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Optimal Power Flow for
Unbalanced Bipolar DC Distribution Grids

Laurens Mackay, Student Member, IEEE, Robin Guarnotta, Anastasios Dimou,
Germán Morales-España, Member, IEEE, Laura Ramirez-Elizondo, Member, IEEE, and

Pavol Bauer, Senior Member, IEEE

Abstract—The emergence of distributed energy resources can
lead to congestion in distribution grids. DC distribution grids are
becoming more relevant as more sources and loads connected to
the low voltage grid use dc. Bipolar dc distribution grids with
asymmetric loading can experience partial congestion resulting in
a nodal price difference between the two polarities if a respective
market model is applied. In order to take into account this price
difference, this paper presents an optimal power flow (OPF)
model formulated in terms of voltage and current. In the case
of bipolar dc distribution grids, the single line approximation
is no longer valid because current can flow in the neutral
conductors as well. Moreover, loads and sources can be connected
between any two nodes in the network. The proposed exact OPF
formulation includes bilinear equations. The locational marginal
prices (LMP) are derived by linearizing the problem at the
optimal solution. Example cases show the various phenomena
that can appear under asymmetric loading, such as pole-to-pole
connections combined with pole-to-neutral connections, parallel
sources, meshed grids and their effect on the LMP.

Index Terms—DC distribution grid, optimal power flow, con-
gestion managament, locational marginal prices

NOMENCLATURE

Indices and Sets

N = N+ ∪N− ∪NN Positive, negative and neutral nodes.

N ∅ Nodes N without reference node.
m,n ∈ N Nodes of the bipolar grid.
(m,n) ∈ G Pair of nodes with connecting line.
(m,n, s) ∈ S Individual sources s at nodes (m,n).

Variables

um Voltage at node m [V].
im Total current at node m, going from the source

layer into the resitive network [A] (see Fig. 3).
im,n Line current from node m to n [A].

iSm,n,s Current of one source, defined as negative (−),

or a load defined as positive (+) [A].

pSm,n,s Power of source s connected at (m,n) [W].

λIm LMP for node m in terms of current [m.u./Ah].

λPm,n LMP for nodes (m,n) in terms of power [m.u./Wh].

(·)∗ Superscript for variable value at optimal solution.
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Fig. 1. Modular bipolar LVdc voltage levels and how devices could be
connected [2].

Parameters

Gm,n Branch conductance [S].

U,U Voltage limits for both poles [V].

UN, UN Voltage limits for neutral conductor [V].

Im,n, Im,n Line current limits [A].

ISm,n,s, I
S

m,n,s Current limits for source [A].

P S
m,n,s, P

S

m,n,s Power limits for source [W].

ΠS
m,n,s Marginal cost/value of sources [m.u./Wh].

I. INTRODUCTION

D ISTRIBUTION GRIDS are expected to experience more
congestion problems due to the emergence of electrical

vehicles, renewable energy sources, and other distributed en-
ergy resources. Locational marginal prices (LMP) can enable
optimal utilization of distributed energy resources owned by
different entities. DC distribution grids have advantages over
ac distribution grids due to their inherently higher power trans-
fer capacity, and due to the fact that most loads and sources
connected to the low voltage grid nowadays are already dc. In
the future, more and more, will be either inherently dc or use
a dc link to couple variable rotation speeds [1].

Bipolar dc grids have a neutral conductor in addition to the
positive and negative conductor of unipolar dc grids. Their
configuration can be compared to that of a 3-phase or 2-phase
ac grid. As shown on the left side of Fig. 1, small devices
can be connected between the positive pole and the neutral
or between the neutral and the negative pole. Without loss
of generality, in this paper a nominal voltage of ±350 V is
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Fig. 2. Traditional representation of a node with connected lines and sources
that can be either generators or loads. This is split up into layers as shown
in Fig. 3.

assumed [1]. Bigger devices can be connected directly between
the positive pole and the negative pole. Therefore, a voltage
of 700 V is available to these devices. The power available
on a 700 V dc connection corresponds to the one of a 400 V
3-phase ac connection with same rms current rating I , while
using one wire less (

√
3 · 400 V·I = 693 V·I ≈ 700 V·I). For

bigger industrial applications, e.g., photovoltaic power plants,
a bipolar 700 V grid can be made as shown on the right side
of Fig. 1 [2].

Bipolar dc distribution grids offer twice the power trans-
fer capacity (+100 %) of unipolar dc grids, while only one
conductor is added (+50 %). The total losses in a balanced
system remain the same as does the voltage rating of the
small devices. Small devices in general have galvanic isolation
inside or do not refer their potential to ground. Therefore,
no increase in component cost is expected. If a balancing
converter between both polarities is added, longer distances
can be bridged without requiring a neutral conductor, thus
saving additional 33 % of conductor material.

Optimal power flow (OPF) is a method to optimize the
dispatch of generation and load in order to minimize the total
cost or maximize the social welfare while respecting operation
limits. In literature for bipolar dc grids, OPF has been done
for HVdc and a combined approximated OPF for hybrid ac
and dc networks [3], [4], [5]. Bipolar HVdc lines are normally
operated symmetrically, hence a single line approximation can
be used in these dc networks [6]. DC microgrid literature
contains a vast amount of research on local energy managment
systems. Mostly local dc nano- or microgrids are considered
where network constraints are not included [7] and, if they
are, only unipolar dc grids are considered [8].

In bipolar dc distribution grids [1] the lines can be loaded
asymmetrically (unbalanced), i.e., devices connected between
pole and neutral, to allow smaller devices to connect to
lower voltage. Due to this likely asymmetric loading of both
polarities in distribution grids, partial line congestion can
appear. Congestion of distribution grids occur when power
flows are subject to physical or operational limitations. These
are likely to occur in distribution networks in the future
due to the increase of installed power capacity (e.g. electric
vehicles and photovoltaics). Partial line congestion means that
for example only the positive pole is overloaded while more
power could be transferred on the negative pole. Moreover,
asymmetric congestion should result in differing LMP on the
two polarities at the same location. Furthermore, parts of the

Node Current im Node m

i...,m im,...

iS...,m,...

iSm,...,...

Source Layer

Resistive Network Layer

Fig. 3. The node from Fig. 2 with connected lines and sources split up into
source layer (top) and resistive network layer (bottom). The node current im
connects both layers in every node. It represents the total current flowing into
the resistive network from all generators and loads connected in the source
layer. This current im is used for deriving the LMP.

grid may be built with only one of the two polarities, or the
neutral conductor can be left out for longer distances. The
voltages in the low voltage grid can have significant variations
due to losses and have to be kept within bounds.

This paper proposes a method to model the OPF problem
for unbalanced bipolar dc grids. It can also be used for
bipolar dc grids under symmetric loading. The problem is
formulated in terms of voltage and current, instead of the
usual formulation in power. The formulation does not use the
usual single line approximation, as the current in the neutral
conductor influences the potentials of the neutral nodes. The
present paper builds up on previous work [9], however, the
LMP results are different. Instead of only fixing the voltage at
the optimal solution, this paper uses a first order linearization.
This ensures the same optimal solution in the linear program.
Thereby the applicability is extended and allows for the
optimization of meshed grids, which was not possible before.
The new formulation leads to the incorporation of marginal
losses into the LMP, which means that the current prices
within non-congested areas are no longer equal. Furthermore
the proposed mathematical formulation is more precise and
allows multiple sources at the same location. More complex
examples and special cases can therefore be demonstrated.

The remainder of this paper is organized as follows. Sec-
tion II introduces the modeling method without single line
model. Based thereon, the exact OPF problem is formulated
and the LMP are derived in Section III. In Section IV some
numerical example cases are presented in order to demonstrate
the methodology developed. Finally, in Section V conclusions
are drawn and future work is identified.

II. MATHEMATICAL MODEL OF THE EXACT POWER FLOW
IN BIPOLAR DC DISTRIBUTION GRIDS

Instead of the usual OPF representation in terms of power
[6], in this paper the problem is formulated in terms of currents
and voltages. In this way, constraints can be formulated as
upper and lower bounds in terms of currents and voltages.
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The network of sources and lines, as shown in Fig. 2, is split
into a resistive network and a source layer, as illustrated in
Fig. 3. This is done by putting all lines into the resistive layer
and all loads and generators into the source layer. The resistive
grid is modeled similar to the traditional dc OPF. The source
layer structures the positive and negative connections of all
sources and loads and assigns them to the right nodal current.
This nodal current im links both layers and is used later for
the derivation of the LMP.

A. Modeling of the Grid

The exact linear power flow in the network is represented by
explicitly modeling voltage and current variables. The voltage
magnitude differences between two nodes and the respective
resistances of the connecting branches impose the current flow
pattern [4].

The bipolar dc grid consists of the nodes in set N , for which
the following equations are true:

im,n = Gm,n · (um − un) ∀(m,n) ∈ G (1)

im =
∑

n|(m,n)∈G

im,n −
∑

n|(n,m)∈G

in,m ∀m ∈ N (2)

where node current im is equal to the algebraic sum of the
currents flowing into the connected branches. This is the
Kirchhof’s current law of the resistive network at the bottom
of Fig. 3.

B. Modeling Generators and Loads

In order to allow a more generic modeling of prosumers, that
can both consume and produce power, loads are also modeled
as sources. For a more elegant mathematical formulation
later on, sources that feed power into the grid (generators)
have negative current and power, while sources that consume
power (loads) have positive current and power. All sources are
modeled as current sources because they can be connected in
parallel which would not be possible with voltage sources. The
positive current of a current source (load) is defined as flowing
from the more positive pole to the more negative pole. That
means that current is extracted out of the resistive network
at the positive pole and fed into the resistive network at the
negative pole (Fig. 3).

In a bipolar grid, sources and loads can be connected
between various points in the network: between positive
polarity and neutral conductor, between neutral conductor and
negative polarity conductor, or directly between positive and
negative conductors, advisable for bigger sources and loads.
It is evident that in actual applications this could lead to
asymmetric loading of the grid, causing increased voltage
magnitudes for the nodes of the neutral conductor. Therefore,
also the neutral conductor is modeled and all sources and loads
are connected between two nodes (m,n).

Multiple sources connected to the same nodes could be
useful, e.g., to model a building with PV together with the
loads of the building. In order to allow multiple sources with
different characteristics at the same location an additional sum
is made over all individual sources between the same nodes.

The node currents are then the algebraic sum of all sources
connected on a specific node m:

−im =
∑

n|(m,n,s)∈S

∑
s|(m,n,s)∈S

iSm,n,s

−
∑

n|(m,n,s)∈S

∑
s|(n,m,s)∈S

iSn,m,s

∀m ∈ N ∅ (3)

Equations (2) together with (3) are essentially constituting
Kirchhoff current law. The node current im is the variable used
to describe the interface between the resistive network and the
sources together with the loads connected on various nodes as
shown in Fig. 3. For a node m of the system, where no current
injection or extraction occurs due to the lack of a source or
a load, the node current im will be zero. Otherwise the node
current im, according to (3), is equal to the total balance of
current injected and extracted from this specific node.

While the power flow in the network can be described
fully by previous equations, the power of the sources will
be necessary for modeling power limits and marginal cost in
terms of energy. The power of the sources is

pSm,n,s = (um − un) · iSm,n,s ∀(m,n, s) ∈ S (4)

which is a bilinear equation, thus making the problem
quadratic.

C. Limits

The reference node is assumed to be grounded and its
voltage is fixed to zero:

u0 = 0 V (5)

Under normal operating conditions the acceptable voltage vari-
ation is limited to certain percentage of the nominal operating
voltage. Moreover, operational constraints due to line current
limits are taken into account. The nodes of the network N
are divided into three groups: N+ for the positive pole, N−
for the negative pole, and NN for the neutral conductor. The
voltage and line current limits are

U ≤ um ≤ U ∀m ∈ N+ (6)

U ≤ −um ≤ U ∀m ∈ N− (7)

UN ≤ um ≤ UN ∀m ∈ NN (8)

Im,n ≤ im,n ≤ Im,n ∀(m,n) ∈ G (9)

The sources can be constrained by current and power limits:

ISm,n,s ≤ iSm,n,s ≤ I
S

m,n,s ∀(m,n, s) ∈ S (10)

P S
m,n,s ≤ pSm,n,s ≤ P

S

m,n,s ∀(m,n, s) ∈ S (11)

Current can be used to model the limits of power electronics
while power is more appropriate for process limits. The sepa-
ration of these two limits may be preferable when significant
voltage deviations appear in the distribution grids. The power
constraint (11) is a indirectly a quadratic inequality constraint
due to (4) being quadratic.
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III. OPTIMAL POWER FLOW

After modeling the grid, sources and constraints, the OPF
is solved in order to minimize total cost. A two-step method
following a similar approach as that in [10] is used to solve the
economic dispatch and derive the LMP. Firstly the exact model
is used to find the optimal solution. Secondly the problem is
linearized at the found optimal solution to derive the LMP.

A. Cost/Value Function of Sources

The operation cost of each generator and load is defined by
a given marginal cost ΠS

m,n,s (cost of increasing the output by
one unit). Demand response of loads could be implemented by
giving them a marginal value (defined as opposite of marginal
cost) and allowing its power consumption to be variable. Load
shedding with different priorities could also be implemented
by giving different values to loads. If the resulting price is
higher, they would automatically turn off [1].

B. Solving for the Economic Dispatch

The optimal economic dispatch is found by minimizing
the total cost and this is equivalent to maximizing the social
welfare [11]. The problem formulation is presented as follows:

min
∑

(m,n,s)∈S

−pSm,n,s ·ΠS
m,n,s

s.t. (1)− (11)
(12)

The choice of sign is important for the marginal values used
in the next section. The multiplication of the two variables
in (4) makes the problem bilinear, a special case of quadratic
programming for which the problem is not convex.

It is important to note that due to the non-convexity of the
problem, an optimal solution is not guaranteed to be the global
optimum. This aspect has to be dealt with by the optimization
algorithm, which is not in the scope of this paper. It is assumed
that the found solution is acceptable because it is feasible, even
though it is possibly not globally optimal.

C. Locational Marginal Prices (LMP)

Non-convex problems suffer from a weak duality between.
In order to derive the LMP for the non-convex problem, the
problem is linearized at the optimal solution [10].

1) Linearization: Firstly, the quadratic problem (12) is
solved and the optimal voltages u∗m and source currents iS∗m,n,s

are obtained. Then, the problem is linearized around this
optimal solution. This means that power equation (4), the only
non-linear equation in the problem, has to be linearized. By
using the first order Taylor appoximation this finally results in

pSm,n,s = (u∗m − u∗n) · iSm,n,s

+ (um − un) · iS∗m,n,s

− (u∗m − u∗n) · iS∗m,n,s

∀(m,n, s) ∈ S (13)

-10

20 400

0

p
S m

,n
,s

[k
W

]

300

iS
m,n,s [A]

0

10

um − un [V]

200
100-20

0

Fig. 4. Visualization of the linearization around the solution of the bilinear
power equation (surface). The linearized power equation (at 350 V, 10 A) is
shown as red mesh.

In Fig. 4 a visualization of the bilinear power equation (4) and
its linearization (13) is shown. Herewith a linear optimization
problem can be formulated as

min
∑

(m,n,s)∈S

−pSm,n,s ·ΠS
m,n,s

s.t. (1)− (3), (13), (5)− (11)
(14)

The problem formulation (14) is now linear, thus convex
and with strong duality. The linear problem is initialized at the
solution of (12). In this way, the same solution is obtained, also
for the case of multiple solutions at the same optimum. In other
words, the variables computed using linear programming are
then the same as for quadratic programming. The linearization
is thus exact at the solution. Therefore, the dual variables can
be used to derive the LMP for the original problem [12].

LMP is the marginal cost of supplying the next increment
of energy at a given location. LMP are commonly expressed
in terms of power and reflect also losses and congestion
[13], [14], [15]. In this case, dual variables obtained from
the equality constraint (2) for each node are given in terms
of current (instead of power) and denoted by λIm. Using
linear programming enables to interpret these dual variables
as the LMP for all m. However they are in terms of cur-
rent [m.u./Ah], which is not the usual unit (m.u. stands for
Monetary Unit).

2) LMP in Terms of Power: LMP in power terms are
calculated for all generators and loads connected between
different polarities m,n ∈ N . Their value can be derived as
follows: Let αm,n,s be the amount payable by a prosumer per
time interval, which is by definition the power times the LMP:

αm,n,s = pSm,n,s · λPm,n (15)

On the other hand this amount has to be equal to the amount
payable for extracting the source current iSm,n,s in one node
and injecting it in the other, because that is what is physically
happening:

αm,n,s = λIm · iSm,n,s + λIn · (−iSm,n,s)

= (λIm − λIn) · iSm,n,s

(16)
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TABLE I
LINE CURRENTS

N+ NN N−

Case 1
i4,5 68.03 i0,1 29.66 i8,9 -97.69

i5,6 40.67 i1,2 29.33 i9,10 -70.00

i6,7 -0.48 i2,3 -0.70 i10,11 1.18

Case 2
i2,3 13.62 i0,1 -13.62 i5,6 0.00

i3,4 -22.51 – – i6,7 22.51

Case 3
i3,4 70.00 i0,1 0.00 i6,7 -70.00

i4,5 -40.96 i1,2 5.96 i7,8 35.00

i3,5 29.04 i0,2 5.96 i6,8 -35.00

By solving (15) for λPm,n and substituting (16) and (4), the
LMP in terms of power between nodes (m,n) can be derived
as

λPm,n =
αm,n,s

pSm,n,s

=
(λIm − λIn) · iSm,n,s

(um − un) · iSm,n,s

=
λIm − λIn
um − un

∀m,n ∈ N (17)

So the LMP between two nodes in terms of power is equal
to the difference of current LMP λIm divided by the voltage
difference of the nodes um.

3) Marginal Losses: Using the marginal values of the OPF
as LMP, includes marginal losses into the price. Thereby the
losses have a greater impact on the price than the physical
power loss. The marginal losses are approximately twice as
high as the cost of the physical losses. This phenomenon is
known from literature for ac grids [16] and is therefore not
further discussed in this paper.

IV. NUMERICAL EXAMPLES

This section presents three cases that were selected to show
the special phenomenon that can occur in bipolar dc grids with
asymmetric loading, which cannot be modeled using OPF with
single line approximation. Case 1 illustrates the method and
shows partial congestion on only one line of a bipolar cable.
Case 2 shows the effect of sources connected directly between
two poles, and multiple sources between the same nodes, as
well as interdependence between the two poles. Case 3 shows
a meshed grid with partial line congestion. In this last case
the LMP on the non-congested lines are of special interest.

The problems are modeled using GAMS and solved using
the CONOPT solver [17]. The networks consist of 25 mm2

cables with Im,n = −Im,n = 70 A current limit and 50 mm2

cables with Im,n = −Im,n = 100 A current limit. The voltage
limits are set to 350 V ± 5% and the neutral conductor has
the same operating range:

U = 367.5 V
U = 332.5 V

UN = 17.5 V
UN = −17.5 V

TABLE II
NODE VOLTAGES

N+ NN N−

Case 1

u4 367.50 u0 0.00 u8 -367.50

u5 364.10 u1 -1.48 u9 -362.62

u6 360.03 u2 -4.42 u10 -355.62

u7 360.06 u3 -4.38 u11 -355.67

Case 2
u2 367.06 u0 0.00 u5 -332.50

u3 366.37 u1 0.68 u6 -332.50

u4 367.50 – – u7 -333.63

Case 3
u3 367.50 u0 0.00 u6 -367.50

u4 360.50 u1 0.00 u7 -360.50

u5 364.60 u2 -0.60 u8 -364.00

The upper nodes of Fig. 5, 6 and 7 are in N+, the lower nodes
in N−, and the nodes in the middle are in NN.

Each case has its own tables to show specific configuration
of loads and generators, and LMP. Table I presents the line
currents for all cases. Table II shows the nodal voltages.

A. Case 1: Bipolar Grid with Partial Line Congestion

The goal of this case is to show the congestion of only one
of three conductors in a line. Fig. 5 shows the example grid.
The central 4 sources operate as loads. On the left and the
right each two generators are connected between neutral and
the poles. Table III shows the marginal costs ΠS

m,n,s of the
generators. The left ones are cheap (5 m.u./kWh) while the
right ones are expensive (10 m.u./kWh). The power limits of
the generators on the right are -20 kW and on the left -25 kW
on top and -50 kW on the bottom. The loads in the middle on
the left side are fixed to 10 kW and on the right side on the top
15 kW and on the bottom 25 kW. The lines on the left and right
are 100 m long and have 50 mm2 cross section with a current
limit Im,n of 100 A. The lines in the middle between the two
loads have the same length but are thinner and have a current
limit of 70 A which is reached on the negative conductor i9,10
as can be seen in Table I.

Table IV displays the voltage differences um − un and the
LMP of each connection point. The LMP are shown in terms of
power (λPm,n) and also in terms of current for both connecting
nodes ( λIm and λIn).

On top, for the positive conductor, the locational marginal
price is related to the expensive generator at the right, which
is needed only to cover the losses. The line current i6,7 is so
low that almost no losses occur and due to rounding the price
at (6,2) is the same. The current in the neutral conductor i2,3
even slightly overcompensates for these losses in the positive
conductor such that the price is slightly lower (9.999 rounded
to 10.00). Further to the left, the power is flowing from the
left hand side and hence prices decrease due to less losses on
the way.

On the negative conductor at the bottom, a line congestion
occurs and i9,10 is limited to -70 A. This is not the case for
the neutral conductor, as positive and negative currents are
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i9,10

4 5 6 7

0 1 2 3

8 9 10 11

i4,5 i5,6 i6,7

i0,1 i1,2 i2,3

i8,9 i10,11

iS4,0,0
Gen

iS0,8,4
Gen

iS5,1,1
Load

iS1,9,5
Load

iS6,2,2
Load

iS2,10,6
Load

iS7,3,3
Gen

iS3,11,7
Gen

Fig. 5. Bipolar dc grid with positive (top), neutral (middle) and negative
conductors (bottom). The 4 central sources are loads while the 4 outer sources
are generators. A line congestion occurs on the negative conductor in the
middle.

TABLE III
CASE 1: SOURCE VARIABLES

Parameter / Variables Sources’ Inputs and Outputs

(N+ , NN ) (4,0,0) (5,1,1) (6,2,2) (7,3,3)

ΠS
m,n,s [m.u./kWh] 5 0 0 10

PS
m,n,s [kW] -25 10 15 -20

P
S
m,n,s [kW] 0 10 15 0

pSm,n,s [kW] -25.00 10.00 15.00 -0.18

iSm,n,s [A] -68.03 27.35 41.16 -0.48

(NN , N−) (0,8,4) (1,9,5) (2,10,6) (3,11,7)

ΠS
m,n,s [m.u./kWh] 5 0 0 10

PS
m,n,s [kW] -50 10 25 -20

P
S
m,n,s [kW] 0 10 25 0

pSm,n,s [kW] -35.90 10.00 25.00 -0.42

iSm,n,s [A] -97.60 27.69 71.18 -1.18

TABLE IV
CASE 1: LOCATIONAL MARGINAL PRICES

(m,n) ∈ N (4, 0) (5, 1) (6, 2) (7, 3)

um − un [V] 367.50 365.58 364.45 364.44

λPm,n [m.u./kWh] 9.82 9.94 10.00 10.00

λIm [m.u./Ah] 3607.36 3641.28 3681.95 3681.71

λIn [m.u./Ah] 0.00 8.33 37.70 37.35

(m,n) ∈ N (0, 8) (1, 9) (2, 10) (3, 11)

um − un [V] 367.50 361.13 351.20 351.29

λPm,n [m.u./kWh] 5.00 5.23 10.01 10.00

λIm [m.u./Ah] 0.00 8.33 37.70 37.35

λIn [m.u./Ah] -1837.50 -1879.76 -3476.18 -3475.59

superimposed. The prices on the both sides on the congestion
diverge. The left side is fed by generator (0,8,4) and the LMP
increases due to the losses at (1,9). Additional supply is needed
from the right generator and, with some additional losses,
the LMP at (2,10) is slightly above the marginal cost of the
generator.

This case presented the partial congestion (in line i9,10)
which only appears in unbalanced bipolar dc grids. This
congestion cannot be modeled and observed with traditional
OPF formulations.

B. Case 2: Parallel Sources, Pole to Pole Source and Demand
Response

Fig. 6 shows the example grid for Case 2. All lines are
100 m long and 50 mm2 thick. The two sources on the left
are generators with a marginal cost as shown in Table V.
In the middle there are two loads in parallel on the positive
conductor. They implement demand response with variable
power between 0 and P

S

m,n,s by setting a constant marginal
value to ΠS

m,n,s which is below the generator cost for the
left load and above the for the right one. The bottom load
also can apply demand response with a maximum power of
only 7.5 kW. On the right a renewable energy source with
zero marginal cost and plenty of supply capacity is connected
directly from positive pole to negative pole.

The voltage differences um−un and the LMP of each con-
nection point are shown in Table VI. This case is constructed
in order to show the challenges in asymmetric bipolar grids.
While energy could be provided at zero cost in the system,
still not all load can be supplied at the given willingness to
pay. The load on the bottom and a part of the right top load
is supplied by the zero marginal cost generator between two
poles. The load on the bottom is at maximum power, therefore
there is no path for additional current to the negative pole.
The voltages difference on the negative pole is reduced to the
limit in order to increase the current for the same power to
the maximum.

On the positive pole the generator on the left supplies max-
imum power at a relatively high price to meet the demands of
the right load (3,1,2). The LMP are defined by the willingness
to pay of the right load. The price at the left generator is a bit
lower due to the losses in between. The LMP on the negative
pole are negative because an increase in load there would
allow a higher current trough load (3,1,2) and thus to generate
more value. This means that loads/consumers receive money
for their consumption. The prices are even more negative than
the marginal value because, for an increase in load on the
positive pole, less power is needed on the negative pole due to
the lower voltage difference there. The price between positive
and negative conductor is zero due to the available renewable
energy from source (4,7,5).

C. Case 3: Meshed Bipolar Grid with Congestion

Fig. 7 shows the meshed bipolar dc grid for Case 3. The
two sources on the left are generators with a marginal cost
of zero as shown in Table VII. In the middle there are two
loads with demand response. The top one has a high marginal
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Fig. 6. Bipolar grid with parallel sources and a source from pole to pole. The
two sources on the left and the one on the right are generators, the 3 sources
in the middle are loads with varying value (demand response).

TABLE V
CASE 2: SOURCE VARIABLES

Parameter / Variables Sources’ Inputs and Outputs

(N+ , NN ) (2,0,0) (3,1,1) (3,1,2)

ΠS
m,n,s [m.u./kWh] 5 3 10

PS
m,n,s [kW] -5 0 0

P
S
m,n,s [kW] 0 10 15

pSm,n,s [kW] -5.00 0.00 13.21

iSm,n,s [A] -13.62 0.00 36.132

(NN , N−) & (N+ , N−) (0,5,3) (1,6,4) (4,7,5)

ΠS
m,n,s [m.u./kWh] 5 3 0

PS
m,n,s [kW] -5 0 -20

P
S
m,n,s [kW] 0 7.5 0

pSm,n,s [kW] 0.00 7.50 -15.78

iSm,n,s [A] 0.00 22.51 -22.51

TABLE VI
CASE 2: LOCATIONAL MARGINAL PRICES

(m,n) ∈ N (2, 0) (3, 1) –

um − un [V] 367.06 365.69 –

λPm,n [m.u./kWh] 9.86 10.00 –

λIm [m.u./Ah] 3619.84 3626.55 –

λIn [m.u./Ah] 0.00 -30.38 –

(m,n) ∈ N (0, 5) (1, 6) (4, 7)

um − un [V] 332.50 332.50 710.13

λPm,n [m.u./kWh] -10.84 -10.94 0.00

λIm [m.u./Ah] 0.00 -30.38 3615.20

λIn [m.u./Ah] 3602.88 3615.203 3615.203

3

4

5

0

1

2

6

7

8

i3,4

i6,7

i4,5
i3,5

i0,1

i1,2
i0,2

i7,8
i6,8

iS3,0,0
PV

iS0,6,3
PV

iS4,1,1
Load

iS1,7,4
Load

iS5,2,2
Gen

iS2,8,5
Gen

Fig. 7. Meshed bipolar dc grid with renewable sources on the left, variable
loads in the middle and generators on the right.

TABLE VII
CASE 3: SOURCE VARIABLES

Parameter / Variables Sources’ Inputs and Outputs

(N+ , NN ) (3,0,0) (4,1,1) (5,2,2)

ΠS
m,n,s [m.u./kWh] 0 15 5

PS
m,n,s [kW] -50 0 -50

P
S
m,n,s [kW] 0 40 0

pSm,n,s [kW] -36.40 40.00 -4.35

iSm,n,s [A] -99.04 110.96 -11.91

(NN , N−) & (N+ , N−) (0,6,3) (1,7,4) (2,8,5)

ΠS
m,n,s [m.u./kWh] 0 6 10

PS
m,n,s [kW] -50 0 -50

P
S
m,n,s [kW] 0 40 0

pSm,n,s [kW] -38.59 37.85 0.00

iSm,n,s [A] -105.00 105.00 0.00

TABLE VIII
CASE 3: LOCATIONAL MARGINAL PRICES

(m,n) ∈ N (3, 0) (4, 1) (5, 2)

um − un [V] 367.50 360.50 365.19

λPm,n [m.u./kWh] 0.00 10.16 5.00

λIm [m.u./Ah] 0.00 3632.63 1813.34

λIn [m.u./Ah] 0.00 -31.19 -12.62

(m,n) ∈ N (0, 6) (1, 7) (2, 8)

um − un [V] 367.50 360.60 363.40

λPm,n [m.u./kWh] 0.00 6.00 2.98

λIm [m.u./Ah] 0.00 -31.19 -12.62

λIn [m.u./Ah] 0.00 -2194.19 -1097.10
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value, while the bottom one has a low marginal value. On the
right there are two more generators with, on top, relatively
low marginal cost and, on bottom, high marginal cost. The
lines are 100 m long, 25 mm2 think and have a current limit
of ±70 A. This current limit is reached for i3,4 and i6,7.
Even though the other path is not congested, the power flow
cannot be increased as the current distribution is defined by
the difference in resistance. Current limiting devices [18] or
power flow control converters [19] would allow an impedance
adaption and better utilization of grid infrastructure. In this
case however, the congestion leads to a price divergence as
shown in Table VIII. The top right generator is producing
additional power while the bottom one is too expensive for
the bottom load, which does demand response instead.

The LMP on the negative pole are derived from the value
of the curtailed load (1,7,4) as shown in Table VIII. At
nodes (2,8) the LMP is a bit less than half of that value.
If an additional unit of load would be connected here, the
load (1,7,4) would only need to be reduced by half a unit
as additional power can come directly from the source. This
decrease will reduce the voltage drop in line (7,8), therefore
the voltage drop in line (6,8) could be increased to supply the
rest of the unit.

On the positive pole, the LMP are derived from the gen-
erator at the right. The LMP at the load is approximately
double, because an increase in load by one unit would need
an increase of generation at (5,2,2), which results in higher
voltage drops in line (4,5). To keep the i3,4 below its limit,
the voltage difference from node 3 to 4 needs to stay the
same. Hence, i3,5 would have to be reduced and the loss in
power needs to be additionally generated at (5,2,2). Therefore,
approximately 2 units of power have to be provided at price
5.00 m.u./kWh for one additional unit of load. Due to marginal
losses the price at the load is slightly more than double.

V. CONCLUSION

In this paper a method to exactly model bipolar dc dis-
tribution grids with asymmetric loading has been presented.
This method can also be used for bipolar dc distribution grids
with symmetric loading. The problem is formulated in terms
of current and voltage instead of power in order to model the
grid exactly and allows limits in voltages and currents. The
objective function for the OPF problem is therefore bilinear.
By linearizing the problem at the optimal solution, the LMP
can be calculated. Different case studies showed how the
LMP differ between the different polarities depending on
the asymmetric loading and congestion. Moreover, connection
to only positive and negative poles can lead to negative
prices on one pole. The presented formulation can be used
as a foundation for future application of LMP in bipolar dc
distribution grids.

Future work includes the modeling of multiple voltage lev-
els and the converters connecting them. Decentralized current
limiters [18] or power flow control converters [19] could
be included into meshed grids in order to better utilize the
grid. Further, the operation of storage in the presented OPF
formulation and the resulting operation of bipolar dc grids has

to be further investigated. Finally, it is relevant to investigate
distributed solutions in order to allow connected dc microgrids
to robustly run their own economic dispatch and increase
system resilience.
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