PINNs involves using three
types of points: collocation points within the domain of the PDEs, boundary points on the edges of the
domain, and initial points at the starting time (¢ = 0). A common challenge in training PINNs is the
imbalance between the number of boundaries and initial points compared to collocation points, which
can negatively impact the training process. Typically, the number of each type of point is manually set,
and the number of collocation points is usually ten times that of boundary and initial points, leading to
an uneven loss distribution over time.

Our work introduces a method called Relative Residual Resampling (R3) to address this issue. This
method dynamically adjusts the number of each type of training point to ensure a more balanced dis-
tribution. Consequently, the loss is more evenly spread across the time domain, enhancing the per-
formance of the PINN. We tested our method on the 1D Heat Equation and 1D Diffusion Equation.
The results demonstrate that our approach reduces the overall loss by at least 6%, and balances the
loss distribution over time by reducing the loss range for at least 65% compared with the state-of-the-art
residual-based resampling strategy. This improvement makes PINNs more accurate and efficient for solv-
ing time-dependent PDEs, providing a practical solution for applications where understanding temporal
dynamics is crucial.

Keywords: Physics-Informed Neural Network, PDE, Adaptive sampling.

1 Introduction

Physics-Informed Neural Networks (PINNs), introduced by Raissi et al. [1], provide a scientific machine
learning approach for approximating solutions to partial differential equations (PDEs) [2, 3], has gained
more popularity in the machine learning field. PINNs incorporate PDEs that govern the physical laws di-
rectly into the loss function of the neural network during training, making it an alternative way of solving
PDEs besides numerical methods such as the finite element methods [4, 5].

Over recent years, PINNs have demonstrated empirical success in solving various PDEs across multiple fields,
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Fig. 1: Solution to 1D Allen-Cahn Equation.

including the Burgers’ Equation, convection-diffusion Equation in fluid dynamics [1,6,7], Navier-Stokes equa-
tions in fluid mechanics [3], the Wave equation in electromagnetics [9], and the Allen-Cahn Equation used in
material science and physics [10]. One example of PINNs in action is solving the 1D Allen-Cahn Equation, a
PDE used in material science and physics to model phase separation in multi-component alloy systems. The
Allen-Cahn equation describes the temporal evolution of an order parameter, which typically represents the
concentration of one component within the alloy, varying over both space and time [11]. Fig. 1 shows the
evolution of this solution over time, with yellow areas indicating positive values and purple areas indicating
negative values. As time progresses, the difference between these values grows, visually demonstrating the
dynamic behavior of the phase separation process.

A key focus in the field of PINNs is the development of effective training algorithms. These algorithms in-
volve selecting sampling strategies, and weighting the loss terms, all of which can significantly impact model
accuracy. Training PINNs typically involves three types of points: collocation points within the domain of
the PDE, boundary points on the edges, and initial points at the initial time (¢ = 0). PINNs are trained
on these three sets of points, to reduce the residual for each point, and learn the model through using the
training points. The model’s accuracy could be affected by the location of the points, and the number of the
points. The loss function is composed of the residual loss (associated with collocation points), initial condi-
tion loss, and boundary condition loss. Balancing these components is crucial for the network’s performance.

One promising direction in PINN research is re-weighting the loss terms to achieve a lower overall loss.
For example, the Neural Tangent Kernel (NTK) approach updates the weight of each loss term based on
the eigenvalues of the NTK matrix [9]. Another method involves using a large constant to weight the initial
condition loss in time-dependent PDEs [12]. However, these methods often lack flexibility. Wang et al. [13]
proposed an adaptive scheme that calculates weights using backpropagated gradients, offering more adapt-
ability.
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Fig. 2: Uniform Non-Adaptive Sampling Strategies

Sampling strategy also plays a critical role in the training of PINNs. Effective sampling determines where
and how many points to sample, significantly impacting the model’s accuracy and efficiency. There are two
major sampling strategy categories: non-adaptive and adaptive. Non-adaptive sampling strategies fix the
distribution of points before training begins, while adaptive sampling strategies adjust the points dynami-
cally during training.

Non-adaptive sampling includes several methods, we include 6 methods in Fig. 2. Uniform grid sam-
pling samples points at regular intervals across the domain, providing an evenly spaced grid of points. Latin
Hypercube Sampling (LHS) ensures that each variable is sampled uniformly across its range, which helps
in better exploring the input space [14]. The Halton sequence generates quasi-random low-discrepancy
points more uniformly distributed than purely random points [15]. Similarly, the Sobol sequence, another
low-discrepancy sequence, is often used for high-dimensional integration and sampling due to its uniform
distribution properties [16]. The Hammersley sequence also provides quasi-random sampling and is partic-
ularly efficient for certain dimensions [17].

On the other hand, adaptive sampling strategies dynamically adjust the sampling points during the training
process to improve learning efficiency. For instance, Lu et al. [18] proposed Residual-based Adaptive Re-
finement(RAR): adding points with large residuals to the training set, thereby focusing the learning process
on regions where the model’s prediction error is high. Wu et al. [19] introduced Residual-Based Adaptive
Distribution: all training points based on the residual’s probability distribution function, further enhancing
the network’s learning capability by targeting the most challenging areas of the solution domain. Combining
both ideas, the authors [19] also proposed to add points based on the probability density function to the



original training points set, named residual-based adaptive refinement with distribution (RAR-D).

In this work, we address a significant issue in PINN development: the imbalance of loss distribution across the
time domain [20]. Traditional PINN training can disproportionately weight loss terms from different parts of
the solution domain, especially in time-dependent problems, hindering network accuracy and convergence.
We emphasize the importance of balancing the ratio of training points for initial conditions, boundary con-
ditions, and solving PDEs.

Despite various weighting schemes and adaptive resampling methods, there is a lack of research on deter-
mining the optimal number of collocation points and the appropriate ratio of points for initial and boundary
conditions. Most studies rely on expert knowledge for setting these numbers, suggesting potential improve-
ments through systematic investigation. To fill this gap, we propose Relative Residual Resampling (R3), a
novel approach that dynamically adjusts the number of training points based on the ratio of specific loss
terms to the total loss. This method ensures a more evenly distributed loss across the time domain and
can be combined with state-of-the-art residual-based adaptive resampling methods (RAD). Our approach
enhances PINN performance by maintaining a balanced loss distribution and providing flexibility for inte-
gration with other resampling techniques.

2 Background
2.1 Physics-Informed Neural Network

Partial Differential Equations (PDEs) represent the precise physics laws that describe various natural phe-
nomena. Eq. (1) shows its mathematical definition.

N(u:0)(z) = f(a, 20, . Ou U . o) wen (1)

ou
Ox1 " Oxgq 0%z’ Ox10x4’

where ©Q ¢ R? is the spatial-temporal domain, = (x1,...,24) denotes the coordinates in the spatial-temporal
domain €, 0 is a collection of all the parameters in the network, and u(x) represents the solution to Eq.
(1). In time-dependent PDEs, we regard temporal variable ¢ as one component of . Therefore, €2 also
contains the domain defined for time.

The PDEs are also governed by initial conditions (ICs) and boundary conditions (BCs). The initial conditions
are defined in Eq. (2), and the boundary condition is defined in Eq. (3).

up(x) = B(u;0)(x), x € O (2)
uz(x) = Z(u;0)(x|i=), x € O (3)

where 99 is the spatial-temporal domain for ICs and BCs. The PDEs problem is defined as finding w(x)
given specific BCs and ICs.



The PINN model consists of a neural network, one type of the neural network used in PINN is the feed-
forward neural network with hidden layers in between. The feed-forward neural network gets spatial-temporal
coordinates @ as inputs, and outputs the predicted solution u(x) to the PDEs. The feed-forward neural
network with MLP architecture is denoted by @ : R%n» — Rut  There are L layers in the neural network
and each layer [ contains of || neurons, with an input layer denoted in Eq. (4), L -2 hidden layer denoted
in Eq. (5), and an output layer denoted in Eq. (6).

:BO =, X € Rdin (4)
2’ =o(W'a'™ + 1), le[1,L-1],leZ, W' R pl e R (5)
CCL71 — WLmLfl + bL, WL c Rdoutx‘mlﬁl‘, bL € Rdout; (6)

The loss function of the PINNs is constructed mostly as the mean squared error of the predicted solution
on BCs and ICs, and the mean squared error on the collocation points that the solution should satisfy. Eq.
(7)-(10) defined the loss term of the loss function in PINNs.

ﬁfw;m:wi S IV w)|f (7)
fla:s’Tf
1 2
Ly(0;Tp) = @ w;? 1B (u,x)|| (8)
P
£0T) = g & IE2)] (9)
,C:/\fﬁf(eﬂ})+)\b£b(9;77,)+)\i£i(0;7§) (10)

where Ty € Q is a set of collocation points, and the residual for the PDEs are defined in Eq. (7). Given a
set of collocation points: T, € €2, the residual for the BCs are defined in Eq. (8), and similarly, the residual
for the ICs are defined in Eq. (9). The loss function for PINNs is defined as the sum of these three losses
with the pre-defined or adaptive learned parameters A in Eq. (10). In vanilla PINN [1], the authors take
Af =Xy = A; = 1. PINNSs are designed to solve partial differential equations (PDEs) given different BCs and
ICs. The problem definition is shown in Eq. (1) - (3). This is a generic setup for PDEs to solve using
PINNs. PINNSs consist of three parts: a feed-forward neural network, a loss function embedded with physics
information using PDE residuals, BCs, and ICs, and an activation step with a minimization step of the loss
concerning the weights and biases in the neural network. We define PINNs framework in the following steps:

In the first step, a feed-forward neural network is being constructed with parameters 8 = {W! b'} ;.
The inputs are the training data & representing the spatiotemporal coordinates in training sets 7, 7Ty, and
T;, and the output is of the same dimension as u being the solution to the PDEs. The neural network is
suitable for solving PDEs because the natural representation of partial derivatives in the neural network
could be calculated using automatic differentiation.

The second step of the algorithm requires three training sets to be specified for the training process. In [18],
the authors regard the BCs and the ICs as the same training set since ICs could be categorized as special



u(x)

08

0.6

Fig. 3: 1D Heat Equation defined on (z,t) € [0,1] x [0,1]

boundary conditions given time ¢ = 0.

The third step is defining and calculating the loss function. Here we use a generic definition of the loss
function in Eq. (7) to demonstrate the workflow of the algorithm and notice that it also varies and deviates
from the loss function we defined in the algorithm. The loss function embeds the physical information inside
PINNs because it shows the direction of optimizing @ when minimizing loss.

The last step is to optimize 6 to minimize the loss. This is the training step of PINNs, and different PINN
framework has different training methods. PINNs are generally being trained by minimizing the loss function
with gradient-based optimizers, such as gradient descent, Adam optimizer [21], and L-BFGS optimizer [22].
The Adam optimizer and L-BFGS optimizer have their strengths and weaknesses regarding different types
of PDEs. For smooth PDE solutions, L-BFGS performs better due to it utilizes the second-order derivatives
while the Adam optimizer only uses the first-order derivatives. However, in stiff PDE solutions, the Adam
optimizer performs better since L-BFGS could be stuck at a local minimum.

2.2 Example PDE problems

We choose three example PDE problems: 1D Heat Equation, 1D Diffusion Equation, and 1D Burgers’
equation. These equations are used to test the PINNs later.

2.2.1 Heat Equation

The 1D Heat Equation describes the temperature at a point x along the rod at time t. We set 2 to be the
interval [0,1] x [0,1] in the testing 1D Heat Equation. The parameter « typically represents the thermal
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Fig. 4: 1D Diffusion Equation defined on (z,t) € [-1,1] x [0, 1]

diffusivity, which governs the heat transfer rate and diffusion through a material.

ou 0%u
E=aﬁ, J,'E[O,l], tE[O,l],
u(x,0) = —sin(nz),
u(0,t) =u(1,t) =0.
ou

The term % represents the time derivative, meaning the rate of change of temperature concerning time at

a specific point x. The second-order term 2271; describes how the temperature is changing concerning space.
Specifically, it represents the curvature or the concavity of the temperature profile along the rod. High
curvature indicates regions where heat is likely to flow more rapidly. The constant « (thermal diffusivity)
quantifies how quickly heat diffuses through the material of the rod. It combines the material’s conductivity,
density, and specific heat capacity into a single parameter.The exact solution to Eq. (11) is:

u(z,t) = e_”zo‘tsin(ﬂ'x) (12)

2.2.2 Diffusion Equation

The 1D Diffusion Equation describes how a quantity u(z,t) (which could represent temperature, concen-
tration of a substance, etc.) evolves in space due to diffusion and an additional source term. We set € to be
the interval [-1,1] x [0, 1] in the testing 1D Diffusion Equation.

o Pu . 9 .
e - -1,1 1
5% - 9a2 © (sin(rz) - m=sin(mx)), xe[-1,1], te[0,1],
(13)
u(z,0) = sin(7x),

u(-1,t) =u(1,¢) = 0.
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This term 2% represents the rate of change of u for time. It indicates how u is evolving at each point z as

ot
time progresses. This term 217; describes the spatial diffusion of u. It represents how the quantity u spreads
out over space, driven by the gradient of u.This term e~!(sin(mx) —n%sin(rx)) adds or removes the quantity
u at different points in space and time. The source term is a function of both space = and time ¢ (the source

term), indicating a time-dependent addition to the diffusion process.The exact solution to Eq. (13) is:

u(z,t) = e tsin(rx) (14)

2.2.3 Burgers’ Equation

The 1D Burgers’ equation models the evolution of a velocity field u(z,t) in a fluid-like system, combining
elements of both diffusion and convection. We set © to be the interval [-1,1] x [0,1] in the testing 1D
Burgers’ Equation. The parameter v represents the kinematic viscosity coefficient: a measure of the fluid’s
resistance to flow under the influence of gravity.
ou  Ou  0%u
—+u—=v—7p, xz€|-1,1], te|0,1],
at 83? 6.132 [ ? ] [ ’ ]
u(z,0) = —sin(nrz),
u(-1,t) =u(1,t) = 0.

(15)

This term % represents the rate of change of the velocity for a time at a specific point z. It indicates how

the velocity field is evolving. This nonlinear term ug—g represents the self-advection of the velocity field. It

describes how the velocity at a point influences the rate of change of velocity at that point. This term is
responsible for the transport of the velocity field by itself, leading to nonlinear effects such as shock formation
and steepening of waves. The term V% represents the viscous diffusion of the velocity field, where v is the
kinematic viscosity. This term tends to smooth out the velocity field over time, counteracting the steepening

effects of the convection term.



3 Methodology

To balance the loss across the time domain and to enhance the model accuracy, we propose Relative Resid-
ual Resampling (R3) in Algorithm 1. The algorithm started with selecting a starting round of points
T =T.uT,uT;, setting each subset to the same size %, and training the model for k iterations. In the
second step, we use the Monte Carlo Integration method by randomly sampling three sets of points, and
calculating different evaluation functions to estimate residual, initial condition error, and boundary condition
error. Note that for residuals, we use the current model learned by PINN, which serves as an estimation of
the residual within the domain. For IC error and BC error, we use the error between the estimated value
and the exact BC/IC value. We also set a constant number C = 100 to be the smallest number of points
possible in each set in Eq. 19-21. After estimating the error for residual, IC, and BC, we will calculate the
new number of points based on their residuals. Notice the number of points remains fixed at V. The second
to the last step is to randomly resample the points with a uniform probability density function based on the
new number calculated in the previous step. Then we train the network for another k iterations until the
total number of iterations reaches the limit.

The residual error represents the error associated with the training points within the domain, excluding
the points on the initial and the boundary conditions. To give a better understanding of this error, we refer
to the Eq. (16). In the nth round, we estimate the error by feeding the testing points to the function
learned by the model in the previous n — 1 rounds and calculate the mean L2-Norm value of the residual.
This error could be calculated more accurately, given the true value of the testing points and the predicted
value of the training points. However, this is not the case if the solution to the PDE is unknown. To estimate
the boundary condition error and the initial condition error, we could use the exact boundary and initial
condition, since it is given when the PDE problem was defined. In Algorithm 1, we calculate the boundary
condition error by Eq. (17). and calculate the initial condition error by Eq. (18). The difference between
the calculation of the boundary condition error, and the initial condition error with the residual error is that
we have an exact boundary and initial condition, making it possible for us to calculate the exact error for
each training point.

The error calculated by Eq. (16-18) is the approximation error between the solution 4, generated by the
neural network and the best solution could generated by the neural network u,. u, could also be interpreted
as the solution generated by the neural network with the global minimum loss. To illustrate this, consider
three errors mentioned in Fig. 6 proposed by Lu et al. [18]: the generalization error between the PDE
solution u to the best solution ur generated in the domain F', the optimization error between upr and the
best solution that could be generated by the neural network u., and the approximation error between wu.,
and the solution %, generated by the neural network.

In R3, or other sampling methods, the choice of calculating the resampling indicator (in our case is €, €,
and ¢; defined in Eq. (19-21) could be different. In the Eq. (16-18), we used mean L? norm to calculate the
resampling indicator. Another variation of R3 is that the algorithm stays the same as Algorithm 1, while
the resampling indicators are changed to L? norm. The L? norm of x = {x;}1*,is defined as:

el = \‘ > (22)



Algorithm 1 Relative Residual Resampling (R3)

1:
2:
3:

10:

11:

12:

13:

14:

15:
16:
17:
18:
19:
20:

© 2 NS Tk

Input: Hyperparameters: N = 6000,C = 100, K = 20000, k = 1000, m = 100000
Output: Trained PINN model

Sample the initial training points 7 = 7, U T, U T;, The number of points in each set is set as the same

number: |7 = |Tp| = |Ti| = %

Train the PINN for k iterations

repeat
S < m collocation points randomly sampled within the domain according to the uniform PDF
Sy < m points randomly sampled on boundary according to the uniform PDF
S; < m points randomly sampled on domain with ¢ = 0 according to the uniform PDF
Estimate the residual by Monte Carlo integration:

ot ot 0% ot
fle;—, ..., —; yeeny Jog A
0x1 Oxg Ox1011 0x10x4

1

ET:EZ

xeS

Estimate the BC error:

1 . .
&=rar 2 lu(x,0) —as(z)]
|Sb| meSb
Estimate the IC error: 1
€= o 2 li(@lino,0) — dz(limo)|
‘SZ| x€eS;

Calculate the new number of collocation points to be sampled:

N, =(N-3C)—"— +C
€ tep+¢;

Calculate the new number of BC points to be sampled:

Ny=(N-30)—> 1 ¢

€ +€p +€;

Calculate the new number of IC points to be sampled:

Ni=(N-30)—% — 4¢

€r +€p T €

T, < N, collocation points randomly sampled within the domain according to the uniform PDF
Ty < Ny points randomly sampled on boundary according to the uniform PDF
T; < N; collocation points randomly sampled within the domain according to the uniform PDF
Train the PINN for k iterations

until the total number of iterations reaches the limit K

Return: Trained PINN model

(17)

(18)

10
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Fig. 6: Illustration of errors of a Physics-Informed Neural Network (PINN).

The mean L? norm for a discrete set of values {z;}7, is defined as:

1 n
lolkesean = \| 5 227 (23)

i

L? norm and the mean L? norm are different by a factor of \/g . In Equation 16-18, to use L? norm or

1

i ‘S—ll since both the numerator and the denominator

the mean L? norm are the same if given n = |§1\

times a factor of \/g will transform the Equation 16-18 from using mean L? norm to L? norm.

It is also possible to combine R3 with other sampling methods, such as residual-based adaptive distri-
bution (RAD) introduced in [19]. R3 is a resampling scheme based on the estimated residual during training
by using Monte Carlo integration, meaning that only the manipulation of the number of points sampled
within the domain, on the boundary and the initial condition, but not the specific location of the training
points. Therefore, combining methods specific to the location of the training points such as RAR [18], or
RAD introduced in [19] is possible. Eq. (24) shows an example of combining the R3 method with RAD by
simply changing the step 15-17 to Eq. (24). We resample collocation points according to the PDF of Eq.
(24). The error function on the numerator of the Eq. (24) is as same as the error function we used in the Eq.
(16). The constant ¢ is a hyper-parameter suggests by Lu et al. [18].

One fundamental question to ask is whether R3 differs from loss re-weighting since both use estimated
error as the resampling indicator. There is a difference between loss re-weighting and changing the number
of points in R3, since the loss term is changing while the number of points is not changing in the first set
of methods, the number of points changing in R3 increases the chance of lowering the loss in a high-residual
area if given the same PDF for the training points sampled in both loss re-weighting and the R3. We define
adaptive weight resampling for comparison with R3 in [23].

. ou da . _0%a oa . .
o) o T B B shi L o)
T
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4 Results

4.1 Experiments Setup

Table 1: Experimental Setup for Comparing Different Resampling Methods

Network Settings

Network size 3 x 20
Optimizer Adam
Activation Function tanh
Learning rate 0.001

Initial Number of Points

Collocation Points 2000
Boundary Condition Points 2000

Initial Condition Points 2000
Constant C' in Eq. (14) - (16) 100
Training Duration 20000 Epoch
Comparision Metrics L? Relative Error

We compare Relative Residual Resampling (R3) and Relative Residual Resampling (R3) with RAD to the
state-of-the-art re-sampling method RAD, together with RAR, RAR-D (Residual-based adaptive refinement
with distribution), random resampling with uniform PDF (Random-Uniform-R), and adaptive weight re-
sampling. These 7 methods are compared to solving 3 forward PDE problems: the 1D Heat Equation, 1D
Diffusion Equation, and 1D Burgers’ Equation. We summarize the experiment settings in the Table 1.

For the R3, the number of points changes dynamically according to the Algorithm 1, and for the R3
with RAD, the number of points changes based on Algorithm 2. For other methods, the number of points
stays the same, except for the RAR, and RAR-D, because they are adding 10 points to the large residual
area every k = 1000 epochs. We first train the network for 1000 epochs instead of what authors did in [19] for
15,000 epochs. Then we resample the points every 1000 epochs. For each resampling method, either point
is being added every 1000 epoch such as RAR, RAR-D, or points are being resampled such as Random-
Uniform-R, or RAD. Note that R3 with RAD is a combination of both. We compare the results after 10
rounds of experiments running the experiments for 20,000 epochs. All the results have an average value of
10 rounds.

To evaluate the accuracy of the prediction 7, by using PINNs, we adopt the L? relative error:

[[a- — ulls

[l (25)

4.2 Loss comparison

As shown in Table 1, R3 achieved better accuracy for solving the Burgers’, Heat, and Diffusion Equation
compared to the state-of-the-art methods RAD and its variation RAR-D. R3 with RAD outperformed RAD
in solving Burgers’, Heat, and Diffusion Equation. R3 achieved the best result for solving Burgers’ and
Diffusion Equations.

12



Sampling Methods Burgers Heat Diffusion

Random-Uniform-R 154x10T+4x107% 1.040x 10T +4.0x 107 3.04x 1072 +3.0x 1077
Adaptive Weight Resampling 2.22x107 £1.5x1072 1.510x 1071 £2.0x 107 2.74x 1072 £2.0 x 107*
RAR 210x1071+4%x1073 4.85x102:1x10% 262x102+£4.0x10™*
RAD 1.70x1071+£1.0x1072 6.13x102+1x107*  5.11x1072+2.00x 1073
RAR-D 147x107 '+ 7x1073  8.67x1072+3.0x107% 2.09x1072+1.0x107*
Relative Residual Resampling (R3) 1.39x1071 +7x1072 5.24x102+4x10™* 1.97x102+0.0x10™*
R3 with RAD 1.49x107 1 £1x1073  5.07x102+1x107% 2.33x102+2.0x107*

Table 2: Loss values (mean + variance) for different PDEs and rounds

It is noted that RAD is not necessarily the best method when compared with RAR, RAR-D, or even
Random-Uniform-R for solving these 3 PDEs. RAR outperformed other methods in solving heat equations.
However, we notice that R3 and R3 with RAD are the second and third best methods, and with only a 4%
difference between RAR with R3 with RAD.

The loss between each method is relatively small (less than 10%) for the first two best-performing methods.
For instance, 5.7% and 6.1% for the difference between RAR-D with R3 solving the Burges’ and the Diffusion
equation.

The conclusion from this loss comparison would be RAD is not the best sampling method under this ex-
periment setting, and R3 could achieve a similar performance to the state-of-the-art accuracy in solving
Burgers’, Heat, and Diffusion Equation under the given experiment setting. The difference between the best
two performing methods is less than 10%, showing the average accuracy does not differ too much between
the best two performing methods.

The loss in Table 1 represents the mean value after running the experiments for 10 rounds. We also
show results in the entire domain in Fig. 7 for solving diffusion equation and Fig. 8 for solving heat
equation. In Fig. 7, we observe that R3 and R3 with RAD learned the PDE solution with less error at
t~0.2,0.6 and 0.9. At the same time, Random-Uniform Resampling, and RAD failed to learn the solution
with more details. In Fig. 8, R3 and R3 with RAD perform better than the other two methods. This
is because a lower loss value is learned within the domain, and on the boundary as well as at the initial
time. A more detailed pattern is learned within the domain for both PDEs by using R3 and R3 with RAD.
The lower the loss represents the more information about the PDE solution is being learned. We can learn
that R3 or R3 learned a lower loss by learning well on both boundaries, initial time, and inside the domain.
In Fig. 8(b), after 18000 epoch, R3 with RAD learned a similar result compared with R3 in Fig. 8(a), but
with only 8000 epoch. This convergence analysis will be mentioned in next subsection.

However, we note that obtaining a low L? relative error is not necessarily the indicator of a better sampling
strategy, and a detailed loss across time-domain analysis will be made in the next subsection.
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Fig. 7: One-Dimensional Diffusion Equation: (a) The predicted solution versus the exact solution using R3 after 18000 Epoch. The
relative error is 0.0.197 + 0.000004. (b) The predicted solution versus the exact solution using R3 with RAD after 8000 Epoch. The
relative error is 0.0233 + 0.00002. (c) The predicted solution versus the exact solution using Random-Uniform Resampling after 18000
Epoch. The relative error is 0.0304 + 0.0003. (d) The predicted solution versus the exact solution using RAD. The relative error is
0.0511 + 0.002 after 18000 Epoch.
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Fig. 8: One-Dimensional Heat Equation: (a) The predicted solution versus the exact solution using R3 after 16000 Epoch. The relative
error is 0.0524 +£0.0004. (b) The predicted solution versus the exact solution using R3 with RAD after 16000 Epoch. The relative error
is 0.0507 + 0.0001. (c) The predicted solution versus the exact solution using Random-Uniform Resampling after 16000 Epoch. The
relative error is 0.104 + 0.004. (d) The predicted solution versus the exact solution using RAD after 16000 Epoch. The relative error is

0.0613 + 0.0001.

(d) RAD
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4.3 Loss across time-domain analysis

The uneven distribution of loss across the time domain for solving PDEs is one of the major issues in the
training process of PDEs. The evenly distributed loss suggests PINNs learned heavier on some part of the
time domain, while others remain less learned, or even unlearned. In this section, we will show that after
only less than 20000 iterations, R3 started to lower the loss either at the beginning or at the end of the time
domain. The loss we are using in this section is the absolute loss defined as:

T (26)

4.3.1 Temporal Balanced Loss Distribution
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(b) R3 with RAD, Random-Uniform-R and RAD
Fig. 9: (a) Comparing the loss on the time domain for the predicted solution using R3 with that of Random-Uniform Resampling and
RAD solving Diffusion Equation at 18000 epoch, and Heat Equation at 16000 epoch. (b) Comparing the loss on the time domain for

the predicted solution using R3 with RAD with that of Random-Uniform Resampling and RAD solving Diffusion Equation at 8000
epoch, and Heat Equation at 16000 epoch. The shading area represents the mean + standard deviation.

A key advantage of R3 is its ability to achieve a more balanced loss distribution across the time domain.
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In Fig. 9(a), we compare R3, Random-Uniform-R, and RAD in solving diffusion equations and heat equa-
tions, and in Fig. 9(b) we compare R3 with RAD, Random-Uniform-R, and RAD in solving the same two
equations. Regarding both equations, both R3 and R3 with RAD achieved the smallest loss, and it is more
balanced across the entire time domain because the range between the maximum loss and the minimum loss
for R3 and R3 with RAD is the smallest among the three methods. We also noticed that RAD achieved the
worst performance because it is the most unbalanced method with the largest range among the three. The
loss for RAD is either small at ¢t ~ 0 or ¢ ~ 0.9, and the loss is large on the other end. In Fig. 9(a), RAD
solved diffusion equation with a large error at ¢ ~ 1, and solved heat equation with a large error at ¢t ~ 0.
Similar behavior could be observed in Fig. 9(b).

This suggests RAD either learned a smaller loss at the initial time, or at the end of the time, but not
both. However, R3 achieved a more balanced loss with both ends and in between. What is more, because
of a smaller loss, we observe the solution could be learned well from a local perspective, meaning that the
solution to PDEs could be learned in more detail because the peaks are more obvious when we observe the
loss curve. To explain this, let’s focus on Fig. 7(a) and Fig. 8(b), because a smaller loss is learned in both
plots, the more local pattern of the solution could be shown in the plot, giving a clearer pattern of using R3
or R3 with RAD. The results are also consistent comparing both Fig. 9(a) with Fig. 7, and comparing Fig.
9(b) with Fig. 8 since we used the data from the consistent epoch number for comparison in three plots.

4.3.2 Convergence Behavior

R3 and R3 with RAD show distinct convergence behaviors contributing to their effectiveness in solving
PDEs. In Fig. 10, the purple and blue curves represent training and testing loos of using R3 and R3 with
RAD, respectively. It converges faster than any other method after the 2500 epoch for the training loss.
The convergence behavior of R3 is also evident from the decreasing loss range over time. Initially, at 2000
epochs, the loss range is wide, but it narrows by 16000 epochs, indicating steady convergence, as shown
in Fig. 11. R3 with RAD demonstrated a faster convergence speed for the diffusion equation by reducing
the residual value at peaks and achieving faster loss value convergence, as seen in Fig. 12. It is worth
noticing that for the first 8000 epochs of using R3 with RAD, it reduced to approximately the same level
as R3. The convergence speed for both R3 and R3 with RAD is faster than the other two methods. We
also remark that in Fig. 12, R3 and R3 with RAD started with an even higher loss but gradually decreased
to the smallest among the three methods. R3 with RAD even shows its decrease of loss behavior as early
as in the 6000 epoch. Similar behavior is also observed in Fig. 11. We can see that R3 already outper-
formed the other two methods at the 8000 epoch, and it continues to decrease the loss in the 16000 epoch,
while the other two methods remain the similar value compared to 8000 epoch with 16000 epoch in Fig. 11(a).

R3 and R3 with RAD demonstrate their speed of convergence is faster than RAD and Random-Unfirom-R,
while also showing a continued converge trending in the first 18000 epoch, or even earlier in solving both
Diffusion Equation and Heat Equation. This gives us the benefit of training network with shorter iterations
while achieving a similar performance that a network would achieve without using R3.

4.3.3 Efficient Point Utilization

R3 and R3 with RAD demonstrate efficient utilization of residual and IC/BC points, contributing to their
improved performance. In the heat equation analysis, R3 and R3 with RAD used significantly more residual
points than IC/BC points, with the number of IC/BC points converging after 4000 epochs, as observed
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Fig. 10: Training and Testing Curve solving Burgers’ Equation.
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Fig. 11: One-Dimensional Heat Equation: (a) Comparing the loss on the time domain for the predicted solution using R3 with that

of Random-Uniform Resampling and RAD. (b) Comparing the loss on the time domain for the predicted solution using R3 with RAD
with that of Random-Uniform Resampling and RAD. The shading area represents the mean + standard deviation.
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Fig. 12: One-Dimensional Diffusion Equation: a) Comparing the loss on the time domain for the predicted solution using R3 with that
of Random-Uniform Resampling and RAD. (b) Comparing the loss on the time domain for the predicted solution using R3 with RAD
with that of Random-Uniform Resampling and RAD. The shading area represents the mean + standard deviation.

in Fig. 13(a). This efficient allocation of points was also seen in the diffusion equation, where the number of
points remained static after 1000 epochs, indicating a balanced and optimized number of points for residual
and IC/BC, as shown in Fig. 13(b). In Burgers’ equation, R3 showed a decreasing yet large number of IC

points (around 600 points) at 8000 epochs, while the number of boundary points converged to around 150
points, suggesting a well-learned boundary, as depicted in Fig. 13(c).
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Fig. 13: Number of collocation, boundary, and initial points using R3 and R3 with RAD.

What is worth mentioning is the expert experience in setting the number of points. We observe a trend of
using more and more collocation points and fewer IC/BC points in all three subplots in Fig. 13. We also see
that the diffusion equation has only 100 IC and 100 BC points after 1000 epochs. This is the setting that is
close to the expert’s setting for training PINNs (which is to use only a few hundred points for IC/BC), but
not quite the same because we started with 2000 points each. One possible explanation that R3 performs
better in balancing the loss across time could be the knowledge of the boundary and IC learned in the early
epoch before IC//BC points converged to less than 200 points. The expert’s setting is not necessarily the
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best setting, even given the fact that the convergence of the number of points is close to the expert’s setting.
We could also argue that R3 performs better in solving Burgers’ equation than RAD but with more than 400
IC points even after 17000 epoch. This setting is not necessarily the best setting, but it is better than the
expert setting because we demonstrate that R3 achieved a more balanced loss and a lower loss than RAD
and the baseline Random-Uniform-Resampling.

To conclude the result section, Relative Residual Resampling (R3) demonstrates significant improvements
in balancing loss distribution and improving accuracy across different PDEs compared to traditional meth-
ods such as Random-Uniform Resampling and RAD. R3 with RAD consistently achieves lower losses and
better accuracy, particularly in the initial stages of training. The efficient utilization of points and distinct
convergence behavior further enhance R3’s effectiveness. Despite challenges in learning initial conditions,
R3 shows promise as a robust method for enhancing the training of PINNs.

5 Discussion

We demonstrate the promising result for using R3 as a novel sampling technique to balance the loss between
the residual within the domain, the IC, and the BC. R3 achieved a lower loss in solving Burgers’ Equation
and Diffusion Equation and also achieved the second smallest loss compared to the best result among 7
different sampling techniques in solving the Heat Equation. We notice that R3 could achieve state-of-the-art
accuracy while making improvements on balancing the loss across the time domain in solving Heat and
Diffusion equations. However, there are a few topics that are not being studied within this report, and they
should be addressed in the future to better understand the relationship between the number of sampling
points and the value of the loss for collocation points, IC, and BC.

R3 uses less than 2000 points in solving the Burgers’ Equation, while the baseline Random-Uniform Re-
sampling used 2000 points and achieved a more balanced loss and a smaller IC loss at ¢ = 0 in Fig. 14.
This is because R3 should use more points if the IC loss is larger, but the number of IC points suggests
the loss is not that large compared to the loss within the domain, resulting in a scenario that IC points are
not enough for the model to learn it to a relatively low error compared to the error in the rest of the time
domain. The Burgers’ Equation could be an extreme case because it has a sharp change at t = 0(See Fig.
15 in Appendix), while the other two PDEs don’t have a change as sharp as the Burgers’ Equation. This
is a remaining future problem in this field: how could neural networks learn a more detailed solution rather
than only learn well on a global scale for the domain? Also, is it possible to simply adjust the number of
points manually so that IC could be learned to a lower loss?

R3 is suitable to use in solving PDEs with smooth changes(The 1D Heat Equation and the 1D Diffusion
Equation), but only two PDEs are tested in this report. PDEs with higher dimensions and larger domains,
also varying hyper-parameters (such as v in Burgers’ Equation) are not tested. The result of this report
only serves as a possible direction of balancing the loss between the loss within the domain, IC, and BC, but
is not testing intensively to show the methods may also work in solving other PDEs.

The other method we proposed is to combine RAD with R3, which could be a good start for R3 combined

with other sampling methods in solving PDEs. We only combine RAD with R3 because RAD represents
the state-of-the-art sampling technique in the field of Residual-based Adaptive Resampling techniques. We
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put future work for using R3 together with other sampling techniques, making R3 a possible alternative to
choosing numbers of points between points within the domain, points on the boundary, and points on initial
time for training PINNs.

R3 is fundamentally different from the adaptive weight resampling because the adaptive weight resam-
pling changes the coefficient related to the loss terms, while R3 uses the same coefficient for the loss terms
but uses different numbers of points. We point out the fundamental difference is that R3 has the freedom
to concentrate on different parts of the domain by simply using more or fewer points, while adaptive weight
resampling could also explore the domain by resampling, but could not emphasize a specific part of the
domain (within the domain, IC, or BC), making it not learning as careful as R3

The last question to ask is whether R3 transfers the knowledge of the initial condition and boundary condi-
tion to the solution within the domain by using more points at the beginning stage of the training (before
4000 epoch). This is a very fundamental question to ask because R3 might be learned more on the IC and
BC. After all, the number of points is 2000 at the beginning of the training, and the number of points shifts
to within the domain. We propose the possibility of this knowledge transfer in R3, but further experiments
should be made to draw a firm conclusion.

6 Conclusion

In this report, we proposed a novel adaptive resampling method named R3, and we are also the first to study
the number of points that could be a factor affecting the PINN training’s accuracy. The R3 method com-
pared with the current state-of-the-art resampling method RAD, achieved a lower loss for solving Burgers’
Equation, Heat Equation, and Diffusion Equation with a faster convergence speed. R3 achieves either the
best accuracy or a similar magnitude of loss at the end of training. R3 also shows its promising potential
in balancing and reducing the loss across the time domain in solving Heat Equations and Diffusion Equations.

However, we observe that R3 is unstable: at the beginning of the training, before 10000 epochs, R3 performs
better in terms of either accuracy or balancing the loss but experienced an unstable change around 10000
epochs. We also note that R3 didn’t solve the Burgers’ Equation with a relatively low loss << 10! at z = 0.
Despite that R3 and R3 with RAD achieved a smaller loss in solving the 1D-Burgers’ Equation, they failed
to achieve a more balanced loss across the time domain. For future work, one challenge remains is how to
guide PINNs to learn better the area that has high derivatives such as the 1D Burgers’ Equation at x = 0.

R3 started with the same number of points for collocation points, IC and BC, and later we observe the
number of points for collocation points increases, while for IC and BC the number of points drops. However,
we also observed that when R3 solved the diffusion equation, the best combination it gave is all points are
sampled for collocation points, while IC and BC remain the minimum 100 points. This behavior is also worth
studying, suggesting that balancing the number of points at the very beginning stage of training might have
a positive impact on lowering the loss. Further studies are needed to test this hypothesis.

In conclusion, R3 could reach a better accuracy than the existing state-of-the-art method for at least 5% with
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less than 18000 epoch, while also reaching a more balanced loss across the time domain under the current
experiment setting for solving Heat Equation and Diffusion Equation, but not the Burgers’ Equation. We
also show that RAD and RAR-D could perform worse than the baseline (Random-Uniform Resampling)
under different settings, making it not the optimal resampling technique.

7 Appendix

7.1 1D Allen-Cahn Equation
We set €2 to be the interval [-1,1] x [0,1] in the testing 1D Diffusion Equation.

ou 0%u 3
E:d@—f)(u—u )7 xe[—l,l], tE[O,l],
(27)
u(z,0) = 2% cos(rz),
u(-1,t) =u(l,t) = -1.
In Eq. (27), %7: represents the time derivative of u, showing how u changes over time. d% represents the

diffusion of u in the spatial domain, where d is the diffusion efficient. —5(u —u?) is the reaction term, where
5 is a constant coefficient. This term drives the phase separation in the Allen-Cahn equation.

7.2 Experimental Results for Burgers’ Equation
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Fig. 14: One-Dimensional Burgers’ Equation: (a) Comparing the loss on the time domain for the predicted solution using R3 with that

of Random-Uniform Resampling and RAD. (¢) Comparing the loss on the time domain for the predicted solution using R3 with RAD
with that of Random-Uniform Resampling and RAD.
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Fig. 15: One-Dimensional Burgers’ Equation: (a) The predicted solution versus the exact solution using R3. The relative error is
0.139 + 0.007. (b) The predicted solution versus the exact solution using R3 with RAD. The relative error is 0.149 + 0.001. (c) The
predicted solution versus the exact solution using Random-Uniform Resampling. The relative error is 0.154 + 0.004. (d) The predicted
solution versus the exact solution using RAD. The relative error is 0.170 + 0.01.
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