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CHAPTER 1
Motivation

Sanitation systems have for many years provided means for safe conveyance of human
waste. They are one of the greatest innovations in general public health (Ferriman,
2007). The present day sewer based systems stemmed out as a solution to the health
crisis of the 18th and 19th century (Brewer and Pringle, 2015) and, has since then
been continuously improved upon. Sanitation in general, has evolved from being sim-
ple collection-conveyance systems in getting rid of wastewater from urban areas to
elsewhere downstream (water streams; i.e. rivers, canals, seas). The increase in scale
of population in urban areas lead to the emergence of complex sewer based centralised
systems. The constructed treatment plants were initially to remove organic matter
from wastewater before their disposal downstream. Without treatment plants, a non-
controlled discharge of nutrients into water bodies will lead to eutrophication and
species diversity loss. At present and in the near likely future, wastewater treatment
plants will be extended to also address micro-pollutants. Although the centralised
sewer-based conveyance and treatment systems solve acute problems of health, hy-
giene and the environment from pollutants, they are reaching their limits with respect
to their sustainability. With consuming extensive amounts of water for conveyance
and exhausting substantial energy for treatment, their shortcomings seem apparent.
Having potential to recover resources from wastewater; the opportunity has not been
realised (Larsen et al., 2013). These systems are predominantly restricted to indus-
trialised countries which demand huge investments in infrastructure. Thus far, the
conventional centralised systems act as a mere conveyance system with treatment just
for the safe disposal of wastewater and the removal of polluting constituents such as
the nutrients. However, the nutrients such as nitrogen, phosphorous, potassium and
sulphur are essential for the growth of plants. For reaching a sustainable balance in
the nutrient cycle, these nutrients should be recovered from the wastewater (Larsen
et al., 2013). The search for sustainable alternatives have lead to the development of
New Sanitation (NS) systems. Concepts of source separation, decentralisation and
resource recovery form the core of NS systems. The shift in the sanitation paradigm
towards NS systems is based on e�cient resource management towards the pursuit
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for sustainability.

1.1 New Sanitation

Before proceeding to describe NS concepts, it is instructive to first characterise the
di↵erent product streams that they handle. From a resource management perspective,
this would, therefore, be indicative of the value of the product streams. As opposed to
conventional sewer-based systems which are considered to handle the mixed wastew-
ater, NS systems handle the constituents of wastewater including the waste itself as
exclusive products (Figure 1.1). These product streams are brown water (contains
faeces and flush water), black water (contains urine and brown water), grey water
(which entails all the other streams arising from cleaning, washing and bathing activ-
ities) and food waste (if food waste disposers are installed in the kitchen).

Urine Food WasteFaeces Flush Water Washing Cleaning Bathing

Brown Water Grey Water

Black Water

Wastewater

Figure 1.1: Product streams arising from New Sanitation systems

The product streams present opportunities for resources to be recovered from
them. The potential resources are mentioned in Table 1.1. An in-depth assessment
of the chemical compounds present in the product streams and their resource oppor-
tunities can be found in Freidler et al. (2013).

With resource management and resource recovery making up the core of NS sys-
tems, there are various di↵erent sub-concepts. These concepts aid in realising the
potential resource opportunities from the product streams and belong to three key el-
ements of the system: collection, transport and treatment. In its entirety, NS concepts
incorporate source separation, decentralisation and resource recovery. A schematic
representation of such a system is presented in Figure 1.2. These concepts are further
explained under the key elements in the following sections.
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Table 1.1: Resources from product streams

Product stream Resource opportunity

Brown water Nutrient (Phosphorous) recovery and energy
production from the organic mater present

Yellow water Urine being the constituent, holds a high nu-
trient (Nitrogen and Phosphorous) content
which presents an opportunity for its re-
covery and removal of micro-pollutants (e.g.
medicines)

Black water Mix of brown and yellow water, giving oppor-
tunity for the recovery of nutrients (Nitrogen
and Phosphorous) and energy

Grey water Heat for local use can be recovered and water
can be reused

Food waste Introducing food waste disposers in kitchens
gives the potential to recover nutrients (Ni-
trogen and Phosphorous) from food waste and
energy from the organic matter

1.1.1 Collection

Collection concepts are fundamentally based on e�cient resource management. The
commonly recognised approaches for implementing this are source separation, food
waste disposer and vacuum toilets.

VACUUM STATION

VACUUM
PUMP

SLUDGE PUMP

TO TREATMENT PLANT

KITCHEN WASTE

FOOD WASTE
DISPOSER

VACUUM
TOILET

BLACK 
WATER

CDS

GREY 
WATER

DE-CENTRALISED 
TREATMENT PLANT

ENERGY

WATER

P N

NUTRIENTS

WATER

ENERGY

Figure 1.2: Schematic drawing of a New Sanitation system according to source
separated decentralised sanitation and resource recovery concept
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Source separation

Source separation is an integral part of the novel collection concepts in NS. The pur-
posed is separate collection of wastewater streams with respect to their source, to be
treated separately. As mentioned in the earlier sections, the constituents of wastewater
are seen as exclusive products with potential resource opportunities. The justification
for this is that each product stream can be separately treated and resources extracted
e�ciently, if dilution is prevented for the concentrated streams (Kujawa-Roeleveld
and Zeeman, 2006; Larsen and Gujer, 1997; Tervahauta et al., 2013).

Vacuum toilets

Conventional sewer-based sanitation systems predominantly act as a conveyance sys-
tem, to provide a safe disposal of the human excreta. To necessitate conveyance,
large quantities of potable water are used. Adding to this, the resulting waste water
is highly diluted. This hinders resource recovery, as concentrated product streams
result in cost-e↵ective resource recovery techniques (Kujawa-Roeleveld and Zeeman,
2006; Larsen and Gujer, 1997; Larsen et al., 2009). Many investigators of sustainable
sanitation concepts have claimed that a low dilution is beneficial for the e�ciency of
resource recovery and essential to the success of NS systems (Larsen et al., 2009; Ot-
terpohl et al., 2002). As an alternative to gravity based collection, vacuum collection
systems are added to source separation. The vacuum toilets are employed to reduce
water consumption to < 1 L per flush and will keep the slurry concentrated.

Food waste disposers

In general, organic wastes form more than 40% (by weight) of the municipal solid
waste (Hoornweg and Bhada-Tata, 2012), of which around 30% make up for food
scraps. These are ’misplaced’ resources, from which nutrients and energy could be
recovered (Braun and Wellinger, 2003; Iacovidou et al., 2012b). To realise this, Food
Waste Disposers (FWD) have been identified as an e↵ective food waste management
strategy (Iacovidou et al., 2012a; Lundie and Peters, 2005; Nakakubo et al., 2012).

FWDs or kitchen grinders, as they are commonly referred to, are used to dispose
household organic waste into the sewer system by macerating the food waste. In the
Netherlands, FWDs connected to the conventionl collection systems are not allowed
owing to an increased energy demand in the aeration tanks of the activated sludge sys-
tem. However, additional waste load is known to increase biogas production through
anaerobic digestion (Bolzonella et al., 2003; Braun and Wellinger, 2003; Iacovidou
et al., 2012b). In addition, it also reduces the amount of waste that needs to be
collected by municipal waste transport using vehicles. FWDs form an essential part
of NS systems in which the concentrated waste is treated with anaerobic digestion,
incorporating additional means for nutrient recovery.
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1.1.2 Transport

Product streams from NS systems are very much concentrated, containing high con-
centrations of organic solids. These slurries which are essentially a mixture of water
and organic particulate which are likely to composed of cohesive solids (faeces), fibres
(toiletpaper, hair, etc.), non-cohesive solids with a wide particle size distribution &
relatively low density and liquids (water, urine) (Ashley et al., 2005). Domestic slur-
ries that originate from households that employ NS are likely to contain a significant
fraction of kitchen waste with low dilution. Thus, making them highly viscous when
compared to water.

Sewer based systems use gravity to transport the wastewater, which are highly
diluted. On the other hand, on employing NS systems, they require an alternative
and flexible means of transportation in order to handle the di↵erent ranges of product
streams that may be very viscous. The common modes mentioned for transport inside
and outside the house are gravity, vacuum, pressurised, pneumatic and non-piped
systems (Harder, 2012).

1.1.3 Treatment

The goals for treatment of the product streams that arise from NS systems is to elim-
inate possible human and environmental health hazards (pathogens) and recover the
resources from them. Whereas, resources in conventional sewer based systems are
misplaced, as they are mere conveyance systems that treat the wastewater for its safe
disposal. New sanitation aims at recovering these resources. Decentralisation plays
a key role in this. It aims at treating the product streams closer to its generation,
thereby resulting in smaller conveyance networks. This concept is synonymous with
on-site treatment, which refers to treatment at the source. There are many technolo-
gies that support that e�cient recovery of resources from NS streams (Larsen et al.,
2013). Greywater, generally treated on-site gives the potential to reuse the generated
water locally (Larsen et al., 2013). Energy and nutrients from black water or brown
water are recovered at decentralised treatment units (Kujawa-Roeleveld and Zeeman,
2006; Otterpohl et al., 2002; Larsen et al., 2013).

1.2 Missing link

During the last few decades, NS concepts have been pioneered at a small scale. A
large number of these pilots have been described in literature and in case studies
(Larsen et al., 2013). The available literature focuses on source separation concepts,
decentralisation and feasibility of small-scale treatment concepts. Although these con-
cepts are e�cient, they are very sensitive towards specific technology choices (Larsen
et al., 2009). A repeated emphasis has been placed on the boundary conditions within
which these systems are successful (Larsen et al., 2013). These treatment and collec-
tion concepts need a certain scale to render the entire sanitation system economically
feasible. But transportability issues have been neglected, despite the fact that an
integrated approach to the feasibility of new sanitation concepts should address all
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the key elements of a sanitation concept: collection, transport and treatment. Even
though, treatment and collection concepts have been researched intensively, trans-
portation issues have been largely overlooked. The Dutch Foundation for Applied
Research on Water Management and Wastewater Treatment (STOWA) has recom-
mended to further investigate black water transport concepts (Palsma et al., 2010).
An unreliable transportation system is a show-stopper for these sanitation systems.
Sustainable sanitation systems will not be introduced widely until transportability
issues have been investigated in su�cient detail.

E�cient transport of domestic slurries being the missing link in NS concepts, it
has to be investigated to avoid failure of future sanitation systems and will be the
focus of this study. Assessing the transportability of the slurries from NS systems
will render a fit-for-purpose technical feasibility of large-scale application of new san-
itation systems, including all known benefits that are associated with these systems:
improved nutrient recovery, e↵ective resource management, and improved energy pro-
duction. Furthermore, the need for renovation of existing sewer-based systems may
accelerate the large-scale introduction of NS concepts (Larsen et al., 2013).

1.3 Challenge of transport

Conventional sewer systems transport wastewater using large sewer networks (based
on gravity) that must operate under both dry and wet weather conditions. The de-
sign rules for these networks must accommodate peak dry weather flows, storm water
(surface run o↵) and control over sediments (specifying minimum wall shear stress
from flow). With the paradigm shift to NS systems, transport technologies must ne-
cessitate the handling of a wide range of liquids and slurries (product streams). The
implementation of source-separation, vacuum toilets and kitchen grinders result in
slurries that originate from this system to have a high suspended solids concentra-
tion (low dilution and additional organics load). This source-separated Concentrated
Domestic Slurry (CDS) consisting of black water (human faecal waste, urine, and
flushed water) and Ground Kitchen Waste (GKW; from food waste disposers) must
be e�ciently managed. At the core of management of these slurries lies its transporta-
tion from collection to treatment. For this purpose, design guidelines for the systems
to transport these slurries are necessary, which has been identified to be non-existent.
It is therefore important to fill this knowledge gap.

The current status of transporting CDS in existing systems is by pressurised
pipelines (Larsen et al., 2013), and will remain so in the foreseeable future. Before
design guidelines are established it is pertinent to understand the behaviour of these
slurries that are being transported. An improved understanding of the behaviour of
concentrated domestic slurries is required for the design of an e�cient pipeline trans-
port for CDS. The latter is required for a holistic evaluation of NS systems. Two
aspects of transport behaviour, i.e. rheological properties and flow characterisation
have been identified to be key in establishing these guidelines which will be discussed
in the following sections.
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1.3.1 Rheological characterisation

In order to design and operate a pipeline transport system for source-separated CDS,
detailed knowledge about the physical and flow properties of the transported fluid,
particularly rheology, is essential (Chilton et al., 1996; Heywood, 1991; Wasp et al.,
1977; Slatter, 1995). It has been shown that even the basic aspects of a pipeline de-
sign, for example the expected flow regime (laminar or turbulent) and pressure drop,
can be misjudged without a rigorous understanding of the rheology (Eshtiaghi et al.,
2012; Slatter, 1995; Chilton et al., 1996).

Numerous studies have investigated the rheology of similar slurries such as primary
sludge as well as secondary sludge, in treatment plants as recently summarized by
Eshtiaghi et al. (2013b) and Ratkovich et al. (2013). The rheology studies describe
the slurries in general as non-Newtonian in its flow behaviour and highly viscous.
However, the obtained rheology specific results are not directly applicable to CDS
as they do not represent the contents of CDS in its untreated form as opposed to
that of primary or secondary sludge. Currently, there is a lack of information about
the rheological properties of CDS, which must be determined. It is also known that
concentration of the suspended solids and temperature of the slurry greatly influence
the rheological properties (Eshtiaghi et al., 2013b; Ratkovich et al., 2013). It is
therefore imperative that these influences are also studied.

1.3.2 Flow characterisation

New sanitation systems are commonly implemented with pressurised pipes to trans-
port the CDS from the collection point to the treatment facility (Example: Sneek,
Leuwaarden). Although no particular litereature was found on the transportation
of CDS in pressurised pipes, a report by Harder (2012) outlines the common modes
of transportation and concludes that pressurised pipe transport as single-phase and
two-phase (including air) slurry could be promising given its application to similar
slurries encountered in food and chemical industries. With the most commonly in-
curred means being single phase slurry transport, it will form the core of this study.
In particular, it will focus on non-Newtonian slurries as this is the fluid behaviour of
CDS 1.3.1.

Basic aspects of the design guidelines for pipeline transport need to account for the
pressure loss incurred (energy loss) and the flow regime present where the prediction of
laminar or turbulent flow is important. To prevent sedimentation of the constituents
(suspended solids) of the slurry, the flow regime must be turbulent (which provides
the minimum wall shear stress against sedimentation). These aspects of design will
have to encompass a wide range of configurations from horizontal flow to inclined flow
and minor local losses (pipe fittings and junctions) to assess and implement optimal
slurry transportation.

The state of the art in flow characterisation of non-Newtonian slurries spans across
various research domains. While some focus on predicting the incurred pressure loss
in transporting the slurries (Slatter, 1995; Assefa and Kaushal, 2015), others have
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focussed on predicting transitions from laminar to turbulent flow (Güzel et al., 2009b).
The models for pressure loss predictions are varied and have their specific use (Slatter,
1995). The usage of these models pertaining to the specific non-Newtonian behaviour
of CDS is unknown. As the transportation of these slurries must occur at turbulent
regime, the flow parameters for which this occurs for CDS must also be established.

1.4 Research Objective

This work aims at contributing to bridge the gap in NS systems, as outlined in the
previous sections. This is done by addressing the issues related to the transport of
CDS and will be focussed on the challenges of transport (Section 1.3), namely the
rheological and flow characterisation of CDS. Based on this, the research objectives
are formulated as follows:

• Rheological characterization of CDS.

• Determine the influence of suspended solids concentration and temperature on
the rheology of CDS.

• Examine the relation between pressure loss incurred on transportation of the
slurry to its rheological characterisation.

• Observe and determine the transition from laminar to turbulent flow of slurries
(in general non-Newtonian fluids).

1.5 Strategy

The objectives of this thesis is centred around the flow characterisation of CDS. The
strategy adopted to address this is described here. Figure 1.3 provides an outline to
the thesis presenting the relation to the di↵erent chapters.

In characterising the flow of CDS, a description of the pressure drop incurred in
flow in pipes through various flow parameters is provided. This is done by using a
non-Newtonian flow model. The rheology of CDS is required by the non-Newtonian
flow model to characterise its flow. This non-Newtonian flow model is built and cali-
brated using the flow characterisation of a model slurry. A model slurry is used in lieu
of CDS, as the properties of CDS is not stable in time, it poses health risks and cannot
be handled easily. Firstly, the rheological properties of the model slurry are exam-
ined. And later an experimental set-up is built to study the flow characteristics of the
model slurry at various flow parameters. Its transition from laminar to turbulent flow
is also observed. Using these results, a suitable non-Newtonian flow model is selected.

The rheological characterisation of CDS is presented in Chapter 2 and 3. A rota-
tional Couette rheometer is used for this purpose. Chapter 2 presents in detail the
rheological measurements in a narrow gap rheometer and the influence of temperature
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Figure 1.3: Outline of the thesis presenting the relation between the di↵erent
parts of the thesis

on the rheology. Although, the influence of concentration is discussed in Chapter 2,
this is done using sieved slurry. For a complete understanding of the influence of
concentration, the unsieved slurry must be studied. For this a wide gap rheometer is
also used, in this case to characterise the un-sieved slurry which is presented in Chap-
ter 3. Along with this, the influence of varying the suspended solids concentration is
described.

A large pipeline loop is built to study the flow characteristics of the model slurry.
Details of this loop and the experimental techniques used for this study is presented
in Chapter 4. The flow transition of the model slurry from laminar to turbulence is
observed using Ultrasound Imaging Velocimetry (UIV) which is presented in Chapter
5. Using these observations, the models available to predict the transition are verified
for non-Newtonian slurries. The pressure drop measured for the model slurry in the
experimental pipe loop is analysed in Chapter 6 along with the models used to predict
these pressure drops.
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Chapter 7 provides a summary of the theoretical framework that is set-up for
the flow characterisation from the previous chapters. It also provides a discussion
on the application of this knowledge in designing CDS transport networks for NS
systems. Chapter 8 draws conclusions on the work presented in this thesis along with
recommendations for future work and the knowledge gap that needs to be filled.
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CHAPTER 2
Rheology: Influence of

Temperature

The state of the art on the solids content of wastewater in traditional sewer systems is
summarised in the book Solids in Sewers (Ashley et al., 2005). Although it provides great
details regarding the origin and physio-chemical properties of the wastewater, rheological
properties have not been characterised. It is common that a viscosity close to pure water is
considered for the design of traditional sewer systems (Hager, 2010). However, CDS is much
less diluted compared to the traditional domestic waste (Tervahauta et al., 2013); therefore,
it is expected to have a considerably larger (apparent) viscosity.

Many studies have investigated the rheological behaviour of the primary, secondary, and
aerobic/anaerobic digested sludge in treatment plants as summarised in (Eshtiaghi et al.,
2013a; Ratkovich et al., 2013). It was concluded that the sludge is a non-Newtonian fluid
showing a shear-thinning thixotropic behaviour. On the existence of the yield stress, no
agreement was found. However, the obtained results are not directly applicable to the CDS,
because primary and secondary sludge do not represent fresh faecal sludge and they undergo
di↵erent treatments that change the structure of suspended organic matter present in the
slurry. A study on fresh faecal sludge by (Woolley et al., 2014), is the only available literature
on this. Unfortunately, their study doesnt give much information on procedure and collection
to make the study useful for analysis. The inclusion of waste from FWDs also increases the
flow complexity of these slurries. Although many researchers have recommended FWDs, they
have also indicated that for a large scale implementation or for higher market penetration,
the implications of FWDs on environment and on the sewer system need to be examined;
an overview of this can be found in Iacovidou et al. (2012a). Evidently, the rheological
knowledge of sludge in treatment plants cannot be directly used to reliably estimate the
rheological properties of CDS; therefore, proper measurement needs to be conducted to
investigate these properties. The current work presents measurements that were carried out
to characterise the rheological properties of CDS. The influence of two parameters, namely
temperature and concentration is examined. Based on the outcome of the measurement,
the fluid models that describe the rheological behaviour of CDS are introduced. Also, the
inclusion of GKW is accessed from a rheological aspect of these slurries.
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2.1 Methods and Materials

2.1.1 CDS Slurry

A sample each of two di↵erent domestic slurries were collected. Slurry 1 , black water
consisting of human faecal waste, toilet paper and flushed water was collected from a vacuum
collection experimental facility in the building of DeSaH B.V. in Sneek, the Netherlands.
The vacuum collection system consists of a urine separation vacuum toilet connected to a
collection tank through a vacuum pump. The vacuum pump is fitted with a cutter upstream
(Figure 2.1b ) to cut the incoming waste. Slurry 2 , BlW with GKW was collected from the
housing project Noorderhoek consisting of 215 houses in Sneek, Netherlands. These houses
have source separation implemented in them along with vacuum toilets and food (kitchen)
waste disposers. Slurry 2 is collected from a collection tank as shown in Figure 2.1a. It has
to be noted that prior to the collection, the CDS passes through a cutter pump (as shown in
Figure 2.1b) which transfers it from a vacuum tank to the collection tank (as schematized
in Figure 2.1a). In some vacuum stations, the waste is directly transferred from the vacuum
tank to the treatment plant by sewage pumps without any intermediate collection tanks. In
such configurations, there are cutters installed upstream of the tank to break down the large
lumps.

VACUUM TANK COLLECTION TANK

TOWARDS 
TREATMENT PLANT

(a)

FLOW EXIT

ROTARY CUTTER

(b)

Figure 2.1: a) Schematic drawing of a vacuum collection station. b) Cutter
pump (submersible dis-integrator pump manufactured by Landustrie).

The slurries thus collected were immediately transported to the laboratory in a cool
box at 4°C ± 1°C. The procedure followed the advice for the preservation of wastewater
slurry given in (APHA, 2005) in order to retard biological activity and microbiological de-
composition in the samples. In order to preserve the original moisture content and avoid
reactions with air, the samples were kept in sealed containers. Once in laboratory, the sam-
ples were maintained refrigerated at the same conditions, minimizing changes in the organic
compounds during storage until testing.

To obtain slurry 1 as fresh as possible, the collection tank was emptied and cleaned a
day before sampling and the toilets were connected to the tank at the morning of collection
day. In addition, to obtain a good representative sample, slurry 2 was collected during the
evening, at the peak of usage of the toilets and food waste disposers. The maximum retention
time of the slurries were five hours at the room temperature. The samples were tested within
3 days of its collection.
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Sample preparation

Existence of large particles in a sample puts a constraint on the geometry of the rotational
rheometer. In order to ensure a continuum description of the flow, a gap size to a maximum
particle size ratio should be 10 or more to guarantee a shear flow (Van Wazer, 1963). To
ensure this, both slurries 1 and 2 were screened by passing through a mesh with opening
size of 2 mm for removing coarse particles. THe coarse particles only comprise a negligible
portion of the total solids in the wastes. Hereafter, the samples were then screened using a
mesh of opening size of 0.125 mm to remove particles larger than 0.125 mm. This particular
mesh size was chosen to minimise the material loss during sieving, to ensure repeatability
and to maximise the particle to rheometer gap ratio. Through this procedure, the total sus-
pended solids (TSS) that is lost from sieving is between 10% to 20%. This low percentage
of loss can be attributed to the presence of a grinder pump (as shown in Figure 2.1b), which
transfers the CDS from the vacuum tank to the collection tank. The cumulative particle
size distribution for both slurries 1 and 2 presented in Figure 2.2 (measured using a laser
di↵raction particle size analyser), is used to calculate the minimum gap size. As a standard,
the minimum gap size must be 10 times the D90 (representative particle size) of the slurry.
The D90 for slurry 1 is 51 µm and for slurry 2 is 80 µm. Therefore, a gap size of 800 µm
would be satisfactory for both slurries.
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Figure 2.2: Cumulative particle size distribution of slurry 1 and slurry 2.

The TSS upon collection of slurry 1 was 2.6 % TSS (wt./wt.) and slurry 2 was 1.8 %
TSS (wt./wt.). The samples were then concentrated to study its rheology at various concen-
trations. Using gravity settling slurry 1 was concentrated to 7.2 % TSS (wt./wt.) and slurry
2 to 3 % TSS (wt./wt.). The obtained supernatant of each sample was respectively used to
dilute the sample to obtain di↵erent concentrations. Slurry 1 was further concentrated to
11.2 % TSS (wt./wt.) by centrifugation at 10 G for 1 min, and then diluted to 10 % using
the supernatant. The centrifugation procedure was adapted to make sure that the settled
particles were suspended upon gentle shaking. This was deemed necessary to ensure that
the original flocs were maintained with minimal changes. A summary of the investigated
concentration is presented in Table 2.1.
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Table 2.1: Summary of investigated slurry concentrations

Slurry 1: Faecal Slurry 2: Faecal + GKW

Concentration Concentrating
method

Concentration Concentrating
method

(% TSS wt./wt.) (% TSS wt./wt.)

11.2 Centrifugation 3 Gravity
10 Centrifugation 2.6 Gravity
7.2 Gravity 2.1 Gravity
5 Gravity 1.8 Gravity
3.9 Gravity 1.2 Gravity
3.2 Gravity 1.0 Gravity
2.6 Gravity
1.8 Gravity
1.4 Gravity
0.7 Gravity
0.4 Gravity

2.1.2 Rheometry

Commonly used rheometers, capable of measuring fundamental rheological properties of
sludge, are placed into two general categories (Eshtiaghi et al., 2013a,b): rotational rheome-
ter and capillary rheometers. Advantages and disadvantages of each category have been
described in (Eshtiaghi et al., 2013a; Seyssiecq et al., 2003; Slatter, 1997). The rotational
rheometer has become widely accepted in recent years as the most common class of rheome-
ter utilised in sludge rheology (Eshtiaghi et al., 2013a), and is also used in this study.

The rheology measurements were performed with a MCR302 instrument from Anton
Paar (Graz, Austria) equipped with a standard cup and bob (cup diameter: 29.29 mm, bob
diameter: 27 mm, bob length: 40.5 mm). This geometry has a gap size 1145 µm, satisfying
the minimum required gap size mentioned in section 2.1. A Peltier temperature control
system was used to set and maintain the temperature with an accuracy of ±0.1°C. The
rheology was measured at 10°C, 20°C, 30°C and 40°C for each concentration to determine
the influence of temperature. To avoid evaporation during the measurements, a lid was
installed on the cup to cover the sample. It is suggested that for slurries of this nature, a
pre-shear is required to erase material memory and to have similar initial conditions for all
samples (Baudez et al., 2011, 2013). Therefore, for each investigation the sample was pre-
sheared for 5 min at a shear-rate of 1000 s

�1, and then left to rest for 5 min, these conditions
were found suitably to reproduce results. The rheogram for each investigation was obtained
by a step-wise shear ramp-up procedure, and recording the steady state shear-stress for every
set shear-rate. Through the step-wise shear ramp-up the inertia of the equipment is avoided
by waiting for steady state at each measurement point (Baroutian et al., 2013). This ensures
that the inertia of the fluid and the equipment is eliminated. A ramp-down procedure is
avoided as it would considerably include the inertia of the fluid; as the fluid that is rotating
at a higher angular velocity is slowed down which causes a delay in reaching steady-state.
The shear-rate range was so determined to avoid the occurrence of secondary flows (Thota
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Radhakrishnan et al., 2015). At the end of every test, the used sample was discarded and a
fresh sample was used for the next test.

Table 2.2: Rheological models

⌧ = µ�̇ the Newtonian model that represents a linear rela-
tionship between shear-stress and shear-rate

⌧ = KPL�̇nPL the Power law model that represents a power law
relationship between the shear-stress and shear-rate
showing a shear thinning behaviour with nO < 1

⌧ = ⌧yB + µB �̇ the Bingham model represents a fluid with a yield
stress. The yield stress is the minimum shear-stress
required for the fluid to start flowing

⌧ = ⌧yHB +KHB �̇nHB the Herschel-Bulkley (HB) model is used to represent
a shear-thinning fluid with a yield stress

⌧ = ⌧yCHB + µCHB �̇ +
KCHB �̇nCHB

the combined Herschel-Bulkley (CHB) used by
Baudez et al. (2011, 2013) represents well the linear
shear-thinning behaviour at high shear-rates giving
a constant high-shear viscosity. It is merely a HB
model coupled with a Newtonian model

2.1.3 Rheological model

Rheological models are an empirical representation of the obtained rheogram (graphical
representation of shear-stress vs. shear-rate). For design purposes, the rheological models
are used rather than the rheograms. As rheology is the single most important representation
of the hydrodynamic behaviour, any discrepancy with the rheological prediction using the
model would lead to poor process design as rheology is usually extrapolated for turbulent
flow predictions (Slatter, 1997). Therefore, the choice of the rheological model is critical
in this aspect. The models used commonly are presented in Table 2.2. Elaborate reviews
on the models available have been already provided in articles by Seyssiecq et al. (2003),
Ratkovich et al. (2013) and Eshtiaghi et al. (2013a,b).

2.1.4 Statistical assessment

To access the predictive capability of the selected rheological models mentioned in section
2.1.3 the following statistical descriptors are used. The root mean square error (RMSE,
Equation 2.1) measures the overall accuracy of the model. The squared sum of residual
(SSR, Equation 2.2) measures the square of the absolute deviation of the model.

RMSE =

sP
N

i=1(⌧i � ⌧̂i)
2

N
(2.1)
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SSR =
NX

i=1

(⌧i � ⌧̂i)
2 (2.2)

2.1.5 Parameter estimation

The goal of the parameter estimation step is to determine a unique set of model parameters
for the obtained rheometric data (Ratkovich et al., 2013). This is done using optimisation
algorithms by minimizing the square of the residuals between the model and the experimental
data. Although this step seems straightforward (by using commercially available software),
implicit assumptions in the optimization algorithms, violation of boundaries of the model
parameters and over parametrisation can lead to obtaining parameters that are often not
unique or physically meaningless. Care must be taken in estimating these parameters and
for this reason two optimization algorithms have been used in the study and shall be detailed
below:

Genetic + Trust Region algorithm (GTR)

Minimization of the square of the residuals is a quadratic problem. Most gradient-based
optimization algorithms are very sensitive to the initial point and thus obtain only some lo-
cal minima in the proximity of the initial point. As most rheological models are non-linear,
there may exist many local minima. Identifying the most optimal minima (preferably the
global minimum) of these satisfying the boundary conditions in place requires the optimiza-
tion procedure to run many initial points, for which the results of the Genetic Algorithm
provide valuable information (i.e. it results in a global map of the location of local minima,
which in turn are candidates to be investigated further using some gradient based search
algorithm). A Genetic algorithm is one such tool that helps in achieving this in a systematic
manner. In this algorithm, an initial population of a random set of parameters (within the
boundary specified) is generated. In our case the boundaries depend on the parameters and
in general are, 0 < ⌧y, 0 < K and 0 < n < 1. Using the objective function, the correspond-
ing fitness values for each set of parameters is determined. Using this information, a new
generation is produced by applying three genetic operations namely: reproduction, crossover
and mutation (Chaudhuri et al., 2006). These operations ensure that a minimum that is
found is investigated, and also new sets of parameters are added to avoid being stuck in a
local minimum. More information on this approach can be found in (Chaudhuri et al., 2006;
Rooki et al., 2012). Each population that is generated is likely to converge to the global
minimum. Although a stand-alone genetic algorithm is su�cient for convergence, but to
ensure this a gradient-based optimization algorithm is coupled with it. After a number of
generations (termination) from the Genetic Algorithm, a part of the population with high
scores of fitness value based on the RMSE (Equation 2.1) is taken and fed to a gradient-based
optimization procedure. A trust region (Byrd et al., 1987) optimization which is a simple
gradient based algorithm is used in this case. Hereafter, the parameter set with the lowest
RMSE (Equation 2.1) is chosen as the optimal solution. This entire algorithm is schematized
in Figure 2.3. In this study, this algorithm is used in general for all modelling purposes.

Golden section search (GSS)

The golden section search method was proposed by (Ohen and Blick, 1990) for determining
model parameters of the Robertson-Sti↵ fluid model. This numerical scheme was later
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modified by (Kelessidis et al., 2006) to be used for predicting the parameters for a HB
fluid model. In their paper (Kelessidis et al., 2006), the authors demonstrated that the GSS
method lead to meaningful and appropriate values for the model parameters. This algorithm
is particularly helpful when the parameters are correlated, which is the case with the HB
model and will be discussed later. The algorithm essentially de-couples the parameters and
reduces the correlation in their estimation. This numerical scheme has been used in this
paper and is presented in Figure 2.4. In this study, this algorithm is only used to find more
accurate solutions for the HB model.

INITIAL 
POPULATION

POPULATION
FITNES SCORES

SELECT TOP 
POPULATION

TRUST REGION
OPTIMIZATION

SELECT
OPTIMAL

TERMINATION

REPRODUCTION
(GENERATION)

YES

NO

GENETIC
ALGORITHM

Figure 2.3: Genetic + trust region parameter estimation algorithm shown in
a flow diagram.
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SET BOUNDS 
FOR τy, K, n

L = lower bound of τy
U = upper bound of τy

INITIALISE
VARIABLES

TERMINATION
IF ITERATION > 1000

OR
|U-L| < 10-4

τy1 = L + 0.618(U-L)
τy2 = U - 0.618(U-L)

REGRESS K1, n1 & K2, n2 
FOR τy1, τy2 FROM

log(τ-τy) = log(K) + n*log(γ)

CALCULATE SUM OF 
SQUARED RESIDUALS

FOR 
τ1 = τy1 + K1γn1

τ2 = τy2 + K2γn2

AS
SSR1 = Σ(τmeasured-τ1)2

SSR2 = Σ(τmeasured-τ2)2

DETERMINE NEW U & L

IF SSR1 > SSR2 : U = τy1
IF SSR1 < SSR2 : L = τy2

IF SSR1 = SSR2 : U = τy1 , L = τ y2

FINALISE
PARAMETERS

W.R.T. SSR

NO

YES

Figure 2.4: Golden section search parameter estimation algorithm shown in a
flow diagram.
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2.2 Results and discussion

2.2.1 Rheology

The rheograms for slurry 1 as shown in Figure 2.5 (a few representative rheograms) and
slurry 2 as shown in Figure 2.6 (a few representative rheograms) at various concentrations
and temperatures were obtained using the shear-rate ramp up procedure mentioned in sec-
tion 2.1.2. For slurry 1 the concentrations ranged between 0.4 % and 11.2 % TSS (wt./wt.)
and for slurry 2 the concentration ranged between 0.8 % and 3.0 % TSS (wt./wt.). For
each sample the influence of temperature was evaluated at 10°C, 20°C, 30°C and 40°C. The
steady-state laminar data was used in creating these rheograms. This was ensured by iden-
tifying the onset of secondary flows (Thota Radhakrishnan et al., 2015), and removing it
from the obtained data. More details on identifying laminar flow and secondary flow along
with the range of shear-rates can be found here (Thota Radhakrishnan et al., 2015). This
therefore influenced the maximum applicable shear-rate for each concentration and temper-
ature depending on the onset of secondary flows.
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Figure 2.5: Representative rheograms for Slurry 1 at various concentrations
and temperatures; the respective model used for fitting is indicated in table 2.

From the rheograms, it can be observed that the shear-stress increases non-linearly with
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Figure 2.6: Representative rheograms for Slurry 2 at various concentrations
and temperatures; the respective model used for fitting is indicated in table 3.

respect to the shear-rate at high TSS concentrations in slurry 1. At low TSS concentration,
the shear-stress is a linear function of shear-rate for both slurry 1 and 2. As for the influence
of temperature, it is observed that the increase in temperature reduces the shear-stress. This
can be attributed to the increase in thermal motion of the molecules and thereby reducing
the forces between the molecules resulting in an ease of the flow of the slurry, thus lowering
the viscosity.

The influence of increasing the solid content in the slurry can be seen in Figure 2.7, which
is slurry 1 at various concentrations but at a fixed temperature of 20°C. The illustration
shows an increase in shear-stress with the increase in shear-rate. This observation has also
been reported in many other studies (Baroutian et al., 2013). This increase is due to the
increase in interactions between the constituent particles present in the slurry. The increase
in interactions results in increase in the energy loss, thereby requiring more energy i.e. high
shear-stress to keep the slurry in a prescribed motion. As mentioned in (Baroutian et al.,
2013), polysaccharides and proteins are likely the determining constituents for the rheological
properties of these slurries.
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Figure 2.7: Rheogram of slurry 1 at various concentration and a fixed tem-
perature of 20°C; the respective model used for fitting is indicated in table
2.

2.2.2 Rheological modelling

The rheological models described in section 2.1.3 were used to describe the obtained rheology
data. It must be noted that this process of fitting the experimental data to a rheological
model is tedious; it requires a priori information and a structured methodology. This is due
to the empirical nature of the models that are used to fit the data. In practice a single model
is used to fit an entire data set, but this fails due to the correlation between the parameters
(Ratkovich et al., 2013). This can be seen from the errors (Figures 2.8 and 2.9, Appendix
Tables A.1 and A.2) from the model fitting using the GTR algorithm to the di↵erent models.
The model comparison is done using the residuals from the same optimisation algorithm so
as to not bias the results. Therefore, based on the RMSE errors from the parameter estima-
tion, the best model is chosen to represent the rheology data. At low concentrations, there
is a linear relationship between the shear-stress and shear-rate, but at concentrations > 3 %
TSS it is observed there exists a non-linear/non-Newtonian relationship.

The yield stress isn’t a measured quantity. It is one that is derived as a parameter from
the model, essentially extrapolating the obtained rheology data. It is therefore di�cult to
estimate the true yield stress, and a minimum threshold yield stress of 0.01 Pa is taken for
considering its existence. This value is used to determine the appropriate model at low %
TSS. From Figures 2.8 and 2.9, although the Bingham model fits better at lower % TSS, a
linear model is chosen as the yield stress from the Bingham model is < 0.01 Pa. The power
law model was the least suitable for all the cases. At higher % TSS, the CHB model used
by (Baroutian et al., 2013) is a better fit than that of the HB model. This can entirely be
attributed to the increase in the degree of freedom of the optimisation by adding another
parameter. But, to further investigate the applicability of the HB and CHB models, the
identifiability of their parameters is to be accessed.

To assess the identifiability of the parameters, principal component analysis (PCA) is
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Figure 2.8: RMSE for the model fit of slurry 1 rheograms at 20°C
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Figure 2.9: RMSE for the model fit of slurry 2 rheograms at 20°C

used. This is done using the Jacobian of the rheological models from Equation 2.3 (for HB
model) and Equation 2.7 (for CHB model). Singular value decomposition of the matrix J

T
J

(Equation 2.12) gives information about the identifiability of the parameters. The diagonal
terms of the matrix is the variance of the parameter combination and the matrix V gives
the singular values. Figure 2.10 illustrate the singular values of the parameter combination.
It can be seen that the CHB model performs poorly as the parameter combinations are
co-dependent. This implies that there cannot be a meaningful parameter estimation using
this model. But, when accessing the Eigen vectors of the HB model (Figure 2.10), it can be
seen that the parameter combinations are less co-dependent. Therefore, the HB model is a
more relevant model to be used.
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To increase the identifiability of a unique parameter set of the HB model, in this study
a method of Golden Section search (section 2.1.5) is used. This is a better algorithm in
estimating the parameters for the HB model as can be seen from the RMSE ratios in Figure
2.11. As this method is only applicable to the HB model, it is not applied to the entire
dataset. For this, the GTR algorithm is used to identify for which of the dataset a HB
model applies and then the GSS algorithm is used on these datasets.

The final estimated parameters for the models are shown in the Tables A.3 and A.4 in
the Appendix. For the sake of representation, the HB model is used, because the HB model
is a generalised model for including both the Bingham (with n = 1) and the Newtonian
model (with ⌧y = 0 and n = 1).

2.2.3 E↵ect of concentration and temperature

Many studies have already concluded that changes in concentrations and temperature influ-
ence the rheology of the slurries to a great extent (Baroutian et al., 2013; Eshtiaghi et al.,
2013a; Mori et al., 2006; Ratkovich et al., 2013; Sanin, 2002; Seyssiecq et al., 2003). Study-
ing the influence of temperature and concentration to the flow of the fluid i.e. rheology, is
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Figure 2.10: Singular values and eigen vectors of the parameters for (a) CHB
model and (b) HB model using rheometric data of slurry 1 at 20°C with 11.2
% TSS.

0 5 10 15 20 25
Data set

0

0.5

1

1.5

2

2.5

3

R
M

SE
(G

TR
)/R

M
SE

(G
SS

)

Figure 2.11: Plotting the ratio of the RMSE from the algorithm GTR to the
one from GSS of the for the data set of Slurry 1 concentration ranging 11.2
till 3.2 % TSS of temperatures 10°C, 20°C, 30°C, 40°C.
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considered important, because many transportation applications and slurry handling equip-
ment such as mixers, aerators and heat exchangers encounter gradients of temperature and
concentration. These gradients may occur due to the design of such equipment or the hy-
drodynamic flow in them (centrifugation, settling, mixing). An interesting outcome of the
rheological modelling is to breakdown the influence of concentration and temperature on the
rheology to the di↵erent parameters in the model. As each parameter represents a particular
phenomenon in the behaviour of the fluid flow, it is easier to understand its contribution
to the flow behaviour when studied separately. The HB model will be used as a general
non-Newtonian model to represent the entire range of slurry rheology.
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Figure 2.12: Plot of the uncertainty band of the predicted values of the re-
gressed rheological model as compared to the measure data. Plot (a) is for
various temperatures of slurry 1 at 10 % TSS. Plot (b) is of various concen-
trations of slurry 1 at 20°C.

Studying the influence of temperature and concentration through the rheological parame-
ters imposes an extra step of caution, and this is to quantify the uncertainty in the prediction
of the rheology using the parameters that have been estimated using the algorithms. What
this means is that there is an inherent error presented in the models prediction with the
parameters estimated. This error represents an uncertainty band of the prediction. For the
models/parameters to represent the behaviour of the slurry to the influence of temperature
and concentration, the error/uncertainty bands from the model prediction must not overlap
with one another. Implying that, for example investigating the influence of temperature on
10% slurry as shown in Figure 2.12a, the uncertainty band of the model prediction of 10%
slurry at di↵erent temperatures must not overlap. If they do, then the model parameters
regressed do not represent the influence of temperature as is seen from experimental ob-
servation. Therefore, before evaluating the influence of temperature and concentration on
the rheological parameters, an assessment of the uncertainty of the prediction of the models
must be performed. This is to remove the uncertainty of incorrectly identifying the influ-
ence of conditions of the variables. This is done through Gausss law of error propagation.
The uncertainty in the prediction is found using Equation 2.14, which is for a HB model
where the covariance is obtained using Equation 2.13. From this, it can be observed that the
uncertainty band for evaluating the e↵ect of temperature (Figure 2.12a) and concentration
(Figure 2.12b) do not overlap, thereby emphasizing its influence.
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Influence of temperature

On accessing the influence of temperature on the rheological parameters (Figure 2.13), no
particular trend can be derived. Although from Figure 2.5 and 2.6, it can clearly be seen
that the shear stress decreases for a given shear rate with temperature. Implying that the
viscosity decreases with temperature; the same does not reflect on the individual parameters.
For this reason, the influence of the temperature on the rheology is resolved through its e↵ect
on the apparent viscosity. An Arrhenius type equation (Abu-Jdayil et al., 2010; Battistoni
et al., 1993; Pevere et al., 2009; Yang et al., 2009) is used for this purpose. The apparent
viscosity (Ratio of shear-stress by shear-rate at a shear-rate) can be described using Equation
2.15 as a function of temperature, where a and E are constants.

µapp = a✏
E/T (2.15)

On taking the ratio of the apparent viscosities at two di↵erent temperatures, we get
Equation 2.16, which is independent of the constant a. Implying, if the apparent viscosity
at a particular temperature is known, with the knowledge of E (rheological temperature
constant, °C), the apparent viscosity at another temperature can be calculated.

µapp,T1

µapp,T2

= ✏
E( 1

T1
� 1

T2
)

(2.16)

Accessing the value of E for apparent viscosity ratios at various concentrations and shear
rates, an average value of 7.5°C was obtained (Figure 2.14), and this holds good for slurry 1
and slurry 2. Knowing the value of E is useful, as in the following sections parameter models
are introduced for the slurry at 20°C, and to obtain the rheology at other temperatures, this
rheological temperature constant can be used.

Yield stress ⌧y

The yield stress specifies the minimum stress that is required for the slurry to start deforming
at a constant strain rate, below which it does not deform. Over the range of concentrations,
the yield stress increases exponentially as illustrated in Figure 2.15. There is a pronounced
exponential behaviour in slurry 1. Whereas in slurry 2 an underlying behaviour is not iden-
tified, this could be that the sample size is small and at low concentrations. An exponential
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Figure 2.13: Plotting the influence of temperature to the rheological parame-
ters (a) Ratio of yield stress to the yield stress at 20°C (b) Ratio of consistency
index to the consistency index at 20°C (c) Ratio of behaviour index to the be-
haviour index at 20°C.

model (figure 2.16a, Equation 2.17, < 5 % deviation from the measurements) is used describe
the influence of concentration on yield stress of slurry 1 at 20°C (chosen as a representative),
this model type has been reportedly used in other works (Eshtiaghi et al., 2013a; Seyssiecq
et al., 2003). It can be seen that the yield stress is e↵ectively 0 below a threshold concen-
tration and then increases above this concentration. The exponential behaviour in slurry 1
can be explained through the increase in particle interactions as the concentration increases.
These interactions are weak physical forces between particles and molecules. Although these
forces are weak, with the increase in concentrations the number of neighbouring particles
in interaction increase and thus creating a structure. The yield stress tends to zero at low
concentrations and is physically meaningful only after reaching a certain concentration (also
observed in Equation 2.17, a threshold concentration), where its e↵ects can be felt. For our
case of slurry 1 this is 1.5 % TSS.
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Figure 2.14: Plot of apparent viscosity ratio with the inverse of temperature
for di↵erent concentrations and shear rates along with the curve representing
the apparent viscosity’s temperature dependence with E = 7.5°C (for slurry
1).

⌧y =

(
0.0012(C � 1.5)2.1 for C > 1.5

0 for C < 1.5
(2.17)
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Figure 2.15: Change of yield stress ⌧y with concentration and temperature in
(a) slurry 1 and (b) slurry 2.

Consistency index K

The consistency index gives an idea about the viscosity of the slurry. Although, both the
⌧y and n are required to compute the absolute viscosity, K can be used to perceive the
viscous behaviour of the slurry. Over the range of concentrations, the consistency index
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Figure 2.16: Models representing the influence of concentration on (a) yield
stress (b) consistency index (c) behaviour index for slurry 1 at 20°C.

exponentially increases (Figure 2.17). As a representative, Equation 2.18 (derived with < 5
% deviation) describes the concentration dependence of the consistency index of slurry 1 at
20°C (Figure 2.16b). It takes the value of the viscosity of water at 0 % TSS of the slurry.
The exponential increase of the flow index is observed in both slurry 1 and 2 clearly. The
observed behaviour, which is similar to the yield stress, can also be attributed to the forces
between the constituent particles.

K = 0.002✏0.48C (2.18)

Behaviour index n

The behaviour index describes the shear thinning behaviour of the slurry. This is an impor-
tant parameter as it governs the influence of the change in shear-rate on the shear-stress.
Newtonian fluids have the behaviour index as 1, meaning that an increase in shear-rate
increases the shear-stress proportional to the consistency index. But with non-Newtonian
Fluids with the behaviour index less than 1 implies that a change in shear-rate might not
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Figure 2.17: Change of consistency index K with concentration and tempera-
ture in (a) slurry 1 and (b) slurry 2.

necessarily reflect in a sizeable change in the shear-stress even though the consistency index
has a high value. This is essentially the shear thinning behaviour observed in these slurries.
As a representative, Equation 2.19 (derived with < 5 % deviation) describes the behaviour
index as a function of concentration for slurry 1 at 20°C (Figure 2.16c). Over the range of
concentrations, the onset of shear-thinning behaviour is at a concentration of 2.5 % TSS.
Above this concentration, the behaviour index decreases gradually with the concentration of
the slurry (Figure 2.18). This behaviour may be a reflection of the fluid structures, referred
to by Quemada (1998) as a structural unit, SU, introducing the concept of e↵ective volume
fraction of the SUs as a basis for rheological models. The shear thinning behaviour occurs
with the breakup of fluid structures and the constituent particles aligning in the direction of
the flow. At low shear-rates, there isn’t enough shearing to breakup these fluid structures,
but as the shearing rate increases more fluid structures are broken and the constituent par-
ticles align with the flow, thereby making it easier to flow, i.e. shear thinning. The increase
in concentration causes an increase in fluid structures present and by that the proportion of
fluid structures broken is higher, i.e. increased shear thinning.

n =

(
0.97� 0.16 ln(C � 1.7) for C > 2.5

1 for C < 2.5
(2.19)

E↵ect of adding ground kitchen waste

Comparing the viscosities of both the slurries, it is observed that the viscosity of slurry 2
is on an average (approximate averaging: over all concentration and 3 di↵erent shear-rates)
50 % more than that of slurry 1 (Figure 2.19). This could be explained by comparing the
particle size distribution of both slurries (Figure 2.2). Slurry 2 has a higher D90 than that of
slurry 1 (section 2.1.1). Adding to this, the proportion of larger particles is higher in slurry
2 than in slurry 1 (Figure 2.2) signifying that the particle size distribution of kitchen waste
tends towards larger particles. Therefore, this a�rms that the particle size distribution plays
a major role in determining the viscosities of slurries of this nature. That being said, the
sample collected here is small to put forth a strong conclusion about the addition of kitchen
waste. Further research could shed light on these aspects.
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Figure 2.18: Change of behaviour index n with concentration and temperature
in (a) slurry 1 and (b) slurry 2.
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Figure 2.19: Plot of viscosity ratio between Slurry 1 and 2 against TSS con-
centration at di↵erent shear rates.

2.3 Conclusion

To study the hydrodynamic behaviour of concentrated domestic slurries, 2 sample slurries
from a pilot project involving novel sanitations systems were collected. Slurry 1 contained
black water and slurry 2 black water with ground kitchen waste. These samples were later
processed and studied for their rheology using a narrow gap couette rheometer chosen ap-
propriately for their particle size distribution. Rheograms were obtained for various TSS
concentration and temperatures of slurries. Among the rheological models explored, the
Herschel-Bulkley (HB) model fits best the purpose of describing the obtained rheograms.
In general, the viscosity increases with increase in TSS concentration and decreases with
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increase in temperature; and this reflects on the parameters. To describe the e↵ect of tem-
perature on the rheology of the slurry, an Arrhenius type equation is used. The influence
of concentration on the rheology is described using the changes in these parameters. The
yield stress and consistency index are exponentially related to the concentration, whereas
the behaviour index has a decreasing power law relation. Comparing the viscosities of slurry
1 and 2, reveals that the addition of kitchen waste increases the viscosity. The knowledge
on the rheology thus collected can be used to predict the pressure drop in the transport of
CDS and thus can be used to evaluate and design di↵erent sanitation options.
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CHAPTER 3
Rheology: Influence of

Concentration

Rheometers commonly used in measuring the rheological properties of slurries are placed into
two general categories: rotational rheometer and capillary rheometers. Rheology studies are
constrained by the limitations of the rheomter. The advantages and disadvantages deter-
mine the choice of rheometer to be considered. Capillary rheometers measure the rheology
of a fluid through flow of the fluid in a pipe. Since the pressure drives the fluid through
a pipe, the shear-rate varies along the radial direction and the flow is non-homogeneous,
therefore limiting the rheometer to study only steady stress-shear rate behaviour for time
independent fluids (Chhabra and Richardson, 2011). Rotational rheometers on the other
hand are able to provide a constant (or nearly so) shear rate throughout the system em-
ployed. Very narrow geometries of a narrow gap coaxial cylinder or a cone-plate system
provide this; they can be limiting to multiphase fluids with particulates (discussed in the fol-
lowing sections) which preclude the use of narrow systems (Chhabra and Richardson, 2011).
Although using rheometers are a conventional means to measure the rheology of a fluid,
other non-conventional methods have been applied as well. These non-conventional meth-
ods usually stem from the limitations of rheometric techniques, rheological measurements
from the engineering application itself, and the need for inline measurements. Some of the
non-conventional techniques to estimate the rheology are through free surface velocity of the
fluid flow (AL-Behadili et al., 2018), flow from spreading of a fluid from gravity currents
(Longo et al., 2013), flow in a narrow channel (Di Federico et al., 2017), and ultrasound
image velocimetry of flow in pipes (Gurung et al., 2016).

Rotational rheometers, particularly the Couette-flow type, have traditionally been used
to study complex fluids and have become widely accepted in recent years as the most common
class of rheometer utilised in sludge rheology (Eshtiaghi et al., 2013b). Studying rheology
using a Couette-flow rheometer is limited by the maximum particle size of the constituents
in the slurry. Van Wazer (1963) recommends the minimum gap between the cylinders to be
10 times that of the maximum particle size in the slurry. This is to guarantee a shear flow
of at least ten layers which ensures flow continuum. Despite the acknowledgement of the ne-
cessity of such a gap (Chhabra and Richardson, 2011; Slatter, 1997; Dick and Ewing, 1967),
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only a few studies (rheology of similar slurries) have measured the slurry particle size for the
choice of rheometer geometry (Koseoglu et al., 2012; Mori et al., 2006). This lack of atten-
tion to the particle size and distribution was also reported in the review work of Ratkovich
et al. (2013). For digested and waste activated sludge, the gap size constraint is less critical,
because the range of the particle size is in order of a few hundred micrometres; therefore,
a common narrow gap configuration is acceptable. However, this is not the case for raw
sewage sludge where particles as large as a few millimetres have been reported (Battistoni,
1997; Battistoni et al., 2000). To avoid the problem due to the size, it was suggested to work
with sieved sludge where particles exceeding a certain diameter were removed (Battistoni,
1997; Battistoni et al., 2000). However, it was acknowledged that for some samples, i.e., raw
sewage sludge and the organic fraction of municipal solid waste, the sieved sludge did not
represent the rheological behaviour of the whole sample, since more than 30 % of the total
solids were removed after sieving. Of the many articles published to characterise the rheology
of wastewater slurries, to the author’s knowledge, none characterise concentrated domestic
slurry. For faecal sludge, the only article addressing its rheology by Woolley et al. (2014) is
not comprehensive enough and is regarded to be at most a preliminary analysis. Although,
Chapter 2 of this thesis presents a rheological characterisation for CDS, this was done using
sieved slurry. Therefore, this paper presents a detailed rheological study of un-sieved CDS
in a wide gap Couette-flow Searle type rheometer.

There are several problems that need to be overcome in studying the rheology of un-
sieved slurry. Firstly, the gap-size constraint due to the large particles requires a wide gap,
where the general assumptions to obtain the shear-rate from the rotation speed are not valid
as they are for a conventional narrow gap. And secondly, the noise in the data requires the
use of particular procedures (detailed in later sections) in obtaining the underlying rheogram.
This paper details a methodology to overcome these di�culties and to measure the rheology
of CDS in its complete particle composition.

3.1 Rheometry

Couette-flow rheometers consist of two coaxial cylinders with the annulus between them
filled with the fluid under study. In particular, a Searle-type system has the inner cylinder
rotating and the outer one stationary. To obtain the rheogram (shear-stress vs. shear-
rate curve) in a Searle system, the torque and rotational velocity of the inner cylinder is
measured. The shear-stress can be calculated directly from the torque. But converting the
rotational velocity to the shear-rate is not straightforward since it is an ill-posed inverse
problem commonly referred to as the Couette inverse problem (Ancey, 2005; Chatzimina
et al., 2009; Krieger and Elrod, 1953; Leong and Yeow, 2003), and has been investigated
by many researchers in the past decades. This conversion will be the focus of this study
applying it to CDS.

3.1.1 Couette Inverse Problem

A Couette-flow Searle type rheometer consists of two coaxial cylinders where the inner
cylinder (or bob) of radius Ri and length h rotating at a constant rotational speed of ⌦
and a stationary outer cylinder (or cup) of radius Ro, shown in Figure 3.1a. Balancing the
forces yields the opposing torque (M) exerted on the bob by the fluid:

M = 2⇡hr2⌧ (3.1)
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r being any location in the annulus, Ri  r  Ro. The shear-stress applied on the fluid
at the bob is:

⌧i =
M

2⇡hR2
i

(3.2)
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Figure 3.1: (a) Schematic representation of a Couette-flow Searle type rheome-
ter. (b) Representing the shear-rate and shear-stress distribution for the fully
and partially sheared flow modes.

Assuming a non-slip boundary condition (angular velocity is zero at the cup and at the
bob is ⌦) and the flow being laminar and incompressible with no normal stresses, the shear
rate �̇ , the shear-stress ⌧ and angular velocity ⌦, at the bob surface can be related as:

⌦ =

Z
Ro

Ri

�̇(r)
r

dr =
1
2

Z
⌧i

⌧o

�̇(⌧)
⌧

d⌧ (3.3)

Solving Equation 3.3 yields in the conversion of angular velocity to the shear-rate thereby
facilitating the derivation of the rheogram. The solution is dependent on the fluid behaviour
�̇(⌧), which translates to the rheological model of the fluid. Therefore, Equation 3.3 can be
solved if the relation between shear-stress and shear-rate is known or an a priori assumption
of the relation is required. In cases where this relation is unknown or cannot be assumed, the
solution to Equation 3.3 becomes an ill-posed inverse problem. Another aspect complicating
the solution to this integral, is the existence of partially sheared regions in the annulus, as
seen in Figure 3.1b. For plastic materials, depending on the relative magnitude of the shear
stress and the yield stress, ⌧y, two flow modes are possible: Partially Sheared Flow (PSF)
and Fully Sheared Flow (FSF). Under the condition where ⌧i < ⌧y < ⌧o, only part of the
fluid close to the bob is sheared while the remaining region is stationary (PSF) as illustrated
in Figure 3.1b. When ⌧y < ⌧o < ⌧i, the shear stress everywhere in the flow exceeds the
yield value and the fluid becomes sheared in the entire annulus (FSF mode). Considering
all of these complications, there have been many procedures proposed to approximate the
shear-rate. A review of these procedures have been provided in Estellé et al. (2008) and
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Chatzimina et al. (2009). In this paper, the method used is one proposed by Yeow et al.
(2000). This method uses Tikhonov regularisation to evaluate the shear-rates. This method
was selected owing to the fact that it can cope with noised data, does not require a priori
knowledge about the flow behaviour, can be used for fluids with a yield stress and can be
applied to both fully and partially sheared modes.

3.1.2 Tikhonov Regularisation

Yeow and co-workers (Leong and Yeow, 2003; Yeow et al., 2000) have developed a procedure
for solving Equation 3.3 by treating it as a Volterra integral equation of the first kind. The
integral is solved using Tikhonov regularisation, which does not require the specification of
the fluid behaviour, and suppresses the propagation of eigenvalues related to ’noise’ in the
data when back mapping. The method followed a discretisation method and sought to derive
the shear-rate by minimizing the fractional deviation between the computed shear-rate and
its experimentally measured counterpart, the angular velocity. To ensure that the noise
in the experimental data is not amplified, and to obtain smooth curves, a regularisation

condition is imposed, which is minimising @
2
�̇(⌧)
@⌧2

.

Numerical Method

The shear rate �̇(⌧) that is to be estimated is discretised as �̇ = (�̇1, �̇2, �̇3 . . . �̇Nk
) at

uniformly spaced ⌧ = (⌧1 = ⌧min, ⌧1, ⌧1 . . . ⌧Nk
= ⌧max) and the equation that satisfies the

condition to minimise the fractional deviation between the estimated shear-rate and the one
experimentally measured and the regularisation condition is given by Yeow et al. (2000),
shown in Equation 3.4.

�̇ = (AT
A+ ��

T
�)�1

A
T
I (3.4)

Where I is an appropriate identity matrix and A is a coe�cient matrix given by:

Aij =

↵ij�⌧

2⌧j

⌦i

,
i = 1, 2, 3 . . . Nd

j = 1, 2, 3 . . . Nk

(3.5)

where the number of discretisation points corresponds to Nk and the number of measured
points is Nd. Nk is much larger than Nd in implementation. The discretisation step �⌧ in
Equation 3.5 is given by:

�⌧ =
⌧max � ⌧min

Nk � 1
(3.6)

and, ↵ij is dependent on the numerical scheme used to approximate the integral in
Equation 3.3. ↵ij comprises the coe�cient matrix from the numerical scheme, thereby using
Simpson’s 1/3 rule to approximate the integral ↵i1 = 1/3, ↵ij = 2/3 for odd j and ↵ij = 4/3
for even j.

The regularisation condition, minimising @
2
�̇(⌧)
@⌧2

gives rise to the tridiagonal matrix �

with Nk rows in Equation 3.4.
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A regularisation parameter �, shown in Equation 3.4, is used for the smoothing, which
controls the extent to which the noise in the experiment is filtered at the cost of goodness
of fit. As � depends on the noise in the data, number of data and discretisation points,
and the numerical scheme; an iterative procedure is adopted to determine the appropriate
� comparing the rheograms of a known non-Newtonian fluid. Further information on the
derivation and implementation of the procedure can be found in the articles from Yeow and
co-workers (Leong and Yeow, 2003; Yeow et al., 2000).

Recovering Yield Stress

A slurry with yield stress ⌧y will not deform at a constant rate until the shear-stress applied
on it is greater than its yield stress. Applying this knowledge to the integral in Equation
3.3, the lower limit becomes ⌧y. Also, the discretisation step is modified to:

�⌧ =
⌧max � ⌧y

Nk � 1
(3.8)

The yield stress of the material can be determined if at least one of the measured data
points is in the partially sheared flow mode. This is done by using the condition:

�̇(⌧y) = 0 (3.9)

The ⌧y is estimated iteratively using a Newton-Raphson like method, such that the �̇(⌧)
given by Equation 3.4 satisfies the condition mentioned in Equation 3.9.

3.2 Methods and Materials

3.2.1 Experimental Procedure

The experimental procedure was two fold: One which consists of validating the translation
of angular velocity to shear rate from a wide gap rheometer and the other of obtaining the
rheology of concentrated domestic slurry from a wide gap rheometer.

In validating the translation of angular velocity to shear rate from a wide gap rheometer,
as seen in Section 3.1.2, a test fluid that could be operated both in a narrow gap and a
wide gap rheometer was needed. In our case tomato ketchup was used. The rheology of
the tomato ketchup was first obtained using a narrow gap rheometer. Using this rheology,
the algorithm for translating the angular velocity was adjusted and validated by tuning the
regularisation parameter �. This tuning of the parameter was so done to match the rheology
obtained from the wide gap to that from the narrow gap.

For the CDS rheology, a sample of concentrated domestic slurry was collected, as shown
in Section 3.2.2. This sample was then prepared to various concentrations by gravity set-
tling, and using the supernatant as a dilutent, shown in Section 3.2.3. Using the wide gap
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rheometer, as seen in Section 3.2.4, and the translation algorithm shown in Section 3.1.2, the
rheograms were obtained. A Herschel-Bulkley model was used to represent these rheograms
for practical purposes, and therefore the parameters for this model were obtained through
parameter estimation procedures, as shown in Section 3.2.5.

3.2.2 Materials

The concentrated domestic slurry under study were collected from an experimental facility
in the building of DeSaH B.V. in Sneek, the Netherlands. The facility has urine separation
toilets fitted with a vacuum collection system. 5 di↵erent samples were collected and con-
sisted mostly of human faecal waste, toilet paper, and flushed water. The vacuum pump
that was used to transport the waste slurry is fitted with a cutter. The samples were drawn
from a collection tank downstream of the pump. To preserve the samples and retard any
biological activity, they were transported to the lab immediately after collection in a cool
box at 4°C ± 1°C. This procedure follows the advice given in (APHA, 2005). The samples
were kept in sealed containers to preserve the original moisture and avoid reactions with air.
Once in the laboratory, the samples were tested within 1 day of their collection.

3.2.3 Sample Preparation

The samples collected were passed through a 2 mm mesh to remove coarse particles. The
amounts of these coarse particles totalled 1 or 2 particles per 500 mL of slurry, which is
considered to be negligible in this study. The low amount of coarse particles may be due to
the presence of the cutter in the pump. Upon collection, the total suspended solids (TSS) in
the sample was 2.6 % TSS (wt./wt.). This was then concentrated to 8.4 % TSS (wt./wt.),
using gravity settling. To obtain samples of di↵erent concentrations the supernatant was
used to dilute the concentrate. The di↵erent concentrations obtained were: 2.6, 3.2, 3.9, 5.1,
5.4, 6.1, 7.3 and 8.4 % TSS (wt./.wt.)

The particle size distribution (PSD) of the sample is obtained using a laser di↵raction
particle size analyser to assess the requirement of the gap size for the rheometer. The PSD,
presented in Figure 3.2, shows that the particles present in the sample vary in size from 1 µm
to about 2000 µm. The average D90 (representative particle size) of the sample is obtained
using the cumulative size distribution, shown in Figure 3.2b, and is found to be 1108 µm.
Therefore, to satisfy the continuum condition specified in Van Wazer (1963), the gap size in
the rheometer must be a minimum of 11 mm.

3.2.4 Wide Gap Rheometer

The rheology measurements were performed with a MCR302 instrument from Anton Paar
(Graz, Austria). Among the available bob and cup geometries, a bob (grooved) of diameter
45 mm and length 67.5 mm with a cup of diameter 74 mm is chosen. This gives a gap of the
annulus to be 14.5 mm, which is more the minimum specified required (specified in Section
3.2.3). During the measurements, a lid was used to cover the sample to avoid evaporation.
For assuring the no-slip boundary condition mentioned in Section 3.1.1, the bob used is
grooved laterally and a thin steel cage is attached to the cup. To ensure that all samples
had the same initial condition, the sample is pre-sheared for 2 min at 500 RPM prior to each
investigation and then let to rest for 1 min. This procedure confirmed the repeatability of
the tests. The torque was measured at various RPMs (Rotation per minute) using a RPM
ramp procedure. A wide RPM range of 0 to 400 was chosen so that the fluid is partially
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Figure 3.2: (a) Particle size distribution of 5 di↵erent samples from the col-
lected concentrated domestic slurries (CDS). (b) Cumulative particle size dis-
tribution of the 5 samples.

and fully sheared. The steady-state torque on the bob is recorded for every set RPM on
the bob. With respect to settling during the measurements, at the macro level there was
no supernatant observed which indicates no settling. To obtain the measurements for a
particular concentration, 5 replicate tests were performed with di↵erent samples.

3.2.5 Model Parameter Estimation

In this study, a genetic algorithm is used to estimate the parameters of the model represent-
ing their respective data (Thota Radhakrishnan et al., 2018a). This algorithm was chosen
as it is a general algorithm, that is not tuned to suit a specific model. The advantage of this
algorithm compared to the other usual gradient-based algorithms is that it has a low prob-
ability of being stuck in a local minimum and explores the parameter space well in general
and is also able to deal with discontinuities in the goal function. More information about the
implementation of the algorithm can be found in 2.1.5 and in articles from Chaudhuri et al.
(2006) & Rooki et al. (2012). To evaluate the goodness of fit of the model to the data, a root
mean square of the normalised residual (RMSNR, Equation 3.10) value is used. Denoting
that an RMSNR value close to 0 gives a very good fit.

RMSNR =

sP
N

i+1(
yi�ŷi

yi
)2

N
(3.10)

where yi is the data for fitting, ŷi is from the model and N is the size of the data
set. RMSNR gives the average proportionate deviation of the model from the data. The
particular use of RMSNR here is to facilitate the comparison of the fit to the di↵erent data
sets.
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3.3 Results and Discussion

3.3.1 Choosing �

Tomato ketchup, which has been commonly used by researchers as a test fluid, is also used
here to demonstrate the validity of the method. For this purpose, the rheology of tomato
ketchup from a narrow gap (the specifications of this set-up is detailed in (Thota Radhakr-
ishnan et al., 2018a)) is used to compare the results obtained from the wide gap geometry
using Tikhonov regularisation shown in Figure 3.3. It is to be noted that the shear-rate
vs. shear-stress curves obtained through a narrow gap approximation using a narrow gap
(Ro/Ri = 1.08) rheometer is considered to be an accurate enough representation of the
rheology of Tomato ketchup. As mentioned in Section 3.1.2, choosing a proper regularisa-
tion parameter is the bottle neck in the here used method. In this study, the regularisation
parameter is chosen such that the deviation of the rheogram obtained by the method is
less than 5 % of that obtained from the narrow gap rheometer; this is shown in Figure 3.3.
Thus, the obtained regularisation parameter is the one that is used throughout this paper
for obtaining the rheograms of CDS. A systematic bias can be observed from the residuals
between the rheograms obtained from that of the narrow gap and wide gap, as seen in Figure
3.3. For a perfect model these residues should show no autocorrelation or bias, but since the
narrow gap results are approximated these biases arise.
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Figure 3.3: (a) Rheograms of Tomato ketchup obtained using both the narrow
and wide gap geometry rheometers. (b) Residuals between the rheograms from
wide and narrow gap.

3.3.2 CDS Rheograms

Measurement data of shear-stress vs. angular velocity of the un-sieved slurry at various TSS
concentrations are obtained using the wide gap rheometer described in Section 3.2.4. As
can be seen from the measurement data in Figure 3.4, there is much noise present. This
presence of the noise in the data has been a determining factor in choosing the Tikhonov
regularisation method to obtain the rheograms. It can also be observed from Figure 3.4 that
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the initial points have a higher shear-stress as these points represent the partial shearing
mode at lower angular velocities.
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Figure 3.4: Shear-stress vs. angular velocity measurements for CDS using the
wide gap geometry.

The rheograms (Figure 3.5) for the un-sieved CDS are obtained through the Tikhonov
regularisation method, using the regularisation parameter determined in Section 3.3.1 and
Figure 3.5. From the iteration procedure mentioned in Section 3.1.2, the yield stress of the
fluid is obtained. Having measured on a wide RPM range to which also includes partially
sheared flow mode, we facilitated the determined determination that of the yield stress (Sec-
tion 3.1.2). as at least one measurement point in the partially sheared flow is required. A
Herschel-Bulkley rheological model, shown in Equation 3.11, is known to su�ciently repre-
sent the rheology of CDS (Thota Radhakrishnan et al., 2018a). This model will also be used
in this paper. As the yield stress is already known, the remaining parameters K and n of
the model are estimated using a genetic algorithm, shown in Section 3.2.5, with an RMSNR
value of 0.02 which denotes a 2% deviation of the model from the data.

⌧ = ⌧y +K�̇
n (3.11)

3.3.3 E↵ect of TSS Concentration: C

The influence of change in TSS concentration C on the rheology of the slurry is expressed
through the change in rheological parameters.

Yield Stress: ⌧y

The minimum shear stress that is required to overcome the flow resistance for the slurry
to start flowing is the yield stress. The yield stress of the slurry when plotted against the
concentration of TSS, as seen in Figure 3.6, shows an exponentially increasing behaviour.
Although the same has been reported by some researchers (Eshtiaghi et al., 2013b; Seyssiecq
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Figure 3.5: Rheograms of concentrated domestic slurries (CDS) obtained
through Tikhonov regularisationregularization (a) Rheograms of concentra-
tion 5.4, 6.1, 7.3 and 8.4 % TSS (wt./wt.) (b) Rheograms of concentration
2.6, 3.9, 3.2 and 5.1 % TSS (wt./wt.).

et al., 2003) for similar slurries, in general the models used represent the yield stress vary
largely. This is predominantly due to the fact that the model is built to only empirically
represent the data abandoning physical reasoning. The same is true for the other parameters
K and n as well. That being said, there is not much information about these parameters
to give them a physical dimension, as they are in themselves an empirical representation of
the rheological data. Here an attempt is made to give a semi-empirical representation to the
influence of TSS concentration to the rheological parameters ⌧y, K and n. This is so done
by setting boundaries for these parameters, for which an explanation follows. The increasing
behaviour of the yield stress with the increase in concentration can be characterised through
the particle interactions. Albeit these interactions are weak physical forces, the increase in
concentration increases the number of neighbouring particles. This causes the formation of
particle structure, where the yield stress is applied to break and overcome it. As mentioned
in previous works (Thota Radhakrishnan et al., 2018a), the yield stress is 0 at low concentra-
tions and only above a certain concentration does it acquire a physical plausible value. This
threshold concentration is known approximately to be around 3.0 % TSS (wt./wt.) (Thota
Radhakrishnan et al., 2018a). The model so chosen to represent the yield stress accounts for
all this information and is given in Equation 3.12 (with a RMSNR value of 0.25). This is
chosen so that the value of yield stress reduces to 0 at concentration 0 % TSS, as the slurry
reduces to just water and above 2.0 % TSS (wt./wt.) (a parameter found through model
fitting) the presence of yield stress is established.

⌧y =

(
0.71(C � 2.0)1.7 for C > 2.0

0 for C < 2.0
(3.12)

Consistency Index: K

The consistency index K that represents the inherent flow viscosity in the slurry also in-
creases exponentially, as seen in Figure 3.7, with increasing TSS concentration C and is
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Figure 3.6: Influence of change in concentration of % TSS to Yield stress ⌧y
of concentrated domestic slurries (CDS).

represented using the Equation 3.13. The latter di↵ers with Equation 3.12 used to represent
the yield stress as the boundary condition for Equation 3.13 is di↵erent. As the concentra-
tion approaches 0, the consistency index reduces to a low value close to that of water, but
will not become 0. This information is used to derive Equation 3.13 representing K with
a RMSNR of 0.32. This has been suggested by other researchers as well (Eshtiaghi et al.,
2013b; Seyssiecq et al., 2003) for similar slurries.

K = 0.07✏0.5C (3.13)

Behaviour Index: n

The behaviour index n, represents the extent of shear thinning nature of the slurry. From
Figure 3.8, that shows the influence of TSS concentration on behaviour index, it is seen
that n decreases from 1 at 0 % TSS to a lower value at higher concentrations and that
the change in the behaviour index is observed only after a threshold concentration (also
observed in the many models reviewed by Seyssiecq et al. (2003)). Above this threshold, the
behaviour index is observed to decrease with an inverse power law. To model this nature,
Equation 3.14 (RMSNR 0.11) is used to represent the behaviour index and this model has
been used by various other researchers (Eshtiaghi et al., 2013b; Seyssiecq et al., 2003) for
similar slurries. Using this model, shown in Equation 3.14, the threshold concentration is
found to be 2.6 % TSS (wt./wt.), estimated as a parameter in the model. As discussed
earlier, most flow characteristics of these slurries can be attributed to the fluid particle
structures. The concept of structural units (SUs) vis--vis fluid particle structures introduced
by (Quemada, 1998) expresses the view that the rheological model is essentially based on
the concept of e↵ective volumes of these SUs . As for the shear thinning behaviour, it is
particularly associated with the alignment of fluid particles in the direction of flow, after
breaking to its constituent particles from being a composite fluid structure. As the shear-
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Figure 3.7: Influence of change in concentration of % TSS to consistency index
K of concentrated domestic slurries (CDS).

rate increases, the amount of structures broken increases, and with the particles aligning
with the flow cause the shear thinning behaviour i.e., easiness to flow behaviour. Also, as
can be seen in Figure 3.8, the behaviour index tends to reach a plateau. Thereby, it can be
hypothesised that the decrease in the flow behaviour index with increase in concentration
although being significant in the beginning, will reach a plateau at very high concentration.
The plateau at high concentration can be associated with the low significance of the fluid
structures broken to that of particle-particle interaction. That is to say, although there might
be a significant portion of the fluid structures broken and aligned along the flow, the inherent
particle-particle interaction certainly outplays at higher concentration thereby lowering the
e↵ect of broken fluid structures.

n =

(
0.65� 0.09 ln(C � 2.57) for C > 2.6

1 for C < 2.6
(3.14)

3.3.4 Comparing Sieved and Un-Sieved Slurries

Chapter 2 characterises the rheology of sieved CDS. On comparing it with the un-sieved
slurry in this chapter (Figure 3.9), it can be seen that the apparent viscosity for the un-sieved
slurry is higher. This ratio of apparent viscosity between un-sieved and sieved slurry is high
at low concentrations and relatively lower at high concentrations when the shear thinning
non-Newtonian behaviour is stronger. These di↵erence can predominantly be attributed to
the di↵erence in the particle size distributions of the slurries.

3.3.5 Comparison with Other Wastewater Slurries

Slurries encountered in the di↵erent stages of wastewater treatment processes have been
known to behave as non-Newtonian slurries Seyssiecq et al. (2003). A select few of the
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Figure 3.8: Influence of change in concentration of % TSS to behaviour index
n of concentrated domestic slurries (CDS).
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Figure 3.9: Comparison of apparent viscosities of sieved (slurry 1, Chapter 2)
and un-sieved slurry.

available literature data is compared with CDS; Primary and secondary sludge from (Markis
et al., 2014), and anaerobic digested sludge from (Baudez et al., 2011). On comparing these
slurries with CDS (Figure 3.10) it can be seen that they have similar trends of behaving
as a shear thinning slurry, and with similar tendencies to the change in concentration. In
particular, on comparing the model equations of the consistency index K and yield stress
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⌧y with the ones proposed of Markis et al. (2014), it is seen that the model equations and
the values of the parameters are quite similar (although the values for the yield stress are
higher). This again elucidates that the slurries in comparison behave similarly (with respect
to its non-Newtonian behaviour).
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Figure 3.10: Comparison of the rheograms of concentrated domestic slur-
ries (CDS) (this study) and similar wastewater sludges: Anaerobic digested
(Baudez et al., 2011), primary and secondary sludge (Markis et al., 2014).

3.4 Conclusions

The rheology of CDS is fundamental in designing transport systems to carry them. A rotat-
ing rheometer is commonly used for this purpose. The geometry of the rotating rheometer to
be used is highly dependent on the size of the particles in the slurry. As the slurry has large
particles present in them, the choice of geometry is crucial. For this purpose, the rheology of
un-sieved concentrated domestic slurry is measured using a wide gap rheometer. To obtain
the shear-rates from a wide gap rotating rheometer it is essential to choose an appropriate
mathematical method, and for this purpose a Tikhonov regularisation method is used. This
particular method (Tikhonov regularisation) is chosen as it copes with the noisy data and
yield stress present in the fluid. This method is validated using a test fluid, tomato ketchup,
and the regularisation parameter (essential to the method) is obtained using the same fluid.
The obtained rheology of the un-sieved slurry presents a complete information on the flow
characteristics of concentrated domestic slurry. This complete information is crucial in pro-
viding design specification of slurry handling systems. A Herschel-Bulkley rheological model
is used to represent the rheology of the slurry. The influence of change in concentration
of TSS on the rheology is studied through its influence on the parameters of the rheolog-
ical model. The yield stress and consistency index of the Herschel-Bulkley model increase
exponentially and are represented through their respective exponential models. Similarly,
an attempt has been made to represent the behaviour index through an inverse power law
model. It is observed that the yield stress in the slurry is only physically meaningful above
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2 % TSS (wt./wt.) and the behaviour index above 2.6 % TSS (wt./wt.). These equations
provide practitioners with usable forms of information to design slurry handling systems.
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CHAPTER 4
Slurry Loop Experimental

Set-up

Understanding the flow characteristics of concentrated domestic slurries is essential in es-
tablishing design guidelines for its transport in pipelines. Domestic slurries originating from
sanitation systems that employ source separation and thereby making use of vacuum toi-
lets and kitchen food waste disposers are concentrated with a TSS content of 0.9 - 2.7 %
(wt./wt.). With the implications of sediment formation and shorter transport lengths (Thota
Radhakrishnan et al., 2018b) makes it di�cult for conventional gravity sewers to accommo-
date these slurries. Pipelines are used to transport these slurries from its collection to the
place of treatment. However, due to the knowledge gap in estimating the energy (pressure)
loss incurred in the transportation of these slurries, it is di�cult to establish the required
pipe and pump sizing for the transport system. This gap can be bridged by studying the
transport characteristics of CDS and developing a transport model to establish guidelines
required to estimate the pipe and pump sizing for the pipeline systems. The aim of the
second part of the thesis is to establish the design guideline.

At the core of estimating the pressure losses for the flow of CDS is its rheology, which
has already been established in Chapter 2 and Chapter 3. CDS is found to behave as a
non-Newtonian fluid. In particular it has a yield stress and has a shear-thinning behaviour.
To study the transport characteristics of CDS, a large quantity is required. It is already
know that CDS is hazardous and not stable with time owing to bacterial decomposition
(APHA, 2005). Considering the constraints related to working with CDS, a model slurry
in lieu of CDS is used in the following experiments. This model slurry ideally has similar
rheological characteristics with respect to its non-Newtonian behaviour. Therefore, it is
aimed to study the flow characteristics of non-Newtonian fluids in general, having similar
rheological characteristics as CDS.

Flow Characteristics

To bridge the knowledge gap of the flow characteristics, the experiment pipeline loop was
set-up with the following objectives:
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• Investigate the incurred transport pressure loss of non-Newtonian slurries.

• Examine the relation between pressure loss incurred on transportation of non-Newtonian
slurries to its rheological characterisation.

• Investigate laminar to turbulent flow transition of non-Newtonian slurries.

• Predict laminar to turbulent flow transition of non-Newtonian slurries.

Slurry tank
Slurry 
pump

Ultrasound
transducer

Electromagnetic 
flow meter

T-1
T-2 P-1 P-2

Test section: 50 m

Mixing
pump

By-pass loop

By-pass 
valve

Figure 4.1: Schematic representation of the experimental set-up. T-1, T-2:
Temperature sensor, P-1, P-2: Pressure sensor.

Outline

A detailed description of the experimental set-up is presented first. This set-up will serve
to provide the basis for the measurements performed and presented in Chapters 5 and 6.
Instead of non-Newtonian domestic slurry, a non-Newtonian clay slurry is used in these
measurements, the properties of which are presented in Section 4.1.2. The flow of slurries is
initially characterised through pressure losses in Section 4.2. Further characterisation of the
flow is done using ultrasound imaging presented in Section 4.3.

4.1 Experimental set-up

All the measurements reported in this study were performed in a 200 m long closed-loop
recirculation pipeline system with an inner diameter of 100 mm. The set-up is schematically
represented in Figure 4.1. The set-up consists of a horizontal, vertical and an inclined section
of 2 °. Only the horizontal section will be part of this study. A variable frequency centrifugal
wastewater (slurry) pump (NT 3153, Xylem) is used to maintain the flow of the slurry. The
desired flow rate is achieved by setting an appropriate outlet pressure or pump rotor rotation
frequency. A slurry tank (Figure 4.2) of approximately 4 m

3 capacity upstream of the pump
contains the slurry for the measurements. The slurry tank, with two outlets at the bottom
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and two inlets at the top, is capable of generating a vortex when a cross inflow-outflow to
the tank is selected. This vortex is instrumental in keeping the slurry continuously mixed
in order to obtain a constant composition of the slurry. To aid the mixing, a submersible
pump is fitted inside at the bottom of the tank opposite the outlets to further stimulate the
mixing process.

Outlet
1

Inlet
1

Inlet
2

Outlet
2

Figure 4.2: Slurry tank with two outlets at the bottom and two inlets at the
top

To ensure a completely developed velocity profile at the test sections, the entry and
exit lengths (Le) are to be considered. The minimum Le required to be satisfied is that
for the laminar flow, as it is known that the Le for a turbulent flow is shorter than that
for a laminar flow (Bewersdor↵ and Thiel, 1993; Bogue, 1959; Chen, 1973; Froishteter and
Vinogradov, 1980; Soto and Shah, 1976). The ratio of entry length to pipe diameter Le/D is
widely accepted to scale with Re/30 (Durst et al., 2005; Poole and Ridley, 2007). Therefore,
for the cases of laminar and transition flow regimes, with Re � 3000 the acceptable entry
length would be 100 (= Le/D) pipe diameters. The test section (Figure 4.1) made of PVC
is located 50 m downstream of the pump (with a Le/D of 500). The pressure drop across
the test section is measured using a pressure transducer placed at either ends of the test
section. To ensure completely developed flows, the test section has an entrance length of 20
m from the bends (Le/D: 200) and an exit length of 15 m from the bends (Le/D: 150).
This exceeds the required entrance and exit lengths as mentioned above.
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4.1.1 Measuring Instruments

The following measuring instruments were using in the set-up. The range and measurement
uncertainty of the instruments in presented in Table 4.1. All measuring instruments were
tested and calibrated by in-house reference measurements and standards.

Pressure

The pressure drop across the test section is measured using two submersible pressure trans-
ducers P-1 and P-2 (PDCR5031, GE) placed at either ends of the test section. These sensors
measure the absolute pressure. They contain a micro-machined silicon piezoelectric resis-
tive pressure sensor which provides a linearised output voltage proportional to the pressure
measured with an accuracy of 0.04 % over its full scale range of 0-6 bar.

Temperature

Temperature a↵ects the rheology of the slurry, therefore it is important to monitor the
changes in temperature. The temperature of the flowing slurry is measured before and after
the pump using a temperature sensor (STS-PT100, Ametek) with an accuracy of 0.04 %
(4.1).

Flow rate

The average volumetric flow rate is measured using an electromagnetic flow meter (Optiflux
2300C, Krohne) which is placed 10m upstream of the test section. The flow meter is especially
suitable for slurries and wastewater.

Table 4.1: List of instruments

Instrument Measuring range Uncertainty (based on 2�)

Electromagnetic flow meter 0 to 115 m3/h 0.2 % over full scale
Pressure sensor 0 to 6 bar 0.04 % over full scale
Temperature sensor 0 to 50 °C 0.04 % over full scale

4.1.2 Model Slurry

The slurry that is chosen for this study is based on Kaolin clay, of the type used for making
ceramics. As the flow characteristics are the focus of this study, only similarities pertaining
to the rheology are prioritised for the choice of the model slurry. This particular slurry
has a similar non-Newtonian property with respect to that of CDS. It behaves as a near
Newtonian fluid at low concentrations and as a shear-thinning fluid with a yield stress at
high concentrations (Table 4.2). The slurry is formed through the suspension of the clay
particles in water. In this study, 5 di↵erent concentrations of clay slurries are used and
these are labelled S1, S2, S3, S4 and S5 and their respective concentrations are given in
Table 4.2. The particle size distribution of the particulates suspended in water is examined
using Microtrac Bluewave di↵raction analyser (Malvern Instruments Ltd., UK) equipped
with Microtrac FLEX 11 Software and is given in Figure 4.3. The suspended particulates
were in the range of 5-55 micrometres and have a D85 of 38µm. For most of the work the
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shear dependence of the slurry is considered to dominate other fluid behaviour like visco-
elasticity and thixotrophy. The rheology of the slurry (Table 4.2) was obtained using a
rotational rheometer. An MCR302 instrument from Anton Paar equipped with a standard
cup and bob (cup diameter: 29.29 mm, bob diameter: 27 mm, bob length: 40.5 mm) was
used for this purpose. As the rheology is dependent on temperature, a Peltier temperature
control system was used to set and maintain the temperature with an accuracy of ±0.1°C.
The concentration and temperature of the di↵erent slurry samples used in the rheometer
for determining the rheological characteristics are the same as the one used in the loop
experiment. The slurry’s non-Newtonian behaviour is dependent on the concentration of
solids, as can be seen from Table 4.2 and Figure 4.3b. At low concentrations, the slurry is
typically a power law fluid and at high concentrations it behaves as a Herschel-Bulkley fluid:
it has a non-zero yield stress.

(a) (b)

Figure 4.3: Cumulative particle size distribution of suspended slurry particu-
lates in water with a D85 of 38µm.

Table 4.2: Slurry characteristics: Rheology

Slurry Concentration Yield Consistency Behaviour Density:
Stress: ⌧y Index: K Index: n ⇢

- % TSS (wt./wt.) Pa mPa.sn � kg/m3

S1 5.2 0 1.96 0.94 1029
S2 6.5 0 2.88 0.85 1039
S3 10.5 0 7.11 0.70 1067
S4 17.0 0.16 32.84 0.60 1113
S5 21.5 0.43 83.04 0.52 1146

4.1.3 Experimental Procedure

The system was initially filled with water and the pressure drop across the test section was
measured at various flow rates. For measurements at di↵erent concentration of slurry (S1 to
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S5, Table 4.2), a known amount of clay powder is added to the tank and mixed in-situ. The
initial mixing is done through a shorter section (Figure 4.1, by-pass loop) of the pipeline by
means of a by-pass valve for 3-4 hours and then through the entire flow loop for another 3-4
hours. During both the mixing and measurements, the small circulation pump and vortex
inside the tank ensures complete mixing of the suspension inside the tank. Slurry samples
from the tank are taken both during mixing and measurements to determine the slurry con-
centration and its rheology. During each measurement cycle, the temperature of the slurry
varied less than 0.5 °C and the concentration varied less than 0.75 % TSS (wt./wt.). The
recorded temperature of the slurry is also used to set the temperature of the slurry during
its rheological measurements.

For each concentration, the measurements of the flow pressure drop and velocity profile
was measured for di↵erent flow rates (bulk flow velocity of 0.4 m/s till 3.8 m/s ). The de-
sired flow rate was set by choosing the appropriate outlet pressure and pump rotor frequency.

To determine the occurrence of settling of the clay particles during the flow of slurry, the
Rouse number for a low flow rate is used. The Rouse number for the given clay particles in
the slurry was calculated to be around 0.18 at a flow velocity of 0.21 m/s, which was the
lowest achieved flow velocity for slurry S5 (Rouse, 1939). Under these conditions, the mode
of transport is said to be wash load, which is considered to be a fully suspended flow without
the formation of a sediment bed (Rouse, 1939; Einstein et al., 1940). Therefore, under the
given condition, no settling occurs during the measurements.

4.1.4 Data Acquisition and Processing

After allowing time for complete mixing (by checking slurry samples from the tank) as
mentioned in Section 4.1.3, the data acquisition is carried out. The data is acquired from
all the sensors and recorded simultaneously on a computer. The data from these sensors are
recorded at the rate of 1 kHz. Each test case measurement of a certain slurry concentration
and a flow rate were performed for around 20 minutes. This time frame provided enough
measurements with steady-state situation for each test case. A tool in Matlab was created to
visualise the data, and select steady-states in the data. The recorded pressure, temperature
and flow rate data was averaged over 600 seconds.

4.1.5 Uncertainty

The Fanning friction factor f is used to characterise the energy losses incurred during the
flow of the slurries. The energy loss is calculated based on the pressure drop (Equation 4.1)
along the test section.

f =
�P

L

D

2⇢V 2
; �P = (P1 � P2) (4.1)

The uncertainty in f is calculated using Gauss’s law of error propagation (Taylor, 1997):
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assuming that the parameters are independent, Equation 4.2 becomes:
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The uncertainty in the pressure P and average flow velocity V is a combination of the
uncertainty of the instrument and the uncertainty from the process itself. The uncertainty
of the instruments is given in Table 4.1. The uncertainty from the process is due to the
signal fluctuations arising from sensing and transmission. Assuming that the calculated
standard deviation is that of the entire population (i.e. no other independent samples), the
uncertainty in Pressure and Velocity is given by Equation 4.4.

�
2
measurement = �

2
instrument + �

2
process (4.4)

The uncertainty of the friction factor as a ratio of its standard deviation to itself is plotted
in Figure 4.4 against the velocity for a representative case of Slurry S5. The maximum
incurred error is 7 %, which will be taken into consideration in further analysis that follows.

Figure 4.4: Uncertainty in the friction factor

4.2 Transport pressure loss

The results from the pressure drop measurements are presented and discussed in this sec-
tion. Firstly, the results from the flow characterisation of water is presented, after which the
results from the slurry flow is presented.

The measurement data for water is plotted in Figure 4.5 using friction factor f and
Reynolds number. For Newtoniain fluids, the Reynolds number Re = DV ⇢

µ
. The measured

data correspond to the turbulent flow regime with Re > 30000. On plotting the Blasius
equation for turbulent flow, it coincides with the measurements of water. These data serve
to validate the experimental set-up.
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Figure 4.5: Friction factor vs. Reynolds number for the flow of water (mea-
surement)

Figure 4.6: Friction factor vs. flow velocity for the flow of water (measurement)

With respect to the flow of slurry, the average flow velocity is used instead of the Reynolds
number to access the initial results. The usage of the Reynolds number for non-Newtonian
slurries will be discussed in Chapter 5 and 6. The initial analysis of the results from the
slurry experiment are presented in Figure 4.6. This figure represents the plot of the friction
factor versus the average flow velocity. Assessing these results alongside that of water (with
only turbulent flow), it can be seen that there are two distinct regions in the plot, of laminar
and turbulent flow with a sharp change from one to the other. The friction factor of water
is lower than that of the slurries. Comparing the flows of di↵erent slurry concentrations, the
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friction factor in the turbulent flow regime is mostly similar whereas the friction factor in
the laminar region is highest for slurry S5 (21.5 % TSS (wt./wt.)) and decreases with the
decrease in concentration. A broader analysis of the pressure drop results is presented in
Chapter 6.

4.3 Ultrasound Imaging Velocimetry

Flow characterisations predominantly have been done using measurements that are external
to the flow of the slurries such as pressure and flow rate. Internal flow characterisations,
along with the external measurements give a complete understanding of the slurry flow. In
this study Ultrasound Imaging Velocimetry (UIV) is used for this purpose. This method is
particularly chosen as it is a non-intrusive diagnostic equipment and applicable to optically
inaccessible fluids (as are the slurries in this study).

Pipe wall

Flow

UIV
Image window

y

z

Transducer

(a) (b)

Figure 4.7: (a) Ultrasound imaging transducer aligned streamwise along the
pipe. (b) Schematic representation of the coordinate system on the test section
for UIV measurement.

4.3.1 UIV System

UIV (for details see Poelma (2017)) is used to obtain the velocimetry data for studying the
transition in slurry flow. The system consists of an ultrasound imaging module and Particle
Image Velocimetry (PIV) processing software. The imaging module is an Ultrasonix Sonix-
TOUCH research system (Analogic Ultrasound, Canada) with a linear transducer (L14-5/38
mm aperture). The transducer centred to operate at a frequency of 10MHz has a linear array
of 128 piezo-electric elements and is positioned at the centre of the pipe test section aligned
length wise on the outer upper wall (Figure 4.7a). Aquasonic 100 (Parker laboratories, Fair-
field, NJ, USA) gel is used to couple the transducer to the pipe wall. The radio frequency
signals reflected from the flowing slurry are sampled at the rate of 40 MHz and stored in
raw format for analysis. With the system set to run in research mode, this allows control
to set the specifications of the ultrasound image acquisition parameters. The raw imaging
data was acquired over 7-8 s at a frame rate of 400 frames per second. This high frame rate
was obtained by setting the system to operate only with 64 elements (half of the available
elements) of the transducer and limiting the image depth to 2.5cm from the upper outer wall
of the pipe. The maximum flow velocity of the experiments is limited by the upper limit of
the maximum detectable particle displacement for the UIV method. Note: This 2-D time
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series velocity profile extends only 2.5 cm in depth (being 50 % of the pipe’s radius) into the
pipe from the outer upper pipe wall.

For convenience, two coordinate systems are used. The coordinate system (z, y) used in
representation of the flow field is shown in Figure 4.7b. In the (z, y), the streamwise flow
velocity component is z and the radial distance from the wall perpendicular to the axis of
the pipe is y. This coordinate system will be used to represent only the flow fields. For the
analysis of these flow fields, the coordinate system (z, r) will be used, where r is the radial
distance from the axis of the pipe perpendicular to the axis.

0 2 4 6 8 10 12 14 16 18
Streamwise direction (m) 10-3

0

5

10

15

y 
(m

)

x 10-3

x

Wall

Slurry flow 
region

Figure 4.8: Derived flow field projected on an ultrasound image. The velocity
vectors in the wall region due to non-stationary echoes, which are discarded
and the vectors in the slurry flow region are used for analysis.

4.3.2 PIV Method

Custom PIV software (details can be found in Poelma et al. (2012)) was used to obtain the
velocimetry data from the ultrasound images. Utrasound images contain speckles that are
quite apparent. These speckles are a result of interference from many suspended clay particles
in the slurry. Despite this, the estimation of the local displacements of the scatterers are
possible if the displacement is small. Therefore, by tracking these particles the quantification
of the slurry flow is done. The custom PIV software mentioned above uses cross-correlation
between image pairs to determine the local displacement. The algorithm selects a sub-region
of the ultrasound image. In this region an interrogation window is extracted from both the
image pairs that are a best match between both image pairs. The best match is determined
using cross-correlation, and the highest peak in this cross-correlation is chosen as the best
pair. The pixel displacement between these interrogation windows in the image pair and the
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Figure 4.9: Velocity profiles for the di↵erent flows of slurries and average flow
velocity.

time step between them is used to quantify the motion. Applying this over the entire image
and all consecutive image pairs over the recorded data gives a time-series of 2-D velocity
profile at the centre-plane of the pipe. Outliers in the velocity field were detected using a
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median test. These outliers were replaced using an interpolation of the neighbouring vectors.

4.3.3 Velocimetry

Ultrasound images were obtained at 400 Hz over an interval of 7 seconds approximately.
Applying the PIV cross-correlation method mentioned in Section 4.3.2 to the time-series
sequence of the images, a 2D velocity vector field is obtained for each slurry in Table 4.2)
at di↵erent flow velocities. Figure 4.8 shows a typical flow field obtained using the above
mentioned method. The figure shows a unidirectional flow with both the presence of a wall
and the slurry flow regions. The location of the wall in the velocity field is detected by
superimposing the derived velocity profile on to the ultrasound image. Applying the no-slip
boundary condition, at the point where velocity profile approaches zero, the wall location is
identified. The velocity vectors in the wall region due to non-stationary echoes which are
common for PVC pipes are discarded.

Using the flow field, a velocity profile across the cross section of the pipe is obtained
for the di↵erent cases of various slurry concentration and average flow velocity V . These
velocity profiles are shown in Figure 4.9. Due to the limitation of the acquisition frame rate,
the maximum flow velocity for which the velocity profiles were acquired is 0.64 m/s. With a
minimum flow velocity of 0.21 m/s and a maximum of 0.64 m/s, the range of di↵erent flow
regimes for the di↵erent slurries is determined. A close look at the di↵erent profile structures
of the obtained velocity profiles in Figure 4.9 gives this indication of di↵erent flow regimes.
A detailed study of these regimes, their observation and identification will be discussed in
Chapter 5.

4.4 Outlook: Chapter 5 & 6

To study the flow characterisation of non-Newtonian slurries a pipeline loop was built. This
pipeline loop was equipped with pressure sensors and temperature sensors to accurately
measure the pressure drop across the test section along with the temperature of the slurry
flowing. These measurements were carried out for various concentrations of slurries and flow
velocities. Using the results from the flow of water, the experimental set-up was validated.
The friction factor was plotted vs. the flow velocity for the slurries. Further analysis of these
pressure drop data are presented in Chapter 6 along with a model that represents them.

Along with the flow characterisation of slurry flows using pressure losses, a non invasive
method of characterising the flows using its flow fields is presented. This method used
ultrasound imaging techniques to capture time-series images and employs PIV techniques
to obtain a flow field. Further, the flow field was used to obtain velocity profiles through
which the slurry flows were characterised. These flow fields were then used to analyse the
transition from laminar to turbulent flow, which is presented in Chapter 5.
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Chapter 5 is based on:

Thota Radhakrishnan, A.K., Poelma, C., van Lier, J.B., Clemens, F.H.L.R. (2019). Laminar-
turbulent transition of a non-Newtonian fluid flow. Journal of Hydraulic research, sub-
mitted.
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CHAPTER 5
Laminar-Turbulence

Transition

Flows of non-Newtonian fluids or slurries are commonly found in a variety of process systems.
The flow of slurries in wastewater treatment plants is a commonly encountered example.
Characterising their flow regime is an important factor in the overall hydraulic design and
the operation of the equipment handling them. Predicting the flow regime as laminar,
transitional or turbulent has been a major part of the study on non-Newtonian flows in the
recent decades. As the gap between theoretical understanding and experimental findings of
Newtonian fluids closes, non-Newtonian fluids are starting to become a new realm of fluids
waiting to be explored, with transition in their flow forming a fundamental importance.

5.1 Transition

Studying the transition of flow from laminar to turbulent has two aspects to it; 1) identifying
the conditions under which transitions occurs and 2) the possibility of predicting these
transitions. Both are discussed in the following sections.

5.1.1 Characterising transition

Transition from laminar to turbulent flow is known to occur through intermittent flow struc-
tures which evolve from disturbances in the flow. A number of classic experimental works
(Darbyshire and Mullin, 1995; Draad et al., 1998; Güzel et al., 2009a; Lindgren, 1969; Nishi
et al., 2008; Wygnanski et al., 1975; Wygnanski and Champagne, 1973) have focussed on
studying the transitional regime and have shown that two distinct flow structures exist: pu↵s
and slugs. The occurrence of these structures depends on the Reynolds number (Re = DV ⇢

µ
);

pu↵s occur at relatively low Reynolds numbers and slugs at a higher Reynolds numbers. As
for Newtonian fluids, through the experimental studies performed in circular pipes that have
already been mentioned, it is seen that pu↵s are found when Re / 2700 and slugs are found
when Re ' 3000.
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Figure 5.1: Velocity trace (adopted from Nishi et al. (2008)) at the centre of
the pipe showing the presence of pu↵ (left) and slug (right).

To characterise pu↵s and slugs, changes in the local velocity are often used. Pu↵s are
identified as having a saw-toothed velocity trace (gradually decreasing, followed by a more
sudden jump back to the undisturbed velocity), see e.g. Nishi et al. (2008); Wygnanski
and Champagne (1973). These pu↵s represent isolated patches of turbulent flow and are
dissipated downstream along the flow (Figure 5.1, left). On the other hand, the velocity
trace of the slugs is identified as having a square shape (Figure 5.1, right), with properties
similar to that of fully developed turbulence within them (Nishi et al., 2008). Its leading
edge is found to travel faster than the average flow velocity and its trailing edge, thereby
increasing in length as it travels downstream.

5.1.2 Predicting transition

For Newtonian fluids, transition can be predicted in practical applications based on the well-
established critical Reynolds number (2100-2300 for pipe flows). There is a wide range of
theories and models available to predict this onset of transition (Avila et al., 2011; Eckhardt
et al., 2007), and such a range is due to the di�culty that transition as a phenomenon
is not very well defined and occurs over a range of Reynolds numbers (Darbyshire and
Mullin, 1995; Draad et al., 1998). For non-Newtonian fluids, a complicating factor is the
representation of the fluid behaviour in simple rheological models. The models are only
a simplified representation of a small set of measured quantities, i.e. measuring only the
shear stress vs. shear rate while ignoring other information - such as the type of fluid and
the particles involved (in the case of a slurry). As a consequence, the Reynolds number
is no longer defined in a trivial manner, as there is no longer a single value that represent
the viscosity. Nevertheless, there is a need for models that predict/describe the transition
in non-Newtonian fluids/slurries. The ones mostly commonly referred to in literature are
described below. These models can be categorised as either Reynolds number based or
Stability parameter-based models.

Reynolds number based

Hedstrom (1952) proposed the intersection method wherein the transition is defined as to
occur at the Reynolds number associated with the intersection of the (extrapolated) laminar
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and turbulent friction factor curves. Although simple, the result is highly dependent on
the choice and accuracy of the turbulent model (friction factor curves, e.g. Blasius friction
curve) and is regarded as an ambiguous criterion.

Metzner and Reed (1955) analysed data from a series of pipe flow experiments of di↵er-
ent non-Newtonian fluids and pointed out that the flow curves deviated from the laminar
flow curve at approximately the same ratio of viscous to inertial forces. Considering the
Fanning friction factor as a stability parameter, they proposed that transition would take
place at f ⇡ 0.0076. To calculate the friction factor, the Metzner-Reed Reynolds number
ReMR (Equation 5.1) is used, and at transition it corresponds to a value of ⇡ 2100. The
parameters in Equation 5.1 are derived as n representing the slope of a logarithmic plot of
D�P

4L versus
8V
D

, which is found to be nearly constant for most non-Newtonian fluids over
a wide range of shear stresses. K

0 is the coe�cient from the integration of the expression
representing the wall shear rate as a function of the pressure drop and the volumetric flow
rate, which finally leads to D�P

4L = K
0( 8V

D
)n

0
. The ReMR is based on power-law fluids; for

Herschel-Bulkley fluids the parameters in ReMR are dependent on the yield stress, which
imposes complications.
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◆
n

(5.1)

Slatter (1995) proposed a Reynolds number (Equation 5.2) accounting for a solid plug
at the centre of the pipe flow due to the presence of yield stress in the fluid. The unsheared
plug at the centre is treated as a solid plug and its flow is subtracted from the mean fluid
flow to determine the e↵ective flow velocity of the annular, sheared region (Equation 5.3).

ReS =
8⇢V 2

ann

⌧y +K(8Vann/Dshear)n
(5.2)

Vann =
Qann

Aann

=
Q�Qplug

⇡(R2 �R
2
plug

)
(5.3)

To obtain the e↵ective flow velocity in the annulus, the volumetric flow rate in the plug
is obtained using Equation 5.4, where the radius of the plug is determined using Equation
5.5.

Qplug = Aplug

D

2K(1/n)⌧w

n

n+ 1
[(⌧w � ⌧y)

(n+1)/n] (5.4)

Rplug =
⌧y

⌧w
R (5.5)

Among the Reynolds number-based models, the ones by Slatter and Metzner-Reed model
will be considered for this study. The Hedstrom method is not considered, since an assump-
tion must be made on the turbulence flow model which is not in the scope of the study.
Nevertheless, the Hedstrom method will be used as a verification step, to validate the iden-
tified transition through the measured pressure drop.

Stability parameter based

Ryan and Johnson (1959) approached transition through a local stability parameter on the
balance of stabilizing and destabilizing forces. The stability parameter is based on the energy-
dissipation of disturbances, where the energy exchanges are represented as shear stresses.
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This stability parameter represented as ZRJ is a function of the ratio of input energy to
energy dissipation for a fluid element as shown in Equation 5.6. Transition occurs at the
boundary between stable laminar and stable turbulent pipe flow where the parameter reaches
a critical point represented as @ZRJ

@y
= 0 and ZRJ takes the value 808, which is set to be the

predictive criterion. This value is derived through the transition of Newtonian fluids and
assumed to be true for all fluid types.

Ryan and Johnson (1959) approached transition through a local stability parameter on
the balance of stabilizing and destabilizing forces. The stability parameter is based on the
energy-dissipation of disturbances, where the energy exchanges are represented as shear
stresses. This stability parameter, represented as ZRJ , is a function of the ratio of input
energy to energy dissipation for a fluid element as shown in Equation 5.6. Transition occurs
at the boundary between stable laminar and stable turbulent pipe flow where the parameter
reaches a critical point represented as @ZRJ

@y
= 0 and ZRJ takes the value 808, which is set to

be the predictive criterion. This value is derived through the transition of Newtonian fluids
and assumed to be valid for all fluid types.

ZRJ =
r⇢vz

⌧w

@vz

@y
, at

@ZRJ

@y
= 0 (5.6)

Hanks and co-workers (Hanks, 1969, 1963; Hanks and Dadia, 1971; Hanks and Ricks,
1974) derived a similar criterion as Ryan and Johnson (1959), through the perspective of an-
gular momentum transfer. The proposed stability criterion is seen to represent the coupling
ratio between the rate of change of angular momentum of a deforming fluid element and its
rate of momentum loss by frictional drag. At transition, the fluid element is seen to become
unstable to rotational disturbance and thus giving rise to turbulent eddies through the non-
linearity of the momentum transfer process. The critical value of the stability parameter was
determined to be 404, exactly half of that derived by Ryan and Johnson (1959). Equation
5.7 represents the derived stability criterion, where w = r⇥v is the vorticity vector from the
velocity vector v and r.⌧ is the divergence of the deviatoric stress tensor. For a rectilinear
pipe flow, Equation 5.7 reduces to Equation 5.8. This is derived using the Fanning friction
factor to represent the average flow velocity in terms of the rheological model. In practise,
Equation 5.8 is used setting ZH = 404, to derive the transition critical flow velocity.

ZH = |⇢v ⇥ w|/|r.⌧ | (5.7)

ZH =
Re

16

✓
v

V

◆✓
� d(v/V )

d(r/rw)

◆
(5.8)

Mishra and Tripathi (1971) pointed out that transition occurs through a step-wise pro-
cess. The consecutive steps are described as follows: two-dimensional waves, three dimen-
sional waves, a turbulent spot and propagation of the turbulent spot to the entire field.
The formation of the turbulent spot coincides with the point where the rate of change of
the mean velocity is at its maximum. With this, they accordingly proposed that the aver-
age kinetic energy per unit volume in the fluid and the shear stress at the wall to be the
important factors governing the transition. Through this they derived a stability parame-
ter as the ratio of the kinetic energy per unit volume of the fluid and the wall shear stress
and also postulate that it should remain the same for all purely viscous non-Newtonian fluids.

Among the stability parameter-based models the one of Hanks and co-workers will be
considered for this study. This is due to reason that all the models are very similar at the
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implementation and that only the theory behind the model development is di↵erent. Also,
the Hanks model is very well documented for the use of Herschel-Bulkley fluids (being the
main rheological model considered in this study) while the other two are not well documented
and pose di�culties in its implementation for Herschel-Bulkley fluids.

It is not claimed that the previous discussion encompasses a complete list of the pre-
dictive methods that have been proposed. Some that have not been mentioned are either
modifications or extensions of the ones discussed. Readers interested in these are referred to
literature (e.g. Güzel et al. (2009a)).

Studying and examining laminar turbulent transition in the flow of fluids including non-
Newtonian fluids have been made possible through many experimental techniques. These
techniques include Hot wire anemometry (Nishi et al., 2008; Wygnanski and Champagne,
1973), Laser Doppler Anemometry/Velocimetry (Draad et al., 1998; Escudier and Presti,
1996; Güzel et al., 2009a; Peixinho et al., 2005), stereoscopic-PIV (Van Doorne and West-
erweel, 2007) and more recently Ultrasound Imaging Velocimetry (UIV) (Hogendoorn and
Poelma, 2018). The choice of the experimental technique in most cases certainly depends
on the test fluid properties and the capability to be intrusive or not. In the case of hot-wire
anemometry and laser doppler anemometry, the information of the flow obtained is a time
series of a particular point in the flow. Whereas, the UIV technique gives information about
the flow field within a time range. This technique is both non-invasive and applicable to
optically inaccessible fluids. The work of (Hogendoorn and Poelma, 2018) states the appli-
cability of using UIV as a technique to acquire flow fields of fluids with particles and observe
transition in them. Given the applicability of the UIV technique, this will be used in this
study.

This study aims to investigate laminar-turbulent transition and verify models that predict
this transition in non-Newtonian fluids. A flow loop is built to achieve fully-developed steady
state flows of non-Newtonian fluid in a circular pipe, the set-up is detailed in section 4. Using
this set-up, the pressure drop along the pipe is measured at various flow rates for di↵erent
concentrations of a non-Newtonian slurry. Along with this the instantaneous velocity field is
quantified to investigate laminar-turbulent transition using Ultrasound Imaging Velocimetry
(UIV) (Section 4.3). It must be noted that the data set obtained is both unique considering
such a large flow loop and novel when taking into account the UIV method applied. The
velocimetry data will be used to identify and investigate the formation of intermittent fluid
structures present during transition and identify transition. Considering the availability of
many predictive model candidates (Section 5.1.2), the aim of this paper, is to verify the
available predicting methods for transition in non-Newtonian fluids.

5.2 Observing transition

The resulting vector fields obtained from the PIV (Section 4.3.3) processing were used to
identify the occurrence of flow regime transition. Transition is visualised by plotting a single
array of the velocity vectors along the radial direction as a function of time, which illustrate
an evolution of the transition characteristics i.e. slugs and pu↵s. A median filter is applied
on the velocimetry data to replace the outliers present in the data. As the large-scale struc-
tures dominate, the median filter will not hinder the analysis. As a representative case, the
di↵erent cases of slurry 4 is illustrated in Figures 5.2 & 5.3 and these representative cases
will form the core of the discussion that follows. Other data sets for the same conditions, as
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well as the other cases, showed similar behaviour and we focus here on these exemplary data
sets. The data for the other cases is available in the appendix (Appendix Figures B.1 to
B.10). In Figure 5.2, the radial component of the velocity vector is plotted and in Figure 5.3,
the axial component (streamwise direction) of the velocity vector is plotted. Using Taylor’s
hypothesis, the time-series can be interpreted as a spatial sequence (although it is stressed
that the image does not represent a true instantaneous snapshot) of the evolution of the
structures.

LSa = 2.1 D

LSb = 3.2 D

LSc = 4.2 D

LSd = 5.3 D

LSe = 6.4 D

Figure 5.2: Observing transition through the ultrasound velocimetry data.
Plot of the radial component of the velocity vector against time as an estimate
for the cross-sectional plane for slurry 4. The length scale (LS) with respect
to time is given as a factor of diameter (LS = t.V

D
).
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Figure 5.3: Observing transition through the ultrasound velocimetry data.
Plot of the axial component of the velocity vector against time as an estimate
for the cross-sectional plane for slurry 4.

An initial observation from the Figures 5.2 & 5.3, is the presence of intermittent struc-
tures (Figure 5.2 c, d and Figure 5.3 c, d). For further analysis of the intermittent structures,
the mean of the velocity components along the radial direction is plotted against time (Fig-
ure 5.4). The centre line velocity trace is generally used in characterising these intermittent
structures, but due to the limitation of the depth of the flow field in study, the mean of the
velocity components that encompasses all the radial positions is used. The plot of the mean
also provides an appropriate indication of the intermittent structures, as they are deviations
that are seen from the mean flow (Figure 5.4). Analysing the mean plot (Figure 5.4), it



100 CHAPTER 5. LAMINAR-TURBULENCE TRANSITION

can be seen that the intermittent structures are similar to the ones observed in previous
studies (Güzel et al., 2009a; Nishi et al., 2008; Wygnanski and Champagne, 1973). These
intermittent structures are caused by localised perturbations. They induce turbulence at
localised sections of the pipe as pu↵s and slugs. The length of these structures are found
to be about 5 diameters for pu↵s and 10 diameters for slugs. This size is particularly low
compared to lengths of 30 diameters reported in earlier studies (Eckhardt et al., 2007; Wyg-
nanski and Champagne, 1973). Figures 5.4c and 5.4h show the presence of structures that
appear gradual and dissipate. These structures are characterised as pu↵s. Figures 5.4d and
5.4i show the presence of slugs which appear as a sharp deviation from the mean flow and
persist for a short period of time and then sharply deteriorates. It is also noted that within
the structure of slugs characteristics similar to turbulence can be seen. These intermittent
structures could also be observed in the plots of Figures 5.2 and 5.3.

Through the occurrence of the intermittent structures, it is identified that transition
does not occur at a single stage, as it rather occurs over a range of velocities with di↵er-
ent characteristics. The state-of-the-art characterisation of transition is through pu↵s and
slugs as already mentioned in section 5.1.1. In this study, a di↵erent approach is applied
to characterise these transitions. Di↵erent stages of transition are identified, based on a
combination of the occurrence of pu↵s and slugs. Figure 5.2, 5.3 (combined with the in-
formation from the figures in the Appendix) show these stages through the time evolution
plots of the velocity component, as not all the measured cases undergo all the transition
stages, only a few representative cases are considered. One of the stages can be identified
with the occurrence of pu↵s (Figure 5.2c and 5.3c), where the flow is mostly laminar with
the occurrence of occasional pu↵s and fluctuations. Another stage can be identified with
the occurrence of slugs (Figure 5.2d and 5.3d) which can also be viewed as turbulent flow
with some less intense regions. Using these characteristics of transition as a criterium for
identifying transition, the cases that undergo transition are shown in Table 5.1.

Table 5.1: Identified flow regimes through the plotting of ultrasound velocime-
try data and predictability of the transition models, S: Slatter, MR: Metzner-
Reed and H: Hanks where the shading in green shows positive and red shows
negative predictability.

V S 1 S 2 S 3 S 4 S 5

0.64
Turbulent Turbulent Turbulent Turbulent Transition

S MR H S MR H S MR H S MR H S MR H

0.53
Turbulent Turbulent Turbulent Transition Laminar

S MR H S MR H S MR H S MR H S MR H

0.42
Turbulent Turbulent Transition Transition Laminar

S MR H S MR H S MR H S MR H S MR H

0.32
Turbulent Turbulent Transition Laminar Laminar

S MR H S MR H S MR H S MR H S MR H

0.21
Transition Transition Laminar Laminar Laminar
S MR H S MR H S MR H S MR H S MR H
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Radial component Axial component

Puff

Puff

SlugSlug

Figure 5.4: Plot of the mean of the velocity component along the radial di-
rection against time. The radial component is used in figures a, b, c, d, e and
the axial component in f, g, h, i, j.

5.3 Analysing transition

After the qualitative observation of transition through the visualisation of the transition
structures, it is useful to analyse transition through statistical means and physical quantities
to di↵erentiate it with laminar and turbulent regimes. By such an approach, the identified
cases of transition can be verified through other metrics. For this, (1) the intersection of the
laminar and turbulent friction factor curves from the measure pressure drop is used mark
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the transition, and (2) the changes in turbulence intensity with respect to the increase in
mean flow rate can also indicate transition.

(a) (b)

Figure 5.5: (a) Friction factor vs. Reynolds number curve for the flow of
slurry S5. (b) Friction factor and Reynolds number for the turbulent data set
for slurry S5.

5.3.1 Friction factor curves

Transition can be identified/verified from the plotting the friction factor versus Reynolds
number curves. Transition is assumed to occur at the intersection of the laminar and turbu-
lent friction factor curves (Hedstrom, 1952). The Slatter-Reynolds number is used here, as it
considers both the shear thinning behaviour of the fluid and the presence of yield stress. As
a representative case, the friction factor curve for the case of slurry S5 (Fig. 5.5a) is plotted
as it is the only case that contains enough measurements in the laminar flow regime. From
the figure, it can be seen that there is a sharp change in the data. Considering the lower
Re set of points before the sharp change to be laminar flow, and the higher Re points as
turbulent flow, the intersection of the extrapolated laminar and turbulent curves indicates
the point of transition. Before further analysis, it is instructive to examine the friction factor
curve. On plotting f = 16/Re, the laminar Fanning friction factor curve, it can be seen that
the slurry measurements considered to be laminar fall on or close to the Fanning curve. But
a striking result is obtained on plotting the Blasius turbulent curve. The Blasius curve is
above the slurry measurements considered to be turbulent. This may be attributed to the
use of the Slatter-Reynolds number, as it is a particular representation of the viscous forces
through rheology. To rule out any suspicion over measurement errors, the measured friction
factor for the flow of water in the same setup is plotted in the same figure. The friction
factor for water falls right on the Blasius curve. A plausible explanation for this would be
that, although the Slatter-Reynolds number is used for water, it ultimately reduces to the
standard Reynolds number as ⌧y = 0 and n = 1 for water. These results could certainly
rule out measurement errors. Further, on plotting the friction factor versus Metzner-Reed
Reynolds number (Figure 5.5b) considering only the turbulent data set of slurry S5, the data
are shifted with respect to the data using the Slatter Reynolds number. This is to underline
that the formulation of the Reynolds number for non-Newtonian fluids plays a huge role in
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discrepancies that arise.

The observed point of transition for this slurry (S5, Table 5.1) is at 0.64m/s (for this pipe
diameter). There is no UIV data for slurry flow above this velocity due to the limitations
of the equipment mentioned earlier (Section 4.3). On comparing the point of transition
identified from the intersection of the friction factor curves with the one already observed
for this slurry, it can be seen that the transition predicted at 0.64 m/s is close to the point
of transition from the friction factor curves and lies on the extrapolated laminar curve.

5.3.2 Turbulence intensity

This occurrence of transition was further studied through the turbulence intensity, I(v0/V ).
As a representative case, Figure 5.6 shows the turbulence intensity versus mean flow velocity
for slurry S4 using the velocity trace at 20mm from the pipe wall. The turbulence intensity for
the velocity component in the flow direction vz when plotted against the mean axial velocity
(Figure 5.6) shows peaks at the same velocities where transitions were identified through
the visualisation of the flow field (Table 5.1). The sharp changes in peaks in turbulence
intensities as a criteria for transition has also been used by Güzel et al. (2009a). On plotting
the turbulence intensity for the vr velocity component (Figure 5.6), a steady increase in the
turbulence intensity is seen on the onset of transition. Table 5.1 shows the measured cases of
transition, which correspond to the data points where there is a sharp increase in turbulence
velocity. These sharp changes in turbulence intensity that occur at the onset of transition is
due to the definition of the turbulence intensity itself: it considers both the laminar parts
of the velocity trace (low to no fluctuations) and the pu↵s & slugs (high fluctuations) in the
calculation of v0. As the standard deviation between the laminar part and the part with the
intermittent structures of the velocity trace has a large di↵erence, the v

0 at transition has
a high value. This in general tends to give a sharp change in the turbulence intensity at
transition. Therefore, this can be considered as an intrinsic property of the velocity trace at
transition.

Figure 5.6: Plot of turbulence intensity using the velocity trace at 20mm from
the pipe wall for slurry S4 using both the radial and axial velocity component.
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Therefore, it is concluded that the cases of transition that were identified using the
visualisation of the flow field from the UIV measurements correspond to the cases identified
by other means (friction factor curve intersection, autocorrelation, turbulence intensity),
which can be considered to be its verification.

5.4 Predicting transition

Cases of transition presented in Table 5.1 for the flow of slurry are the ones that were iden-
tified using the velocimetry plots and verified using other physical quantities mentioned in
Section 5.3. From section 5.1.2, three di↵erent transition models are selected: the Slatter
Reynolds number, Metzner-Reed Reynolds number and Hanks stability criterion. To apply
the selected transition predicting models mentioned in Section 5.1.2, the transition veloc-
ity Vtrans is used (Table 5.2). The transition velocity is used as opposed to only Reynolds
number, as the models used are varied and the transition velocity is common to all three of
them. The rheology of the respective slurries (Table 4.2) is used to calculate these transition
velocities. While the models predict only one transition velocity per slurry, the experimental
measurements give us a range at which transition occurs as portrayed in Table 5.1.

Table 5.2: Transition velocity Vtrans estimated by the di↵erent candidate mod-
els for the slurries.

Predicted Vtrans (m/s)
Slurry Slatter Metzner-Reed Hanks

S1 0.04 0.04 0.04
S2 0.05 0.05 0.05
S3 0.09 0.08 0.10
S4 0.39 0.22 0.34
S5 0.64 0.36 0.53

Using the transition velocities (Table 5.2), the flow regimes of each case and its pre-
dictability of the transition models is shown in Table 5.1. Among the models studied here,
the Reynolds number-based model by Slatter performs best in predicting the transition and
flow regimes for fluids with yield stress and lower behaviour index (S4 and S5) as well as
predicting the flow regimes slurries that are only shear-thinning (S1, S2, S3). The second
best is the stability parameter-based model of Hanks. The Metzner-Reed model performs
the least. On the other hand, for slurries that are only shear thinning (zero yield stress,
slurries S1, S2, S3) all the models seem to fail in predicting the transition. The transition
velocity predicted for these slurries is less than the ones measured, therefore predicting a
transition earlier than observed in reality. For slurries with a yield stress, the reason for
the Slatter and Hanks model to perform better could be found in the fact that it uses the
Yield stress, while it is not incorporated in the Metzner-Reed model. For slurries that are
only shear-thinning it is interesting to note that all the models predict more or less the same
transition velocity. This could be attributed to the reduction of the Reynolds number-based
models for weakly shear-thinning fluids to the standard Reynolds number and predict the
same transition velocity. As for the Hanks models, this could also be true as it uses the
transition criteria used is similar to the Reynolds number-based models.
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Therefore, it is concluded that the Slatter Reynolds number-based model for fluids with
a low behaviour index and yield stress can predict transition correctly. The Slatter Reynolds
number model has the advantage that it can easily be implemented compared to the stability
parameter based models.

5.5 Conclusion and outlook

A test facility containing a pipe-loop was constructed to investigate and flow of non-Newtonian
slurries and its transition from laminar to turbulent flow. To obtain images of the flow an
ultrasound transducer was used. Using this imaging technique, it was demonstrated that
ultrasound imaging velocimetry (UIV) can be performed to obtain velocity measurements
in slurry flows that are usually inaccessible to optical techniques. It is also demonstrated
that using UIV measurements, it is also possible to obtain transition and turbulent statis-
tics. UIV has also provided a new insight in transition through a novel visualisation of the
intermittent structures (pu↵s and slugs) that are formed during transition.

Transition was observed and identified through the visualisation of the flow field with
time. The cases wherein transition was observed were later verified by application of physical
and statistical metrics. These verification metrics included intersection of the laminar and
turbulent friction curves, autocorrelation of the flow field and turbulence intensity. These
verification metrics not only assisted in verifying the observed transition, but also in char-
acterising them. It is worth mentioning that the length of the intermittent structures are
about 5 times the pipe diameter for the pu↵s and about 10 times the pipe diameter for the
slugs. With the turbulent intensity, it is also seen that there is a sharp rise in its value upon
transition. Through these, it is also concluded that transition occurs as a multistep process.

The transition velocity Vtrans, was used to access the models used to predict transition.
Among them, the Reynolds number-based model of Slatter is assessed to be the best in
predicting transition for fluids with an yield stress and low behaviour index. This is followed
by the stability parameter-based model of Hanks in terms of its predictability, while the one
of Metzner-Reed is least favorable. The Slatter model also has its advantage in its ease of
implementation.

Considering the promising results, the UIV technique has certainly a solid future in the
field of multiphase flow studies. Especially with its capability to be a non-intrusive diagnostic
instrument and its applicability to optically inaccessible fluids. With the possibility to obtain
longer time series and deeper intrusion (possibly a complete cross-section) in the pipe, its
potential to investigate turbulence and transition is high. The realm of non-Newtonian fluids
is still burgeoning. As most non-Newtonian fluids are opaque, the use of UIV could yield
more understanding of turbulence and transition its flows, and hence provide a basis for
improving CFD models for non-Newtonian fluids.
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CHAPTER 6
Modelling Non-Newtonian

Flow

Implementing new sanitation systems e↵ects in the concentrating of the domestic slurries
waste stream. Transportation of these slurries require design guidelines that enable them to
be conveyed from the point of origin to a suitable treatment location. An important param-
eter in the design of a waste water transport system for concentrated domestic slurry, is the
drop in pressure due to the frictional losses incurred by the slurry transport. This makes
the knowledge of the pressure drop and the relationship it bears with the slurry’s rheology,
volume flow rate, temperature etc., a prerequisite for design. Concentrated domestic slurries
in general are non-Newtonian in nature. This implies that general non-Newtonian fluid flow
characteristics are also applicable to CDS. This enables the use of a non-Newtonian model
slurry in lieu of CDS to understand its flow characteristics. An experimental set-up is built
to study the flow characteristics of non-Newtonian fluids, with a clay slurry used as a model
slurry. The details of this is found in Chapter 4

Experiments provide ample information about the flow characteristics of non-Newtonian
fluids. These flow characteristics include the pressure losses incurred. That being said, it is
also important to numerically extended the results and conclusions from the experiments to
cover a range of rheological parameters and flow conditions. These numerical extensions are
in e↵ect a simple relation between the pressure loss incurred during flow and the rheological
parameters, flow conditions and dimensions of the pipe. This relation would enable the de-
sign of the pipe transport system.

This chapter concerns the numerical analyses on the flow of non-Newtonian slurries
through circular pipes, in a turbulent regime. It discusses various semi-empirical relations
and their possible extensions, to quantify the frictional losses incurred by a slurry under
turbulent flow conditions, from basic information on the slurry’s rheology and flow velocity
along with their capabilities and limitations.

On the other hand, with the constant increase in computational capacity and power
Computational fluid dynamics (CFD) have been frequently used to extend the flow mea-
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surements, to avoid repetitive and costly experimentation. CFD is also used in this study
to study its capability of predicting the flow characteristics.

The outline of this chapter is as follows. Firstly, a brief overview of the flow of non-
Newtonian fluid is discussed. Then, a summary of existing semi-empirical models and their
extension to include the non-Newtonian behaviour under study is given. Finally, the chosen
models are used to quantify the wall shear-stress incurred by the slurry under experimental
conditions and the results are reported with an error analysis to assess which model functions
most consistently and accurately.

6.1 Non-Newtonian fluids

For a Newtonian fluid, the shear-stress is directly proportional to the strain-rate, where the
constant of proportionality depends only on the temperature and pressure. This relation
mathematically reads,

⌧ = µ� (6.1)

where µ is the molecular viscosity that depends on the temperature and pressure, ⌧ is
the stress tensor and � is the strain-rate tensor defined as,

� = �~u+�~uT (6.2)

where ~v is the velocity vector and �~u its gradient tensor. A non-Newtonian fluid on the
other hand, follows a relationship that reads,

⌧ = ⌘(|�|)� (6.3)

wherein the function ⌘(|�|) is not related to � but its second invariant |�|, called the
shear-rate �̇. One can obtain the shear-rate from the strain-rate tensor using,

�̇ =
p

trace(�T�) (6.4)

In eq. 6.3, ⌘ is the apparent viscosity that unlike the molecular viscosity, depends not
only on the fluid’s temperature and pressure but also the flow conditions such as the shear
rate and even the duration of the shear (Chhabra and Richardson, 2011).

Herschel and Bulkley (1926) report the behaviour of certain non-Newtonian fluids that
show two irregular properties. Firstly, these fluids require a minimum stress called the yield
stress, to flow at all. Secondly, once the yield stress is exceeded causing the fluid to flow,
the apparent viscosity of the fluid reduces with increasing shear rate; a property now called
pseudoplasticity or shear-thinning. Owing to the mentioned properties, the fluids studied by
Herschel and Bulkley (1926) are now known as Herschel-Bulkley (HB) or yield pseudoplastic
fluids. Eq. 6.3, in the case of an HB fluid reads,

⌧ = ⌧y +K�̇
n (6.5)

where ⌧y is the yield stress, K is the consistency index and n is the behaviour index.
Further details on these parameters can be found in Chapter 2 and 3. It is important to note
that the shear-stress and shear-rate terms in eq. 6.5 are scalars and given that a HB fluid
only flows once the yield stress is exceeded, the equation is only valid given the condition
|⌧ | = ⌧ � ⌧y; else if ⌧ < ⌧y, �̇ = 0. Eq. 6.5 can also be expressed in three dimensions in full
tensorial notation as 6.6,
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⌧ = (
⌧y

|�| +K(�n�1))� (6.6)

Under laminar condition the flow of non-Newtonian fluids in closed pipes can be describes
using Figure 6.1. Figure 6.1 considers a longitudinal section of a circular pipe with its wall
shown as the thick black lines. The pipe has a radius R and a diameter D. Taking the flow
to be from the left to right along the axis marked as z, consider a cylinder of radius r < R

of length L that is coaxial to the pipe and inside it; its longitudinal section is shown with
dotted line.

The pressure drop across this imaginary cylinder is �p. This pressure drop is the result
of the shear-stress acting along the curved surface of the cylinder against the direction of
the flow, indicated in Figure 6.1 as ⌧rz 6.7.

Figure 6.1: A schematic of the longitudinal section of circular horizontal pipe
(Chhabra and Richardson, 2011).

⌧rz = (
�p

L
)(
r

2
) (6.7)

Further using eq. 6.7 one can obtain the shear-stress at the wall:⌧w by replacing r with
R. An important quantity that determines the shear stress is the flow velocity V that is
defined as,

V =
Q

⇡R2
(6.8)

where Q is the volumetric flow rate that can be obtained by integrating the radial dis-
tribution of the axial velocity or v(r) across incremental annuli of radius r and thickness dr
as,

Q =

Z
R

0

2⇡rv(r)dr (6.9)

For a laminar flow of an HB fluid, eq. 6.5, 6.7 and 6.9 provide an implicit relation
between v(r) and ⌧w (Skelland, 1967).

v(r) =
nR

n+ 1
(
⌧w

K
)

1
n {(1� ⇣)

n+1
n � (

r

R
� ⇣)

n+1
n } (6.10)

where ⇣ = ⌧y/⌧w. Using eq. 6.10, the wall shear-stress is calculated for a set of rheological
parameters, flow velocity and pipe diameter. However, this cannot be done for turbulent
flows. Over the year, various semi-empirical methods have been proposed that enable the
quantification of wall shear-stress for non-Newtonian fluids of various types, in turbulent
flows. The next section will discuss some of these methods, which are relevant or could be
modified to be relevant for the analyses of HB fluids.
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6.2 Semi-empirical models

Heywood and Cheng (1984) and Assefa and Kaushal (2015) provide a review of various semi-
empirical pipe flow models for both laminar and turbulent regimes of various non-Newtonian
fluids. This article considers the models proposed by (TOMITA, 1959), (Dodge and Metzner,
1959) (DM), (Torrance, 1963), (Wilson and Thomas, 1985; Thomas and Wilson, 1987) (WT)
and (Slatter, 1995). Of these models only WT, Torrance and Slatter included the yield stress
in their formulations. Tomita and DM derived their models for power-law fluids (Table 2.2),
which do not possess a yield stress but have a behaviour index that is not unity. This section
provides a description of these models and discusses their accuracy in terms of quantifying
the wall shear stress. For brevity, references will not be repeatedly quoted. More details on
the topics discussed here are well-summarised in Skelland (1967).

Figure 6.2: The velocity profile of a fluid with a non-zero yield stress inside a
circular pipe (Mehta et al., 2018).

Before proceeding with the description of the models, it is imperative to have an under-
standing of the flow of fluids with a non-zero yield stress (BP or HB fluids) in circular pipes.

Figure 6.2 depicts a possible velocity profile of fluid with a non-zero yield stress. As per
eq. 6.7, at the centreline where r = 0, the shear stress is also 0. Further, eq. 6.7 dictates that
the shear-stress is directly proportional to the radial distance from the centreline. Therefore,
the shear-stress reduces from its maximum value at the wall to zero at the centreline. In
doing so, there would exist a region near the centreline, within which the shear-stress would
be less than the yield stress of the fluid. As a result, an unyielding region is formed near the
centreline and the fluid within this region is transported as a plug.

The radial distance at which the plug is formed rp , can be obtained by setting ⌧rz as ⌧y
at r = rp and ⌧rz as ⌧w at r = R, which results in,

⇣ =
⌧y

⌧w
=

rp

R
(6.11)

6.2.1 Tomita

Tomita derived two models, one for power-law fluids and the second for Bingham plastic
fluids, which have a behaviour index n = 1 but possess a non-zero yield stress. The approach
begins by relating the average flow velocity to the rheological parameters in laminar flow
condition. Following this, by representing the pressure gradient as a sum of laminar and
turbulent contributions, which is subsequently solved to provide a relation between the
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pressure drop and velocity profile. In general, the wall shear-rate is used to determine the
wall shear-stress which relates to the pressure drop for a flow of fluid. The details of the
derivation of Tomita’s flow model for BP and PL fluids are presented in Appendix C.1.
Following the same procedure and assumptions a relation for the fanning friction factor for
HB fluid is derived. The derivation for which is also provided in Appendix C.1. The resulting
relation eq. 6.12 will be used in this study (hereafter referred to as TO-HB).

1p
fHB

= (A� (1� ⇣)(⇣ + 3)
2

)

r
H(⇣, n)(1� ⇣)

2
+B

r
H(⇣, n)(1� ⇣)

2
ln(ReHB

p
fHB)

(6.12)

6.2.2 Dodge & Metzner

Dodge and Metzner (1959) (DM) proposed a semi-empirical relationship between the wall
shear-stress and the average flow velocity for PL fluids based on extensive dimensional anal-
ysis supported by experiments to determine the relevant constants. Their aim was to relate
the Fanning friction factor defined by eq. C.7 to the generalised Reynolds number proposed
by Metzner and Reed (1955).

Chilton and Stainsby (1998) (CS) extended a part of the analysis by Metzner and Reed
(1955) on the generalised Reynolds number (originally meant for laminar flows) and pro-
posed a relevant Reynolds number of turbulent HB fluids. Using experimental data, CS
established that the proposed Reynolds number is physically more representative of transi-
tional and turbulent behaviour than the generalised Reynolds number by Metzner and Reed
(1955).

The approach put forth by DM is extended to HB fluid, by incorporating a suitable
Reynolds number. The details of the approach, assumptions and the derivation is presented
in Appendix C.2. The resulting eq. 6.13 from this extension will be considered in this study
and shall be referred to as DM-HB.

1p
fHB

=
4

(n0)0.75
p

1� ⇣log(NRe�GenHB
f
1�n

0
2

HB
)� 0.4

(n0)1.2
p

1� ⇣ (6.13)

Further, CS suggested a similar equation based on eq. C.65 as

1p
fHB

= 4log(ReCS

1
n2

1
(1� ⇣)4

p
fHB)� 0.4 (6.14)

which shall be called CS-HB from hereafter and will also be used in this study.

6.2.3 Torrance

As one of the older-known expressions for HB fluids, Torrance (1963) proposed

1p
fHB

= (0.45� 2.75
n

) +
1.97
n

ln(1� ⇣) +
1.97
n

ln(ReBi(
3n+ 1
4n

)nf
1�n

2
HB

) (6.15)

where fHB is the Fanning friction factor defined using eq. C.7 and the Reynolds number
ReBi is the generalised Reynolds number for a PL fluid used by Bird (Bird et al., 1983, 1987)
(can be derived from NRe�Gen proposed earlier by Metzner and Reed (1955)),
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ReBi =
1

8n�1

D
n
V

2�n
⇢

K
(

4n
3n+ 1

)n (6.16)

It is immediately noticeable that although Torrance’s equation includes the contribution
of the yield stress that separates an HB fluid from a PL fluid, the Reynolds number used in
the equation does not encompass the yield stress. However, it is likely that eq. 6.15 could
still provide accurate results at high Reynolds numbers at which, the e↵ect of the yield stress
would perhaps be negligible.

6.2.4 Wilson and Thomas

Wilson and Thomas (Wilson and Thomas, 1985; Thomas and Wilson, 1987) proposed the
following relationship between the wall shear stress arising from an HB fluid and its flow
conditions.

V

v⌧
= 2.5ln(

⇢Dv⌧

⌘w
) + 2.5(

(1� ⇣)
(1 + n⇣)

(1 + n)
2

) +
(1 + n⇣)
(1 + n)

+ (1.25⇣2 + 2.5⇣ � 11.6) (6.17)

where v⌧ is the friction velocity defined as,

v⌧ =

r
⌧w

⇢
(6.18)

WT derived eq. 6.17 by relating the thickness of the viscous sublayer that represents the
dissipation of energy due to friction, with the ratio of the area under the rheogram of an HB
fluid to that of a Newtonian fluid for the same shear-rate and the wall shear-stress.

6.2.5 Slatter

Slatter (1995) carried out a comprehensive series of experiments with a wide range of HB
fluids. First, the Reynolds number to determine the transition for HB fluids was modified
to,

ReS =
8⇢V 2

ann

⌧y +K( 8Vann

Dann
)n

(6.19)

The denominator of the right-hand side of eq. 6.19 is similar to the constitutive relation
for an HB fluid i.e. eq. 6.5 but with the shear-rate defined in terms of Vann and Dann which
are,

Vann =
Q�Qp

⇡(R2 � r2p)
(6.20)

Dann = 2(R� rp) (6.21)

Qp is the volume flow rate through the plug, which can be obtained using eq. C.32 in the
case of an HB fluid. The above expressions were further modified to account for the particle
roughness within the HB fluids under consideration by Slatter. This roughness was related
to the representative size of the particles d85. The d85 is the particle diameter at which 85%
of the slurry’s sample mass is comprised on particles smaller in size than d85. For details on
the procedure used to determine the representative size, the readers are referred to Slatter
(1995). A di↵erent Reynolds number was defined to account for the particle roughness e↵ect
as
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ReR =
8⇢v2⌧

⌧y +K( 8v⌧
d85

)n
(6.22)

such that ReR < 3.32 pertains to a smooth pipe flow (fully-developed turbulent) for
which the following relationship holds,

V

v⌧
= 2.5ln(

R

d85
) + 2.5ln(ReR) + 1.75 (6.23)

On the other hand, for a rough pipe flow i.e. ReR � 3.32,

V

v⌧
= 2.5ln(

R

d85
) + 4.75 (6.24)

The use of either eq. 6.23 or eq. 6.24, requires information on the wall shear stress
to calculate v⌧ and therefore, must be solved implicitly. Thus, both of them are used to
estimate the wall shear stress for the experimental test cases considered in this article.

6.3 Computational Fluid Dynamics

With the development of computational resources, analyses of many industrial flows are
being increasingly made as numerical computations of the NavierStokes (NS) equations.
In contrast to the approaches mentioned in Section 6.2, a Computational Fluid Dynamics
(CFD) based approach involves solving the modified Navier-Stokes (NS) equations (Eq.
6.25).

@vi

@xi

= 0

⇢vj
@vi

@xj

= � @p

@xj

+
@

@xj

(⌘�̇ij � ⇢v
0
i
v
0
j
+ ⌘0�̇0

ij
)

(6.25)

Turbulent flows display a range of length and time scales; resolving all of these is not
feasible at high Reynolds numbers (Ferziger and Peric, 2012). Therefore, these scales are
mathematically altered (a process called decomposition) to reduce the range of length and
time scales to a manageable quantity while ensuring that the decomposed scales represent
the macroscopic properties of the flow under consideration. In the current context, the
terms modified in the NS equation refers to a process through which the NS equations could
me made tractable by solving for only the most relevant turbulent features in a flow. One
such modification known as Reynolds averaging, provides an insight into the flow’s features
averaged over a number of instances of the flow using what are better known as the Reynolds-
Averaged Navier-Stokes (RANS) equations. The solution to eq. 6.25 requires a closure for
�rhov

0
i
v
0
j
(Reynolds stress). RANS methods model Reynolds stresses in terms of the known

velocity field (the ensemble-averaged v in this case) to close eq. 6.25. Wilcox (1998) presents
a detailed description of RANS models, of which the k�✏ (Launder and Spalding, 1983) and
the Reynolds stress model (RSM; see Launder et al. (1975) and references therein) is used
in this article.

For the flow of any fluid, as the flow increases, the e↵ects of viscosity diminishes (Pope
and Pope, 2000). In the presence of walls, which is the case in this study which concerns a
wall bounded flow, all flows slow down to zero velocity at the wall (the no-slip condition). In
doing so, even a turbulent flow passes through a laminar region near the wall (Schlichting,
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1960). Therefore, RANS models that are meant for the analysis of fully turbulent flows re-
quire a correction to model the transition into a laminar regime and ultimately zero velocity.
Such empirical corrections have permitted the use of RANS models for a range of industrial
applications.

Mehta et al. (2018) proposed a wall boundary condition that could be used in combination
with the RANS equations to estimate the wall shear-stress in a circular pipe carrying an HB
fluid in a turbulent flow. The derivation of this condition followed a similar approach put
forth by Launder and Spalding (1983) and using the theory of Prandtl (1925, 1933) to obtain
a relation between the wall shear-stress and the velocity near the wall for a Herschel-Bulkley
fluid. The result of which was eq. 6.26 where it was assumed that ⌧y did not a↵ect the
assumption that laminar stresses are much lower than the turbulent stresses in the core
turbulent region. Implying that ⌧y is much lower compared to ⌧w.

v
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⇢

)
1
2

=
1
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ln(yn ⇢
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⇢
)
2�n

n )

| {z }
 1

(6.26)

Further, if ⌧y would be compared to ⌧w, implying the existence of a region that does not
yield but flows as a plug at the centre of the pipe. In turbulent flow, this plug is not as
smooth as is shown in Figure 6.2 for a laminar flow. Upon considering this unyielding plug,
eq. 6.27 is obtained following a similar procedure as eq. 6.26. Details on the derivation of
the wall function could be found in Mehta et al. (2018)
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(6.27)

It was found that the proposed specified shear boundary condition ( 1), the RSM is
observed to deliver more accurate results with fluids that have a smaller behaviour index
or n / 0.6, alluding to a stronger non-linear behaviour. On the other hand, k✏ seems to
work better with fluids that have a value of n > 0.8. Further, modifying the wall boundary
condition ( 2) to account for the influence of a fluid’s yield stress (⌧y) when it is comparable
in magnitude to the wall shear-stress (⌧w), both RSM and k✏ are observed to be accurate
when used with  2, depending on the value of n. It is fair to mention that the accuracy of
these numerical methods depends to a great extent on the rheological input. Therefore, in
line with these findings, appropriate choices are made according to the slurry in study to
model its turbulent pipe flow using CFD.

Details of the solver, numerics and mesh for performing the CFD are provided in Ap-
pendix D. Details for which can be found in the work of Mehta et al. (2018, 2019). Results
will be presented here for comparison with experimental data and the semi-empirical models.

6.4 Comparing Experiments, CFD and Semi-Empirical
models

The measurements obtained from the pressure loss experiments mentioned in Chapter 4
for the clay slurries as non-Newtonian slurries are analysed here. These measurements are
compared with the results obtained from the semi-empirical models described in Section 6.2
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and CFD in Section 6.3. Table 6.1 lists the abbreviations used for the various models and
methods considered here.

Table 6.1: Abbreviations for various models and methods used for the com-
parison

Method or Model Abbreviation Remarks

Tomita Power Law TO-PL Eq. C.29
Tomita Herschel-
Bulkley

TO-HB Eq. 6.12

Dodge & Metzner
Power Law

DM-PL Eq. C.48 with ⌧y = 0

Dodge & Metzner
Herschel-Bulkley

DM-HB Eq. 6.13

Chilton & Stainsby
Herschel-Bulkley

CS-HB Eq. 6.14

Torrance TR Eq. 6.15
Wilson & Thomas WT Eq. 6.17
Slatter smooth SS Eq. 6.23
Slatter rough SR Eq. 6.24
CFD - RANS CFD Using k� ✏ and RMS with

 1 and  2

Experimental data EX Pressure loss experiments
from Section 4.2, for slur-
ries S1, S2, S3, S4, S5

The results are presented as plots of the wall shear-stress ⌧w (Pa) against the pseudo-
shear rate 8V/D in s

�1. While interpreting the results obtained with RANS (CFD), it is
important to bear in mind the limitations of the numerical methods involved. These are
illustrated in Mehta et al. (2019) as a sensitivity analysis of the wall boundary conditions
proposed in Mehta et al. (2018).

For conciseness, only the results for S3, S4 and S5 are discussed here using Figures 6.3,
6.4 and 6.5. These cases are chosen as they rightly represent the di↵erent non-Newtonian
rheological types.

Analysis of the plots in Figures 6.3, 6.4 and 6.5 show that CFD provides accurate results
in all cases, deviating less than 15 % at high pseudo-shear rates. For the model by Tomita,
TO-PL and its proposed extension to HB fluids, TO-HB, only deliver accurate results for S3
(also for S1 and S2 but not shown here). These two cases concern no yield stress, making
them PL fluids. However, in the other cases, both TO-PL and TO-HB provide similar re-
sults with nearly overlapping plots. Using the approach of Dodge % Metzner, DM-PL and its
proposed extension to HB fluids, DM-HB, show a behaviour similar to Tomita, with the PL
and HB solutions overlapping each other. The CS-HB approach deviates from experimental
data as the pseudo shear rate increases. All the other remaining approaches namely TR,
WT, SS and SR produce similar results at low shear rates but tend to deviate from each
other as the shear increases (increasing flow velocity).
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(a) (b)

(c)

Figure 6.3: Plot of wall shear-stress against pseudo shear-rate calculated for
the di↵erent models for slurry S3.

The similarity between the PL and HB approaches of the TO and DM models could be
attributed to the interesting hypothesis presented in the original article by Dodge and Met-
zner (1959). Dodge & Metzner explained that their PL model was applicable to non-power
law fluids such as HB fluids too. They proved mathematically that the resulting mean veloc-
ity in the pipe is dependent mostly on the shear-rates occurring a radial distances r/R > 0.8
or the shear occurring in the immediate vicinity of the wall. The region away from the
pipe’s wall and towards the centerline, where the e↵ect of the yield stress for HB fluids is
apparent due to the reducing shear stress, in fact, contribute to less than 7% of the mean
flow that results. This in turn implies that accounting for the yield stress as an extra param-
eters for HB fluids as part of the DM approach, may not add any value to the DM model.
By extension, the same applies to the HB extension of Tomita’s PL model, in which, the
incorporation of the yield stress does not alter the estimates of the wall shear stress. The
results presented in Figures 6.3, 6.4 and 6.5 can serve as a proof of the idea put forth by DM.

Finally, the concerns for the other models, their accuracy cannot be assessed easily as the
trends in the estimates they provide are not consistent across the test cases discussed here.
Thus, to gain more insight into the accuracy of all the models considered in this study, an
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(a) (b)

(c)

Figure 6.4: Plot of wall shear-stress against pseudo shear-rate calculated for
the di↵erent models for slurry S4.

error analysis is used which provides the predictability of model’s capability for estimating
the pressure losses.

6.5 Predictability

To provide a more meaningful insight into the usability of the various numerical models,
it is essential to have knowledge of their predictability. In this study, various models were
used to estimate the wall shear-stress for certain experimental condition of flow velocity,
rheology and the resulting gradient for a range of non-Newtonian fluids. However, the un-
certainty in the experimental determination of the flow parameters itself was not taken into
account. Further, the trends in the accuracy of the estimates with the various models cannot
be assessed qualitatively using the results discussed in the previous section. Therefore, as
an alternative, one could calculate the predictability with which, a model can estimate the
wall shear-stress for a set of experimental conditions, themselves determined with a fixed
uncertainty.



118 CHAPTER 6. MODELLING NON-NEWTONIAN FLOW

(a)

(c)

(b)

Figure 6.5: Plot of wall shear-stress against pseudo shear-rate calculated for
the di↵erent models for slurry S5.

This is done using the amount of overlap area of the probability distribution curves used
to represent both the experimentally determined wall shear-stress (Section 4.1.5) and the
ones estimated through the numerical models (using the uncertainties of the parameters).
This by no means provides definitive estimation of the predictability of the numerical model,
but only serves as a tool to compare the di↵erent numerical models in this study. Using this
approach the predictabilities are obtained as listed in Table 6.2.

Although the predictability is best with CFD, the overall values of the all the numerical
methods discussed in this article are in fact, very low, with 0.27 being the maximum. It
is interesting to note that the Dodge & Metzner approach based on dimensional analysis is
nearly as accurate as CFD. Further, Slatter’s approach despite being calibrated for a dataset
which is not included in this error analysis, is as accurate as Dodge & Metzner’s approach.
All the other semi-empirical models demonstrate little accuracy in their estimates. The low-
est accuracy is that of the Tomita model, which in fact is based on the treatment of turbulent
non-Newtonian flows as though they were mathematically satisfying laminar flow conditions
(Skelland, 1967).
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Table 6.2: Predictabilities with various models and methods

Method or Model Predictability Predictability with velocity
envelope (v > 1.5m/s)

CFD 0.27 0.61
Dodge & Metzner 0.22 0.27
Slatter 0.22 0.27
Torrance 0.14 0.19
Wilson & Thomas 0.13 0.18
Tomita 0.07 0.11

Despite the above results, it is fair to mention that the CFD approach proposed in
Mehta et al. (2018), works accurately only within a well-defined envelope that is described
in Mehta et al. (2019). This operational envelope is bound by highly turbulent flows and
hence, high flow velocities (more than 1.5 m/s or 8V/D more than 200); and a value of yield
stress that must be comparable with the wall shear-stress. Accounting for these nuances and
implementing the operational envelope to the analysis, the predictability with in the velocity
envelope is mentioned in Table 6.2. Upon restricting the velocity range of the data set taken
into account, all the models show improved predictability. However, CFD in particular,
shows a two-fold improvement.

6.6 Discussion

It is important to note that the models considered here do not fully represent the physical
phenomena concerning the turbulent flow of a non-Newtonian fluid. Being semi-empirical in
nature, the models based on simplification of the turbulent flow such as Tomita’s model that
uses the laminar velocity profile to determine the extent of the plug region, tend not to be
very accurate. Nonetheless, it is interesting to note that the extension of Tomita’s PL model
to HB fluids following the incorporation of the yield stress, does not alter the estimates.
This solely is attributed to the shear-stress near the wall has a greater contribution to the
velocity profile which is dominated by the fluid behaviour indices rather than the yield stress,
as rightly hypothesised by Dodge and Metzner (1959).

On the other hand, the Wilson and Thomas model based on the fundamentals of tur-
bulence and boundary layer thickness, is more accurate than Tomita’s model for the cases
considered in this article. Slatter’s model that was calibrated for a set of experiments not
included in error analysis, has an accuracy that is comparable with CFD.

CFD itself shows enhanced accuracy within the operational envelope determined using
a strict sensitivity analysis (Mehta et al., 2019). However, it is fair to mention that the
CFD approach mostly enforces a relation that the wall shear-stress must bear with the
velocity field near the wall, to satisfy the universal law of the wall modified to account for
the viscosity of a non-Newtonian fluid. An experimental campaign that could support this
relationship is still lacking, although the method itself has been validated for a wide range
of test-cases concerning HB fluids, available in literature (Mehta et al., 2018). Perhaps one
reason why the CFD approach works well is that it complied with Dodge & Metzner’s idea
that a more fundamental treatment of the shear-stress near the wall region is central to a
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better estimation of the flow that results.

6.7 Conclusions and Outlook

Based on the results outlined in this article, it is concluded that despite a number of ap-
proaches proposed so far, the numerical estimation of wall shear-stress for turbulent flow of
non-Newtonian fluids in circular pipes still remains a challenge. Semi-empirical models are
often based on the over-simplification of the physical aspects of non-Newtonian turbulent
flows. Further, the use of a restricted set of experiments for the determination of any em-
pirical parameters, does hinder the ability of such models to be versatile. In this regards,
extending Slatter’s model to experiments beyond the ones considered in its formulation,
could perhaps make the model more robust and accurate, and hence, worth investigating.

Although CFD holds promise in terms of its capacity to estimate frictional losses, it
requires further development in terms of incorporating the fundamentals of non-Newtonian
turbulence, which themselves require thorough experimental investigation, given the lack of
literature on the subject.
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CHAPTER 7
Outlook & Perspectives

In chapters 4 - 6 the models used for design of the transport system for CDS was described.
The models, although verified, were developed in a controlled environment, whereas in re-
ality (systems in practise) only a few parameters can be controlled, leaving a disordered
system. This disorder emanates from many factors such as intermittent flows, settling of the
suspended particles, inclusion of a gases phase in the flow and flow through bends (upward or
downward). Therefore in reality, the practitioner is faced with di↵erent practical problems
for the design. To put the theoretical framework in perspective to its usage, the following
discussions are made.

7.1 Theoretical framework

A brief outline of the design equations from the theoretical framework that follow the dis-
cussion later are presented here. These are gathered from the conclusions of the previous
chapters.

The information of the rheology from Chapters 2 and 3 are summarised here. Along with
it, the 1-D models that have been validated to predict the pressure losses and transition to
turbulence is also presented. It must be noted that these systems operate under pressure for
a completely closed conduit (pipe) to convey CDS.

7.1.1 Rheology

The rheology of the concentrated domestic slurry (CDS) is represented using a Herschel-
Bulkley rheological model as,

⌧ = ⌧y +K�̇
n (7.1)

where the parameters ⌧y, K and n depend on the TSS concentration (C, % wt./wt.) and
temperature of the slurry. The equations of the parameters as a function of concentration is
given as,

123
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⌧y =

(
0.71(C � 2.0)1.7 for C > 2.0

0 for C < 2.0
(7.2)

K = 0.07✏0.5C (7.3)

n =

(
0.65� 0.09 ln(C � 2.57) for C > 2.6

1 for C < 2.6
(7.4)

The yield stress described in equation 7.2 has a boundary condition where the value of ⌧y
is only physically meaningful above a TSS concentration of 2.0 % (wt./wt.). Similarly, the
behaviour index n as given in equation 7.4 is influenced by changes in the TSS concentration
above 2.6 % (wt./wt.). The consistency index K approaches to the viscosity of water as TSS
concentration approaches zero.

Using the above equations, the expression representing the rheology of CDS can be
obtained. It should be noted that the above equations provide the rheology of CDS at 20
°C. To obtain the rheology (or apparent viscosity) at a di↵erent temperature, the following
equation is used:

µapp,T1

µapp,T2

= ✏
E( 1

T1
� 1

T2
)
, E = 7.5°C (7.5)

The density of the slurry is based on the expression presented in equation 7.6. This
expression depends on the density of CDS without water (dry) (⇢CDSdr

) which is between
1090 - 1100 kg/m

3.

⇢ =
1

1�0.01C
⇢water

+ 0.01C
⇢CDS

dry

(7.6)

7.1.2 Pressure Loss

The energy losses in the transport of CDS that are mainly studied here are the pressure
losses incurred due to the friction against the wall. These energy losses di↵er depending on
the flow regime as laminar or turbulent flow.

Laminar flow

The Navier-Stokes equation provides a starting point for the derivation of the laminar flow
equation. Following a similar procedure as used to derive the Hagen-Poiseuille equation
for Newtonian flows, the following solution is derived for non-Newtonian fluids. Using the
Herschel-Bulkley rheological model, the following flow equation are obtained (Chilton and
Stainsby, 1998):

�P

L
=

4K
D

(
8V
D

)n(
3n+ 1
4n

)n(
1

1�X
)(

1
1� aX � bX2 � cX3

)n (7.7)

where X is given by

X =
⌧y

⌧w
=

4L⌧y
D�P

(7.8)

and the constants a, b, c as

a =
1

(2n+ 1)
; b =

2n
(n+ 1)(2n+ 1)

; c =
2n2

(n+ 1)(2n+ 1)
(7.9)



C
h
a
p
te
r
7

125

Turbulent flow

The Slatter (1995) model is used for this. A particle roughness Reynolds number (Equation
7.10) is defined using the d85 (representative size of the particles).

ReR =
8⇢v2⌧

⌧y +K( 8v⌧
d85

)n
(7.10)

If ReR < 3.32, the flow pertains to a smooth pipe flow (fully-developed turbulent) for
which the pressure losses are determined using:

V

v⌧
= 2.5ln(

R

d85
) + 2.5ln(ReR) + 1.75 (7.11)

On the other hand, for a rough pipe flow i.e. ReR � 3.32, the pressure losses are
determined using:

V

v⌧
= 2.5ln(

R

d85
) + 4.75 (7.12)

It should be noted that equations 7.10 and 7.11, requires information on the wall shear
stress to calculate v⌧ =

p
⌧w/⇢ and therefore, must be solved implicitly.

7.1.3 Predicting Transition

The preferred flow regime to transport suspended particle slurries (including CDS) is that of
turbulent flow as the eddies provide adequate radial velocity to prevent a sediment bed from
forming and adequate momentum mass-transfer to keep the suspended solids well mixed
during flow. To identify the velocity at which transition to turbulence occurs, the Slatter
(1995) equation is used.

The following equation comprise together in establishing the Slatter Reynolds number.
Transition to turbulence is predicted to occur at ReS above 2100.

ReS =
8⇢V 2

ann

⌧y +K(8Vann/Dshear)n
(7.13)

where the annular velocity is calculated using

Vann =
Qann

Aann

=
Q�Qplug

⇡(R2 �R
2
plug

)
(7.14)

and

Qplug = Aplug

D

2K(1/n)⌧w

n

n+ 1
[(⌧w � ⌧y)

(n+1)/n] (7.15)

with the radius of the plug given as

Rplug =
⌧y

⌧w
R (7.16)

To solve the equations to determine the value of the Reynolds number, information on
the wall shear-stres ⌧w is required. Therefore, when solving for turbulent flow, the wall
shear-stress is obtained as described in section 7.1.2. Similarly, when solving for laminar
flow, the wall shear-stress is obtained as described in section 7.1.2.
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7.2 Application & Analysis

It is essential that an analysis of the pressure drop data is done to get an understanding
of the implications on the slurry transport systems. On adopting a new sanitation system,
domestic slurries are concentrated as discussed in Chapter 1. The dilution and temperature
of the resulting slurry vary depending on the extent of source separation and installation of
various new sanitation concepts such as food waste disposer and type of vacuum toilets, i.e.
amount of water per flush.

As changes in the implementation of the NS concepts a↵ect the dilution of CDS, it also
a↵ects the transport pressure losses incurred. A feasible transport system varies with the
adopted NS system in the household. Thereby, also giving rise to the possibility of adjusting
the dilution to suit the CDS transport system. The final dilution of the slurries can thereby
be adjusted by changing various parameters of the new sanitation system, for e.g. vacuum
flush water volume and FWDs.

In the following sections, the e↵ect of change in concentration and temperature on the
incurred pressure loss is discussed.

7.2.1 Change in Concentration

Using the pilot projects in Sneek, Leeuwarden (Chapters 2 & 3) as a case study, the CDS
concentrations from the di↵erent slurry streams from NS systems is investigated. Upon ex-
amining, the streams from the NS systems implemented with source separation, food waste
disposers and vacuum toilets, the average CDS concentrations is approximately 0.9 % TSS
(wt./wt.). The concentration of TSS in slurries that arise from vacuum toilets with urine is
approximately 1.8 % (wt./wt.). When urine separation is implemented, the slurry concen-
tration is approximately 2.7 % TSS (wt./wt.).

To understand the implication of these di↵erent dilutions, the pressure loss data as a
function of average flow velocity is gathered for the di↵erent slurry concentration. The pres-
sure loss for water is also included for analysis. This is done using the equations discussed
in Section 7.1. As a representative case, the pressure losses for slurries with the above
mentioned 3 concentrations are obtained for transport using a 200mm‡ diameter pipe. The
results are shown in Figure 7.1, where both the turbulent and laminar regime is plotted for
which the transition velocities are indicated. Although these results have been obtained for
a particular pipe diameter of 200 mm, the pressure losses can be scaled for di↵erent pipe
diameters using the Reynolds number as indicated in section 7.1.2. As indicated, there are
two transition velocities that are estimated. One using the Slatter’s Reynolds number men-
tioned in Section 7.1.3 and the other using the intersection of the laminar % turbulent flow
curves.

Firstly, the pressure loss curve for water is the lowest. But, interestingly the curve that
has the highest pressure loss is the one of 1.8 % TSS and not of 2.7 % TSS. In fact, the
curve of 2.7 % TSS is lower than that of 0.9 % TSS. This is noted to be due to the lower

‡The pipe diameter used in the pilot project in Sneek is 75 mm. But as a case study here the 200
mm pipe diameter is used for the ease of discussion. The e↵ects of using a di↵erent pipe diameter
for the conveyance could be easily estimated using the Reynolds number in the equations applicable
to estimate the pressure drop.
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(a) (b) CDS at 0.9 % TSS (wt./wt.)

(c) CDS at 1.8 % TSS (wt./wt.) (d) CDS at 2.7 % TSS (wt./wt.)

Figure 7.1: (a)Plot of the pressure loss per unit length (�P/L) for di↵erent
concentrations of TSS with both laminar and turbulent flow regimes. (b)
Plot of �P/L against average flow velocity for CDS at 0.9 % TSS with the
transition velocities Vtrans from the intersection of laminar and turbulent flow
curves indicated. The Rouse number is also indicated on the right axis for the
respective flow situations. (c) Plot of �P/L against average flow velocity for
CDS at 1.8 % TSS. (d) Plot of �P/L against average flow velocity for CDS
at 2.7 % TSS. Note: Pipe diameter for all cases D is 0.2 m.

behaviour index and higher yield-stress present in the slurry with 2.7 % TSS, which provides
a drag reduction. With respect to the transition velocities, the Vtrans estimated using the
intersection method and that from ReS varies largely. As mention in Chapter 5, transition
is not a point process but rather a step process. This discrepancy could therefore refer to
the di↵erent stages of transition or rather the uncertainty in pinpointing transition using
the Reynolds number which arguably flawed in its representation for non-Newtonian fluids.
However, both the transition velocities are rather high and in practise, transporting these
slurries at high velocities is expensive. To understand the consequence of transporting CDS
below these velocities, the Rouse number is used.

The Rouse number (NR) (Rouse, 1937, 1961) is a non-dimensional number used to es-
timate the concentration profile of sediment or suspended particulate transport (Equation
7.17). The Rouse number NR is defined as the ratio of the sediment fall velocity ws and the
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upward velocity on the sediment given by the product of the von Karmann constant  (=
0.40) and the shear velocity u⇤. The mode of transport (Mofjeld, 1988) can be estimated
using the resulting value of the Rouse number for a given flow as partially suspended flow
for 1.2 < NR < 2.5, completely suspended for 0.8 < NR < 1.2 and wash load for NR < 0.8.
Despite the preferred regime being turbulent, constraints hold for practitioners in designing
and if a laminar regime is preferred over turbulence the Rouse number must atleast be below
1.2 to avoid sedimentation.

NR =
ws

u⇤
(7.17)

On further examining the results obtained for the calculation of the Rouse numbers for
the flow of slurries in Figure 7.1, it is observed that at flows below the transition threshold
(in laminar regime) the Rouse number at certain velocities is below 1.2 and thus could be
used for the design of the system. It must be noted that the settling velocities used in these
calculations are primitive and only an estimate. To further understand the consequences of
the laminar regime, it is preferable that research is carried out to understand the settling
nature of these slurries at high concentration and in the context of a non-Newtonian fluid.

With respect to the current practise, designing the transport pipeline for new sanitation
systems with design guidelines for water could be unfavourable as it under predicts the pres-
sure loss incurred and the Vtrans by a very large margin than the least concentrated slurry
encountered.

Collection tanks are used as an intermediate in most current design cases (e.g. pilot
project in Sneek, Chapter 2) between collection and transport. They accumulate CDS over
a period of time before being transported to the local treatment plant. The suspended solids
settle over time forming either a gradient of concentration in the tank along its depth or
a bed of solids at the bottom. Although, Sedimentation also occurs in the collection pipes
due to being operated under intermittent flow, it is not within the scope of this work. In
either cases, high and low concentrations of suspended solids are encountered when these
collected slurries are later transported. The concentration gradients may occur even if mixing
is provided in the collection tanks. In tackling this situation, flow characteristics for a range
of CDS concentrations can be used in designing these systems.

7.2.2 Change in Temperature

In Chapter 2, it was established that slurry rheology has a strong correlation with temper-
ature. Its influence therefore must be analysed. As a representative case, the influence of
change in temperature is analysed for the flow of CDS at 1.8 % TSS in a 200mm diameter
pipe at di↵erent temperature as shown in Figure 7.2.

The influence of temperature on pressure loss is evident from Figure 7.2. This is so due
to the influence of temperature on the rheology of the fluid. This influence of temperature
is also on Vtrans. Although the influence is less (< 5 %) with changes at high temperatures,
at lower temperatures this influence is prominent (> 5 %).

In reality, temperature changes do occur mostly likely with the implementation of dif-
ferent source-separation schemes. With the inclusion of food waste disposers, connection
to the kitchen sink might increase the temperature of the slurry incoming from the FWD.
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Figure 7.2: Plot of the pressure loss per unit length (�P/L) for CDS at 1.8
% TSS at di↵erent flow temperatures with pipe diameter D as 0.2 m.

Therefore, it is indeed compelling to account for the changes in temperature of the slurry in
transport.

7.2.3 Flow through pipe components

The entirety of this work has focussed much on the horizontal flow characteristics of non-
Newtonian fluids. Pressurised sewer systems conveying CDS will most likely contain many
bends and it is also well known that bends contribute to much of the pressure losses incurred.
Although, flow through bends being out of scope for this work, a preliminary study of the
losses through the 90° bend (Chapter 4) in the built slurry loop experimental set-up was
analysed.

The minor loss coe�cient which is generally used to represent the losses incurred in
components is approximately 0.2 - 0.4 for a 90° bend calculated for the flow of water. In
our case, for the flow of the clay slurries (Chapter 4, 5 and 6), the minor loss coe�cient
(Figure 7.3) has a broader range at low velocities between 0 and 0.2 and narrows down to
approximately 0.15 at high velocities. This observation shows that the losses are highly
dependent on the flow velocity. Despite this being a preliminary study, attention must be
paid to these losses and the influence of the non-Newtonian behaviour. Following up with
this knowledge is highly important as these components contribute largely to the pressure
losses incurred.

7.2.4 Occurrence of a gaseous phase

Domestic slurries are biologically active and degrade with time. This biochemical degrada-
tion causes the production of many gasses that are either built up upon collection, intermit-
tent storage and/or transportation of these slurries. It is therefore essential to understand
its influence on the transport characteristics of the slurries.

A preliminary study was conducted to understand the influence of gasses on the flow of
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Figure 7.3: Plot of minor loss coe�cient for a regular flanged 90° elbow fitting
against flow velocities for the di↵erent clay slurries mentioned in Chapter 4.

(a) (b)

Figure 7.4: Ratio of pressure losses from the flow of slurries with air and
without air plotted against volume fraction of air at di↵erent flow velocities.
Concentration of slurry is 21.5 % TSS (Clay slurry, Chapter 4).

slurries. This was followed up using the slurry loop (Chapter 4) with the non-Newtonian
clay slurries (Slurry 5 at 21.5 % TSS). Pressurised air was let in using calibrated airflow
meters. The e↵ect of this is presented in Figure 7.4. It is found at low flow velocities of the
slurry (near laminar and transition, Chapter 5), the influence of the gaseous phase is high.
This being that, the flow of air decreases the pressure losses for the flow of slurry. And at
high slurry flow velocities, there is no significant e↵ect.

A study on the e↵ect of the gaseous phase in the transport of wastewater (CAPWAT,
Pothof and Clemens (2010, 2011)) concluded that the capacity is largely reduced in some
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scenarios of sloping pipes. This is caused by energy losses from gas pockets. Although, this
is well established for dilute wastewater, it is still unknown for CDS. The production of
gaseous phases are unavoidable and therefore it merits to further investigate its influence on
the flow of slurries.

7.3 Discussion

In the previous sections, several results were laid forth on the estimated pressure drop in-
curred in the flow of CDS at di↵erent concentrations and temperatures. These results also
extend to the transition velocity, at which transition to turbulence occurs. In this section, the
results obtained are discussed with the perspective of its applicability in designing new sani-
tation systems. It also extends to discuss the current state of understanding of these systems.

At the outset, it is important to discuss the design considerations and dilemmas. The im-
plementation of NS system as an alternative to conventional systems is backed by its ability
to cost-e↵ectively recover resources such as energy, nutrients and water. The other incentives
for implementing NS systems is the possible avoidance of consuming large amounts of fossil
fuels in conventional treatment.

At this point, it is very well established that the TSS concentration and temperature in-
fluence the energy consumed (or pressure loss) in the transport of CDS. Therefore, in order
to optimise the overall energy balance in NS systems, concentration and temperature are to
be considered as variables for optimisation. The dependence on temperature in the range of
5 - 25 °C is evident from section 7.2.2. Temperature of CDS depends solely on the flush water
temperature and the heat lost or gained from the connecting pipes to the point of collection.
Addressing these particular constraints is rather ambitious and out of scope of this study.
Rather, what is more important in this issue is the TSS concentration, as its influence is
stronger than that of temperature changes. Thereby, assuming that the temperature of CDS
remains constant and beyond control, the variable that will be discussed here is that of TSS
concentration.

The concentration of the source separated CDS stream arising from houses depends on
the new sanitation features that are installed. This could include vacuum toilets with or
without urine separation and food waste disposers. This is inclusive of the dependence of
the amount of flush water used in vacuum toilets and food waste disposers. Some of the
possible TSS concentration on average of these streams are 0.9 % TSS (wt./wt.) vacuum
toilets & food waste disposers installed, 1.8 % TSS (wt./wt.) with vacuum toilets and 2.7
% TSS (wt./wt.) for vacuum toilets with urine separation.

In order to obtain an optimised conveyance system for CDS, the energy consumed must
be low. At first glance, considering the results obtained in the previous sections, transporting
lower TSS concentration slurries incur lower energy losses (check Figure 7.1). With respect
to energy balance, a feasible system should be able to recover at least the energy that is
consumed for conveyance. But, on the other hand, it is known that energy recovery from
concentrated slurries is more e�cient than dilute slurries (Chapter 1). Also, from Figure 7.1,
it is seen that the incurred pressure loss for fluids with a yield stress and a shear thinning
behaviour is lower than that of a fluid with only shear thinning. This implies that there
could exist a ”break even point” at higher concentrations with respect to energy consumed
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upon transport and energy recovered upon treatment. This can only be ascertained through
an optimisation study considering global systems approach that includes all the elements of
the new sanitation system and the way of implementation.

Considering the transition to turbulence and flow of slurries at laminar flow regimes; it
is seen that the Vtrans for the probable concentrations (mentioned earlier) of CDS is con-
siderably high (100 times that of water). However, flowing below the Vtrans might result
in the settling of the suspended particles. Nonetheless, the settling of the particles could
be prevented if the Rouse number is low enough (< 1.2). Another flow scenario is that of
intermittent flow. Intermittent flow cause particles to settle down in the pipe at no flow
intervals. The re-suspension of the particles is possible when the flow is re-initiated and
the corresponding wall shear-stress is high enough to clear the bed. This wall shear-stress
is generally achieved at turbulent flow, where eddies activate re-suspension. Further, the
cohesive nature of the particles may produce further complications to the re-suspension of
the particles. A detailed study into the settling of the suspended particles, cohesivity of the
suspended particles and its re-suspension could provide definite answers to this.

Domestic waste slurries are generally known to be biologically active. This causes the
slurries to produce gases upon biological degradation. The production and accumulation of
these gases poses another threat to the capacity of the transportation system (Pothof and
Clemens, 2010, 2011). It is established from the work of Pothof and Clemens (2010, 2011)
that the flow of gasses with water in downward slopes in some cases cause a large reduction
in the capacity of the system. Although, this is now well established and quantified for
water, it is still unknown for CDS. A complete design guideline would require it to consider
the implications of gas production and accumulation.

7.4 Conclusion

A brief summary of the established theoretical framework in designing the transport sys-
tem was provided. This considered both the energy losses and the minimum flow velocity
requirement for turbulent flow. Using these, an analysis of its implication on the practical
implementation of these systems is discussed. This discussion included the influence of slurry
temperature and TSS concentration on the energy losses and Vtrans.

Although various aspects of the design of the transport system have been established,
there still exists many open questions. These include the identification of the adequate
dilution of CDS for a feasible design of new sanitation, understanding the settling and re-
suspension of the cohesive particles of CDS, flow through minor pipe components and the
influence of gas production and accumulation in the transport of CDS.

For a feasible design of the new sanitation system, the flow velocity must meet the
requirements for which the particles stay suspended (NR < 1.2) and the energy consumed
for transportation is low. On the other hand the chosen flow velocity is dictated by the
concentration of the suspended particles which depends on the flush water quantity used in
vacuum toilets and FWDs.
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CHAPTER 8
Conclusion and

Recommendations

Critical analysis of the current sanitation systems have indicated the lost opportunity in
recovering energy, nutrients and water from wastewater streams. This has lead to the intro-
duction of a shift in the sanitation paradigm, introducing source separation, vacuum toilets,
food waste disposers, decentralisation and resource recovery. ”New Sanitation” consists of
di↵erent elements i.e., collection, transportation and treatment. Although collection and
treatment are well studied, transportation has been vastly overlooked.

Accessing the New Sanitation system as a whole, leads to a better understanding about its
feasibility and applicability. The much over-looked element in new sanitation, the transport
systems, which bridge the collection and treatment, is the focus of this thesis. The objective
of this thesis is to understand the rheological and transport characteristics of concentrated
domestic slurry; thereby, establishing a model that predicts the pressure (energy) losses
incurred in the transport of these slurries. Finally, an approach for implementing a new
sanitation transport system is proposed, considering the revealed slurry characteristics.

8.1 General conclusions

Pressure losses are estimated using a 1-D flow equation, modelling the flow of non-Newtonian
fluids using its rheology. There have been many models established to estimate the pres-
sure losses across the wide spectrum of non-Newtonian fluid behaviour. These include for
Bingham, shear-thinning and Herschel-Bulkley fluid behaviours. In contrast, literature on
the rheological characterisation of CDS have been very limited. Although, the rheology of
primary and secondary sludge in the treatment process have been studied, this cannot be
directly applied to CDS. This knowledge gap hinders the designing of transport systems for
CDS.

133
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8.1.1 Rheology

Rheological characterisation of CDS showed that its non-Newtonian behaviour is akin to
yield shear-thinning or Herschel-Bulkley type. Thereby, a Herschel-Bulkley model is used
to describe the rheology of CDS. Analysis of the rheogram data showed that the rheology is
highly influenced by temperature and TSS concentration. With respect to the temperature,
the viscosity decreases with increase in temperature. This influence is modelled using an
Arrhenius type equation considering the apparent viscosity.

As for the TSS concentration, the viscosity increases with increase in TSS. To model
this e↵ect, the influence is reflected through the rheology model (Herschel-Bulkley) param-
eters. The yield stress and consistency index increase exponentially in e↵ect to the TSS
concentration and are represented through their respective exponential models. Similarly,
the behaviour index is represented through an inverse power law model. It is observed that
the yield stress in the slurry is only physically meaningful above 2 % TSS (wt./wt.) and the
behaviour index above 2.6 % TSS (wt./wt.).

The particle size distribution of the suspended solids in CDS is also found to play a
crucial role in influencing the rheology. This e↵ect is particularly seen in the addition of
ground kitchen waste using food waste disposers in the kitchen. Addition of GKW changes
the e↵ective particle size of the slurry (for example d85). It is seen that the viscosity increase
with the increase in the e↵ective particle size: d85.

8.1.2 Flow characterisation

Laminar-turbulent transition being a very important aspect of flow characterisation, occurs
as a multi stage process. It occurs through the emergence of intermittent flow structures:
pu↵s and slugs. The length of the intermittent structures was observed to be about 5 times
the pipe diameter for the pu↵s and about 10 times the pipe diameter for the slugs. Among
the models used to predict transition, the Reynolds number-based model of Slatter is as-
sessed to be the best for fluids with a yield stress and low behaviour index. This is followed
by the stability parameter-based model of Hanks in terms of its predictability, while the one
of Metzner & Reed is least favourable. The flow energy losses incurred is the other important
aspect of flow characterisation. In estimating these losses, it is found that the Slatter model
is highly preferred with respect to its predictability and its ease of implementation.

In translating these results to the design of a feasible transport system for CDS, it is
important to establish an optimum dilution of CDS. As it is observed that the pressure loss
incurred for the flow of water and to that of CDS di↵er by a large margin, the dilution (TSS
concentration) is the single most important factor as it influences the rheology and hence
the pressure drop greatly. The energy losses is found to increase greatly with the increase
in TSS concentration, but at the onset of yield-stress, it reduces significantly but it is still
higher than that incurred for the flow of water. The optimum dilution would have to justify
the energy consumed upon transportation or avoidance of energy use elsewhere.

8.2 Recommendations for research and application

The various aspects of transport design models having been established, there still exists
many open questions; in particular, the identification of the adequate dilution of CDS for a
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feasible design of new sanitation systems. The design envelop and uncertainty within which
the system will function, given the many parameters of the system, is still unknown. To
provide this, the work in this thesis is hindered by the limited samples used for the rhe-
ological characterisation. With the precise rheology measurement protocol that is already
established in this work, an experimental campaign that includes a broad spectrum of CDS
samples could therefore establish this envelope. This also extends to include the influence
of adding ground kitchen waste to the CDS. At this point, the knowledge of the influence is
limited to the consequences to the PSD and not on the design envelope. To account for this,
a rheological characterisation of CDS with GKW from a wide range of food waste disposers
and kitchen wastes must be performed. This experimental campaign would provide an en-
velop of the rheological parameters to represent CDS with GKW, which in turn provides
clarity on the uncertainty bounds of the transport characteristics.

Despite the many number of approaches to estimate the wall shear-stress (pressure losses)
for the turbulent flow of non-Newtonian fluids, it still remains a challenge. Models and ap-
proaches are often based on over-simplification of the physical phenomena of non-Newtonian
turbulent flow. Semi-empirical models are determined for a restricted set of experiments,
which hinders its ability to be versatile over the many non-Newtonian behaviours. In this re-
gard, extending Slatter’s model to experiments beyond the ones considered in its formulation,
could perhaps make the model more robust and accurate, and hence, worth investigating.
Although CFD holds promise in terms of its capacity to estimate frictional losses, it re-
quires further development in terms of incorporating the fundamentals of non-Newtonian
turbulence, which themselves require thorough experimental investigation and understand-
ing. Considering that many non-Newtonian fluids (industrial) are opaque, techniques used
in this work such as UIV, could render it fit for purpose in investigating these fundamentals
of non-Newtonian turbulent and transitional flow.

In light of the promising results from the UIV measurements, the technique has certainly
a solid future in the field of multiphase flow studies. Especially with its capacity to be
a non-intrusive diagnostic instrument and its applicability to optically inaccessible fluids.
With the possibility to obtain longer time series and deeper intrusion (possibly a complete
pipe cross-section), its potential to investigate the fundamentals of turbulence and transition
is encouraging.

The classic representation of the friction losses using the friction factor vs. the Reynolds
number charts are found to be least favourable for non-Newtonian fluids. The ambiguity
with the representation of the Reynolds number for non-Newtonian fluids stems from the
representation of the viscous forces. As opposed to Newtonian fluids, non-Newtonian fluids
do not have a definitive viscosity, but a shear dependent viscosity. Moving away from the
Reynolds number, a pseudo shear-rate could be a probable candidate for representing the
friction losses. However, this adoption to a di↵erent representation should only be based on
solid fundamental physics rather than mere comfort. Only an exhaustive survey of di↵erent
possible representations could determine this.

The possibility of implementing some elements of new sanitation systems in conventional
systems is also worth exploring. This broadens the envelope of opportunities for the devel-
opment of resource recovery options. Some of the important questions to examine are the
adoption of vacuum toilets and/or food waste disposers using gravity sewers. This could
possibly also include some aspects of sources separation. However, the prospect of adopting
gravity sewers is hindered by the settling of the suspended particles and shorter transport
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lengths for slurries with a significant amount of suspended solids. The issue of settling of
the suspended particles and its re-suspension also a↵ects the possibility of intermittent or
discontinuous flow. The prospect of CDS being transported through gravity sewers or in-
termittent flow could be known by understanding the settling properties, cohesive nature of
the suspended particles and also its re-suspension when settled.

8.2.1 Future of New Sanitation

The implementation of new sanitation systems depend largely on the advantages it provides
over the conventional systems. The e�ciency of energy recovery and avoidance of energy use
along with the feasibility of nutrient recovery and re-purposing them play a vital role. In
addition, by separating the black water streams, by far most (antibiotic resistant) pathogens
and medicine residues from the large pool of water, making application of proper technologies
to address these more feasible. As such, the new sanitation system isn’t a single complete
solution, rather it is made of various di↵erent solutions to tackle di↵erent problems. It is
this attribute that makes the concept of new sanitation system an attractive alternative.
Various sub-concepts of the new sanitation systems could be adopted where needed, rather
than as a whole.

A very often raised concern about new sanitation system is that, will it replace the
existing conventional system? From the point of view of this thesis, it is another type of
system that could very well co-exist with the current systems in environments where it
could be a very practical and feasible option. This is akin to saying that no single mode of
transport has replaced the other, but rather has found its part in the entire ecosystem of
transportation.
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Table A.1: RMSE for the model fit of slurry 1 rheograms at 20°C

Concentration RMSE

% TSS (wt./wt.) HB CHB Power Linear Bingham

11.2 1.25E-2 6.93E-3 3.19E-2 6.16E0 2.61E-1
10 5.17E-3 2.63E-3 1.77E-2 1.56E0 6.49E-2
7.2 7.76E-4 5.52E-4 4.78E-3 2.15E-1 9.37E-3
5 4.93E-5 3.47E-5 6.16E-4 2.95E-2 1.74E-3
3.9 9.30E-5 1.44E-5 1.91E-4 7.15E-3 4.42E-4
3.2 1.26E-4 2.70E-5 1.40E-4 3.74E-3 2.74E-4
2.6 1.05E-4 4.28E-5 7.35E-5 8.40E-4 3.36E-5
1.8 1.72E-4 1.92E-5 2.12E-5 5.83E-5 4.38E-6
1.4 3.01E-4 2.18E-5 1.33E-4 8.95E-6 6.59E-6
0.7 8.40E-5 1.15E-5 1.32E-5 1.21E-5 1.16E-5
0.4 2.48E-4 1.83E-5 1.30E-5 1.47E-5 1.46E-5

Table A.2: RMSE for the model fit of slurry 2 rheograms at 20°C

Concentration RMSE

% TSS (wt./wt.) HB CHB Power Linear Bingham

3 2.00E-4 1.49E-4 2.69E-4 6.25E-3 3.98E-4
2.6 2.14E-4 2.32E-4 1.25E-4 2.89E-3 2.04E-4
2.1 1.06E-4 8.72E-5 1.04E-4 1.56E-3 8.70E-5
1.8 1.62E-4 2.05E-5 7.67E-5 8.48E-4 3.16E-5
1.2 1.45E-4 4.08E-5 7.31E-5 4.02E-4 2.11E-5
1 2.80E-4 5.80E-5 6.01E-5 2.33E-4 1.44E-5
0.8 5.24E-5 9.07E-6 1.23E-5 1.89E-5 7.08E-6

Table A.3: Summary of the parameters estimated for the models representing
the rheograms (rheometric) data of slurry 1

Concentration Temperature Model ⌧y K n RMSE

% TSS (wt./wt.) °C - Pa mPa.s
n - Pa

11.2 10 HB 1.529 849.89 0.52 1.13E-2
20 HB 1.398 820.11 0.49 1.25E-2
30 HB 1.070 946.20 0.45 5.66E-3
40 HB 0.855 1381.14 0.38 1.27E-2

10 10 HB 0.935 459.95 0.55 1.45E-3
20 HB 1.101 232.14 0.62 5.17E-3
30 HB 0.803 286.66 0.56 3.76E-3
40 HB 0.701 317.36 0.53 2.59E-3
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7.2 10 HB 0.307 194.44 0.60 1.77E-3
20 HB 0.444 68.44 0.72 7.76E-4
30 HB 0.325 87.41 0.65 7.41E-4
40 HB 0.372 63.17 0.69 6.75E-4

5 10 HB 0.127 58.64 0.69 1.01E-4
20 HB 0.145 27.10 0.77 4.93E-5
30 HB 0.135 21.23 0.78 2.25E-4
40 HB 0.119 20.21 0.77 2.07E-4

3.9 10 HB 0.081 26.47 0.76 1.30E-4
20 HB 0.076 13.17 0.83 9.30E-5
30 HB 0.073 11.87 0.82 1.81E-4
40 HB 0.020 23.81 0.68 4.35E-4

3.2 10 HB 0.054 18.43 0.79 1.21E-4
20 HB 0.045 10.57 0.85 1.26E-4
30 HB 0.053 7.64 0.87 1.20E-4
40 HB 0.020 13.30 0.75 2.68E-4

2.6 10 Bingham 0.069 4.49 1 1.12E-4
20 Bingham 0.053 3.52 1 3.36E-5
30 Bingham 0.052 2.93 1 2.14E-5
40 Bingham 0.047 2.51 1 1.89E-5

1.8 10 Bingham 0.026 3.43 1 1.33E-5
20 Bingham 0.018 2.70 1 4.38E-6
30 Bingham 0.011 2.23 1 2.49E-6
40 Bingham 0.011 1.86 1 3.43E-6

1.4 10 Linear 0 3.17 1 3.61E-5
20 Linear 0 2.48 1 8.95E-6
30 Linear 0 2.04 1 1.50E-5
40 Linear 0 1.75 1 7.52E-6

0.7 10 Linear 0 2.31 1 9.85E-6
20 Linear 0 1.82 1 1.21E-5
30 Linear 0 1.52 1 6.87E-6
40 Linear 0 1.29 1 5.80E-6

0.4 10 Linear 0 1.95 1 3.47E-5
20 Linear 0 1.50 1 1.47E-5
30 Linear 0 1.25 1 6.73E-6
40 Linear 0 1.03 1 5.19E-6

Table A.4: Summary of the parameters estimated for the models representing
the rheograms (rheometric) data of slurry 2

Concentration Temperature Model ⌧y K n RMSE

% TSS (wt./wt.) °C - Pa mPa.s
n - Pa
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3 10 HB 0.043 32.25 0.74 1.08E-4
20 HB 0.069 12.90 0.84 2.00E-4
30 HB 0.054 10.21 0.85 1.91E-4
40 HB 0.040 10.38 0.81 3.23E-4

2.6 10 HB 0.048 18.30 0.80 5.49E-4
20 HB 0.043 9.35 0.86 2.14E-4
30 Bingham 0.074 3.43 1 9.15E-5
40 Bingham 0.057 2.92 1 7.37E-5

2.1 10 Bingham 0.123 5.01 1 5.73E-4
20 Bingham 0.068 3.78 1 8.70E-5
30 Bingham 0.061 3.03 1 3.19E-5
40 Bingham 0.047 2.67 1 1.77E-5

1.8 10 Bingham 0.076 4.39 1 1.44E-4
20 Bingham 0.059 3.28 1 3.16E-5
30 Bingham 0.044 2.78 1 2.77E-5
40 Bingham 0.035 2.35 1 3.14E-5

1.2 10 Bingham 0.051 3.75 1 6.44E-5
20 Bingham 0.040 2.94 1 2.11E-5
30 Bingham 0.035 2.44 1 7.43E-6
40 Bingham 0.029 2.06 1 9.06E-6

1 10 Bingham 0.042 3.39 1 2.53E-5
20 Bingham 0.030 2.71 1 1.44E-5
30 Bingham 0.023 2.27 1 4.43E-6
40 Bingham 0.021 1.87 1 6.17E-6

0.8 10 Linear 0 2.41 1 2.44E-5
20 Linear 0 1.90 1 1.89E-5
30 Linear 0 1.59 1 6.98E-6
40 Linear 0 1.36 1 4.92E-6
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Figure B.1: Observing transition through the ultrasound velocimetry data.
Plot of the radial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 1.
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Figure B.2: Observing transition through the ultrasound velocimetry data.
Plot of the radial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 2.
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Figure B.3: Observing transition through the ultrasound velocimetry data.
Plot of the radial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 3.
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Figure B.4: Observing transition through the ultrasound velocimetry data.
Plot of the radial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 4.
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Figure B.5: Observing transition through the ultrasound velocimetry data.
Plot of the radial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 5.
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Figure B.6: Observing transition through the ultrasound velocimetry data.
Plot of the axial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 1.
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Figure B.7: Observing transition through the ultrasound velocimetry data.
Plot of the axial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 2.
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Figure B.8: Observing transition through the ultrasound velocimetry data.
Plot of the axial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 3.
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Figure B.9: Observing transition through the ultrasound velocimetry data.
Plot of the axial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 4.
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Figure B.10: Observing transition through the ultrasound velocimetry data.
Plot of the axial component of the velocity vector against time as an estimate
for the cross sectional plane for slurry 5.
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APPENDIXC
Semi-Empirical Models

C.1 Tomita

Tomita’s approach begins with the laminar equations to find a relationship between the
average flow velocity V and the rheological properties of the fluid in question (PL and BP,
in this case). For a BP fluid,

V =
R⌧y

K
(
⇣
4 � 4⇣ + 3

12⇣
)

| {z }
↵

(C.1)

Further, the velocity of the plug or Vp , in the region 0  r  rp is,

Vp =
R⌧y

K

(1� ⇣)2

2⇣
(C.2)

whereas the velocity at a radial distance r in the region rp  r  R is,

v(r) =
⌧y

2rpK
(R2 � 2Rp + 2rrp � r

2) (C.3)

Next, the total shear stress at a distance r, which must equal the pressure gradient, is
expressed as the sum of the laminar and turbulent contributions, in keeping with Prandtl’s
theory (Prandtl, 1933). For a BP fluid,

⌧y +K�̇ + ⇢u0v0 = (
�p

L
)
r

2
(C.4)

where ⇢ is the density of the fluid and ⇢u0v0 is the Reynolds stress. When integrated for
a laminar flow, eq. C.4 leads to the following relationship for pressure loss (see (Assefa and
Kaushal, 2015) for details),

(
�p

L
)B =

2V K

R2⇣↵
(C.5)

After non-dimensionalising eq. C.5, two non-dimensional numbers were obtained, which
for the laminar flow of BP fluids are related through,

165
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⇢V
2

⌧y
=
⇢V R

K
↵ (C.6)

The right-hand side of eq. C.6 is similar to the Reynolds number. Tomita used this
similarity to analyse the turbulent flow of a BP fluid as an imaginary laminar flow with an
average flow velocity V equal to that of a turbulent flow. This led to the deduction of a
suitable friction factor for BP fluids. For completeness, the analysis is described here in brief.

The pressure gradient in case of a Newtonian fluid can be related to V , D and through,

1
⇢

�p

L
=

4fN
2D

V
2 (C.7)

where fN is the Fanning friction factor for a Newtonian fluid. Tomita further proposed
that the dissipation for a BP, as opposed to a Newtonian fluid, is only due to the viscosity
acting outside the plug region therefore, V 2 in eq. C.7 should represent the average velocity
outside the plug. As a result, eq. C.7 is modified as,

1
⇢

�p

L
=

4f⇤
2D

V
2
⇤ (C.8)

V
2
⇤ is obtained by integrating the square of eq. C.3 in the region rp  r  R as,

V
2
⇤ =

2
R2

Z
R

rp

rv(r)2dr =
⌧
2
wR

2

60K2
(1� ⇣)4(5 + 6⇣ � 11⇣2) (C.9)

Further, using ⇣ = ⌧y/⌧w in eq. C.1, one can relate V
2
⇤ and V

2 through,

V
2
⇤ =

4
3
.
9
5
(5 + 6⇣ � 11⇣2)
(3 + 2⇣ + ⇣2)2

| {z }
F (⇣)

V
2 (C.10)

Therefore, the friction factor can now be defined on the basis of similarity as

1
⇢

�p

L
=

4fB
2D

V
2
F (⇣) (C.11)

where fB is the friction factor for a BP fluid. Tomita considered simplifying F (⇣) as
(1� ⇣). Further, Fanning’s relationship for a Newtonian fluids implies

fNRe = 16 (C.12)

which Tomita proposed must also be satisfied by BP fluids described using an appropriate
friction factor and Reynolds number. Therefore, using eq. C.5 and eq. (C.10-C.12), Tomita
obtained the following,

fB =
⌧w

1
2⇢V

2F (⇣)
(C.13)

ReB =
⇢DV

K
4⇣↵F (⇣) =

⇢DV

K
F (⇣)

(⇣4 � 4⇣ + 3)
3

(C.14)

As mentioned earlier, F (⇣) in eq. (C.13-C.14) was simplified as (1� zeta). Tomita also
carried out the above procedure for a PL fluid to obtain fPL and RePL such that,
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fPL =
⌧w

1
2⇢V

2

4
3
(2n+ 1)
(3n+ 1)

| {z }
1

G(n)

(C.15)

RePL = 6
⇢D

n
V

2�n

K
(
3n+ 1

n
)1�n(

n

2n+ 1
)
1
2n

=
1

8n�1

⇢D
n
V

2�n

K
G(n)(4� 3

G(n)
)n (C.16)

(
�p

L
)PL = 2n+2

K(
3n+ 1

n
)n

V
n

Dn+1
(C.17)

fPLRePL = 16 (C.18)

The final step involves finding a relation between the mean flow velocity and the wall
shear-stress. This is done using eq. C.4 in which, the turbulent stress is rewritten in terms
of the mixing length introduced by Prandtl (1933). Eq. C.4 then reads,

⌧y +K�̇ + ⇢
2
y
2(
@v

@y
)2 = (

�p

L
)
(R� y)

2
(C.19)

For a BP fluid, K�̇ is neglected and the right-hand side is rewritten in terms of the wall
shear stress leading to,

⌧y + ⇢
2
y
2(
@v

@y
)2 = ⌧w(1�

y

R
) (C.20)

Eq. 6.11 can be used to modify ⌧y and rewrite it in terms of ⌧w. Another modification
needed here for the term (1y/R). Near the wall, this term is close to unity, so eq. C.20 could
be written as,

⇢
2
y
2(
@v

@y
)2 = ⌧w(1� ⇣) (C.21)

Although the above should ideally hold only when y << R, eq. C.21 correlates well with
experimental data in turbulent regions away from the wall, at least for Newtonian fluids.
Tomita made the same assumption for BP fluids and upon integrating eq. C.21 obtained,

vp � v

v⇤
=

p
1� ⇣


ln(

R(1� ⇣)
y

) (C.22)

For succinctness, the steps that follow are not detailed but can be found in TOMITA
(1959). On integrating eq. C.22, one finds a relation between vp and V . Using this, eq. C.22
is modified as follows,

v

v⇤
= A

p
1� ⇣ +B

p
1� ⇣ln(ReB

y

R(1� ⇣)

p
2u⇤

V

p
F (⇣)

) (C.23)

which when rewritten using the relationship between vp and V reads,

1p
fB

= (A� (1� ⇣)(⇣ + 3)
2

)

r
F (⇣)(1� ⇣)

2
+B

r
F (⇣)(1� ⇣)

2
ln(ReB

p
fB) (C.24)

The contants A and B in eq. C.23 and C.24 are di↵erent from the ones in TOMITA
(1959), wherein they were obtain from the integration and modified to incorporate

p
2. How-

ever, here, these are adjusted to accommodate an equation that is consistent for the three
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types of non-Newotnian fluids considered.

Finally, with the assumption that for a turbulent flow and a reasonably high V , the wall
shear-stress would be high enough for << 1, implying that the

p
F (⇣)(1� ⇣) becomes close

to 1, eq. C.24 was regressed against experimental data points to obtain,

1p
fB

= 4log(ReB

p
fB)� 0.38 (C.25)

which when y = 0, coincides with the relationship for a Newtonian fluid that was proposed
by Nikuradse (1933). Similarly, beginning with Prandtl’s equation for a PL fluid,

K�̇
n + ⇢

2
y
2(
@v

@y
)2 = ⌧w(1�

y

R
) (C.26)

while making the assumptions made for BP fluids earlier, Tomita obtained,

vp � v

v⇤
=

1

ln(

R

y
) (C.27)

Integration eq. C.27 for a relationship between vp and V , and following the steps for eq.
(C.23-C.24), Tomita proposed the PL equivalent for eq. C.24 as,

1p
fPL

= (A� 3
2

)

r
G(n)
2

+B

r
G(n)
2

ln(RePL

p
fPL) (C.28)

which upon regression against experimental data was presented by Tomita as,

1p
fPL

= 4log(RePL

p
fPL)� 0.38 (C.29)

In either case (BP or PL), the friction factor, Reynolds number and the parameter ⇣ (for
BP only) is obtain through the laminar relations detailed at the beginning of this section.

Tomita assumed that these laminar relations also hold for turbulent flows. In this study,
the authors followed Tomita’s procedure to derive an equivalent expression for HB fluids.
The process is not detailed here for brevity, but is similar to the ones derived for PL and
BP fluids mentioned earlier. The foremost assumption is that the equivalent friction factor
and Reynolds numbers (also ⇣ in this case), derived for the laminar flow of HB fluids, also
hold for turbulent flows. These expressions are as follows (see Section 6.1 for details),

v(r) =
nR

n+ 1
(
⌧w

K
)

1
n {(1� ⇣)

n+1
n � (

r

R
� ⇣)

n+1
n } (C.30)

V =
nR

n+ 1
(
⌧w

K
)

1
n (1� ⇣)1+

1
n { n+ 1

3n+ 1
(1� ⇣)2 +

n+ 1
2n+ 1

2⇣(1� ⇣) +
1

n+ 1
⇣
2}

| {z }
↵HB

(C.31)

vp =
nR

n+ 1
(
⌧w

K
)

1
n (1� ⇣)1+

1
n (C.32)

⌧y +K�̇
n + ⇢

2
y
2(
@v

@y
)2 = (

�p

L
)
r

2
(C.33)

On removing the turbulent term from eq. C.33, replacing �̇ as @v/@r and integrating
the equation, one obtains an expression for the pressure gradient, similar to eq. C.5 derived
by Tomita.
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(
�p

L
)HB =

2KV
n

↵
n

HB
Rn+1

1
(1� ⇣)n+1

(
n+ 1
n

)n (C.34)

Checking for consistency, eq. C.34 reduces to eq. C.5 for n=1. As per Tomita’s argument,
the pressure drop should be related to a friction factor such that, the value of the velocity
used in eq. C.8, should in a way be obtained as an average of the flow outside the plug,
which is directly responsible for frictional losses. Therefore, for an HB fluid, integrating the
square of eq. C.30 in the region rp  r  R as done in eq. C.9, to obtain a suitable V

2
⇤ ,

which can be related to eq. C.31 as,

V
2
⇤ =

4
3
{3
4
(2n+ 1)(3n+ 1)

(3n+ 2)
(n+ 1)2(3n+ 2 + 6n⇣ � (9n+ 2)⇣2)

((2n+ 1)(n+ 1) + 2n(n+ 1)⇣ + 2n2⇣2)2
}

| {z }
H(⇣,n)

V
2 (C.35)

In eq. C.35, the term H(⇣, n) is a function of both the ratio of the yield stress to the
wall shear-stress and the behaviour index for an HB fluid. By setting n = 1, one obtains eq.
C.10 for a BP fluid and for ⇣ = 0, one obtains the following for a PL fluid, indicating that
eq. C.35 is a consistent extension of Tomitas concept,

V
2
⇤ =

4
3
{3
4
(3n+ 1)
(2n+ 1)

}
| {z }

G(n)

V
2 (C.36)

Extending Tomitas proposal that the equation fNRe = 16 should also hold for HB
fluids with the relevant friction factor and Reynolds number, one obtains the following set
of relations for HB fluids,

fHB =
⌧w

1
2⇢V

2

1
H(⇣, n)

(C.37)

ReHB8
⇢V

2�n

K
h(⇣, n)(

n

n+ 1
↵HBR(1� ⇣)1+

1
n )n (C.38)

Next, the steps illustrated through eq. (C.20-C.25) are repeated using eq. C.33. For
a turbulent flow, the laminar contribution through K�̇ can be ignored while retaining ⌧y,
leading to the set of equations Tomita derived for BP fluids. However, the modification done
in eq. C.23, can be adjusted for HB fluids leading to,

1p
fHB

= (A� (1� ⇣)(⇣ + 3)
2

)

r
H(⇣, n)(1� ⇣)

2
+B

r
H(⇣, n)(1� ⇣)

2
ln(ReHB

p
fHB)

(C.39)
One can verify that eq. C.38 reduces to that for a PL fluid by setting ⇣ = 0 and to that

for a BP fluid by setting n = 1. Further, for ⇣ = 0 and n = 1, one must obtain the Nikuradse
expression for Newtonian fluids, as Tomita’s expression consistently did. This helps one set
the values of A and B. The final expression reads,

1p
fx

= (3.31� (1� ⇣)(⇣ + 3)
2

)

r
H(⇣, n)(1� ⇣)

2
+2.49

r
H(⇣, n)(1� ⇣)

2
ln(Rex

p
fx) (C.40)

where x can be either types of non-Newtonian fluids considered so far (and even a New-
tonian fluid with H(⇣, n) = 1 and ⇣ = 1). Eq. C.40 is solved iteratively to evaluate the wall
shear-stress for a given non-Newtonian fluid and flow conditions.
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C.2 Dodge & Metzner

C.2.1 DM approach extended to HB fluids

Skelland (1967) explains the approach followed by DM in a simple manner. First, DM used
the Buckingham ⇡ (Buckingham, 1914) theorem (dimensional analysis) to establish a relation
between v(r) at any radial location (see Figure 6.1) and the radius of the pipe R, the wall
shear-stress and the rheological parameters. Next, a similar relation was derived between v⇤
near the wall and the maximum velocity in the core vp, and the rheological parameters.

This is followed by a relationship between the velocity defect or vp � V and the relevant
parameters. Ultimately, the equations obtained by using the Buckingham ⇡ theorem are
combined to relate a suitable friction factor and the flow conditions. For brevity, only the
relevant final equations for an HB fluid are described here. The original equations for a PL
fluid by DM, are described in Skelland (1967).

A major di↵erence between the analysis of PL fluids by DM and the HB extension here,
is the presence of a plug. As per Tomita, it is important to consider the region outside
the plug as it is in this region that frictional losses actually occur, contributing to the
eventual wall shear-stress. Therefore, instead of relating the velocities mentioned in the
previous paragraphs to the wall shear-stress, the velocities will be related to w � y. The final
equations with the symbols used by DM are

v

v⌧HB

=

0rR

z}|{
h1 (v2�n

⌧HB

R
n
⇢

K| {z }
Z

,
R� r

R| {z }
⇠

, n) (C.41)

v

v⌧HB

=

r!Rz}|{
h2 (Z⇠n, n) (C.42)

vp � v

v⌧HB

=

0rrpz}|{
h3 (⇠, n) (C.43)

In the above equations, v
HB

is a special case of the friction velocity (v⌧ ) for HB fluids.
It is defined as,

v⌧HB
= v⌧|{z}

q
⌧w

⇢

p
1� ⇣ (C.44)

Further, h1, h2 and h3 are arbitrary functions of the non-dimensional terms contained
within the functions brackets and deduced using the Buckingham ⇡ theorem. Eq. (C.41-
C.43) are combined to obtain the velocity deficit, as done by DM, leading to,

vp � V

v⌧HB

= Dn (C.45)

where Dn is a dimensionless function of n. With all these equations, one obtains a
relationship between the friction factor of an HB fluid and the flow parameters (similar to
DM) as,
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r
2

fHB

= H1(Z, n)�Dn (C.46)

In eq. C.46, H1(Z, n) is the value of h1(Z, ⇠, n) at the centreline (or ⇠ = 1). fHB is the
friction factor for HB fluids, defined in this case as,

fHB =
⌧w

1
2⇢V

2

| {z }
fN

(1� ⇣) (C.47)

Although fN is the same as previously in eq. C.7, fHB derived here is di↵erent from
the one derived using Tomita’s procedure through eq. C.37. Further analysis as defined
in Skelland (1967) for PL fluids, when done for HB fluids, leads to the following equation,
similar to what DM derived but with parameters defined for HB fluids instead of PL fluids.

1p
fHB

= 1.63An| {z }
A1n

log(
⇢D

n
V

2�n

K| {z }
N

0
Re

.f
1�n

2
HB

)� 0.49An(1 +
n

2
) +

Bn �Dnp
2| {z }

Cn

(C.48)

where An is also a function of n. For a PL fluid, the above equation as proposed by
DM contains fn instead of fHB , as the friction factor for a fluid with zero yield stress is
e↵ectively fN , as per eq. C.47.

N
0
Re as a modified Reynolds number, produces a family of curves depending on the value

of n, instead of a unique relationship between the Reynolds number and the friction factor for
a laminar flow (Metzner and Reed, 1955). Instead, the protocol put forth by Rabinowitsch
(1929) and Mooney (1931) was extended to PL fluids to find a suitable Reynolds number to
be used in eq. C.48 (Dodge and Metzner, 1959; Metzner and Reed, 1955).

C.2.2 A Reynolds number for HB fluids

The Rabinowitsch-Mooney (RM) criterion establishes that for a laminar flow through a
circular tube, the relationship between the pseudo shear rate 8V/D and the wall shear-stress
is unique as long as the shear-stress is a function of the shear-rate (for time-independent
fluids). Just as one uses the Newtonian viscosity determined under laminar conditions for
turbulent flows, DM proposed that the unique relationship established for non-Newtonian
fluids with the RM criterion, could be extended to turbulent flows too. As per RM, the wall
shear-stress can be related to 8V/D as,

⌧w =
D�p

4L
= K

0(
8V
D

)n
0

(C.49)

where n
0 is obtained using

n
0 =

dln(D�p

4L )

dln( 8V
D

)
(C.50)

Metzner and Reed (1955) extended the RM criterion to define the generalised Reynolds
number as,

NRe�Gen =
⇢D

n
0
V

2�n
0

K08n0�1
(C.51)
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Further, the RM criterion also states that the shear-rate at the wall �̇w is,

�̇w =
3n0 + 1
4n0

8V
D

(C.52)

DM used the above criteria to propose the following Reynolds number for PL fluids to
be used in eq. C.48,
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N
0
Re is defined in eq. C.48. Further, to prevent the loss of generality, the n is replaced

with n
0. For a PL fluid n

0 = n. Eq. C.48 when written for PL fluid (as proposed by DM)
finally reads,
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DM determined the constants A1n and Cn0 as follows,

A1n =
4

(n0)0.75
Cn0 =

�0.4
(n0)1.2

(C.55)

In terms of consistency, eq. C.54 reduces to the Nikuradse equation for n0 = n = 1. DM
did not extend their results to HB fluids as they demonstrated in the article from Dodge
and Metzner (1959) that eq. C.54 also works well for fluids with a non-zero yield stress.

Using the RM criterion, n0 is derived for an HB fluid and NRe�GenHB
, a procedure that

is also followed in the work from Chilton and Stainsby (1998). n0 for an HB fluid is,

n
0 =

n✓

1� 3n✓
(C.56)

where ✓ is defined as follows (symbols are the ones used by Chilton and Stainsby (1998)
for consistency),
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For brevity, the procedure used to obtain 8V/D (for laminar flows as per RM) and K
0

for a general fluid is not detailed here. For an HB fluid these are,
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where � is,
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n
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Combining the above, NRE�GenHB
is obtained as defined by eq. C.51,
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CS suggested a simplified version of eq. C.61, which does not contain the parameters K0

and n
0. Further, eq. C.61 can also be expressed in terms of N0

Re as proposed by DM.
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It can be verified that eq. C.62 is same as eq. C.53 should ⇣ = 0 (PL fluid). It is fair to
mention at this point that CS deemed this Reynolds number to not be physically realistic
for turbulent flows as the entire derivation was based on a laminar velocity profile. Instead,
they proposed a new Reynolds number based on the wall-e↵ective viscosity defined as the
ratio of the wall shear-stress to the shear-rate at the wall,

⌘w =
⌧w

�̇w
(C.63)

�̇w can be calculated from eq. 6.5 by setting the shear-stress equal to the wall shear-stress,
which ultimately provides the means to calculate ⌘w,

⌘w =
K

1
n ⌧w

(⌧w � ⌧y)
1
n

(C.64)

The procedure for deriving the Reynolds number based on the wall-e↵ective viscosity is
illustrated by Chilton and Stainsby (1998); the Reynolds number so obtained is,

ReCS =
⇢V D

⌘w
4n✓ (C.65)

For extending eq. C.54 to HB fluids, the Reynolds number defined by eq. C.62 can be
used or the one defined by CS through eq. C.65.

C.2.3 Dodge-Metzner equation for HB fluids

To achieve this, eq. C.54 could be extended to HB fluids by carefully combining eq. C.48,
C.54 and C.62. However, the replacement of n = n

0 which is convenient for PL fluids may
not always be consistent. DM did not provide a clear explanation as to why every n is
replaced with n

0 and if every replacement is justified. DM however asserted that eq. C.54
should ideally be suitable for non-PL fluids based on a calculation that proves that shear-
rates that are less than 80% of ⌧w account for no more than 7% of the mean velocity that
results from frictional losses. Therefore, regions away from the wall have significantly lower
(perhaps ignorable) contributions to the mean velocity. An experimental verification of this
hypothesis along with more details can be found in the work of Skelland (1967).

Further, as a the flow of an HB fluid gets more turbulent, the value ⇣ gets smaller due to
increasing wall shear-stress. As a result, ✓ becomes nearly 1/(3n+ 1), reducing n

0 to n and
e↵ectively making eq. C.54 suitable for further analyses. Bearing this and DMs assertion in
mind, it is perhaps futile to extend eq. C.54 to HB fluids and more so, for highly turbulent
flows. Nonetheless, for less turbulent HB flows where ⇣ is such that it may not be ignored,
an extension of eq. C.54 is warranted.

Assuming that every n can be replaced with n
0, a consistent extension of eq. C.54 to HB

fluids must read,
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Eq. C.66 shall be referred to as DM-HB. Further, CS suggested a similar equation based
on eq. C.65 as

1p
fHB

= 4log(ReCS

1
n2

1
(1� ⇣)4

p
fHB)� 0.4 (C.67)

which shall be called CS-HB from hereafter.
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APPENDIXD
Computational Fluid

Dynamics

This appendix section provides details on the NS solver used for the CFD analysis presented
in this study, ANSYS FLUENT (Ansys, 2011), how the wall functions  1 and  2 are imple-
mented in the solver and how are they solved. Details on the computational mesh are also
provided.

D.1 Solver and Numerics

ANSYS FLUENT (Ansys, 2011) that is based on a finite volume method is used to solve
the RANS equations. The spatial discretisation is done with a second order upwind scheme
to ensure numerical stability. The pressure is resolved with second order accuracy, but is
decoupled from the velocity field with the Semi-Implicit Method for Pressure-Linked Equa-
tions (SIMPLE). The standard k � ✏ and the Reynolds Stress Model (RSM) are used to
resolve the turbulence. These models are chosen because the flow near the wall boundaries
is not resolved as a solution of the RANS equations, but modelled indirectly through a wall
function. As a result, the transition of the turbulent flow into a laminar regime near the wall
is not directly a part of the solution, in e↵ect, implying a fully turbulent flow, with which
both the standard k � ✏ and RSM are compatible.

Furthermore, these models are used with their standard model constants, which were
experimentally-determined for Newtonian fluids (Ansys, 2011). The choice of these con-
stants stems from the fact that any di↵erence in their values for HerschelBulkley fluids will
require detailed experimental investigation on the nature of turbulence within such fluids.
This is currently missing in literature, at least for the relatively high Reynolds numbers
considered in this article. Given the turbulent nature of the pipe flow, the e↵ect of molecu-
lar viscosity (by extension, the Newtonian or non-Newtonian nature of the fluid) would be
small as opposed to the e↵ect of turbulent viscosity. Therefore, the modification of the model
constants for HerschelBulkley fluids may not be completely necessary for strongly turbulent
flows. Another motivation to use the standard model constants were studies by Malin (1998,
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1997) and Bartosik (2006, 2010), which showed promising results with the standard model
constants but with modified wall functions to incorporate the non-Newtonian behaviour of
the fluid under consideration.

To implement the constitutive rheological relation, FLUENT uses a bi-viscosity model
similar to the one proposed by Tanner and Milthorpe (1983) (see Mitsoulis (2007) for a sum-
mary of similar approaches and ANSYS (Ansys, 2011) for the implementation in FLUENT).
This approach prevents numerical instability arising from the yield stress at zero strain.
Lastly, both  1 and  2 are implicit in terms of ⌧w for a given value of v in the first cell near
a wall boundary. Thus, unlike the original wall function,  1 and  2 must be implemented
as a specified shear boundary conditions as described in Mehta et al. (2018). Once a flow
field is initialised, ⌧w is calculated from the initial velocity field, following which the RANS
equations are solved to obtain a new velocity field. This process is repeated until a converged
solution is obtained. A solution is considered as converged once the iterative (absolute, not
normalised) residuals for continuity, velocity, k and ✏ are below 10�6.

D.2 Mesh

The computational grid for simulating fluids in horizontal pipes is shown in Figure D.1.
Instead of simulating the entire circular cross-section, two symmetry boundaries are used to
simulate a quarter-pipe. The boundaries mathematically reduce the gradient across them to
zero and allow no flux to leave or enter the quarter-pipe. The inlet has a specified velocity
and turbulence intensity, whereas the outlet has a simple outflow condition with a di↵usion
gradient and a mass flow balance.

Figure D.1: The computational grid.

The pipe walls are modelled with the specified spear approach, that is,  1 or  2. I can be
seen from Figure D.1, the cells along the pipe increase in height from the pipe’s wall towards
the centre. This pattern is a part of the standard treatment used with wall functions while
simulating turbulent boundary layers (Wilcox, 1998; Ansys, 2011). In every case, the grid
follows the same pattern from the wall until half the radius, following which the cells are
more uniformly arranged into an O-grid. The height of the first cell, 2y1 (y1 was used as
the first grid point, which is located at half the height of the first cell) must be set as per
guidelines similar to those for Newtonian fluids (for wall bounded flows).
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The ⌘w and Rew values were calculated for each test case, following which, the distance
for the first grid point or y1 was obtained by setting y

+ to values from 20 to 120. Once the
first grid cell’s height was known, cells were added with an expansion ratio of between 1.05
and 1.1 until the cells reached the central O-grid, following which the O-grid was created. In
either case, the cells along the pipe were sized to maintain an aspect ratio below 40. There is
no specific literature on aspect ratios. However, on the basis of multiple guidelines available
freely, the maximum aspect ratio was restricted to 40.

To ascertain the grid convergence, the height of the first grid point was varied between
y
+ = 20 and y

+ = 200 (higher values of y+ were possible only with higher Reynolds numbers,
Rew). It is noted that for Rew < 2x104, y+ for a converged value of the wall shear-stress
was closer to 20, whereas for Rew > 105, y+ was at least 60 (as high as 200). Thus, the first
grid point was placed progressively further from the wall (in terms of y+) as the Rew value
increased.

For the standard Newtonian wall function, one should be aware that the first cell must be
placed between 30 < y

+
< 300 (Newtonian definition of y+) to avoid being completely within

the fully laminar or turbulent regimes Davidson (2015); Pope and Pope (2000). This has
been corroborated through various studies. As a result of a lack of experimental or numerical
evidence, it is impossible to conclude the same for a non-Newtonian fluid, and hence we
refrain from discussing any trends in the relation between y

+, u+ and ⌧w. Therefore, the
data reported here is that obtained with values of y+ (HerschelBulkley definition), beyond
which the ⌧w did not change (as mentioned previously, this y+ increased with Rew).
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Summary

Domestic wastewater streams from households implemented with source separation, vacuum
toilets, and food waste disposers are highly concentrated with respect to the total suspended
solids. The concentrated domestic slurries (CDS), which generally consist of faecal matter,
urine, ground kitchen waste (GKW) and water, need to be transported from the point of col-
lection to its treatment. In order to design a transportation systems to convey CDS, its flow
characteristics must be known. The objective of this thesis is to establish the flow character-
istics of CDS that supports the design of its transportation system with pressurised pipelines.

CDS is characterised as a non-Newtonian fluid with respect to its rheology. It has a
shear-thinning property with a yield stress. However, at low concentrations it behaves as
a Newtonian fluid, its non-Newtonian properties are only physically meaningful above a
concentration of 2.0 % TSS (wt./wt.). The rheology of CDS is represented using a Herschel-
Bulkley model, the parameters of which are a function of TSS concentration which describes
the influence of concentration changes. The yield-stress (⌧y) follows a power law function
with concentration and is significant only above a concentration of 2.0 % TSS (wt./wt.).
The consistency index (K) follows an exponential behaviour with the concentration, which
tends towards the viscosity of water at low TSS concentration. The behaviour index (n)
follows an inverse logarithmic function decreasing from 1, and this change is significant only
above a TSS concentration of 2.6 % (wt./wt.). The temperature of the slurry also influence
the rheology of CDS. The influence of temperature is represented using an Arrhenius type
equation with respect to the apparent viscosity. On the other hand, the influence of installing
food waste disposers is reflected on the change in the overall particle size distribution (PSD)
of the slurry, where an increase in the e↵ective diameter of the particle shows an increase in
the viscosity of the slurry.

The pressure losses incurred in the transport of non-Newtonian slurries, including CDS,
in pressurised pipelines are well represented using the Slatter transport model. The pressure
losses are very much impacted by the rheological characteristics of the fluid. The pressure
losses incurred increase with the increase in TSS concentration, but with the onset of non-
Newtonian behaviour, the yield-stress and shear-thinning behaviour, provide some damping
to the pressure losses particularly in the turbulent flow regime. The transition from laminar
to turbulent flow occurs as a multi-stage process starting with the occurrence of pu↵s, and
then to slugs and both together. The Slatter Reynolds number, provides good prediction of
the transition to turbulence compared to the other available models.

To conclude, a functional design of a pressurised pipeline transport system for CDS
would have to meet the pressure losses estimated using the rheology of CDS at a certain
concentration of TSS and temperature of the slurry.
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