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Impact of Control Allocation Methods on the Design of Control
Surface Layouts for Box-Wing Aircraft under

Flying Qualities Constraints

Nicolas F. M. Wahler ∗

University of Southampton, Southampton, SO16 7QF, United Kingdom

Carmine Varriale †, Gianfranco La Rocca ‡

Delft University of Technology, Delft, 2629 HS, The Netherlands

This paper compares optimum control surface layouts designed and sized to obtain the
same Flying Qualities (FQs) performance with different Control Allocation (CA) methods, and
proposes novel layouts for staggered box-wing aircraft aimed at transonic commercial flight.
Box-wings allow the installation of redundant control surfaces for which no explicit role can be
defined a priori, but present challenges related to aerodynamic interaction and interference
effects. To evaluate the impact of different CA methods on top-level layout parameters, the
cumulative control surface span and the properties of the Attainable Moment Set (AMS)
corresponding to each control surface layout are used. A physics-based multi-disciplinary
optimization framework is developed to size the control surface layout. FQs are evaluated
through non-linear flight dynamics simulation, using a variable-architecture flight control
system that allows their assessment as a function of different CA methods. The most traditional
Mechanical Gearing and Ganging (MGG) approach, the Constrained Pseudo-Inverse (CPI)
method and the Direct Control Allocation (DCA) method are compared. Results show that
different optimum layouts exist with comparable cumulative span, for a given CA method and
same FQs requirements. The traditional MGG approach requires the largest cumulative control
surface span, but retains the best ability to generate coupled roll-pitch moments. DCA requires
the smallest cumulative control surface span, with the largest AMS volume. By using this
method, a novel layout featuring a mid-wing rear elevon has been discovered, which reduces the
total required control surface span by about 13%, results in a 3.7% increase of span available
for flaps on the front wing, and avoids detrimental aerodynamic interaction effects near the
wing-tail intersection region.

Nomenclature

Roman letters
𝑎 resultant acceleration, m/s2

𝐵 control effectiveness matrix, 1/rad
𝐶 dimensionless coefficient
𝐹 generic force or moment, N or N m
𝑓 generic function
𝐺 ganging matrix
ℎ altitude, m
L roll moment, N m
𝑚 mass, kg
𝑀 Mach number
M pitch moment, N m

𝑁 number of elements
𝑛 load factor
N yaw moment, N m
𝑝 roll rate, rad/s
𝑞 pitch rate, rad/s
𝑟 yaw rate, rad/s
𝑡 time, s
𝑢 control input
𝑉 airspeed, m/s

Greek letters
𝛼 angle of attack, rad
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𝛽 angle of sideslip, rad
𝛿 control surface deflection, rad
𝜂 non-dimensional spanwise position
𝜈 control objectives
𝜔 angular rate, rad/s
𝜑 roll angle, rad

Subscripts and superscripts

lb lower bound
tr trim condition
ub upper bound

I. Introduction
With the seemingly unstoppable growth in passenger demand, the increasing ecological awareness, and the ever

more stringent requirements imposed by institutions and regulators, it has become imperative for the global aviation
industry to invest in research and development of more environmentally sustainable solutions [1–3]. As the conventional
tube-and-wing aircraft configuration is believed to have reached its technological limit [4–6], the attention of researchers
has recently shifted towards innovative airframe concepts. In these regards, aircraft configurations employing a
(staggered) box-wing geometry have enjoyed revived scientific interest [7–10].

By using two full-size wings connected at the tips to create a closed shape, the box-wing concept can achieve the
lowest possible induced drag for a given span and weight [11–13]. This translates to significant performance benefits in
the short-to-medium flight range, where climb and descent phases constitute a larger fraction of the total mission profile,
and the box-wing low-speed performance benefits can be exploited more proficiently [14, 15].

The double-wing architecture of box-wing aircraft can also accommodate more Control Surfaces (CSs) than strictly
required for basic controllability, as shown in Figure 1. The additional design space available for positioning and sizing
CSs has been explored in only a few research studies [16–19]. In all of these, each CS is explicitly assigned a specific
role as elevator or aileron, hence responding only to pitch or roll commands, respectively. This is equivalent to imposing
an arbitrary mechanical Flight Control System (FCS), which gangs CSs together and links them to the pilot input with
predefined gearing ratios.

For such a set of redundant CSs, spreading over both wings fore and aft of the aircraft Center of Gravity (CG), the
control function of each one of them does not need to be fixed a priori. For example, an outboard surface on the rear
wing can be used for roll control as well as for pitch control, due to its significant longitudinal distance to the aircraft

Fig. 1 Box-wing aircraft configuration with highlighted control surfaces.
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CG. This flexibility should be exploited to improve the flying and handling qualities characteristics of the aircraft.
Redundant CSs can be coordinated to increase safety in case of failure, actively control the aerodynamic load over the
wing, and allow innovative techniques in maneuvering flight, such as direct lift control [20–22]. A possible way to do so
is through the employment of Control Allocation (CA) methods.

CA methods allow the FCS to find the best combination of CS deflections resulting in the generation of aerodynamic
control forces and moments required by pilot or auto-pilot commands. CA methods exploit all available CSs at the same
time, and utilize them independently on the basis of their respective aerodynamic effectiveness. By employing CA
methods, assigning a predetermined role to each CS is not necessary anymore, since each CS can contribute to various
aircraft control tasks in the best way allowed by its effectiveness [23]. This advantage should also be taken into account
at the stage of aircraft conceptual and preliminary design, as it may lead to improved CS layouts, and related weight and
performance benefits.

This paper compares optimum CS layouts obtained with different CA methods under the same flying qualities
constraints, and evaluates novel CS layouts for the rear wing of staggered box-wings. The volume and shape of the
Attainable Moment Set (AMS) corresponding to each CS layout are used as criteria to evaluate the impact of different
CA methods on top-level layout parameters. The following CA methods are investigated: a traditional Mechanical
Gearing and Ganging (MGG) approach, as a benchmark for comparison with available literature, the Constrained
Pseudo-Inverse (CPI) method, as a sub-optimal method, and the Direct Control Allocation (DCA) method, as an optimal
one.

A first study focuses on the minimum total CS span required by an aircraft model to achieve desired Flying Qualities
(FQs). For this study, the position of the movable surfaces on the wings is predetermined on the basis of current
state-of-the-art CS layouts for box-wings. A second study is performed by using the DCA method to evaluate novel
CS layouts for the rear wing. The purpose of this study is to explore the possibility of leaving the region between the
vertical tails free, in order to avoid aerodynamic interference effects due to the complex aerodynamic flow in that area
and promote ease of accessibility to movables.

The fundamental theory of CA methods is outlined in the following Section II. The optimization framework
developed to perform the CS sizing iteration and evaluate the flying qualities constraints is presented in Section III.
Results from the CS sizing iterations using different CA methods are compared in Section IV.A. The newly explored CS
layouts for box-wings are reported in Section IV.B. Conclusions and recommendations are provided in Section V.

II. Background
CA methods calculate the optimal combination of CS deflections necessary to perform a given maneuvering task.

In general, they define an analytic or algorithmic function 𝑓CA to calculate the optimal effectors displacements 𝒖 that
obtain the required control objectives 𝝂, on the basis of the available effectiveness 𝐵 and, optionally, other flight or
design parameters [24]. The fundamental CA problem is expressed in Equation 1, and its generic solution in Equation 2.

𝐵𝒖 = 𝝂 (1)

𝒖 = 𝑓CA (𝐵, 𝝂, . . . ) (2)

The control effectiveness matrix 𝐵 expresses the influence that each control surface has on each control objective.
Reference values for 𝝂 are typically the output of the control law, and most commonly represent control forces and
moments, as well as angular rates. If 𝝂 is an array of control forces and/or moment coefficients to be generated by the
effectors, 𝐵 is defined as in Equation 3.

𝐵 =
𝜕𝑪𝑭

𝜕𝒖
=

𝜕𝐶𝐹𝑖

𝜕𝑢 𝑗

∀𝑖 = 1, . . . , 𝑁𝝂 , ∀ 𝑗 = 1, . . . , 𝑁𝒖 (3)

The 𝐵 matrix defines a linear map between the set of allowed positions of the effectors, referred to as the Admissible
Controls Set (ACS), to the set of control forces and moments that can be generated by them, here referred to as the
Effective Moment Set (EMS). If the ACS is a bounded convex set in R𝑁𝒖 , it can be proven that the EMS is a convex
polytope in R𝑁𝝂 [25].

While it is always straightforward to associate every point in the ACS to its counterpart in the EMS, not all CA
methods are capable of mapping the EMS in its entirety back to the ACS. For a given 𝐵 matrix and given characteristics
of the effectors, this is only dependent on the formulation of the CA problem and on the properties of the 𝑓CA function.
The subset of the EMS which a CA method can trace to feasible positions of the effectors is here referred to as the
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AMS. The AMS is, in general, a subset of the EMS. Control objectives in the EMS which are outside of the AMS are
unattainable by the given CA method, despite being actually attainable by the control power available to the aircraft.

For this reason, the present paper uses the volume of the AMS as a criterion to evaluate and compare the impact
of different CA methods on top-level CS layout parameters. Three classic CA methods are compared in the present
study. Their formulations and main properties are briefly introduced in the remainder of this section. A comprehensive
and detailed overview of CA approaches and solution methods can be found in [26, 27]. Comparisons of different CA
methods are also presented in [28], for a tailless aircraft, and in [29], for a BWB. Neither study is concerned with design
and sizing of CS layouts.

A. Mechanical Gearing and Ganging
Gearing is here defined as the process of connecting the motion of one effector to the one of its input through a

constant gearing ratio. Ganging is instead defined as the process of constraining the relative motion among two or more
actual effectors, hence defining a subset of virtual effectors. A ganging matrix 𝐺 can be designed to establish a linear
relationship between the real effectors 𝒖 and the virtual ones 𝒖 , as shown in Equation 4.

𝒖 = 𝐺𝒖 (4)

If the number of virtual effectors is equal to the number of control objectives 𝝂, the displacement of real effectors can be
determined simply by matrix inversion, as shown in Equation 5.

𝝂 = 𝐵𝒖 = 𝐵𝐺𝒖 ⇒ 𝒖 = (𝐵𝐺)−1 𝝂 (5)

Ganging control effectors and gearing them to the pilot stick are possible ways to model a mechanical linkage between
the pilot inputs and the effectors displacement. Gearing and ganging matrices need to be selected a priori and somewhat
arbitrarily, and usually need to be optimized for different flight scenarios. Furthermore, while it can be rather intuitive to
gang effectors on a conventional aircraft, it may not be so straightforward for unconventional aircraft geometries.

The ganging operation is usually employed to link control effectors such that they can affect each motion axis
independently. In fact, the capability of an effector to control multiple motion axes at the same time can be seen as
an unwanted coupling effect, as in the case of adverse yaw dynamics triggered by the deployment of ailerons. On the
other hand, it can also be a beneficial source of available control power, if exploited properly. For this purpose, more
advanced CA techniques need to be introduced.

B. Constrained Pseudo Inverse
The CPI method solves the optimization problem reported in the following Equation 6, resulting in the minimum-

norm feasible effectors displacements required to achieve the control objective 𝝂. This problem does not admit an
analytical solution, and it must be solved via an iterative algorithm.

min
𝒖

𝒖𝒖𝑇

s.t. 𝐵𝒖 − 𝝂 = 0
𝒖lb ≤ 𝒖 ≤ 𝒖ub

(6)

It is well known that the AMS of the CPI method is smaller than the actual EMS, and it can be proven that this is
always the case for all CA methods based on generalized inverse matrices [24]. For this reason, this type of approaches
is usually defined as sub-optimal. On the other hand, CA methods based on generalized inverses are usually easier to
solve and more robust. For this reason, they have already been implemented in some advanced operations [30].

C. Direct Allocation
The Direct Control Allocation (DCA) method has been explicitly conceived on the basis of the geometric

representation of the EMS itself. By definition, the AMS of the DCA coincides with the EMS, and the method is defined
as optimal [24]. The DCA method is usually formulated as the optimization problem shown in Equation 7, where the
auxiliary variable 𝒘 ≡ 𝒖 is used to indicate the candidate solution, and the scale factor 𝜌 is used to evaluate the control
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objectives in the same direction of 𝝂.

max
𝜌,𝒘

𝜌

s.t. 𝐵𝒘 = 𝜌𝝂

𝒖lb ≤ 𝒘 ≤ 𝒖ub

(7a)

{
𝒖 = 𝒘/𝜌, if 𝜌 > 1
𝒖 = 𝒘, if 0 ≤ 𝜌 ≤ 1 (7b)

In its most computationally efficient formulation, DCA is cast as a linear programming problem, hence also relying on
an iterative algorithm for its solution [27].

III. Methodology
The applications presented in this paper aim at minimizing the total span dedicated to CSs, for a fixed number of CSs,

with an assigned and constant chord ratio, and under the constraints of desired FQs performance. The latter are evaluated
through flight dynamics simulation, with the aircraft FCS employing an assigned CA method. A multi-disciplinary
optimization framework has been developed to assess the impact of different CA methods on top-level CS layout
parameters. This is achieved by iteratively reducing the span of each CS in a given layout, and by exploring different
layouts entirely. The requirement of small CS spans, together with a contained number of CSs themselves, is usually
desired to reduce system complexity, reduce weight, and/or reserve more space for high-lift devices [19, 31]. The
architecture of the optimization framework is shown in Figure 2, in the form of an Extended Design Structure Matrix
(XDSM) [32]. The main components of the optimization framework are described in the following subsections.

Δ𝜂0
𝑖

Δ𝜂∗
𝑖

0, 6 → 1:
Optimizer Δ𝜂𝑖 Δ𝜂𝑖 Δ𝜂𝑖 Δ𝜂𝑖

Aerodynamic
coefficients∗

1: Aerodynamic
analysis

Aerodynamic
coefficients

Trim∗, OEI∗,
Push/pull∗, Bank∗

2: Flight
Simulation

Trim, OEI,
Push/pull, Bank

obj 3: Objective
function

𝑐geom 4: Geometric
Constraints

𝑐FQs 5: Flying Qualities
Constraints

Fig. 2 Extended Design Structure Matrix (XDSM) of the proposed optimization framework.

A. Optimization problem
The formal expression of the optimization problem is reported in Equation 8. The CS spans Δ𝜂𝑖 , nondimensionalized

with respect to the aircraft full wing span, have been chosen as design variables. Chord ratios are assigned and held
fixed, as well as the number of CSs.
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min
Δ𝜂𝑖

𝑁CS∑︁
𝑖=1

Δ𝜂𝑖 (8)

s.t.
��𝜂out

𝑖

�� > ��𝜂in
𝑖

�� ∀𝑖 = 1, 2, ..., 𝑁CS��𝜂out
𝑖

�� < ��𝜂in
𝑖+1

�� ∀𝑖 = 1, 2, ..., 𝑁CS − 1

Δ𝜂min
𝑖 ≤ Δ𝜂𝑖 ≤ Δ𝜂max

𝑖 ∀𝑖 = 1, 2, ..., 𝑁CS

CFQs

Spans are subject to a combination of geometric bounds and constraints which prevent CSs to overlap, exceed
assigned maximum and minimum span limits, and clash with other airframe elements such as the vertical tails intersection
with the rear wing (as in the case of Figure 1) or wing-podded engines (if present). Moreover, the inboard station of
each inboard CS is held fixed, as well as the outboard station of each outboard CS. In this way each CS span is altered
by moving only the side of the CS which is closer to the middle of the wing. This approach anchors each CS to its
position within the layout, and is necessary to prevent the whole CSs from moving towards the middle of the wing
section, which is a space reserved for high-lift devices.

FQs constraints are evaluated through non-linear flight dynamics simulations, where CS deflections are determined
by the CA method under investigation. Since the aim of this work is to compare the impact of different CA methods on
CS layout parameters, only FQs criteria focused on aircraft controllability are considered. The following criteria have
been reproduced from [33], and their outcome has been evaluated against the corresponding Level 1 requirements for
Category III transport aircraft:

• Trim in straight and level flight. The aircraft must be trimmable at a given flight condition. This test is assumed
successful if the magnitude of residual accelerations after trim is lower than



𝒂lim


 = 1 × 10−6 m/s2.

• Push/pull maneuver. Full longitudinal stick deflections must result in normal load factors of at least 𝑛lim
𝑧 = 2.0 for

a pull-up maneuver, and 𝑛lim
𝑧 = 0.5 for a push-down maneuver.

• Time to bank. A full lateral deflection of the stick must result in a roll angle of 𝜑lim = 30◦ within a time span of
Δ𝑡lim𝜑 = 2.3 s.

• One Engine Inoperative (OEI) conditions. The aircraft must be trimmable in asymmetric conditions with one
engine being inoperative.

For each criterion, the limit value which guarantees Level 1 FQs is used to formulate and normalize the constraint
inequalities. These are summarized in Equation 9.

CFQs =





𝒂tr


 ≤ 

𝒂lim



 for each trim FQs test

𝑛max
𝑧 ≥ 𝑛lim

𝑧 for each pull-up FQs test

𝑛min
𝑧 ≤ 𝑛lim

𝑧 for each push-down FQs test

Δ𝑡𝜑 ≤ Δ𝑡lim𝜑 for each time-to-bank FQs test

(9)

FQs criteria are evaluated in cruise and approach conditions, and for two different cross-wind speeds, according to
the experiment matrix reported in Table 1. The cross-wind magnitude is set as 𝑉𝑤 = 25 kts, as prescribed in current
certification regulations for commercial aircraft [34].

The problem is solved using the sequential quadratic programming algorithm within the fmincon function in
MATLAB. This solver satisfies bound constraints at all iterations, which is important to protect the aerodynamic solver
from infeasible CS sizes. Additionally, it is able to handle unconverged and infinite function values, making it possible
to recover from untrimmmable flight conditions. The solver stops either by reaching an optimality tolerance of 10−6 or
a step size of 10−2. All bounds and constraints are respected with a tolerance of 10−6.
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Table 1 FQs test matrix used as constraints for the optimization study. Aircraft mass and CG are assigned before each test.

Cruise Approach

No wind 𝑉𝑤 = 0 kts Trim, Push/pull,
Time to bank

Trim, Push/pull,
Time to bank, OEI trim

Cross-wind 𝑉𝑤 = 25 kts Trim, Push/pull Trim, Push/pull, OEI trim

B. Aerodynamic analysis
For a given CS layout and sizing iteration, the aerodynamic force and moment coefficients are expressed as a tabular

function of the angle of attack, angle of sideslip, Mach number, angular rates, and CS deflections. The aerodynamic
model consists of a linear superposition of three components: the steady contribution of the clean airframe, the
quasi-steady contributions due to angular rates, and the differential contributions due to CS deflections. Its formal
expression is reported in Equation 10.

𝐶𝐹 = 𝐶𝐹0 (𝛼, 𝛽, 𝑀, 𝜹 = 0) +
∑︁

𝜔=𝑝,𝑞,𝑟

𝜕𝐶𝐹

𝜕𝜔
(𝛼, 𝛽, 𝑀, 𝜹 = 0)𝜔 +

𝑁CS∑︁
𝑖=1

Δ𝐶𝐹 (𝛼, 𝛽, 𝑀, 𝛿𝑖) (10)

Such model disregards possible interaction effects between CSs and assumes linear dependence of the aerodynamic
actions on the angular rates. The differential actions due to CS deflections are determined by subtraction of the clean,
steady coefficients from the ones obtained with a single CS deflected. This approach decouples the aerodynamic models
for the clean airframe and its CSs. Nevertheless, it is deemed acceptable for a conceptual/preliminary design study.

The Athena Vortex Lattice (AVL) solver has been chosen to perform the large number of aerodynamic analyses
required for the optimization study [35]. This linear solver approximates surfaces using two-dimensional quadrilateral
panels, and allows rapid evaluation of a given flight condition with acceptable accuracy for the present application. On
the other hand, the 2D assumption restricts the validity of the aerodynamic analysis to thin structures. For this reason,
only the lifting surfaces are included in the analysed geometry model, while the influence of the fuselage is neglected.

To reduce computational time even further, a simple database feature is implemented to store the tabular data of the
differential aerodynamic actions of each CS on the basis of the wing it belongs to, its span wise position and its span.
These data can be directly retrieved if the optimization of Equation 8 needs to re-evaluate a certain combination of the
aforementioned parameters, without the need to perform a new AVL analysis.

C. Flight Mechanics and Control
Dynamic simulations aimed at evaluating FQs criteria are performed in the Performance, Handling Qualities and

Load Analysis Toolbox (PHALANX), developed in-house in the MATLAB/Simulink environment. PHALANX is a
modular toolbox for non-linear, six degrees of freedom flight simulation and analysis [22]. It integrates variable-fidelity
models to describe aerodynamics, propulsive system, mass and inertia properties of a multi-body system, and provides
functionalities to design arbitrary FCS architectures.

The toolbox has been used in several previous studies on novel aircraft configurations like the Blended Wing
Body [36], the Delft University Unconventional Configuration, featuring the propulsive empennage concept [37], and
other box-wing aircraft [20, 21, 38]. An overview diagram of PHALANX is shown in Figure 3.

In the present framework, PHALANX is used to model an open-loop FCS with flexible architecture, taking inputs in
the form of predefined pilot commands, and distributing them to CS deflections through different CA methods. This
approach allows to evaluate the inherent FQs performance of an unaugmented flight mechanics model as a function of
the chosen CA method. A block-scheme of the FCS architecture implemented in the present study is shown in Figure 4.

For the MGG method, pilot inputs are scaled, mixed through a constant ganging matrix and routed to the effectors.
For the CPI and DCA methods, pilot inputs are first transformed into demanded control moments through Non-linear
Dynamic Inversion (NDI) [39, 40], which are then allocated to CS deflections with the respective CA algorithm [24]. In
the latter two cases, pilot inputs are interpreted as desired angular accelerations in body axes, and the aerodynamic
moments that are due to the bare airframe contributions are assumed to be measured perfectly by the FCS.

In all cases, control inputs to the effectors are passed through a second-order actuator model with a natural frequency
of 30 rad/s, a damping ratio of 0.7, a rate limit of 45 ◦/s and saturation limits of ±30◦.
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Fig. 3 Top-level overview of the PHALANX flight mechanics model.

Fig. 4 Block scheme overview of the FCS architecture with variable architecture.

IV. Applications and Results
Two main applications have been carried out in this work. The first one, presented in Section IV.A, compares the

minimum cumulative CS span obtained with each of the MGG, CPI and DCA methods for the most traditional box-wing
CS layout according to literature [17–19]. The second one, presented in Section IV.B, explores a novel CS layout for
staggered box-wings, featuring a CS close to the central section of the rear wing, outside of the twin vertical tail region.
A synthetic overview of both applications is reported in Table 2.

Table 2 Overview of the application studies proposed in Section IV.

Purpose CA methods CS layouts

Section IV.A Impact of CA methods on
minimum CS span

MGG, CPI, DCA Traditional [17–19]

Section IV.B Exploration of new CS lay-
outs for box-wing aircraft

DCA Traditional.
Traditional + central rear CS.
Traditional with inboard rear CS re-
placed by central rear CS.

For both applications, the staggered box-wing geometry represented in Figure 5 has been used as the clean baseline
airframe. This model is based on the early design of a box-wing aircraft referred to as the PrandtlPlane (PrP), and
developed within the PARSIFAL∗ project. The cruise condition has been defined as 𝑀 = 0.79 and ℎ = 11 km, on the
basis of mission requirements from the PARSIFAL project. The approach condition has been chosen as 𝑉 = 120 kts and
ℎ = 0 km, on the basis of typical values for comparable commercial transport aircraft. For both cruise and approach
flight conditions, the airframe mass has been assumed as 𝑚 = 115 000 kg, which corresponds to fuel tanks being at
75% of their total capacity. The position of the CG is such that a 10% static margin is achieved in cruise conditions
This position is kept fixed through each optimization, for both cruise and approach flight scenarios. This assumption is
deemed realistic, in light of the limited CG excursion achievable by using fuel trim for box-wing aircraft [41].

∗Prandtlplane ARchitecture for the Sustainable Improvement of Future AirpLanes (PARSIFAL), https://parsifalproject.eu/
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8.0 m

32.1 m

36 m

Fig. 5 Staggered box-wing geometry under investigation.

The inner stations of the inboard CSs are fixed, as well as the outer stations of the outboard ones. Thus, the optimizer
only operates on the outer stations of the inboard CSs, and on the inner stations of the outboard ones. The rudders on
the V-tail are assumed fixed in size, and hence not included in the CS sizing process. All CSs are assigned a constant
chord fraction of 0.3, and are given a small clearance to other geometrically constraining elements, such as the fuselage
(of the complete aircraft), wing tips, or the wing-tail intersection.

On the front wing, the space in between the two CSs is occupied by a plain flap, which is set to a deflection of 30◦
for approach and 0◦ for cruise. The span wise position and size of this flap are not design variables, but follow from the
adjacent CSs sizes. It is assumed that there are no requirements on the airfield performance that would pre-determine a
certain flap size or type. Instead, the optimization problem formulated as in Equation 8 will result in the set of CSs with
the smallest total span and, as a consequence, in the largest possible flaps.

A. Impact of Control Allocation methods on Control Surface spans
This study compares the minimum cumulative CS span obtained with each of the MGG, CPI and DCA methods,

under the same FQs constraints, for the most traditional box-wing CS layout in literature [17–19]. Such a layout features
one Inboard (I) and one Outboard (O) CS on each of the Front (F) and Rear (R) wings. It is shown in Figure 6, with a
visualization of how each CS span can be altered by the optimizer.

Since compliance with the same set of FQs is guaranteed by the optimization framework described in Section III, the
optimum total CS span is used to compare the performance of the CA methods. A sensitivity study on initial conditions
is performed. A detailed discussion is provided on the correlation between the CS span distribution and the properties

Fig. 6 Top-view of the traditional box-wing CS layout, with visualization of how each CS span can be altered by the optimizer.
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Table 3 Initial values and bound constraints for the CS spans.

Study Δ𝜂IF Δ𝜂OF Δ𝜂IR Δ𝜂OR Δ𝜂min
𝑖

Δ𝜂max
𝑖

1 0.08 0.08 0.08 0.08 0.01 0.10
2 0.08 0.06 0.08 0.06 0.01 0.10
3 0.06 0.08 0.06 0.08 0.01 0.10

of the AMS that the optimum layout is capable to achieve by using each CA method.
The optimization study has been performed three times for each CA method, with different combinations of initial

CS spans. The initial values and bound constraints for the CS spans are shown in Table 3. In all cases, the initial CSs
are all large enough to assure good FQs and provide the optimizer a feasible, yet improvable solution. The lower bound
was specified to prevent any CS from degenerating into a segment, hence compromising the consistency of the layout.
The upper bound was set to limit the design space, in accordance with preliminary investigations which showed that
larger values of the CS span are not necessary.

For the MGG method, front and rear inboard CSs operate as elevators moving in phase opposition only in response
to pitch commands. The outboard surfaces deflect as ailerons only in response to lateral commands, and the rudders
are constrained to deflect together, acting as pure yawing moment generators. The ganging matrix used in this case is
reported in the following Equation 11. For the other CA methods, all CSs on the main wings operate independently,
while rudders are treated in the same way as before.

𝒖 =


0 0 0 0 0 0 0 0 1 1
1 1 0 0 −1 −1 0 0 0 0
0 0 −1 1 0 0 −1 1 0 0


𝑇 

𝑢 ail

𝑢 ele

𝑢 rud

 , with

𝒖 =

{
𝑢left

IF , 𝑢
right
IF , 𝑢left

OF , 𝑢
right
OF , 𝑢left

IR , 𝑢
right
IR , 𝑢left

OR, 𝑢
right
OR , 𝑢left

rud, 𝑢
right
rud

}𝑇 (11)

Results are graphically reported in Figures 7 and 8. The conventional MGG approach requires the largest overall CS
widths. This is expected, since roll and pitch moments are only achieved by delegated CSs. The CPI method is able
to use all effectors in combination, hence reducing the total required span by about 9.5%. Lastly, DCA reduces the
required span even further, achieving a reduction of about 17% compared to MGG.

As shown in Figure 7a, the individual optimum CS spans achieved with MGG are very similar for all tested initial
conditions. The main differences lie in the distribution between the front and rear inner surfaces, but a certain consistency
can be clearly observed. On the other hand, both CPI and DCA result in relevant differences between the optimum CS
spans, as shown in Figure 7b and Figure 7c, respectively. For each CA method, the final values of the objective function
are similar (within 3%) for all tested initial conditions, as shown in Figure 8.

Figure 9 correlates the total CS span with the volume of its AMS, for every CA method and initial layout, and shows
the evolution of both variables during each optimization study. As explained in Section II, the volume of the AMS is
a common measure to quantify the total control power that a CA method can provide for a given CS layout. For the
optimal value of the total CS span, the different CA methods are seen forming clearly distinguishable clusters in the
chart. The MGG cluster requires the largest total CS span, but only achieves an intermediate AMS volume. The CPI
cluster presents smaller total CS width than the MGG, and achieves the minimum AMS volume overall. The DCA
cluster requires the lowest total CS span, but achieves the largest AMS volume. This confirms that it is able to achieve
the highest control power with the smallest CSs, making the most effective use of all CS sizes.

Inspecting the shape of the AMSs makes it possible to further analyze the performance of these CA methods. The
three AMSs geometries are compared in Figure 10, in three dimensions, and in Figure 11, in two-dimensional views.

Overall, the AMS corresponding to the CPI and DCA layouts present a more rounded, oval-like shape, in comparison
to the MGG method which results in a prismatic shape. This is especially true in the (𝐶L , 𝐶M) plane and clearly
identifies a smooth trade-off between the roll and pitch control power. This is in light of the fact that all CSs on the main
wings are employed for control objectives along both of these axes. As the required control power increases about the
roll axis, the available control power about the pitch axis decreases, and vice versa.

The opposite is true for the layout obtained with the MGG method, for which the (𝐶L , 𝐶M) plane presents a
rectangular shape. This is because the roll and pitch control tasks have been explicitly assigned to two independent
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Outer
Front
(OF)
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Rear
(IR)

Outer
Rear
(OR)
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0.06

0.08

0.1
Δ𝜂𝑖 Study 1 Study 2 Study 3

a) Mechanical Gearing and Ganging (MGG)

Inner
Front
(IF)

Outer
Front
(OF)

Inner
Rear
(IR)

Outer
Rear
(OR)

0

0.02

0.04

0.06

0.08

0.1
Δ𝜂𝑖 Study 1 Study 2 Study 3

b) Constrained Pseudo-Inverse (CPI)

Inner
Front
(IF)

Outer
Front
(OF)

Inner
Rear
(IR)

Outer
Rear
(OR)

0

0.02

0.04

0.06

0.08

0.1
Δ𝜂𝑖 Study 1 Study 2 Study 3

c) Direct Control Allocation (DCA)

Fig. 7 Comparison of optimal CS spans for different CA methods and initial conditions. The legend refers to the initial conditions reported in Table 3.

MGG CPI DCA
0.2

0.22

0.24

0.26

0.28

Control Allocation method

∑
𝑖 Δ𝜂𝑖

Study 1
Study 2
Study 3

Fig. 8 Comparison of optimal cumulative CS spans for different CA
methods and initial conditions. The legend refers to the initial
conditions reported in Table 3.

0.2 0.22 0.24 0.26 0.28 0.3 0.32

1

2

3

4
·10−2

12
3 1

2

3

1
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3

Total CS span
∑

𝑖 Δ𝜂𝑖

A
M

S
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lu
m

e

MGG CPI DCA

Fig. 9 Evolution of AMS volume and cumulative CS span with optimizer
iterations, for different CA methods. Initial conditions at the
respective number label, as reported in Table 3. Final iterations
at filled markers.
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Fig. 10 Visualization of the AMSs corresponding to the optimal CS layouts obtained with each CA method. The legend entry refers to the CS layouts
reported in Figure 8.

12

D
ow

nl
oa

de
d 

by
 T

ec
hn

is
ch

e 
U

ni
ve

rs
ite

it 
D

el
ft

 o
n 

Ju
ne

 2
1,

 2
02

3 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/6
.2

02
3-

34
85

 



−0.08 −0.07 −0.06 −0.05 −0.04 −0.03 −0.02 −0.01 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

−1.2

−0.8

−0.4

0

0.4

0.8

1.2

Δ𝐶L

Δ
𝐶
M

MGG 3 CPI 3 DCA 2

−0.08 −0.07 −0.06 −0.05 −0.04 −0.03 −0.02 −0.01 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
−5

−2.5

0

2.5

5 ·10−2

Δ𝐶L

Δ
𝐶
N

−1.2 −0.9 −0.6 −0.3 0 0.3 0.6 0.9 1.2
−5

−2.5

0

2.5

5 ·10−2

Δ𝐶M

Δ
𝐶
N

Fig. 11 Comparison of the AMSs corresponding to the optimal CS layouts obtained with each CA method. Legend entries refer to the CS layouts
reported in Figure 8.
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Fig. 12 Isentropic Mach number distribution at the junction between the vertical tail and
the rear wing of a staggered box-wing aircraft in cruise conditions (𝑀 = 0.79,
𝑅𝑒 = 25.86 × 106, ℎ = 11 km, 𝛼 = 0 deg) [42].

sets of CSs. The latter behavior can also be observed in the (𝐶M , 𝐶N) plane for all three layouts, since pitch and yaw
moment generation are fundamentally uncoupled in the current setup. Lastly, a small coupling due to adverse yaw is
visible in the (𝐶L , 𝐶N) plane for all three methods.

The maximum extension of all three AMSs along the yaw axis is comparable for all three layouts, since yaw control
effectiveness is mainly ascribed to rudders, which have not been included in the design optimization problem. The
AMSs corresponding to the optimal layout of the MGG and CPI methods are basically overlapping in the (𝐶L , 𝐶N)
plane. On the other hand, the AMS of the layout obtained with DCA is significantly more extended along the roll axis.
The AMS of the MGG method is the most extended one along the pitch axis, although the difference with the other
methods is smaller in this case.

B. Exploration of novel Control Surface layouts
This application explores novel CS layouts for staggered box-wings, featuring a CS close to the central section of the

rear wing, outside of the twin vertical tail region. In light of its capability to achieve maximum control power with
minimum control span, the DCA method is now used to optimize three different initial layouts for the rear wing. Namely:

Layout A is the one studied in the previous section, now used as a benchmark. It features an Inboard (I) CS,
between the two vertical tails, and an Outboard (O) CS, close to the wing tip.

Layout B features an Inboard (I) CS between the two vertical tails, an Outboard (O) CS close to the wing tip, and
one extra “Central” (C) CS, close to the mid-wing section and outside of the vertical tail region;

Layout C features only the aforementioned “Central” (C) CS, and an Outboard (O) CS, close to the wing tip.
For all three layouts, the CSs on the front wing retain the same arrangement as in the previous study. The central

CS, when present on the rear wing, is treated as an inboard one, since its inner station is constrained by the wing-tail
intersection.

The interest in exploring the use of a CS outside of the vertical tail region is motivated by Figure 12. For a staggered
box-wing aimed at transonic applications, the flow field around the wing-tail intersection is complex and conducive to
shock waves and strong aerodynamic interactions. These have a detrimental effect on interference drag and overall
performance, as well as on control surface effectiveness. In order to avoid additional complications due to the deflection
of movable devices, it would be desired to position CSs in regions of the wing which enjoy a more predictable and
effective flow field.
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This design goal is explored with Layouts B and C. Layout B serves to evaluate how control authority is redistributed
when the CS in the problematic inboard location can be aided by an additional CS. It has one CS more than Layout A
and Layout C, and its set of CSs is the union of the ones of the other two layouts. Layout C serves the same purpose,
but evaluates the performance of the layout when the CS in the problematic inboard location is entirely removed and
relocated to the mid-wing region. It has the same number of CSs as Layout A.

The three layouts with initial and final CS spans are shown in Figure 13. Results from the three optimization studies
are summarized in Figure 14 and Table 4.

a) Layout A b) Layout B c) Layout C

Fig. 13 Top view of CS Layouts A, B and C. Spans are to scale and correspond to the assigned initial values (in blue), and optimum final values using
DCA (in orange).

With respect to Layout A, Layout B shows a 2.3% reduction in total CS span, which is likely to be too little to justify
(and compensate for) the presence of one extra movable surface. On the other hand, Layout C achieves about 13%
decrease in the same parameter, while making use of one less movable than Layout B. This is due to the fact that the
inner rear CS (between the vertical tails) has been completely replaced by the one close to the mid-wing section (CR),
outside of the vertical tail region, whose position allows contributing more flexibly to both roll and pitch maneuvers,
effectively behaving like an elevon.

For Layout B, the center rear CS achieves approximately the same span of its counterpart in Layout C. Despite both
the inner front and outer rear CSs being slightly smaller than in Layout A, their reduction is not sufficient to justify
the addition of an extra CS. For Layout C, the rear CSs are equal in span, while the outer front CS is reduced to its
minimum allowed size. This shows how the center rear CS is very effective for both pitch and roll control, and can thus
result in lower total span.

Lastly, it is interesting to note how the optimizer retains certain CSs on both the front and rear wing for all final
layouts. The inner front and the outer rear CSs, together with the center rear CS (when present), seem to be the most
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Fig. 14 CS span comparison among Layouts A, B and C.

Table 4 Optimum cumulative CS span for
Layouts A, B and C, with compari-
son to Layout A.

Layout
∑

𝑖 Δ𝜂𝑖 Δ%

A 0.214 —
B 0.209 -2.3%
C 0.186 -13.1%

important ones, as they are never reduced to a span smaller than Δ𝜂 = 0.038. The outer front and the inner rear CSs
become extremely small and ineffective in all the layouts where they appear, with the former reaching the minimum
bound value for its span in Layout C. This suggests that they could probably be removed from the layout altogether,
in favor of increased simplicity of its architecture. Replacing the inner rear CS with a central one has indeed proved
worthy, in light of the results achieved with Layout C. Analogous investigations can be conducted for the outer front CS
in the future.

V. Conclusions
The paper has compared Control Surface (CS) layouts designed and sized to obtain the same Flying Qualities (FQs)

performance with different Control Allocation (CA) methods. It has also proposed novel CS layouts for staggered
box-wing aircraft aimed at transonic flight. All design tasks have been performed through a general, physics-based,
configuration-agnostic, multi-disciplinary optimization framework. The optimization problem has been formulated to
obtain CS layouts with minimum cumulative span, while complying with desired FQs performance constraints, for a
specified set of flight scenarios in approach and cruise conditions.

The original contribution of the work, a summary of the obtained results, and suggestions for future research are
highlighted in the following sections.

A. Original contribution
Flying qualities have been calculated by using a modular, fully non-linear flight mechanics model. A variable-

architecture flight control system has made it possible to assess them as a function of different CA methods, for the
same airframe. This has allowed to compare the impact of a conventional Mechanical Gearing and Ganging (MGG)
kinematic chain, a Constrained Pseudo-Inverse (CPI) CA method, and a Direct Control Allocation (DCA) method on
the design and sizing of different CS layouts of a staggered box-wing. This approach advances the current state of the
art in CS layout design for box-wings, as the only CA method applied in literature so far is the conventional MGG
kinematic chain, which is used in this work as a benchmark.

With the proposed methodology, a novel CS layout has been discovered for staggered box-wings. It has been
found that the cumulative CS span required by staggered box-wing aircraft to achieve good FQs performance can be
significantly reduced if the inboard rear CS (inside the twin tail region) is completely replaced by a mid-wing CS
positioned outside of the twin tail region. By employing the DCA method, the mid-wing surface can aid in both
longitudinal and lateral flight maneuvers, hence functioning as a proper elevon and providing both roll and pitch control
power. This is a novel result, as no previous study on box-wing configurations has ever considered such CS layout,
either with or without the employment of more advanced CA methods. The newly proposed layout is also expected to
avoid undesired interactions with the twin tail region, which can present complex aerodynamic phenomena especially in
transonic regime.

B. Summary of results
Results have shown the benefits of employing CA methods already at conceptual/preliminary design stage. The CS

layout obtained by employing DCA proves superior, according to the selected objective function, to the same layout
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obtained with the conventional MGG, used ubiquitously in the literature. Results have also shown that CA methods with
non-analytical solutions make the design space complex, and allow for different local minima with comparable optimal
values of the total CS span. The decision to employ such CA methods for aircraft operations should hinder the a priori
choice of a specific CS layout to achieve prescribed FQs performance.

For the box-wing configuration presented in the paper, the MGG method is the most suitable to attain all combinations
of coupled moments, in light of its reliance on independent sets of CSs. On the other hand, it does need the largest CS
span to satisfy all FQs constraints. The CPI method manages to be effective for all of the FQs tests that do not require
strongly coupled moments, but it needs extra CS span, as compared to the DCA method, to satisfy the FQs requirements
in presence of side-wind. As the DCA method accesses the entire Effective Moment Set (EMS) of its respective layout,
it results in the largest moment-generation capabilities and obtains the smallest total CS span overall. For this reason,
DCA should be the prime choice for control systems of aircraft configurations with redundant CSs, such as multi-wing
or box-wing aircraft.

C. Recommendations
Continuing on the present work, a higher fidelity aerodynamic model is advised to include effects of the fuselage, as

well as non-linear effects due to deflections/interactions of CSs. This is especially relevant for the front wing, where
relatively small CSs interact with high-lift devices. Moreover, the actual need for outer front CSs should be further
investigated, since the outer rear ones seem to be always preferred by the optimizer when employing DCA.

Further research should generalize the proposed framework by also including stability considerations, as well as
flight scenarios such as take-off and landing. In the design iteration, this would introduce a coupling between the spans
of flaps and CSs, which could be tackled by prescribing a supplementary set of FQs performance requirements. Lastly,
it would be interesting to compare layouts obtained with different design objectives, such as minimum control surface
area, minimum required actuator power, or maximum Attainable Moment Set (AMS) volume.
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