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Consensus in High-Power Multiagent Systems With
Mixed Unknown Control Directions via Hybrid
Nussbaum-Based Control

Maolong Lv ™, Wenwu Yu

and Simone Baldi

Abstract—This work investigates the consensus tracking
problem for high-power nonlinear multiagent systems with
partially unknown control directions. The main challenge of
considering such dynamics lies in the fact that their linearized
dynamics contain uncontrollable modes, making the standard
backstepping technique fail; also, the presence of mixed unknown
control directions (some being known and some being unknown)
requires a piecewise Nussbaum function that exploits the a pri-
ori knowledge of the known control directions. The piecewise
Nussbaum function technique leaves some open problems, such
as Can the technique handle multiagent dynamics beyond the
standard backstepping procedure? and Can the technique han-
dle more than one control direction for each agent? In this work,
we propose a hybrid Nussbaum technique that can handle uncer-
tain agents with high-power dynamics where the backstepping
procedure fails, with nonsmooth behaviors (switching and quan-
tization), and with multiple unknown control directions for each
agent.

Index Terms—Consensus
multiagent systems,
directions.

tracking, input quantization,
switched dynamics, unknown control

I. INTRODUCTION

URING the last two decades, the coordination of
multiagent systems has gained tremendous attention,
where the consensus problem is one of the most stud-
ied coordination tasks [1]-[3]. Consensus problems have
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been studied for various classes of uncertain and non-
linear agent dynamics, including multiagent systems with
unparameterized nonlinearities [4]-[9]; switched multiagent
systems [10]-[12]; nonsmooth multiagent systems (e.g., with
quantization, saturation, deadzone, etc.) [11], [13]; multiagent
systems with unknown control directions [13]-[15]; time-
delay multiagent systems [9], [16]; event-triggered multiagent
systems [17], [18]; and so on. Most of these approaches to
consensus rely on a distributed version of the well-known
backstepping iterative procedure [19]. Such a procedure, also
known in the literature as adding-one-linear-integrator pro-
cedure, introduces one linear integrator at each iteration
and can be applied to strict-feedback [4]-[9], [20]-[22]
and pure-feedback multiagent systems [10]-[12], [23], [24].
The procedure can be successfully combined with tools
known for single-agent systems, such as function approx-
imators [25]-[29], switched Lyapunov functions [30]-[33],
and so on. However, for some classes of nonlinear systems,
the adding-one-linear-integrator backstepping procedure can-
not be applied. The most famous example is the high-power
dynamics, also known in the literature as high-order nonlin-
ear dynamics: for this class, the adding-one-power-integrator
procedure was proposed in [34] by introducing iteratively one
high-power integrator instead of a linear one. The procedure
was further extended in a distributed sense, and combined with
function approximators and switched Lyapunov function [35],
[36]. The class of high-power dynamics is the object of the
present work, which we study via the Nussbaum function
method in the presence of multiple unknown control directions
and nonsmooth behaviors (switching and quantization).

The Nussbaum function method to handle unknown control
directions [37]-[41] has not been explored in the distributed
adding-one-power-integrator scenario, that is, for coordina-
tion of multiagent systems with high-power dynamics. The
peculiar characteristic of a Nussbaum function lies in its capa-
bility of alternatively changing sign. This characteristic will
occasionally provide inputs in the “wrong” direction, lead-
ing to large transients [37], [42], [43]. The transient issue
becomes even more pronounced in networks with unknown
control directions. The Nussbaum function method is chal-
lenging even for multiagent systems controlled with the
distributed adding-one-linear-integrator backstepping proce-
dure [44]-[46]: researchers have studied unknown but identical
control directions [44], mixed unknown control directions
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(some directions being known and some being unknown)
via a piecewise Nussbaum function that exploits the a pri-
ori knowledge of the known control directions [45], [46] or
multiple nonidentical unknown control directions with switch-
ing topologies [14], [15] and communication delays [16].

For the single-agent case, it was shown that addressing
multiple unknown control directions requires novel conditional
inequalities involving the summation of multiple Nussbaum
functions terms [39]; a novel Nussbaum function whose sign
keeps the same on some periods of time was proposed in [41],
so that the Nussbaum integral terms do not cancel each other
in the summation. Recently, the properties of different classes
of Nussbaum functions, namely, type A and type B have been
investigated for handling constant and time-varying unknown
control coefficients [42], [43]. Even when a single control
direction is considered for each agent [44]-[46], a summa-
tion of Nussbaum terms occurs as the result of considering a
global conditional inequality for the whole network. Therefore,
the Nussbaum function should be carefully designed to avoid
cancelation of the integral terms. The aforementioned inves-
tigations open the questions on whether techniques exist to
handle high-power dynamics (for which adding-one-linear-
integrator backstepping would fail) in the presence of multiple
unknown control directions. The main contribution of this
work is to give positive answers to these questions.

1) To the best of our knowledge, this is the first Nussbaum-
based approach going beyond the distributed adding-
one-linear-integrator backstepping setting, by consider-
ing uncertain agents with high-power dynamics.

2) The Nussbaum function techniques in [37]-[41] are
designed to handle one unknown control direction
for each agent, whereas the proposed technique uses
hybrid Nussbaum gains that can handle multiple mixed
unknown directions for each agent.

3) The proposed technique can handle nonsmooth behav-
ior, that is, switching dynamics and input quantization.
The relevance of considering input quantization stems
from works, such as [47] and [48], showing that appro-
priate designs must be proposed in the presence of input
nonlinearities. Our proposed design relies on a variable-
separable lemma to extract quantized control signal in a
“linear-like” manner.

The remainder of this article is organized as follows.
Preliminaries and problem formulation are given in Section II.
Sections III and IV present the proposed distributed protocol
and stability analysis, respectively. The simulation results are
in Section V and Section VI draws the conclusions.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Graph Theory

A weighted directed graph describes how agents interact
with each other: the agents are represented by nodes, and the
interactions by edges. A weighted directed graph is defined
by G = (V, &, A), with the node set being V = {vi, ..., vy}
(N > 2), the edge set being £ € V x V, and the adja-
cency matrix A = [ag] € RV*N being utilized to represent
the communication topology among the agents. An edge
eq = (f,]) € £ means that agent / can receive information
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from agent f. The set of nodes to which an agent f can send
information is denoted by N, representing the neighboring
set. The entries ay; of the adjacency matrix A are defined as
follows: if the information of agent / can be received by agent
f> ag > 0; otherwise, ag = 0. Let us also define the diago-
nal matrix D = diag[dy, ..., dy] € RV*N with dr = Z?Ll ag.
The Laplacian matrix of G is defined as £ = D— 4. The com-
munication topology for the N follower agents and a leader
agent is defined as an augmented directed graph G = (V, €)
with V = {vo,v1,...,vn} and € C V x V where index 0 is
used for the leader agent. The set of neighbors of the fth fol-
lower agent in G is denoted as /\_G Then, the Laplacian matrix
L corresponding to G is defined as

r_ 0 01]\q7><l

= 5% ]
where Onyx; = [0,...,0]7 € RV H = £ 4+ B, L is the
Laplacian matrix of the subgraph G, and B is the leader agent
adjacency matrix defined as B = diag[by, ..., by] where b; >
0if 0 € /\_/},f =1,...,N, and b; = O otherwise, and b =
[b1,...,by]T. The directed graph G is said to have a spanning
tree with the root node being the leader if a directed path exists
from the leader to all the other nodes.

Assumption 1 [49]: The graph G contains a spanning tree

with the root node being the leader. This implies that £ + B
is a nonsingular M-matrix.

B. Problem Statement

Let us consider a multiagent system composed of N(N > 2)
follower agents, under a directed communication topology
described by G = (V, £, A). Let the dynamics of the fth fol-
lower agent, f = 1, ..., N, be represented by the high-power
nonlinear dynamics

oy (1)

rf, m

_ (1) /-
(Xf,m) + (p;fmt (vam)Xf,m+1

Xf.m = “om,
y or(t or () T
Ky = O (07) + 07, () (Qr ()7 (D)
Yroo =X
where 1 <m <ny — 1, xr.m = [Xr.1, X725 - - -5 Xf,m]T e R™,

xr = Lxpas xp2e -0 xrn)” € R, and yp € R are the states
and the output of the fth follower agent, respectively. For
f=1...,Nandm = 1,...,ny, (p;frff)(.) and ¢U-’frff)(.) are
unknown continuous nonlinearities, and ry,,, are positive odd
integers. In (1), or(-) : [0, + 00) — My = {1,2,...,my}
is a switching signal which selects at each time ¢ the nonlin-
earities for agent f among my possibilities. The control signal
to be designed is uy, with the quantized input Q(uy) being
defined as

uf p .
ug psgn (), if l%hf ) W R o

urp < |uf| < l_ihl_,uf > 0,

) wn < |ug| < 125 iy <0, or
”fvthn(”f)’ if U llf',i{(1+hj') i >0

< Jur| <

Or (ur) = 1=hy - 1—-n; W
u‘ln
0 <|uf| < 5. ity <0, or
0, if un_;' 7| < 17 K
o < ur| < uf™ iy > 0,
Of(ur (7)), otherwise

2
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with @ir ;= upp(1+ hy), upp = fl —h wP™(h=1,2,...) and
hy = [(1 = pp) (1 + pp)] with um‘“ >0 and 0<pr<1,and
q;nin and pr represent the deadzone range of Qr(ur) and the
measure of quantization density, respectively. Due to quanti-
zation, we have that the continuous signal us is mapped into
a discrete set F ¢ = {0, £us p, up (1 + b)), h=1,2,...}.

Remark 1: The quantizer parameter of, f = 1,...,N,
is a measure of quantization density. The smaller pf, the
coarser the quantizer, that is, Qr(ur) will have less and less
quantization levels [47], [48].

Lemma 1 [47]: The relation between the continuous input
uy and the quantized input Qy(uy) can be described by

Oy (ur) = rcy (ur )y + Ay (ur) (3)
where «r(ur) and Ap(uy) satisfy 1 — e < «r(up) < 1+ Ry,
and |Ar(up)| < M}mn.

Remark 2: When all the powers 7y, are equal to one,
the multiagent dynamics in [44]-[46] are obtained. However,
a different design is required because, while the dynamics
in [44]-[46] allow the use of the adding-one-linear-integrator
procedure (backstepping), this procedure cannot be used for
(1) (see discussion in [34]).

The leader agent O is represented by a leader output signal
yL(-). As compared to a single-agent case, the challenge of
controlling multiple agents is that not all the agents can access
the leader signal.

Assumption 2 [49]: The leader output signal y;(-) is con-
tinuous, bounded, and available only to a subset of the follower
agents according to the graph G. Furthermore, y; (-) is bounded
and not available to any follower agent. The bounds for yy (-)
and yr(-) are unknown.

Assumption 3 [35]: For each follower agent f, there exist
known constants Qf,m > 0 and (ISf’m > 0, (1 <m < ny) such
that '

b = |SnO| = B ke M.

Furthermore, some control directions of ¢y ,, can be unknown.

Remark 3: Assumption 2 implies that the leader output is
continuously differentiable, which is standard in [49]. The
bounds ¢ ,, and Ef m ensure the controllability of each agent,

but 1nstead of assuming known sign of ¢k as in [35],
[36], and [50], Assumption 3 allows some signs to be
unknown.

Problem 1: The goal is consensus tracking, that is, to
design us such that the output of each agent can track the
leader agent’s signal while respecting the communication
topology defined by the graph G. Practical consensus track-
ing will be sought, due to the fact that asymptotic tracking
cannot be realized in general for high-power systems [51].

It is worth mentioning that the problem of unknown control
directions for the dynamics (1) is open and requires a new
design that is not available in the literature.

C. Nussbaum-Based Technical Tools

In this section, we give the main result concerning hybrid
Nussbaum-based control. To counteract the lack of a pri-
ori knowledge of control directions, we define the Nussbaum

function as [45]

Niw),
Nz ),

if unknown control direction

Nr(v) = 4)

if known control direction

where Nj(v) = —uexp(v?/2)(v? +2)sin(v), and Na(v) =
—exp(v?/2)v with v being a real variable and u being a
positive constant.

Remark 4: To explain the meaning of (4), note that in the
mixed situation in which some control directions are known
and some are unknown, it is not appropriate to adopt the stan-
dard Nussbaum function for every agent. This is because,
differently from the hybrid Nussbaum function in (4), a
standard Nussbaum function typically does not guarantee a
boundedness of the summation of multiple Nussbaum integral
terms [39], [41].

The following result is proposed to establish the bounded-
ness of a Lyapunov function when a hybrid Nussbaum function
as in (4) is adopted.

Lemma 2: Let Vy(t) be a smooth positive-definite func-
tion with bounded initial value V¢(0). Let & ,(¢) for n =
1,2,...,ns be smooth and increasing functions with their
initial values & ,(0) bounded. Furthermore, let ¢y ,(¢) be a
time-varying gain, nonzero in the closed interval [¢ ¢f nl
forf=1,2,...,N. If the following inequality holds

nfg t
Vi(t) < Z/o &0 (V)07 1w NR (&0 (1) E7,n (V)
n=1

ny ‘
+ 3 [ by + o )
n=1

where i and wy are constants, 67, is a positive and
bounded function, and Ng(-) as in (4), then & , (1), V;(¢), and
S Sy @8y, nNR@fn(v))ﬂf)sfn(v)dv are bounded
on the time interval [0, t,) for f =1,2,...,N.

Proof: See Appendix A. [ |

Remark 3: Similar to the lemmas in [12], [13],
[16], [29], and [44]-[46], the proposed lemma (Lemma
2) holds over a finite-time interval. Such lemmas to the entire
time domain are not trivial, as discussed in [52]. Nevertheless,
works such as [16] have shown that boundedness on the
entire time domain can be obtained during stability analysis,
by using the continuation of the maximal solution of the
closed-loop system. In this work, we will adopt a similar
argument to obtain stability (see proof of Theorem 1).

D. Other Technical Tools and Lemmas

The following technical lemmas will be employed to derive
the main results of this article.

Lemma 3 [50]: Let x1,x, € R be real-valued functions.
There exist a positive odd integer b and a constant % > 1
such that

b—1
+x2‘

7 <27 (1l T+ 7).

b b
‘xl —xz‘ < b|x1 —xz|)x

lx1 + X2
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Lemma 4 [50]: Let x1,x € R and r; and r, be positive
constants. For any real-valued function v(:, -) > 0, one has

-
1] o] < Ul |72 4 v 2 || 1,

T ri+n r+nr
Lemma 5 [11]: For any x1, x, € R and positive odd integer
b, there exist real-valued functions ¢ (-, -) and & (-, -) such that

(1 4 x2)” = ¢1(x1, xz)xlf + & (x1, xz)xg

where ¢1(x1,x2) € [1 — €,1 4+ €] for Vé € (0,1) and
[C2(x1,x2)] < M where M is a positive constant that is
independent of x; and x».

Lemma 6 [25]: For any continuous function 2(Z) defined
on a compact set Q2z, for V& > 0, there exists a fuzzy-logic
system (FLS) y(Z) = W*TE(Z) such that

sup |h(Z) —

wTE@Z)| <% (6)
ZeQy

where W* is the ideal parameter vector, and E(Z) is the fuzzy
basic function vector.

ITII. PROPOSED CONSENSUS TRACKING DESIGN
To start the design, let us define rr = max {7y ,,} and let
<m<nf
us define the following changes of coordinates:

{ er = 2iexs an(r — i) + by Oy = yi) o

efm = Xf,m — Qf m, M= 2,3,..., ng

where ay ,, represents the virtual control law which will be

specified later. After deﬁmng e1 = le11,e21, ...,eN,l]T €
RN, one has e; = (L+B)§ where § = y — y, with
y=[1.v2.c...yn1" and 3. = [y, yr. ..., yc]". Due to the
nonsingularity of £ 4 B, it holds that |5 < %, being

o (L + B) the minimum singular value of L+B.

The design proceeds iteratively along with the following
steps.

Step 1 for the fth Agent (f € {1, ..., N}): Using (1) and (7),
we obtain the time derivative of ef 1 as

era = (dr +by)of  (xr1)x/s +Hf 1 (Zr1), ke My (8)
where Z; 1 = [x7.1, x1.1, x1.2)7 (1 € Ny) and
H L (Z00) = = 3 an(6f1 (an) s+ o1 ()
leN;
+ (dr + bp)gf 1 (x11) — brye- )

From Lemma 6, it follows that the unknown continuous
function H;?vl(ngl) can be approximated by

H;,l(zf’l) Wfk*lT:]f 1(Zra) + 8;,1(27“,1)

where |8}(’1(Zf’1)| < éf,l includes both the bounded approxi-
mation error and the bounded y;.
According to Lemma 4, it holds that

oIS ik
fl Hfl
r+'§ f f
a3 vlrfm r/+3HW;<*1 771+3 2k |7 ’fl+3
s
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ff+3 rr3 3
Tf,1 1= 111 /AT
L
rf-i-:‘;f1 .1 +rf+3f’l
lf+3
rf_rf]+3 =g 13 rf+3
rF+3 /1 Al
3 I A AL
T re—rg 143 T rr—r 13
jfl ( W Bral a7 R +§f,/l M )"‘)‘f,l
(10)
where B¢ = max{ﬂ 1 ke Mg}, B = max{uf 1 k€ Mg},
ﬁf] - ||W}(* ||([rf+§ / I 1+3D 8f1 = max{s ,k € Mf}
and Af | g rf+3]/ rf,11) +§*([rf+3 JlreaD) = (rf+ 1/0r.1 D) -
Let us start constructlng the Lyapunov functlon as
—rp1+4
er'fl (A | Y |
Vil = —= 1)
5. rep—rr1+4 219f’1'3f’] (

where Bf,l =pr1— /§f’1 and 971 > 0 is a design parameter.
It follows from (8), (10), and (11) that the time derivative
of Vrq is:
: +3
Vi1 < €ff Ty +bf)<¢f 1(xr, 1)af2 +ef] v, 1)

2 A rptl re+3
_ Pr.1Bra Pt rr=rf 13
U1

1 Pra || Er.1
rf— rf1+ .1
o3)

+ef1
+ Af1.

Vf+3

(df + bf)(b}(J (Xf,l)(X;{jl -
rf+3

(df +br) ¥r.1 +e/ 1 gfrfl e (12)

Design the virtual controllers oy » and adaptive laws ,BAf,l as

1

1 1
N &) v e

arn = (13)
3 . 3
v = (dr +br)~ (Erf T By | & | T
rf+%
e
+c,1+gfl“+) (14)
&1 = e/ 7 (dr + by) v (15)

rr+3
rf, rr—rp 113 rf+3 ||

r+3

Br.1 =19f1ﬂfrf1 T —yraBr1 (16)

where £/ 1, ¢f,1, vr,1, and ¢r| are positive design parameters.
Substituting (13)—(16) into (12) yields

Vi = 7 b () (15 - o)
+ & 1 (b1 () NR(E1) + 1) + Ap0
1 5 43
+ %Vf,lﬁf,l/sf,l —Crep

uf]

a7

By using Lemmas 3 and 4, we have that
—rp1+3
e./:f,l Ty 1()(f,1)<)(;f'2l - Ol,:f’gl)‘

—rf rf—H R rF+3
<Ff1¢f1/\/ (§f1)¢f1 )

CANE)
rf+3
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j+3 rffrf‘ﬁ»_’) r/+3
1162 7x ( 2z 7
o s ; 27,1 ) 7.1
+ 3 11911
—rf rf+3
N1 62 ( N e AU A
o Som (DIfTAy )
rF+3 f,l‘ﬁflw
rf+l
rp—rr1+7 bl 2TFNf1es
1, e i fs
rf+3 11 e +3
1
17+ (dr+ ) el (18)

with nr1 = ([rr +31/[Brr — 17,1 +7]) and ©f; being a
function given by

A +3 rf+3

If.1 Ty _ - T
Or.1 Z(df+bf)|:rff?nf,l " (2”“ 2rf,1¢>f,1) a

1 1 =1y 7 t3
—rf - 7 o
+ rf+3nf»1 (rf,1¢f,1NR (gf’l)l/ff,l )
1 re1—1 re+3
+r +3 (2f1 rf1¢flwf1 ) :|

From (18), the time derivative of Vy | can be rewritten as
Vi < Tﬁflﬁfl — (cp1 = (dr +bp))ef}”
+ $f 191 (1) Nk(1) + 1)
+ ef‘2 ®f,1 + Af 1. (19)

Defining ¢ = max{qb]'fl,k € My} and using Young’s
inequality

BraBra = (,Bf 1B — B 1) (.Bfl Bf21> (20)
it can be obtained that Vf,l is
Via < & (b O DN D) + 1) + €] ' ‘.
+3
- (Cfl — s +bp)el |+
)’ 1 =
> (ﬁf1 A1) 1)
Step m  for the fth Agent (f e {l,...,N}, m €

{2,...,ny —1}): From (1) and (7), the time derivative of ef
is given by

erm = OF () Xpmir + HE (Zrm), k€ My (22)

where Zrw = [X/,. x,Tm, Brm—1: & m—1,y1° A € Np),
,3f',m—1 = [ﬁf',l»ﬂf 25 - ,Bf m—1ly Erm—1 = [&1, &2,
, & m—1] and
k
Hf,m(Zf’m) =
aOlf m
- Z Z (¢1n X, ”)Xl ot el n))
n= 1leJ\/f
m— laOlf
m
- Z 8)(]‘ (¢fn Xf ”)Xf n+1 +¢f n(Xf "))
m—1
Bozf,m . oaf m 4
—yI, — —B
L Z} 0B "
day _
- Z '"an + 6F o (Frm)- (23)

Along similar lines as step 1, the following inequality holds:

rf+3
rf 7, m+3 .k }’f+3 W
S Hin(Zm) = e S + Mom
{i rr+3
13 =g 3 _ e
+ fm Zf m m ,Bf,m || Df,m rf rf,m (24)

where f, = [|W% ||V 31— t3D g, ) — max{,Bfm, ke

Msl, Brm = max{uf ke My}, Z;f,m = max{a Jk
m - 3 m

e My}, and ipp = £ Loy +3/trnh §f,,f1[(r"+ W)

~ (Lo +3))/lrp.m))

gf,m .

Starting from (11), the Lyapunov function is constructed
iteratively as

re=rf.mt4
€ m

25
rf—rf’m+4 25)

Vim = Vim_ 32
f.m Sfom 1+ +219fm’3fwm

s

where Bf,m = Brm— ﬁf,m and ¥ ,, > 0 is a design constant.
Combining (21), (22), and (24) with (25), the time derivative
of V¢, is written as

. rf+3 rF—TY, m+3 — Tf.m
Vim < € m (")f m—1 = € ¢f m(Xf m)af m+1
Iy, m+3 f.m Ff.m
te fm br.m(Xf.m) (Xf mrl ~ fm+1)
m—
Yf.n = ﬂf,mﬂf,m
+ 2 ( (ﬂfn /3f,n)> S
n=1 fom
m—1 re+3
f+3 rf+3 rF=rf mt3
- Z(Cfv”_l)efn +fm fm
n=2
43 rf+3 —l— rf+3
7 rf=rf m+3 re—r,
+el 0" Bl Bl T

m—1

+ D Ern(brn () Nr(Ern) + 1)

n=1

m
> — (e — (dr + b))

(26)

virtual controllers oy ,,+1 and adaptive

Design the
laws Bf », as

_L

1

ot = N (Em) sy 27)
)f+3+3 7+3
Wf m = Cf.m+ ¢ jm s .Bf m ” Ef.m T ®f,m—l
)f+3
]

+ 5 (28)

. 43
Erm = e, Vrm (29)

. 3 3 13 rf+3
A rF=rf 3 1 — o

ﬁf,m = l?f,mgfjmf / T Vf,mﬂf,m (30)

fm ” f,m

where £ 1, ¢f m» Vr,m» and gy, are positive design parameters.
Substituting (27)—(30) into (26) and along similar lines as
(17)~(20), we can obtain the time derivative of Vy ,, as

. +3 +3
Vim < e;{mH@f,m — (e = (dr + bf))e;ﬂ
m

+ D Eran(@rn () Nr(Ern) + 1)

n=1
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+Z)“fn_z (crn = Vel
n=2
+ Z( L (7= )

where ¢r ,, = max{¢>]’§’m, ke Mf}.

Step ny for the fth agent (f €{l,...,N}): In view of
Lemma 5 and using (1), (3), and (7), the time derivative of
ef n, can be written as

€29

) ar e
ef np = ¢]]f’nf()(f)§1f@f fufrf’ T+ H]]‘(,nf (Zf‘nf), ke My (32)

~ - T -
Vyhere Zf,nf = [XfTa XlTa ﬂf,nf—la Ef,nf—lv)’L] (l € A/f),
Brm—1 = [BriBras-s Brp—1]s &t = [&1,
‘i:f,Z’ PR gf,nf—l] and
k
Hf,nf(zf’nf) =
nf— 1
dary, "
- Z Z nf( va ")Xlrln+l + ¢1n(Xl))
n=1 1N} hn
np— 1
Baf A0y
- Z (¢j (X7, ")Xf ntl T 97, n(Xf))
np— 1
doy, " A dctf.m k
- — YL+ ¢, (X
; 8/3 n ayL f,nf( f)
ng—1
dotf _
- Z g, O ()2 By 07 (39
Similar to step f, m, it can be obtained that
)f+3
o g t3 g I3 g3
f ny Hf (Zf ”f) f ny gj ng + )Lf>”f
L rf+3
+3 7" =]
+efel BB 17 (34)
k ([re+31/[rf—rf,np+3D _
where /Sf’nf || f " H P, Brpp = max

k =k
{'Bf,nf’ k e Mf}’ “.f”!f = max {C‘f,nf’ ke Mf}’
=431/t e D

oy = max{é]]c"n .k € My} and Afny = f oy
=g +31/1rf,ne D) ([rf+?]/[rf nf])
S‘f ny fn

The last step in the construction of the Lyapunov function
for agent f is

rf If.ng +4

6 .n
rf—rfnf—|—4 Zﬁfn

Ving = Vem—1 + B, B39
where ﬂf n = = p, ny ,Bf ny and ¥y, ny > 0 is a design parameter.
The derivative of Vy . along (31), (32), and (34) is given by

nf n—1

Vf,nf < Z)»f,n + Z Er n(dr.n(Xr.n)Nr (&) + 1)

n=1 n=1

nf—l

> (e — 1)~

n=2

+3
(cr1 — (dr +by))e] |
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nfl

Yo 32 'Bf’"fﬁf,nf
X (e (- ) -
1oy
L s
re+3 ) f 't nj . - T
t ey &, "f By .y I Ef ny v
U Y .
Ty ‘f’f,nf»(Xf)C],f/;f uf"
s
rf+3 = rf e 3 43
te fnj fnf +®f,nf lefnj . (36)

Let us design the actual controller uy and parameters
adaption laws B . as follows:

1 1
fn

f ne
up = N (& )y, erny (37)
rf+% rp+3
TF g+ [T
Vrn = Sty L, N I K
rf+3
71 ne 3
+ -1+ 55, ! (38)
: +3
S = € o Vg (39)
rf+3 rf+3
A TF = If g3 rf+3 =t 3
‘Bf’"f 0f ny Ef f ny ” Sf g oy
- Vf,nf,Bf,nf (40)

where  lf ., Cfnps Afne, and G are positive design
parameters.
Substituting (37)—(40) into (36) results in

Vf"f<z)‘f"+z

n=1
_ Yf.n o
ZZﬁf /an

+ Z éf,n(d’f,n ()Zf,n)ef,nNR(Ef,n) + 1)

n=1

ny

Y 3
L /Bfn_Z(Cfv”_ 1) ;f:

n=2

(cr — (dr +by))el
(41)

where ¢ ,, = max {d)}‘n ,k € ./\/lf} and when 1 <n=<n—1,

let 67, = 1, when n = ny, letefn—é'lfl( lf.

IV. STABILITY ANALYSIS

We are now at the position to present the main results of
the proposed method in the following theorem.

Theorem 1: Under Assumptions 1-3, consider the closed-
loop multiagent system composed by the high-power switched
nonlinear dynamics (1), the virtual control laws (13) and (27),
the actual control law (37), and the parameter adaptation laws
(14)—(16), (28)—(30), and (38)—(40). Then, it holds that: 1) all
signals of the closed-loop multiagent system remain bounded
and 2) the tracking error § converges to the compact set €2,
defined by

NN-L(N2 4N = 1)° 3N, 17

Q, =
¢ (N_ l)Nfl

81 <
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where Yy = ((Tly + Pf)(ry — rpa +4)) 7774 The
constants Iy and Py are not given here for compactness, but
they are derived during the proof.

Proof: See Appendix B. |

Remark 4: Consensus tracking is solved in Theorem 1 via
a common Lyapunov function, by estimating the maximum
value of the switching weights in the linear-in-the-parameter
approximator [see (10), (24), and (34)]. A multiple Lyapunov
function approach is in principle possible by estimating dif-
ferent switching weights for different subsystems. However,
in this case, the stability analysis becomes more challenging
because it requires to impose conditions at switching instants,
whereas a common Lyapunov function can guarantee stability
under arbitrary switching.

Remark 5: Some guidelines for selecting appropriate
design parameters are: 1) choosing small positive constants
vr,m and increasing v ,,, results in a faster convergence rate of
adaptation parameters B},m; 2) decreasing cf u, Af,m, and ¥y m,
while increasing v ,, helps to reduce gf, and thus reduces the
size of €2,; and 3) enhancing the connectivity of the com-
munication link £ + B also contributes to reduce the size
of Q..

Remark 6: To clarify the importance of Lemma 2 and
Theorem 1, consider that [39] has shown that the summation
of conditional inequality may be bounded even when each
term approaches infinity individually, but with opposite signs.
For example, to avoid this problem, Huang et al. [41] proposed
new Nussbaum functions having the same signs on some peri-
ods of time. The results in [45] and [46] proposed conditional
inequalities where no sign assumption is necessary; however,
these results are applied to systems with one single control
direction. Lemma 2 and Theorem 1 solved the open problem
of handling multiple mixed unknown control directions with
multiple hybrid Nussbaum functions.

V. SIMULATION RESULTS

In this section, we provide one numerical and one practical
examples to validate the effectiveness of the proposed scheme.

A. Numerical Example

One leader (labeled by 0) with three (switched) follower
agents is considered by the directed graph as in Fig. 1.

From Fig. 1, it can be seen that the signal of leader is
accessible to follower 1 only. The leader output is yp(f) =
5sin(#) + 10sin(0.5¢). The follower agents are described by
the following dynamics:

. or (1) or(t)

X1,1 = <P1',/] (Xl,l) +¢]',/1 (X1,1)X13,2

. ® ®

X2 =015 (X0 + 615 ()(Qiun)?
. or(t) or(t)

X2,1 = 902{1 (x2.1) + ¢2{1 (XZ,l)Xg,z

. ® ()

X202 =035 (X2)+bys (X2)(Q2(u2))
. or(t) or(t)

X3,1 = <P3f1 (x3.1) +¢3{1 (X3,1)X35,2

. _ or () or(1) 5
32 =93, (x3) + ¢3,2 (x3)(Q3(u3))
y =x1,.f=12,3

(42)

Fig. 1. Communication graph between leader 0 and follower agents 1-3.
Each agent can switch among three dynamics, represented as three squares
around each agent.

4
EZ;J_I_l_L_J_l__ —
0 L L L
0 5 10 15 20
4
©2 | - L
0 L L L
0 5 10 15 20
4
ngw__f_r_l_r____f_L_J—
0 L L L
0 5 10 15 20
Time(sec)

Fig. 2. Asynchronous switching signals oy ().

where oy(-): [0, + 00) - My = {1,2,3} : note that each

follower has its own switching signal, and thus can switch

asynchronously with respect to the other followers (see Fig. 2).
For follower agent 1, the three switching dynamics are

<p11’1 =13- cos()(l,l), ¢1171 = ‘tanh(xiz)’ + 1.6
<pf1 =0.6+ exp(—xfl), qb%’l = COS(X13,1) +2

971 = 2c0s(x1,2)”

¢11’2 = 2(‘005(}(12’1)‘ + 1.3)
¢%’2 =3 sin()(l,g)2 +4

@7, = 5sin(0.1x1,1)| + L.5.

971 = 0.8 +0.2c08(x1.1),
‘Pll,z = x1,2x1,1 + 0.8,
07, =0.7+02x7,,
9o = COS(xﬁz) 403,

For follower agent 2, the three switching dynamics are

(ﬂ%,l = 1.1x2,1 + x2,2 ¢%1 =15 Sin(Xz%] + Xzz,z)

2 2 2 : 2
¥y = X2 1X2,2 ¢y, = mn(xz,zxg,]) +2.5
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------------- 1 (2)
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N o 95 ¢ 20 193 194 195 196 197 198 199 ‘L
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Time(sec) Time(sec) Time(sec)
(a) (b) (©)
Fig. 3. Evolutions of (a) y, y1, y2, and y3, (b) B1,1, B2,1, and B3 1, and (¢) B12, B2,2, and f83 5.
-=ty ——Qa(u2) |
10 10
0.5
0
Shos =
—_ 14.95 16 15.05 1l s 152 R —_
S 0 S S
5 s g
0 44 46 43 5 52 S L3 58 6 62 64 66 68 7 ¢ ) )
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time(sec) Time(sec) Time(sec)
Fig. 4. Trajectories of uy and Q1 (uy), up and Qo (uy), and u3 and Q3(u3).

¢, = COS(Xzz,zX;,l) +3
(p21’2 = X2,1X22,2 + 0.5, ¢%2 =3+ 2C0S<X23’1)(2’2)
1313, +0800,  ¢3,=2c0s(xd,) +4

$3,=5+3 sin(xz,zxgl).

wg,l = X2,1X22,2 + 1.2,

2 _
Y22 =

COS(Xz,l)Xz,z,

fﬂg,z

For follower agent 3, the three switching dynamics are
<p§,1 = 1.5sin(x3,2) + x3,1. ¢§,1 = |sin(x3,1)| + 6
(pg)l = 0.3)(32’1 + sin(x3.2), ¢32)’] = ‘sin(xg’l)‘ +3
0= x50 40232, $1, = COS(xgz,zxi 1) +45
go%l = 0.5)(32’1 + Xx3,2, (]5;’2 = cos<x32’2) +2

x3.2 +0.8sin(x3,1), ¢§’2 =4cos(x3,1) +5.5

cos()(g,z)2 +0.7, ¢§’)2 = cos(X3,2)3 +3.5.

2 _
P30 =
3
@32

While conducting the simulation, the control directions of
¢}7f1, of =1,2,3,f=1,2,3, are assumed known and the con-

trol directions of qb;fé, or =1,2,3, f =1,2,3, are assumed

unknown. The initial conditions are x1(0) = [0.1, —0.1]7,
x0) = [0.3,-0.31", x3(0) = [0.5,-0.51", f1,1(0) = 3,
B1,2(0) L, 21000 = 7, f2200) = 5, B3,1(0) 12,

B3,2(0) = 9, and &1,1(0) = £12(0) = £&,1(0) = £&2(0) =
£3.1(0) = &,2(0) = 0. The design parameters are chosen
to be C1,1 c3,1 = 10, Cl2 = 2 = C32 = 15,
SI,1 = §21 = = 03,612 = 92 = 32 = 1,

= C2’1 =
S3,1

lin = €1 = €31 = 05, b1p = £ = {32 = 0.5,

U = Y1 = U931 =1, thp = thp = P32 = 2,
Yl = Y21 = ¥ = 14 yip = 2 = 2 = 2
urlmn = urzmn = mm = 0.05, p;y = 0.02, po = 0.025, and

p3 = 0.015. The 51mu1at10n results are shown in Figs. 3-5.
Fig. 3(a) shows that the three followers track the leader out-
put signal with bounded consensus tracking errors. Fig. 3(b)
and (c) depicts the boundedness of ,31 1 ,32 1, and ﬂ3 1, and of
,31 2, ,32 2, and ,33 2, respectively. Fig. 4 reveals the trajectories
of the actual control signals u; and quantized control Q;(u;),

= 1,2, 3. Fig. 5 provides the evolutions of the adaptation

parameters 1.1, 12, §2,1, §2,2, £3,1, and &3 2.

B. Practical Example

To further validate the developed control method, a
multiagent version of the underactuated weakly coupled
mechanical benchmark in [53] is considered also shown in
Fig. 6. The system includes a mass mf 1 on a horizontal smooth

surface and an inverted pendulum mf , supported by a mass-
less rod. The mass is connected to the wall surface by a linear
spring and to the inverted pendulum by a nonlinear spring with
a cubic force deformation relation. Thus, the dynamics of the
fth agent can be represented by

iy g sm(Gf) “f(l) . 3
r = + afm (xr — Isin(6f)) cos(6f)

0 T - (43)
= — fafwm X fo,(r) (xr — Isin(6f))” + affm

gy me Mgy
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5 10 15 20 0 5

Time(sec)

Fig. 5. Curves of &1 1 and &1 5, &>1 and & 5, and &3 7 and &3 ».

Fig. 6. Underactuated weakly coupled mechanical system.

for f = 1,2,3, and oy(:) :
where 6 € (—

[0, + 0c0) > M; = {1,2,3},
oy (1)

[7/2], [/2]), xr is the displacement of mf] s

uy is the control force acting on m. 1( ) Moreover, k f o ® and

k / oD are spring coefficients, and / is the pendulum length The
followmg change of coordinates:

X =0, Xr2=0r xr3=x3 xpa=7i3 (44)
transform (53) into
X = Xf’2<) ®
. o) (- o) (- 3
X2 = $ra (Xr.2) + 07 (Xr2) %75 45)
X3 = Xf.4

jra =07y (7r.4) + 87" (Rpa)ur

where ¢73" (%72) = (g/D sinG.1) -+ @71/t )
cos(xy,1)[3xs,302 sin® (xr,1)— 3Xf3151n(Xf1) B xsin® (Xfl)]
oo Gra) =~ VD) xps — (1D
[x75 — Psin’(xp1) — 3xf3ls1n(Xf,1> BN s1n2<><f,1>],
o7y (%r2) = (k7 1)1 /“mcos(x,»,n, and ¢, (t7.4) =
(1/1m 7). We take ml | = 125 kg, m?, = 15 ke,
mj = 175 kg, mj , = 3 kg, mj , =2 kg, mj , = 1.25 kg,
=15kg my, =375 kg, my, =3 kg, my, =2 kg,
m3, =225kg, m3 , = 1.5 kg, my | =5 kg, m3 | = 1.75 kg,

my, =1kg mi, =5kg my, =15keg m, =25kg
ki, = 8 N/m’, k{ = 70 N/m’, kj = = 65 N/m’,
ky, = 95 N/m’ k%v = 90 N/m’, k3, = 75 N/m’,
ki, = 75 N/m’, k5 = 98 N/m’, &, = 80 N/m’,
ki, =50 N/m, k{ , =45 N/m, kj , = 37 N/m, k} , =
56 “N/m, KB, = _ 40 N/m, k3, =45N/m, k} =35 N/m,

i3, =55 N/m, i3, =60 N/m, and g = 9.8 m/s.

Time(sec)

10 15 20 0 5 10 15 20
Time(sec)

TABLE I
PERFORMANCE INDICES FOR FOUR DIFFERENT SETS
OF QUANTIZER PARAMETERS p

Indices p=002 p=003 =005 p=0.08
ITAE 1.7281 15982 1.4443 1.2796
RMSE 02163 0.1857 0.1448 0.0958
MACA  8.6374 9.0853 107742 11.6563

While carrying out the simulation, the control directions of
¢;’2t ,f = 1,2, 3, are assumed unknown and the other control
directions are assumed known. The switching signal is as in
Fig. 2. Let the initial conditions be x1,1(0) = 5.5, x1.2(0) =
0.25, x13(0) = 0.75, x1.4(0) = —0.5, x2.1(0) = 3.7,
x2,2(0) = 0.2, x2,3(0) = 0.35, x2,4(0) = 0.25, x3,1(0) = 1.5,
x3.2(0) = =0.75, x3.3(0) = 0.5, x3.4(0) = =0.75, f1,1(0) =
3, Bi30) = 1, a0 =5, 21(0) = 7, f2(0) = 5,
B23(0) = 3.5, Br.4(0) = 2.5, B31(0) = 12, B32(0) = 9,

B3.100) = B32000 = 9, B33(0) = B34(0) = 5.5, and
£1,100) = £12(0) = £13(0) = £14(0) = £2,1(0) = £2(0) =

£23(0) = £2,4(0) = &3,1(0) = £3,2(0) = &3.3(0) = §3,4(0) = 0.
The design parameters are chosen to be ¢, =21 =¢3,1 =
75, c1p = 22 = 32 = 10, c13 = 23 = ¢33 = 5,
Cly = 4 = 34 = 5,611 = g1 = 631 = 038,
12 = 62 =632 =1, 613 = o3 = g33 = 0.25,
Sl4 = 624 = 634 = 1.5, 411 = L1 = 431 = 05,
51)2 = 52’2 = £3,2 = 0.75, 51,3 = 32,3 = 53,3 = 0.35,
biga = brg = €34 = 05, %1 = 1 = P31 = 1,
o = tho = o = 2, %3 = ths = 3 = 275,
Pa = Y4 = 934 = 15, y11 = 21 = y31 = 14,
Y2 = V2 = V32 = 2,713 = »3 = V33 = 25
V4 = 4 = 34 = 3.5, and u‘lmn = u’zmn = u3 =

0.05. Let p = p1 = p2 = p3. To investigate the effects
of quantizer parameter o, f = 1,2,3, on system perfor-
mances, several performance 1nd1ces are used: integral time
absolute error (ITAE) [(1/3) fo t| Zf_ er1(1)|dt], root mean-
square error (RMSE) [(1/37T) fo |2f 1€ l(z)|a’r]<1/2>, and
mean absolute control action (MACA) [(1/3T) fo | Zle ur].
The simulation results are given in Fig. 7 and the calcula-
tion results are summarized in Table I. It can be seen from
Table I that the tracking accuracy improves as py increases,
while larger control effort is required, that is, a finer quan-
tizer leads to improved precision, which might require larger
controls.
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Fig. 7. Evolutions of y;, y1, y2, and y3 under four cases: (a) p = 0:02; (b) p = 0:03; (c) p = 0:05; and (d) p = 0:08.

VI. CONCLUSION

This work investigated a Nussbaum function approach in
the distributed adding-one-power-integrator scenario. Studying
this scenario becomes necessary for classes of systems where
the distributed backstepping scenario fails: this is the case
of high-power dynamics, also known in the literature as
high-order nonlinear dynamics. The distributed control chal-
lenges lie in the high-power nonlinear dynamics, in the
switching behavior, in the input quantization and, most impor-
tantly, in the partially unknown control directions. A new
lemma involving multiple Nussbaum functions and quantiza-
tion decomposition parameter was constructed to handle these
challenges.

APPENDIX A
PROOF OF LEMMA 2

The main idea is to prove the boundedness of &, on [0, t,)
through seeking a contradiction.

For simplicity, the index f is removed in the following
analysis. Without loss of generality, let us assume & (), ...,
&, (1) are unbounded and &, 1(?), ..., Enf(t) are bounded for
I < A < ny. we first rewrite (5) as

(g::lv Ej {/ NR(é:n(V))9;1¢n(V)d§n(V)}

n=1

' & -
+ Z { / | e,,/v,%(snw))%(v)dsn(v)}

n= l+1

s f Lo (v)

n=1

(46)

where we have used the following notation for compactness:
V(i &) = V(E@), 1)) = V(1 1;). At this point, two situa-
tions should be taken into account: the first one is when &,(¢)
has no upper bound on [0, #,) and the second one is when
&,(1) has no lower bound on [0, 7,).

1) Situation 1: &,(#) has no upper bound on [0, ?,) for
1 < n < A. Let us first consider the case ¢,(#) > 0.
Following the method in [45], we construct three increas-
ing time sequences {f,}, {té}, and {tg} defined by 7, =

lg;lk{l 1En() = Qo+ D}, = 1I<r}112x{t 1En(1) = 20— D},

/!
and Iy

&) = 2Qn}._lt_follows from the above

min {z :
1<n<x

definitions that there exists a set , = {w,} C R satisfying

&n(t;) = 2n + Dr for w, € [1,A]. To facilitate later anal-
ysis, we define sets SZ;, C R% and Qg C ’R‘”Q*“’é, where
a)é € [0, wp]. Furthermore, the bound &,(z,) < (20 + D7
holds if n is not from €2,. The following steps are standard in
the Nussbaum-based control literature [45] and we shall pro-
vide only the main steps for compactness. Using the above
definitions, (46) can be expressed by

En(to)
V(En(i)) < { / G (V)N (B (1)) dEn (1))

n= ln¢Q
& (1o ;

+ Z / D1 0ONG ()L (V)

k=l OkEQ /
& (o 5

+ Z / NR(‘i:k(U))‘bk(V)edek(U)}
k= OkGQ”

+ Zén(fg)tn +3 @7)
n=0

where ¥ PR Osn(tg)¢n(V)NR(sn(V))d§n(V) +

Zn —iq1Gn(to))tn and §,(0) = 0. The function V(§,(7,)) can
be further bounded as

V(Ea(te)) <Y /Oén@)

(bn(V)enNR(En(V))dEn(V)

n=1
A 201 -
+ Y ¢*INg(Wdv} + 2
n=1,kgSQy, Y207
Yo 20m+m A
+ Y / O NeW)dv + Y £4(to)in
k=1,keQ, * 207 n=0
(48)
where ¢* = ¢,6, and ¢* = .0, with 6, >0and 6, > 0

being the upper and lower bounds of 6, for 1 < n < ny,
respectively. Note that the integral value of Nz (v) (represented
by NT(U)) on [0, 1) is

2

—M(l + exp(%)(\) sin(v) — COS(V)))

1—exp<%).

Nr(v) = (49)
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Substituting (49) into (48) and after arrangements gives

A

2.

n=1

A
V(sn(tg)) = /{; ( )¢n(v)9nNR(§n(V))d§n(V)

4Q27.[2
+ (20 + D)7 Atmax — €xp >
{m* <(4Q+1)7T2) * 1% }
X {37 exp — —€7P" 1

_ exp(QQ - 1)2n2> 3 exp((4Q - 1>n2)
2 ) 2

— P+ X (50)

where 3* = a)é, exp(—r*uHu + (wp — wé)@* exp(—*u*) with

e tg, e = A+ wé — wp and (max = Mmax {i,}.
I<nzny

Apparently, the terms on the right-hand side of (50) (except
the first term) approach to negative infinity as ¢ — 4o00.
For the first term in (50), we define three sequences {té”},

{47}, and {157} defined by 27 = E,() = 27},
= min {t

min {1 &) = 4x), and (¢ Ea(t) =

(20 — 4)71} Then, it can be deduced that the value of the first
term approaches to zero as ¢ — 4o00. To this end, one can
conclude that

min {t :
l<n<i
7T = = min {t :
e 1<

V(é‘n(tg)) —> —00 as @ — 400 on

which leads to a contradiction with the fact that V(-) is pre-
designed to be non-negative. As a result, §,(f), 1 < n < ny,
are upper bounded.

2) Situation 2: &,(t) has no lower bound on [0, t,) for 1 <
n < X. The proof is similar to Situation 1 and, thus, it is
omitted due to space limitations.

APPENDIX B
PROOF OF THEOREM 1
Consider the total Lyapunov function
N N ’f If.m 4
32
V= ]; Vf'nf J; r; Iy — rf m+4 + 20 m 'Bf’m (52)
"fn—1
Applying Lemma 3 to the term s s er{ ;rf ik with sy > 0
being a constant, the following inequality holds:
fn—1
s el <y el (=12 my). (53)

Substituting (53) into (52) and synthesizing the previous
analysis, it is possible to obtain

ny ‘
ZLEDY fo 07 (77.0) 07 N (&5 0) 7 v

+Zf Ef ndv + Ty

n=1

(54)

where Iy = Vf,nf(()) + szzl (Sf(Cf,n — ?Cf’n) +)\f‘,,) +
Zle ([yf,n]/[2z9f,n])ﬁ]%n is a positive constant.

11

At this point, we aim to extend the bounded-
ness of Lemma 2 from a finite interval to the entire
time domain. Along similar lines as [16], for the fth
agent, we consider an augmented state vector Xgg =
DX Xy 0 &g PRt oo B ot ]
so that they can describe the closed-loop dynamic system as
Xag(1) = Fag(t, xq6(1)) for t € [0, tr). We start from ¢ = 0;
since Fge(r) @ RT x R¥ — R is a locally Lipschitz
map with respect to xu(f), a solution exists on the time
interval [0,#,) with #, < # (where the strict inequality
holds if there is finite-time escape phenomenon [54]). It
follows from (54) and Lemma 2 that & ,(-), Vy(-), and
> O(qsfn(v)eanR(gfn(v))+Lf)gfn(u)dv are bounded
on the time interval [0, 7,) for n = 1,..., ns, which implies
Xfo1s oo oo Xfungs Br1, - ..,,Bf,,,f, and ozf,l, ..., Uf remain
bounded on [0, #,). Hence, the whole solution x,, is bounded
on [0,t,). In accordance with [54, Ch. 8, Sec. 5], the
solution of the closed-loop system Xuo(t) = F 4g(t, Xqg (1))
can be extended to #r. Repeating the above analysis on the
continuation of the solution of the closed-loop system and
invoking [55, p. 476, Th. 54] we conclude that there is
no finite-time escape phenomenon that will occur and the
solution of the closed-loop system exists on the entire time
domain [0, oo) and that & ,,(-), Brn(-), ar,n(-), Vr(-), Xf.n- for
n=1,...,ns are bounded on the entire time domain.

Let Pf be the upper bound of the integral term

Yot Jo 5. CEp )0 nNR (Er.0) & ndv + Yo o &r.ndv.

Considering (11) and (54), the following inequality holds:

rf g1 +4
r 1

—— < Ilf + Py.
rf—rf,]+4 ! f

(55)

Noting (55), we know that Vy(r) < Ilf + Pr, and the
following inequality holds:

ler1| = Yy (56)
where Ty = ((T1y + Py) (17 — rp.1 +4)) /177740,
From (56), we can obtain
N 2 N 5
lerll < \/Zf:] lesa|” < \/Zle 7. (57)
Consequently, we can obtain that |5 <

(1/[Q(E+B)]),/Z}V=l T’? It is known that (£ + B) can

be replaced by a more conservative bound (N/[N*>+N — 1))
with N = ([N — 1 /N])[N —1/2] [56]. This completes the proof.
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