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Abstract

In civil engineering, Fibre Reinforced Polymer (FRP) structures are on the rise. The high strength-to-weight
ratio of FRP material makes it a good alternative for traditional building materials, such as steel and concrete,
in certain designs. The material consist of fibres embedded in a matrix material. The fibres provide strength
and stiffness to the FRP material and the matrix keeps the fibres in place. When fibres are oriented in the same
direction, a unidirectional (UD) ply is created. Several UD plies stacked together create a laminate, where every
ply can have a different fibre orientation. The Classical Laminate Theory (CLT) can be used to derive the elastic
behaviour of a laminate, which uses the lay-up, material properties and the ply thickness as input parameters.

The use of the CLT is limited to laminates where all the fibres in a ply are oriented in the plane of the laminate.
In some applications, it is possible that the plies will start at the bottom of a laminate and end at the top of the
laminate. This means an inclination is added to the plies, which creates an extra rotation in the fibre direction
with respect to the plane of the laminate. Such a laminate with inclined plies is found for example in the skin of
InfraCore panels. In the regular CLT, this extra rotation cannot be taken into account, thus the elastic behaviour
of a laminate with inclined plies cannot be described properly.

The main goal of this research is to determine the influence of the inclination in the plies on the elastic behaviour
of a laminate. The extra rotation that occurs in a laminate with inclined plies has analytically been implemented
in the regular CLT to obtain a modified CLT. The regular CLT makes use of plane stress conditions, meaning a
reduced stiffness matrix per ply could be used. Since stresses perpendicular to the plane of the ply could occur in a
laminate with inclined plies, plane stress conditions are not applicable in the derivation of the modified CLT. This
means the reduction of the stiffness matrix of each ply is not possible. Furthermore, the transformation equations
used to transfer the ply stiffness matrix from the local coordinate system of each ply to the global coordinate
system of the complete laminate must include both the fibre orientation of a ply and the ply inclination angle.
Due to the inclination in the plies, an out-of-plane shear deformation could occur due to the difference between
the out-of-plane elastic modulus perpendicular and the elastic modulus along the fibre direction. This means
the Kirchhoff assumption that straight lines perpendicular to the mid-surface remain perpendicular to the mid-
surface after deformation, which is used in the regular CLT, must be rejected in the modified CLT. Therefore, the
constitutive equations that derive the resulting elastic behaviour of a laminate with inclined plies need to take all
the strain components into account, where the regular CLT only required in-plane strains.

Finite Element (FE) analyses have been used to verify the modified CLT. The strains and curvatures of several
axially loaded laminates have been compared with modified CLT results. The results of individual plies with
inclined material properties matched perfectly, where the results of a non-balanced and non-symmetric four-ply
laminate differed 2% on average. These differences could be assigned to limitations of the FE model, and are
assumed to be small enough to conclude that the modified CLT has been derived correctly.

Using the modified CLT, a reduction in equivalent stiffness can be observed for a single UD-ply with an incli-
nation in the fibre direction. For a complete laminate the reduction in equivalent stiffness is also found, which
increases as the inclination angle increases. The exact value of stiffness reduction strongly depends on the mate-
rial properties and the lay-up of the laminate. For InfraCore skins, the stiffness reduction is very small (0.15%).

Due to the inclination in the plies, the lay-up of the laminate differs along the length of the plate. As a result, the
output of the modified CLT is only applicable to one location along the plate. Due to the lay-up differences, the
equivalent stiffness will also differ along the inclination direction. The in-plane equivalent stiffnesses will be the
highest for symmetric laminates, where the flexural equivalent stiffness will be the highest when the plies with
the stiffest fibre direction are located on the outside of a laminate.

The modified CLT can be used to determine the elastic behaviour of laminates with inclined plies. Failure of
FRP is beyond the scope of this report. However, with the modified CLT it is possible to determine the stresses
within a laminate that are relevant for delamination of that laminate, which is not possible with the regular CLT.
In future research, the modified CLT could be used to determine the sensitivity to delamination, which is an
important failure mode for FRP structures.

v





Contents

Preface iii
Abstract v
List of symbols ix
1 Introduction 1

1.1 Problem definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Research objectives. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Research scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Fibre Reinforced Polymers 5
2.1 Structure of FRP elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2.1 Fibres . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2.2 Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.3 Plies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Types of 2D FRP elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3.1 Sandwich panels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3.2 InfraCore panels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Classical Laminate Theory 13
3.1 Elastic behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.1.1 Plane stress condition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.2 Transformation equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.2.1 Plane stress condition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Laminate constitutive equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.4 Engineering constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Implementation inclination in the CLT 29
4.1 Elastic behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 Transformation equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.3 Laminate constitutive equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.3.1 Reduction of the ABD-matrix of the modified CLT . . . . . . . . . . . . . . . . . . . . 34
4.4 Assumptions and limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.4.1 Location of the ABD-matrix result . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.4.2 Thickness of the plies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.4.3 Modified ABD-matrix with respect to InfraCore . . . . . . . . . . . . . . . . . . . . . 36
4.4.4 Input modified CLT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5 Numerical verification of the modified CLT 39
5.1 Finite element model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.2 Processing finite element results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

5.2.1 Strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.2.2 Curvatures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.3 Regular CLT comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.3.1 ABD-matrix input . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
5.3.2 Solid elements input . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

vii



viii Contents

5.4 Modified CLT comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.4.1 Four-ply laminate without inclination . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.4.2 Individual plies with an inclination . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.4.3 Four-ply laminate with inclination . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

6 Influence of the ply inclination 59
6.1 Strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

6.1.1 0°-ply . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.1.2 90°-ply . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6.2 Equivalent stiffness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
6.2.1 0°-ply . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.2.2 90°-ply . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.2.3 Balanced and symmetric four-ply laminates. . . . . . . . . . . . . . . . . . . . . . . . 64
6.2.4 Non-balanced and non-symmetric four-ply laminate . . . . . . . . . . . . . . . . . . . 65

7 Lay-up differences due to the ply inclination 67
7.1 Two-ply laminate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
7.2 Non-balanced and non-symmetric four-ply laminate . . . . . . . . . . . . . . . . . . . . . . . 69

7.2.1 Comparison with the non-inclined result . . . . . . . . . . . . . . . . . . . . . . . . . 70

8 Modified CLT with respect to InfraCore 73
8.1 Influence of the inclination on the equivalent stiffnesses. . . . . . . . . . . . . . . . . . . . . . 73

8.1.1 Complete laminate input of the InfraCore skin . . . . . . . . . . . . . . . . . . . . . . 73
8.1.2 Single-layer simplification of the InfraCore skin . . . . . . . . . . . . . . . . . . . . . 75
8.1.3 Approximation of stiffness reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

8.2 Influence of the inclination on the out-of-plane shear strains. . . . . . . . . . . . . . . . . . . . 79
8.3 Lay-up differences in InfraCore due to the inclination . . . . . . . . . . . . . . . . . . . . . . . 80

8.3.1 Comparison with the non-inclined result . . . . . . . . . . . . . . . . . . . . . . . . . 82

9 Conclusions and recommendations 83
9.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
9.2 Recommendations for future research. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Bibliography 87
List of Figures 89
List of Tables 91
A Maple appendix 93



List of symbols

Symbol Description Unit
A Extensional stiffness matrix kN/m
B Coupling stiffness matrix kN
C Stiffness matrix in the global coordinate system GPa
C Stiffness matrix in the local coordinate system GPa
D Bending stiffness matrix kNm
eee Unit vector in the global coordinate system -
eee Unit vector in the local coordinate system -
E1 Elastic modulus of a UD-ply in the fibre direction GPa
E2 Elastic modulus of a UD-ply perpendicular to the fibre direction and in the

plane of the ply
GPa

E3 Elastic modulus of a UD-ply perpendicular to the plane of the ply GPa
Ex,ip In-plane engineering constant of the elastic modulus in x-direction GPa
Ex,f Flexural engineering constant of the elastic modulus in x-direction GPa
Ey,ip In-plane engineering constant of the elastic modulus in y-direction GPa
Ey,f Flexural engineering constant of the elastic modulus in y-direction GPa
fk (α) Parabola fit to the relative equivalent stiffness -
fu Tensile strength MPa
g Gravitational acceleration m/s2

G23 Out-of-plane shear modulus of a UD-ply GPa
G13 Out-of-plane shear modulus of a UD-ply GPa
G12 In-plane shear modulus of a UD-ply GPa
Gx y,ip In-plane engineering constant for the shear modulus in the x y-plane GPa
Gx y,f Flexural engineering constant for the shear modulus in the x y-plane GPa
k Number of points used to evaluate the original equivalent stiffness -
lx Plate dimension in x-direction m
ly Plate dimension in y-direction m
L Total rotation matrix -
Lx Rotation matrix for a rotation about the x-axis -
Ly Rotation matrix for a rotation about the y-axis -
Lz Rotation matrix for a rotation about the z-axis -
Mi,j Minor of the element on the i th row and j th column of a matrix -
Mxx Bending moment in x-direction on a plate kNm/m
My y Bending moment in y-direction on a plate kNm/m
Mzz Bending moment in z-direction on a plate kNm/m
My z Torsional moment in the y z-plane of a plate kNm/m
Mxz Torsional moment in the xz-plane of a plate kNm/m
Mx y Torsional moment in the x y-plane of a plate kNm/m
n Number of plies -
N Number of repetition in an InfraCore skin -
Nxx Axial force in x-direction on a plate kN/m
Ny y Axial force in y-direction on a plate kN/m
Nzz Axial force in z-direction on a plate kN/m
Ny z Shear force in the y z-plane of a plate kN/m
Nxz Shear force in the xz-plane of a plate kN/m
Nx y Shear force in the x y-plane of a plate kN/m

ix



x 0. List of symbols

Symbol Description Unit
qx Distributed load in x-direction on the FE model N/m2

qy Distributed load in y-direction on the FE model N/m2

Q Reduced stiffness matrix in the global coordinate system GPa
Q Reduced stiffness matrix in the local coordinate system GPa
S Compliance matrix in the global coordinate system GPa-1

S Compliance matrix in the local coordinate system GPa-1

tply Ply thickness perpendicular to the plane of the ply m
tα Ply thickness perpendicular to the plane of the laminate m
ttot,α Total laminate thickness for a laminate with an inclination m
ttot,0 Total laminate thickness for a laminate without an inclination m
T Transformation matrix for the regular CLT -
Tr Reduced transformation matrix -
Tθα Transformation matrix for the modified CLT -
Ux Displacement in x-direction from the FE results m
Uy Displacement in y-direction from the FE results m
Uz Displacement in z-direction from the FE results m
yply Ply width m
α Rotation about the x-axis ° or rad
β Rotation about the y-axis ° or rad
γy z Out-of-plane engineering shear strain of the y z-plane -
γxz Out-of-plane engineering shear strain of the xz-plane -
γx y In-plane engineering shear strain of the x y-plane -
εεε Strain vector in the global coordinate system -
εεε0 Strain vector of the mid-surface -
εεε Strain vector in the local coordinate system -
εxx In-plane axial strain in x-direction -
εy y In-plane axial strain in y-direction -
εzz Out-of-plane axial strain in z-direction -
εx y , εy x Tensorial shear strain -
θ Rotation about the z-axis ° or rad
κκκ Curvature vector m-1

κxx Out-of-plane bending curvature in x-direction m-1

κy y Out-of-plane bending curvature in y-direction m-1

κzz In-plane bending curvature in z-direction m-1

κy z In-plane torsional curvature of the y z-plane m-1

κxz In-plane torsional curvature of the xz-plane m-1

κx y Out-of-plane torsional curvature of the x y-plane m-1

ν12 In-plane Poisson’s ratio of a UD-ply -
ν13 Out-of-plane Poisson’s ratio of a UD-ply -
ν23 Out-of-plane Poisson’s ratio of a UD-ply -
νx y,ip In-plane engineering constant for the Poisson’s ratio -
νx y,f Flexural engineering constant for the Poisson’s ratio -
ρ Density kg/m3

σi j Second order stress tensor in the global coordinate system MPa
σi j Second order stress tensor in the local coordinate system MPa
σσσ Stress vector in the global coordinate system MPa
σσσ Stress vector in the local coordinate system MPa
σxx In-plane axial stress in x-direction MPa
σy y In-plane axial stress in y-direction MPa
σzz Out-of-plane axial stress in z-direction MPa
τy z Out-of-plane shear stress in the y z-plane MPa
τxz Out-of-plane shear stress in the xz-plane MPa
τx y In-plane shear stress in the x y-plane MPa
Φx Rotation about the x-axis from the FE results -
Φy Rotation about the y-axis from the FE results -
Φz Rotation about the z-axis from the FE results -



1
Introduction

1.1. Problem definition
Fibre Reinforced Polymer (FRP) materials are widely used in aviation, racing bicycle manufacturing, car manu-
facturing and many other applications. In civil engineering applications, FRP as a construction material is on the
rise. This material has several great advantages. For example, FRP has a high strength-to-weight ratio compared
to traditional construction materials, such as steel and concrete. This makes it a good alternative for structures
with a slender design, for example pedestrian bridges.

FRP is a composite material which consists of fibres and a matrix material. The fibres have high strength and
stiffness and are bonded together by the matrix material. In general, the fibres are the main load-carrying elements
and the matrix keeps the fibres in the desired direction and protects them from environmental damage [12].
Furthermore, the matrix acts as a load transfer medium between the fibres. When fibres are oriented in the same
direction in a plane, a unidirectional (UD) ply is created. Several UD plies together create a laminate, where the
individual plies can have different fibre orientations compared to each other. Figure 1.1 shows an example of a
laminate where all four plies have a different fibre orientation.

Ply

Laminate

0° 

90° 

45° 

-45° 

yx

z

Figure 1.1: Overview of a laminate with four plies.

In civil engineering applications, sandwich panels are often used. Sandwich panels consist of two laminate skins
connected by a lightweight core. The main weakness of such panels is skin-core debonding, which may occur
after an impact or as a consequence of fatigue loading [4]. A special type of sandwich panel has been developed
by FiberCore Europe, which contains webs that connect the two skins. The plies in the bottom skin continue in
the web and end in the top skin. This special type of sandwich panel is called an InfraCore panel and is more
robust compared to traditional sandwich panels. The continuous plies running from the web into the skins make
skin-core debonding less likely to occur. Figure 1.2 schematically shows a cross section of such a panel. The
plies continue from top to bottom in the panel, so Z-shaped profiles are created. These are stacked next to each
other with the core material as spacer. This creates an overlap in the plies in the skin of an InfraCore panel. Due
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2 1. Introduction

to this overlap, an inclination in the plies occurs, with respect to the complete skin. The value of this inclination
depends on the design of the panel, but is usually around 2° [5].

Core

Skin

Skin

Figure 1.2: Cross section of an InfraCore panel (not to scale).

The elastic behaviour of a laminate is described using the Classical Laminate Theory (CLT). This theory makes
use of the linear elastic properties in the local coordinate system of an individual UD-ply and translates these
properties to the global coordinate system of the complete laminate. When all the plies are stacked, a total
stiffness matrix is obtained for the laminate. This stiffness matrix is referred to as the ABD-matrix and relates
strains and curvatures to forces and moments. In the CLT, it is assumed that all the plies are in the same plane as
the complete laminate. Therefore, the extra rotation of the fibres that occurs in the skin of an InfraCore panel is
not taken into account in the CLT. This means the InfraCore skin is not fully described by the CLT. In general,
the elastic behaviour of any laminate with inclined plies cannot be described properly by the CLT.

1.2. Research objectives
The main objective of this thesis is to determine the influence of the inclination in the plies on the elastic be-
haviour of a laminate. It is therefore necessary to analytically implement the ply inclination in a laminate in the
CLT. The main research question is formulated as follows:

In what way does an inclination in the plies of a laminate affect the elastic behaviour of that laminate?

The modified CLT can be used to determine the influence of the inclination on the elastic behaviour of a laminate.
For example, the equivalent stiffnesses of a laminate will differ when the inclination angle changes. The modified
CLT will be derived by adjusting the regular CLT where necessary. The assumptions that are applicable to the
regular CLT, such as the plane stress conditions and Kirchhoff assumptions, must be revised. The modified CLT
should include an extra input parameter that defines the inclination angle. In the modified CLT, the transformation
that translates the local coordinate system of each individual ply to the global coordinate system of the laminate
will not only depend on the fibre orientation of the ply in the plane of the laminate, but also on the inclination
angle of the plies.

Before the dependence on the inclination angle can be checked analytically, the modified CLT must be verified.
Results from Finite Element (FE) analyses will be compared with modified CLT results. Differences need to
be quantified and if the differences are small enough and can be explained, it can be assumed that the derived
modified CLT will be correct.

1.3. Research scope
This thesis focusses on the elastic behaviour of composite materials. The following items are relevant for the
scope of this research:

• Laminates are considered on mesoscale, meaning no individual fibres can be distinguished but individual
plies can be distinguished and are simplified using transversely isotropic material properties. The fibre-
matrix interaction on microlevel is beyond the scope of this research.

• Linear elastic material behaviour is assumed to be applicable to the FRP material. Non-linear effects and
plastic behaviour are not taken into account.
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• Failure of laminates is beyond the scope of this research, meaning the strength of laminates is not consid-
ered.

• Temperature variations could cause out-of-plane deformations in a laminate due to the difference in thermal
loads on each ply. These thermal differences can be taken into account in the regular CLT [9]. However,
thermal differences are not within the scope of this research, thus they are not taken into account in the
derivation of the modified CLT.

1.4. Thesis outline
The literature research is covered by two chapters. Chapter 2 gives more background information on FRP. Here,
the structure of FRP elements is further elaborated, as well as the properties of fibres, matrix material and plies.
Furthermore, information regarding InfraCore panels will be provided. Chapter 3 will explain the regular CLT.
First, the elastic behaviour of individual plies is elaborated. Next, the transformation equations that translate
the ply properties from a local coordinate system to a global coordinate system are derived. The ABD-matrix is
derived using the laminate constitutive equations that stack all the plies. Finally, the derivation of engineering
constants is given. These engineering constants can be used to determine material properties of a single-layer
simplification of a laminate.

The alterations made to the regular CLT in order to obtain the modified CLT are given in chapter 4. Here, all the
necessary modifications on the elastic behaviour, transformation equations and laminate constitutive equations
are given. The assumptions and limitations of the modified CLT are also discussed. Chapter 5 contains the
verification of the modified CLT using FE analyses.

Chapter 6 gives the influence of the inclination of the plies on the elastic behaviour of a laminate. Distinction is
made between strains and equivalent stiffnesses of laminates with a certain chosen lay-up. Due to the inclination
in the plies, lay-up differences can occur along a certain direction. The influence of these lay-up differences is
elaborated in chapter 7. Finally, the modified CLT is applied to an InfraCore skin in chapter 8, where both the
influence of the inclination angle and the influence of the lay-up differences are dealt with.

Chapter 9 gives all the relevant conclusions and provides recommendations for further research.





2
Fibre Reinforced Polymers

Fibre Reinforced Polymers (FRP) are a type of composite material. Fibres are used to reinforce the polymer
matrix. This cooperation between the two ingredients creates a high strength material with relatively low self
weight. In this section, some basic background information is given on FRP.

2.1. Structure of FRP elements
Elements of FRP consist of high strength fibres that are bonded together by a matrix. The fibres are the main ele-
ments to transfer loads and the matrix keeps the fibres in place. The fibres and the matrix have different material
properties. There are several ways for the fibres to be oriented in the matrix. First of all, unidirectional (UD) con-
tinuous fibres could be used, resulting in high strength and stiffness in only one direction. Secondly, bidirectional
continuous fibres provide strength and stiffness in multiple directions. Besides continuous fibres, discontinuous
fibres could be used. These short fibres in the matrix result in lower strength. When the discontinuous fibres are
used in a random manner, a more homogeneous material is created.

The main function of the matrix is to keep the fibres in place. The matrix also protects the fibres from external
factors, such as moisture, chemicals and superficial damage. The matrix is also used to transfer the stresses
between the fibres. The compressive strength, interlaminar and in-plane shear properties depend predominantly
on the matrix material properties. However, the tensile load-carrying capacity of an FRP structure is mainly
determined by the fibres [12].

Depending on the manufacturing technique, the fibres can be arranged in such a way that a ply is created. Usually,
the plies contain UD fibres. When plies are bonded together, a laminate is created. The fibre orientation, fibre
content and thickness of the plies may vary per laminate, as well as the number of plies in a laminate. Since
there are many different kinds of laminates, a specific notation is introduced. This notation indicates how many
plies are present and how they are oriented in the laminate. The orientation is denoted in degrees (°). Numbers
between +90° and -90° compared to a reference direction (e.g. a beam axis) are used. Both + and -90° indicate
the same orientation, since they both indicate a right angle, so only a positive notation for a right angle is used.
For example, the laminate in figure 1.1 could be denoted as [0/90/45/−45].

Several simplifications are used in laminate notation. If the same direction is used for adjacent plies, a subscript
can be used to indicate the number of plies in that direction. For example, if one extra 0°-ply is placed on top of
the laminate in figure 1.1, the laminate could be indicated as [02/90/45/−45]. A subscript can also be used if the
whole laminate is used n times on top of each other: [0/90/45/−45]n (for example: [0/90/0/90] = [0/90]2). A
subscript s is used when a symmetric laminate is concerned (e.g.: [0/90/90/0] = [0/90]s). A laminate is balanced
if for every +θ-ply a −θ-ply is also present.

2.2. Properties
FRP objects have specific material properties, due to the combination of high strength fibres and a resin based
matrix. Due to the alignment of the fibres and the use of multiple materials, the strength and stiffness properties
are not the same in all directions. This means FRP is an anisotropic material. FRP with fibres in multiple
directions shows orthotropic material properties, meaning material properties differ along three orthogonal axes.
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6 2. Fibre Reinforced Polymers

Figure 2.1 shows a bundle of UD fibres, which could represent a part of an FRP ply with UD fibres. In the
local coordinate system, it is assumed that the (1)-direction coincides with the fibre direction. The properties
perpendicular to the fibres will be equal in every direction, meaning the (2)- and (3)-direction span a plane of
isotropy. A material with a plane of isotropy is referred to as a transversely isotropic material.

(3)

(1)

(2)

Figure 2.1: Transverse isotropy. The fibre direction (1) is perpendicular to the plane of isotropy (gray plane).

2.2.1. Fibres
There are several fibre types that can be used in an FRP object. The most common fibre type used as reinforce-
ment is glass fibre [12]. Carbon fibres are also applied in several applications. Other fibre types include aramid
fibres and natural fibres (such as hemp and wood).

Glass fibres
Compared to other fibre types, glass fibres have several advantages, such as low cost, high tensile strength,
chemical resistance and good insulation properties. Some disadvantages of glass fibres are low elastic modulus,
high density and low fatigue resistance.

The most common type of glass fibre is E-glass. Compared to other glass fibre types, such as C-glass and S-
glass, E-glass fibres have the lowest cost, which makes them preferable in FRP structures. The main ingredient
for E-glass fibres is silica (SiO2), among other oxides [12]. The raw materials are mixed and melted at high
temperature before the molten glass is separated through a number of apertures. This process creates very thin
filaments with a thickness of approximately 10 µm. These filaments are used to create strands, which consist
of many parallel filaments bound together. These strands can be used to create for example a woven roving or
chopped strand mats.

Carbon fibres
In comparison to other fibre types, carbon fibres have very high tensile strength and tensile elastic modulus
compared to their self weight. There is a wide variety in properties of carbon fibres. Usually, carbon fibres with
a low elastic modulus have a lower density, lower cost and higher strength (both tensile and compressive).

For the production of carbon fibres, raw material with a high carbon atom content is needed. Polyacrylonitrile
(PAN) is the most common raw material. This semi-finished product has more consistent properties compared to
other raw materials which have a natural origin, such as pitch. This makes PAN preferable when a high quality of
the FRP product must be guaranteed. Thin filaments are spun, which are then oxidised at a temperature between
200 and 300 °C [12]. Next, the filaments are heated at a temperature between 1000 and 2000 °C, which makes
carbonisation possible. This means redundant substances, such as nitrogen atoms, are removed. Finally, the
filaments are heated again, this time at a temperature above 2000 °C, to initiate graphitisation. In this final stage,
the fibres obtain their definite structure by aligning the carbon chains parallel to each other.

Fibre properties
Since there are different manufacturing techniques of fibres, the properties vary significantly. Also, when natural
resources are used, for example in some carbon fibres, the material properties differ per raw material type used.
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Many sources provide different values for the density, elastic modulus and tensile strength. Table 2.1 provides
rough boundary values for these material properties.

Table 2.1: Properties of common used fibre types [15].

Fibre type Density (kg/m3) Elastic modulus (GPa) Tensile strength (MPa)
Glass 2500-2600 70-80 2400
Carbon 1800-2000 160-440 2000-5300

Compared to steel, the fibres have a lower density and elastic modulus. The tensile strength proves to be higher
compared to very high strength steel S1100, which has a tensile strength between 1250 MPa and 1550 MPa [21].
The high strength-to-weight ratio of FRP is confirmed by the breaking length of fibres, which is an indication for
the specific strength of a material. The breaking length is defined as the maximum length of a suspended vertical
element of a material, when that element is only supported at the top. The breaking length is related to the tensile
strength ( fu), the density (ρ) and the gravitational acceleration (g ):

L = fu

ρg
(2.1)

When the upper limits from table 2.1 are used, E-glass has a breaking length of 94.1 km and carbon fibres have
a breaking length of 270 km. When high strength steel properties (ρ =7850 kg/m3 and fu ≈ 1550 MPa) are
used, the breaking length of very high strength steel results in 20.1 km. This significant difference confirms the
exceptional qualities of the fibres used in FRP. Note that these values only relate to the fibres and not to the whole
FRP element. The matrix material also affects the FRP properties. Moreover, in multidirectional laminates, only
fibres aligned with the direction of loading contribute to their full capacity.

2.2.2. Matrix
Two types of matrix materials can be distinguished: thermoset- and thermoplastic polymers. Thermoplastic
polymers melt when heated. Thermoset polymers will not melt, but will burn eventually when heated. Thermoset
polymers are mostly used as matrix material for structural FRP elements. They are often referred to as resin.

The three resin types used most often are polyester, vinyl ester and epoxy. The properties strongly depend on the
exact chemical composition of the resin, as well as the curing circumstances. Table 2.2 shows relevant properties
of some resin types when cured.

Table 2.2: Properties of common used resin types [15].

Resin type Density (kg/m3) Elastic modulus (GPa) Tensile strength (MPa)
Polyester 1150-1250 2.4-4.6 40-85
Vinyl ester 1150-1250 3-3.5 50-80
Epoxy 1150-1200 3.5 60-80

When the values in the tables 2.1 and 2.2 are compared, it can clearly be seen that the strength and stiffness
are predominantly provided by the fibres in an FRP element, which means the higher the fibre content in a ply,
the higher the strength and stiffness of that ply. However, the matrix is of the utmost importance to bind the
individual fibres together and prevent the individual fibres to buckle. A typical fibre volume fraction is in the
order of 55% [2]. Figure 2.2 schematically shows a cross section of a UD-ply.
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Figure 2.2: Cross section of a UD-ply.

2.2.3. Plies
The properties of the fibres and the matrix are often combined and translated to transversely isotropic material
properties for a complete ply. This can be done using rules of mixture to obtain for example the effective
transverse and longitudinal elastic moduli of a ply. These rules of mixture assume a perfect bond between matrix
and fibre and do not take any defects or damage into account [15]. This especially affects the reliability of
the shear modulus derived by the rule of mixture, since it highly depends on the interaction between fibre and
matrix. Improved models have been derived to determine the effective material parameters of plies. For example
the Halpin-Tsai relationships, which makes use of semi-empirical formulas combining elasticity models with
experimental results, show better results for the effective shear moduli [2].

Both the rules of mixture and the Halpin-Tsai relationships will not be discussed in detail here. Transversely
isotropic material properties of a unidirectional E-glass/epoxy ply will be chosen and will be used for all the
calculations. The values for the five independent material parameters can be found in table 2.3.

Table 2.3: Transversely isotropic material properties of a unidirectional E-glass/epoxy ply [2, 20].

Property Value
E1 39 GPa
E2 8.6 GPa
G12 3.8 GPa
ν12 0.28
ν23 0.4

2.3. Types of 2D FRP elements
2.3.1. Sandwich panels
Sandwich panels consist of a core material that is covered by two skins. The core is made of a lightweight
material, such as polyurethane foam, metal foam or balsawood. These provide a homogeneous support to the
two skins. It is also possible to implement non-homogeneous support of the skins, such as a honeycomb structure
as core material. This honeycomb structure could be manufactured from several materials, for example phenolic
reinforced aramid paper [19]. When a homogeneous support of the two skins is used (e.g. a foam), the structure
depicted in figure 2.3 remains the same, but the honeycomb core is replaced by the foam. The skins and adhesives
are still present on both sides of the panel.
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Figure 2.3: Sandwich structure with a honeycomb core [1].

The great advantage of a sandwich panel is the significant increase of stiffness, without adding much weight.
This makes sandwich panels very lightweight compared to steel or concrete structures and gives them very high
mass specific properties. The increase in bending stiffness and strength can be assigned to the increase of area
moment of inertia due to the increased distance between the FRP skins. It is important that a decent connection
between the skins and the core is achieved, because the core material has to transfer shear stresses, so the core
has an important structural function.

Several manufacturing techniques of sandwich panels are known, which all include the use of a mould. Adhesive
bonding is used when pre-produced FRP skins are bonded separately to the core material. Adhesive layers are
applied to the faces of the core and the FRP skins are applied with pressure (for example with a hydraulic press).
When the adhesive is cured, the sandwich panel is complete [11]. A similar manufacturing technique to adhesive
bonding is wet lay-up, where dry fibres for the top and bottom skin are impregnated with resin and bonded to the
core material. Both hand lay-up of layers and spray-up could be used for the skins. Compared to other methods,
wet lay-up is a very labour intensive manufacturing technique.

Resin Transfer Moulding (RTM) uses a two sided mould to create sandwich panels. A bottom mould is covered
by the bottom skin (dry fibres), and the core material is placed on top together with the dry fibres of the top
skin. Finally, a top mould is placed on the raw materials. Next, resin is injected through apertures in the mould.
Smooth surfaces of both the top and bottom skin are a great advantage of RTM compared to other methods.
Vacuum-Assisted Resin Transfer Moulding (VARTM) is similar to RTM. However, VARTM makes use of only
a bottom mould, the top mould is replaced by a vacuum bag. When the raw materials (dry fibres and core) are
placed on the mould, the vacuum bag is sealed on top of the sandwich panel. Resin is injected through apertures
in the vacuum bag. A vacuum pump is used to transfer the resin until it is equally spread throughout the whole
sandwich panel. A great advantage of VARTM compared to RTM is that the process of resin transfer can visually
be checked through the transparent vacuum bag. A disadvantage is the coarse structure of skin on the bag side
of the sandwich panel. The mould side of the sandwich panel has a smooth structure. For this reason, sandwich
panels are often produced upside down.

Failure of sandwich panels
The main weakness of regular sandwich panels is the debonding of skin and core. When a high impact load is
performed on the skin, the skin deforms and crushes the core of the sandwich panel (see figure 2.4). Due to its
high strength and elastic properties, the FRP skin returns to its original shape. However, the core is permanently
damaged and locally debonded from the skin. The danger of this damage, is that it is not visible from the outside
of the panel.

The reduced bond length between the skin and core affects the distribution of shear stresses. The same amount
of total shear stress must be able to be transferred between skin and core. Since the contact surface between skin
and core is reduced, the shear stress is redistributed and will increase over the full span of the sandwich panel.
The shear force is largest near the supports, consequently the shear stresses too. This means debonding of skin
and core will initiate near the supports. Due to extra fatigue loading, the debonding will continue and will lead
to failure of the sandwich panel.
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Figure 2.4: Debonding of skin and core due to an impact load.

Another possible failure mode is local buckling of the skin. Besides increasing the area moment of inertia of the
cross section, the core of a sandwich panel functions as support for the skins. When that support disappears, for
example due to an impact load, extra deformations are possible, making buckling of the skin an issue.

2.3.2. InfraCore panels
Robustness being the main weakness of regular sandwich panels, FiberCore Europe developed a special type of
sandwich panel that should provide better damage resistance, namely the InfraCore panels. These panels contain,
besides a core and two skins, also webs of FRP material. The core is made of polyurethane foam blocks. These
blocks are wrapped in dry glass fibre fabric with fibres in the +45° direction and the -45° direction. For the
assembly of an InfraCore panel, a mould is used. This mould consists of a steel plate that can be bent in the
desired shape, for example a curvature in the span direction of a pedestrian bridge. The blocks are placed on
the mould, with their wrapped sides parallel to the span direction of the final product. The glass fibre fabric is
unwrapped in such a manner that they overlap the fabric belonging to the adjacent block. This creates several Z-
profiles placed next to each other. When the plane perpendicular to the span direction is considered, box profiles
with a foam core are observed (see figure 2.5). Between the two layers of unwrapped glass fibre fabric, an extra
UD-0° dry ply is inserted (fibre direction parallel to the span direction). The panel is finished with an extra cover
layer on both skins to account for increased delamination risk due to the inclined plies.

Figure 2.5: Principle of the InfraCore panels [5].

The great advantage of InfraCore panels is that skin-core debonding due to an impact load is not relevant. When
damage is done to an InfraCore panel due to an impact load, the core is crushed and the skin debonds locally
from the core. A resin-dominated crack could propagate through the skin to the surface (dashed red line in figure
2.6). Due to the inclined laminates, debonding will not take place over the full cross section. It is possible that
the crack also propagates in the span direction, which is not shown in figure 2.6. However, below and above the
crack the laminate bonds will remain intact and account for the extra shear stress.
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Figure 2.6: Debonding of skin and core due to an impact load of an InfraCore panel.
This is not the span direction, but a cross section, so the supports are not shown.

When an impact load occurs right above a web of the panel, it is possible that the web is crushed together with a
part of the core. The crack that occurs would propagate along the red dashed line in figure 2.7. However, since
both +45° and -45° plies are used in the web and continue in the skins, as indicated with the red fibre directions in
figure 2.7, the crushed part of the web cannot expand. This result in robust panel, where resin dominated cracks
are reduced to a minimum.

Impact 

load

Figure 2.7: Crack propagation after an impact load. The core material has not been
shown in this figure.

A consequence of the overlapping Z-profiles is the inclination in the plies in the top and bottom skin of an
InfraCore panel, which can be seen from figure 2.6. The inclination angle depends on the ply thickness and
the core dimension and is usually around 2° [5]. This extra rotation in the plies is not taken into account in the
current theory for laminates, the Classical Laminate Theory, which will be dealt with in the next chapter.
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Classical Laminate Theory

Due to the orthotropic properties of FRP material, the elastic behaviour of a laminate depends on the number of
plies, the ply properties and the fibre orientation of the plies. The Classical Laminate Theory (CLT) combines
the different ply properties to create a single stress-strain relation for a complete laminate. In order to do so, the
(elastic) behaviour of the individual plies must be known, as well as the transformation formulae that translate
properties from the local coordinate system each ply to the global coordinate system of the laminate.

3.1. Elastic behaviour
Any general material could be referred to as an anisotropic material. Due to the fact the properties of an
anisotropic material are different in every direction, an anisotropic materials must be evaluated in 3D, which
means six different kinds of deformations are possible. Three normal strains (εxx , εy y and εzz) and three shear
strains (γx y , γy z and γzx) can be distinguished (see figure 3.1).

Figure 3.1: Deformations of a 3D-element [8].

When a single stress (e.g. σxx) is applied on an anisotropic material, all six deformations could be observed.
Consequently six different stiffness parameters are needed to describe the full deformation when only one stress
type is applied on an anisotropic material. The former holds for all six stress components: σxx , σy y , σzz , τy z ,
τxz and τx y . This means the full elastic behaviour of anisotropic material requires 36 stiffness parameters. These
can all be displayed in a 6×6 stiffness matrix:

σσσ=Cεεε (3.1)

σxx

σy y

σzz

τy z

τxz

τx y

=



C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66





εxx

εy y

εzz

γy z

γxz

γx y

 (3.2)
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Material properties are often not expressed in a global coordinate system, but in a local coordinate system. Since
both the stiffness and strain vector are changed to the local coordinate system, it is not necessary to apply any
transformation formulae. It should however be noted that the stiffness parameters in the local coordinate system
do differ from the stiffness parameters in the global coordinate system (i.e. Ci j 6=C i j ). The material properties
in the local coordinate system are shown with a bar in equation 3.4. For continuity, all stresses in the local
coordinate system are shown with a σ symbol.

σσσ=Cεεε (3.3)

σ11

σ22

σ33

σ23

σ13

σ12

=



C 11 C 12 C 13 C 14 C 15 C 16

C 21 C 22 C 23 C 24 C 25 C 26

C 31 C 32 C 33 C 34 C 35 C 36

C 41 C 42 C 43 C 44 C 45 C 46

C 51 C 52 C 53 C 54 C 55 C 56

C 61 C 62 C 63 C 64 C 65 C 66





ε11

ε22

ε33

γ23

γ13

γ12

 (3.4)

The inverse of the stiffness matrix is called the compliance matrix:

S=C−1 and S=C
−1

(3.5)

It is more common to use the strain-stress relation instead of the stress-strain relation, due to the fact that the
elements of the compliance matrix are easier to determine than the elements of the stiffness matrix. The strain-
stress relation is shown below:

εεε= Sσσσ (3.6)

ε11

ε22

ε33

γ23

γ13

γ12

=



S11 S12 S13 S14 S15 S16

S21 S22 S23 S24 S25 S26

S31 S32 S33 S34 S35 S36

S41 S42 S43 S44 S45 S46

S51 S52 S53 S54 S55 S56

S61 S62 S63 S64 S65 S66





σ11

σ22

σ33

σ23

σ13

σ12

 (3.7)

When virtual work of applied stresses is investigated, it can be shown that both the stiffness matrix and the
compliance matrix must be symmetric in both the global and local coordinate system (i.e. Ci j =C j i , C i j =C j i ,
Si j = S j i and Si j = S j i , with: i , j =1, 2, ..., 6). This results in a reduction of independent stiffness parameters for
a general anisotropic material: 21 instead of 36 [10].

Compliance matrix of an orthotropic material
As mentioned before, FRP material shows orthotropic behaviour. An orthotropic material has three orthogonal
local axes along which material properties are defined. Due to the orthogonality of local axes, 24 elements in
the compliance matrix are equal to zero. The other 12 elements in the compliance matrix are determined by
nine independent material parameters that are applicable to orthotropic material. For every principal direction, a
different elastic modulus (E1, E2 or E3), shear modulus (G12, G13 or G23) and Poisson’s ratio (ν12, ν13 or ν23) is
observed. The following relation is applicable to every orthotropic material:

νi j

Ei
= ν j i

E j
with: i , j = 1,2,3 (3.8)

Eventually, this results in the following compliance matrix for any orthotropic material:

S=



1
E1

−ν12
E1

−ν13
E1

0 0 0

−ν12
E1

1
E2

−ν23
E2

0 0 0

−ν13
E1

−ν23
E2

1
E3

0 0 0

0 0 0 1
G23

0 0

0 0 0 0 1
G13

0

0 0 0 0 0 1
G12


(3.9)
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Compliance matrix of a transversely isotropic material
UD-plies show transversely isotropic behaviour. For UD-plies within an FRP material, it is common to dis-
tinguish the (1)-axis along the fibre direction (see also figure 2.1) and the (2)-axis perpendicular to the fibre
direction, but in the plane of the ply. Finally the (3)-axis corresponds to the direction perpendicular to the plane
of the ply. A transversely isotropic material has an extra plane of symmetry, leading to extra dependent param-
eters. From figure 2.2 it can be deduced that the properties for a UD-ply must be the same in both the (2)- and
(3)-direction. Therefore, the elastic modulus is the same in all directions perpendicular to the fibre direction
(i.e. E2 = E3). The same holds for the shear modulus (G13 = G12) and the Poisson’s ratio (ν13 = ν12). Since a
transversely isotropic material is isotropic in the (2,3)-plane, the following relation is valid for G23:

G23 = E2

2(1+ν23)
(3.10)

In the end, five independent material constants can be distinguished for transversely isotropic materials: E1, E2,
ν12, ν23 and G12. When the strain-stress relation is evaluated for transversely isotropic material, the following
compliance matrix is obtained [10]:

S=



1
E1

−ν12
E1

−ν12
E1

0 0 0

−ν12
E1

1
E2

−ν23
E2

0 0 0

−ν12
E1

−ν23
E2

1
E2

0 0 0

0 0 0 2(1+ν23)
E2

0 0

0 0 0 0 1
G12

0

0 0 0 0 0 1
G12


(3.11)

3.1.1. Plane stress condition
In the derivation of the CLT, plane stress conditions are assumed to be applicable to each individual ply. When a
UD-ply is considered, the fibres are all parallel to the (1)-axis in the local coordinate system. It should be noted
that the plane stress conditions are an approximation that are only applicable in a thin FRP plate when all the
fibres are assumed to be parallel to the plane of the laminate [10]. The plies within a laminate are predominantly
loaded in their plane, making out-of-plane stresses irrelevant. This means the out-of-plane stresses σ33, σ23 and
σ13 are assumed to be equal to zero. For a transversely isotropic material, the strain-stress relation presented in
equation 3.7 can be evaluated when plane stress conditions are applicable:

ε11

ε22

ε33

γ23

γ13

γ12


=



1
E1

−ν12
E1

−ν12
E1

0 0 0

−ν12
E1

1
E2

−ν23
E2

0 0 0

−ν12
E1

−ν23
E2

1
E2

0 0 0

0 0 0 2(1+ν23)
E2

0 0

0 0 0 0 1
G12

0

0 0 0 0 0 1
G12





σ11

σ22

0

0

0

σ12


=



ε11

ε22

ε33

0

0

γ12


(3.12)
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It follows that the the out-of-plane shear strains γ23 and γ13 are equal to zero, but the out-of-plane axial strain
ε33 is not necessarily equal to zero. Since the plane stress conditions are only applicable to thin laminates, it
can be stated that the out-of-plane axial strain ε33 is not relevant thus is not taken into account in the derivation
of the CLT. The plane stress conditions affect the elastic behaviour of a ply, thus the compliance matrix that is
needed as input in the CLT is also affected. Due to the three stress components that are equal to zero and the
corresponding strain components that are equal to zero or can be neglected, the compliance matrix can be reduced
from a 6×6-matrix to a 3×3-matrix. This reduced stiffness matrix is indicated with a Q in the local coordinate
system:

σσσ=Qεεε (3.13)

Q=
Q11 Q12 0

Q12 Q22 0
0 0 Q66

=


1

E1
−ν12

E1
0

−ν12
E1

1
E2

0

0 0 1
G12


−1

=


E 2

1

−ν2
12E2+E1

− ν12E1E2

−ν2
12E2+E1

0

− ν12E1E2

−ν2
12E2+E1

E1E2

−ν2
12E2+E1

0

0 0 G12

 (3.14)

3.2. Transformation equations
When the elastic properties of a laminate are evaluated, one encounters the problem of different fibre orientations
of plies within a laminate. To account for the orientation differences between individual plies in a laminate,
transformation equations are needed. These relations translate the properties in a local coordinate system of a
ply to properties in a global coordinate system of the complete laminate. In general, it is possible that all the axes
show a different rotation, meaning the transformation equations will depend on these three independent rotations.
The rotations are indicated with a Θ in figure 3.2a. These rotations Θ can be translated to rotations α, β and θ

about the x-, y- and z-axis respectively(figure 3.2b).
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Θzz
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(a) Three different rotations of axes.
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(b) Three rotations about every axis.
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z,(3)

x
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(2)θ

θ

(c) Only rotation about the z-axis.

Figure 3.2: Transformation of axes.

For laminated composites, it is chosen that the (1)-axis coincides with the fibre direction of a ply. The (2)-axis
is perpendicular to the fibre direction, but in the plane of the ply. The (3)-axis is both perpendicular to the fibre
direction and perpendicular to the plane of the ply. When plies are stacked to create a laminate, it can be stated
that the (3)-axis of all the plies are parallel. It is therefore not necessary to rotate the z-axis itself, only rotation
about the z-axis is necessary. This results in only one rotation variable (θ), as can be seen in figure 3.2c. To
express the local coordinate system in terms of the global coordinate system, the x y-plane is considered. An
arbitrary point in space is taken, and its coordinates are derived in both coordinate systems. Figure 3.3 shows the
assumed transformation from a global- to a local coordinate system.



3.2. Transformation equations 17
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x cos(θ)
y sin(θ)

x sin(θ)

y cos(θ)

(x, y)

((1), (2))

θ

Figure 3.3: Transformation due to a rotation about the z-axis.

If the coordinates in the local coordinate system are expressed in terms of x, y and θ, the following relations are
obtained: {

(1) = x cosθ+ y sinθ

(2) = y cosθ−x sinθ
(3.15)

The equations above can be rewritten in matrix shape. The transformation from the z-axis to the (3)-axis, which
is simply a factor 1, is also included for completeness:(1)

(2)
(3)

=
 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

x
y
z

=Lz

x
y
z

 (3.16)

Here, the subscript z indicates that the rotation matrix Lz is valid for a rotation about the z-axis. Similar relations
can be derived for rotations about the x- and y-axis. If it is assumed α indicates a positive rotation about the
x-axis and β indicates a positive rotation about the y-axis, the following rotation matrices will be valid:(1)

(2)
(3)

=
1 0 0

0 cosα sinα
0 −sinα cosα

x
y
z

=Lx

x
y
z

 (3.17)

(1)
(2)
(3)

=
 cosβ 0 sinβ

0 1 0
−sinβ 0 cosβ

x
y
z

=Ly

x
y
z

 (3.18)

Finally, the total rotation matrix L can be determined by multiplying the three rotation matrices, according to
the definition of Euler angles [7]. In this case, a x-convention is chosen, which is common for engineering
applications. It means the total rotation matrix can be determined by multiplication of the three rotation matrices
in the following specific order:

L=LzLy Lx (3.19)

For the CLT, it is assumed that the plies are in the x y-plane. This means the fibre orientation of the plies is
defined as a rotation about the z-axis, thus only depends on θ. Therefore, both α and β are equal to zero. This
results in identity matrices for Lx and Ly , which means the total rotation matrix L is equal to Lz :(1)

(2)
(3)

=L

x
y
z

=
 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

x
y
z

=Lz

x
y
z

 (3.20)
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To transfer from a local to a global coordinate system, the rotation matrix L can be inverted. For the CLT, where
θ is the only non-zero rotation, this inversion is as follows:x

y
z

=
cosθ −sinθ 0

sinθ cosθ 0
0 0 1

(1)
(2)
(3)

=L−1

(1)
(2)
(3)

=LT

(1)
(2)
(3)

 (3.21)

Note that the inverse of the rotation matrix is the same as the transpose of that matrix, so L is an orthogonal
matrix. The transformation relations also apply to unit vectors in the two coordinate systems: eee = Leee, where eee
indicates the unit vector in the local coordinate system and eee indicates the unit vector in the global coordinate
system [16]. The transformation of the coordinate system can be used to transfer stresses, strains and material
properties from a local to a global coordinate system, as will be done in the following paragraphs with the
assumption that both α and β are equal to zero, which is the case in the CLT.

Stress transformation
Since stress is a tensor, its transformation between coordinate systems can be performed in a similar manner as the
transformation of the unit vector. However, due to the fact that stress is a second-order tensor, two transformations
are needed. The following relations are valid for stress tensor transformation [16]:

σi j =Lσi j LT or: σi j =LTσi j L (3.22)

With:

σi j =
σxx τx y τxz

τx y σy y τy z

τxz τy z σzz

 and σi j =
σ11 σ12 σ13

σ12 σ22 σ23

σ13 σ23 σ33

 (3.23)

Due to equilibrium, the stress tensor is a symmetric 3×3-matrix, which means six independent stress components
can be identified. This holds for both the global and the local coordinate system. When the multiplications of
matrices from equation 3.22 are performed, the total transformation matrix can be obtained. By rearranging the
second order stress tensors (σi j and σi j ) to vectors with six components (σσσ and σσσ), a 6×6 transformation matrix
can be obtained. When only the rotation θ about the z-axis is evaluated, the following 6×6 transformation matrix
can be obtained:

σσσ=Tσσσ (3.24)

σxx

σy y

σzz

τy z

τxz

τx y

=



cos2θ sin2θ 0 0 0 −2cosθ sinθ
sin2θ cos2θ 0 0 0 2cosθ sinθ

0 0 1 0 0 0
0 0 0 cosθ sinθ 0
0 0 0 −sinθ cosθ 0

cosθ sinθ −cosθ sinθ 0 0 0 cos2θ− sin2θ





σ11

σ22

σ33

σ23

σ13

σ12

 (3.25)

To transfer stresses from a global to a local coordinate system, the transformation matrix can be inverted:

σσσ=T−1σσσ (3.26)

σ11

σ22

σ33

σ23

σ13

σ12

=



cos2θ sin2θ 0 0 0 2cosθ sinθ
sin2θ cos2θ 0 0 0 −2cosθ sinθ

0 0 1 0 0 0
0 0 0 cosθ −sinθ 0
0 0 0 sinθ cosθ 0

−cosθ sinθ cosθ sinθ 0 0 0 cos2θ− sin2θ





σxx

σy y

σzz

τy z

τxz

τx y

 (3.27)
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Strain transformation
When the 2D-displacement field of an infinitesimal element is considered (figure 3.4), distinction must be made
between the engineering shear strain (γx y ) and the tensorial shear strain (εx y or εy x). The engineering shear
strain is the total shear strain of an element. For the 2D-displacement, the engineering shear strain consists of the
two tensorial shear strain components.

x

y

εxy

εyx

dx

dy

dux

duy

σxy

σyx

Figure 3.4: Shear strain on an infinitesimal element.

The tensorial shear strains εx y and εy x are displayed in figure 3.4. When strain is written as a vector, the
engineering shear strain is usually used. The engineering shear strain is defined as the total change in angle
between the two edges parallel to the x- and y-axis. This total change is composed of two tensorial shear
components, as indicated in figure 3.4:

γx y =
duy

dx
+ dux

dy

= εx y +εy x

= 2εx y

(3.28)

When the 2D-displacement of the other relevant shear strains are considered, the same relations are obtained:
γy z = 2εy z and γxz = 2εxz . The former also holds when a local coordinate system is considered instead of a
global coordinate system, i.e. γ23 = 2ε23, γ13 = 2ε13 and γ12 = 2ε12.

The strain transformation equations can be obtained from the stress transformation equations. The normal stress
components can be replaced by the normal strain components [18]. The shear stress is related to the tensorial
shear strain, since a single shear stress is not related to shear strains in two directions.

σxx → εxx and σ11 → ε11

σy y → εy y and σ22 → ε22

σzz → εzz and σ33 → ε33

σy z → 1

2
γy z and σ23 → 1

2
γ23

σxz → 1

2
γxz and σ13 → 1

2
γ13

σx y → 1

2
γx y and σ12 → 1

2
γ12

(3.29)
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The relations above can be inserted in equation 3.27. When that equation is rewritten, the following strain
transformation is obtained:

ε11

ε22

ε33

γ23

γ13

γ12

=



cos2θ sin2θ 0 0 0 cosθ sinθ
sin2θ cos2θ 0 0 0 −cosθ sinθ

0 0 1 0 0 0
0 0 0 cosθ −sinθ 0
0 0 0 sinθ cosθ 0

−2cosθ sinθ 2cosθ sinθ 0 0 0 cos2θ− sin2θ





εxx

εy y

εzz

γy z

γxz

γx y

 (3.30)

It follows that the strain transformation matrix is the transpose of the stress transformation matrix:

εεε=TTεεε (3.31)

Inverting equation 3.30 results in a transformation from a local to a global coordinate system:

εεε=T−Tεεε (3.32)

εxx

εy y

εzz

γy z

γxz

γx y

=



cos2θ sin2θ 0 0 0 −cosθ sinθ
sin2θ cos2θ 0 0 0 cosθ sinθ

0 0 1 0 0 0
0 0 0 cosθ sinθ 0
0 0 0 −sinθ cosθ 0

2cosθ sinθ −2cosθ sinθ 0 0 0 cos2θ− sin2θ





ε11

ε22

ε33

γ23

γ13

γ12

 (3.33)

Stiffness transformation
The transformation matrix can also be used to transfer the stiffness matrix from a local to a global coordinate
system. This will be useful when multiple plies with different fibre directions in a laminate need to be considered.
When the equations 3.3 and 3.24 are combined, the following relation is obtained:

σσσ=TCεεε (3.34)

Equation 3.31 gives an expression for εεε, which can be inserted in equation 3.34. This leads to a relation to
transform the stiffness matrix from a local to a global coordinate system:

σσσ=TCTTεεε (3.35)

Or:
σσσ=Cεεε with: C=TCTT (3.36)

Where C indicates the stiffness matrix in the global coordinate system. Due to the matrix multiplications, C does
not contain zero entries any more. However, C is still a symmetric matrix.

3.2.1. Plane stress condition
When plane stress conditions are applicable, it is assumed that the stresses with a direction perpendicular to the
ply (σ33, σ23 and σ13) are equal to zero. When the stress transformation from equation 3.25 is evaluated for plane
stress conditions, the corresponding stresses σzz , τy z and τxz in the global coordinate system are also equal to
zero. Therefore, the third, fourth and fifth row and column of the transformation matrix T can be deleted. This
reduced transformation matrix Tr can be used to transfer the reduced stiffness matrix Q from a local to a global
coordinate system:

σσσ=Qεεε with: Q=TrQTT
r (3.37)

Tr =
 cos2θ sin2θ −2cosθ sinθ

sin2θ cos2θ 2cosθ sinθ
cosθ sinθ −cosθ sinθ cos2θ− sin2θ

 (3.38)
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3.3. Laminate constitutive equations
An FRP laminate consists of several plies with different fibre orientation, thus a different reduced stiffness matrix
in the global coordinate system is applicable for each ply. To obtain a stress-strain relation of a complete laminate,
the properties of the individual plies must be combined in order to obtain stiffness properties that are applicable
to the whole laminate. It is assumed that a perfect bond between the plies is achieved, and that each ply has a
uniform thickness. Furthermore, the thickness of the laminate is considered to be much smaller compared to the
width and length of a laminate plate. This means the 3D problem can be translated into a problem to be solved
with plate theory. Kirchhoff plate theory is used [16], in which the following three assumptions are made:

• Straight lines perpendicular to the mid-surface of the plate remain straight after deformation of the plate.
• Straight lines perpendicular to the mid-surface remain perpendicular to the mid-surface after deformation

of the plate.
• The thickness of the plate remains unchanged during deformation of the plate.

Due to the last assumption, it can be stated that the axial strain perpendicular to the plane of the ply εzz is equal
to zero. Furthermore, out-of-plane shear strains are not possible if straight lines perpendicular to the mid-surface
must remain perpendicular to the mid-surface. This means the shear strain components γy z and γxz must be
equal to zero. The mid-surface is taken as a reference surface to determine the strains of the laminate. Strains in
a thin plate can be evaluated using the strain of the mid-surface (ε0) and the curvature of the plate (κ):

ε
(
x, y, z

)= ε0 (
x, y

)+ zκ
(
x, y

)
(3.39)

Locally, equation 3.39 simplifies to:

ε (z) = ε0 + zκ (3.40)

Or in matrix notation for the three relevant strains:

εεε=εεε0 + zκκκ (3.41)

εxx

εy y

γx y

=


ε0

xx

ε0
y y

γ0
x y

+ z

κxx

κy y

κx y

 (3.42)

This definition for the strain can be implemented in equation 3.37, leading to the following stress-strain relation
for a single ply in the global coordinate system:

σσσ=Qεεε (3.43)

σxx

σy y

τx y

=Q



ε0

xx

ε0
y y

γ0
x y

+ z

κxx

κy y

κx y


 (3.44)

The next step is to combine all the plies. Therefore, the total force and moment in a cross section must be
related to the stress resultants. The stress resultants can be determined by assuming a constant strain over the
cross section. The six relevant deformation components (ε0

xx , ε0
y y , γ0

x y , κxx , κy y and κx y ) need to be considered
individually. Figure 3.5 shows the cross section of a single ply, where the individual fibres are not shown. When a
single axial strain component is applied (ε0

xx or ε0
y y ), the corresponding stress (σxx or σy y ) will also be constant.

This constant stress can be multiplied with the ply thickness to obtain the normal force (Nxx or Ny y ) that acts on
the ply due to the applied strain. When a constant curvature (κxx or κy y ) is applied, a linear stress distribution
(σxx or σy y ) can be observed. This results in a bending moment (Mxx or My y ) acting on the ply.
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z E

z E

tply /2 Nxx

Nyy

Mxx

Myy

x, y

x, y

kxx

kyy

sxx

syy

sxx

syy

-tply /2

tply /2

-tply /2

0

xx
0

yy

Figure 3.5: Resultant force and moment in a single ply of a laminate.

The shear component and the torsional component can be derived similarly. Figure 3.6 shows a three-dimensional
representation of a single ply, where a constant shear strain γ0

x y is applied on the plane with the x-axis as the
outward normal. The plane with the y-axis as outward normal shows the torsional curvature κx y and the corre-
sponding shear stress.

z

x y

E

kxy

txy
txy

Mxy

Nxy

tply /2

-tply /2
0

xy

Figure 3.6: Resultant force and moment in a single ply of a laminate.

By definition, the resultant normal force and moment are given by the following integrals [14]:

Nxx =
∫ 1

2 tply

− 1
2 tply

σxx d z Ny y =
∫ 1

2 tply

− 1
2 tply

σy y d z Nx y =
∫ 1

2 tply

− 1
2 tply

τx y d z

Mxx =
∫ 1

2 tply

− 1
2 tply

σxx zd z My y =
∫ 1

2 tply

− 1
2 tply

σy y zd z Mx y =
∫ 1

2 tply

− 1
2 tply

τx y zd z

(3.45)

Note that these forces and moments are still per unit width, so N has a unit of kN/m and M has a unit of kNm/m.
If multiple plies are considered in a laminate, the strain distribution will remain linear over the height. However,
the stresses will redistribute, since every ply can have a different elastic modulus in the considered direction.
This means when a uniform strain is applied, the stress distribution will consist of different constant stresses for
each ply. Besides a resultant normal force, this may lead to a resultant moment. When a linear strain distribution
due to curvature of a ply is assumed, it is possible that a resultant normal force appears, besides the resultant
moment. These two facts are the origin of the coupling effects in a laminate, which cause, for example, out-of-
plane deformations when an in-plane normal force is applied. Figure 3.7 shows an example of what the stress
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distributions could look like in a laminate for the in-plane force and moment resultants (Nxx , Ny y , Mxx and
My y ).

z

E4

z0

E3

E2

E1

z4

z3

z2

z1

z

E4

z0

E3

E2

E1

z4

z3

z2

z1

Nxx

Nyy

Mxx

Myy

x, y

x, y

Mxx

Myy

Nxx

Nyy

kxx

kyy

sxx

syy

sxx

syy

0

xx
0

yy

Figure 3.7: Resultant forces and moments a laminate. It is assumed that E3 > E1 > E4 > E2.

The shear force component Nx y and the torsional moment Mx y can be determined in a similar way. Figure 3.8
represents the derivation of the shear stress τx y due to a constant applied shear strain γ0

x y on the plane with the
x-axis as outward normal. The shear stress due to torsional curvature κx y is shown on the plane with the y-axis
as outward normal in figure 3.8.

z

x y

E4

E3

E2

E1

z4

z3

z2

z1

z0

kxy

txy
txy

Mxy

Mxy
Nxy

Nxy
0

xy

Figure 3.8: Resultant forces and moments a laminate due to shear strain and torsional curvature.

To evaluate the total forces and moments in a laminate, the components of each ply can be summed. Furthermore,
the integrals in equation 3.45 could be written in matrix shape. The following relations are obtained:

NNN =
Nxx

Ny y

Nx y

=
n∑

i=1

∫ zi

zi−1

σxx

σy y

τx y

d z (3.46)

MMM =
Mxx

My y

Mx y

=
n∑

i=1

∫ zi

zi−1

z

σxx

σy y

τx y

d z (3.47)

Here, i indicates the ply number, and n represents the total number of plies in a laminate. Note that in figure
3.7 and 3.8, the line of z = 0 coincides with the mid-surface of the laminate. This means z0 and z1 have a
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negative value. When equation 3.44 is implemented in the relations above, the normal forces and moments can
be expressed in terms of strain and curvature. The deformations ε0 and κ are independent of the height of the
ply, as well as the stiffness matrix Q, so these can be taken out of the integrals.

Nxx

Ny y

Nx y

=
n∑

i=1

Qi


ε0

xx

ε0
y y

γ0
x y

∫ zi

zi−1

d z +Qi

κxx

κy y

κx y

∫ zi

zi−1

zd z

 (3.48)

Mxx

My y

Mx y

=
n∑

i=1

Qi


ε0

xx

ε0
y y

γ0
x y

∫ zi

zi−1

zd z +Qi

κxx

κy y

κx y

∫ zi

zi−1

z2d z

 (3.49)

Evaluating the integrals results in:

Nxx

Ny y

Nx y

=
n∑

i=1

Qi


ε0

xx

ε0
y y

γ0
x y

 (zi − zi−1)+Qi

κxx

κy y

κx y

 1

2

(
z2

i − z2
i−1

) (3.50)

Mxx

My y

Mx y

=
n∑

i=1

Qi


ε0

xx

ε0
y y

γ0
x y

 1

2

(
z2

i − z2
i−1

)+Qi

κxx

κy y

κx y

 1

3

(
z3

i − z3
i−1

) (3.51)

The equations above can be written together in matrix shape with an ABD-matrix:[
NNN
MMM

]
=

[
A B
B D

][
ε0ε0ε0

κκκ

]
(3.52)

With:

A=
n∑

i=1
(zi − zi−1)Qi

B=
n∑

i=1

1

2

(
z2

i − z2
i−1

)
Qi

D=
n∑

i=1

1

3

(
z3

i − z3
i−1

)
Qi

(3.53)

All the elements in Q have a unit kN/m2. It follows that the elements from A, B and D have a unit of kN/m, kN
and kNm respectively. A is called the extensional stiffness matrix [17], which relates the mid-surface strains to
in-plane normal forces. D is the bending stiffness matrix, relating the curvature to the moments. The coupling
stiffness matrix B relates the curvature to the in-plane normal forces and the mid-surface strains to the moments.
The ABD-matrix is a symmetric 6×6-matrix, where all the entries depend on the lay-up of the laminate and the
material properties of the plies:

Nxx

Ny y

Nx y

Mxx

My y

Mx y


=



A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66





ε0
xx

ε0
y y

γ0
x y

κxx

κy y

κx y


(3.54)
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3.4. Engineering constants
In a Finite Element (FE) analysis, it is often not possible or desirable to implement composite materials in a
model. Using individual plies in a finite element model is labour-intensive, thus not preferable in a preliminary
design phase. Equivalent engineering constants can be derived, which will relate the laminate ABD-matrix to
transversely isotropic properties of a homogeneous material in the global coordinate system (Ex , Ey , Gx y and
νx y ). These properties could be used as input for the (orthotropic) material properties in an FE analysis. It
should be noted that distinction must be made between in-plane engineering constants and flexural engineering
constants, which follows from the difference in dependence on the laminate height ttot,0. In-plane stiffnesses are
related to the order ∼ ttot,0, where flexural stiffnesses are related to the order ∼ t 3

tot,0. This can be derived using
the equations for axial- and bending stress:

Axial: σ= N

A
= N

bttot,0
(3.55)

Bending: σ= M z

Izz
= M z

1
12 bt 3

tot,0
(3.56)

Next, it is assumed that the problem is considered per unit width, so b = 1. The goal is to find an expression for
the elastic modulus E . Therefore, the constitutive equation can be used to replace σ by E

(
ε0 + zκ

)
. When the

in-plane stiffness is sought, it must be assumed that the curvature κ is equal to zero. For the flexural stiffness, the
strain of the mid-surface ε0 must be zero:

Axial: Eε0 = N

ttot,0
→ E = N /ttot,0

ε0
(3.57)

Bending: E zκ= M z
1

12 t 3
tot,0

→ E =
12M/t 3

tot,0

κ
(3.58)

Great care should be taken when engineering constants are used, since the coupling effects are neglected. For
example, the in-plane engineering constants are derived under the assumption that no curvatures are observed
when the laminate is loaded in its plane. Therefore, the in-plane engineering constants will only be applicable
when a laminate is predominantly loaded in its plane. Also, for the flexural engineering constants, no strain of the
mid-surface of the laminate is assumed. Thus the flexural engineering constants are only applicable if bending is
the dominant type of load on a laminate.

In-plane engineering constants
As an example, the in-plane elastic modulus in the x-direction is derived. The other engineering constants can
be found in a similar manner. The laminate constitutive equations (equation 3.52) are the starting point for the
derivation of the engineering constants. When an elastic modulus in the x-direction (Ex,ip) is sought for the
in-plane engineering constants, only a load Fx needs to be applied [14]:

Fx

0

0

0

0

0


=



A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66





ε0
xx

ε0
y y

γ0
x y

κxx

κy y

κx y


(3.59)
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Equation 3.59 needs to be solved for ε0
xx . Cramer’s rule can be used:

ε0
xx =

∣∣∣∣∣∣∣∣∣∣∣∣∣

Fx A12 A16 B11 B12 B16

0 A22 A26 B12 B22 B26

0 A26 A66 B16 B26 B66

0 B12 B16 D11 D12 D16

0 B22 B26 D12 D22 D26

0 B26 B66 D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

Fx

∣∣∣∣∣∣∣∣∣∣∣

A22 A26 B12 B22 B26

A26 A66 B16 B26 B66

B12 B16 D11 D12 D16

B22 B26 D12 D22 D26

B26 B66 D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣

= FxM1,1

det[ABD]
(3.60)

Here, M1,1 is called the minor of the (1,1) element (in this case Fx) and is defined by the determinant of the
ABD-matrix when the first row and the first column are deleted. From Hooke’s law, it follows that the elastic
modulus in x-direction (Ex,ip) will be the following:

Ex,ip =
σx

εx
= Fx /ttot,0

ε0
xx

= Fx /ttot,0
Fx M1,1

det[ABD]

= det[ABD]

M1,1ttot,0
(3.61)

Here, ttot,0 indicates the total height of the panel. The other in-plane engineering constants can be derived in a
similar way, and will be the following:

Ey,ip =
det[ABD]

M2,2ttot,0

Gx y,ip =
det[ABD]

M3,3ttot,0

νx y,ip =
M1,2

M1,1

(3.62)

The Poisson’s ratio shows a minor of a non-diagonal element, since the Poisson’s ratio νx y,ip relates the defor-
mation in y-direction to the load in x-direction (Fx).

When a symmetric and balanced lay-up of a laminate is considered, the ABD-matrix contains many zero entries
since, for example, no coupling effects are present. This means the in-plane engineering constants simplify to
the following relations:

Ex,ip =
A11 A22 − A2

12

A22ttot,0

Ey,ip =
A11 A22 − A2

12

A11ttot,0

Gx y,ip =
A66

ttot,0

νx y,ip =
A12

A22

(3.63)
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Flexural engineering constants
For the flexural engineering constants, the same approach can be applied as for the in-plane engineering constants.
However, for the flexural engineering constants, moments are applied and curvatures are evaluated, instead of
axial loads and strains respectively. The engineering elastic modulus in x-direction Ex,f will be taken as an
example again. Therefore, a moment Tx is applied in order to determine the curvature κxx :

0

0

0

Tx

0

0


=



A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66





ε0
xx

ε0
y y

γ0
x y

κxx

κy y

κx y


(3.64)

Using Cramer’s rule gives the solution for κxx :

κxx =

∣∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16 0 B12 B16

A12 A22 A26 0 B22 B26

A16 A26 A66 0 B26 B66

B11 B12 B16 Tx D12 D16

B12 B22 B26 0 D22 D26

B16 B26 B66 0 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

Tx

∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16 B12 B16

A12 A22 A26 B22 B26

A16 A26 A66 B26 B66

B12 B22 B26 D22 D26

B16 B26 B66 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣

= TxM4,4

det[ABD]
(3.65)

The flexural engineering elastic modulus in x-direction can be derived using Hooke’s law:

Ex,f =
σx

εx
=

12Mx /t 3
tot,0

κxx
=

12Tx /t 3
tot,0

Tx M4,4
det[ABD]

= 12det[ABD]

M4,4t 3
tot,0

(3.66)

The other flexural engineering constants can be derived similarly and are shown below:

Ey,f =
12det[ABD]

M5,5t 3
tot,0

Gx y,f =
12det[ABD]

M6,6t 3
tot,0

νx y,f =
M4,5

M4,4

(3.67)

For a balanced and symmetric laminate, these engineering constants simplify to the following:

Ex,f =
12

(
D11D22 −D2

12

)
D22t 3

tot,0

Ey,f =
12

(
D11D22 −D2

12

)
D11t 3

tot,0

Gx y,f =
12D66

t 3
tot,0

νx y,f =
D12

D22

(3.68)





4
Implementation inclination in the CLT

In this chapter, a modified Classical Laminate Theory will be derived, which accounts for an extra rotation that
is present in a laminate with inclined plies. The same procedure as described in chapter 3 will be used. The goal
is to find a new ABD-matrix which takes the extra rotation into account.

4.1. Elastic behaviour
The CLT makes use of plane stress assumptions in order to simplify the problem. For laminates without inclined
plies, these are valid assumptions, since in every ply the fibres are parallel to the plane of the laminate. This means
the dominant stresses are transferred in the plane of the laminate and the out-of-plane stresses (σ33, σ23 and σ13)
can be neglected. When a rotation about the x-axis is present in the plies within a laminate, it is possible that
out-of-plane stresses occur in those plies. In figure 4.1, a 90°-ply with an inclination α is shown. The resulting
fibre direction is indicated with the dashed lines and coincides with the (1)-axis in the local coordinate system.
When a normal force Ny y is applied to this single ply, it is expected that a normal stress perpendicular to the
fibres could occur, which will be the normal stress σ33 in the local coordinate system of the ply. Furthermore,
due to the difference in stiffness along the (1)- and (3)-axis, it is expected that out-of-plane shear deformations
could occur. The stiffness along the fibre direction is significantly higher compared to the stiffness perpendicular
to the fibre direction. This will lead to a smaller elongation along the fibre direction compared to the elongation
perpendicular to the fibre direction. For the case in figure 4.1, the out-of-plane shear deformation γ0

y z will have
a direction as shown with the dotted deformed shape in that figure. Correspondingly, the out-of-plane shear
deformation γ0

xz could also occur when for example an inclination is added to a 45°-ply.

The original CLT derived in section 3.3 is no longer applicable. However, the same approach can be used to
derive the modified CLT. It is now assumed that σ33, σ23 and σ13 can be present, so plane stress conditions are
not assumed to be applicable in the local coordinate system of each ply.

a
y

z

NyyNyy

33
(1)

(3)

yz0

Figure 4.1: Possible stresses on a ply within a laminate with inclined plies.

For the individual plies, the constitutive relation in the local coordinate system from equation 3.6 is still the start-
ing point. The 6×6 compliance matrix (S) for transversely isotropic materials has already been given in equation
3.11. For the regular CLT, this compliance matrix was reduced to meet the plane stress requirements. Since all

29
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six stress components need to be taken into account for the modified CLT, no reduction of the compliance matrix
is possible. The laminate constitutive equations require the stiffness matrix of a laminate as input, which can be
obtained by taking the inverse of the compliance matrix (equation 3.5).

4.2. Transformation equations
The inclination that could be present in plies will affect the elastic behaviour of a laminate. To account for the
inclination, a rotation about the x-axis is assumed in the derivation of the modified CLT. Figure 4.2 shows that α
indicates a positive rotation from y to z. In this figure, the fibres in the 0°-plies are parallel to the x-axis1. The
fibres in the 90°-plies are not oriented parallel to the y-axis due to the inclination α.

z

y

x
a

0°
90°

0°

Figure 4.2: 3D representation of the inclined plies for 0°- and 90°-plies.

Section 3.2 contains an explanation of the transformation equations used in the CLT. Here, it was introduced
that α, β and θ indicate a rotation about the x-, y- and z-axis respectively. For a laminate with inclined plies,
it is assumed that θ still indicates the fibre orientation of the plies before an inclination is added. Furthermore,
α relates to the additional rotation present in a laminate with inclined plies. Finally, the rotation β about the
y-axis is still assumed to be zero, meaning Ly is equal to the identity matrix. Using the x-convention of the
Euler angles, the total rotation matrix can be obtained by multiplication of the individual rotation matrices in the
following specific order:

L=LzLy Lx =
 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 cosα sinα
0 −sinα cosα

=
 cosθ cosαsinθ sinαsinθ
−sinθ cosαcosθ sinαcosθ

0 −sinα cosα


(4.1)

Section 3.2 also contains the derivation that relates the rotation matrix to the total transformation matrix using
stress transformation from a local to a global coordinate system (equation 3.22). The resulting 3×3 stress ten-
sor σσσ can be rearranged to a 6×1 stress vector using the matrix multiplication LTσσσL, which leads to the total
transformation matrix:

σσσ=Tθασσσ (4.2)

With:

Tθα =


cosθ2 sinθ2 0 0 0 −2cosθ sinθ

cosα2 sinθ2 cosθ2 cosα2 sinα2 −2cosθ sinαcosα −2cosαsinθ sinα 2cosα2 sinθcosθ
sinθ2 sinα2 cosθ2 sinα2 cosα2 2cosθ sinαcosα 2cosαsinθ sinα 2sinθ sinα2 cosθ

sinθ2 sinαcosα cosθ2 sinαcosα −cosαsinα cosα2 cosθ− sinα2 cosθ cosα2 sinθ− sinα2 sinθ 2cosαsinθ sinαcosθ
cosθ sinαsinθ −cosθ sinαsinθ 0 −cosαsinθ cosαcosθ cosθ2 sinα− sinθ2 sinα
cosθcosαsinθ −cosθcosαsinθ 0 sinαsinθ −sinαcosθ cosθ2 cosα− sinθ2 cosα


(4.3)

1The x-axis corresponds to the main span direction of InfraCore panels.
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Here, Tθα represents the total transformation matrix after the two rotations θ and α. This matrix can be used to
transfer the stiffness matrix in the local coordinate system to a stiffness matrix in the global coordinate system
for every ply, which is needed as input for the laminate constitutive equations in the CLT:

C=TθαCTT
θα (4.4)

4.3. Laminate constitutive equations
For the laminate constitutive equations in the regular CLT, Kirchhoff assumptions were made for the plies and
the laminate. For a laminate with inclined plies, it can still be assumed that straight lines perpendicular to the
mid-surface remain straight after deformation of the laminate due to the fact that the laminate is still assumed
to be a thin plate. However, the other two Kirchhoff assumptions are no longer valid in the derivation of the
modified CLT. Since out-of-plane shear deformations could occur, it can no longer be stated that straight lines
perpendicular to the mid-surface remain perpendicular to the mid-surface after deformation of the laminate. This
means both γ0

xz and γ0
y x should be taken into account. Furthermore, it can no longer be assumed that the strain

perpendicular to the plane of the ply (ε0
33) is negligible, since the stress component σ33 must be taken into

account, as described in section 4.1. As a result, the axial strain in the global z-direction will also be observed
when the modified CLT is derived. All six strain components need to be taken into account. All six deformation
components depend on the strain of the mid-surface of a ply and the curvature of the ply. Equation 3.42 can be
expanded:



εxx

εy y

εzz

γy z

γxz

γx y

=



ε0
xx

ε0
y y

ε0
zz

γ0
y z

γ0
xz

γ0
x y


+ z



κxx

κy y

κzz

κy z

κxz

κx y

 (4.5)

The definition for strain shown above could be implemented in the constitutive equation 3.1. This will relate the
six stress components to the six strain components using the stiffness matrix C in the global coordinate system:

σσσ=Cεεε (4.6)



σxx

σy y

σzz

τy z

τxz

τx y

=C





ε0
xx

ε0
y y

ε0
zz

γ0
y z

γ0
xz

γ0
x y


+ z



κxx

κy y

κzz

κy z

κxz

κx y




(4.7)

Next, the resultant normal forces and moments need to be derived. Equation 3.45 gives the relevant integrals for
the components that are needed in the derivation of the regular CLT. The normal force vector has six elements in
total, three of which were also found in the regular CLT. The same holds for the moment vector. In total, twelve
integrals need to be evaluated to determine the laminate stiffness matrix when plane stress conditions are not
applicable. The following six integrals complete the result:

Nzz =
∫ 1

2 tply

− 1
2 tply

σzz d z Ny z =
∫ 1

2 tply

− 1
2 tply

τy z d z Nxz =
∫ 1

2 tply

− 1
2 tply

τxz d z

Mzz =
∫ 1

2 tply

− 1
2 tply

σzz zd z My z =
∫ 1

2 tply

− 1
2 tply

τy z zd z Mxz =
∫ 1

2 tply

− 1
2 tply

τxz zd z

(4.8)

To derive the total forces and moments in a laminate, the individual plies must be combined. For a laminate
analysed with the regular CLT, this was done by assuming a uniform strain over the height of the laminate. This
would mean no jumps or kinks are observed in the strain diagram. However, due to the difference in effective
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elastic modulus in the considered global direction, there are jumps and kinks observed in the stress diagram. This
is also indicated in figure 3.7 and 3.8. The six force components can be written in vector shape, as well as the six
moment components. To stack all the plies, the stiffness properties per ply can be added to each other to obtain
the result for the complete laminate:

NNN =



Nxx

Ny y

Nzz

Ny z

Nxz

Nx y

=
n∑

i=1

∫ zi

zi−1



σxx

σy y

σzz

τy z

τxz

τx y

d z =
n∑

i=1


Ci



ε0
xx

ε0
y y

ε0
zz

γ0
y z

γ0
xz

γ0
x y


∫ zi

zi−1

d z +Ci



κxx

κy y

κzz

κy z

κxz

κx y


∫ zi

zi−1

zd z


(4.9)

MMM =



Mxx

My y

Mzz

My z

Mxz

Mx y

=
n∑

i=1

∫ zi

zi−1

z



σxx

σy y

σzz

τy z

τxz

τx y

d z =
n∑

i=1


Ci



ε0
xx

ε0
y y

ε0
zz

γ0
y z

γ0
xz

γ0
x y


∫ zi

zi−1

zd z +Ci



κxx

κy y

κzz

κy z

κxz

κx y


∫ zi

zi−1

z2d z


(4.10)

Next, the integrals can be evaluated. It is assumed that both ε0ε0ε0 and κκκ are independent of z, so they can be taken
out of the integrals. In the end, the following relation is obtained:[

NNN
MMM

]
=

[
A B
B D

][
ε0ε0ε0

κκκ

]
(4.11)

With:

A=
n∑

i=1
(zi − zi−1)Ci

B=
n∑

i=1

1

2

(
z2

i − z2
i−1

)
Ci

D=
n∑

i=1

1

3

(
z3

i − z3
i−1

)
Ci

(4.12)

Note that the ABD-matrix is no longer a 6×6-matrix, which was the case when plane stress conditions were
applicable. Due to the three extra force components and the three extra moment components, the ABD-matrix
will become a 12×12-matrix, which is shown in equation 4.14. Here, all the black elements are also present
when plane stress conditions are assumed and a 6×6 ABD-matrix is obtained. However, the values are not the
same compared to the entries in the 6×6 ABD-matrix:

ABD6×6
i j 6=ABD12×12

i j (4.13)

For the 12×12 ABD-matrix, other multiplications have been performed compared to the ABD-matrix from the
regular CLT, since both the transformation matrix and the stiffness matrix in the local coordinate system are
larger. Furthermore, all the entries in the 12×12 matrix are now a function of α, which is completely absent in
the regular CLT. The blue elements relate to the additional obtained stiffness parameters when the plane stress
conditions are rejected.
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Nxx

Ny y

Nzz

Ny z

Nxz

Nx y

Mxx

My y

Mzz

My z

Mxz

Mx y



=



A11 A12 A13 A14 A15 A16 B11 B12 B13 B14 B15 B16

A12 A22 A23 A24 A25 A26 B12 B22 B23 B24 B25 B26

A13 A23 A33 A34 A35 A36 B13 B23 B33 B34 B35 B36

A14 A24 A34 A44 A45 A46 B14 B24 B34 B44 B45 B46

A15 A25 A35 A45 A55 A56 B15 B25 B35 B45 B55 B56

A16 A26 A36 A46 A56 A66 B16 B26 B36 B46 B56 B66

B11 B12 B13 B14 B15 B16 D11 D12 D13 D14 D15 D16

B12 B22 B23 B24 B25 B26 D12 D22 D23 D24 D25 D26

B13 B23 B33 B34 B35 B36 D13 D23 D33 D34 D35 D36

B14 B24 B34 B44 B45 B46 D14 D24 D34 D44 D45 D46

B15 B25 B35 B45 B55 B56 D15 D25 D35 D45 D55 D56

B16 B26 B36 B46 B56 B66 D16 D26 D36 D46 D56 D66
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xx

ε0
y y

ε0
zz

γ0
y z

γ0
xz

γ0
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κxx

κy y

κzz

κy z

κxz

κx y



(4.14)

The 12×12 ABD-matrix can be evaluated for a laminate without inclined plies (α=0). The result will be compa-
rable with the regular CLT, with the difference that plane stress conditions are not assumed. The result is shown
in equation 4.15, where it can be seen that many zero entries appear for α=0. These follow from the matrix
multiplications done to obtain the global stiffness matrix (equation 4.4). Since the transformation matrix Tθα

reduces to the transformation matrix T used in the regular CLT (equation 3.25), it contains many zero entries for
α=0. The stiffness matrix in the local coordinate system C also contains many zeros for a transversely isotropic
material. Due to all these zeros present in the transformation matrix and the stiffness matrix, the resulting 12×12
ABD-matrix also contains many zero’s:

Nxx

Ny y

Nzz

Ny z

Nxz

Nx y

Mxx

My y

Mzz

My z

Mxz

Mx y



=



A11 A12 A13 0 0 A16 B11 B12 B13 0 0 B16

A12 A22 A23 0 0 A26 B12 B22 B23 0 0 B26

A13 A23 A33 0 0 A36 B13 B23 0 0 0 B36

0 0 0 A44 A45 0 0 0 0 B44 B45 0

0 0 0 A45 A55 0 0 0 0 B45 B55 0

A16 A26 A36 0 0 A66 B16 B26 B36 0 0 B66

B11 B12 B13 0 0 B16 D11 D12 D13 0 0 D16

B12 B22 B23 0 0 B26 D12 D22 D23 0 0 D26

B13 B23 0 0 0 B36 D13 D23 D33 0 0 D36

0 0 0 B44 B45 0 0 0 0 D44 D45 0

0 0 0 B45 B55 0 0 0 0 D45 D55 0

B16 B26 B36 0 0 B66 D16 D26 D36 0 0 D66





ε0
xx

ε0
y y

ε0
zz

γ0
y z

γ0
xz

γ0
x y

κxx

κy y

κzz

κy z

κxz

κx y



(4.15)

It can be seen that the out-of-plane shear forces Ny z and Nxz are only related to the out-of-plane shear strains
and curvatures. This confirms that no out-of-plane shear deformations are possible for an axially loaded laminate
without inclined plies, thus the Kirchhoff assumption that straight lines perpendicular to the mid-surface remain
perpendicular to the mid-surface after deformation is valid for a laminate without inclined plies. Furthermore,
since the stress σ33 was neglected for the regular CLT, the strain in z-direction was not taken into account. All
the terms with a 3 in the subscript relate to the lateral contraction due to Poisson’s ratio in the z-direction, which
is now taken into account.

It should be noted that no coupling effect is present between Nzz and κzz . Correspondingly, there is also no
coupling between Mzz and ε0

zz , since both coupling effects are determined by the B33 element in the ABD-
matrix, which is equal to zero as indicated with the boxes in equation 4.14. When a normal force in z-direction is
applied to a laminate without inclination (α=0) and the lateral contraction is neglected (i.e. ν12 and ν23 are equal
to zero), ε0

zz is the only possible strain that could occur. This is indicated in figure 4.3, where the dashed lines
indicate the deformation of the complete laminate due to Nzz . This kind of loading cannot lead to a curvature
κzz , which leads to a value of zero for B33 for every laminate without inclined plies.
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z

x

y

Nzz

Nzz

Figure 4.3: Normal force Nzz applied to a laminate without extra inclination.

4.3.1. Reduction of the ABD-matrix of the modified CLT
The ABD-matrix obtained with the modified CLT can be used to determine the elastic behaviour of laminated
plates. The thickness is often very small compared to other plate dimensions. This means certain forces and
moments can be neglected. First of all, the normal force in z-direction, as shown in figure 4.3, is usually not
present, meaning Nzz can be assumed to be equal to zero. Furthermore, the additional moments that appear in
the modified CLT (Mzz , Mxz and My z) are also not relevant and can therefore assumed to be equal to zero. When
these conditions are applied to the inverse of equation 4.14, the corresponding rows and columns of the inverse
of the ABD-matrix can be deleted. This will result in an 8×8-matrix. When that matrix is inverted back again,
the following relation can be obtained:

Nxx

Ny y

Ny z

Nxz

Nx y

Mxx

My y

Mx y


=



A11 A12 A14 A15 A16 B11 B12 B16

A12 A22 A24 A25 A26 B12 B22 B26

A14 A24 A44 A45 A46 B14 B24 B46

A15 A25 A45 A55 A56 B15 B25 B56

A16 A26 A46 A56 A66 B16 B26 B66

B11 B12 B14 B15 B16 D11 D12 D16

B12 B22 B24 B25 B26 D12 D22 D26

B16 B26 B46 B56 B66 D16 D26 D66
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κxx
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(4.16)

It should be stressed that the entries in the ABD-matrix in equation 4.16 are not equal to the corresponding entries
in the ABD-matrix in equation 4.14:

ABD8×8
i j 6=ABD12×12

i j (4.17)

In the determination of the engineering constants of the regular CLT described in section 3.4, only one type of
loading is applied in order to determine an engineering constant. The other forces or moments are equal to zero.
For the modified CLT, the same method can be used to determine the engineering constants. The additional
forces and moments (Nzz , Mzz , Mxz and My z) are also equal to zero in the determination of the engineering
constants of the modified CLT, meaning the engineering constants obtained with the 12×12 ABD-matrix will be
equal to the engineering constants obtained with the reduced 8×8 ABD-matrix.

In conclusion, the reduced 8×8 ABD-matrix is a more compact form of the modified CLT. It is more practical in
use since the irrelevant forces, moments, strains and curvatures are not taken into account.
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4.4. Assumptions and limitations
The derivation of the modified CLT presented in this chapter has been done by making some assumptions. These
assumptions lead to some limitations which should be mentioned before further results are produced.

4.4.1. Location of the ABD-matrix result
When an extra rotation about the x-axis is added to the plies within a laminate, the z-coordinate of a ply varies
along the y-axis. In figure 4.4, a four-ply laminate is presented, including the extra inclination α. It can be
seen that every ply runs from the bottom to the top within a laminate. This creates differences in lay-up of a
laminate along its y-axis. This will eventually lead to an ABD-matrix that can only be assigned to one location
of a laminate. So the ABD-matrix of an inclined laminate differs along the y-axis and, correspondingly, the
equivalent stiffnesses differ along the y-axis.

θ4

y

z

[θ1/θ2/θ3/θ4] [θ4/θ1/θ2/θ3] [θ3/θ4/θ1/θ2] [θ2/θ3/θ4/θ1]

θ3

θ2

θ1 θ4 θ3 θ2 θ1

a

Figure 4.4: Location of the lay-up of an inclined laminate.

4.4.2. Thickness of the plies
In the original CLT, the thickness of the plies is required as input for the A, B and D matrices. The thickness is
used to obtain the z-coordinate of the top and the bottom of a single ply within a laminate. It is assumed that the
thickness measured perpendicular to the plane of the ply (tply) is constant. As the angle α increases, the thickness
of the ply measured perpendicular to the plane of the laminate (tα) will increase, since the cosine for α smaller
than 90° is always smaller than 1.

cosα= tply

tα
=⇒ tα = tply

cosα
(4.18)

The total thickness of a laminate depends on the number of plies, and the thickness of each ply. If the laminate is
inclined, the total thickness measured perpendicular to the plane of the laminate also depends on the inclination
angle α.

ttot,α = ntα = n
tply

cosα
(4.19)

ttot,0 = ntply (4.20)

In figure 4.5, laminates with and without inclination α are shown. The total thickness is measured along the blue
dashed line (perpendicular to the laminate). The red part located on the top of the inclined laminate is the extra
thickness, and is the difference between the total thickness of a laminate with and without an extra inclination α,
which will be referred to as ∆ttot:

∆ttot = ttot,α− ttot,0

= nt
(

1

cosα
−1

) (4.21)
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n

ttot,α

a

nttot,0

Δttot

tα
tply

tply

Figure 4.5: Assumed dimensions of an inclined laminate, where n indicates the number of plies.

Equation 4.21 has been divided by ntply on both sides in order to obtain the relative increase of the total thickness
difference as a function of α. The result can be seen in figure 4.6, and confirms that the total thickness increases
when α increases. For α= 90°, the cosine will be equal to 0, which means the thickness of an inclined ply tα will
go to infinity. Therefore, it must be mentioned that α must be smaller than 90° for the derivation of the modified
CLT presented in the previous sections to have a practical meaning. For the moment, it is assumed that the results
for α< 20° will provide sufficient insight in the increase of thickness.

Figure 4.6: Increase of the total thickness difference, with respect to the total thickness ntply for a laminate without inclination.

As mentioned before in section 4.4.1, the result of the modified CLT will only be applicable to one location in
the cross section. This means that the difference in thickness of the plies when the angle α increases does not
cause a problem for the modified CLT. Since only one location is considered in the modified CLT, the thickness
of the plies, which serves as input for the modified CLT, can simply be altered to the desired thickness.

4.4.3. Modified ABD-matrix with respect to InfraCore
The skin of an InfraCore panel consists of plies that continue through the web and to the other skin. The presented
modified CLT is only applicable to the skins of the InfraCore panel. Figure 4.7 shows a close up of the top skin,
where the orange lines are added to indicate the extra inclination that is present. It can also clearly be seen that
the plies from the webs enter the skin, causing differences in lay-up.
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Figure 4.7: Close up of an InfraCore skin.

The plies that enter the skin from the web are usually the ±45°-layers. In the skin, these plies are complemented
with extra plies in the 0°-direction. The InfraCore panel is finished with a horizontal top ply, which will not be
taken into account in the modified CLT. In figure 4.8a, the InfraCore skin has been simplified to uniform plies
that run from the bottom to the top within a laminate. In this figure, it is assumed that five webs are present,
namely on every location where the plies start at the bottom, so where the dashed lines are shown. As mentioned
before, the plies end at the top of the laminate, causing a sawtooth-shaped laminate. However, this shape cannot
be expressed in a plate theory like the CLT. Therefore, the sawtooth-shaped skin has been simplified to a plate
with inclined plies. This can be seen in figure 4.8b, where the blue lines correspond to the sawtooth shaped skin
of InfraCore.

(a) Simplification of an InfraCore skin with the sawtooth shape. The dashed lines indicate the ±45° plies that continue in the
web of an InfraCore panel.

(b) InfraCore skin simplification for the modified CLT.

Figure 4.8: Simplifications of an InfraCore skin.

It should be noted that since the result of the modified CLT is only applicable to a single location in the laminate
(as described in section 4.4.1), the differences between the simplifications shown in the figures 4.8a and 4.8b will
only affect the lay-up input of the modified CLT.

4.4.4. Input modified CLT
In the modified CLT, individual plies can be inserted. Every ply is rotated with angle α individually, creating a
complete inclined laminate. It is however also possible to use the original CLT to obtain engineering constants
for the laminates that represent the InfraCore skins. These engineering constants could be used as input for the
orthotropic material properties of one equivalent ply representing the complete InfraCore skin. This equivalent
ply could then be rotated with angle α using the modified CLT. It should be checked whether differences occur
between the two methods and, if this is the case, what these differences comprise.





5
Numerical verification of the modified CLT

The derived modified CLT must be verified before it can be used properly to obtain relevant results. A finite
element (FE) analysis has been used to check the validity of the modified CLT.

5.1. Finite element model
The regular CLT results in a 6×6 ABD-matrix, which relates the strains and curvatures to the normal forces and
moments. Here, both the normal forces and the moments are defined per unit width, since an integration over
the thickness of the laminate is applied in the derivation of the regular CLT. For the verification of the regular
CLT, a plate with unit length along both edges has been chosen: lx = ly = 1 m, as can be seen in figure 5.1. The
thickness t of the plate depends on the type of laminate that is compared and will be specified later.

z

x y

ly/2

t/2

t/2

ly/2 lx/2

lx/2

Figure 5.1: FE model of a plate simply supported at its center.

The plate is simply supported in all three directions at its center. Since the plate can still rotate in three directions
around its center, there are still three extra boundary conditions needed to make the three-dimensional problem
kinematically determinate. When a total of six boundary conditions is used, the structure will be statically deter-
minate and all deformations will still be possible to occur. These extra boundary conditions depend on the type
of loading, as they may not hinder the possible deformations due to a certain type of loading. Laminates are often
predominantly loaded in their plane, which makes the normal force components Nxx and Ny y the most relevant
loading types to be checked. These loads will be applied to certain laminates and the corresponding strains and
curvatures according to the regular CLT will show which kind of deformations of the plate are possible. This
will lead to the relevant extra boundary conditions that need to be applied to each case. To determine the analytic
result, it is necessary to invert the ABD-matrix:[

ε0ε0ε0

κκκ

]
=

[
A B
B D

]−1 [
NNN
MMM

]
(5.1)

The procedure described above is necessary to check whether the regular CLT results can be compared to FE
analyses. It is therefore assumed that the analytic results of the regular CLT are correct. If the FE analysis

39
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gives the same results for all the strains and curvatures, it can be assumed that the method used to extract the
results from the FE model is correct. The next step is to check whether the analytic result from the modified
CLT matches with the result from an FE analysis. In that case, the ABD-matrix in equation 5.1 will be a 12×12
matrix and three extra strain components and three extra curvature components appear. The full 12×12 ABD-
matrix will be used for the verification, since it is a more complete result of the modified CLT. The reduced 8×8
ABD-matrix will give the same results, so the verification of the 12×12 ABD-matrix will also suffice for the
reduced 8×8 ABD-matrix. The next section will discuss the method to obtain the strains and curvatures from the
FE results.

5.2. Processing finite element results
In the FE analysis, the plate is loaded by edge forces. These are all in equilibrium, for example the same load
Nxx is applied in negative direction on the negative x-face as the load Nxx in positive direction on the positive
x-face. This ensures all the support reactions are equal to zero, making the boundary conditions only necessary
for making the problem kinematically determinate. The results that need to be obtained are displacements and
rotations of nodes. Every node has an x-, y- and z-coordinate, so the displacement and rotation results will be
written as a function of those coordinates:

Displacment in x-direction → Ux
(
x, y, z

)
Displacment in y-direction → Uy

(
x, y, z

)
Displacment in z-direction → Uz

(
x, y, z

)
Rotation about the x-axis → Φx

(
x, y, z

)
Rotation about the y-axis → Φy

(
x, y, z

)
Rotation about the z-axis → Φz

(
x, y, z

)
(5.2)

For the FE model, only nodal values can be evaluated. For a laminate, there is often more than one strain or
curvature present. If the displacements and rotations are evaluated along the mid-lines of the plate, the different
strains and curvatures do not impede with each other. For example, the displacement of the positive x-face can
correctly be determined by evaluating the displacement at the node with the coordinates

(
lx
2 ,0,0

)
, where lx is

defined in figure 5.1.

To obtain the right strains and curvatures from an FE analysis, all those deformation variables must be defined
properly for the (laminated) plate depicted in figure 5.1. The modified CLT contains six strain components and
six curvature components. For the regular CLT, this reduces to three strain components and three curvature
components, but these are defined the same as the corresponding components in the modified CLT.

5.2.1. Strains
Distinction can be made between axial strains (ε0

xx , ε0
y y and ε0

zz) and shear strains (γ0
y z , γ0

xz and γ0
x y ). These are

all strains of the mid-surface, hence the 0 in the superscript.

Axial strains
The axial strains can appear in all three global directions. For both the regular and modified CLT, the strains in
x- and y-direction are present. The axial strain in z-direction only appears in the non-reduced modified CLT.
Figure 5.2 shows the three types of axial strains.
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(a) Axial strain in x-direction (ε0
xx ).
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dy

dy

duy
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(b) Axial strain in y-direction (ε0
y y ).

z
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dz

dz

duz
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(c) Axial strain in z-direction (ε0
zz ).

Figure 5.2: Axial strains. The green lines indicate the deformed shape of the plate.

An axial strain is defined as the ratio between the elongation and the length in the global direction of a plate [3].
The values for lx and ly are equal to 1 for the current case, but t is kept variable, since it depends on the type of
laminate that is evaluated. It should also be noted that the average is taken between the nodal displacements at
both ends. Due to the negative direction of the assumed displacement ui at the negative face i , this value must
be subtracted from the corresponding displacement ui at the positive face i (with i = x, y, z). This results in the
following equations for the axial strains:

ε0
xx = ∂ux

∂x
=

Ux

(
lx
2 ,0,0

)
−Ux

(
− lx

2 ,0,0
)

lx
=Ux

( 1
2 ,0,0

)−Ux
(− 1

2 ,0,0
)

(5.3)

ε0
y y =

∂uy

∂y
=

Uy

(
0,

ly

2 ,0
)
−Uy

(
0,− ly

2 ,0
)

ly
=Uy

(
0, 1

2 ,0
)−Uy

(
0,− 1

2 ,0
)

(5.4)

ε0
zz =

∂uz

∂z
= Uz

(
0,0, t

2

)−Uz
(
0,0,− t

2

)
t

(5.5)

Shear strains
There are two types of shear strains that could occur for a plate. The in-plane shear strain γ0

x y appears in both
the regular and modified CLT. Out-of-plane shear strains (γ0

y z and γ0
xz) could also occur in the modified CLT.

These are shear strains that cause out-of-plane deformations, thus these do not appear in the regular CLT where
Kirchhoff assumptions were applicable. The positive definitions for the shear strains are given in figure 5.3.
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(a) Out-of-plane shear strain γ0
y z .
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dw dx

(b) Out-of-plane shear strain γ0
xz .
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duy
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(c) In-plane shear strain γ0
x y .

Figure 5.3: Shear strains. The green lines indicate the deformed shape of the plate.

The out-of-plane shear strains can be determined by evaluating the ratio between the deflection w and the distance
to the origin of that deflection [3]. The average of both faces has been taken for the out-of-plane shear strains. It
should be noted that a positive shear strain γ0

y z is defined as a positive displacement in z-direction at the positive
y-edge. For the shear strain γ0

xz , the positive definition is given as a positive displacement in z-direction of the
positive x-face. The in-plane shear strain γ0

x y corresponds to the engineering shear strain, and depends on the
deformation in both x- and y-direction, as well as on the dimensions in x- and y-direction [3].

γ0
y z =

∂w

∂y
=

Uz

(
0,

ly

2 ,0
)
−Uz

(
0,− ly

2 ,0
)

ly
=Uz

(
0, 1

2 ,0
)−Uz

(
0,− 1

2 ,0
)

(5.6)

γ0
xz =

∂w

∂x
=

−Uz

(
lx
2 ,0,0

)
+Uz

(
− lx

2 ,0,0
)

lx
=Uz

( 1
2 ,0,0

)−Uz
(− 1

2 ,0,0
)

(5.7)

γ0
x y =

∂ux

∂y
+ ∂uy

∂x
=

Ux

(
0,

ly

2 ,0
)

ly

2

+
Uy

(
lx
2 ,0,0

)
lx
2

= 2
(
Ux

(
0, 1

2 ,0
)+Uy

( 1
2 ,0,0

))
(5.8)

5.2.2. Curvatures
Distinction can be made between bending curvatures (κxx , κy y and κzz) and torsional curvatures (κy z , κxz and
κx y ).

Bending curvatures
The out-of-plane bending curvatures κxx and κy y are included in both the regular and modified CLT. The in-plane
bending curvature κzz only appears in the non-reduced modified CLT, but is deleted when the reduced modified
CLT is obtained. It is defined as the variation in axial strain ε0

xx in z-direction. This cannot be visualised for a
single layer and is therefore not taken into account in the verification. The positive definitions of the other two
bending curvatures are shown in figure 5.4.
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(a) Out-of-plane bending curvature κxx .
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(b) Out-of-plane bending curvature κy y .

Figure 5.4: Bending curvatures. The green lines indicate the deformed shape of the plate.

The out-of-plane bending curvatures κxx and κy y are defined using the rotations at the end of the plate [3]. The
positive rotation in x-direction (ϕx) is defined by the deformed shape due to a positive bending moment Mxx . It
corresponds to the positive rotation of the plate about the y-axis. This means the rotation Φy is needed to evaluate
the out-of-plane bending curvatures κxx . The same holds for the positive rotation in y-direction (ϕy ), which is
defined by the deformed shape due to a positive bending moment My y . It corresponds to the negative rotation of
the plate about the x-axis from the FE results. Note the extra minus sign due to the fact that a positive deformed
shape results in a negative rotation at the end of the plate.

κxx = ∂ϕx

∂x
=
Φy

(
lx
2 ,0,0

)
−Φy

(
− lx

2 ,0,0
)

lx
=Φy

( 1
2 ,0,0

)−Φy
(− 1

2 ,0,0
)

(5.9)

κy y =
∂ϕy

∂y
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−Φx
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2 ,0
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2 ,0
)
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0, 1

2 ,0
)+Φx

(
0,− 1

2 ,0
)

(5.10)

Torsional curvatures
Two types of in-plane torsional curvatures arise in the non-reduced modified CLT: κy z and κxz . The out-of-plane
torsional curvature κx y appears in both the regular and modified CLT. Figure 5.5 shows the deformed shapes for
the three torsional curvatures.
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(a) In-plane torsional curvature κy z .

z

x y
dx

dux

dz

dux

(b) In-plane torsional curvature κxz .
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(c) Out-of-plane torsional curvature κx y .

Figure 5.5: Torsional curvatures. The green lines indicate the deformed shape of the plate.

Since it is assumed that the thickness is small compared to the plate dimensions, it can be assumed that the in-
plane torsional curvatures are not relevant and thus do not have to be evaluated from the FE results. The in-plane
torsional curvatures are also deleted in the derivation of the reduced modified CLT.
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The definition of the out-of-plane torsional curvature is given by the second partial derivative of the deflection
w with respect to x and y [3]. The corner deflections are needed from the FE results in order to obtain the right
value for κx y . All four corners are used to evaluate the average out-of-plane torsional curvature.
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5.3. Regular CLT comparison
To compare the regular CLT results with the result from an FE analysis, a four-ply laminate has been chosen.
It has a lay-up of [0/−45/0/90], making it non-symmetric and non-balanced. This means the ABD-matrix will
only contain non-zero entries, so for every type of loading, all three strain components and all three curvature
components from the regular CLT will appear. This means only one type of loading will suffice to check whether
the method to evaluate the strains and curvatures from the FE analysis is correct. In this case, a normal force in x-
direction Nxx will be applied. No extra boundary conditions are applied, in order to obtain rotational symmetric
displacements with respect to the mid-point.
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Nxx
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90°
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Figure 5.6: FE model of a four-ply laminate loaded by a normal force Nxx .

Figure 5.6 shows the model used to compare the values of the CLT with FE results. The mid-surface is shown to
indicate where the boundary conditions in the center are applied. This mid-surface is located between the −45°
ply and the second 0° ply. The lay-up is shown on the left in the figure, where the first ply in the [0/−45/0/90]
lay-up is located at the bottom of the laminate. Both lx and ly are equal to 1 m and the ply thickness tpl y is equal
to 0.0005 m, making the total laminate thickness equal to 0.002 m. All the input variables are included in table
5.1. The five independent transversely isotropic material parameters for a unidirectional E-glass/epoxy ply are
given in table 2.3.

Table 5.1: Input variables for the four-ply laminate.

Property Value
Lay-up [0/−45/0/90]
lx 1 m
ly 1 m
tply 0.0005 m
Nxx 10000 N/m
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Using the relation in equation 5.1, the strains and curvatures corresponding to a Nxx load can be determined and
will be the following: 

ε0
xx

ε0
y y

γ0
x y

κxx

κy y

κx y


=



0.0002205

−0.0000510

0.0000445

0.1078517

0.0311241

−0.0281576


(5.12)

These values need to be compared to results from an FE analysis. For the regular CLT, there are two options
which will both be discussed. First of all, many FE packages include the option to assign the values of an
ABD-matrix to a sheet. This should give very similar results compared to the analytic solution, since the same
assumptions are applicable to both a thin sheet structure in an FE analysis and a laminate in the regular CLT
(plane stress conditions and Kirchhoff assumptions). The second possibility is to add every ply individually with
solid elements. Every ply can have its own local coordinate system, making it possible to assign different material
orientations to each ply. It should be noted that with use of solid elements, the FE results are not obtained under
plane stress conditions or Kirchhoff assumptions. However, if a sufficiently thin plate is used, the solid elements
approach the Kirchhoff assumptions for the complete structure. In this case, the length to width ratio is equal to
500 for the complete laminate, meaning the laminate can be assumed to be a very thin plate. Due to this high
length to width ratio, it can be assumed that the FE result with solid elements should be comparable to the FE
results of a sheet.

5.3.1. ABD-matrix input
Diana has been used to perform the FE analysis. The ABD-matrix entries of the regular CLT for the four-ply
laminate have been used as input for a laminated composite material. Four sheets have been used, in order to
be able to add the boundary conditions at the center of the plate, as can be seen in figure 5.7a. Furthermore, an
outward normal distributed force of 10000 N/m is applied on both the positive and negative x-edges of the plate
to represent the load Nxx . A Q20SF element has been used, which is a four-node quadrilateral flat shell element
with five degrees of freedom per node. As element size 0.0025 m is used, resulting in a total of 1600 elements.
The mesh is shown in figure 5.7b.

(a) Geometry overview. (b) Mesh overview.

Figure 5.7: Diana model of a sheet with ABD-matrix properties.

A structural linear static analysis has been performed, since the CLT is also only applicable to linear elastic
material behaviour and no dynamic loading is applied. Due to the non-zero B-matrix, out-of-plane deformations
should occur as a result of coupling effects. Figure 5.8 shows the displacements in z-direction. These are exactly
equal to zero at the center of the plate due to the applied boundary conditions. All the edges do show an out-of-
plane deformation, confirming the presence the coupling effect.
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Figure 5.8: Displacements in z-direction for the four-ply laminate with ABD-matrix input.

The results for the six deformation variables are shown in table 5.2. Here, the first column contains the analytic
results, which were also presented in equation 5.12. The second column indicates the FE results according to
all the relations derived in section 5.2. The values in these first two columns have been rounded to nine decimal
places for simplicity in the table. The last column shows the ratio between the former two columns, where the
non-rounded values of the FE results have been divided by the non-rounded values of the analytic CLT results. It
can be seen that all the ratios are very close to 1. On average, the ratios are only 1.6×10−6 off of 1 (or 0.00016%),
meaning the results from the FE analysis are very close to the analytic results from the CLT. The small differences
can be assigned to numerical errors in the FE analysis due to discretisation of the problem.

Table 5.2: Results of a four-ply laminate with a load Nxx with the ABD-matrix used as input in the FE analysis.

CLT value FE result Ratio FE/CLT
ε0

xx 0.000220499 0.000220499 1.00000033

ε0
y y −0.000050998 −0.000050998 0.99999946

γ0
x y 0.000044530 0.000044530 0.99999876

κxx 0.107851705 0.107851805 1.00000092

κy y 0.031124138 0.031124043 0.99999694

κx y −0.028157583 −0.028157679 1.00000341

5.3.2. Solid elements input
Another possibility to compare the CLT result to results from an FE analysis, is to use solid elements. Every ply
will be put individually as a block element in the Diana model. For the four-ply laminate, this means a total of
16 block elements are needed, since there must be a node present at the center of the structure. Due to the high
thickness to width ratio, the geometry looks like a sheet in figure 5.9a, but the close-up in figure 5.9c shows that
indeed four individual layers of solid elements have been used to represent the plies.

In order to assign the transversely isotropic material properties to each ply, an orthotropic material is chosen. It
has nine input parameters, of which five are independent for a transversely isotropic material. The other four
dependent material properties can be derived using the relations given in section 3.1. Every ply has its own local
coordinate system. In Diana, this requires input of the global coordinates of an arbitrary point on the local x- and
y-axis. The corresponding local z-axis is then derived automatically for a right-handed coordinate system. For
the four-ply laminate with lay-up [0/−45/0/90], the global coordinates are shown in table 5.3.
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Table 5.3: Global coordinates of an arbitrary point on the local x- and y-axis.

Local x-axis Local y-axis
x y z x y z

0° 1 0 0 0 1 0
−45° 1 -1 0 1 1 0

0° 1 0 0 0 1 0
90° 0 1 0 1 0 0

The Diana model makes use of HX24L elements, which is an eight-node brick element with three translational
degrees of freedom per node. There are no rotational degrees of freedom in the nodes, but to evaluate the
curvatures κxx and κy y the rotation about the y- and x-axis are needed respectively (see also equations 5.9 and
5.10). The thin plate does have a rotation about the x- and y-axis, but due to the limitation of the solid finite
element used, it cannot be read in the results. The solution is to add an extra sheet with four-node quadrilateral
flat shell elements (Q20SF). These elements do have rotational degrees of freedom, which means the rotation
about the x- and y-axis can be extracted from the FE results. The very thin sheet (t = 10−5 m) is assigned with
very low isotropic material properties (E = 0.1 N/m2, ν = 0) compared to the ply properties, so the extra sheet
does not affect the FE results in a way that it could prevent the possibility of comparing the FE results with the
analytic results from the CLT. It is only added to be able to read the rotation about the x- and y-axis.

The solid elements used require a minimal thickness, so they do behave as a solid element [6]. If the thickness is
too small compared to the length and width of the element, it might not perform well since it would behave like
a shell element. This means a small mesh size is required to meet the minimal thickness requirement of the solid
elements. An element size of 0.02 m has been chosen, making a total of 2500 solid elements per ply and thus
10000 solid elements in total. An extra 2500 shell elements have been used to discretise the thin sheet.

To apply the load Nxx to the laminate, a distributed force qx has been applied to the positive and negative x-face.
This force is distributed over the surface of the faces, thus it has a unit of N/m2. This means the load Nxx must
be divided by the laminate thickness to obtain the correct distributed force:

qx = Nxx

4× tply
= 10000

4×0.0005
= 5×106 N/m2 (5.13)

(a) Geometry overview. (b) Mesh overview.

(c) Close-up of the geometry to confirm four individual layers of solid
elements have been used to represent the plies. The distributed force qx

on the positive x-face can also be seen.

Figure 5.9: Diana model of a sheet with ABD-matrix properties.

Again, a structural linear static analysis is performed. Since the input is similar to the laminate with ABD-
matrix input, the results of both analyses should also agree. Figure 5.10 shows the displacements in z-direction,



48 5. Numerical verification of the modified CLT

confirming again the out-of-plane deformations due to the coupling effect as a result from the non-zero B-matrix.
This figure is very similar to figure 5.8.

Figure 5.10: Displacements in z-direction for the four-ply laminate with solid elements.

Finally, the numerical values of all the deformation components need to be compared, which is shown in table
5.4. The ratio between the FE result with solid elements and the analytical values from the CLT are still very
close to 1. On average, they are 7.1× 10−4 off of 1 (or 0.071%), which is more than the difference from the
ABD-matrix FE results. This increase in difference can be assigned to the fact that solid elements do not make
use of Kirchhoff assumptions or plane stress conditions, where the regular CLT does. Since a very thin plate
is discretised with solid elements, the plate does approximate the Kirchhoff assumptions. Therefore, the solid
elements show behaviour that approximates behaviour of a flat shell element.

Table 5.4: Results of a four-ply laminate with a load Nxx with solid elements used in the FE analysis for the regular CLT.

Regular CLT FE analysis Ratio FE/CLT
ε0

xx 0.000220499 0.000220434 0.99970356

ε0
y y −0.000050998 −0.000051047 1.00095943

γ0
x y 0.000044530 0.000044527 0.99994335

κxx 0.107851705 0.108054028 1.00187594

κy y 0.031124138 0.031093866 0.99902715

κx y −0.028157583 −0.028160938 1.00011913

In conclusion, all the values from both FE analyses are very close to the analytic result from the regular CLT. It
is therefore assumed that the method to represent a laminate and extract the deformation variables from Diana is
correct and can be applied to verify the modified CLT. It should be noted that the three extra strain components
(ε0

zz , γ0
y z and γ0

xz) are not compared yet. However, since all the other deformation variables are in accordance
with the regular CLT results, it is assumed that the extra three strain components are also correct, because they
are derived in a similar manner, as described in section 5.2.

5.4. Modified CLT comparison
The modified CLT derived in chapter 4 is verified using several FE analyses. First of all, the four-ply laminate
used in section 5.3.2 is evaluated with the modified CLT. In that case, no inclination is present yet. Next,
individual plies with an inclination are checked, since the behaviour of an individual ply is much easier to
predict and analyse because there are no coupling effects present. Finally, an inclination is added to the four-ply
laminate.

5.4.1. Four-ply laminate without inclination
The analytic result of the four-ply laminate with lay-up [0/− 45/0/90] can be determined for both the regular
CLT and the modified CLT. The corresponding entries in the 6×6 ABD-matrix of the regular CLT are not the
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same for the 12×12 ABD-matrix of the modified CLT. The 12×12 ABD-matrix needs to be inverted in order to
determine the strains and curvatures that correspond to a certain type of loading in the modified CLT. Again, a
load Nxx = 10000 N/m has been applied on the laminate. The resulting strains and curvatures are given in table
5.5, where the in-plane curvatures κzz , κy z and κxz are not taken into account for the same reason as described
in section 5.2.2.

The four-ply laminate with lay-up [0/−45/0/90] has already been evaluated with an FE analysis in the previous
section. The results of the FE analysis with solid elements will be used, since it better represents the same
assumptions made in the modified CLT. In this case, the three extra out-of-plane strain components ε0

zz , γ0
y z and

γ0
xz will also be evaluated. Table 5.5 summarises the results of the modified CLT and the FE analysis with solid

elements. The last column indicates the ratio between the modified CLT results and the FE results obtained with
solid elements.

Table 5.5: Results of a four-ply laminate with a load Nxx with solid elements used in the FE analysis for the modified CLT.

Modified CLT FE analysis Ratio FE/CLT
ε0

xx 0.000220485 0.000220434 0.99976814

ε0
y y −0.00005098 −0.000051046 1.001180327

ε0
zz −0.00006939 −0.000069351 0.999385351

γ0
y z 0 −1.4×10−8 −
γ0

xz 0 −2.0×10−8 −
γ0

x y 0.000044518 0.000044527 1.000181674

κxx 0.107832726 0.108054028 1.002052277

κy y 0.031131708 0.03109386 0.998784241

κx y −0.028148312 −0.028160938 1.000448537

The FE results show very small out-of-plane shear deformations, which should be equal to zero according to the
modified CLT. These values are much smaller compared to the other deformation variables from the FE analysis.
It can therefore be assumed that they come from rounding errors and can be neglected.

The strain in z-direction due to lateral contraction of the laminate is the only extra occurring deformation variable
in the modified CLT. Its value agrees with the value from the FE analysis. This confirms that the determination
of the strain in z-direction with the modified CLT is correct.

The ratios between the two results are on average 0.08% off of 1, which is in the same order of magnitude
compared to the ratios where the regular CLT was used. Because the differences are relatively small, it can be
stated that for a laminate without extra inclination, the modified CLT is a good representation of that laminate
when plane stress conditions are not applicable.

5.4.2. Individual plies with an inclination
The most important difference of the modified CLT compared to the regular CLT, is that the modified CLT
allows plies to have an extra rotation α about the global x-axis. This inclination could result in out-of-plane
shear deformations, which cannot be observed in a laminate evaluated with the regular CLT. To check whether
the out-of-plane shear deformation is correct, four individual plies have been modelled. First, both a 0°-ply and
a 90°-ply without lateral contraction (ν12 = ν23 = 0) are tested. The lateral contraction is neglected in order to
make it easier to predict what will happen to a ply under a certain loading. Next, the lateral contraction is added
to the 0°-ply and the 90°-ply to see how it affects the behaviour of a single ply. An overview of all the input
parameters for all four cases is presented in table 5.6.
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Table 5.6: Input variables for the modified CLT check with individual plies.

Property 0°-ply ν= 0 90°-ply ν= 0 0°-ply ν 6= 0 90°-ply ν 6= 0

Lay-up [0] [90] [0] [90]
α [°] 10 10 10 10
lx [m] 1 1 1 1
ly [m] 1 1 1 1
tply [m] 0.005 0.005 0.005 0.005
E1 [GPa] 39 39 39 39
E2 [GPa] 8.6 8.6 8.6 8.6
G12 [GPa] 3.8 3.8 3.8 3.8
ν12 [-] 0 0 0.28 0.28
ν23 [-] 0 0 0.4 0.4
Nxx [N/m] 1000000 1000000 1000000 1000000
Ny y [N/m] 1000000 1000000 1000000 1000000

The plies are loaded by a normal force in x-direction and y-direction separately. Since the extra inclination is
added as a rotation about the x-axis, it is expected that γ0

y z is the only extra out-of-plane shear deformation that
could occur. This means the plate should be able to rotate about the x-axis to be able to evaluate the displacement
in z-direction, which is needed for γ0

y z according to equation 5.6. It should be noted that a true rotation of the
ply would indicate kinematic indeterminacy. For this reason, a tying has been added on both the positive and
negative y-face. This tying ensures the y-displacement of a y-face is the same for that complete y-face. This
means the top line (z = tply

2 ) has the same y-displacement as the bottom line (z = − tply
2 ), which will indicate an

out-of-plane shear deformation of the mid-surface γ0
y z , as shown for example in figure 4.1.

Extra boundary conditions have been added at the coordinates
(

lx
2 ,0,0

)
, which prevent displacement in both the

y- and z-direction. The displacement in x-direction at
(
0,

ly

2 ,0
)

is also prevented as an extra boundary condition.
A structural overview for both loading cases is shown in figure 5.11.
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(a) Structural overview for load Nxx .
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(b) Structural overview for load Ny y .

Figure 5.11: FE model of a ply loaded by normal forces. The mid-surface of the ply has also been indicated.

In the FE model, the individual plies also require a mid-surface to be able to add the boundary conditions at
the right locations and insert the sheet needed to evaluate the rotations of the mid-surface. An element size of
0.01 m is used. In total 20000 solid elements (HX24L) are used for the ply. The sheet to represent the mid-
surface is discretised using 10000 flat shell elements (Q20SF), and has the same isotropic material parameters
and dimensions as mentioned in section 5.3.2. This very fine mesh is needed to meet the minimal thickness
requirement of the solid elements.

Every ply requires its own local coordinate system. Since α is unequal to zero for the plies, the local x- and y-
axis will include global z-coordinates unequal to zero. The values can be determined using trigonometry, where
a unit length of the local axes is assumed. The values are given in table 5.7. It should be noted that this model
of an inclined ply does not represent a real ply under an inclination. It is a plate with rotated material properties.
However, since the modified CLT is only applicable to one location along the y-axis, this FE model still can be
used to verify the modified CLT.

Table 5.7: Global coordinates of an arbitrary point on the local x- and y-axis for a single ply with inclination.

Local x-axis Local y-axis
x y z x y z

0° 1 0 0 0 0.9848 0.1736
90° 0 0.9848 0.1736 -1 0 0

The Diana model for a ply with an inclination under a load Nxx is shown in figure 5.12. When a load Ny y is
applied, the only thing that changes in the model is the type of loading. A distributed force per unit area qx has
been used to represent the Nxx load. Similarly, qy corresponds to a load Ny y . The load provided in table 5.6
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should be divided by the thickness of the ply to obtain the right distributed forces:

qx = Nxx

tply
= 1000000

0.0005
= 2×108 N/m2 and qy =

Ny y

tply
= 1000000

0.0005
= 2×108 N/m2 (5.14)

(a) Geometry overview. (b) Mesh overview.

Figure 5.12: Diana model of a single ply.

The four cases presented in table 5.6 will be dealt with individually. Every case will include a prediction of the
possible deformation variables that could occur and a verification of the results.

0°-ply without lateral contraction
The simplest case to be checked is a single 0°-ply where the lateral contraction is neglected. Figure 5.13 shows
a cross section of such a ply. If an inclination is present, the material properties do not differ in the global
coordinate system compared to the local coordinate system.

y

z

(2)

(3)

a

Figure 5.13: Local coordinate system of a 0°-ply with inclination.

A single ply cannot cause coupling effects, so the B-matrix must be equal to zero. Furthermore, the Poisson’s
ratios are equal to zero, which means lateral contraction will not occur. Therefore, the 12×12 ABD-matrix
reduces for this case to a diagonal matrix, which means if an axial load is applied, the only deformation that
should occur is the axial strain corresponding to the same direction as the loading. Table 5.8 summarises the
results for both loading types. The FE results show the same values for the relevant strains. Other (very small)
deformations are also observed in the FE results, but these can be assigned to rounding errors in the numerical
solution of the FE analysis. It can be concluded that the modified CLT is correct for the 0°-ply with an inclination
and no lateral contraction.
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Table 5.8: Results of a 0°-ply with an inclination of 10° and no lateral contraction.

Nxx = 106 N/m Ny y = 106 N/m
Modified FE analysis Ratio Modified FE analysis Ratio

CLT FE/CLT CLT FE/CLT
ε0

xx 0.00512821 0.00512821 1.00000000 0 1.01×10−16 −
ε0

y y 0 2.54×10−17 − 0.02325581 0.02325581 1.00000000

ε0
zz 0 3.28×10−18 − 0 3.45×10−18 −
γ0

y z 0 −1.97×10−13 − 0 −1.04×10−12 −
γ0

xz 0 −8.75×10−13 − 0 2.09×10−12 −
γ0

x y 0 −2.45×10−15 − 0 5.86×10−15 −
κxx 0 −2.41×10−13 − 0 −5.31×10−13 −
κy y 0 −4.00×10−13 − 0 −2.69×10−12 −
κx y 0 −1.85×10−12 − 0 9.21×10−12 −

90°-ply without lateral contraction
In a 90°-ply with an inclination, the fibre direction is rotated about the x-axis. It is expected that this will lead
to an out-of-plane shear deformation γ0

y z when a load in y-direction is applied, as indicated in figure 5.14. The
stiffness of the (3)-direction is lower compared to the stiffness of the (1)-direction. This means the (1)-direction
will elongate less than the (3)-direction under this type of loading, causing an out-of-plane shear deformation.

a

yz

y

z

NyyNyy

(1)

(3)

0

Figure 5.14: Out-of-plane shear deformation for a 90°-ply without lateral contraction.

Since the Poisson’s ratios are still equal to zero, lateral contraction will not occur, so axial strains will only occur
in the loading direction. Only one ply is considered, so the B-matrix will be zero and no coupling effect can be
observed. In the complete ABD-matrix, off-diagonal terms appear in both the A- and D-matrix, which means
more than one type of deformation could occur under certain type of loading. For example, a load in y-direction
will cause the expected axial strain ε0

y y and out-of-plane shear deformation γ0
y z . However, due to the inclined

plies, an extra strain in z-direction ε0
zz is also observed, which is caused by the difference in stiffness of the (1)-

and (3)-direction. Table 5.9 shows all the results for a 90°-ply with an inclination of 10° and no lateral contraction
under a loading of Nxx and Ny y .
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Table 5.9: Results of a 90°-ply with an inclination of 10° and no lateral contraction.

Nxx = 106 N/m Ny y = 106 N/m
Modified FE analysis Ratio Modified FE analysis Ratio

CLT FE/CLT CLT FE/CLT
ε0

xx 0.02325581 0.02325581 1.00000000 0 −2.88×10−18 −
ε0

y y 0 4.15×10−18 − 0.00638393 0.00638392 0.99999952

ε0
zz 0 −2.87×10−18 − −0.00070911 −0.00070911 0.99999761

γ0
y z 0 −1.60×10−13 − −0.00699651 −0.00699650 0.99999888

γ0
xz 0 1.83×10−12 − 0 1.42×10−10 −
γ0

x y 0 0 − 0 0 −
κxx 0 4.82×10−12 − 0 4.25×10−10 −
κy y 0 −1.92×10−14 − 0 −1.80×10−12 −
κx y 0 8.14×10−13 − 0 2.60×10−11 −

The most important deformation component of the modified CLT that should match with the results of an FE
analysis, is the out-of-plane shear strain γ0

y z , because the modified CLT distinguishes from the regular CLT in
out-of-plane deformations that can occur. The table above shows that the values for γ0

y z match perfectly. Figure
5.15a represents the displacements in z-direction, where it can be seen that out-of-plane deformations occur. A
close-up of the displacements in z-direction of the positive y-face is shown in figure 5.15b, where the nodes
are also indicated with black dots. Due to the tyings that are applied, the nodes at a certain y-coordinate will
have the same displacement in y-direction. This means the out-of-plane deformations fully come from shear
deformations and not from a rotation of the plate. In conclusion, the modified CLT results in a correct out-of-
plane shear deformation for a 90°-ply with inclination and without lateral contraction.

(a) Overview.

(b) Close-up of the positive y-face.

Figure 5.15: Displacement in z-direction of a 90°-ply with a load Ny y .

The next step is to add a Poisson’s ratio to the plies, in order to take the lateral contraction into account.
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0°-ply with lateral contraction
A 0°-ply with an inclination and Poisson’s ratios that are unequal to zero is axially loaded. As mentioned before,
the inclination does not affect the material properties of a ply, because it can be modelled with transversely
isotropic material properties. The ply is rotated around its local (1)-axis. Since the material properties are the
same in the (2)- and (3)-direction of a transversely isotropic material, this extra rotation does not affect the
behaviour of the ply. It is therefore expected that the only occurring deformation variables will be the three axial
strains (ε0

xx , ε0
y y and ε0

zz). For a load in x-direction, which corresponds to the (1)-direction for 0°-ply with an
inclination, the lateral contraction in y- and z-direction will be the same, since the corresponding Poisson’s ratios
are the same for a transversely isotropic material (ν12 = ν13). For a load in y-direction, the lateral contraction
will occur in the x- and z-direction, making the Poisson’s ratios ν12 and ν23 relevant. These are not the same for
a transversely isotropic material, thus the strain in x- and z-direction will not be the same. Table 5.10 gives all
the results for a load Nxx and a load Ny y .

Table 5.10: Results of a 0°-ply with an inclination of 10° and lateral contraction.

Nxx = 106 N/m Ny y = 106 N/m
Modified FE analysis Ratio Modified FE analysis Ratio

CLT FE/CLT CLT FE/CLT
ε0

xx 0.00512821 0.00512821 1.00000000 −0.00143590 −0.00143590 1.00000000

ε0
y y −0.00143590 −0.00143590 1.00000000 0.02325581 0.02325581 1.00000000

ε0
zz −0.00143590 −0.00143590 1.00000000 −0.00930233 −0.00930233 1.00000000

γ0
y z 0 −9.87×10−13 − 0 9.16×10−12 −
γ0

xz 0 9.52×10−12 − 0 −1.40×10−12 −
γ0

x y 0 8.15×10−16 − 0 6.31×10−16 −
κxx 0 5.02×10−13 − 0 6.05×10−14 −
κy y 0 −4.47×10−12 − 0 2.86×10−11 −
κx y 0 1.87×10−11 − 0 1.12×10−11 −

The values for all the axial strains perfectly match for the modified CLT and the results from an FE analysis. It
can be stated that the lateral contraction due to the addition of Poisson’s ratios is correctly taken into account in
the modified CLT.

90°-ply with lateral contraction
For a 90°-ply with Poisson’s ratios unequal to zero and with an inclination, it is expected that all three axial
strains will occur for both loading cases Nxx and Ny y . The out-of-plane shear strain γ0

y z will also be present for
a load in y-direction.

z

y
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a

(2)

(1)

(3)

Figure 5.16: Local coordinate system of a 90°-ply.

Figure 5.16 shows the local coordinate system in red for a 90°-ply with an inclination α. Since the Poisson’s
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ratios ν12 and ν23 have different values, the lateral contraction due to a load in x-direction will not be the same
in the (1)- and (3)-direction. Thus the axial strains in y- and z-direction will also not be the same. Due to the
inclination, the strains along the local axes will differ from the strains along the global axes. This will cause an
out-of-plane shear deformation γ0

y z for a load Nxx when the Poisson’s ratios are taken into account.

Table 5.11: Results of a 90°-ply with an inclination of 10° and lateral contraction.

Nxx = 106 N/m Ny y = 106 N/m
Modified FE analysis Ratio Modified FE analysis Ratio

CLT FE/CLT CLT FE/CLT
ε0

xx 0.02325581 0.02325581 1.00000000 −0.001673099 −0.001673099 0.99999965

ε0
y y −0.00167310 −0.00167310 0.99999965 0.006299942 0.006299939 0.99999955

ε0
zz −0.00906512 −0.00906512 1.000000065 −0.00206102 −0.002061018 0.99999927

γ0
y z 0.00269048 0.00269047 0.999998799 −0.006535023 −0.006535016 0.99999888

γ0
xz 0 4.23×10−11 − 0 −7.15×10−11 −
γ0

x y 0 0 − 0 0 −
κxx 0 1.35×10−10 − 0 −2.24×10−10 −
κy y 0 −3.00×10−13 − 0 6.00×10−13 −
κx y 0 −4.00×10−12 − 0 3.18×10−11 −

Table 5.11 summarises all the results for a 90°-ply with Poisson’s ratio included. Again, all the occurring de-
formation variables perfectly match for both loading cases, meaning the modified CLT does also take the lateral
contraction correctly into account for the 90°-ply with an inclination.

5.4.3. Four-ply laminate with inclination
The final step in the verification of the modified CLT is to check whether the FE results of the four-ply laminate
with inclined plies correspond to the results from the modified CLT. Again, a laminate with a lay-up of [0/−
45/0/90] with a load in x-direction has been used, as depicted in figure 5.6. The same dimensions, material
parameters and loading is used, as given in the tables 2.3 and 5.1. An extra rotation of α=10° has been added to
the plies in the laminate. Since the laminate is non-symmetric, non-balanced and has a ply inclination, the 12×12
ABD-matrix will not contain any zero entries. This means for every type of loading, all six strain components
and all six curvature components will occur. The in-plane curvatures κy z , κxz and κzz are again not taken into
account, because these are not relevant for a thin plate. The strains and curvatures that occur for Nxx = 10000
N/m are given in table 5.13.

To determine the FE results of the four-ply laminate with inclined plies, the same type of elements, mesh size
and distributed force qx have been used as described in section 5.3.2. The only difference with the analysis
performed in that section, is that the local axes of each ply now also contain a global z-coordinate. Table 5.12
gives the input for the local coordinate system of each ply.

Table 5.12: Global coordinates of an arbitrary point on the local x- and y-axis for the four-ply laminate with inclination.

Local x-axis Local y-axis
x y z x y z

0° 1 0 0 0 0.9848 0.1736
−45° 0.7071 -0.6963 -0.1228 0.7071 0.6963 0.1228

0° 1 0 0 0 0.9848 0.1736
90° 0 0.9848 0.1736 -1 0 0

A structural linear static analysis is performed. All nine relevant deformation components should be observed
from the FE analysis, since the modified CLT result from table 5.13 shows no zero strain or zero curvature.
Figure 5.17 shows the displacements in z-direction, which are very similar to the displacements in z-direction of
a laminate without inclined plies. The differences are very small due to the fact that a 10°-angle as inclination
is not very large, which is confirmed by the fact that the results from the modified CLT for a laminate without
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inclined plies in table 5.5 are very similar to the results presented for the modified CLT for a laminate with
inclined plies in table 5.13.

Figure 5.17: Displacements in z-direction for the four-ply laminate with inclination.

Finally, the results from the FE analysis need to be compared with the modified CLT results, which is done in
table 5.13. On average, the ratios between the FE results and the modified CLT results are 2% off of 1. The
deformation variable with the largest difference is the curvature κy y with a ratio of 0.94 (or 6%). It can be
concluded that this deformation variable has the same order of magnitude for both the FE result and the modified
CLT result. The difference is assigned to fact that no tyings or extra boundary conditions are applied to the
laminate in the FE analysis for a laminate with inclined plies. Extra constraints in any direction could hinder
possible deformations. All deformation variables must be able to occur for the load Nxx , so the extra constraints
(tyings or boundary conditions) are not applied.

It is observed that the out-of-plane shear deformations are unequal to zero for the laminate with inclined plies.
These out-of-plane shear strains are the most important differences between the laminate with or without inclina-
tion in the plies. It is therefore assumed that the differences in the values of the modified CLT are small enough
compared to the FE results, so the modified CLT is also valid for the four-ply laminate with inclined plies.

Table 5.13: Results of a four-ply laminate with a load Nxx with solid elements used in the FE analysis for the modified CLT.

Modified CLT FE analysis Ratio FE/CLT
ε0

xx 0.00022049 0.00022081 1.00145856

ε0
y y −0.00005154 −0.00005182 1.00538069

ε0
zz −0.00006884 −0.00006884 0.99994446

γ0
y z 0.00000630 0.00000620 0.98437270

γ0
xz 0.00000773 0.00000757 0.97903866

γ0
x y 0.00004384 0.00004188 0.95522471

κxx 0.10783273 0.10833944 1.00469910

κy y 0.02837461 0.02665153 0.93927400

κx y −0.02772068 −0.02687440 0.96947126

Due to the inclination in the plies, the strains and curvatures differ from the strains and curvatures from the same
laminate without inclination. The modified CLT values from table 5.5, where no inclination was present, can
be compared with the table results shown above. This has been done by taking the ratio between the modified
CLT results of the laminate without inclination and the modified CLT results of the laminate with inclination.
The results are shown in table 5.14, where it can be seen that ε0

xx and κxx are not affected by the inclination
since a ratio of 1 is found. The out-of-plane shear strains are zero when no inclination is present, meaning they
cannot be compared with the laminate with inclination. Furthermore, an increase of ε0

y y is observed when an
inclination is added. The four other relevant deformation components ε0

zz , γ0
x y , κy y and κx y show a decrease due
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to the inclination, where the curvature κy y depends the most on the inclination with a decrease of 8.9%. These
values strongly depend on the material properties of the plies, the laminate lay-up and the inclination angle. For
a non-balanced, non-symmetric laminate it is difficult to predict and explain the strains and curvatures due to
coupling effects. Therefore, the differences between the strains of a laminate without inclination and the strains
of a laminate with inclination will not be further discussed.

Table 5.14: Comparison between the modified CLT results for the laminate without inclined plies and the laminate with inclined plies.

Ratio
inclination/

no inclination
ε0

xx 1.00000000

ε0
y y 1.01088634

ε0
zz 0.99200139

γ0
y z −
γ0

xz −
γ0

x y 0.98480775

κxx 1.00000000

κy y 0.91143752

κx y 0.98480775

5.5. Conclusion
Four different verifications have been performed. First of all, the results from the regular CLT were compared
with two types of FE analyses, one with an ABD-matrix as input and one with solid elements as input. The results
of the analysis with ABD-matrix match perfectly with the regular CLT results and the very small differences
could be assigned to rounding errors. The analysis with solid elements showed errors within the same order of
magnitude. All six deformation variables should be able to occur, so no extra boundary conditions or tyings could
be applied. So not all the Kirchhoff assumptions could be applied to the laminate modelled with solid elements,
causing the small difference. It is concluded that the method to extract the strains and curvatures from the FE
results was correct.

Secondly, the modified CLT was evaluated for a four-ply laminate without inclined laminates. The only extra
deformation variable that could occur, was the axial strain in z-direction ε0

zz . Its value matched with the modified
CLT result, meaning the modified CLT is correct for a laminate without inclined plies.

Thirdly, four individual plies with an inclination were evaluated. Since not all nine deformation variables of
the modified CLT could occur, extra boundary conditions and tyings were applied to the plies. This means
the Kirchhoff assumption that straight lines perpendicular to the mid-surface remain straight after deformation
could be met. Furthermore, extra boundary conditions could ensure the plate was kinematically determinate,
thus preventing unwanted rotations of the plate. It was shown that the modified CLT results perfectly matched
with the FE results, including the extra out-of-plane shear strain which distinguishes the modified CLT from the
regular CLT.

Finally, a four-ply laminate with inclined plies was checked. The values of the modified CLT and the FE analysis
were quite close, but still differed 2% on average. These differences come from the fact that no extra boundary
conditions or tyings could be applied, since they would hinder some relevant deformation components that should
be able to occur.

All in all, it can be stated that the modified CLT results match with results from FE analyses. It is therefore
assumed that ply inclination has correctly been implemented and that the presented modified CLT can be used to
obtain further results in this report.
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Influence of the ply inclination

The modified CLT can be used to determine the influence of the inclination in the plies of a laminate. The
verification of the modified CLT in chapter 5 already showed that a laminate with inclined plies shows extra de-
formation components compared to a laminate without inclined plies. Furthermore, some deformation variables
that were present for a laminate without inclined plies changed when the inclination was added. The results
might not be constant for any inclination, thus the relations between the inclination angle α and the results must
be checked.

First, the influence of α on the strains for in-plane axial loading Nxx and Ny y on a laminate will be evaluated.
Next, the equivalent stiffnesses can be determined as a function of α. The behaviour of an individual ply is
simpler to explain compared to a complete laminate, for example due to the absence of coupling effects in a
single ply, thus the strains will only be evaluated for individual plies with different fibre orientation. For the
equivalent stiffnesses, distinction will be made between individual plies, balanced and symmetric laminates, and
a four-ply non-balanced and non-symmetric laminate.

The modified CLT requires input to develop all the results. Besides the five independent transversely isotropic
material parameters, the thickness and fibre orientation of the plies is needed. The fibre orientation will differ
per ply or per laminate and will be specified later. The extra rotation α is variable, so it is not yet required as
input for the modified CLT. For all the results presented in this chapter, the material parameters shown in table
2.3 have been chosen and the ply thickness is assumed to be equal to 0.0005 m.

6.1. Strains
In this section, a 0°-ply and a 90°-ply will be evaluated. The plies will be loaded by an axial load in x- and
y-direction. For both Nxx and Ny y , a load of 10000 N/m is used to obtain all the strains of the individual plies,
which will be plotted as a function of the inclination angle α. A single ply is considered, which means no
coupling effects are present, thus no curvatures will occur when an axial load is applied.

For every type of loading, the relative axial strains will be plotted. These relative strains are defined as the
ratio between the axial strain as a function of α and the corresponding constant strain for α = 0°. Since lateral
contraction is taken into account, all three axial strains are unequal to zero for any type of loading. It is not
possible to plot the relative shear strains, since for α= 0° the out-of-plane shear strains are always equal to zero
for the loads Nxx and Ny y . The shear strains are plotted as absolute shear strains, representing the actual value
that is obtained by the applied load. All plots are given for α from 0° to 90°.

6.1.1. 0°-ply
The 0°-ply with α > 0° will have the same material properties in the global x-, y- and z-direction as the local
(1)-, (2)- and (3)-direction respectively, despite the different orientation of the (2)- and (3)-axes in comparison
to a 0°-ply with α= 0°. From figure 5.13, it can be seen that when the angle α is altered, the fibres will still be
oriented in the exact same direction. Therefore the material properties do not differ for any α and thus the 12×12
ABD-matrix will be independent of α. For any type of loading, all the strains (or curvatures) should therefore be
independent of α.
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(a) (b)

(c) (d)

Figure 6.1: Strains due to an axial load Nxx and Ny y for a 0°-ply.

Figure 6.1 gives all the strains as function of α. It can be seen that for both loading types, all the relative axial
strains are constant and equal to 1. Therefore, the axial strains do not depend on α. The absolute shear strains in
the figures 6.1b and 6.1d are all equal to zero, as was expected since the inclination does not affect the properties
of a 0°-ply.

6.1.2. 90°-ply
In contrast to the 0°-ply, the results of a 90°-ply will depend on α. For example, when the 90°-ply is axially
loaded in y-direction, the influence of transverse stiffness in the (3)-direction on the global strain in y-direction
will increase as α increases. Since the elastic modulus in the (3)-direction is much lower than the elastic modulus
in the (1)-direction of a ply, it can be stated that the axial strain in the global y-direction will increase as α
increases. Figure 6.2 shows a cross section of a 90°-ply along the x-axis.

z

y

(1)

(3)

a

Figure 6.2: View along the x-axis of a 90°-ply with an inclination, where the individual fibres are shown with the white lines.

Figure 6.3 shows the relative axial strains and absolute shear strains as function of α. For a 90°-ply, the (2)-axis
coincides with the x-axis. For a load Nxx , the lateral contraction in the global y- and z-direction will differ since
the corresponding Poisson’s ratios and elastic moduli are rotated over an angle α. This will affect the strains in
y- and z-direction, as can be seen from figure 6.3a. A significant increase of ε0

y y is observed, since the Poisson’s
ratio ν23, which is higher compared to the other relevant Poisson’s ratio ν12, will become more dominant in
y-direction as α increases, causing more lateral contraction. Correspondingly, ε0

zz shows a small decrease as
α increases, since the Poisson’s ratio ν12 will become less dominant in z-direction as α increases, causing less
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lateral contraction and thus a decrease in relative strain. Due to the high differences in relative axial strain shown
in figure 6.3a, it can be stated that the inclination has a very high influence on the strains for a 90°-ply with the
used material properties loaded by Nxx . It should be noted that the relative strains are highly dependent on the
used material properties. If, for example, the Poisson’s ratios are altered in such a way that ν12 > ν23, ε0

y y will
show a decrease and ε0

zz will show an increase, instead of the other way around as showed in figure 6.3a where
ν12 < ν23 was used.

The shear strain γ0
y z also changes as α increases for a load in x-direction, which coincides with the (2)-direction

for a 90°-ply. This is caused by the difference in lateral contraction in the (1)- and (3)-direction. For α = 90°,
the out-of-plane shear strain is zero again, since the local directions coincide with (positive or negative) global
directions so no out-of-plane shear strain can occur. Correspondingly, the maximum γ0

y z occurs for α= 45°. The
other two shear strains γ0

xz and γ0
x y are not affected by α when a load Nxx is applied.

For a load Ny y , all three axial strains will change as α increases. The relative strain ε0
xx increases significantly,

again due to the rotation of lateral contraction as explained for ε0
y y and ε0

zz when a load Nxx was applied. The
axial strain in y-direction also increases as α increases. From figure 6.3c it can be seen that the relative strain
ε0

y y is about 4.5 times higher for α = 90°, due to the fact that the lower elastic modulus E2 will become more
dominant as α increases. The relative strain ε0

zz is also affected by the difference in lateral contraction, causing
an increase until α= 45° and a decrease to one between α= 45° and α= 90°.

(a) (b)

(c) (d)

Figure 6.3: Strains due to an axial load Nxx and Ny y for a 90°-ply.

Finally, figure 6.3d shows that the absolute out-of-plane shear strain γ0
y z strongly depends on α for a load in

y-direction. For the chosen material properties, a negative out-of-plane shear strain will occur for α’s up to ∼70°
due to the difference in elastic moduli E1 and E2. At some value, the absolute shear strain reaches its maximum
value. Next, γ0

y z starts to decrease again and even shows a positive value for a large α. It should be noted that
the out-of-plane shear strain is strongly affected by the material properties. For example, figure 6.4a shows the
absolute shear strain for E1 = E2 = 39 GPa. Here, it can be seen that the figure is rotational symmetric around
α = 45°. In that case, the out-of-plane shear deformation is purely caused by the difference between the elastic
modulus and the shear modulus. For an isotropic material, the material properties are the same in every direction,
meaning the material properties are not affected by an inclination angle α. This means an isotropic material could
never cause out-of-plane shear deformations. If the following relation holds for the shear modulus, the material
can be assumed to be isotropic (if E1 = E2 still holds) and no out-of-plane shear deformations should occur:

G12,iso =
E2

2(1+ν12)
= 39

2(1+0.28)
= 15.23 GPa (6.1)
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The result for the shear modulus corresponding to isotropic material calculated above is shown in figure 6.4b.
Originally, the shear modulus was 3.8 GPa, thus much lower than the shear modulus for which the out-of-plane
shear strain is zero. If the shear modulus exceeds the value for the shear modules corresponding to isotropic
material derived above, the figure flips and shows first a positive shear strain for small α. Figure 6.4c shows the
absolute shear strain when G12 = 25 GPa is used. Again for all figures shown, the out-of-plane shear strain γ0

xz
and the in-plane shear strain γ0

x y are equal to zero.

(a) Shear strain for a 90°-ply loaded by Ny y with E1 = E2 and
G12 <G12,iso.

(b) Shear strain for a 90°-ply loaded by Ny y for isotropic material
properties.

(c) Shear strain for a 90°-ply loaded by Ny y with E1 = E2 and
G12 >G12,iso.

Figure 6.4: Shear strains of a 90°-ply for various material properties.

6.2. Equivalent stiffness
In section 3.4, the derivation of engineering constants for the regular CLT was given, which included the equiv-
alent stiffnesses Ex and Ey . For the modified CLT, the engineering constants can be derived similarly, where it
should be noted that the ABD-matrix is increased to a 12×12 matrix. The equations for the in-plane equivalent
stiffnesses (Ex,ip and Ey,ip) are not affected by this increase and are the following:

Ex,ip =
det[ABD]

M1,1ttot
and Ey,ip =

det[ABD]

M2,2ttot
(6.2)

Here, the minor is now applicable to the complete 12×12 ABD-matrix, as well as the determinant of the ABD-
matrix. Because the ABD-matrix is increased in size, different minors should be taken to obtain the flexural
engineering constants. When for example Ex,f is derived, a bending moment Tx is applied and the corresponding
curvature κxx is determined. This κxx corresponds now to the seventh entry in row and column instead of the
fourth entry in row and column for the original ABD-matrix. This results in the following equations for the
flexural equivalent stiffnesses:

Ex,f =
12det[ABD]

M7,7t 3
tot

and Ey,f =
12det[ABD]

M8,8t 3
tot

(6.3)

For the reduced modified CLT with the 8×8 ABD-matrix, the engineering constants will be the same as for the
modified CLT with the 12×12 ABD-matrix. However, different minors should be used in the determination of
the flexural equivalent stiffnesses:

Ex,f =
12det[ABD]

M6,6t 3
tot

and Ey,f =
12det[ABD]

M7,7t 3
tot

(6.4)
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First, the equivalent stiffnesses for a 0°-ply and a 90°-ply are derived. For a single ply, there is no difference
between the in-plane engineering constants and the flexural engineering constants so no distinction needs to be
made. Next, several laminate lay-ups will be used to derive the corresponding equivalent stiffnesses.

Every plot contains the relative equivalent stiffnesses. These are obtained by dividing the equivalent stiffness by
the elastic modulus in the fibre direction of a ply (E1). All the plots are given for 0°<α< 90°.

6.2.1. 0°-ply
As mentioned in section 6.1.1, the material properties for a 0°-ply are not affected for any α. This should
also not affect the equivalent stiffnesses. Figure 6.5 shows both the relative equivalent stiffness in x- and y-
direction. It can be seen that indeed the relative equivalent stiffnesses are both constant for any α, confirming
that the equivalent stiffnesses remain the same when an inclination is added to a ply. The equivalent stiffness in
x-direction is equal to E1 for a 0°-ply, so a ratio of 1 is obtained. The relative Ey is equal to the ratio E2

E1
.

Figure 6.5: Equivalent stiffnesses of a 0°-ply as a function of the inclination angle.

6.2.2. 90°-ply
Figure 6.6 shows the relative equivalent stiffnesses for a 90°-ply as a function of α. It can be seen that Ex is
constant and does not depend on the inclination. Ex is derived by evaluating the axial strain in x-direction ε0

xx
for a load in x-direction. This corresponds to the axial strain ε0

xx for a 90°-ply with a load Nxx as plotted in
figure 6.3a, which shows a constant value for the strain. Since the strain was also constant for any α, the relative
equivalent stiffness Ex is also constant and is equal to the ratio E2

E1
.

Figure 6.6: Equivalent stiffnesses of a 90°-ply as a function of the inclination angle.

The equivalent stiffness in y-direction is significantly affected by α. When α= 0°, Ey is equal to E1 for a 90°-ply,
hence the ratio of 1 in figure 6.6. As α increases, the elastic modulus perpendicular to the fibres will become
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more important. Since this E2 is lower than E1, the equivalent stiffness will decrease, which is confirmed by
figure 6.6. When α = 90°, Ey is equal to E2 since all the fibres are now parallel to the z-axis (figure 6.7). The
relative equivalent stiffness Ey is therefore equal to the ratio E2

E1
for α= 90°.

y

a

(1)

(3)

z

Figure 6.7: 90°-ply with an inclination of 90°. The fibres are oriented parallel to the z-axis.

6.2.3. Balanced and symmetric four-ply laminates
A balanced and symmetric laminate without inclination shows no coupling effects. When an inclination is added
to the plies, the B-matrix is still zero, so there are again no coupling effects between forces and curvatures, and
no coupling effects between moments and strains. However, extra terms do appear in the 12×12 ABD-matrix,
for example the terms in the A-matrix that relate the out-of-plane shear deformations to in-plane forces (A14, A24

and A34). This means the equivalent stiffnesses of balanced and symmetric laminates will also depend on the
inclination angle α.

Two four-ply laminates are chosen. Both contain two 0°-plies and two 90°-plies, but their lay-up differs. The
first laminate has the two 90°-plies in the middle ([0/90]s) and the second laminate has the two 90°-plies at the
edges ([90/0]s). Figure 6.8 shows a cross section of the y z-plane of both laminates.

z

y
a

(a) [0/90]s laminate.

z

y
a

(b) [90/0]s laminate.

Figure 6.8: Two balanced and symmetric laminates.

For both laminates, the in-plane equivalent stiffnesses will be the same for any α since the same number of plies
has been used for every fibre direction. The flexural equivalent stiffnesses will differ per laminate, since the
location of the stiffest plies differs per laminate. However, for α= 0°, the flexural equivalent stiffness in x- and
y-direction for the [0/90]s laminate will be equal to the flexural equivalent stiffness in y- and x-direction for the
[90/0]s laminate respectively.

For both laminates, the relative equivalent stiffnesses as function of α are shown in figure 6.9. As was shown
in the sections 6.2.1 and 6.2.2, the equivalent stiffnesses in x-direction of 0°- and 90°-plies do not depend on
the inclination angle α. This holds for both the in-plane and flexural equivalent stiffness. Both laminates are
composed of 0°- and 90°-plies, so Ex,ip and Ex,f are also constant for the two balanced and symmetric laminates
and thus independent of α.
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In y-direction, the in-plane and flexural equivalent stiffnesses will differ as α changes. When the inclination
increases, the stiffness perpendicular to the fibre direction (E2) will become more dominant in the determination
of the equivalent stiffness. This means a reduction in relative equivalent stiffness will be observed, as indicated
in figure 6.9. The in-plane equivalent stiffness does not depend on the location of plies within a laminate for any
α. This means Ey,ip is the same for both laminates. For α= 90°, the equivalent stiffness Ey,ip is exactly equal to
E2 if the lateral contraction is not taken into account, since all the fibres are parallel to the z-axis, meaning the
stiffness in the (3)-direction of every ply coincides with the stiffness along the global y-axis.

The flexural relative equivalent stiffness Ey,f is not the same for both laminates. When an inclination is added,
individual 90°-plies show a reduction in equivalent stiffness in y-direction, as mentioned before in section 6.2.2.
For the [90/0]s laminate, the stiffest plies with fibres parallel to the y-axis are located at the top and bottom of the
laminate, thus it has the highest Ey,f when α = 0°, compared to the [0/90]s laminate. The outer plies dominate
the value for Ey,f, so if an inclination is added to a laminate, the laminate with stiffer outer plies will be affected
the most by that inclination. Therefore, the relative flexural equivalent stiffness in y-direction for the [0/90]s

laminate in figure 6.9a shows a smaller decrease than the flexural relative equivalent stiffness in y-direction for
the [90/0]s laminate in figure 6.9b. However, the Ey,f for both laminates is the same for α= 90°.

(a) Equivalent stiffness of a [0/90]s laminate. (b) Equivalent stiffness of a [90/0]s laminate.

Figure 6.9: Equivalent stiffnesses of two balanced and symmetric laminates.

6.2.4. Non-balanced and non-symmetric four-ply laminate
A non-balanced and non-symmetric laminate with an inclination will not contain any zero terms in the 12×12
ABD-matrix. The relative equivalent stiffnesses for a [0/−45/0/90] laminate are shown in figure 6.10. Again, the
in-plane and flexural equivalent stiffness in x-direction are not affected by the inclination, resulting in a constant
Ex,ip and Ex,f for any α. In y-direction, both the in-plane and flexural equivalent stiffness depend on α. The
exact values of the reduction of Ey,ip and Ey,f due to the inclination strongly depend on the laminate lay-up and
are therefore not further elaborated.

Figure 6.10: Equivalent stiffnesses of a four-ply laminate as a function of the inclination.





7
Lay-up differences due to the ply inclination

Due to the inclination in the plies within a laminate, the lay-up of that laminate will differ along the y-axis, as was
described in section 4.4.1. Correspondingly, the results from the modified CLT will also differ along the y-axis.
This means the equivalent stiffnesses Ex,ip, Ey,ip, Ex,f and Ey,f will also be affected. The equivalent stiffnesses of
a [0/90] laminate and a [0/−45/0/90] laminate are checked. These two cases will provide insight in the elastic
behaviour of inclined laminates with respect to their equivalent stiffnesses along the y-axis.

The material input for the two cases is given in table 2.3. Furthermore, an inclination angle of α= 10° is chosen.
It is also assumed that at y = y0, the laminates only contain plies with full thickness. This means that the total
laminate thickness measured in the global coordinate system (or ttot,α in figure 4.6) is equal to ntα, where n
represents the number of plies and tα is the ply thickness measured perpendicular to the plane of the laminate.

7.1. Two-ply laminate
Figure 7.1 shows a cross section of the y z-plane of a [0/90] laminate with an inclination. The lay-up at y0 and
y2 are the same, and in between those locations at y1, the laminate lay-up is mirrored. The laminate thickness
depends on the inclination angle α, the number of plies and the ply thickness measured perpendicular to the plane
of the ply (equation 4.19):

ttot,α = n
tply

cosα
= 2

0.0005

cos(10)
= 0.001015 m (7.1)

The difference between two consecutive full lay-ups depends on the ply thickness and the inclination angle α,
and is referred to as the ply width and is indicated with yply:

yply =
tply

sinα
= 0.0005

sin(10)
= 0.002879 m (7.2)

This means that every 0.002879 m, a new ply will appear at the bottom of the two-ply laminate and at the same
time a ply will disappear at the top of the laminate. The ply width can also be expressed in terms of y-coordinates:

yply = yi − yi−1 with: i = 1,2 (7.3)

For a two-ply laminate, it is sufficient to determine result up to y2, since for a larger y-coordinate, the same
lay-up will repeatedly be observed.
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Figure 7.1: Cross section of a two-ply laminate with inclination.

Figure 7.2 shows the equivalent stiffnesses of a [0/90] laminate as a function of the y-coordinate. Due to the
same lay-up at y0 and y2, and the mirrored lay-up at y1, the equivalent stiffnesses of these three exact locations
along the y-axis are the same. This means for every ply width yply, the graphs of the equivalent stiffnesses are
symmetric around the middle of that same ply width. For example, the graphs plotted between y0 and y1 are
symmetric around y1+y0

2 . The total number of fibres in one direction does not change along the y-axis. For
example halfway between the first ply width at y1+y0

2 , a symmetric lay-up is observed. The 0°-ply is located in
the middle and a half 90°-ply is located at both the top and bottom of the laminate. In total, the number of fibres
in the 90°-direction is exactly equal to one complete 90°-ply.

From figure 7.2, it can also be seen that the in-plane equivalent stiffnesses in x- and y-direction are different
along the y-axis. These differences can completely be assigned to the differences in coupling effects, since the
total number of fibres in one direction does not change. Halfway each ply width, a symmetric lay-up is present,
so the B-matrix will be zero and coupling effects are not present. This means Ex,ip has the same value halfway
each ply width (at yi+yi−1

2 ). The same holds for Ey,ip. Since coupling effects reduce the equivalent stiffness, it
can also be stated that the Ex,ip and Ey,ip are maximum halfway each ply width (at yi+yi−1

2 ) and minimal at yi

since the coupling effects are the largest at these locations.

The flexural equivalent stiffnesses strongly depend on the location of the plies within a laminate. When the plies
with the stiffest fibre direction are located on the outside, the flexural equivalent stiffness will be the highest along
the direction of those stiff fibres. This is confirmed by the graphs for Ex,f and Ey,f in figure 7.2. The flexural
equivalent stiffness in x-direction is the lowest for y = y1+y0

2 since the plies with the stiffest fibre direction are at
the center in the 0°-ply and all the weak fibre direction in the 90°-ply are at the top and bottom of the laminate.
Correspondingly, Ex,f is the highest for y = y2+y1

2 , where the stiffest 0°-fibres are located at the top and bottom of
the laminate. For the flexural stiffness in y-direction it is the other way around. For the y-direction, the 90°-plies
are considered as the stiffest plies. At y = y1+y0

2 , these 90°-fibres are located on the outside of the laminate,
causing the highest flexural stiffness in y-direction. For y = y2+y1

2 , the lowest Ey,f will be observed.

When no inclination is present in the plies of a laminate, Ey,f of a [90/0]s laminate will be equal to Ex,f of a
[0/90]s laminate. These laminates correspond to the two-ply laminate presented in figure 7.1 at y = y1+y0

2 and
y = y2+y1

2 respectively. However, figure 7.2 does not show the same values for the corresponding equivalent
stiffnesses at these locations. This comes from the fact that the equivalent stiffness of a 0°-ply is not affected
by an inclination and a 90°-ply is affected . This means when the 0°-plies dominate the value for the flexural
equivalent stiffness of the [0/90] laminate with an inclination, which is the case for Ex,f at y = y2+y1

2 , the result
will be the highest.
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Figure 7.2: Equivalent stiffnesses of a [0/90]-laminate as a function of the y-coordinate.

In figure 7.2, the black dashed line indicates the equivalent stiffness when no inclination is present. All four
equivalent stiffnesses are the same for a [0/90] laminate. The equivalent stiffness graph for α= 0° for yi−1 < y <
yi is obtained by evaluating the corresponding equivalent stiffness for α = 0° at y = yi−1. This means that the
lay-up difference is not taken into account. At y0, y1 and y2, Ex,ip and Ex,f are exactly equal to the non-inclined
result, since the equivalent stiffnesses in x-direction do not depend on the inclination angle α, as was shown
in section 6.2. Ex,ip and Ex,f do differ from the non-inclined result at these locations, since these equivalent
stiffnesses depend on the inclination angle α. At y = yi+yi−1

2 , large differences are observed between the non-
inclined result and the four equivalent stiffnesses due to the symmetric lay-up at those locations for the inclined
results. This symmetric lay-up is not taken into account in the non-inclined result.

7.2. Non-balanced and non-symmetric four-ply laminate
The same four-ply laminate with a lay-up of [0/−45/0/90] will be chosen. Figure 7.3 shows a cross section of
this laminate, where it can be seen that four different lay-ups occur along the y-axis. The total laminate thickness
will be the following:

ttot,α = n
tply

cosα
= 4

0.0005

cos(10)
= 0.002031 m (7.4)

Since the inclination angle α and the ply thickness tpl y are not altered compared to the [0/90] laminate, the same
ply width is applicable (yply = 0.002879 m). Again, the ply width can also be expressed in terms of y-coordinates:

yply = yi − yi−1 with: i = 1,2,3,4 (7.5)

For a four-ply laminate, results need to be derived for y0 < y < y4. For y > y4, the same lay-up will repeatedly be
observed and the results will be the same.
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y0 y1 y2 y3 y4
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Figure 7.3: Cross section of a four-ply laminate with inclination.
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Figure 7.4 shows all the equivalent stiffnesses for the four-ply laminate. The lay-ups at y0 and y1 are mirrored,
which means the values for all four equivalent stiffnesses are equal at y0 and y1. It can therefore be stated that
the graphs for the equivalent stiffnesses are symmetric around y1+y0

2 between y0 and y1. The lay-ups at y2 and
y3 are also mirrored, so the equivalent stiffness graphs between these two locations must be symmetric around
y3+y2

2 . At y4, the same lay-up is obtained as for y0, meaning the equivalent stiffnesses will be the same. So in
total, the equivalent stiffnesses at y0, y1 and y4 are the same. Furthermore, the lay-ups at y2 and y3 lead to the
same equivalent stiffnesses. Due to all these similarities in equivalent stiffnesses, it can be deduced that when
the equivalent stiffness graphs between y1 and y2 are mirrored around y = y3+y2

2 , the equivalent stiffness graphs
between y3 and y4 are obtained.

This laminate is non-balanced and non-symmetric for all five yi -coordinates, so coupling effects are present
at these locations. The in-plane equivalent stiffnesses in x- and y-direction will differ along the y-axis due to
the difference in coupling effects between all the locations yi . At y = y1+y0

2 the lay-up is symmetric, namely
[900.5/0/−45/0/900.5], where the 0.5 in the subscript indicates the ply has half the thickness of the other plies.
The same holds for y = y3+y2

2 , where the lay-up is equal to [−450.5/0/90/0/− 450.5]. The in-plane equivalent
stiffnesses will be the highest at the corresponding locations, due to the absence of coupling effects for these
symmetric laminates. Note that this symmetry in the non-balanced, non-symmetric four-ply laminate is only
possible since two plies with the same fibre orientation are present. This means the former is not applicable to
all non-balanced and non-symmetric laminates.

It is remarkable that both Ey,ip and Ey,f show approximately evenly curves between three times the ply width,
namely between y1 and y4. As mentioned before, the in-plane equivalent stiffness in y-direction is the highest
at y = y3+y2

2 due to the absence of coupling effects. At this location, the plies with the least stiff fibre direction
(from a 0°-ply) are located on the outside of the laminate. Therefore, the flexural equivalent stiffness at this
location will be the lowest. At y1, the stiffest 90°-ply is still located on the outside of the laminate, which is not
the case any more at y2. This is the reason Ey,f is decreasing between y1 and y2. Correspondingly, the in-plane
equivalent stiffness Ey,ip is increasing between these two locations, since the coupling effects decrease.

The differences in lay-up are not large enough to affect the equivalent stiffnesses in x-direction as significantly
as in y-direction. However, Ex,ip is larger at y2 and y3 compared to y1 and y4. The differences are very limited,
thus the curved shape is still obtained for every ply width. The flexural stiffness Ex,f also shows a small increase,
meaning Ex,f is larger at y2 than at y1, which is not in correspondence with the graph of Ey,f, which showed a
significant decrease between y1 and y2. This small increase comes from the fact that at y1 a 0°-ply and a 90°-ply
are located on the outside and at y2 a 0°-ply and a −45°-ply are located on the outside. The −45°-ply has a higher
stiffness in x-direction compared to a 90°-ply, thus the flexural stiffness Ex,f is also larger.

Figure 7.4: Equivalent stiffnesses of a [0/−45/0/90]-laminate as a function of the y-coordinate.

7.2.1. Comparison with the non-inclined result
Figure 7.5 shows all four equivalent stiffnesses as a function of the y-coordinate where the non-inclined results
are included with dashed lines. The non-inclined result for yi−1 < y < yi is obtained by evaluating the equivalent
stiffness for α = 0° at y = yi−1. This means the lay-up differences are not taken into account between yi−1 and
yi , meaning a constant equivalent stiffness is found.
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Since the lay-ups at y0 and y1 are mirrored, the same equivalent stiffnesses are obtained at these locations. This
means that the non-inclined results are constant between y0 and y2. Correspondingly, the non-inclined equivalent
stiffnesses are constant between y2 and y4 since the lay-ups at y2 and y3 are mirrored.

As described in section 6.2, the equivalent stiffnesses in x-direction do not depend on the inclination angle α.
This means the non-inclined result at y = yi is always equal to the inclined result at y = yi . The differences
in Ex,ip and Ex,f can completely be assigned to the lay-up differences and not to the inclination angle α. The
equivalent stiffnesses in y-direction do depend on the inclination angle. Therefore, at y = yi , Ey,ip and Ey,f are
not equal to the non-inclined result at y = yi .

Figure 7.5: Equivalent stiffnesses of a [0/−45/0/90]-laminate as a function of the y-coordinate including the non-inclined results with
dashed lines.

It should be noted that the non-inclined result does not have a practical meaning. The lay-up differences are only
evaluated at four locations, which results in jumps in the lay-up, as indicated in figure 7.6. Since no inclination
is present, the yply cannot be evaluated. However, the same yply obtained for an inclination of α= 10° is used to
determine the locations of the lay-up jumps. In figure 7.6, it can also be seen that the lay-up between y1 and y2

is the same, but mirrored, compared with the lay-up between y0 and y1. Therefore, the non-inclined equivalent
stiffnesses are constant between y0 and y2. The same holds for the non-inclined equivalent stiffnesses between
y2 and y4, since the lay-up between y3 and y4 is the same, but mirrored, as the lay-up between y2 and y3.
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Figure 7.6: Cross section of a four-ply laminate without inclination, but with lay-up jumps.





8
Modified CLT with respect to InfraCore

InfraCore panels contain plies that start at the bottom skin, continue in the web and end at the top skin, as
described in section 2.3.2. This causes the plies to be inclined in the skins of the InfraCore panel. The skins can
be evaluated using the modified CLT, where the inclination has been included. In this chapter the influence of
the inclination angle α on InfraCore skins will be determined.

First, the input for the modified CLT must be defined. The five transversely isotropic material are given in table
2.3 and are used as material parameters for each individual ply. The lay-up of an InfraCore skin might differ per
design. The following ply configuration is common for InfraCore skins [5]:

Lay-up: [02/−45/45]N (8.1)

Here, N indicates the number of repetition, which can differ per design of InfraCore, but N=3 is a common
number of repetition. Furthermore, the thickness of each ply is needed as input. A common ply thickness lays
between 800 and 900 µm, where the resin layer in between the plies has a thickness between 50 and 90 µm [5].
In total, the ply thickness will be between 850 and 990 µm. For all the results presented in this chapter, a ply
thickness of 900 µm (=0.0009 m) is assumed. Finally, the inclination angle α is needed as input for the modified
CLT. It should be mentioned that the inclination angle in InfraCore skins strongly depends on the dimensions of
a panel, such as the distance between the webs and the total number of plies. It can be assumed that an angle
α= 2° is representative for InfraCore skins [5].

8.1. Influence of the inclination on the equivalent stiffnesses
The inclination angle α is constant for an InfraCore skin and depends on the distance between the webs and the
ply thickness. Since these parameters can differ per InfraCore panel design, the inclination can also differ. It
is therefore necessary to determine the influence of the inclination angle α. This will be done with respect to
the equivalent stiffnesses in x- and y-direction. Distinction is made between the complete laminate input of the
InfraCore skin and a simplification of the skin with one homogeneous layer, where the material properties are
determined using engineering constants.

8.1.1. Complete laminate input of the InfraCore skin
As described in section 6.2, the 0°-plies will not be affected by the inclination. However, the ±45°-plies are
affected by α, thus the total InfraCore skin for any N will be affected by the inclination. It should be noted that
an InfraCore skin is balanced for any N , which will cause zero terms in the 12×12 ABD-matrix.

The equivalent stiffnesses in x-direction (Ex,ip and Ex,f) do not change for any laminate for any α, as was found
in section 6.2.4. Here it was shown that the relative equivalent stiffness in x-direction for a non-balanced and
non-symmetric laminate was constant and equal to one. However, the absolute Ex,ip is not equal to the absolute
Ex,f, except for single plies. The same holds in y-direction, with the difference that Ey,ip and Ey,f do depend on
α. It is expected that as the number of repetition N in the InfraCore panels increases, the values of the in-plane
equivalent stiffnesses will be closer to the flexural equivalent stiffnesses in the corresponding direction. As N
increases, the laminate will become more homogeneous and can better be approximated as a single ply. To check
this presumption, two absolute equivalent stiffness plots are given for N=1 and N=3 in figure 8.1.
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(a) N=1. (b) N=3.

Figure 8.1: Equivalent stiffness of two InfraCore skins.

For N=1, very small differences between the in-plane stiffnesses and the flexural stiffnesses are observed for
both the x- and y-direction. Since the equivalent stiffnesses in x-direction are not affected by the inclination α,
the differences between Ex,ip and Ex,f are the same for any α. In y-direction, it can be seen that the differences
between Ey,ip and Ey,f decrease as α increases until a minimum value of approximately α≈ 60° has been reached.
After that value, the differences between Ey,ip and Ey,f increase again. For N=3, all the differences are decreased
and it is hard to distinguish different lines for the in-plane stiffnesses and the flexural stiffnesses. To check at
what rate the differences between the in-plane stiffnesses and flexural stiffnesses decrease, the ratio between
Ex,ip and Ex,f has been determined, as well as the ratio between Ey,ip and Ey,f. This has been done for N ranging
from 1 to 5. The equivalent stiffnesses in x-direction do not depend on α, so only one graph is necessary. The
equivalent stiffnesses in y-direction do depend on α. For this reason, the ratio between Ey,ip and Ey,f has been
determined for an inclination equal to 0°, 30°, 60° and 90°. The results can be found in figure 8.2.

(a) x-direction. (b) y-direction.

Figure 8.2: Ratio between the in-plane and flexural equivalent stiffness of a [02/−45/45]N InfraCore skin.

It can be seen that the ratio between the in-plane equivalent stiffness and the flexural equivalent stiffness con-
verges to 1 as N increases. This holds for both the x-direction and the y-direction. For the y direction, the ratio
is the closest to 1 for α = 60°. This is in correspondence with the result plotted in figure 8.1a, where it can be
seen that Ey,ip and Ey,f are the closest to each other for α≈ 60°. The largest ratios are observed for α= 0° for the
equivalent stiffnesses in y-direction. From the figures 8.2a and 8.2b it seems that for N=3 it is safe to assume that
the in-plane equivalent stiffnesses are equal to the flexural equivalent stiffnesses in the corresponding direction.
The largest ratio is equal to 1.0004, which is assumed to be close enough to 1 to conclude that Eip = Ef for both
the x- and y-direction.

As mentioned before, the inclination angle α can differ per InfraCore design. An angle of 2° is very common
in InfraCore skins. It is therefore more useful to plot the relative equivalent stiffness for angles much smaller
than 90°, as had been done up to now. A plot for 0° < α < 10° will provide practical insight of the effect of
the inclination on the relative equivalent stiffness of InfraCore panels, and can be found in figure 8.3. Since
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the equivalent stiffness in x-direction is independent of α for any laminate, it does not need to be plotted. In
this case, the relative equivalent stiffness Ey has been determined by dividing the equivalent stiffness with the
corresponding equivalent stiffness for α= 0°. This will provide better insight in the reduction of Ey with respect
to its value for α = 0°, meaning the influence of α can be better evaluated. It can be seen that the reduction in
stiffness is limited. For α= 2°, a relative equivalent stiffness of 0.9985 is obtained, meaning Ey of an InfraCore
skin reduces 0.15%, so it can be concluded that the inclination of 2° has a very small effect on elastic behaviour
of an InfraCore skin with material properties and a lay-up as presented in this section.

Figure 8.3: Relative equivalent stiffness of a twelve-ply InfraCore skin.

8.1.2. Single-layer simplification of the InfraCore skin
In a preliminary design phase, it is desirable to use a single homogeneous layer to perform a first design check.
As mentioned before, the behaviour of a single ply with inclined properties is much easier to predict and explain
compared to a complete laminate. Engineering constants can be derived for an InfraCore skin using the regular
CLT. The result can be used as input in the modified CLT for an equivalent 0°-ply. In chapter 6 it was shown that
a 0°-ply was not affected by the inclination angle α. However, when the engineering constants are used as input,
a general orthotropic material should be used instead of a transversely isotropic material since it no longer holds
that the (2,3)-plane is a plane of isotropy. This means nine independent material parameters are needed and the
0°-ply will be affected by α. Since E2 6= E3, out-of-plane shear deformations can occur when an inclination is
present in the 0°-ply.

Four material parameters can be determined using the engineering constants from the regular CTL. Distinction
can be made between in-plane and flexural engineering constants. For the InfraCore lay-up [02/−45/45]N , the
values of the engineering constants are not the same. Figure 8.4 shows the ratio between the in-plane engineering
constants and the flexural engineering constants. It can be seen that as the number of repetition N increases, the
ratios all converge to 1. For N=3, the largest ratio occurs for Gx y and is equal to 1.001. It is assumed that this
ratio is close enough to 1 to assume that the in-plane engineering constants are equal to the flexural engineering
constants for N=3. When the regular CLT with transversely isotropic material parameters from table 2.3 is used,
engineering constants are obtained as given in table 8.1. Here, E1, E2, G12 and ν12 correspond to engineering
constants for Ex , Ey , Gx y and νx y respectively.
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Figure 8.4: Ratio between the in-plane and flexural engineering constants from the regular CLT of a [02/−45/45]N InfraCore skin.

The axial stiffness E3 represents the stiffness perpendicular to the ply. When the regular CLT is considered, E3 is
the same for every ply and thus also the same for the complete laminate. According to the rules for transversely
isotropic material, the out-of-plane ply stiffness E2 can be used for E3 in the single-layer simplification of the
InfraCore skin.

The two additional Poisson’s ratios ν13 and ν23 are determined by the strain in the (3)-direction when a load in
the (1)- or (2)-direction is applied respectively. Since it is assumed that the stiffness in the (3)-direction is the
same for the complete laminate, it is also assumed that the lateral contraction in the (3)-direction is the same.
Therefore, it is assumed that the Poisson’s ratios ν13 and ν23 do not need to be changed. For a transversely
isotropic material, ν13 is equal to ν12 while ν23 is an independent material parameter.

The shear stiffness G13 is assumed to remain unchanged when an orthotropic material is used. Therefore, G13

will be equal to the original G12. The remaining shear stiffness G23 was determined by using the isotropic relation
due to the plane of isotropy in the plies (equation 3.10). If this is done in this case with the new E2, which is the
Ey from the engineering constants, a value of 4.11 GPa is obtained for G23. The resulting equivalent stiffness for
the single-layer simplification of the InfraCore skin for this value of G23 is plotted in figure 8.5 with the yellow
line. It can be seen that for 0 <α< 10, the value of the relative Ey increases, which indicates the shear stiffness
estimate is too high compared to the used E2. This can be explained by the fact that for the complete laminate,
the (2,3)-plane is not a plane of isotropy.

A lower value of G23 must be chosen. The original value for G12 can also be used (G12=3.8 GPa). The result is
plotted with the green line in figure 8.5. The dashed black line indicates the result for the complete twelve-ply
input of an InfraCore skin. It can be seen that for G12=3.8 GPa, the relative equivalent stiffness in y-direction is
lower than 1, but still too high compared to the original result with the twelve-ply input. A lower value could
also be chosen, for example G12=2 GPa. This result is plotted in blue and shows that the relative Ey decreases
too fast compared to the original result, indicating the shear stiffness is too low compared to E2.

Originally, E3 was equal to E2 for the transversely isotropic material input. Since this is not the case any more,
the shear stiffness G23 can be estimated by the following relation:

G23 = E3

2(1+ν23)
= 8.6

2(1+0.4)
= 3.07 GPa (8.2)

The relative Ey for the single-layer InfraCore skin simplification is plotted in red in figure 8.5 and is close to
the original result. It should be stressed that it is hard to determine a correct value for G23, and that this shear
stiffness is highly influential on the equivalent stiffness in y-direction. For now, the value presented in equation
8.2 will be chosen and used to compare the single-layer InfraCore skin simplification with the twelve-ply input.
All nine independent orthotropic material parameters are presented in table 8.1.
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Figure 8.5: Equivalent stiffness in y-direction for a single-ply InfraCore skin simplification for different G23 (in GPa).

The relative equivalent stiffness in x-direction is still independent of α and has therefore not been plotted. From
figure 8.5, it can be seen that the difference between the original twelve-ply input and the single-ply simplification
with G23=3.07 GPa increases as α increases. For α = 10°, the difference between the two is 0.2%, which is
assumed to be small enough to conclude that the single-ply simplification of the InfraCore skin with G23=3.07
GPa is a good estimate.

Table 8.1: Orthotropic material parameters for the single-layer InfraCore skin simplification.

Property Value Origin
E1 25 GPa Engineering constant: Ex,laminate
E2 11.5 GPa Engineering constant: Ey,laminate
E3 8.6 GPa Out-of-plane ply stiffness: E3,ply
G12 7.2 GPa Engineering constant: Gx y,laminate
G13 3.8 GPa Assumed to remain unchanged
G23 3.07 GPa Calibrated
ν12 0.46 Engineering constant: νx y,laminate
ν13 0.28 Assumed to remain unchanged
ν23 0.4 Assumed to remain unchanged

8.1.3. Approximation of stiffness reduction
All the equivalent stiffness plots provided in this report strongly depend on the number of plies, laminate lay-up
and material properties. The equations that are plotted are very complex due to the fact they contain very many
sine and cosine terms and are therefore not presented in this report, but can be obtained using the Maple script
presented in appendix A. In practice, it is desirable to use a simple formula to determine the stiffness reduction
as a function of α. Since the equivalent stiffness in x-direction is independent of α, only Ey will be considered.
Furthermore, it will be assumed that inclination angles up to 10° are relevant for InfraCore panels. The simplified
formulas will therefore only be derived for 0°<α< 10°.

Several types of formulas can be chosen to approximate the relative equivalent stiffness Ey . From figures 8.3 and
8.5, it seems that all the lines can be approximated by a parabola (second-order polynomial):

fk (α) =C1 +C2α+C3α
2 (8.3)

To determine the constants C1, C2 and C3 of the parabola, several values are chosen for α. The corresponding Ey

is determined for each α using the complex formula obtained with the modified CLT for a twelve-ply InfraCore
skin. Next, a parabola fk (α) is fitted through all the points using the PolynomialFit function in Maple. This
function fits a polynomial of a specified order to data points by minimising the least-squares error [13]. The
quality of the parabola fit is evaluated considering the coefficient of determination (R-squared) and the average
difference between the original result and the fitted result.

The number of points used to evaluate the original Ey is indicated with k. For example, when k=3, 3 equidistant
points are taken on the interval of 0° < α < 10°. This results in 0°, 5° and 10° as the 3 values for α used to fit
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the parabola. Since a parabola contains 3 constants that need to be determined (C1, C2 and C3), 3 is the lowest
possible value for k. When k increases, the distance between the points decreases since the total interval remains
the same. In this case, 21 is taken as the highest value for k. This leads to 20 intervals of ∆α= 0.5° each.

When a polynomial fit is obtained, the average difference is determined. This is done by evaluating the absolute
difference between Ey and fk (α) for 201 points (∆α= 0.05°), and taking the average of the absolute differences
of all those points. It does not matter how many points are taken, since the average is taken over all those
points. The number of points should however be large enough in order to obtain a correct value for the average
difference. In this case, it is assumed that 201 points is enough, since the largest value for k is almost a factor 10
smaller.

(a) Average difference. (b) R-squared.

Figure 8.6: Quality of the fit as a function of the number of evaluated points k.

Figure 8.6a shows the average difference for all the k-values. It can be seen that the average difference decreases
as k increases. The highest average difference between the original relative equivalent stiffness and the fitted
result is equal to 0.00009 and occurs for k=3. This difference is very low, meaning the fit for k=3 will match the
original result quite good. The fit f3 is shown in figure 8.7 where the original has also been shown. Due to the
quality of the fit, hardly any differences can be observed.

Figure 8.7: Fitted parabola for k=3.

Figure 8.6b shows the R-squared value for 3 < k < 21. For k=3, R-squared is equal to 1, since the number of
points used to determine the parabola is equal to the number of constants in a parabola. It is also shown that the
R-squared value decreases and reaches a minimum at k=7. For k >7, the R-squared value increases, indicating
the fit becomes closer to the point results. It should be noted that even the lowest value for R-squared is very
close to 1, meaning even the worst fit is quite good. This is confirmed by the graph in figure 8.8, where hardly
any differences can be seen between the fitted result and the original result.
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Figure 8.8: Fitted parabola for k=7.

In conclusion, for 0° < α < 10° all the fits are very good and approximate the original result very well. The re-
duction in equivalent stiffness in y-direction of a twelve-ply InfraCore skin can be approximated by the parabola
presented in equation 8.4. Here, the values for C1, C2 and C3 are taken for k = 21, since the average difference
of the polynomial fit is the lowest for k = 21, considering all values of k considered in this section.

f21 (α) = 1−0.00013α−0.00024α2 (8.4)

When an angle of 2° is considered, which is a representative value for the ply inclination in an InfraCore skin, a
relative equivalent stiffness of 0.99897 is obtained. This means the reduction in stiffness due to the inclination
in the plies in an InfraCore skin is only 0.122%, which is in the same order of magnitude as the 0.15% obtained
with the complete result presented in section 8.1.1.

8.2. Influence of the inclination on the out-of-plane shear strains
Due to the inclination in the plies of an InfraCore skin, out-of-plane shear strains occur. The local axes of the
±45°-plies in the InfraCore skin with an inclination do not coincide with any axis in the global coordinate system.
This means both γ0

y z and γ0
xz will be observed. The influence of the ply inclination on the out-of-plane shear

strains of an InfraCore skin is given in figure 8.9, where the out-of-plane shear strains are plotted as a function
of α for angles between 0° and 10°. Distinction is made between an axial load Nxx and an axial load Ny y , where
both have a value of 10000 N/m. Furthermore, the out-of-plane shear strains are obtained for both a four-ply
InfraCore skin (N = 1) and a twelve-ply InfraCore skin (N = 3), which will provide insight in the dependence
of the number of repetition on the out-of-plane shear strains. The total thickness of the laminate is kept the
same, meaning the ply thickness of the twelve-ply InfraCore skin is one third of the ply thickness of the four-ply
InfraCore skin.

The figures 8.9a and 8.9b give the out-of-plane shear strains that occur when a load in x-direction is applied. The
same scale on the vertical axis has been used. It can be seen that in absolute terms both γ0

y z and γ0
xz increase as

α increases. The same holds for a load Ny y , which is shown in the figures 8.9c and 8.9d. When the values on
the vertical axes are compared, it can be concluded that for an InfraCore skin, the out-of-plane shear strains are
larger for a load Ny y compared to a load Nxx .
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(a) N = 1. (b) N = 3.

(c) N = 1. (d) N = 3.

Figure 8.9: Out-of-plane shear strains due to an axial load Nxx and Ny y for an InfraCore skin with N = 1 and N = 3.

As the number of repetition increases, the values of the out-of-plane shear strains change. From figure 8.9, it can
be seen that γ0

y z increases for a load Ny y and γ0
y z decreases for a load Nxx as the number of repetition increases.

The shear strain γ0
xz decreases for both loading cases for a higher N . It can be stated that the out-of-plane shear

strains depend on the number of repetition, thus the out-of-plane shear strains also depend on the laminate lay-up.

The dependence of the number of repetition on the out-of-plane shear strain is shown in figure 8.10. Here, both
out-of-plane shear strains have been determined for an inclination angle of 2° for both loading cases. It can be
seen that all four graphs converge to a certain value. It can be concluded that as the homogeneity of the InfraCore
skin increases, the out-of-plane shear strain does not change any more.

Figure 8.10: Out-of-plane shear strains as a function of the number of repetition (N ).

8.3. Lay-up differences in InfraCore due to the inclination
The inclination in the plies in the skin of an InfraCore panel causes changes in the lay-up along the y-axis.
Correspondingly, the equivalent stiffnesses of the InfraCore skin change along the y-axis. For InfraCore skins, it
is assumed that an inclination of α= 2° is present and that the ply thickness is equal to 0.0009 m. This results in
the following ply width:

yply = t

sinα
= 0.0009

sin(2)
= 0.0258 m (8.5)



8.3. Lay-up differences in InfraCore due to the inclination 81

Figure 8.11 shows a cross section of a twelve-ply InfraCore skin (N=3). When N=1, only one third of the
laminate in z-direction is present.
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Figure 8.11: Cross section of a twelve-ply InfraCore skin.

Due to the repetition in the lay-up of InfraCore, only four different total lay-ups are possible. Therefore, the
equivalent stiffness plots only need to be plotted for y0 < y < y4. For y-coordinates larger than y4, the same
equivalent stiffness plots will be obtained. The dependence on the y-coordinate is plotted for N=1 in figure 8.12.

Figure 8.12: Equivalent stiffnesses as a function of the y-coordinate for an InfraCore skin with N=1.

It can be seen that the equivalent stiffnesses in y-direction do not differ much along the y-axis. In x-direction,
Ex,ip and Ex,f do change significantly due to the differences in lay-up. The flexural equivalent stiffness in x-
direction has the highest value at y3, since the stiffest 0°-plies are located on the outside of the laminate at that
location. Correspondingly, Ex,f is the lowest at y1, due to the fact that the stiffest 0°-plies are at the center of the
laminate.

Next, the equivalent stiffnesses can be plotted for an InfraCore skin with N=3. This has been done in figure
8.13, where it can be seen that the in-plane equivalent stiffnesses are closer to the flexural equivalent stiffnesses
compared to the results for N=1. This confirms the results presented in section 8.1, where it was shown that as
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the number of repetition N increases, the in-plane equivalent stiffnesses will approach the values of the flexural
equivalent stiffnesses due to the more homogeneous lay-up when N increases.

Figure 8.13: Equivalent stiffnesses as a function of the y-coordinate for an InfraCore skin with N=3.

It should be mentioned that in practice, an InfraCore skin is not a plate with a constant total thickness. In reality,
the plies have a sudden termination rather than the gradual tapering assumed here, as can be seen from figure
8.11. The results presented in this section do assume a plate with a constant total thickness, so the results should
be handled with care. The simplifications made in the modified CLT with respect to InfraCore are dealt with in
section 4.4.3.

8.3.1. Comparison with the non-inclined result
The non-inclined equivalent stiffnesses of an InfraCore skin are shown in figure 8.14 together with equivalent
stiffnesses when a ply inclination of 2° is present. The non-inclined results for yi−1 < y < yi are determined by
evaluating the equivalent stiffnesses at yi−1 for α = 0° and are shown with a dashed line. Since the equivalent
stiffnesses in x-direction do not depend on the inclination angle, the non-inclined result between yi−1 and yi is
exactly equal to the inclined result at y = yi−1. The reduction in equivalent stiffness in y-direction of an InfraCore
skin is very limited, as was shown in section 8.1. Therefore, hardly any differences can be distinguished between
the inclined and non-inclined Ey,ip and Ey,ip in figure 8.14.

Furthermore, it can be stated that the equivalent stiffnesses for α = 2° are closer to the non-inclined equivalent
stiffnesses as the homogeneity of the InfraCore skin increases. In figure 8.14b, hardly any differences can be
observed between the inclined and non-inclined results for the equivalent stiffnesses in y-direction, which is in
accordance with the results presented in section 8.1 where it was shown the in-plane and flexural equivalent
stiffnesses are closer to each other as the number of repetition increases.

(a) N = 1. (b) N = 3.

Figure 8.14: Non-inclined equivalent stiffnesses as a function of the y-coordinate for both a four- and twelve-ply InfraCore skin.



9
Conclusions and recommendations

The Classical Laminate Theory (CLT) describes the elastic behaviour of laminates. The properties of individual
plies within a laminate are stacked in order to create a stiffness matrix for the complete laminate. Certain types
of Fibre Reinforced Polymer (FRP) structures could include laminates where the plies are under an inclination.
These inclined plies occur for example in the skin of InfraCore panels, which is a special type of sandwich panel
where the skins are connected with webs. The current CLT does not account for the extra rotation in the plies
of such a laminate. It is therefore unknown to what extend the extra rotation affects the behaviour of laminates,
which results in the following research question:

In what way does an inclination in the plies of a laminate affect the elastic behaviour of that laminate?

The CLT has been modified in order to take the inclination in the plies into account. This modified CLT is used
to answer the main research question.

9.1. Conclusions
In order to obtain the modified CLT, the regular CLT is revised and adjusted where necessary. First of all, the
regular CLT makes use of plane stress conditions in the plies. The laminate constitutive equations are used
to derive the CLT, meaning the plane stress conditions are also applicable to the complete laminate. Due to
the plane stress conditions, only in-plane stresses need to be taken into account. This results in a reduction of
the stiffness matrix of a transversely isotropic material applicable to a ply with fibres all oriented in the same
direction on mesoscale. A 6×6-matrix that relates all six independent strain components to the six independent
stress components is reduced to a 3×3-matrix that only relates the in-plane strains to the in-plane stresses. When
an inclination is added in the plies, it can no longer be stated that the out-of-plane stress components in the plies
are equal to zero, meaning plane stress conditions are no longer applicable. This means no reduction of the
stiffness matrix is possible for the modified CLT.

The stiffness matrix of an individual ply is translated from the local coordinate system of that ply to the global
coordinate system of the complete laminate. In the regular CLT, this is done using transformation equations
that depend on the fibre orientation in a ply. The extra rotation that occurs due to the inclination of the plies
is implemented in the transformation equations to obtain the correct global stiffness matrix of each ply in the
modified CLT. The transformation equations are written in matrix shape, and must match in dimensions with the
stiffness matrix, leading to a 6×6 transformation matrix for the modified CLT.

Furthermore, Kirchhoff assumptions are applicable to both the individual plies and the complete laminate when
no inclination is present, meaning straight lines perpendicular to the mid-surface remain both straight and per-
pendicular to the mid-surface after deformation. The inclination in the plies could cause an out-of-plane shear
deformation due to the difference in stiffness parallel and perpendicular to the fibre direction in a ply. Out-of-
plane shear deformations indicate that lines perpendicular to the mid-surface do not remain perpendicular to the
mid-surface after deformation. This means the Kirchhoff assumptions are not applicable to the laminate when a
ply inclination is present. In the derivation of the laminate constitutive equations for the modified CLT, it is how-
ever assumed that straight lines of a laminate remain straight after deformation. This remains a valid assumption,
since the thickness of a laminate is small compared to the other laminate dimensions.
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The modified CLT has been verified using Finite Element (FE) analyses. Several laminates have been modelled
and axial loads are applied. The resulting strains and curvatures have been evaluated and compared with the
results from the modified CLT. The results of individual plies with inclined properties matched perfectly. For
a non-symmetric and non-balanced four-ply laminate, the average difference was 2%. These differences were
assigned to the limitations of the FE model, but were still small enough to conclude the modified CLT has a
correct implementation of the inclination in the plies.

The main research question can be answered using the modified CLT. Due to the inclination in the plies, a
reduction in equivalent stiffness along the inclination direction is observed for a laminate. For every ply within
a laminate, the out-of-plane elastic modulus is the same and it is lower compared to the elastic modulus of the
ply measured along the fibre direction. As the inclination angle increases, this lower stiffness becomes more
dominant in the determination of the equivalent stiffness of a laminate. When the inclination angle reaches its
maximum of 90°, all the plies are placed vertically next to each other. This leads to an equivalent stiffness of the
laminate equal to the out-of-plane elastic modulus perpendicular of the ply.

An important limitation of the modified CLT is that the result is only applicable at one location of the laminate.
Due to the inclination, a ply starts at the bottom in a laminate, but ends at the top of a laminate. This causes
lay-up differences within the laminate, since it is assumed the total thickness of a laminate does not change.
Due to the lay-up differences, the equivalent stiffnesses of the laminate will also differ along the inclination
direction. The equivalent stiffnesses strongly depend on the lay-up of a laminate. Distinction is made between
in-plane and flexural equivalent stiffnesses. The in-plane equivalent stiffnesses are applicable when a laminate
is loaded by normal forces in its plane. When the lay-up is symmetric, the in-plane equivalent stiffnesses will
be the highest due to the absence of coupling effects, meaning no out-of-plane deformations can occur when the
laminate is loaded in its plane. Flexural equivalent stiffnesses are used when a laminate is predominantly loaded
in bending. It can be concluded that the flexural equivalent stiffness is the highest when the plies with the stiffest
fibre direction are located at the outside of the laminate.

Finally, the main research question has been answered for InfraCore panels. These specific type of sandwich
panels contain inclined plies in the top and bottom skin. The exact lay-up may differ per design, but usually
a repetition of four plies is observed, namely two 0°-plies, a -45°-ply and a +45°-ply. As the repetition in lay-
up increases, a more homogeneous laminate is created. When the four plies are three times repeated, creating
a twelve-ply laminate, the InfraCore skin has become homogeneous enough to assume the in-plane equivalent
stiffnesses are equal to the flexural equivalent stiffnesses. As the inclination angle increases, the equivalent
stiffness in the inclination direction decreases for an InfraCore skin. A reduction in stiffness of 0.15% is observed
for a twelve-ply InfraCore skin with a ply inclination of 2°. Due to the homogeneity in the lay-up for the twelve-
ply InfraCore skin, the differences in equivalent stiffness along the inclination direction are very limited.

9.2. Recommendations for future research
Given the results presented in this report, several future research topics can be suggested:

• The modified CLT only deals with the stiffness behaviour of laminates with inclined plies. Failure is not
dealt with in the modified CLT. Several failure modes are possible in FRP structures, delamination being a
main problem in laminates. A mode 1 delamination indicates a split between plies, causing an opening in
the direction perpendicular to the plane of the ply. The modified CLT does take the relevant stress in this
direction into account, where the regular CLT does not. This means the modified CLT could be used to
determine the sensitivity of an inclined laminate to mode 1 delamination due to in-plane loading.

• Structural linear static FE analyses have been performed on several laminates to verify the modified CLT.
The behaviour of a laminate with inclined plies could have out-of-plane shear deformations. These type
of deformations cannot occur in axially loaded laminates where no ply inclination is present. The value
of the out-of-plane shear deformation could be checked with experiments. A single-ply laminate with the
fibre direction under an angle with respect to the plane of the laminate could be used. In the test, an axial
load should be applied in the inclination direction. This will lead to an out-of-plane shear deformation that
could be compared with the modified CLT result.

• The verification of the modified CLT could be further elaborated. For example, the influence of the lim-
itations of the FE model could be reduced when a larger plate size is assumed, but the thickness is kept
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the same. This will mean the FE model better approximates the assumptions made in the derivation of the
modified CLT.

• Several FE packages include the possibility to assign an ABD-matrix obtained with the regular CLT to
plate finite elements. The ABD-matrix obtained with the modified CLT could also be implemented in
finite elements. Plate elements that take shear deformations into account should be used in order to be able
to account for the out-of-plane shear strain. This means Mindlin-Reissner plate theory must be applicable
to the finite elements.

• The interlaminar shear strength of a laminate with inclined plies will depend on the inclination angle. For
a small angle, the shear crack will occur in the matrix material, meaning fibres within a ply will not break.
As the inclination angle increases, the possibility of a crack passing through the fibres will increase. The
failure due to interlaminar shear depends on the in-plane shear strength and depends on the inclination
angle. The modified CLT can be used to determine the relevant shear stress, since it takes the inclination
angle into account.

• In this report, it has been assumed that the inclination angle is the same for all the plies within a laminate.
However, this input variable can also be varied per ply. For example, an InfraCore skin with inclined plies
is finished with a 0°-ply on top of the skin. This top ply does not have an inclination and is not taken into
account in this research. The top ply can also be implemented in the modified CLT when the inclination
angle is defined per individual ply and not constant for the complete laminate.

• The influence of the inclination has been checked for the InfraCore skin. The whole InfraCore panel has
not been considered. It can be checked how the ply inclination affects the elastic behaviour of the complete
InfraCore panel, where the webs should also be taken into account.
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A
Maple appendix

The modified Classical Laminate Theory (CLT) presented in this report is modelled using Maple. The great
advantage of Maple compared to other programming languages is that Maple allows an analytic derivation of
the results. This means the dependence on the inclination angle α of a laminate with inclined plies can be
determined in an analytic fashion. The code used to obtain the ABD-matrix in the modified CLT is given on the
following pages. The determination of the equivalent stiffnesses is also given, as well as an equivalent stiffness
plot example.
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---------------INPUT PLIES---------------

Number of plies:

Input ply properties:

Input ply dimensions and orientation:

---------------END INPUT PLIES---------------

Ply properties needed as vector for loop input:

Additional dimensional properties:
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Loop to determine the global stiffness matrix per ply:
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Adding the A-, B- and D-matrices of each ply:

ABD-matrix:

Relative equivalent stiffness plot:
In-plane equivalent stiffnesses:

Flexural equivalent stiffnesses:

Equivalent stiffnesses for alpha=0:

Plot of the relative equivalent stiffness with respect to E1:
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