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For a simple graph T' and for unital C"-algebras with GNS-
faithful states (A, ¢v) for v € VT, we consider the reduced
graph product (A, ) = %, r(Ay, ¢y), and show that if every
C"-algebra A, has the completely contractive approximation
property (CCAP) and satisfies some additional condition,
then the graph product has the CCAP as well. The additional
condition imposed is satisfied in natural cases, for example
for the reduced group C*-algebra of a discrete group G that
possesses the CCAP.
Our result is an extension of the result of Ricard and Xu in
(28, Proposition 4.11] where they prove this result under the
same conditions for free products. Moreover, our result also
extends the result of Reckwerdt in [27, Theorem 5.5], where
he proved for groups that weak amenability with Cowling-
Haagerup constant 1 is preserved under graph products. Our
result further covers many new cases coming from Hecke-
algebras and discrete quantum groups.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper we look at graph products of operator algebras. These graph prod-

ucts are a generalization of free products, where certain commutation relations are
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added. The notion of graph products was first introduced for groups, by Green in her
thesis [20]. For groups G; the free product G = x;G; consists of all reduced words
g1---g with g; € G;; and the group operation consists of concatenation, and reduc-
tion. For a given simple graph I', and groups G, for every vertex v, the graph product
Gt = *,,rGy is obtained from the free product by declaring elements g; - - - gxgr+1 - g
and g1+ gr_19k119kGk12 - - g1 tO be equal whenever g € G, and g1 € G4, and v and
w share an edge in I'. Graph products preserve many interesting properties like: soficity
[12], residual finiteness [20], rapid decay [13] and other properties, see [2,11,22,23]. In par-
ticular, approximation properties like the Haagerup property [1] and weak-amenability
with constant 1 [27] are also preserved by graph products of groups.

Graph products of operator algebras were introduced in [7] by Caspers and Fima
as a generalization of free products. Their notion of graph products agrees with that
for groups in the sense that for discrete groups G, one has %, rC;(G,) = C} (%, rGy)
and ¥, 1 L(Gy) = L(*,,rGy). In their paper, they also showed stability of exactness (for
C"-algebras), Haagerup property, IT;-factoriality (for von Neumann algebras) and rapid
decay (for certain discrete quantum groups) under graph products. Also, in [6] it was
proven that embeddability is preserved under graph products.

The notion of weak amenability for groups originates from the work of Haagerup [21],
De Canniére-Haagerup [16] and Cowling-Haagerup [14]. The corresponding notion for
unital C*-algebras is given by the completely bounded approximation property (CBAP)
in the sense that a discrete group is weakly amenable if and only if its reduced group
C"-algebra possesses the CBAP. We say that a C*-algebra A has the CBAP if there
exists a net of completely bounded maps V,, : A — A that are finite rank, converge
to the identity in the point-norm topology and such that sup,, ||[Vallee < A < oo for
some constant A. The minimal such A is called the Cowling-Haagerup constant. If the
Cowling-Haagerup constant is 1, then we say that A has the completely contractive
approximation property (CCAP).

Weak amenability and the CBAP/CCAP play a crucial role in functional analysis and
operator algebras. Already in case of the group G = Z weak amenability allows, in a
way, to approximate a Fourier series by its partial sums. In operator space theory the
CBAP has led to a deep understanding of several group C"- and von Neumann algebras.
Already the results by Cowling and Haagerup [14] allow for the distinction of group
von Neumann algebras of lattices in the Lie groups Sp(1,n),n > 2. Later, Ozawa and
Popa used the (wk-+) CCAP in deformation-rigidity theory of von Neumann algebras
[25]. Much more recently also graph products have appeared in the deformation-rigidity
programme, see e.g. [5], [4] [10], [9], [17]. This line of investigation, especially beyond the
realm of group algebras, motivates the study of the CCAP for general graph products.

In this paper we are concerned with showing that the CCAP is preserved under graph
products. While we are not able to show this in full, we prove this under a mild ex-
tra condition on the algebras (A, y,), similar to the one imposed by [28] for proving
the same result for free products. The conditions that we impose are stated in Sec-
tion 6, and we abbreviate them by saying that the algebra has a u.c.p extension for the
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CCAP. This condition is satisfied by many natural unital C"-algebras, under which finite-
dimensional ones (with a GNS-faithful state), reduced C*-algebras of discrete groups
(with the Plancherel state) that possess the CCAP [28], and reduced C*-algebras of
compact quantum groups (with the Haar state) whose discrete dual quantum group is
weakly amenable with Cowling-Haagerup constant 1 [19]. Our main result is the follow-
ing:

Theorem A. Let T' be a simple graph and for v € VT let (A, @,) be unital C*-algebras
that have a u.c.p. extension for the CCAP. Then the reduced graph product (A, @) =
sy, 1(Ay, ©y) has the CCAP.

Along the way, in Corollary 4.4, we also obtain the following result for von Neumann
algebras.

Theorem B. Let ' be a simple graph and for v € VI let M, be a finite-dimensional
von Neumann-algebra together with a normal faithful state ¢,. Then the von Neumann
algebraic graph product (M, @) = %, r(M,, py) has the wk-+« CCAP.

The method for proving above results is, on a large scale, similar to [28]. However,
at most points, the proofs get more involved in order to work for graph products. This
becomes most clear in Section 3, where we have to use different methods to show the
completely boundedness of the word-length projection maps P4 that project on Ay, the
homogeneous subspace of order d. For these maps we show for d > 1 the linear bound
|Pallev < Crd, where Cr is some constant only depending on the graph T'. In Section 4
we show that the graph product map 6 of state-preserving u.c.p. maps 6, on unital
C"-algebras A, is again a state-preserving u.c.p. map on the reduced graph product A.
Together with our bound on ||Pgy|[.» we are then able to show the preliminary result,
Corollary 4.4, that, when all C*-algebras, respectively von Neumann algebras, are finite-
dimensional, the reduced graph product has the CCAP, respectively the wk-+ CCAP.
In Section 5 we consider the same problem as in Section 4, but now for state-preserving
completely bounded maps. We show that the graph product map T of state-preserving
completely bounded maps T, defines a completely bounded map, when restricted to a
homogeneous subspace Ay (i.e. Ty := T'| 4, is completely bounded). In order to do this
we consider the operator spaces X, from [8] (analogous to [28]) and use the Khintchine
type inequality [8, Theorem 2.9] they proved. We moreover construct other operator
spaces )Z'd and prove the ‘reversed’ Khintchine type inequality (Theorem 5.2). Finally,
in Section 6, using all our previous results, we are then able to show the main result
Theorem A (Theorem 6.1).

Our results extend [28] (as well as [27]) in a natural way, and provide a unified ap-
proach to proving the CCAP and wk-x CCAP for various operator algebras. Specifically,
Theorem B can be applied to the graph product %, rNg, (W, ) of Hecke-algebras of finite
Coxeter groups. Such a graph product is itself a Hecke-algebra, and by the result we
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obtained, possesses the wk-x+ CCAP. This result is new, and was previously only known,
by [5, Theorem A], for the case that W, is right-angled for all v. Furthermore, the main
theorem, Theorem A, can be applied to give new examples of C*-algebras that posses the
CCAP, for example the graph product *, r(A,, ¢,), where some algebras A, are finite-
dimensional, and others are reduced group C'-algebras of discrete groups that posses
the CCAP.

2. Preliminaries

We will use basic notions from C*-algebras and von Neumann algebras, for which
we refer to [24]. Also, in Section 5, we will use some theory from operator spaces for
which we refer to [18], [26]. Here, in this section, we shall recall the definitions of weak
amenability and of graph products of operator algebras, and establish the notation that
we shall use for this throughout the paper. We also state Lemma 2.2 (see [8, Lemma
2.5.]) and prove Lemma 2.3 that we shall need later for calculations.

Weak amenability with Cowling-Haagerup constant 1

We recall the definition of the CCAP for unital C*-algebras and the wk-+ CCAP for
von Neumann algebras. A unital C -algebra A with state ¢ is said to have the CCAP if
there exists a net (V;);ecs of completely contractive, finite-rank maps on A s.t. V; — Id
pointwise in the norm-topology. A von Neumann algebra M is said to have the wk-x
CCAP if there exists a net (V}),es of normal, completely contractive, finite-rank maps
on M s.t. V; — Id pointwise in the o-weak topology.

Graph products of operator algebras

Let T be a finite graph that is simple (i.e. undirected, no multiple edges, no edges that
start and end in the same vertex), with to each vertex v € VT associated a unital C"-
algebra A, together with a state ¢, on A,. Moreover, for v € VT, let 7, : A, — B(H,)
be a given faithful representation of A, on a Hilbert space H, such that for a € A,
we have @, (a) = (m,(a)€y, &) for some unit vector £, € H,. In the case that the states
¢, are GNS-faithful (meaning the GNS-representations are faithful), and we do not
specify the representations, we take the GNS-representation (H,,7,,&,) for A, and
simply consider A, C B(H,) as a subalgebra. We will moreover denote Av = ker ¢, and
H, = &L. Moreover, for an element a € A, we will write & := a — ¢,(a) € A, and
a = m,(a)é, € H,. For a vector nn € H,, we will denote 1) =n — (n,&,)& € #L,. We note
that a € A, implies @ € Ho.
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2.0.1. The Coxeter group

We will call a finite sequence (vs, .. ., v,) of elements of VI' a word, and we will denote
the set of all words by W. This includes the empty word. We equip the set W with the
equivalent relation generated by

(V1,3 Un) ~ (V1,0 ., Vi1, Vig2,. .., Uy) Whenever v; = v, 41 (1)
(U1, Un) ~ (V1,0 oy Vi1, Vit1, Uiy Vig2, - . ., Up) Whenever (v;,v;41) € ET.  (2)
We will call a word (v1, ..., v,) reduced if it is not equivalent to a word (vf, ..., v),) with

m < n. We note that if two reduced words are equivalent, then they must have equal
length. Also we note that every word is equivalent to a reduced word. We shall now
denote W for the set of words W modulo the equivalence relation. We equip W with
the operation of concatenating tuples, which makes W into a group. We denote e for the
identity element in W, which is the equivalence class corresponding to the empty word
in W. We note that, in fact, W equals the right-angled Coxeter group whose Coxeter
diagram is the graph T" (for references on Coxeter groups, see [15, Chapter 3]). For a word
(v1,...,0,) € W we will write vy - - - v, for the corresponding element in W. For every
Coxeter element w € W, we will fix a reduced element (ws,...,w,) in the equivalence
class w. This element will be called the representative of w. Furthermore, we will write
|w| for the length of w, which we define as the length of its representative. We remark

here that |e| = 0. If wy,...,w, € W, we will say that the expression wy - - - w,, is reduced
if it holds that |wq|+...4+|wy,| = |wy -+ - wy,|. We will say that a word w € W starts with
a word u € W when |w| = |u| + [u~'w|, and similarly we will say that w ends with a
word u € W when |w| = [wu™!| + |u|. A word w € W with representative (w,...,w,)

will be called a cliqgue word when any two letters w; and w; with ¢ # j share an edge in
T. For a word w € W we define s;(w) and s,(w) as the maximal clique words that w
respectively starts with and ends with. We note that s;(w) = s,.(w™1).

2.0.2. The Hilbert spaces
For a word w € W, w # e with representative (wy,...,w,) € W define the Hilbert
spaces

o o o

Hw:Hw1®"'®Hwn (3)

We also set

o

H. = CQ (4)
where the vector Q is called the vacuum vector. For d > 0 set

Fa= @ 7:Lw (5)

weW,|w|=d
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and set

F=P Haw (6)

wew

2.0.3. The operator algebras
For an element w € W, w # e with representative (wy ...w;) € W define the algebraic
tensor products

Ay, =A, ® --®A,, (7)
Also define
A, = B(#.). (8)
Moreover, for d > 0 we define the direct sums

A= @ A (9)
i

Now we set

A= A, (10)

weWw

2.0.4. Identifying Hilbert spaces and operator algebras

Let (vi,...,vy) € W™ be s.t. |vi---vy| = |vi| + ... + |v,|. Write Z for the set
of all indices 1 < i < n s.t. v; # e. For i € T write (v(1),...,v3,,)) € W for the
representative of v;. Also, write (v1,...,0;) € W for the representative of v := vy - v,.
By the assumption it holds that [ =,
from {1,...,1} to {(¢,7)i € Z,1 < j < I;} as o(m) = (i,j) where (i,7) is uniquely
chosen with the property that m = j + Zke[,k<ilk' Now, we have by the definitions

l;. For convenience, we define a bijection o

that (vy(1),...,Ve@)) ~ (V1,...,7;). Therefore, by [7, Lemma 2.3] we obtain that there
is a unique permutation 7 of {1,...,1} with the property that

(Ug(ﬂ(l))7...7va(ﬂ(l))) = (171,...,51) (11)

and satisfying that if 1 <14 < j <[ are s.t. v,(;) = v,(;), then 7(i) < 7(j).

We will now define a unitary Qy, .. v,.): Hy, @@ Hy, — Hy,..v, as follows. For
i € 7 choose pure tensors n; =1; 1 ®---®n;, € Hv and for 1 <1 < n with ¢ € 7 denote
1; = ). We define

(12)

( @) = No(n(1)) @+ @ Mo (n(1)) when Z # ()
! Q when Z = ()
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and we extend this definition linearly to a bounded map.

Similarly, we define another map Q.. v,): Avl ®-- ~®Avn — Avl.“vn, denoted by
the same symbol, as follows. For i € Z choose pure tensors a; = a;1 ® -+ ® a;; € Avi
and for 1 < i < n with i € Z denote a; = Idﬁe. We define

Uo(n(1)) ® " Q Qg(r when 7 # ()
Q(vl,..i,vn)(al R - Qay) = { (m(1)) (= (1)) # (13)

Idr when Z = ()

and we extend this definition to a linear map.

2.0.5. Defining the graph product
For u € W let WL (u) be the set of words w € W, s.t. uw is reduced. We define

weWL (u)
We will now, for v € VT, define a unitary U, : H, ® HZ(u) — F by setting

Uulyy, 911, = Qouw) for w € WE(u) (15)
Uu(§u®n) =n for n € H(u). (16)

Furthermore, we define for v € VI' an operator A, : B(H,) — B(F) as
Ay(a) =Uy(a®1d)U;. (17)

The definitions of U, and A, (a) are the same as in [7] and the intuition behind these
maps is as follows. The unitary U represents a pure tensor n = 1, ® - - ®mn,, € Hy CF
by an element in H, ® HL(u) by either shuffling the indices (when v starts with u), or
tensoring with the vector &, (when v does not start with u). The operator A,(a) acts
on n € F by rearranging the tensor n using U, acting with a on the part in H,, and
subsequently using U, to map the vector back to an element from F.

This construction also coincides with [8, Section 1.5] where the shuffling is done im-
plicit by using an equivalence relation (called shuffle equivalence) to identify Hilbert
spaces 7-0171,1 R /Hwn and 7-[ 1R ® Ho . whenever wy - - - wy, = wj ---w, are two
reduced expressions for the same Word The action is then defined by a-n = a®77+go( m
when v does not start with u, and a -1 = (ano) ®n + {ano,&u)n’ when v starts with u
and 7 is shuffle equivalent to o @ ' € Ho @ Huy-

We will define a linear map A : A — B(F) for w € W with representative (wy, ... w;) €
W and for a pure tensor a = a1 ® - - ® ay EAW as

AMar @+ @ ap) = Ay (a1) Ay (a2) - . Ay, (ar) (18)
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and we moreover define A(Idy ) = Idz. We note that A is injective as @ := A(a)Q =
MR - -RQapfora=a1®--Qa, € Aw. We moreover note that for words vq,...,v, € W
with [vi|+...4[va| = |v1 - v,| and elements a; € A, we have for a = Qv (@1 ®
- ® ay) that Aa) = Aa1) ... Aan).
Now, we define the graph product of unital C"-algebras as

ol
A=, 1(Ay, pu) = A(A) (19)
Also, for d > 0 we define the homogeneous subspace of degree d as

Ay = A",

(20)
We moreover define a state ¢ on A as p(a) = (af2,Q), so that p(Idz) =1 and ¢(a) =0
for a € )\(Aw), with w # e. We note that for v € VI' we have that A, is isomorphic to
AMA,) C A, and that ¢, = p o A\|a,. When we are using the GNS-representations, we
will call A the reduced graph products.

Similarly, when all A, for v € VT are von Neumann algebras, and the states ¢, are
all normal, we define the graph product of von Neumann algebras as

M =% (Av ) = XA) (21)

and the state ¢ is normal on M in that case. We also define the homogeneous subspace
of degree d as

Mg = MAy) (22)

2.0.6. Creation, annihilation and diagonal operators

For v € VT denote P, € B(F) for the projection on the complement of HE(v). Let
weW, w#eandleta=a; ® -- ®aneAw_Awl® ®Awn We now define the
annihilation operator Aann : A — B(F), the diagonal operator Agia : A — B(F) and the
creation operator Aere : A — B(F) by

(P XNa1)Py,)(PE N a2)Py,) ... (P Man)Py,)  (23)

w1

(Puwy A(a1) P, ) (Puy Aa2) Py, ) - - - (P )‘(an)Pwn)
(Puy Aa1) Py, ) (PuyMa2) Py - . . (P, Man) Py (25)

w2

)\ann(al Q- an)
Adia(al Q- ® an)
>\c7“e(a1 K- & an)

and by )\ann(Id';fLe) = )xdm(Idﬁe) = Acre(ldf,ﬁ[e) = Idr and extended linearly. For n € .,
for some v € W and b € A,, we see that Aann(b)n € H.,v When v starts with w and that
Aann(b)n = 0 when v does not start with w. Also, we see that Agiq(b)n € Hy when v
starts with w and that Ag;(b)n = 0 when v does not start with w. Similarly, we see that
Aere(D)1) € H.,v when v does not start with w and that Aere(b)n = 0 when v starts with w.
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Now, using the fact that Agnn(a) = Aann(@1) ... Aann(an), Adia(a) = Agia(a1) - .. Agia(an)
and Agre(a) = Aere(@1) ... Acre(an) we obtain by repetition that Agn,(a)n € Hwy and
Adia(a)n € H, and Aere(@)n € Hwy and that

e Aann(a)n = 0 whenever v does not start with w=! (i.e. wv & Wt (w™1))

o Agia(a)n = 0 whenever v does not start with w; for some 1 < i < d (equivalently:
when v does not start with w, or w is not a clique word).

o Aere(a)n = 0 whenever wv does not start with w (i.e. when v ¢ W (w)).

Last, we note that if a € A, and nE #, are both pure tensors, then Agpnp,(a)n, Agia(a)n
and A..e(a)n are also pure tensors.

Let (w1, wa,w3) € W3 be s.t. w := w;wows is a reduced expression. We then define
a linear map A(w, wo,wy) : A — B(}") as follows. For a pure tensor a € Aw, there is a
unique tensor a; ® as @ az € AWl ® AWz ® AW3 st. 0= Q(w,,wa,ws) (01 ®az ®az). We
then define

>\(w1,wQ,W3)(a) = )\cre<a1))\dia(a2))\ann(a3) (26)

Furthermore, we define A(w, w, w;)(a) =0 for a € Ay with w # wiwows.

The operator A(w, w, ws)(@) must be seen as the part of A(a) that acts on a vector
precisely by annihilating the ws-part, diagonally acting on a ws-part, and creating a
wi-part.

For an element w € W, we now define the set of triple splittings

W = W1 WoW3
Sw =1 (W1, wa,w3) € W3 | wy is a clique word (27)
|w| = [wi| + [wa| + |ws

and also define S = (Jy, ey Sw

Remark 2.1. We explain how the definitions of the sets Sy relate to permutations de-
fined in [8, Definition 2.3]. Let v = vy - - -vg € W be a reduced expression, let 0 < 1 < d,
0< k<d—1andlet t,u;,u, € W be clique words such that u;t, tu, are clique words,
w;tu, is reduced, and |[t| = [ (in the notation of [8, Definition 2.3] t,u;, u, correspond
to the cliques I'g,I'1, T2, and the conditions we put on t,u;, u, are equivalent to I'g €
Cliq(T',7) and (I';,I'2) € Comm(I'g)). Then a permutation o(= 0y ¢ ,,, .. ) is defined (if
existent) as the permutation such that (1) v = vo(1) - Vs(a)s (2) Vo(kt1) " Vo (ki) = t,
(3) [veq1) - Vo(k)s| = k — 1 for any letter s of w;, (4) |[vs(1) - Vo(k)s| = k4 1 for any
letter s such that su;t is a reduced clique word, (5) [sUg(kti41) " Vo) =d —k —1—1
for any letter s of u,, (6) [$Vs(kyi41) Vo) = d —k — 1+ 1 for any letter s such
that su,t is a reduced clique word. Furthermore o is chosen such that the expressions

V1 1= Ug(1) " Vo (k)s V2 = Ug(kt1) " Vo(k4l) AN V3 1= Ug(pqi41) ** Vg(q) are the repre-
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sentatives of their equivalence classes and such that v; = v; for i < j implies o (i) < ().
Such permutation, if existent, is unique.

We make a few remarks. First of all we note that conditions (3)4(4) are equiva-
lent to s, (ve(1) - Vo(ryt) = wt, and similarly that conditions (5)+(6) are equivalent
to 81(tVs(kti41) " Vo(a)) = U t. Secondly, we note that, when o exists, the obtained
triple (vi,va,vs) lies in Sy. In fact, for v. = wv;---vg € W, this correspondence
(I, ks, up,t) > (vi,va,v3) between tuples (I,k,w;,u,,t) for which oY, ;= ex-
ists, and tuples (vq,va,vs) in Sy, is bijective. Indeed, for (vi,va,vs) € Sy the tuple
(I,k,u;,u,,t) such that the corresponding permutation o satisfies vi = v (1) - Vo (i),
V2 = VUg(kt1) Vo (ktl)s V3 = Ug(kit1) " Vo(d) 18 given by k = |vi[, [ = |va|, t = vo,
w; = s, (vit)t, u, = s;(tvs)t.

The following lemma was essentially proven in [8, Lemma 2.5, Proposition 2.6], and
tells in what ways an element a € A(A) can act on a vector.

Lemma 2.2. We have that

A= Z )\(W17W2>W3)' (28)

(w1,w2,w3)ES

Moreover, A(w, wy,ws) = 0 whenever wa is not a clique word. In particular, for w € W
and a € Ay we find

)‘(a) = Z )‘(W17W27W3) (a) (29)

(W1,W2,W3)ESw

Proof. Let w = wy---wg € W and (wy,wsz,w3) € Sy and let o be the corre-
sponding permutation with w1 = ws(1) - Wo(k), W2 = Wo(k41) ** Wo(k41) and w3 =

o

Wo(k414+1) *** Wa- Then, fora =a; ® -+ ® aqg € Aw we have

30
31
32

Awi,wa,ws) (@) = (30)
= Aere(o(1) @ -+ @ (1)) (31)
“Adia(Ao(kr1) @+ ® o (k1)) (32)
“Aann (Ao (k141) @+ @ g (a)) (33)
= (Pury iy Mg (@0(1) Py, 1)) -+ (P Aoy (o) P, ) (34)

(35)

(36)

: (ng(k+1>)‘wu(k+1) (aa(k+1))Pwa(k+1>) s (ng(k+l))\wa(k+l) (ao(k+l))ng(k+z))
1 1L

. ( wg(k+l+1))‘wg(m+1) (aU(k+l+1))Pwa(k+l+1)) s (Pw(,(d)Awa(d) (aa(d))Pwa(d))'

Equation (29) now follows from [8, Proposition 2.6] and from the bijective correspondence

between the tuples (I, k,u;,u,,t) and the elements in Sy, as described in Remark 2.1.

Equation (28) then follows from linearity and the fact that A(w, w, ws)(P) = 0 whenever
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be A with w # w. Last, we note that by [8, Lemma 2.5] we have Awi,wa,ws) (@) =0
whenever wy is not a clique word, which completes the proof. O

We now prove the following
Lemma 2.3. Let vy, vy € W with [viva| = [vi| + |va|. Let n € Hy,v, be a pure tensor,

and write 1 = Q(v, v,) (M @ 1m2) for some 1 @ n2 € Hy, @ Hy,. Let w € W and let
a € Ay. The following holds

(i) If |v1] = |w| + |wvy]| then also |wvivs| = |wvy| + |va| and
)\ann (a)n = Q(wvl,vQ)<)\ann(a)n1 ® 772) (37)
Adia (@)1 = Q(vy ,va) (Adia ()11 © 12). (38)

(i) If |[wviva| = |w| + |viva]| then also |wvi| = |w| + |v1| and
Acre(@)n = Q(WV1,V2)(>‘cre(a)nl ® n2). (39)
(iii) If (w1, wa,w3) € Sy and if |vi| = |waws| + [Wawsvy| and |[wiwsviva| = |wq| +

|[wsvivs|, then also |wiwsvivs| = [wiwsvy| + |va| and
)‘(W1,W2’W3)(a)"7 = Q(W1W3V1,V2)()‘(Wlﬁwz’ws)(a)nl ®n2). (40)
Proof. (i) Assume that |vi| = |w|+ |wvy|. Then

[vive| = [w| < [wvive| < [wvil 4 [ve| = [va| + [va| — || = |[vive| — [w].  (41)
Hence, |[wvyvsa| = |wvy|+]|va|, which proves the remark. We now prove that the equations

by induction to the length |w]|. First of all, it is clear that the statement holds when
w = e, as then A\gpn(a) = Agig(a) =a € C Idy; .

Thus assume that |w| > 1 and that the statement holds for w with |[w| < |w| — 1.
Write w = ww with w € W and w € VI' and s.t. |[w| = |[w| — 1. Then we also have
[vi] = |w| 4 |wvy|. Let us write a = Q(,w)(a1 ® az) with a; ® as € A«, ® Aw. Then
Aann (@) = Aann(@1)Aann(a2).

Now, write 17 = Q(w vy ,vs) (Tw @ 71 ® 12) for some 1, @ 7y @ 2 € Hu @ Hur, @ H,
and define

77/ - Q(wvl,VQ)(nll ® 772) (42)
= Q(w,wvﬂ(nw ® 77/1) (43)

so that also n= Q(w,wvlvz)(nw & "7/) = Q(vl,V2)(771 X 772)
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We now have, using the definitions, that

)\ann(QQ)n == sz_/\w(GZ)Pwn == PHJ;_Uw((aan) & 77/) = <a2nw7 £w>77/ (44)
Aann(a&)"]l = P»j,_)\w(aQ)Pwnl = quUw((aww) @ 77;) = <a277wa§w>77/1 (45)
and
)\dia(a2)77 - Pwa((a/an) & 77/) = Q(w,wV1V2)((a;]w) 0 77/) (46)
Adia(a2)m = PuUw((a200) @ 1) = Qu,wvy) ((anw) @ 11). (47)
Now this means that
Aann (a2)n = @u(azn)n’ (48)
= Q(wvl,V2) (<a277w7 §w>77/1 ® 7’2) (49)
= Q(wvl,VQ)(Aann(‘h)nl ®12) (50)
and
Adia(a@)n = Q(w,wvlvz)((a2;7w) ® 77/) (51)
= Quuwvs.v) (02700) @ 17} @ 712) (52)
= Qtvyva) (Qw,wvi) ((0270) @ 17) @ 12) (53)
= Q(vl,vQ)()‘dia(GQ)nl ® 12)- (54)
Now, we note that |wv;| = |[W|+ |[Wwv| so that using the induction hypothesis and the
fact that |w| = |w| — 1 we find
Aann (a)n = Aann (al)/\ann(a2)n (55)
- )\ann (al)Q(wvl,VQ) ()\ann<a2)771 X 772) (56)
= Q(Wwvl,VQ)(Aann(al))\ann(QZ)nl ® 772) (57)
= Q(wv17v2)(>\ann(a>n1 ® 772) (58)
Similarly
Adia(@)n = Adia(a1)Aaia(az)n (59)
= Aia (1) Qvy v2) (Adia(a2)m @ n2) (60)
= Q(vy,va)(Adia(@1) Adia(az)m @ n2) (61)
= Q(Vl,Vz)()‘dia (a)m @ n2). (62)
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This finishes the induction, and proves the statement.

(ii) Assume that |wvivs| = |w| + |viva|. Then
[wvive| < [Wvi| + |[va| < [w|+ |vi] +[va| = [W] +[viva| = [wviva|.  (63)
Hence |wvy| = |w| + |v1]|, which shows the first remark. Again we prove the equation

by induction to the length |w|. Again, it is clear that the statement holds when w = e.
Thus assume that |w| > 1 and that the statement holds for w with |w| < |w| — 1.
Write w = ww with w € W and w € VI and s.t. |[w| = |w| — 1. Then we also have
|wviva| = |w|+|viva|. Let us write a = Qg (a1 ® az) with a1 ®as € AW®AM. Then
Acre(@) = Aere(@1) Acre(az).

We now have by definition
)\cre(GZ)n = Pw)‘w(a2)P7j77 = (Pwa)((a2fw) @ 77) = Q(w,vlw)(a2 @ 77) (64)
A01'6(662)771 - PwAw(a2)P$771 = (Pwa)((anw) & 771) = Q(w,vl)(aQ & 771) (65)

Now this means that

Aere(a2)n = Qu,vivy) (A2 @ 7) (66)
= Qwvi,vo) (@2 @11 @ 12) (67)
= Quvi,va) (Lw,vy) (@2 @ 11) @ 12) (68)
= Quvi,va)(Acre(az)m @ n2). (69)

Now, we note that |[Wwviva| = |W| 4+ |wviva| so that using the induction hypothesis
and the fact that |w| = |w| — 1 we find

Aere (@) = Aere(a1)Aere(a2)n (70)
= Aere(01) Qwvy va) (Aere(@z)m ® 1) (71)
= Qwwvi,va) (Acre(@1)Acre(az2)m ® n2) (72)
= Qwvi,va)(Aere(@)m @ 1n2). (73)

This finishes the induction, and proves the statement.

(iii) Let (wy, w2, w3) € Sw be s.t |vi| = |waws| + |[wowsvy| and |[wiwsvive| =
|w1| + \W3v1v2| We will write A(w, wo,ws) (@) = Acre(@1)Adia(a2)Aann(az) for some a3 ®
as @ as € Ay, ® Ay, ® Ay,,. Now, first, as [vi| = [waws| 4+ |[wowsvy|, we also have

Vil < [ws| 4 [wavi| (74)
< |wa| 4 |ws| + [wawsvi| (75)
= [waws| + [Waw3vy| (76)
= |v1| (77)
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and therefore |vq| = |w3| + [wsvy|. By (i) this gives us
Aann(a3)N = Qwgvy va) (Aann(@z)m @ n2) (78)
and also |w3vyva| = |w3vy| + |va|. Now, we also find
(wavi| = [vi| — [ws| = [Waws| + [wawsvi| — |Wa| = [wao| + [wawgvi | (79)
Let us set vi = wyvy and v} = vg, so that |v]vh| = |v]|+|v}] and |v)| = |wa| + |wav]].

Moreover set 7' = Aann(a3)n and 17 = Aann(asz)n and 1y = n2. Now n' = Q(vg,vg)(ni ®
7%) and we see that the conditions for applying (i) are satisfied. This thus gives us that

)\dia (QQ))\ann(QS)n - Q(w3v1,v2)()\dia(a2)>\ann (a3)n1 ® 772) (80)
Now, set vi = vj = wzv; and Vo = v, = vy so that again |V Vva| = |v1]| + |Va|.
Also we get |w1ViVa| = |[Wiwsviva| = |[wiwsvy| + |[va| = |[w1 V1| + |Va|. Also set 17 =

Adia(@2)Aann(az)n and 71 = Agia(a2)Nann(az)m and 72 = 92 Then 7 = Qv1 vy (M1 @ 72)
and all conditions for applying (ii) are satisfied. By (ii) we thus get

/\cre(al))\dia(a2)>\ann(a3)77 = Q(W1W3v1,v2)(>\c7“e(al))\dia(a2)>\ann(a3)n1 & 772) (81)

and moreover |wywsvyi| = |wy| + |w3vy|. The previous equation is precisely what we
needed to show, and we moreover obtain |[wiwsvivy| = |wi| + |wWavivae| = |wy| +
|[wsvi| + |va| = |[wiwsvi| + |va|, which proves the statement. O

3. Polynomial growth of word-length projections

In this section we shall fix a simple finite graph I, together with unital C*-algebras
A, for v € T" and states ¢, on A, for which the GNS representation is faithful. We shall
look at the reduced graph product (A, ) = *, (A, ¢,) and investigate for d > 0 the
natural projections Py : A — Ay. The main result of this section, Theorem 3.10, is that
these maps are completely bounded, and that we can obtain a bound on ||Py||. that
depends only linearly on d. To prove this, we can not use the same method as [28], since
that relies on the fact that each element either does not act diagonally on a pure tensor
n e Hy CF , or acts diagonally on 7 on precisely one letter. This holds true for elements
in the free product, but not generally for elements in the graph product, as they may
act diagonally on any clique. Therefore, we will instead introduce completely contractive
maps H,; (and completely bounded maps flp) and write Py as linear combination of
these.

3.1. The maps H;

We introduce some extra notation. Let W be the right-angled Coxeter group asso-
ciated to the graph I'. Recall, for a word w € W we defined s;(w) and s,(w) as the
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maximal clique words that w respectively starts with and ends with. For a word u € W,
n > 0, we define

Wh(u) = {w € W : law| = |u| + [w]} (82)
WE () = {w € W : [wu| = [w]| + [u]} (83)
WE(u) = {w € WE(u) : si(uw) = s;(u)} (84)
WE(a) = {w € Wh(u) : s,(wu) = s,(u)} (85)
Wi () = {w e W (u) : [w| = n} (86)
WE(u) = {w e Wi(u) : |w| = n} (87)

Now, let u € W and let up,ug € W be s.t. [u| = [uu;'|+uz| and |[u] = |ug|+ [uz'ul,
i.e. uy, is some word that u ends with and ug is some word that u starts with. Then we
have for w;, € W¥(u) and wr € WE(u) that uywy and wrup are reduced expressions.
Let n > 0. We define

HL(uv uL) = @ ﬁuLw HR(uw uR) = @ ﬁWUR (88)
weWL (u) weWE (u)

Frau)= @B Huw  Fluur)= P Hwus (89)
weWL (u) wEWR (u)

Fruu)= P Huw FRuug)= P Hwun- (90)
wéwrf(u) wEWf(u)

For u € W and n > 0 we moreover define

Fl(u) = @ ﬁwluwfx (91)
w1€ﬁf(u)
w2€WL(u)

We note that for wy € VNV,?(U) and wo € WL (u) we have that wijuwy is a reduced
expression. Indeed, it is clear that wiu and uws are reduced by definition. Now, since
moreover s,(wiu) = s,.(u), we have that no letter from w; can cancel out a letter of wy,
so that the expression is reduced.

Definition 3.1. Let u € W and let r € W be any clique word that u ends with. Then
ur is a word in W that u starts with, and |ur| + |[r| = |u|. For n > 0 we define a
partial isometry V% : F ® F — F with initial subspace F%(u,ur) ® H%(u,r) and final
subspace FM (u) as

Vo iy wwiFine,, = Qveurevia) 108 Ve € WH(W), Vian € W), (92)
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We note that this is well-defined. Indeed, as just pointed out, for v, € Wf’(u) and
Viai € WE(u) we have that v, uv,,; is reduced. Therefore, we get |v, uviq| < [v,ur|+
[evigi] < v + |ar| + |r| + |Viga| = |V + U] + |Viait] = |vravigy|. This shows that
[veur| + [rvigi| = [Vouviaal, so that Q, ur rvi,,,) 18 well-defined.

Definition 3.2. We denote

93
u;tu, reduced (93)

T= { (w,u,,t) € W3

ut, tu, clique words, }

We remark that it follows from the definition that u;, u, and t must also be clique words
and that w;u,. must be reduced.

Definition 3.3. Let (u;,u,,t) € 7. Also let r € W be a sub-clique word of t and let
ny,n, > 0. For the tuple 7 = (n, n,,u;, u,, t,r) define a map H, : B(F) = B(F) as

He(a) = V0" (a @ 1d5) (Vo) (94)
It is clear that H, is completely contractive.

Example 3.4. We note that the partial isometry V;° : F ® F — F has initial subspace
Fl(e,e) @ HE(e,e) = CQ ® F and final subspace F(e) = F and that on CQ ® F it is
given by Vy“(2Q®n) = zn for z € C, n € F. Setting 7 = (0,0, ¢,¢e,¢,¢) and letting a € A
be a pure tensor a = a1 ®- - -®ay, we can for n € F calculate H,(A(a))n = V3 (A(a)Q2@n).
Now, if A(a)Q? & CQ, then we get H-(A(a))n = 0. On the other hand, if & = A(a)Q2 € CQ,
then we must have that A(a) € CIdr and we get H,(a)n = an. We conclude that
Po = H(o,0,c,e,e,c) and [ Pol[er = 1.

Similarly to Example 3.4, we aim to write Py for d > 1 as a linear combination of H,’s
for different tuples 7, in order to give a bound on ||P4l|c. To achieve this, we introduce
some convenient notation.

Definition 3.5. Let #H; and Hs be closed subspaces of F. For an operator b € B(F) we
define a closed subspace J,(H1,Ha) of F as

To(H1, Ha) = {n € Hi|bn € Ha}. (95)
Proposition 3.6. Let (u;,u,,t) € T. Also let v C t be a sub-clique, and let n;,n, > 0.
Set 7 = (ng,ne,u, v, tor). Forw € W oand w = (w1, wa, ws) € Sw and for pure tensor

a:a1®~-~®at€Aw we have that

Hr(Ao(a)) = Au(a) Pa(r,w) (96)
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where P,(T,w) is the projection in B(F) on the closed subspace spanned by

U j/\w (a) (Hvrurtvtmz ) Hvlultvtail ) (97)
VZEWZ (ult),vTGWfr (u,t)

Viai EWE (Wit) W (u,t)
|vyruptr|=|wows|+|wowsv,u,tr|
[W1W3Vrurtvigi|=|Wi|+|wavrurtviai|

Proof. We show that the identity holds on pure tensors. First, let v.€ W and let
n e Hy C F be a pure tensor s.t. A, (a)P,(r,w)y = 0. If n L FM(u,t), then clearly
(Vrtry*n = 0 so that Hy (A (a))n = 0 = Ay(a)Py(7,w)n, and we are done. Thus, as-
sume that 7 € FM(u,t) and 7 # 0, s0 that 1 € Hy,u,tv,., for some v, € WE (u,t),
Vg € WE(u,t). Let us write Vn“rrt*r*n =11 ®no with 7y € ﬁvruﬂr, Ny € ﬁrvtau- Then
H;(Au(a))n = V2rer (A, (a)n @ nz). We can assume that 0 # A\ (a)m € F (wt, ustr)
and 72 € HE(wt,r) since otherwise we find directly H,(\,(a))n = 0. Now we thus
have that A\,(a)m € ﬁvlult, for some v; € Wfl (wt) and that ne € 7:)[,‘,;@” for some
Viain € Wy (wit). . .

As nz is non-zero, and as 12 € Hyrv,,,; N Hey,  we find that vy = Vi € WE(ut) N
WE(u,t). Also, since 1, € ﬁvrurtr we find that A\, (a)n € 7:lw1w3vTurtr. Now, we already
had A, (a)m € 7-olvlultr and by the assumption that A, (a)n; is non-zero, we thus find
viwtr = wiwsv,u.tr. Moreover, as A, (a)n; is non-zero, we must have that |v,u,tr| =

|[wows| + |[wawsv,u,tr| and [wywzv,u,tr| = |wi| + |[wav,u,tr|
Set vi = v,u,tr and vy = rvy,, so that |[vivse| = |[v1]| + |va|, and by the above
V1| = [Waws| + [wawzv| (98)
[wiwsvi| = [wi] + [wzvi] (99)

Moreover, we now find

|[wiwsviva| < |wi| 4+ [wsvivs| (100)
< [wi| 4 |wsvy| + |va] (101)
= [wiwzvi| + [va (102)
= |wiwsv,u.tr| + [rvie| (103)
= |viwtr| + |rviql (104)
= [viwtvigi (105)
= |[W1W3V, U tVigil (106)
= [wiwzvivs|. (107)

This shows that

W1W3V1V2‘ = IWI‘ + |W3V1V2 (108)
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Now as n € 7-2‘,1‘,2, and as all conditions of Lemma 2.3(iii) are satisfied, this gives us

Hy (Mo (a))n = Vo™ (Au(a)m @ n2) (109)

= Q(W1W3V1,V2)()‘w(a)n1 ® 772) (110)

= A (a) Q(W1W3V1,Vz)(771 ® 12) (111)

= Ao (a)n. (112)

Moreover we find Ay(a)) € Hw,wavive = Hviustv,,,- However, this shows that 7 €

oty (ﬁv:,uz,twau , ﬁvrurtwau) By all the conditions we have shown for v;, v,., v, and
as we have shown that |vi| = |waws| + |[wawzvy| (Equation (98)) and |wiwsviva| =
|[wi| + |[wsviva| (Equation (108)) it follows that P,(7,w)n = 7. We conclude that
Hr(Aw(a))n = Aw(a)n = Au(a) Pa(T,w)n.

Alternatively, let n € Hy C F be a pure vector s.t. A, (a)P,(7,w)n # 0. Then we must
have that P,(7,w)n = n and moreover that A, (a)n is non-zero. We thus get that n €
j)\w(a)(,Hvrurtvtm“Hvlultvta”) with v € WR( )a vy € W ( u, )a Viail € WL(urt) N
WE(ut) and so that

|[veu,tr| = [wows| + |[Wawsv,u,tr| (113)

|W1W3vrurtvtail‘ = ‘Wl‘ + |W3vrurtvtail|~ (114)

Set vi = vyu,tr and vo = rvy,, so that |vivy| = |vi| + |va|. Moreover the above
equatlons state that |vq| = |[waws| + [wawsvy| and |[wiwzviva| = |W1| + |W3V1V2| As

n € Hvrurtvm” - }-M(ur ), we can write V“Tt T =1 Q@ € ”H,vTurtr ® Hrvtml =
Hvl ® ’HVz. By the above properties we get from Lemma 2.3(iii) that

)\w (G)U = Q(W1W3v1,vQ)()‘w (a')nl ® 772) € 7:lW1W3V1V2' (115)

However, we also know that A, (a)) € Hy,utv,,,,. Therefore, as A\, (a)n is non-zero we
find viuitvigy = Wiwsvivy = W1W3vrurtvtml We thus find v;u;tr = wiwsv,.u,tr =
wiwsvy, and hence A\, (a)n; € Hmw;vl = "H,vlultr C FE '(wt, utr). Note moreover that
ne € HE(wt,r) by the assumption on viaj.

Hence, as A, (a)m @ n2 € FR (wit, witr) @ HE(wt, r) we find that

H;(Mo(a))n = V" (A (a)n @ n2) (116)
= Qwiwavi,va) (Aw (@)1 @ 12) (117)
= Au(a)n (118)
= Au(a)Pa(T,w)n (119)

which proves the statement. O
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3.2. The maps ﬁp

We shall now introduce other maps, H 0, that are linear combinations of the maps H,
for different 7’s, and that satisfy a nice equation. We use these maps to show that Py is
completely bounded, and give a bound on ||Pg]|cp-

Definition 3.7. Let n;,n, > 0 and (u;,u,,t) € 7. For w € W and for the tuple p =
(ni,ny,uy, u,, t) define the set

1 1

wi; =viu,wy =t and wg =u, v,

Swlp) = , W2, W3) € S — o (120
(p) { (w1, wa, wg) € for some v; € Wffl (wt), v, € W,?T(urt) } (120)

Also denote |p| := ng + |w| + [t| + |u,| + 0.

Remark 3.8. We note that we can partition Sy as {Sw(p)}|p|=|w| Where we run over
all tuples p = (ng, ny, wg,u,p, t) for ng,n,. > 0, (w,u,,t) € 7 with |p| = |w|. Indeed, if
(w1, W2, W3) € Sw(p) then wy = vjuy, wo = t, w3 = u, tv; ! for some v; € 17\7,}3 (wt) and
v, € Wffr(urt) and we obtain that t = wa, w; = (w;t)t = s,.(vju;t)t = s, (w1 wz)wo and
u, = (u,t)t = s, (vyu,t)t = ST(W3_1W2)W2 and n; = |w1| — |w| = |[w1| — |sp(Wiwa)wa|
and n, = |ws| —|u,| = |ws| —|s, (W3 'Wa)wa|. Since we can retrieve p from (w1, wa, w3),
this shows the sets Sw(p) are disjoint.

Now let (w1, wa, w3) € Sy and set t := wy, u; := s,.(wit)t, u, := sr(wglt)t. Then
w;t and tu, are clique words and

|w| < |[wiwas,(Wiws)| + |8, (W1 wa)was; (Waws)| + |s;(Waws)wows] (121)

= (lwiwz| = [s(wiw2)]) + [wtu,| + (|wows| — |s;(waws)]) (122)

= |w| + [wtu,| — [sp(Wiw2)| + [Wa| — [si(Waw3)] (123)

= |w| + |wtu,| — [s.(Wiwa)wa| — |wa| — |s;(Wows)Wa| (124)

= |w| + [wtu,| — |w| — [t] — [u,| (125)

< |wl. (126)

Thus all inequalities must be equalities and we get |u;tu,| = |u| + [t| + |u,| so w;tu, is
reduced. This shows (u;, u,,t) € T. Now, set n; := |w1|—|w| = 0, n, := |w3z|—|u,| > 0.
Then we have v; = wlul_1 € Wffl(ult) and v, = ngur_l € Wrﬁ(urt). Set p =
(ng,ny,ug, 0, t) and observe that |p| = ny + |witu,| + n. = |wi| + |wa| + |ws| = |w].

1 1

Now, as w; = vju;, wo = t and w3z = u, 'v, ' we obtain (w1, ws, w3) € Sw(p). This

proves the claim.

Proposition 3.9. For n;,n, > 0 and (w,u,,t) € T define for the tuple p =
(ng, np, g, ug, t) an operator H, : B(F) — B(F) as
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Hy =Y (=D Hiuy s o) - (127)
rCt

Then we have for w € W, w € Sy and a € A that

H,(\o(a)) = {A“(a) Fu € Sule), (128)

0 else

Proof. Let w € W, w € Sy and let a = a1 ® --- ® a; € A be a pure tensor. By
Proposition 3.6 we have

Hy(Au(@) =Y (=) (@) Pual(p, ), ). (129)

rCt

Let v € W and let n € Hy C F be a pure tensor. If A,(a)n = 0, then it is clear that
H,(\(a))n =0, so that Equation (128) applied to n holds in either case. Thus assume
Aw(a)n # 0. Let Z,, ,, be the set of all sub-clique words r C t s.t. P,((p,r),w)n =1, that
is

Iy = {r S t[Pu((p,r),w)n # 0}. (130)

We prove the proposition using the following steps.

1) We prove that Z, ., is closed under taking sub-cliques. Let r;y C ry C t, and
suppose that ro € Z, . Then we must have n € jAw(a)(ﬁvrurtvaﬁvlultvm“) with
v, € W,Ifi(ult), v, € Wﬁ(urt) and v € WE(wt) N WE(u,t), and |v,u,try| =
|[Wows| + [Wawsv,u,tra] and |[Wiwsv,u, tvig| = [Wi| + [Wav,eu,tvig|

Now this means that also

[vru,t] < |veuptry] + o] (131)

< |[wiwse| + [wiwav,u,try| + |rq] (132)

< |[wiwse| + [wiwav,u,tra| + |[rory| + |r1] (133)

= |[vyu,tro| + |rof (134)

= |v,u,t| (135)

and therefore |v,u,tri| = |wiws| + |wiwav,u,try]. This shows P,((p,r1),w)n = 7,

hence r; € 7, ...

2) We prove that 1, is closed under taking unions. Let r;,ro C t be sub-
cliques with ri,ro € Z, . Then P,((p,r1),w)n = Pa((p,r2),w)n = n. Moreover,
by previous step we moreover have Py((p,€),w)n = n. We must now have 1 €
j)\w(a)(,}:lvrurtvmu77j[vlultvm“) with v; € W,]fl(ult), v, € W,ﬁ‘(urt) and vy €
WE(wt) N WE(u,t), and |[wiwsv,u,tvi| = [wi| + [W3v,u,tvi.i| and moreover
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[Vru,t| = |[wows| + |Wawsv,u,t| (136)
|V1»ll,«t1‘1| = |W2W3‘ + |W2W3V»,«llrtr1| (137)
[Veuptra| = |[Wows| + |[Wawsv,u,tra|. (138)
Now we note that also |v,u,t| = |v,u,tri| + |r1| = |v,u,tra| + |r2|, hence
|W2W3V7-urt‘ = |W2W3V7-u7-t1'1| + |I‘1| = |W2W3V7-u7-tr2| + |I'2|. (139)

As ry,ro are cliques, this implies ry,ro C s,.(Wowsv,u,t) so that for r = ry Urs it holds
that r C s,.(wawsv,u,t). But this implies

|[wowsv,u,t| = |[wawsv,u,tr| + |r|. (140)

Now, as also |v,u,t| = |v,u,tr| 4+ |r| we find using (136) that |v,u,tr| = |wows| +
|wowsv,u,tr|. It now directly follows that P((p,r),w)n = n. This shows that r € Z, ,,,
and thus that 7, , is closed under taking unions.

3) We prove the equation ﬁp()\w(a))n = 1(Z,. = {e})A(a)n. Here 1(Z, ., = {e})
denotes 1 whenever 7, , = {e} is satisfied, and 0 otherwise. In the case that Z, ,, is
empty we directly find H »(Aw(a))n = 0, so that the equation is satisfied. Thus assume
that Z, ., is non-zero. Then as Z, ,, is closed under taking unions, there exists a maximal
element r,, ., € Z, .. However, since Z,, , is also closed under taking sub-cliques, we then
find Z, ., = {r C r, ., }. We conclude that

Hy(\o(a)n = (=) (a)Pa((p,1), ) (141)

= 3 () (a)n (142)
= 1ty = A0y (143)

=1(Zy.o = {eH)ru(a)n. (144)

4) We will now show, for a pure tensor n € Hy, C F with Ay(a)y # 0, that
Z,. = {e} if and only if w € Sy(p). First, suppose that w € Syu(p). Then we
can write w = (w1, Wy, w3), where w; = vju; and wy = t and w3 = u, v, ! for
some v; € WR (wt) and v, € WR (u,t). Then as A,(a)n # 0, we must have that

n € I, (a)(H vrurtvfmmeuztvtml) for some Vi € WE(ut) N WE(u,t). Tt is clear that

|W1W3vrurtvtail| = |Vlultvtail| (145)
= [viw| + [tviairl (146)

= [W1] + [W3v, U tvigil. (147)
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Moreover, as wowsv,u,t C t it is also clear that |v,u,t| = |[wows|+ |[wawsv,u,t|. This
shows that P,((p,e),w)n =mn, hence e € I, .
Now let r C t be a sub-clique with r # e. Then we have wowszv,.u,tr = r. Hence, we

have
|veu.tr| 4+ |r| = |[v,u,t] (148)
= |waws| + |[waws v, u,t| (149)
= |waws| + |[Wawsv,u,tr| — |r|. (150)

Now as r # e we have |r| > 1, which shows that |v,u,tr| # |waws| + |[Wawsv,u,tr|.
This proves that P,((p,r),w)n = 0. Thus r ¢ Z, ,,. This shows Z,, ., = {e}.

Now, let w € Sw for some w € W be s.t. Z,, = {e}. Then P((p,e),w)n = 1.
Hence n € JAW(Q)(’}:lvrurtvm“,ﬁvlultvm“) for some v; € WE(ut), v, € WE(u,t) and
Viait € WE(wt)nWE (u,t) and [wiwav,u,tvie| = [wi|+|w3v,u,tvie| and [v,u,t| =
(Wows| + [wWowsv,eu,t]. Now as also Ay (a)) € Huwywav,u,tvien, and as A, (a)n # 0,
we have that wiwsv,u,.tvi,; = vjwtvy,;. Hence, wiwg = vluluyflvgl. Now, as
P,((p,r),w)n = 0 for all r C t with r # e, we must have that s,(wowsv,u,t) Nt = e.
However, multiplying wows with v,.u,.t removes all letters from wows. This means that
sr(wawszv,u,t) C s, (v,u,t) = s, (u,t). Now we also have

[viugt] < [wowy |+ [wow) vt (151)

= [wow | + [v,u,t| — [wows] (152)

< [ wow | + [wav,eut] — [wol (153)

= |wi| + [wavyu,t| (154)

= |wiwsv,u,t| (155)

= |vjut| (156)

so that |vyut| = |wzwf1| + |W2wf1vlult|. Now this means that ST(WQW;IVlult) C

sr(viwt) = s, (wt). Hence, as wowzv,u,t = W2W1_1Vlult, we find s, (wawzv,u,t) C
wtNu,t = t. However, as also s, (wawsv,u,t)Nt = e, we conclude that s, (wowsv,u,t)=
e, that is wal_lvlult = wowsVv,u,t = e. But this means that W3_1W2 = v,u,t and
wiws = vyut. From this it follows that wo C s,.(viut) N's,.(v,u,t) = t. Now, we can
not have that wo C t strictly, as this would mean that ws starts with a part of t that
w1 ends with, which would contradict the fact that wi;wows is reduced. Thus we now
find wo = t and then also w; = vju; and w3 = u, tv,;"!. This means that w € Sy (p).
5) We now conclude the proof of the proposition as we have shown for w € W, w € Sy,
pure tensor ¢ = a1 ® -+ - ® a; € A and pure tensor 7 € ”ﬁv C F with A, (a)n # 0 that

(157)

0 else 0 else

~ {Aw(a)n Tyw=1{e}  _ {Aw(a)n w € Sulp)
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Now, as noted earlier, the equation is also satisfied when 7 is a pure tensor with A, (a)n =
0. Therefore, by linearity and continuity, the equation in the proposition holds for all
n € F. By linearity of H » and A, the equation also holds for all @ € A. This proves the
statement. O

We now prove our main theorem of this section, that shows that ||Py]| e is polynomially
bounded in d.

Theorem 3.10. For d > 0 we have (on A) that

Pd = Z Z ‘ |H (n,d—n—|utu,|,u,u,,t,r)- (158)

(uj,u,,t)eT  rCt
o<n<d—|utu, |

Moreover, for d > 1 we get the linear bound ||P4lles < Crd, where Cr denotes the
constant

Cr= Y 2 (159)

(u,urt)eT

Proof. For d > 0 define
Ta={p = (ni,ne,u,up,t) € Z3y x Tlp| = d}. (160)

We recall for w € W that {Sw(p)},eT,, 18 a partition of Sy by Remark 3.8. Fix some
a € A. For d > 0 we find using Lemma 2.2 that

S e (161)

weW,|w|=d wESw

>y > M) (162)

pETa weW,|w|=d wESw(p)

=>H, ( Y /\w(a)> (163)

Pa(A(a))

pPETa weW weESy
=Y Hy(\a) (164)
pETa

Z Z ‘ IH(nd [utu,|— n,ul,ur,t,r)()‘( )) (165)

(ap,urnt)eT rCt
o<n<d—|u tu, |

Therefore, the equation holds on A(A) and hence, by continuity, on .A.
Now let d > 1, we show that the bound holds. We note first that by deﬁnition Ve =0

for n > 1. This implies directly that H, g—pn—|utu, | u,u,.te) = 0 for 0 < — |utu, |
whenever (u;, u,,t) = (e, e, e). Therefore we find
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||7)d||cb < Z Z ||H(n,d—n—|ultuT|,ul,ur,t,r)||cb (166)

(ur,ur,t)eT\{(e,e,e)} rCt
0<n<d—|utu, |

< > oltl (167)
(ug,ur,t)eT\{(e,ee)}
o<n<d—|utu,|

N

> 2¢)a o (168)

(ug,u,t)eT

4. Graph products of state-preserving u.c.p maps

In Section 4.1 we show that the graph product of state-preserving u.c.p maps extends
to a state-preserving u.c.p map. Thereafter, in Section 4.2, we use this to obtain the
result that the graph product of finite-dimensional algebras with GNS-faithful states is
weakly amenable with constant 1.

4.1. Graph products of state-preserving ucp maps

Let T' be a graph, and for v € VI let 6, : A, — B, be state-preserving maps
between unital C"-algebras (with states s.t. the GNS representation is faithful). Let
(A, ) = *p1(Ay, ) and (B,9) = *, 1(By,1,) be their reduced graph products. As
0, is state preserving it maps A, to B,. We can look at the map 6 : A(A) — A(B) for
a1 ®- R ag GAUI ®---®Avs for a reduced word v - - - v5 given as

O(Ma1 @ -+ @ as)) = MOy, (01) @ -+ @ 0y, (as)) (169)

and we set 6(Id) = Id. We denote this map by 6 = *, rf, and call it the graph product
map. The map is clearly state-preserving. To prove the main theorem, we need the result
that the graph product map 6 = x, 8, of state-preserving u.c.p. maps 0, extends to a
bounded map on the graph product, and that it is again u.c.p. This result was already
proven by Blanchard-Dykema in [3] for the case of free products. For graph products
the result has been proven by Caspers-Fima in [7, Proposition 3.30] in the setting of von
Neumann algebras.

Proposition 4.1. [7, Proposition 3.30] Let T' be a simple graph and for v € VT, let
0, : M, — N, be state-preserving normal w.c.p. maps between von Neumann algebras
M, and N, that have faithful normal states. Let (M, ) = %, (M, ¢,) and (N, ) =
F50(Ny,¥,) be the von Neumann algebraic graph products. Then there exists a unique
normal u.c.p. map 6 : M — N s.t. for all pure tensors a1 @ - Q@ as € My, ® -+ @ M,
we have

9()‘(041 Q- as)) = >‘(9v1 (al) X ® 0'05 (as))' (170)
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The map 0 will be denoted as 6 = *r0,
We give here a proof for the case of C"-algebras.

Proposition 4.2. For v € VI' Let 0, : A, — B, be state-preserving, unital completely
positive maps between unital C*-algebms (A, py) and (By,1y,), and assume @, and i,
are GNS-faithful. Then the graph product map 0 = *, rf, extends to a state-preserving
unital completely positive map between the reduced graph products A and B.

Proof. We will use the notation HZ, 7:2(3, FA M, QA et cetera, corresponding to
the reduced graph product (A,¢) = %, (A, @y), and use similar notation for the
reduced graph product (B,v) := , r(By,1,). By the Stinespring’s dilation theorem we
can write 0,(a) = V;*m,(a)V, for some Hilbert space H, and unital *-homomorphism
Ty P Ay — 6(7-7,,) of A, and some isometry V, € B(Hf,ﬁv). We note that for a € A,
we have @, (a) = 1,(0,(a)) = (0,(a)eB,5) = <7rv(a)gv,gy> with & = V,&8. Also , is
faithful, as m,(a) = 0 implies for b € A, that 0 = |[m,(a)m, (B)&, )12 = ||Im(ab)&]? =
(T (b*a*ab)gv, §U> = @y (b*a*ab), which implies a = 0 since ¢, is GNS-faithful. By these
properties we conclude that we can construct the graph product of the A,’s w.r.t. the
representations 7. To distinguish the notation from the other graph products we use hat-
notation like ﬁv, 7:2‘,, f", X, Q. Define a contraction V : F8 — F for n=me---Qmn € H‘Kf
as

Vig,m@-@m)=V,m® - Vyn (171)

and V(Q8) = Q. We note that n; € Hﬁ implies (Vm,gvi) = (Vn, VEE) = (mi,5) =0
and hence V; € ﬁv This shows that V' is well-defined.

By [7, Proposition 3.12], we know that there is a state-preserving, unital x-
homomorphism 7 : A — B(F) that fora = a1 ® - ® q; € A, is given by

T (a1 ® - @ ar) = A7y, (a1) @ - @ T, (@) (172)

We will now show that #(A\*(a)) = V*7(A(a))V for a € A, which then shows that 6
can be extended to a u.c.p. map on A.

Letn=m®---@n € ’Hf? for some v € W and let a € A, for some v € VT. We will cal-
culate Xv(m,(a))V. First suppose that vv is reduced. We have ((I — VUVU*)WU(a)gv7 §AU> =
(m(a)€y, 0) = 0 so that

Mo((I = VoV )mu(a)Vi = Uy (I = V, V) ) (a) @ 1d2) (& @ Vi) (173)
= Av((l - V’UV’U*)T‘-'U(a)gU ® VU) (174)
= é(v,v)(((l - V’UV'U*)T(’U (a)gv ® Vﬂ) (175)

Also we have (V,, V. 7, (a)gv, §U> = @y(a) =0 and so we find
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Ao(Vo Vo (a)Vi = Uy (Vo Vi mo(a) @ 1d2) (€, ® V) (176)
=U,(V, Vi1, ()€, ® Vi) (177)
= Qo) (Vo Vi mu(a)Eu) ® V) (178)
= Qo) (Ve (a)F) @ V) (179)
=VaE ,((0u(a)€P) @ n) (180)
=VAS(0,(a))n. (181)

Now, on the other hand suppose that v starts with v. Then we can write n =
Q(v W)(’IO ®n') for some 79 € HB and 7' € H » and we have Vi = Q(v o) (Voo ® Vy').
Again (I — V,V})m,(a) Un0,§v> =0 and so

Ao((I = VoV (@) Vi = Uu((T = VoV )mo(a) @ Td7) U3 Vi

(182)
(I = VoV )my(a) @ 1dr) (Ve @ V') (183)
(184)
(185)

o (= VoV mo(a)Varmo) @ Vi)
wov) (L = VoV )my(a)Vomo) @ V')

o S S S

Furthermore, we have

Ao(Vo Vi m(0)) Vi = U, (V, Vi mp(a) @ Td7) U Vi (186)
= Uy (VyVimo(a) ® Idx) (Ve @ V') (187)
= U, (V\Vymo(a)Vamo) @ Vi) (188)
= U, (Vo (a)no) ® V7)) (189)
= VUE ((6u(a)mo) @) (190)
= VU (6u(a) ® 1) (UF)*n (191)
= VAB(0,(a))n. (192)

Now, whena=a1 ® --- Q ay € Aw, then we have

V(A @)V = VAT, (01)) - ATy, (@r—1)ANVao, Vi, T, (@) V- (193
VA (T, (a1)) - ATy (a-1))AT = Vo, Vi )T, (ak)) Vi (194
= VAT (@1)) + - ATy (@h—1))A (Vi Vi Ty (a)) V) (195
=V'r(A (a1 @ - @ ar_1))VAE (B, (ar))n. (196

\_/\_/

)
)
)
)

Note here that the reason why we can remove the second summand is because one
tensor leg of A((I — Vi, Vi )T, (ar))Vn is of the form (I — Vi, Vi ), (ar) Vi, no for
some 79 € H5 . This tensor leg is not changed by the operator T(AMa1 ®@ - @ ap_1))
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as it may not act on the same letter. Now after the application of V* we obtain for this
tensor leg that Vi (I — Vi, Vis )Tw, (ak) Vim0 = 0, so that this term vanishes.
By what we showed, it now follows from induction to the tensor length % that

V*r(A4(a))V = 0(A\4(a)) for all @ € A. This then shows the statement. 0O
4.2. CCAP for reduced graph products of finite dimensional algebras

We now state the following generalization of [28, Proposition 3.5.] to graph prod-
ucts. The proof uses Theorem 3.10 and Proposition 4.1 and Proposition 4.2 and goes
analogously to [28, Proposition 3.5.].

Proposition 4.3. Let T' be a finite simple graph. Forv € VT let A, be a unital C*-algebra
together with a GNS-faithful state @,. Let (A, ) := %, p(Ay, pyu) be the reduced graph
product. For d > 0 let Py : A — Ay be the natural projection. Let 0 <r <1, n € N and
define

=Y "Pe Ton=>Y_ r"Ps (197)
k=0 k=0

Then T, and Ty, are completely bounded with

< o™ (198)

Tlc gl r— Jrn
171l eo and [T, — T, =2

The maps To—+ fort = 0 form a one-parameter semi-group of unital completely positive
maps on A preserving the state ¢. Moreover, the sequence (7'1_%)”)7121 tends pointwise

to the identity of A and lim, ||7-1_%n||0b =1

Proof. For v € VI' we define a state-preserving u.c.p map U,., : A, = A, as U, ,(a) =
ra+(1—r)p,(a)Idy,. It can be seen that *, rU,, = T, on A(A) and by Proposition 4.2
this map extends to a state-preserving u.c.p map on A. Thus || 7|/ = 1. Furthermore,

17r = Trnlles < Z ¥ Prlle < CFZIW —CFTd— (1T_ ) (199)

k=n+1 k=n

Therefore, as - (IT_”T) =nr" L (1—r)"L4r(1—r)=2 < nr" =1 (1—7) 2 this proves (198).
It is furthermore clear that (7.-¢);>0 forms a semi-group since P,,P,, = 0 when n # m.
By (198) and by the triangle inequality we have ||T177 wller < 14+Crn?(1— T) — las
n — oo which shows hrn |7 n||cb = 1 since the maps 7T, _ . are unital. Moreover,
on A(A) it is clear that (TI’T nJn>1 tends pointwise to the identity. Therefore, as
(’7‘1__ n)n>1 is uniformly bounded it follows by density that this holds true on A as

well. D
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Corollary 4.4. For v € VT let A, be a finite-dimensional C"-algebras together with a
GNS-faithful state p,. Then the reduced graph product A has the CCAP. Similarly, for
finite dimensional von Neumann algebras M, together with normal faithful states @, we
have that the graph product M has the wk-x CCAP.

We give an application of this result to Hecke-algebras (for references on Hecke-
algebras see [15, Chapter 19]). Let W be a Coxeter group generated by some set S
and let ¢ = (¢s)ses be a Hecke tuple (i.e. gs > 0 for all s € S and ¢; = ¢ whenever s and
t are conjugate in W). We denote N, (W) for the Hecke algebra corresponding to W and
q. Our application uses the following proposition which asserts that we can decompose
Hecke algebras as graph products. This result for right-angled Coxeter groups is stated
in [5, Corollary 3.4].

Proposition 4.5. Let I be a graph, and for v € VT let W, be a Coxeter group generated
by a set S, and let g, = (quv,s)ses, be a Hecke-tuple. Set W = s, pW,, and q := %, rq, =
(Qu.s)vevr ses,- Then we get a graph product decomposition Ny(W) = %, Ny, (Wy,).

Proof. This follows from [7, Proposition 3.22] by considering the natural embeddings
Ty Ny, (Wy) — Ny (W) that send generators to generators. 0O

The following was already known from [5, Theorem A], but we believe our approach
is more conceptual.

Example 4.6. Let W be a right-angled Coxeter group generated by a finite set S, and
q = (qu)ves a Hecke-tuple. Then as W = x, r(Z/2Z) for some (finite) graph I', we can
by Proposition 4.5 write N;(W) = %, v N,, (Z/2Z). As N, (Z/2Z) is finite dimensional
we obtain by Corollary 4.4 that AV, (W) has the wk-+x CCAP.

The result for the following example is new.

Example 4.7. Let T" be a finite simple graph, and for v € VT let W, be a finite Coxeter
group generated by some set S, and let ¢, = (gy s)ses, be a Hecke-tuple for W,,. Then if
we let W = %, p W, and ¢ = %, ¢y = (Quv,s)vevr,ses,, We have by Proposition 4.5 that
Ny(W) = %51t Ng, (W,). Since N, (W,) is finite dimensional we obtain by Corollary 4.4
that NV, (W) possesses the wk-+ CCAP.

5. Graph product of completely bounded maps on A4

The main result of this section is Theorem 5.3, which shows that the graph product of
completely bounded maps T, defines a completely bounded map T,; on the homogeneous
subspace Ay of degree d. The proof of these results follows the lines of [28] (where they
use the different convention (a,b) = ¢(a*b)), and uses the construction of the operator
space X4 as in [8] and another operator space )?d, to extend it to graph products.
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5.1. Free products and operator spaces

When given a finite graph T' and algebras (A, ¢,) we will denote the reduced free
product of the algebras as (Af,¢f) = *,(A,,¢,). Let T/ be the graph with vertex
set VI'Y = VT and no edges. Note that the free product is simply the reduced graph
product corresponding to I'/. For the graph product corresponding to I'f we will use
notation using superscript f, that is we will write W/, X\, P/ F/, ’Hf” A‘],cv, et cetera.
We remark that F C Ff and A C A7 as linear subspaces and that A, = A{ forv e VI.
For w € W\ {e} with representative (wy,...,w,) we will define Hyw = Hoyy, @ -+ Huw,
and Ay, = Ay, ® --®A,, , and we define H, = CQ and A, = B(H.). Define a subspace
Ly of B(F7) by the closed linear span

Ly =Span{P/ M (a)P/*|lv e VI,a € Al}, K, =L (200)

For a Hilbert space H denote H¢o, Hpr respectively for the column and row Hilbert space,
see [26]. In [28, Lemma 2.3 and Corollary 2.4] it is shown that

Ly ~ (SpevrHo)o, Kio (@vevrfi’:lgp)R (201)

completely isometrically, and that the maps 6; : A{ — Ly and p; : A{ — K given
for a € A, by 6; (M (a)) = PIA (a)PI+ and py(M(a)) = PIEA (a)Pf are completely
contractive. We denote ®), for the Haagerup tensor product, see [18, Chapter 9]. We
denote Lg = LY and K4 = K¥*? for the d-fold tensor product and we write ¢ for
the map .Ag — Lg defined for b = by ® --- @ bg € Ag by 02N (b)) = 0, (N (b)) @n
-~ ®p 01(M (bg)) and we write p©? for the map A£ — K defined similarly.

We introduce notation similar to [8, Section 2]. Let w € W7 s.t. in the graph product
w is equivalent to some clique word vr, for some clique I'y C I (which we will denote
by w=vp,). Leta=a1® - ®aq € A{,. We define an operator Diag,, (a) : F/ — F/
on H for v.e W/ with |v| = |w| + [w1v| as

Diagy (a)l;;5 = Poya1 Py, ® -+ ® PyyagPp, ®1dy; @« ®1dy (202)

Va1 vl

and we define Diagy, (a)l;;; = 0 if v € W/ is not of the given form. Extending this,

we obtain a linear map Diag,, : Al — B(F'). For a clique Ty in T, we now define
the operator space Ap, = Span{Diag,, (Af,)|lw € W/ w = vp,}. Also, for w € W/ we
consider A{;, as an operator space by the embedding A{V - B(’H{V).

Proposition 5.1. For a cliqgue Ty and a word w € W/ with w = vr, we have that the
map Diag,, : Al — Ar, is completely contractive.

Proof. We define a map Vi, : F¥ — H, @ F7 as

Vrling = Qo iy (203)
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whenever v € W/ is s.t. [v| = |w| + |[w™lv| and set Vawlyz = 0 when v is not of this
form. We then obtain that

Diagy, (a) = Ve (a @ Idx) Vi (204)
which shows the statement. O

As in [28] and [8] we define operator spaces X4 and additionally we will define other

operator spaces Xg4. For t € W a clique word, denote I'y for the clique in I'. We now set

Xa = b Lt jw| @n Ary @n Kn, 4 ju,| (205)
ny,ne 20,
(ulvur7t)67—
ny+|utu, |[+n,.=d

Xq @ Lyt ©n At ®n Ky 4 u, | (206)
ny,ny 20,
(u,urt)eT
ni+|wtuy|+n,.=d

equipped with the sup-norm. We remark here that the operator space structure on Ay is
given by the inclusion Ay = A{, - B(’Htf,) where t' € W/ is the representant of t. Also,
recall that 7 was defined in Definition 3.2 and that in Definition 3.7 for a tuple p =
(ng, e, ug, e, t) with ng,n,. > 0, (ug,u,,t) € T we defined |p| = ng+ ||+ [t] + |u. | + 7.
By the above, we can find a completely contractive map Dy : )~(d — X, by defining
Dy = (D), p|=a Where D, = (IdLnlt\ul\ ®Diagt,i®IdK

We now define two linear maps O4 : Ay — X4 and jg : Ay — X4 as follows. Fix

s ap) fOr p= (g, 0y w1y, t).
a tuple p = (n,n,,u,u,,t), |p| = d. We denote n; = n; + || and 1, = n, + |u,|.
Let a € Ay be a pure tensor with w € W. Suppose that w = vju;tu v ! for some
v, € Wffl (wt) and v, € Wf:(urt). We can then write a = Q(Vluht”u:lv:l)<a/1 ® az ® az)
for some a; € Avluu as € At and a3 € Au:lv:l. We then defined

Ou(\a)), = 67" (M (1)) ® ap @ ™ (M (as)) (207)
jala), = 07" (M (a1)) ® Diagy (a2) ® p{™ (M (az)). (208)

In the case that w is not of the given form we define éd()\(a))p = 0 and jq(a), = 0.
This is extended linearly and we set O4(A(a)) = (6d(A(a))p)p and jq(a) = (ja(a)y),-
We moreover define the map ©4 := Dy o éd and see that jg = 040 A|a,. We note that
the definition of j; agrees with that in [8, Equation (2.16)], and that, in the case of
dealing with free products, the map ©4 compares with a restriction of the map ©4 in
[28]. In [8, Equation (2.24)] a completely bounded map 7g : Eq — B(F) was defined,
where B4 := ji(Aq4) C Xg4, and that satisfied mq 0 jg = A|a,. For d > 1 the norm bound
| malles < (# Cliq(T'))3d holds by [8, Theorem 2.9], where # Cliq(I") denotes the number

of cliques in the graph I'. We get the following commuting diagram:
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Ag C A}

\/

For a clique word t € W with representative (t1,...,t) we define a unitary U : Hy —
D, 7:lr in a natural way. Let n =71 ® - - - 14| € Hy be a tensor with either 7; € Ht or
n; € C&,. For 1 < ¢ < [t] set r; :=t; when »; € ”Ht and r; = e when n; € C&;,. Then
ri=ry-cTgisa bubword of t since t is a clique word. Using the identification C&;, ~ ~H,
given by &, — Q we can define U(n) = Q(r,,...r,)(0) € #L,. This extends linearly to a
unitary. We remark that for a € Ay we have U*A(a)U = a. Indeed, it can be checked
that for a; € A;, we have U*(a;)U = Idy, ®---Idy,, | ©a;@ldy, @ ®IdHtm S0)
that the statement follows as Aa1 ® -+ ® a,) = A(a1) -+ Aan).

Theorem 5.2. The map éd is completely contractive.

Proof. Choose d > 0. Fix a tuple p = (n;,n,,u;,u,,t) with |p| = d and write n; =
n; + |w, n, = n, + |u,|. We define two partial isometries

JEF o, 5 F o F (209)

TR, 0 FI®Y S Fo FIOT (210)

as follows. Let r; Ct,let n =1 ® - @0z, ®no € FEM g (U*ﬁrl) be a pure tensor
and denote 7, := Ung € f[rl If for i > 1 we can write n; = 7, ® 7; for some 771 € 7:lUL
and 7; € F7 for which (v1,...,vy,) is the representative of v;u; for some v; € WR (wt),
then we define

~ ~ ®ny o
Ty =M@ ® s @ Quy,vye) (M @+ © 17 @ 1) € FI @ Hypuyr, (211)

and we define J, pL as 0 on the complement of all such tensors. Similarly, let r,. C t let

N=NOM - QNm. € (U*Hy,) ® FIE™ denote nh := Uno € Hy. and suppose that
for i > 1 we can write 1; = 1} ® 7j; for some 7, € H,, and 7; € F/ for which (vq,...,v,)

is the representative of u v ! for some v, € WE (u,t) we define

an = Qv v1,rr)(77;’ﬁ. @@ @) QM B .. D, € ﬁvruy-rr ® Flom (212)

and we define J f as 0 on the complement of all such tensors.
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We shall show that
Ba(\a)), = (JF* @ 1AL} (1AL} @A(a) ® 1A} )(1d5} @JF) (213)

which then shows the statement.

Let w € W, |w| = d, let a € Ay be a pure tensor, let w = (w1, w2, W3) € Sy,
v, € VNV,ﬁ(ult), v, € Wfi(urt) and r;,r, C t. Now let n € 7:[\,7,“7,“,, be a pure tensor,
in which case A, (a)n is also a pure tensor. Suppose that A, (a)n € ﬁvlum and that it

is non-zero, so that v;wr, and v,u,u, start with w;wsy and ng

wo respectively and
so that wiwsv,u,r,, = vyur;. Then put wyyy := wowsv,u,r,. = waflvlulrl so that
Wi WoWyei and wy L wow, a1 are reduced expressions for v;u;r; and v,u,r, respectively.
We claim that s, (Wowei) 2 sp-(W1WaWgi) N sr(wglewtm—l). Indeed, let v be a letter
in s, (W1WoWye;) that is not in s, (wowye;). Then v is a letter at the end of wy that
commutes with wy. If v is at the same time a letter in sr(wglewm“) then v is also a
letter at the end of w3 ', i.e. a letter at the start of wz. But this would contradict the

fact that wiwyows is reduced. Thus we established the inclusion and obtain
S7'(W2wtail) 2 Sy (W1W2Wtail) N ST'(W§1W2Wtail) = Sy (Vlulrl) N ST'(VT'uT'r’I') 2 I N r.

so that |[Waowy,| = |r; N r,|. Now, combining all this, we find

d+ [ Nre| + [Wigi| < [Wiwaws| + [WoWiait] + [Wiail (214)

= |wi| + 2|wa| + 2|wiair| + [ws] (215)

= |W1WaWiait| + [W5  WaWiaal (216)

= Vil + [w| + [ro| + [ro| + Jup [ + vy (217)

=d+ vy + |r.| — [t] (218)

<d+ ||+ |re| = v Ur,| (219)

e (220)

We conclude that all the above inequalities must be equalities, in particular |wiq;| = 0,
[t| = |r;Ur,| and [wowygi| = |r;Nr,|. This means t = r;Ur, and wo = Waw,;. Now as
also Wy = Wowy,; 2 r; N1, we conclude that wo = r; Nr,.. Set t; := rywy = (r; N tr,.),
t, :=r;Nr,. and t,. := wor, = (tr; Nr,.). Then, as we know vwr; = WiwoWyy =
wiwsy and v,u,r, = w§1w2wtail = w§1W2, we then obtain that w; = v;u;t; and

w3 = t,u tv . Hence, w is of the form w = (viwty, t,,, t,u, v, 1). We note that
t;, t,, t,. are disjoint subcliques of t with t;t,,t, = t. In particular we find that the
assumption implies w = vyutu, tv-t. For a closed subspace K C F denote Py for the
orthogonal projection on . We conclude that

)\(a)PH = )\(vlultl,tm,trur_lvr_l) (Q)P ] (221)
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and moreover that this expression is zero whenever a ¢ Avlultur—lv:l. This shows that for
a € A, with w not of the form w = viwtu, v, ! for any v; € VNVf; (wt), v, € VNVfi (u,t),
the right-hand side of (213) is zero. In this case also the left-hand side is zero by definition
of ©4(A(a)), so that we get equality.

Let v € W. We define.

ICIE’V = @ ﬁvulrl K:;If,v = @ ﬁvurr,. (222)
r;Ct r.Ct
L _ L R _ R
Kp B @ ICPN: IC/J B @ ICPNT' (223)
VIEWE (u;t) v, EWE (u,t)

ny

Let us now assume a € Ay, with w = viwtu; tv ! for some v; € 17\7,}3 (wt), v €
VNVf,,(urt) and write a = Q(vlul,t,u;lv;l)(al ®as ®az) for some a1 € Awuzv as € Ay and
as € A.u;lv:l. Note that in such case the words vy, v, are uniquely determined. By the
above, we now find

Picg)\(a)P)Cf} = (224)
= P’C,E v )\(G)PK}}V (225)
= P’Cﬁ,v, Z )\(Vlultlatnwtru;lv:l) (a) P’Cff,w (226)

t,tm, by

partition of t

= Per > Awimee) (@) A6 (02)A (o uryo1) (03) Per,  (227)

ti,t,ty
partition of t

ma 2. P)CL\,Z/\(Vl“laeﬁe)(al)/\(a’Q)A(e,e,uZlvFl)(a?’)P’Cﬁvr (228)

P

= P,ngw )\(Vlul7e7e)(a1)(Ua2U*))\( _1V:1)(a3)P)€§,vr (229)

€,e;ur

where we use that A(az)|;; = UaU* for r C t. Now, a calculation shows that

(U X g ety (@) Per, @ 1d) IS = (Idyy, @pF" (M (a3))) (230)

e,e,u, Vg,

Ty (d@Pr, Ao (01)U) = (05 (N (a1)) © Tdye,) (231)

We describe the calculation for (230) (the calculation for (231) is similar by taking
adjoints and using that 6™ (M (a1))* = p¥" (M (a}))). Let n = no @ m @ -+ €
(U*’Herr) ® FI®" for some r, C t and so that n; is a pure tensor for ¢ = 0,...,n,.
Assume that for i = 1,...,7, we can write 7; = 1/ ® 7j; with n, € H,, and 7; € F/ for

which (v1,...,v5) is the representative of u, 'v,!. Indeed, if n is not of this form then
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both (PKR ®Id)JR = 0 and (Idy, ®p2"" (M (as)))n = 0 which gives the equality. Now

by deﬁnitlon Jf?? = (1 ® (2 where (; := Q(u;;,...,vl,rr)(n;ﬁ X 771 ®@Uno) € /ﬁlvrurrr
and (o :=11 ® -+ @ M. Now

()‘(e,e,uflvil)(a?’)P’Cfiv ® Id)Jf’l] = (/\(e,e,uﬁlvil)(a:i)PICﬁvT Cl> ® C2 ( )

= ()\(e eur vy (a3)<1) by <2 ( )

= 0N e eurtvit)(a3) Qo o) (M @ - @ 01))(Umo) ® G2 (234)

= (Uno) @ (p™ (M (ag))m @ -+ ;) (235)

= (U@ pF"™ (N (a3)))n (236)

This shows equality (230). Hence, combining (230) and (231) we obtain

Ou(\a)), = 07" (M (a1)) ® ay @ pT™ (M (as)) (237)
= (/" @ 1) (1d @ Pz, Awuye.e)(@1)Uaz @ P27 (M (a3)))  (238)

= (J;* ©1d)(1d©@PcrA(a) Per ® 1d)(1d @) (239)

= (J}* @ 1d)(Id ®@A(a) ® Id)(Id®@J ) (240)

This shows the equality holds for all @ € A4, and hence, by density it holds on .44. This
then finishes the proof. O

Theorem 5.3. Fix d > 1 and for v € VI, let T, : A, — A, be a state-preserving
completely bounded map that naturally extends to a bounded map on La(A,,¢,) and
Lo(A%, ¢,). Then, for the reduced graph product, the map Ty : Aq — Aq defined for
a=a1® - ®ad€A CAdas

Ta(Mar @ -+~ ® aq)) = AT, (a1) @ - -- ® Ty, (aa)) (241)

admits a completely bounded extension on Ag with

d
I Talles < (# Clia(T))*d - (max C(T)) (242)

where

C(T) i= max{[| Ty llevs | TollB(La(Aw 00 1 TollB(L2(AZ 00)) }- (243)

We will denote this map as Ty := %, rT,,. Moreover, if (S,)vevr are maps satisfying the
same conditions as (Ty,)yeyT then

d—1

Ty — Salles < (# Cliq(T))3d? (mf}ix max{C(T}), 0(51,)}) max C(T, — 5,).(244)
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Proof. Fix d > 1 and suppose first that for all 1 < ¢ < d we are given maps E,;:
A, — A, satisfying the assumptions of the theorem for T,. Now for 1 < i < d the
direct sum @,y Ev,i extends to a bounded map on (EBueerv) ) Moreover, by [18,
Theorem 3.4.1] this map is in fact completely bounded with the same norm. Hence by
(201) the map Er; := (@, cyr Fv,i) is completely bounded on Ly with norm || Ef ;e <
B(La(Ay,p0))- Similarly we obtain that Er ; := (@, Tv,i) is completely

maxyevr ||EU i
bounded on K; with norm [[Eg |l < max,evr [|EyillB(L,(A5,0,))- Now, fix a tuple
p = (n,nr,u,u,.,t) and denote n; = n; + |w| and 1, = n, + |u,|. Then by [18,
Proposition 9.2.5] we obtain that

I, [(Ev,i)v,i = Er1® - @ ELm @By mi11® @By, mivit) ® R+t +1© - ® ERrd

is a completely bounded map on Lg; ®p, Ay ®p Ky with norm

[t] d
HHp[( vz v,i ||cb H| ch”Et“nl-i-z”cb H HmaXC’ vz
i— m+|t\+1

(245)

Now let the maps (7},) be given and set T, = II,[(T ), ] (i.e. taking E, ; = T, for all 7).
Hence, we get a completely bounded map Ty = (7,), on X4. Denote T}, for the natural

product map on A, that is given by T, ® --- ® T;,, on Ay for v = vy ---v4. We then
find

Tdo>\|Ad :)\OT(HAd :ﬂ-dojdoTCIl|Ad :WdODdOTdOédO)\‘Ad- (246)

This shows that T, extends to a completely bounded map on A,. The norm-bound now
follows from the bound ||74]|e» < (# Cliq(I"))3d, the bound on ||Ty]|e and the fact that
D, and @d are completely contractive.

Now suppose we are given maps (T,),cv and (S, )ycv satisfying the assumptions
of the theorem. Set S, := II,[(S,)]| and S, = (Sp)p- Set By ;5 = T, for i < j, set
Ey,;;=T,—S, fori =j and set E,;; =S, for i > j. Then by cancellation it follows
that II,[(T,)] — I, [(Sy)] = 25:1 I,[(Ey,,j)v,)- Thus it follows that

d d d
HT -8 ||Cb ZHHp ’U’L,j v, ch ZHmaXC vz,j (247)
j=1 j=1i=1
d—1
<d (maX max{C(T}), C(Sv)}> max C(T, — S,). (248)

Then as (Tg — Sq) 0 A|a, =mg0 Dgo (fd — §d) ) (:)d o Ala, we obtain ||Tg — Sl <
| 7alley max, [|[ T, — Spllep which proves the bound. O

Additionally we prove an analogue of Theorem 5.3 for the Hilbert spaces.
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Theorem 5.4. Let T be a finite graph and for v € VT let (A, vy) and (By,1,) be unital
C"-algebras with GNS-faithful states and consider the reduced graph products A and B
respectively. Fiz d > 1 and for v e VI, let T, : A, — B, be state-preserving maps that
extend to bounded maps from La(Ay,p,) (= H) to La(By,10y) (= HB). Then the map
Td:fé“%ff defined forn=m - - @nq 67—[:,4 Q}'j‘ as

Ta(n) = To,(m) @ -+ - @ Ty, (Na) (249)

extends to a bounded map. Moreover, if (Sy)vevr are maps satisfying the same conditions
as (Ty)vevr then

T4 — SallpFa,75) (250)

d—1

< d(max max{| Tyl 50 sy [ Sollisgriz s D max [T, = Sillsgi sy (251)

Proof. Fixd > 1 and forve VI'and 1 <¢ < d let E,; : A, — B, be state-preserving

that extend to a map in B(H;, HZ). Then as Ew is state-preserving we have B, ;(H2) C
HEB so that the map II[(E, ;)] : Ft — FB defined for n =1, ®@ --- @ g € HA C F as

[(Eyi)v,il(n) = Evy1(m) @ -+ @ By a(na) (252)

is well-defined algebraically and maps H(f‘ to 7—[? for v.€ W. Hence, since these subspaces
are mutually orthogonal for v € W we obtain

I[(Ev,i)ll3Fa,75) = oax T[]l gia gus) (253)
= o 254
e dHH villsza 7s ) (254)
d
< ngx HEUJHB(?:[;,“J:L{?) (255)
=1

Now let (T,) and (S,) be maps satisfying the conditions from the theorem. We see that
Ty = O[(Ty)y,] (ie. taking E,; =T, for all 1 < ¢ < d) and Sq = II[(Sy)s,] so these
maps are indeed bounded. Now set F, ; ; =T, for ¢ < j, set B, ;; =T, — S5, fori=j
and set £, ; ; = S, for i > j. It follows from cancellation that

I[(Ty) o] = H[(S0)uil = Y MI(Euig)o.l (256)

Hence [|Tq — Sallp(ra,75) < Z;‘l:1 IH[(Ev,i,5)v,i)ll F, 75y from which (250) follows. O
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6. u.c.p extension for CCAP is preserved under graph products

We will introduce the following definition, originating from [28, Section 4]. Let (A, ¢)
be a unital C*-algebra with GNS-faithful state . We will say that it has a u.c.p extension
for the CCAP, when the following are all satisfied:

(1) There is a net (V;) e of finite rank state-preserving maps on A that converge to
the identity pointwise and with limsup ||Vj||e = 1.
J

(2) There is a unital C*-algebra (B,1)) that contains A as a unital subalgebra, and s.t.
1 is GNS-faithful and extends the state ¢.
3) There exists a net (U;),cs of state-preserving u.c.p. maps U; : A — B s.t. ||[V; —
3li J J
Ujllevs 1V = UjlIB(La (A, p), L2 (B,3)) a0 [|[V; = Uj[|B(La (AP ), Lo (Bor,4)) all converge to
0 as j — oo.

Note that by the first property (A, ¢) must posses the CCAP. It is clear that any finite
dimensional C*-algebra possesses the above property. In [28, proof of Theorem 4.13] it
was proven that the reduced group C’-algebra of any discrete group that possess the
CCAP, also satisfies above criteria. In [19, proof of Theorem 4.2] it was proven that the
same is true for reduced C*-algebra of a compact quantum group with Haar state whose
discrete dual quantum group is weakly amenable with Cowling-Haagerup constant 1.

We will now show in the next theorem that the property of having a u.c.p extension for
the CCAP is being preserved under graph products, for finite simple graphs. The proof
imitates the proof method of [28, Proposition 4.11]. We will use here Proposition 4.1,
Proposition 4.2, Proposition 4.3 and Theorem 5.3 and Theorem 5.4

Theorem 6.1. Let ' be a finite simple graph and for v € VT let (A, p,) be unital C*-
algebras (with GNS-faithful states ¢, ) that have a u.c.p. extension for the CCAP. Then
the reduced graph product (A, p) = *r(A., @y) has a u.c.p. extension for the CCAP.

Proof. We let (V, ;) ct,, (Buv,%¥y) and (U, ;) e, be a u.c.p extension for the CCAP for
(A, p,). As for all v the algebras A, B, have GNS-faithful states, their reduced graph
products (A, ¢) and (B, 1) respectively are well-defined, and the states ¢ and ) are GNS-
faithful as well. Hence, by [7, Proposition 3.12] there exists a unital x-homomorphism 7 :
A — B that intertwines the graph product states. Now for a € ker m and b € A(A) we have
p(b*a*ab) = P(r(b*)m(a)*nw(a)w (b)) = 0. By the faithfulness of the GNS-representation
of A, this shows that a = 0 and hence 7 is injective. We will hence consider 7 as an
inclusion A C B.

We construct a single directed set J = ][], Jo With partial order (j,)vevr <
(4o )vevr if and only if j, < j, for all v € VI'. We can now define nets (V,, ;)jer,
(Uy,j)jer as follows: for j = (ju)vevr we set V, ; :=V,, ., and U, ; := U, ;,. Note that
these nets still satisfy the assumptions of a u.c.p. extension for CCAP. Forv e VI',j € J
we will set
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€v,j = Vo =Uuillev+ Vo, —Uv i 1B(La(Av,0), Lo By ) TN Vo i =V B(La(A27 ). L2 (B2 )

and by restricting to a subnet we can assume €, ; < 1. Since the maps U, ; are u.c.p and
state-preserving we have that U, ; is a contraction from La(A,, ¢,) to L2(B,,1,) and
from Lo(ASP, ¢,) to La(BSP,1,). Hence we also obtain

Vo,illeos Vo, B(La(Ay0), LaBu)) Vo, | B(L2(A 1), L2(BE ) < 2

We can now by Theorem 5.3 construct for j € J, the finite rank c.b. maps Fy; =
*, 1 Vo ; on Ag. We then obtain completely bounded, finite rank maps Dy ; = Zivzo(l —
\/Lﬁ)dFd,de on A that on the dense subset A\(A) tend in norm to the identity as N,j —
oo. We can now by Proposition 4.2 construct the state-preserving u.c.p maps U; :=
¥, 71Uy 5, and by Proposition 4.3 construct the u.c.p maps 7'1_%\] and the c.b. maps

7'(17%)’1\, on A. This gives us state-preserving u.c.p maps En; = Uj o Tl*ﬁ and

state-preserving c.b. maps ENJ- =Ujo Tk% ~- Applying Theorem 5.3 and using that
ol
C(Vy,5),C(Uy,;) < 2and C(V,,; — U,,;) < €,,; we obtain

1Fa; = Ujlaalles < (# Cliq(I)*d?2™ (max e, ;) — 0 as j — oo. (257)

Similarly, by Theorem 5.4 we obtain

1Fa,; — Ujllra,Fs) < d297!(maxe, ;) — 0 as j — oco. (258)
Now
1EN.; — Dnjlles < IBw,; = Divjlleb + |1 D, = Dl (259)
N
<ITi- o =T wlles + ; 1Ujlaq = FajllenlPalles  (260)
and similarly
I1EN,; — Dn,jllsFa,75) (261)
< BN, — Dnjllsrarsy + |DNj — D jllgra,z5) (262)
< ||UJ‘HB(fA,fB)||7—1—ﬁ - 71—\/%7NHB(]-'A,]-'A) (263)
N
+ Z 1Ujlas — Fajllara z5) | Pallsra,za) (264)
d=0

and we note that [[Palls < Crd (by Theorem 3.10), [|[Pillgrarpy < 1 and
|Ujllg(F4,78y = 1. We now obtain using Proposition 4.3 that
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limlim [[Exj — Dy jllep <Um 7o 0 = Tio oo wllen (265)
1
<1 201 _ _L \N _
< hj{fn CrN=(1 \/N) 0 (266)

so that in particular limy lim; | Dy ;|| = 1. Similarly we obtain

limlim || By j — D jllszacae) o) SURIT- o0 =T o wliseaza) (267)

1
<limsup(l — —)* =0 268
in d}g( hN) (268)

and analogously limy lim; ||En ; — D jllB(Lo(A0p ), L2(Bo7,¢)) = O can be shown. Now
the construction of (Dy ;), (B,1) and (En ;) shows that (A, ¢) has a u.c.p extension for
the CCAP. O

Reasoning similarly to [7, Corollary 3.17] we show for arbitrary (possibly infinite)
simple graphs that, under the assumptions on the algebras A, we have that the reduced
graph product possesses the CCAP.

Theorem 6.2. Let T' be a simple graph and for v € VT let (A, @,) be unital C*-algebras
that have a u.c.p. extension for the CCAP. Then the reduced graph product (A, ) =
*7(Ay, @) has the CCAP.

Proof. It follows from Theorem 6.1 that for any finite subgraph I'y C T', the reduced
graph product *, r,A, possesses the CCAP. As the reduced graph product over I is the
induced limit of all reduced graph products over finite subgraphs and as the CCAP is
preserved under inductive limits, this shows the result 0O

Corollary 6.3. Let I' be a simple graph and for v € VI let A, be one of the following:

(1) (A, @y) is a finite-dimensional C*-algebra with GNS-faithful state ,,.

(2) (A, @) is the reduced group C"-algebra of a discrete group with Plancherel state o,
that possesses the CCAP

(3) (Ay,@y) is the reduced C*-algebra of a compact quantum group whose discrete dual
quantum group is weakly amenable with Cowling-Haagerup constant 1. Here p, de-
notes the Haar state.

Then the reduced graph product C”-algebra (A, ¢) = *,r(Ay, p,) has the CCAP.

We recall, that for a discrete group G we have that G is weakly amenable with constant
1 if and only if the reduced group C"-algebra C*(G) possesses the CCAP, if and only if
the group von Neumann algebra £(G) possesses the wk-+ CCAP. Using this we obtain
the following result for von Neumann algebras.
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Corollary 6.4. Let T' be a simple graph and for v € VT let M, = L(G,,) be the group von
Neumann algebra of a discrete group with the canonical state. If M, has the wk-x CCAP

for allv € VT, then the graph product von Neumann algebra M = %, M, possesses the
wk-x CCAP as well.

Proof. Note that M = %, rL(G,) = L(*,rGy) has the wk-+ CCAP if and only if
C (%, rGy) = #, rC(Gy) has the CCAP. The result then follows from Corollary 6.3 O

We note that Corollary 6.4 was already known by [27] where using different techniques
it was shown that for discrete groups weak amenability with constant 1 is preserved under
graph products. However, Corollary 6.3 does give new examples of algebras that posses
the CCAP as you can consider graph products of the form *, r(A,,¢,) where some of
the algebras (A, ¢,) satisfy condition (1), some satisfy condition (2) and some satisfy
condition (3).
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