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This paper investigates three-dimensional (3D) rail vibrations under fastening constraint
up to 5000 Hz and provides insights into rail vibration control by fastening parameters.
A methodology is proposed, including experimental investigation and numerical simula-
tions of rail vibrations. Three steps are considered: 1) experimental investigation of rail
vibrations under fastening constraint; 2) validation and analysis of 3D finite element
(FE) modeling of rail-fastening systems; 3) rail vibration control by fastening parameters.
In Step 1, operating deflection shape (ODS) and synchronized multiple-acceleration wave-
let (SMAW) measurements are applied to identify rail vibration modes and measure wave
propagation characteristics under fastening constraint. In Step 2, a 3D FE model capable of
reproducing the dynamic behaviors of rail-fastening up to 5000 Hz is developed to analyze
rail vibrations and validated using measurements from Step 1. In Step 3, insights into the
control of rail vibrations are gained by sensitivity analysis of fastening parameters using
the validated 3D FE model from Step 2. The results indicate that (1) under fastening con-
straint, ODS measurement identifies vertical bending modes, longitudinal compression
modes, and lateral bending modes of the rail with shifted frequencies and significantly
reduced vibration amplitude compared to that of free rail. (2) Vertical wave attenuation
of rail-fastening is relatively small between 1800 and 3600 Hz, and lateral wave attenua-
tion presents a dominant peak at about 3800 Hz. (3) Compared to the vertical and lateral
directions, the fastening system constrains the longitudinal rail vibrations less strongly. (4)
The change of fastening stiffness and damping can control rail mode frequencies and their
vibration amplitude, and influence the wave propagation velocities and attenuation along
the rail.
� 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Rail vibrations play an essential role in wheel-rail dynamic interaction. Problems in the field of railway systems, such as
short pitch corrugation and rolling noise, are closely related to rail vibrations. Hempelmann and Knothe [1] and Grassie [2]
reported that the rail vertical ‘pinned-pinned’ mode was the wavelength-fixing mechanism of short pitch corrugation. Li
et al. [3] concluded that the rail longitudinal vibration modes were dominant for short pitch corrugation initiation and con-
sistency between the longitudinal and vertical modes determines its continuous growth. Rail vibrations can also be seen as
the superposition of a series of vibrational waves [4]. Thomson et al. [4–6] linked the decay rate of the waves along the track
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with noise radiation and reported that the vibrational waves in the rail were dominant for wheel-rail rolling noise in 500–
1600 Hz, and generally remained important in higher frequencies up to 5000 Hz. Therefore, effective control of rail vibration
modes and wave propagation may provide root-cause solutions to these vibration-related problems, for instance, by param-
eter optimization of fastenings [7], utilization of vibration absorber [8–10], and under sleeper pad [11]. This paper aims to
provide insights into rail vibration control by fastening parameter design.

Fastenings impose significant constraints on rail vibrations. Fastenings mainly consist of two components: railpads and
clamps. Railpads are resilient material components that are placed in between the rail and the sleeper to add elasticity to the
track. Clamps fix the rail to the sleeper to ensure that the rail remains attached to the sleeper under train loads. Many studies
have reported that the mechanical properties of railpads are nonlinear and depend on preload, excitation frequency, excita-
tion amplitude, temperature, and aging [12–16]. The fastening models have been improved to consider the nonlinearity of
railpads, from the simple Kelvin-Voigt (KV) model [17] to Poynting-Thomson (PT) model [18], Prony series model [16], frac-
tional derivative model [19,20], and solid railpad model [21]. Ilias [7] and Egana et al. [22] studied the influence of railpad
stiffness on corrugation development and found that the softer railpads can mitigate the corrugation growth compared to
the stiffer ones. Thomson et al. [23] investigated the effect on the rolling noise of nonlinear railpad stiffness parameters,
and the results indicated that stiffer railpads caused more considerable attenuation of rail vibration along the track and thus
reduced the rail-radiated noise. Wei et al. [24] reported that the temperature- and frequency-dependent properties of rail-
pads influenced the vertical accelerations of the rail above 315 Hz in high-speed vehicle-track coupled systems. Oregui et al.
[25] performed a sensitivity analysis of railpad parameters on vertical track dynamics, and the derived receptance under dif-
ferent clamp loads and temperature could be used to monitor the fastenings in-service conditions.

Overall, most work mentioned above has explicitly or implicitly studied the vertical rail vibrations under fastening con-
straint because the wheel-rail excitation mainly acts in the vertical direction. Some researchers have also investigated the
lateral rail vibrations under the fastening constraint for studying wheel-rail rolling noise [4,26]. However, the effect of fas-
tening constraint on longitudinal rail vibrations have been barely reported in the literature. Therefore in this paper, we pro-
posed a methodology to comprehensively investigate rail vibrations under fastening constraint in three dimensions (3D) and
provide insights into rail vibration controls by fastenings design.

When considering three-dimensional rail vibrations, multiple rail vibration modes occur, and they are coupled together
[27], making the mode identification more challenging than the uncoupled modes in a single direction. The dispersion and
attenuation of the vibrational waves in the rail also make the wave measurement more difficult [4,27,28]. ODS and SMAW
measurements were conducted in this paper to address these two issues. Compared to commonly-used frequency response
function (FRF) measurement [26,29,30] for only deriving mode frequencies, ODS measurement has the advantage in identi-
fying coupled vibration modes by obtaining both the mode frequencies and shapes. SMAW approach is capable of measuring
wave propagation and dispersion in the rail from the synchronized acquisition of rail accelerations in multiple positions. In
this paper, group velocities and the attenuation coefficient of the waves in the rail under fastening constraint are estimated.

When modeling high-frequency rail vibrations, analytical beam or plate models [31–33] are only valid up to 1500 Hz with
an assumption of constant cross-section. The 2.5D FE model [34,35] and 3D FE model [36] can both consider rail cross-
section deformation and thus are capable of accurately reproducing high-frequency rail vibrations. Compared to the 2.5D
FE model, the 3D FE model has the advantage that it is able to simulate nonlinear wheel-rail dynamic contact, which is
important to study wheel-rail rolling noise and short pitch corrugation. Oregui et al. [36] modeled the fastenings with mul-
tiple one-dimensional spring-damper elements to reproduce vertical track dynamics within 3000 Hz. In this paper, we
extend the fastening model from one-dimensional to three-dimensional, and examine its validity in three directions up to
5000 Hz which cover the frequency interest of both short pitch corrugation and rolling noise.

This paper proposes a systematic methodology to investigate 3D rail vibration and control under fastening constraint.
Through this methodology, rail vibration modes under fastening constraint can be identified by ODS measurement, and wave
propagation characteristics can be measured by the SMAW approach. Insights into rail vibration control can be gained
through sensitivity analysis of fastening dynamic parameters using a 3D FE model. The structure of this paper is as follows.
Section 2 describes the methodology of this paper, including experimental investigation and numerical simulations. Section 3
presents the experimental results of ODS and SMAW measurements. Section 4 examines the validity of the proposed 3D FE
rail-fastening model by comparison with measurements. Section 5 shows the control of rail vibration modes and wave prop-
agation characteristics through the sensitivity analysis of fastening parameters. Section 6 discusses the relationship between
the laboratory and in situ tests of rail vibrations under fastening constraint. The main conclusions and lines of further
research are presented in Section 7.
2. Methodology

In this section, we describe a systematic methodology for studying rail vibration modes and wave propagation under fas-
tening constraint. This methodology includes three steps: 1) experimental investigation of rail vibrations under fastening
constraint; 2) the validation and analysis of 3D FE modeling of rail-fastening; and 3) rail vibration control by fastening
parameters. In Step 1, an experimental setup consisting of rail-fastening is constructed in the laboratory. ODS and SMAW
measurements are conducted to identify rail vibration modes and measure wave propagation characteristics under fastening
constraint. In Step 2, a 3D FE model of rail-fastening is developed and validated by the ODS and SMAWmeasurement results.
2
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With the simulation model, a better understanding of the rail vibrations in the experimental results are obtained. In Step 3,
insights into rail vibration control are gained through sensitivity analysis of fastening dynamic parameters. The flowchart of
the methodology is shown in Fig. 1.

2.1. Experimental investigation

2.1.1. Experimental setup
The experimental setup mainly consists of three parts: a rail, fastenings, and a standard ‘I-cross section’ steel beam, as

shown in Fig. 2. The 4.97 m long UIC 54E1 rail was constrained on the beam by nine fastenings every 0.6 m, which is the
fastening spacing in the field track. The fastening includes two components: railpads and Vossloh W-shaped tension clamps
Fig. 1. Flowchart of the methodology.

3



Fig. 2. Experimental setup. (a) Schematic drawing; (b) setup in the laboratory; (c) Vossloh W-shaped tension clamps; (d) Zw692-4 railpad; (e) FC9 railpad.
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(Fig. 2c). Railpads were placed between the rail and the beam to provide elasticity. TheW-shaped clamps were used to fix the
rail on the beam. Each clamp was tightened by a torque of 240 Nm resulting in a preload of 20 kN, which is a toe load typ-
ically applied in field track. Two types of railpads, harder Zw692-4 (Fig. 2d) and softer FC9 (Fig. 2e), were tested in this setup,
which is commonly used in the mainline of the Dutch railway network.

The sensor distribution in this setup is the same as in [27]. Nine 3D accelerometers (PCB 356B21, denoted as 1–9 in Fig. 2)
were glued on the railhead surface with an approximately 0.6 m spacing. The smallest wavelength of the measurable modes
by this sensor distribution is twice the sensor spacing. The responses of the nine accelerometers are denoted as follows,
aiðtÞ ¼ ½axi ðtÞ; ayi ðtÞ; azi ðtÞ�T ; i ¼ 1;2; :::;9 ð1Þ
where ai(t) is the vector with responses of the ith accelerometer, which includes three components ai
x(t), aiy (t), aiz (t) in the

longitudinal, vertical, and lateral directions, respectively. The experimental setup is used to obtain both the ODS and SMAW
measurements. For the ODS measurement, all accelerometers are used to get the highest wavenumber resolution. For SMAW
measurement, which is capable of identifying wave propagation and dispersion in the rail, only accelerometers 1, 5, and 9 are
used.

A small hammer (PCB 086C03) with a steel tip was used to excite the rail in the high-frequency range. The excitation posi-
tions were as close as possible to the 3D accelerometer 1. Accelerometer 1 is at one of the free rail ends where the mode
shapes have maximum deformation and thus the rail vibration modes can be excited with larger energy. In the real track,
the rail ends are often constrained by, such as joints and welds, and the rail may have mode shapes and frequencies different
from rails with free ends at the same wavelength/number. Impacts were conducted in the longitudinal, lateral, and vertical
directions, recorded as F1x(t), F1y(t), F1z(t), as shown in Fig. 2a. A synchronized data acquisition system recorded the excitation
and the response signals. Five impacts in each direction were measured, with a sampling frequency of 51200 Hz. The reliable
range of the impact forces and repeatability of the signals were checked as in [26], and they were valid up to 5000 Hz.

Compared to the field track, this setup did not include the sleepers, ballast, and other substructure components. These
track components mainly contribute to the track dynamics in a lower frequency range than 400 Hz [32,37,38]. Instead, a
steel beam was used as rail support in this setup, which has two advantages. Firstly, the rail support conditions were sim-
plified compared to practice and make it easier to identify the effect of fastening constraint on rail vibrations without the
influence of sleeper and ballast. Secondly, this beam support has much larger mass and stiffness, making it possible almost
completely to suppress rail vibration modes by rail constraint design. Besides, a short length of rail (4.97 m) was chosen in
this setup for the laboratory test while in the field, it usually is much longer. The influence of these differences between lab-
oratory and field measurements on rail vibration modes and wave propagation will be discussed in Section 6.
4
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2.1.2. ODS measurement method
ODS measurement is employed to identify different rail vibration modes. The ODSs are measured from a set of FRFs,

which can be divided into two steps. The first step is to calculate the FRFs at different accelerometers by the following for-
mula [39]:
FRFyi ðf Þ ¼
Say

i
Fy1
ðf Þ

SFy1F
y
1
ðf Þð2pf Þ2

ð2Þ
where FRFyi ðf Þ is vertical FRF of accelerometer i; Say
i
Fy1
is the cross-spectrum between the acceleration aiy(t), and force F1y

(t), and SFy1F
y
1
is the auto-spectrum of the force F1y(t). The FRFs are complex-valued functions. In the second step, the ODSs of

rail displacement responses are taken as the spatial distribution of the imaginary parts of the FRFs, as follows [40]:
ODSyðf Þ ¼ ½ImðFRFy1ðf ÞÞ; ImðFRFy2ðf ÞÞ; :::; ImðFRFy9ðf ÞÞ� ð3Þ

where ODSy(f) is vertical ODS at frequency f. When the frequency is one of the natural rail frequencies, the ODS will closely
approximate the mode shape [40]. The longitudinal and lateral FRFs and ODSs,FRFxi ðf Þ, FRFzi ðf Þ, ODSx(f), ODSz(f), can be
obtained with the same method. One example to explain the procedure of ODS measurement in detail can be found in [27].

2.1.3. SMAW measurement method
SMAWmeasurement is applied to study wave propagation and dispersion in the rail. Wave propagation signals along the

rail under hammer excitation are non-stationary and contain many frequency components. The continuous wavelet trans-
form (CWT) is used to decompose these signals, which offers a good time and frequency resolution. In the CWT, the convo-
lutions of the analyzed signal are calculated with a group of scaled and shifted wavelet functions. The wavelet coefficients
Wn(s) of the analyzed signal xn can be represented as follows [41]:
Wn sð Þ ¼
XN�1

n0¼0

xn0w
� n0 � nð Þdt

s

� �
ð4Þ
whereW is the mother wavelet, s is the wavelet scale, N is the number of points in the time series, n0 ¼ 0; . . . ;N � 1, dt is the

time step, n is the continuous variable for the translation, � presents a complex conjugate, and w� n0�nð Þdt
s

h i
is a family of wave-

lets deduced from the mother wavelet by various translation and scaling steps. Here, the Morlet function is employed as the

mother wavelet [42]. The wavelet power spectrum (WPS) is calculated by W2
n sð Þ

��� ���. SMAW measurement refers to the mea-

sured WPSs of synchronized accelerations, in this paper, at positions 1, 5, and 9 (see Fig. 2). Among them, positions 1 and 9
are at the two rail ends where the wave vibration energy is stronger than the other positions because of the free boundaries.
Therefore, the acceleration signals at these two positions will be used to calculate group velocities and attenuation coeffi-
cient of the waves because of the larger signal-to-noise ratio. Position 5 is in the middle of the rail. By analyzing accelerations
signals at these three positions, the wave propagation along the rail can be clearly traced [27].

From WPSs, it is possible to estimate group velocity and attenuation coefficient of the waves in the rail under fastening
constraint, as shown in Fig. 3. Firstly, WPSs of acceleration signals at the two rail ends are calculated. Then one frequency fj
(i.e., 2500 Hz) is chosen in the vertical WPSs, indicated by the white solid lines in Fig. 3b. The first peaks A1 and A2 at time t1
and time t2 are detected from the WPSs (see the red triangles in Fig. 3b), which are the first arrivals of the waves at the cho-
sen frequency. There is a time difference dt between these two peaks, during which the waves propagate through the rail
length (L). Therefore the vertical group velocity vgy at fj is calculated as follows,
vy
g f j
� � ¼ L

t2 f j
� �� t1 f j

� � ð5Þ
Then, wave energy attenuation in the rail is estimated from the peak amplitude A1 relative to A2. A linear attenuation
coefficient by is used to describe the wave decay per meter along the rail in the vertical direction [43], as follows,
by f j
� � ¼ 20log10 A1 f j

� �
=A2 f j

� �� �
L

ð6Þ
Afterward, we select the next frequency to study fj+1 and repeat the procedure above. At some frequencies, the vibration
energy of the waves is small and peaks like in Fig. 3b may not be accurately detected from the WPSs. For these cases, the
group velocity and attenuation coefficient are not estimated, so these are not considered in the final analysis. The longitu-
dinal and lateral vgx, vgz and bx, bz can be obtained with the same method.

2.2. 3D FE model

A 3D FE model of rail-fastening was developed with ANSYS, as shown in Fig. 4. The rail was modeled with 8-node solid
elements with a length of 4.97 m. The rail profile was measured by a 3D laser HandyScan with a high resolution of 30 um.
5



Fig. 3. The algorithm to measure group velocity and attenuation coefficient from WPSs. (a) Flowchart of the algorithm. (b) Example of the algorithm for a
selected frequency fj. The white line in (b) shows WPSs at 2500 Hz. The red triangles indicate the detected first peaks from WPSs at 2500 Hz.

Fig. 4. Overview of FE rail-fastening model. (a) Rail-fastening model; (b) cross-section of rail-fastening model; (c)side view of the rail-fastening model; (d)
three spring-damper elements at one rail node.

P. Zhang, S. Li, A. Núñez et al. Mechanical Systems and Signal Processing 160 (2021) 107933
The rail cross-section was discretized with an equal element edge length of 4 mm, as shown in the left corner of Fig. 4. The
longitudinal element size was 10 mm. This meshing method, in terms of the mesh size, was determined after a comparison
of five different meshing methods in [27]. The meshing is thus a good compromise between simulation time and numerical
accuracy. The rail material was treated as elastic isotropic with Young’s modulus of 210 Gpa, Poisson’s ratio of 0.3, and a
density of 7850 kg/m3. Free boundary conditions were applied to the two rail ends. The fastenings were modeled with mul-
tiple linear spring-damper pairs in the vertical, longitudinal, and lateral directions, which is an extension of the fastening
model in [36]. Specifically, the fastening model consists of 72 spring-damper pairs in each direction, divided into nine rows
(lateral direction of the rail in Fig. 4b) and eight columns (longitudinal direction of the rail in Fig. 4c). Fig. 4d shows three
spring-damper elements at one rail node (marked by R). One end of three spring-damper pairs was connected to the rail
node R, and the other ends were fixed. The steel beam was not included in this model for vibration analysis because exper-
imental results indicated that its vibration was approximately 1/10 smaller compared to that of the rail and could thus be
considered as stationary.

The hammer tests were numerically reproduced by an implicit-explicit sequential approach [36]. First, in the implicit cal-
culation, the rail-fastening reached an equilibrium state under gravity. Subsequently, the nodal displacement from the impli-
cit calculation was input as the initial state of the explicit simulation. In the explicit calculation, the impact force of the small
hammer was modeled by a triangular force with a zero magnitude at t0, a maximum magnitude at t1 and a vanishing mag-
nitude at t2, as in [36]. The adopted time step is small enough (287 ns) to ensure the stability of the explicit integration. The
stiffness and damping parameters of the fastenings were derived by best fitting the simulations to the measurement results
6
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of railpad Zw692-4, which will be shown in Section 4. These parameters and the nominal material properties of the rail are
listed in Table 1.

2.3. Rail vibration control by fastening parameters

Sensitivity analysis of fastening parameters is performed via the 3D FE rail-fastening model to gain insight into rail vibra-
tion control, as shown in Fig. 5. The fastening parameters are defined as a vector u, which serve as input for the 3D FE rail-
fastening model.
u ¼ ½kx; dx; ky;dx; kz; dz�T ð7Þ

where kx, ky, kz are the fastening stiffness in the longitudinal, vertical, and lateral directions, and dx, dy, dz are the fastening
damping in the longitudinal, vertical and lateral directions. The output y of the 3D FE rail-fastening model indicates the esti-
mation of the set of accelerations ai i = 1,. . .,9, FRFs, ODSs, group velocities (vg), and attenuation coefficients (b).
y ¼ a tð Þ; FRF fð Þ;ODS fð Þ; vg fð Þ; b fð Þ� �
a tð Þ ¼ a1 tð Þ; :::; a9 tð Þf g
FRFi fð Þ ¼ FRFxi fð Þ; FRFyi fð Þ; FRFzi fð Þ� �
FRF fð Þ ¼ FRF1 fð Þ; :::; FRF9 fð Þf g
ODS fð Þ ¼ ODSx fð Þ;ODSy fð Þ;ODSz fð Þ� �
vg fð Þ ¼ vx

g fð Þ; vy
g fð Þ;vz

g fð Þ
n o

b fð Þ ¼ bx fð Þ;by fð Þ;bz fð Þ� �

ð8Þ
with t during the simulation time, and f in the frequency range of importance for the application (0 to 5000 Hz). The 3D FE
simulation requires parameters that are obtained from the experimental setup (such as impact forces) and literature (such as
the number of elements, rail parameters, etc.). Those parameters are included in the parameter vector hFE. Then, given the
input vector of parameters of the fastening, the output of the rail-fastening model is given by:
y ¼ f rail - fasteningðu; hFEÞ ð9Þ

The sensitivity analysis is conducted by comparing changes in the output when including changes in the fastening param-

eters with respect to nominal parameters. Nominal fastening parameters unominal are as in Table 1, obtained by solving the
inverse problem by fitting the output of the model to measurements from Step 1. A nominal output (ynominal) of the rail-
fastening system is obtained as follows:
ynominal ¼ f rail - fasteningðunominal; hFEÞ ð10Þ

Then, we select one fastening parameter, for example, longitudinal stiffness ky, and define two inputs
uA ¼ unominal þ uky
DA

uB ¼ unominal þ uky
DB

ð11Þ
with
uky
DA ¼ ½0;0;þDA;0;0;0�T ; DA P 0

uky
DB ¼ ½0;0;�DB;0;0;0�T ; DB P 0

ð12Þ
where DA and DB are variations of the specific parameter. The outputs yA, yB with parameters uA and uB are derived using the
3D FE model,
Table 1
The values of parameters used in the model.

Component Parameter Value

Rail Young’s modulus 210 Gpa
Poisson’s value 0.3
Density 7850 kg/m3

Fastening with Zw 692 railpad Vertical stiffness 600 kN/mm
Vertical damping 16 kNs/m
Longitudinal stiffness 160 kN/mm
Longitudinal damping 6 kNs/m
Lateral stiffness 160 kN/mm
Lateral damping 20 kNs/m

7



Fig. 5. Block diagram representation of the FE rail-fastening model.

Fig. 6.
results
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yA ¼ f rail - fastening uA; hFEð Þ
yB ¼ f rail - fastening uB; hFEð Þ ð13Þ
Finally, ynominal, yA and yB are compared to determine the effect of the fastening parameter (i.e., longitudinal stiffness) on
rail vibrations. Thus, the effect on the rail vibration control by this parameter is determined, for instance, including the fre-
quency shift and peak amplitude in the FRFs, wave velocities and attenuation in the rail.

3. Experimental results

In this section, the experimental results of the rail-fastening are presented. Results are compared with those of the free
rail to study the effect of fastening constraint on rail vibrations.

3.1. Results of ODS measurement

Fig. 6 shows the FRFs of rail-fastening with Zw692-4 railpads and free rail at accelerometer 1 in the vertical, longitudinal,
and lateral directions up to 5000 Hz. The set of major peaks in the vertical FRF of free rail (see Fig. 6a) correspond to the rail
vertical bending modes [27]. The fluctuation amplitude of vertical FRF is much reduced with the inclusion of fastening con-
straint, compared to those of the free rail. The distinguishable fluctuation peaks of the rail-fastening system are only
observed around 1500 and 3300 Hz. The frequencies of the fluctuation peaks are shifted, e.g., from 2283 Hz or 2495 Hz
of free rail to 2398 Hz of the rail-fastening case (indicated by red arrows in Fig. 6a). In order to identify the rail vibration
modes related to these peaks, the corresponding ODSs are derived and shown in Fig. 7a, b, and c. It can be seen that the
ODS of rail-fastening at 2398 Hz shares a similar shape with the ODS of free rail at 2283 Hz, and different from that at
2495 Hz. This indicates the peak at 2398 Hz corresponds to one vertical bending mode, and its frequency is shifted from
FRFs at accelerometer 1 in the (a) vertical, (b) longitudinal (c) lateral directions. The red arrows in this figure show peak frequencies of the FRFs. The
of free rail are from [27].

8



Fig. 7. Vertical ODSs: (a) rail-fastening at 2398 Hz, (b) free rail at 2283 Hz, (c) free rail at 2495 Hz, (d) rail-fastening at 2950 Hz, (e) free rail at 2909 Hz, (f)
free rail at 3107 Hz.

Fig. 8. Longitudinal ODSs: (a) rail-fastening at 1080 Hz, (b) free rail at 1034 Hz, (c) rail-fastening at 3110 Hz, (d) free rail at 3094 Hz.

P. Zhang, S. Li, A. Núñez et al. Mechanical Systems and Signal Processing 160 (2021) 107933
2283 Hz to 2398 Hz under fastenings constraint. In Fig. 7d, e, and f, another example shows that the peak frequencies are
shifted from 2909 Hz of free rail to 2950 Hz of rail-fastening, confirming that fastenings increase the vertical bending mode
frequencies of the rail. Besides, it is found that at frequencies higher than 1000 Hz, the overall average trends of the FRFs are
similar in these two cases, but the FRF of the rail-fastening is reduced at frequencies lower than around 1000 Hz. Compared
to clearly distinguished vertical bending modes of free rail in the FRF below 1000 Hz, almost no peaks were observed in that
of rail-fastening system, which should be caused by the fastening damping that dissipates the vibration energy.
9
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In Fig. 6b, the major peaks in the longitudinal FRF of free rail correspond to longitudinal compression modes [27]. With
the fastening constraint, one set of peaks (indicated by and numbers) is still distinguishable in the frequency range of 0–
5000 Hz, although their fluctuation amplitudes significantly decrease. It can also be observed that the frequencies of the first
three peaks of free rail are shifted to the right, and the others are almost unchanged. One additional peak occurs in the lon-
gitudinal FRF of rail-fastening at around 360 Hz, which corresponds to the rail resonance mode on the longitudinal fastening
stiffness. Fig. 8a and c show ODSs of rail-fastening at 1080 Hz and 3110 Hz. These have a similar shape to ODSs of free rail at
1034 Hz and 3094 Hz, respectively (see Fig. 8b and d). These results indicate that the peaks of rail-fastening correspond to
longitudinal compression modes.

In Fig. 6c, the fluctuation amplitude of the lateral FRF of rail-fastening considerably decreases compared to that of free
rail. The lateral FRF of free rail in Fig. 6c shows the coupling of four sets of major peaks, representing lateral bending, lateral
torsion, web 1st bending and web 2nd bending modes, respectively [27]. Specifically, two sets of major peaks at 0–1560 Hz
correspond to lateral bending and torsion modes, and at approximately 1560 Hz and 4400 Hz, with the supplement of web
1st and 2nd bending modes (indicated by two green arrows, respectively). However, with the inclusion of the fastening, only
one set of major peaks (indicated by ) can be identified between 300 Hz and 3000 Hz. Also, the frequencies of the peaks are
shifted, e.g., from 749 Hz or 755 Hz of free rail to 796 Hz of rail-fastening. To identify the vibration modes of the rail-
fastening, the corresponding ODSs are derived, as shown in Fig. 9a, b, and c. It can be seen from Fig. 9b and c that despite
a marginal frequency difference of 6 Hz, the ODSs of free rail at 749 Hz and 755 Hz shows a significant difference, which
corresponds to lateral bending mode and torsion mode, respectively. The ODS of rail-fastening at 796 Hz has a similar shape
(Fig. 9a) to that of free rail at 749 Hz, indicating this peak represents a lateral bending mode. A similar result is observed in
Fig. 9d, e, f that the ODS of rail-fastening at 1608 Hz resembles the ODS of free rail at 1599 Hz (lateral bending mode) rather
than that at 1591 Hz (web 1st bending mode). We also checked other peaks and their ODSs and found that the remaining set
of major peaks of the rail-fastening system correspond to lateral bending modes, and the fastening constraint probably sup-
presses the other three types of lateral modes occurring in the FRF of free rail.

Fig. 10 compares the FRFs of the rail-fastening systemwith two types of railpads, harder Zw692-4, and softer FC9. Overall,
the vertical and lateral FRFs in these two cases are similar to each other below 4000 Hz, but present deviations at frequencies
higher than 4000 Hz. Moderate differences are observed in the longitudinal FRFs at frequencies lower than 1500 Hz. For the
softer FC9, the peak fluctuation amplitudes are larger, and the corresponding peak frequencies are smaller than those of
harder Zw692-4.
Fig. 9. Lateral ODSs: (a) rail-fastening at 796 Hz, (b) free rail at 749 Hz, (c) free rail at 755 Hz, (d) rail-fastening at 1608 Hz, (e) free rail at 1599 Hz, (f) free
rail at 1591 Hz.
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Fig. 10. FRFs with two railpad types at accelerometer 1 in the (a) vertical, (b) longitudinal (c) lateral directions.

Fig. 11. Vertical WPSs at (a) accelerometer 1; (b) accelerometer 5; (c) accelerometer 9. The left, middle, right figures refer to free rail, rail-fastening with
Zw692-4 and FC9, respectively. The red dash lines are the selected time.
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3.2. Results of SMAW measurement

The WPSs of vertical accelerations of free rail and rail-fastening with railpads Zw692-4 and FC9 are shown in Fig. 11.
Fig. 11a, b, and c correspond to the signals at accelerometer 1, 5, and 9, respectively. The color contrast indicates the amount
of energy concentrated in a frequency range (the vertical axis) at a particular time (the horizontal axis). The wave envelope
propagation along the free rail can be seen in the figures. At time t1z, the hammer excites the rail near accelerometer 1. Then,
the wave envelope propagates to accelerometer 5 at time t2z, and to accelerometer 9 at time t3z. After that, the waves reflect
at accelerometer 9 and come back to accelerometer 5 at time t4z, and to accelerometer 1 at t5z. During propagation, the
shapes of the wave envelope change to a ‘C’ shape due to wave dispersion. With the inclusion of fastenings, the wave envel-
ope can be seen propagating from accelerometer 1, through accelerometer 5 and to accelerometer 9. After that, the energy of
the wave envelope becomes too low to be observed. This result indicates that the wave attenuation of the rail-fastening con-
siderably increases compared to that of free rail. Additionally, we can see that the wave envelope of the rail-fastening at
accelerometer 1 concentrates on a broader frequency band in about 1200–5000 Hz, but shrinks to a narrower frequency
band in 1800–3600 Hz at accelerometer 9, as indicated by the white dashed rectangular in Fig. 11a and c. This phenomenon
qualitatively suggests that the wave attenuation in 1800–3600 Hz is less significant than that in ranges 1200–1800 Hz and
3600–5000 Hz.
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Fig. 12. Longitudinal WPSs at (a) accelerometer 1; (b) accelerometer 5; (c) accelerometer 9. The left, middle, right figures refer to free rail, rail-fastening
with Zw692-4 and FC9, respectively. The number 1–9 in Fig. 12 indicates the number of wave envelopes.

Fig. 13. Lateral WPSs at (a) accelerometer 1; (b) accelerometer 5; (c) accelerometer 9. The left, middle, right figures refer to free rail, rail-fastening system
with Zw692-4 and FC9, respectively.
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Fig. 12 shows the WPSs of the longitudinal acceleration signals. Because of the group velocity (around 5100 m/s) is larger
than the vertical one (maximum 2000 m/s), more wave envelopes are observed in the longitudinal WPSs of free rail than
those in vertical ones. With the fastening constraint, the number of clearly observable wave envelopes is reduced, e.g., from
9 to 5 in Fig. 12c, indicating that fastenings significantly increase the longitudinal wave attenuation.

The WPSs of the lateral waves are shown in Fig. 13. Similar to the vertical and longitudinal waves, the lateral waves are
also considerably attenuated under fastening constraint. From the white dashed rectangular in Fig. 13a and c, it can be seen
that the wave envelopes of rail-fastening at accelerometer 1 mainly concentrate on a higher frequency band of about 2500–
5000 Hz, but change to about 600–2800 Hz at accelerometer 9. This result qualitatively indicates that the lateral wave atten-
uation in 600–2800 Hz is smaller than that at higher frequencies. Besides, one discontinuity zone in the wave envelope of
rail-fastening is found between about 3000 Hz and 4000 Hz in Fig. 13c, suggesting that the wave attenuation is so strong
that the lateral waves in this frequency range cannot propagate from position 1 to position 9.

The group velocities of rail-fastening with Zw692-4 and FC9 are measured and compared with those of free rail in Fig. 14.
With the inclusion of fastenings, the vertical group velocity is significantly reduced at frequencies lower than about 1000 Hz,
and one noticeable peak occurs at around 1150 Hz. This peak of harder Zw692-4 is more predominant than that of softer FC9.
The longitudinal group velocity almost does not change in these three cases with a value of around 5100 m/s, corresponding
to the propagation velocity of compression waves in solid guides, which is

ffiffiffiffiffiffiffiffiffi
E=q

p ¼ 5172m/s, where E = 210 GPa, q = 7850 m/
s for the rail material. The lateral group velocity curves of both railpads overlap almost entirely with each other and are lar-
ger than that of free rail above 2500 Hz.

Fig. 15 shows measured attenuation coefficients of the rail-fastening with Zw692-4 and FC9. The vertical attenuation
coefficient firstly decreases from its lower frequency value to a minimum value (around 0 dB/m) at 2400 Hz, then increases
to about 7 dB/m at 5000 Hz. These results agree with the observations in Fig. 11a and c, where vertical wave envelope shrinks
to a narrower frequency band in 1800–3600 Hz at accelerometer 9 after propagation from accelerometer 1 because of the
smaller attenuation in this frequency range. The longitudinal attenuation coefficient first drops from around 200 to
800 Hz, and then gradually goes up to about 4.5 dB/m at 5000 Hz. The lateral attenuation coefficient has a valley at about
1000 Hz and a dominant peak at about 3800 Hz. This peak frequency corresponds to the discontinuity zone in the wave
envelope of rail-fastening in Fig. 13c. Compared to the harder Zw692-4, the vertical attenuation coefficient of the softer
FC9 is lower before the valley at 2400 Hz and becomes higher afterward. The longitudinal attenuation coefficients show a
12
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Fig. 14. Measured group velocity dispersion curves of free rail, rail-fastening with Zw692-4, and FC9 in the (a) vertical, (b) longitudinal, and (c) lateral
directions.
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similar level in these two cases. The lateral attenuation coefficient of harder Zw692-4 is averagely 1 dB/m larger than that of
softer FC9.
4. Validation and analysis of 3D FE model

In this section, the proposed 3D FE rail-fastening model was validated by the experimental results of ODS and SMAW
measurement from railpad Zw692-4. The dynamic parameters of fastenings were derived by best fitting the simulations
to measurements. To better understand the experimental results, modal analysis of the FE model was performed, and the
wavenumber-frequency dispersion curves were derived.
4.1. Validation of FRFs and ODSs

The closest fits of the simulated and measured FRFs at accelerometer 1 in the three directions are shown in Fig. 16. The
overall tendencies and fluctuation amplitude from the simulations match the measurements well. The simulations identify
almost all the peaks in the measured FRFs. Some differences are observed at lower frequencies (i.e., below 1000 Hz in the
vertical direction, below 700 Hz in the lateral direction), which may be caused by the simplification of the fastenings in
the simulation which were modeled by linear spring-damper elements. Taking the non-linear properties of fastenings (i.e.
frequency-dependent) into consideration may improve the simulation results, which will be conducted in future research.
Overall, good agreement has been achieved between simulations and measurements, indicating the proposed 3D FE model
can accurately reproduce the dynamics behaviors of rail-fastening up to 5000 Hz.

Two examples of the simulated and measured ODSs in each direction are compared in Fig. 17. Fig. 17a, b are the vertical
ODSs, Fig. 17c, d are the longitudinal ODSs and Fig. 17e, f are the lateral ODSs. Overall, good agreement is achieved between
simulations and measurements in terms of frequencies and the shapes of ODSs. Slight differences are found in the ampli-
tudes of the simulated and the measured ODS, e.g., the simulation slightly underestimates the vertical ODS amplitude at
around 2950 Hz in Fig. 17b. These differences could be caused by the linear treatment of system components in the simu-
lation while in the real situation, they are frequency-dependent [16].To better understand the results of the ODS measure-
ment, the simulated mode shapes are also included in Fig. 17. The color contrast in the mode shapes indicates the relative
deformations of the elements. Blue is the minimum deformations, and red is the maximum. The numbered black dashed-
lines mark the nine sensor positions. It can be seen that the values of ODSs are consistent with the deformations of mode
shapes: the larger ODS value corresponds to the larger deformation and vice visa. Additionally, it is noted that the ODSs com-
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Fig. 15. Measured attenuation coefficients of rail-fastening with Zw692-4 and FC9 in the (a) vertical, (b) longitudinal, and (c) lateral directions.
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pletely capture only the mode shapes of the longitudinal modes which have larger wavelengths. To identify the vertical and
lateral modes in Fig. 17a, b, e, f, more sensors are needed to improve the wavelength/wavenumber resolutions.
4.2. Validation of group velocities and attenuation coefficient

The simulated group velocities and attenuation coefficients are compared with the measured ones in Fig. 18. Overall, good
agreement is achieved between simulations and measurements in the three directions, indicating that the proposed model is
capable of representing the wave propagation characteristics up to 5000 Hz. Some differences are observed at frequencies
lower than 1000 Hz in Fig. 18a and c. These differences may be caused by the simplification of the rail support in the sim-
ulation (steel beam was not modeled). Slight differences above 3000 Hz in Fig. 18a and c might be related to the rail defects
in the experimental setup.
4.3. Analysis of rail vibrations by wavenumber-frequency dispersion curves

To better understand the rail vibration modes and wave propagation characteristics, the wavenumber-frequency disper-
sion curves of vibrational rail waves are derived by modal analysis, as shown in Fig. 19. These waves include the vertical
bending waves (I), longitudinal compression waves (II), and lateral bending waves (III) of free rail and rail-fastening system.
The lateral torsion waves, web 1st bending, and 2nd bending waves are not included because they are not observed in the
measured FRFs, see Fig. 6c.

Firstly, the wavenumber-frequency dispersion curves explain the frequency shift of the rail vibration modes observed
from FRFs. It can be seen from Fig. 19 that fastening constraint increases the frequencies of the vertical bending waves com-
pared to free rail, which explains that the peak frequencies of vertical FRF (Fig. 6a) are shifted to the right in the range 1500–
3300 Hz. Fastening constraint also increases the frequencies of the longitudinal compression waves at lower wavenumber
than about 1.5 rad/m, agreeing with the observation in Fig. 6b that the frequencies of the first three longitudinal modes
are shifted to the right, and the others keep almost unchanged. Besides, it can be seen that the cut-on frequencies of waves
I, II, and III rise to 615 Hz, 370 Hz, and 218 Hz from 0 Hz of free rail. The cut-on frequencies correspond to the rail resonance
on the fastening stiffness [4].
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Fig. 16. Validation of FRFs in the (a) vertical (b) longitudinal and (c) lateral directions.
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Secondly, the wavenumber-frequency dispersion curves provide more information about the group velocities. Group
velocities can be estimated from wavenumber-frequency relations as follows [44]:
vg ¼ dx
dk

¼ 2p df
dk

ð14Þ
where vg is group velocity, x is the angular frequency, f is the ordinary frequency, and k is the wavenumber. It can be seen
that group velocity is the tangential slope at a point on the wavenumber-frequency curve multiplied by 2p. From Fig. 19, it
can be seen that at lower frequencies, close to the cut-on frequencies, the tangential slope of the wavenumber-frequency
curves of the rail-fastening is smaller than those of free rail, resulting in smaller group velocities. At higher frequencies, tan-
gential slopes of vertical (I) and longitudinal waves (II) are similar in these two cases, and therefore the group velocities
change little under fastening constraint. The tangential slopes of lateral waves of rail-fastening increase at frequencies higher
than 2500 Hz compared to free rail, corresponding to larger lateral group velocities. The estimations of the group velocities
from the wavenumber-frequency curves provide a better understanding of the measurement results in Fig. 14.

5. Rail vibration control by fastening parameters

A sensitivity analysis of fastening parameters was performed to gain insight into rail vibration control. Based on the
derived FRFs, rail vibration modes, wave group velocities and attenuation coefficient, a discussion over mitigation of short
pitch corrugation and rolling noise by optimization of fastening parameters was included. The simulation cases are listed
in Table 2. Case 0 is taken as a reference and applies the same fastening parameters as in Table 1, unominal. Other cases change
one fastening parameter compared to reference Case 0, following the procedure in Section 2.3. For example, Case 1 reduces
the vertical stiffness of Case 0 from 600 MN/m to 300 MN/m, and other parameters are kept the same.

5.1. Rail vibration modes

Fig. 20 shows the influence of fastening parameters on the FRFs. It can be seen from Fig. 20a that with the increase of
vertical stiffness, the frequencies of vertical vibration modes are shifted to higher frequencies, and meanwhile, the FRF
15



Fig. 17. Comparison of simulated ( ) and measured ( ) ODSs and mode shapes. (a) (b) in vertical direction; (c) (d) in longitudinal direction; (e) (f)
in lateral direction.
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amplitude is reduced at lower frequencies than 1000 Hz. The fluctuation amplitude of the modes does not change much in
these three responses. Similar results in terms of frequency shift and FRF amplitude reduction are also observed in the lon-
gitudinal FRFs with different longitudinal stiffness (Fig. 20b) below 2000 Hz. At higher frequencies, the influence of longitu-
dinal stiffness on FRFs is insignificant in these three cases. With the given three lateral stiffness, the lateral FRFs changes
little, which may indicate that the lateral vibration modes are insensitive to the fastening stiffness. In all the three directions,
the same trend of the influence of fastening damping is observed: larger damping leads to smaller fluctuation amplitude of
the vibration modes.

The results in Fig. 20 provide insights into the control of rail vibration modes. For instance, when wheel-rail excitation
frequencies are closer to the rail mode frequencies, strong resonance vibrations happen, which accelerate the track degra-
dation. By optimization of fastening stiffness, the rail mode frequencies could be shifted to avoid the resonance. It is reported
in [3] that the consistency between the longitudinal and vertical vibration modes determines the continuous growth of cor-
rugation. Therefore by the design of the fastening longitudinal and vertical stiffness, it is expected to control this consistency,
and the corrugation growth eventually. Increasing fastening damping effectively suppresses the vibration amplitude of rail
modes in three directions, which is helpful for mitigation of track vibration in practice.
5.2. Wave propagation characteristics

Fig. 21 shows the influences of fastening stiffness on rail wave propagation characteristics in the three directions. With
the increase of vertical stiffness, the vertical group velocity is significantly reduced below 3000 Hz, as shown in Fig. 21a. The
vertical attenuation coefficient considerably increases before the valley at 2400 Hz and decreases at higher frequencies. A
similar trend in terms of group velocity reduction and attenuation coefficient increase at low frequencies are also found
in the longitudinal direction with longitudinal stiffness increase, as shown in Fig. 21c and d. Fig. 21e and f shows that the
lateral group velocities and attenuation coefficient are insensitive to the change of lateral stiffness.
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Fig. 18. Comparison of measured and simulated group velocities and attenuation coefficient. (a) Vertical group velocity; (b) vertical attenuation coefficient;
(c) longitudinal group velocity; (d) longitudinal attenuation coefficient; (e) lateral group velocity; (b) lateral attenuation coefficient.
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Fig. 19. Wavenumber-frequency dispersion curves of vertical bending waves (I), longitudinal compression waves (II), lateral bending waves (III) for rail-
fastening with railpad Zw692-4 ( ). Curves for free rail ( ) as in [27].
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Fig. 22 shows the influence of fastening damping on rail wave propagation characteristics in the three directions. The
group velocities are almost identical with different fastening damping, as shown in Fig. 22a, c, e. The vertical and longitudinal
attenuation coefficients go up overall with a damping increase in the whole frequency range. In the lateral direction, the
attenuation coefficient below 1300 Hz and above 3100 Hz increases with larger damping.
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Table 2
The simulation cases and their parameters.

Case Vertical stiffness
(MN/m)

Vertical damping
(kNs/m)

Longitudinal stiffness
(MN/m)

Longitudinal damping
(kNs/m)

Lateral stiffness
(MN/m)

Lateral damping
(kNs/m)

0 600 16 160 6 160 20
1 300 16 160 6 160 20
2 1200 16 160 6 160 20
3 600 8 160 6 160 20
4 600 32 160 6 160 20
5 600 16 80 6 160 20
6 600 16 320 6 160 20
7 600 16 160 3 160 20
8 600 16 160 12 160 20
9 600 16 160 6 80 20
10 600 16 160 6 320 20
11 600 16 160 6 160 10
12 600 16 160 6 160 40

Fig. 20. The influences of fastening parameters on FRFs. (a) Vertical stiffness on vertical FRFs. (b) Vertical damping on vertical FRFs. (c) Longitudinal stiffness
on longitudinal FRFs. (d) Longitudinal damping on longitudinal FRFs. (e) Lateral stiffness on lateral FRFs. (f) Lateral damping on lateral FRFs.
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The results in Figs. 21 and 22 provide insights into the control of wave propagation for the mitigation of rolling noise. It
was reported in [6] that the vertical and lateral waves of rail are dominant for rolling noise radiation in 500–1600 Hz. From
Fig. 21b, we can see that increasing vertical stiffness can significantly increase the wave attenuation coefficient in this fre-
quency range and thus mitigate rolling noise. The results in Fig. 22b and f indicate increase fastening damping could signif-
icantly increase the wave attenuation in a wide frequency range, which helps for rolling noise mitigation.
6. Discussions

An experimental setup consisting of rail-fastening was constructed in the laboratory to investigate the effect of fastening
constraint on rail vibration modes and wave propagation. Compared to the field track, this setup used a short length of rail
(4.97 m) and did not include the sleepers, ballasts, and other substructures. In this section, both in situ experiments and
18



Fig. 21. The influences of fastening stiffness on wave propagation characteristics. (a) Vertical group velocity; (b) vertical attenuation coefficient; (c)
longitudinal group velocity; (d) longitudinal attenuation coefficient (e) lateral group velocity; (f) lateral attenuation coefficient.
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numerical simulations have been conducted to discuss the influence of these differences on rail vibration modes and wave
propagation.
6.1. Field SMAW measurement of wave propagation characteristics

The wave propagation characteristics of the rail in field track were measured by the SMAW approach. The experimental
setup is shown in Fig. 23. The track without visible defect is in Railway Testing center Faurei, Romania. The UIC60 E1 rail was
constrained by Vossloh W14 fastenings on prestressed monoblock sleepers every 0.6 m. No joints, welds and crossings are
nearby. The track can thus be considered as effectively infinite. Eleven 3D accelerometers (PCB 356B21, denoted as 1–11 in
Fig. 23) were used to measure the rail vibrations under the impact of the hammer. Accelerometers 1–7 were glued onto the
railhead on the field side. Among them, accelerometers 1 and 4 were above the sleeper (called on-support below);
accelerometers 2 and 6 were at the mid-span of the rail; and accelerometers 3, 5 and 7 were at the quarter-span. Accelerom-
eters 8 and 10 were glued onto the rail web, and accelerometers 9 and 11 were glued onto the rail foot. The tests in the lon-
gitudinal directions were not performed because of the difficulty in applying longitudinal excitation on the railhead.

The WPSs in Fig. 24a, b and c show the propagation and dispersion of vertical and lateral waves of the rail in the field
track. Fig. 25 shows the measured group velocities and attenuation coefficients from the laboratory (see Section 3.2) and
the field. Compared to the results in Section 3.2, reasonable agreements have been achieved between the laboratory and field
measurements. For instance, the vertical group velocities at 1000–3500 Hz in these two cases fluctuate at approximately
2000 m/s and both have a downward trend above 3500 Hz. The lateral group velocities both have an overall upward trend
and rise to over 2200 m/s at 4500 Hz. The vertical wave attenuation of field measurement is relatively low in 1200–3200 Hz,
which shares a similar frequency range to that of laboratory measurement in 1800–3600 Hz. The lateral wave attenuation of
field measurement also has a valley at about 600 Hz and a peak at approximately 3800 Hz, similar to that of laboratory mea-
surement. These agreements indicate that the experimental setup of rail-fastening in the laboratory is appropriate to inves-
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Fig. 22. The influences of fastening damping on wave propagation characteristics. (a) Vertical group velocity; (b) vertical attenuation coefficient; (c)
longitudinal group velocity; (d) longitudinal attenuation coefficient (e) lateral group velocity; (f) lateral attenuation coefficient.

Fig. 23. Experimental setup of ODS and SMAW measurements in the field track. The red arrows indicate the vertical and lateral hammer excitation
positions.
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tigate wave propagation characteristics of the rail under fastening constraint, and the experimental results can be used to
understand the vibrational rail waves in the field.

Some differences were also observed between the laboratory and field measurements. For example, the vertical group
velocities of field measurement show strong fluctuation at lower frequencies; the values of the wave attenuation of field
measurement are over three times larger than those of laboratory measurement at lower frequencies. In the field, the
dynamic behaviors of the track can be characterized into three frequency range depending on the contribution of the track
components [29,32,37,38,45]. In the low frequency range (0–40 Hz), the substructure layer mainly contributes to track
20



Fig. 24. Vertical and lateral WPSs at (a) accelerometer 1; (b) accelerometer 4; (c) accelerometer 7. The results of vertical WPSs are from [27].
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Fig. 25. Comparison of measured group velocities and attenuation coefficients of vertical and lateral waves from the laboratory and the filed. (a) Group
velocities; (b) attenuation coefficient.
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dynamic behaviors. In the mid frequency range (40–400 Hz), the sleeper (including sleeper pad) and ballast bed (concrete
plates in ballastless track) are two key contributor to track dynamics. In the high frequency range (400–5000 Hz), the super-
structure layer including sleeper, fastener and rail, provides the major contributions. Therefore, these differences between
the laboratory and field measurements at lower frequencies range may be caused by the sleepers and ballast in the field
track.
6.2. The influences of rail lengths on rail vibration modes

In the experimental setup (Fig. 2), a short length of rail (4.97 m) was used for the laboratory test, while in practice, it is
normally much longer. Three simulation cases were designed to study the influence of the rail lengths on rail vibration
modes, as shown in Fig. 26.

The simulated FRFs are shown in Fig. 27a, b and c. With the increase of the rail length, the number of peaks in the FRFs
considerably increases, and the fluctuation amplitude of most peaks are reduced. That is because these peaks correspond to
different types of rail vibration modes, e.g., longitudinal compression modes, vertical bending modes and lateral bending
modes, respectively (as indicated by arrows in Fig. 27). With the increase of rail length, the number of rail vibration modes
increases and their frequencies are also different in the same frequency range [27]. When the rail length is up to 20 m, the
fluctuation amplitudes of the vertical and lateral FRFs are so small that the FRF curves become almost smooth. Nevertheless,
the fluctuation amplitude of the longitudinal FRF is still relatively strong, indicating longer rail is needed to suppress the lon-
gitudinal compression modes.

In the field, the nominal rail length is long, and the track dynamics are closer to the vibration responses of the 20-m rail,
as shown in Fig. 27d. Rail resonances and pinned-pined resonances are the dominant vibration modes [32,37,38]. In some
conditions, rails may have welds and joints or defects like cracks, which cause energy reflections at these locations.
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Fig. 26. Different rail lengths in the FE simulations. (a) 4.97 m; (b) 10 m; (c) 20 m.

Fig. 27. Simulated FRFs at mid-span with different rail lengths and measured FRFs at mid-span. (a) Simulated longitudinal FRFs; (b) simulated vertical FRFs;
(c) simulated lateral FRFs; (d) measured vertical and lateral FRFs.
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7. Conclusions

This paper presents a systematic methodology to study rail vibration modes and wave propagation under fastening con-
straint in three directions up to 5000 Hz. This method includes three steps: 1) experimental investigation of rail vibrations
under fastening constraint; 2) the validation and analysis of 3D FE modeling of rail-fastening; and 3) rail vibration control by
fastening parameters. In Step 1, an experimental setup consisting of rail-fastening was constructed in the laboratory. Two
types of railpads, the harder Zw692-4, and the softer FC9, were tested in this setup. ODS and SMAW measurements were
conducted to identify rail vibration modes and measure wave propagation characteristics under fastening constraint. In Step
2, the 3D FE model of rail-fastening was developed and validated with the ODS and SMAW measurement results. The
wavenumber-frequency dispersion curves of vibrational rail waves were derived from analyzing the experimental results.
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In Step 3, insights into rail vibration control were gained through sensitivity analysis of fastening dynamic parameters.
Finally, the measured rail vibrations under fastening constraint in the laboratory and field tests are compared, and reason-
able agreement has been found. This agreement indicates that the experimental setup of rail-fastening in the laboratory is
appropriate for investigating wave propagation characteristics of the rail under fastening constraint, and the experimental
results can be used to understand the vibrational rail waves in the field. The main conclusions are summarized as follows.

Vertical bending modes, longitudinal compression modes, and lateral bending modes of the rail under fastening con-
straint are identified from the ODS measurement but with shifted frequencies and significantly reduced vibration amplitude
compared to that of free rail. The lateral torsion modes, web 1st bending modes and web 2nd bending modes of rail-
fastening are not identifiable, which are possibly suppressed by the fastening constraint.

Wave propagation characteristics in terms of group velocities and attenuation coefficients were measured from WPSs of
rail-fastening by SMAW measurement. Fastening constraint considerably increases the wave attenuation along the rail in all
three directions. One noticeable peak occurs at around 1150 Hz in the vertical group velocity of rail-fastening. The longitu-
dinal group velocity almost does not change under fastening constraint at a value of around 5100 m/s. Vertical wave atten-
uation of rail-fastening is relatively small between 1800 and 3600 Hz. Lateral wave attenuation of rail-fastening shows a
dominant peak at about 3800 Hz.

Compared to the vertical and lateral directions, the fastenings constrain the longitudinal rail vibrations less strongly,
which could be seen from the following facts: (1) all the longitudinal compression modes are distinguishable in FRFs up
to 5000 Hz while the vertical and lateral modes can only be observed in a narrower frequency band; (2) the fluctuation
amplitude of the longitudinal modes is larger than those in the vertical and lateral directions; (3) the attenuation coefficient
of a longitudinal wave is generally lower than those in the vertical and lateral directions.

The results of sensitivity analysis indicate that the change of fastening stiffness and damping can control rail mode fre-
quencies and their vibration amplitude, and influence the wave propagation velocities and attenuation along the rail. There-
fore, the optimization of fastening parameters could be helpful for mitigation of short pitch corrugation and wheel-rolling
noise in the relevant frequency range, which needs further research in future work.

In summary, this work contributes to a better understanding of 3D rail vibrations under fastening constraint and provides
insights into rail vibration control by fastening dynamic parameters. In future work, the optimization design of rail con-
straint will be performed to suppress rail vibrations better. More accelerometers should be mounted on the rail to obtain
better spatial resolution and to more accurately identify the rail vibration modes at higher frequencies by ODS measurement.
The fastening model could be improved by, e.g., a more complex Prony series model to consider the nonlinear properties of
the railpads in order to further narrow the gap between measurements and simulations.
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