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Propositions 

 

Accompanying the dissertation 

 

MODELLING OF ULTRASONIC ARRAY SIGNALS IN ANISOTROPIC MEDIA 

By 

Chirag Anand 

 

1. A unitary system of symbols and terms should be established to encompass various fields of science. 

[This proposition pertains to this dissertation] 

2. Indiscriminate use of the term ‘Green’s function’ has led to more confusion than assistance 

[This proposition pertains to this dissertation] 

3. Computational prowess has ruined the field of research in analytical and approximate solutions 

[This proposition pertains to this dissertation] 

4. Current lack of research on quantifying the quality of FMC images for composites is a boon for 

researchers 

[This proposition pertains to this dissertation] 

5. A PhD is not so much about intelligence as it is about perseverance 

6. Primary driver of research should be inquisitiveness 

7. The wheels of a welfare state run smoothly as long as the humanity of its cogs is preserved 

8. It is unjustified to hold developing nations to the same standards of developed nations 

9. The Covid pandemic brought to forth the advantages of an authoritarian government 

10. A society should aspire to be an accepting society rather than a tolerant society 

 

 

 

 

 

 

These propositions are regarded as opposable and defendable, and have been approved as such by the 

promotors Prof. dr. ir. R. Benedictus and Dr. R. M. Groves 
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Stellingen 

 

behorende bij het proefschrift 

 

MODELLING OF ULTRASONIC ARRAY SIGNALS IN ANISOTROPIC MEDIA 

door 

Chirag Anand 

 

1. Er zou een eenheidssysteem van symbolen en termen moeten worden opgericht om verschillende 

wetenschapsgebieden te omvatten. 

[Deze stelling heeft betrekking op dit proefschrift.] 

2. Onzorgvuldig gebruik van de term ‘greense functie’ heeft geleid tot meer verwarring dan hulp. 

[Deze stelling heeft betrekking op dit proefschrift.] 

3. Rekenkundige bekwaamheid heeft het onderzoeksgebied in de analytische en benaderende 

oplossingen geruïneerd. 

[Deze stelling heeft betrekking op dit proefschrift.] 

4. Het huidige gebrek aan onderzoek naar het kwantificeren van de kwaliteit van FMC-beelden voor 

composieten is een zegen voor onderzoekers. 

[Deze stelling heeft betrekking op dit proefschrift.] 

5. Een doctoraat gaat niet zozeer om intelligentie als wel over doorzettingsvermogen. 

6. De belangrijkste drijfveer voor onderzoek zou nieuwsgierigheid moeten zijn. 

7. De wielen van een verzorgingsstaat draaien soepel zolang de menselijkheid van zijn radertjes 

behouden blijft. 

8.  Het is ongerechtvaardigd om ontwikkelingslanden aan dezelfde normen te houden als ontwikkelde 

landen. 

9. De coronapandemie bracht de voordelen van een autoritaire regering naar voren. 

10. Een samenleving zou ernaar moeten streven om een accepterende samenleving te zijn in plaats van 

een tolerante samenleving. 

 

 

 

 

 

 

Deze stellingen worden opponeerbaar enverdedigbaar geacht en zijn als zodanig goedgekeurd door de 

promotors Prof. dr. ir. R. Benedictus en Dr. R. M. Groves 
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I  
 

Summary 

There has been a steady increase of composites and anisotropic materials 
in primary aircraft structures over the years. This increase is driven by the high 
strength to weight ratio of such materials leading to lighter and more efficient 
aircraft. As the uptake of such materials keeps increasing so does the complexity 
in geometry and manufacture of the parts which use these materials. As in the case 
of any structural component, these structures suffer from defects during 
manufacture and from damage inservice and have to be tested using non-
destructive methods regularly.  

A plethora of NDT techniques exist for testing aircraft structures with 
ultrasonic NDT being a staple in the industry. Testing using single element 
transducers is being replaced by phased arrays as phased arrays can be used in 
different testing configurations such as beam steering or using phased arrays to 
capture the signals and then post process the data to form an image. Phased array 
testing of isotropic materials has been carried out for a number of years with a lot 
of research being devoted to the testing of such materials. The testing of isotropic 
materials is relatively less complicated than for anisotropic materials due to the 
constant material properties throughout the material, the types of defects or failures 
which such structures suffer and the effect of the material properties on the 
ultrasonic beam propagating through it or on the output signals. This leads to a 
simpler interpretation and easier understanding of results when such structures are 
tested. On the other hand testing of anisotropic materials is complicated by the fact 
that the material properties are not the same in every direction. The anisotropic 
nature of such materials has an effect on the ultrasonic beam propagation and 
output signals which makes the interpretation and understanding of the output 
more difficult. The layered structure of the composite materials also leads to 
multiple reflections and reverberations of the layers during inspection which are 
properties of the laminate, array parameters etc. leading to noise in the output 
signals and noise in the image. Due to this ultrasonic NDT remains a bottleneck in 
the further implementation of composites in aircraft structures. 

Understanding the effect of these various parameters experimentally 
would require dozens of experiments with different isolated parameters. To 
overcome the need for this enormous experimental campaign, modelling and 
simulations can be carried out to help understand these effects. There has been 
progress in the NDT community on the adoption of modelling methodologies to 
simulate the predict the response of the inspected material to the wave passing 
through it and the output signals which are generated. The numerical models 
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already developed have been applied to a variety of scenarios and to different 
complex geometries but become quite computationally expensive as the material 
and inspection procedure complexity increases and take hours of runtime when run 
on personal computers. Some analytical and semi-analytical models which have 
been applied are restricted either in geometry, require the numerical evaluation of 
multiple integrals, are computationally expensive or do not take into consideration 
the array parameters or are singular when interacting with different geometries.  

The research presented in this thesis attempts provide a modelling 
methodology which is computationally inexpensive, does not require the 
evaluation of numerous integrals, takes the effects of the entire NDT setup into 
account and is accurate when compared to real-world inspection results. Two 
different scenarios are considered in this thesis. In the first scenario the ultrasonic 
beam from a phased array is used to inspect homogeneous anisotropic materials in 
which beam steering takes place. A model based on Gaussian beams is developed 
to simulate the steering, the effects that the material anisotropy and array 
parameters have on the beam propagating through the material. The model is 
validated against a numerical model for accuracy and a comparison of the models 
shows the developed model to be more computationally efficient. 

In the second scenario, a model is developed to simulate the Full Matrix 
Capture (FMC) signals while inspecting a layered anisotropic material such as a 
Carbon Fibre Reinforce Plastic (CFRP) laminate. The model is developed based 
on multi Gaussian beams, stiffness matrix method and the angular spectrum of 
plane waves to simulate the received FMC signals from inspection of a CFRP 
laminate surrounded by a semi-infinite fluid medium. The simulated signals are 
compared with the experimentally obtained signals and show good agreement. 
Naturally the next step in the process would be the simulation of scattering from a 
defect embedded in the laminate. Side drilled holes (SDH) is the defect of choice 
due to its use as reference and calibration defects. The analytical scattering of the 
SDH is combined with the previously developed model by modifying the bounding 
medium to be a generally anisotropic solid. FMC signals for the scattering from a 
SDH are simulated and imaged using the Total focusing method taking the 
direction dependent velocity into account. The proposed model was then validated 
with the image generated from experimental FMC signals and is in good agreement 
qualitatively and quantitatively.  

In conclusion the work in this thesis leads to two main results. The first is 
the development of a beam model for beam propagation from a phased array into 
an anisotropic material which leads to a better understanding of the influence of 
various material and array parameters and properties on the propagation of a beam 
through it. Second is the development of a model to simulate the full matrix capture 
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signals generated when inspecting layered anisotropic materials such as a CFRP 
laminate with or without a defect and the influence of the number of layers, layer 
thickness, manufacturing parameters and array parameters on the quality of the 
output signal and the image which is generated by post processing these signals. 

  



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 8PDF page: 8PDF page: 8PDF page: 8

 
 
 

IV  
 

 

 

  



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 9PDF page: 9PDF page: 9PDF page: 9

 
 
 

V  
 

Samenvatting 
Er is in de loop der jaren een gestage toename geweest van composieten 

en anisotrope materialen in primaire vliegtuigconstructies. Deze toename wordt 
veroorzaakt door de hoge sterkte-gewichtsverhouding van dergelijke materialen, 
wat leidt tot lichtere en efficiëntere vliegtuigen. Naarmate de toepassing van 
dergelijke materialen blijft toenemen, neemt ook de complexiteit in geometrie en 
fabricage van de onderdelen die deze materialen gebruiken toe. Zoals bij elk 
structureel onderdeel, hebben deze constructies te maken met defecten tijdens de 
fabricage en schade tijdens het gebruik en moeten ze regelmatig worden getest met 
behulp van niet-destructieve methoden. 

Er bestaat een overvloed aan NDT-technieken voor het testen van 
vliegtuigconstructies, waarbij ultrasone NDT in de industrie de voornaamste is. 
Testen met transducers met één element is vervangen door phased arrays, 
aangezien phased arrays kunnen worden gebruikt in verschillende testconfiguraties 
zoals bundelsturing of het gebruik van phased arrays om de signalen op te vangen 
en de gegevens vervolgens te verwerken tot een afbeelding. Het testen van isotrope 
materialen door middel van phased array wordt al een aantal jaren uitgevoerd en 
er wordt veel onderzoek gedaan naar het testen van dergelijke materialen. Het 
testen van isotrope materialen is relatief minder gecompliceerd dan het testen van 
anisotrope materialen vanwege de constante materiaaleigenschappen, de soorten 
defecten of het faalgedrag van dergelijke structuren en het effect van de 
materiaaleigenschappen op de ultrasone bundel die zich door het materiaal 
voortplant of op de uitgangssignalen. Dit leidt tot een eenvoudigere interpretatie 
en beter begrip van de resultaten wanneer dergelijke structuren worden getest. Aan 
de andere kant wordt het testen van anisotrope materialen bemoeilijkt door het feit 
dat de materiaaleigenschappen niet in alle richtingen hetzelfde zijn. De anisotrope 
aard van dergelijke materialen heeft een effect op de voortplanting van de ultrasone 
bundel en de uitgangssignalen, wat de interpretatie en het begrip ervan bemoeilijkt. 
De gelaagde structuur van de composietmaterialen leidt ook tot meerdere reflecties 
en weerkaatsingen van de lagen tijdens inspectie. Dit zijn eigenschappen van het 
laminaat en arrayparameters enzovoorts die leiden tot ruis in de uitgangssignalen 
en ruis in het beeld. Hierdoor blijft ultrasone NDT een bottleneck bij de verdere 
implementatie van composieten in vliegtuigconstructies. 

Om het effect van deze verschillende parameters experimenteel te 
begrijpen, zou een groot aantal experimenten met verschillende afzonderlijke 
parameters nodig zijn. Om de noodzaak van deze enorme experimentele campagne 
te ondervangen, kunnen modelleringen en simulaties worden uitgevoerd om deze 
effecten beter te begrijpen. Er is vooruitgang geboekt in de NDT-gemeenschap met 
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het toepassen van modelleringsmethodologieën om de voorspelling van de respons 
van het geïnspecteerde materiaal op de golf die er doorheen gaat en de 
uitgangssignalen die worden gegenereerd, te simuleren. De reeds ontwikkelde 
numerieke modellen zijn toegepast op een verscheidenheid aan scenario's en op 
verschillende complexe geometrieën, maar worden behoorlijk rekenkundig 
intensief naarmate de complexiteit van het materiaal en de inspectieprocedures 
toeneemt. Hetgeen uren aan doorlooptijd kost wanneer ze op pc's worden 
uitgevoerd. Sommige analytische en semi-analytische modellen die zijn toegepast, 
zijn ofwel beperkt in geometrie, vereisen de numerieke evaluatie van meerdere 
integralen, zijn rekenkundig intensief of houden geen rekening met de 
arrayparameters of zijn singulier bij interactie met verschillende geometrieën. 

Het onderzoek dat in dit proefschrift wordt gepresenteerd, biedt een 
modelleringsmethodologie die niet rekenkundig intensief is, geen evaluatie van 
talrijke integralen vereist, rekening houdt met de effecten van de gehele NDT-
opstelling en nauwkeurig is in vergelijking met echte inspectieresultaten. In dit 
proefschrift worden twee verschillende scenario's beschouwd. In het eerste 
scenario wordt de ultrasone bundel van een phased array gebruikt om homogene 
anisotrope materialen te inspecteren waarin bundelsturing plaatsvindt. Er is een 
model ontwikkeld op basis van Gauss-bundels om de sturing en de effecten die de 
anisotropie van het materiaal en de array-parameters hebben op de bundel die zich 
door het materiaal voortplant, te simuleren. Het model is voor nauwkeurigheid 
gevalideerd met een numeriek model en een vergelijking van de modellen toont 
aan dat het ontwikkelde model rekenkundig efficiënter is. 

In het tweede scenario wordt een model ontwikkeld om de Full matrix 
capture-signalen te simuleren tijdens het inspecteren van een gelaagd anisotroop 
materiaal zoals een Carbon Fiber Reinforced Plastic (CFRP) laminaat. Het model 
is ontwikkeld op basis van multi Gauss-bundels, de stijfheidsmatrixmethode en het 
hoekspectrum van vlakke golven om de ontvangen FMC-signalen van de inspectie 
van een CFRP-laminaat omgeven door een semi-oneindig vloeibaar medium te 
simuleren. De gesimuleerde signalen zijn vergeleken met de experimenteel 
verkregen signalen en vertonen een goede overeenkomst. Vanzelfsprekend zou de 
volgende stap in het proces de simulatie zijn van de verstrooiing door een defect 
in het laminaat. Aan de zijkant geboorde gaten (ZGH) zijn gebruikt als defect 
vanwege het gebruik als referentie en kalibratiedefecten. De analytische 
verstrooiing van de ZGH is gecombineerd met het eerder ontwikkelde model door 
het begrenzende medium te wijzigen in een in het algemeen anisotroop massief 
materiaal. FMC-signalen voor de verstrooiing van een ZGH worden gesimuleerd 
en afgebeeld met behulp van de totale focusseringsmethode, waarbij rekening 
wordt gehouden met de richtingsafhankelijke snelheid. Het voorgestelde model 
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werd vervolgens gevalideerd met het beeld dat werd gegenereerd op basis van 
experimentele FMC-signalen en komt kwalitatief en kwantitatief goed overeen. 

Concluderend leidt het werk in dit proefschrift tot twee hoofdresultaten. 
Het eerste hoofdresultaat is de ontwikkeling van een bundelmodel voor 
bundelvoortplanting van een phased array in een anisotroop materiaal. Hetgeen 
leidt tot een beter begrip van de invloed van verschillende materiaal- en 
arrayparameters en eigenschappen op de voortplanting van een bundel door dit 
materiaal heen. Het tweede hoofresultaat is de ontwikkeling van een model om de 
full matrix capture-signalen te simuleren die worden gegenereerd bij het 
inspecteren van gelaagde anisotrope materialen zoals een CFRP-laminaat met of 
zonder defect en de invloed van het aantal lagen, laagdikte, fabricageparameters 
en arrayparameters op de kwaliteit van het uitgangssignaal en het beeld dat wordt 
gegenereerd door nabewerking van deze signalen. 
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List of Symbols 
p Pressure of the  wave                                N/m2 
t Time                                 s 
cf   Velocity of wave in fluid                            m/s ∇  Laplacian operator  ߩ  Density of the medium                      kg/m3 
v0   Initial velocity on the face of the 

transducer 
                  m/s 

ω  Angular frequency of the wave                          rad/s 
s  Surface area of the transducer                              m2 

{k}  Wavenumber vector of the wave                                   m-1 

r   Distance between transducer and 
point in medium 

          m 

x1, x2, x3  Coordinates of point in medium                              m 
a1  Width of an element in an array                                     m 
a2  Length of an element in an array                                     m 
[cijkl]  Elastic Stiffness matrix                       N/m2 
{n j,k} Unit vector in the direction of 

propagation of wave where 
k=1,2,3 

 

ki  Wavenumber component in 
i=1,2,3 direction 

                 m1 

cp    Phase velocity of wave in the 
medium 

                          m/s 

δ  Kronecker Delta  
v   Velocity amplitude of wave in 

medium at a point 
        m/s 

[X]  Coordinate vector                              m 
{d} Polarization vector  
[M]  Matrix of phase of Gaussian beam s/rad.m  
[Sp] Matrix of slowness curvatures s/m 
up  Group Velocity                           m/s 
C  Slowness surface curvature in the 

x1 direction 
               m/s 

E   Slowness surface curvature in the 
x3 direction 

               m/s 

D  Slowness surface curvature in the 
x2 direction 

                m/s  
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s0   Slowness vector                            s/m 
sx1  Slowness in x1 direction                            s/m 
sx2   Slowness in x2 direction                          s/m 
sx3   Slowness in x3 direction                        s/m 
An Wen and breazeale coefficient 

(n=1 to 10) 
 

Bn  Wen and Breazeale coefficient 
(n=1 to 10) 

 

Am  Wen and breazeale coefficient 
(m=1 to 10) 

 

Bm    Wen and Breazeale coefficient 
(m=1 to 10) 

 

F Focus distance                              m 
e  Pitch of the element                                    m 
θj   Steering angle of element j   
N   Number of elements in the array  
Dr  Directivity of the element  
vj’ Corrected velocity at a point from 

element j 
 m/s 

[C]   Elastic stiffness matrix in Voigt 
notation 

                    N/m2 

{u} Plane wave displacement vector 
in medium 

                     m 

am ,p+/ Amplitude of the propagating 
wave of mode p in layer m in the 
upward (-) or downward (+) 
direction 

 

n      Number of layers in the laminate  
h   Thickness of layer of laminate m  
{σ}    Stress vector                       N/m2 
[S]   Recursive stiffness matrix  
[Sm] Stiffness matrix of layer m  
[F +/-] Matrix of force vectors of three 

modes of wave in upward (-) or 
downward (+) direction 

   

[D +/-] Matrix of polarization vectors of 
three modes of wave in upward (-
) or (+) direction 
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[H +/-] Diagonal matrix of propagation 
vectors of three modes of wave in 
upward (-) or downward (+) 
direction 

 

f   Acoustic wavefield on the face of 
transducer in wavenumber 
domain 

 

F   Acoustic wavefield on the face of 
the transducer spatial domain 

 

β System function  
R    Total Reflection Coefficient  
T  Total transmission Coefficient  

[ C ]  Equivalent homogeneous 
anisotropic elastic stiffness 
matrix 

 N/m2 

Ascatt   Nondimensional Scattering 
amplitude 

  

b   Radius of Side drilled hole  m 
H   Hankel function  
V (xt,xr,߱)   Nondimensional output signal in 

frequency Domain between a pair 
of  elements 

  

Vt (xt,xr,߱)   Frequency domain velocity on the 
surface of transmitting element 

 

Vr (xt,xr,߱)  Frequency domain velocity on the 
surface of receiving element 

 

I  Intensity at the point x1, x3 in the 
medium 

 

σRMS      RMS value of the noise in 
laminate in region containing the 
scatterer 

 

 

List of Abbreviations 
MGB                        Multi Gaussian Beam 
OMGB                     Ordinary Multi Gaussian beam 
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SDH                         Side drilled hole 
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FRP  Fibre Reinforced Polymer 
NDE  Nondestructive Evaluation 
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FEM  Finite Element Method 
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SEM  Spectral Element method 
FDTD  Finite Difference Time Domain 
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PWI  Plane Wave Imaging 
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SH  Shear horizontal 
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BWA  Backwall echo analytical 
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1.1 General Introduction 

Modern aircraft are constructed of various materials in complex shapes 
and structural configurations. Aluminium alloys constitute a significant amount of 
the airframe. Steel and Nickel alloys are used in landing gear components, 
horizontal stabilizer spindles, engines, etc [1]. In recent years also fibre reinforced 
plastics (FRP) such as carbon fibre reinforced plastics (CFRP), Honey comb 
sandwiched panels and fibre metal laminates (FML) are being used in aircraft 
constructions due to their light weight and high strength to weight ratio. Driven by 
the need to reduce fuel consumption costs more complex shaped structures have 
found their applications in recent aircrafts such as the Boeing 787 and the Airbus 
A350 [2]. Damages and defects may occur during the lifecycle of an aircraft which 
includes the design, production and inservice phases. These defects and damages 
may vary in sizes, severity and location[3]. It is imperative to carry out 
nondestructive testing to detect, locate, measure and identify these defects or 
damages so as to decide on a further course of action which could involve taking 
no corrective action, repairing or scrapping the part based on the allowable limits 
[4].  

There are a plethora of Nondestructive testing (NDT) techniques which 
are being used in the industry to test aircraft structures made from isotropic and 
anisotropic materials such as visual inspection, ultrasonic testing, eddy current 
testing, X- ray techniques, Thermography etc [4]–[9]. Out of all these techniques 
ultrasonic testing is most widely used due to the flaw detection [10] coupled with 
cost, safety and ease of use. Currently ultrasonic testing of composite structures is 
carried out using a single normal incidence transducer where the attenuation and 
the location of defects is estimated by the magnitude and location of the backwall 
echo. This technique works well for simple isotropic structures but while testing 
anisotropic structures with complex geometry such as curved composite structures 
this method has poor defect detectability and characterization. 

Ultrasonic phased arrays are being used increasingly in the industry due to 
their ability for greater depth penetration, rapid inspection, defect characterization 
and providing more information to the user about the structure being inspected. 
Phased arrays can be used to steer the ultrasonic beam so as to facilitate inspection 
of larger areas. The advantages of using ultrasonic arrays have led to more research 
in advanced NDT methods using such arrays[11]. Conventionally in order to 
generate an image using an imaging algorithm, different transducers/ receivers in 
the array are used with preprogrammed delay and sum rules to generate the image. 
Another approach has been suggested by Holmes et al [12] which uses the full 
matrix capture in which the full matrix data of transmit and receive element 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 27PDF page: 27PDF page: 27PDF page: 27

 
 
  

3 
 

combinations are captured experimentally and any imaging algorithm can then be 
applied to this data. Some of the widely used algorithms are the Total Focusing 
Method (TFM) and the Synthetic Aperture Focusing Technique (SAFT) [13], [14] 
.  

There are many challenges encountered during testing of anisotropic 
layered or homogeneous media owing to the anisotropic properties of the material 
being inspected. The anisotropic nature of the material influences the velocity of 
the ultrasonic wave traveling through it which affects the location and sizing of the 
defects[15], [16]. The layer interfaces present in the FRP give rise to multiple 
reflections which interfere with the output signals and might cause 
misinterpretation of the received signal [17], [18]. 

Advanced methods can be developed using both experimental and 
empirical methods to test such anisotropic structures and to study the structural 
influence on the output signal. However using experimental methods has it 
economical limitations as it is difficult to make a lot of samples to be statistically 
valid conclusions. Hence it is required to develop forward models which help in 
understanding how the ultrasonic signals interact with homogeneous anisotropic 
or layered anisotropic materials, carry out qualitative and quantitative analysis of 
signals in such structures and ultimately lead to the development of advanced NDE 
methods for these materials. These forward models can also be used to test imaging 
algorithms and to study the different parameters which affect the imaging 
algorithms. 

1.2 Thesis structure 

The thesis is divided into seven chapters and consists of four main chapters, 
introduction and conclusion. 

Chapter 2: Theory and Literature review 

This chapter will deal with the theory and literature present on beam 
modelling for isotropic /anisotropic structures, wave propagation in anisotropic, 
layered structures, imaging, data acquisition, phased array testing. The chapter 
concludes with identifying the gaps in the literature leading up to the research 
question addressed in Chapter 3. 

Chapter 3: Methodology 

This chapter states the research questions and explores the methodology 
adopted to investigate these questions. 
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Chapter 4: Modelling of beam propagation from phased arrays in anisotropic 
media 

This chapter will deal with the development of the nonparaxial multi 
Gaussian beam model. It includes the development of a nonparaxial beam model 
for isotropic structures which is then modified to simulate the beam propagation 
in homogeneous anisotropic structures. This general purpose beam model is 
verified using Finite element models and details the effects of anisotropy on the 
beam and beam steering. 

Chapter 5: A Gaussian Beam Based Recursive Stiffness Matrix Model to Simulate 
Ultrasonic Array Signals from Multi-Layered Media 

In this chapter a model is described to test multilayered FRP laminate. The 
model consists of Gaussian beam coupled with the recursive stiffness matrix of the 
structure under inspection. The model outputs full matrix capture signals and a 
comparison between experimental and simulated signals is presented. 

Chapter 6: Simulating the scattering from Side drilled holes in multi layered media 

In this chapter the model developed in Chapter 5 is modified so as to 
accommodate isotropic/anisotropic bonding layers and is coupled to the scattering 
from side drilled holes to simulate the testing of such reference defects. The 
simulated and experimentally obtained signals are compared. A modified TFM 
algorithm and the results are presented 

Chapter 7: Conclusions and Future Work 

This chapter presents the conclusions of the thesis and suggestions on the 
future work which can be carried out. 
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2  

Theory and Literature Review 
 

Chapter 2 provide the relevant theory and literature review required for 
this thesis. This theory and literature review address general theory about waves, 
modelling of ultrasonic beams, wave propagation in anisotropic homogeneous and 
layered structures, scattering from defects in materials, ultrasonic phased arrays, 
data acquisition, imaging algorithms and equivalent homogeneous anisotropic 
properties. This then leads to recognize gaps in the research and the formulate the 
research question and sub questions which this thesis attempts to answer. In the 
next section a brief theory of elastic waves is provided. 
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2.1 Basic theory of acoustic and elastic waves 
 

An acoustic wave is composed of oscillations of discrete particles of 
material. In fluids the propagation of a wave is governed by Eq. (2.1) 

2
2

2 2

1 0
f

pp
c t

                                                                                                         (2.1) 

Where ∇2 is the laplacian operator, cf is the speed of sound in a fluid, p is 
the pressure in the fluid, t is the time. 

Elastic wave is the wave which propagates in solids and is dependent on 
the properties of the solids. The elastic wave propagation is given by Eq. (2.2) 

2
2

2. 0
t
uu u                                                                    (2.2) 

Where u is the particle displacement vector, μ and λ are Lame’s constants. 
When the particles oscillate in the direction of the propagation of the wave, 

the wave is called a longitudinal wave. The direction of oscillation of particles is 
called the polarization of the wave. Since compressional and dilatational forces are 
active in the wave, it is also called as a compression wave or a pressure wave. This 
is the real sound wave because it can transmit the oscillations of a source of 
acoustic energy through the air to our ears. The same wave also transmits sound 
through liquid or solid bodies.  

 

 
Figure 2.1. Particle oscillations in a longitudinal wave 

 
However, in solid bodies another kind of wave may also occur. This wave 

is called a transverse wave as the particles no longer oscillate in the direction of 
propagation of wave but at right angles to it as shown in Figure 2.2.  
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Figure 2.2 Particle oscillations in a transverse wave 

 
This wave is also called a shear wave. Since liquids and gases are incapable 

of transmitting shear, transverse waves cannot travel through them [1]. Waves have 
different velocities and the longitudinal wave velocity is typically more than twice 
the shear wave velocity in metals. 

The waves described above are for infinite medium and are not restricted 
by the size or shape of the medium of propagation. For finite bodies, there are 
different waves which can be defined by the deformation of the bodies. Some of 
these waves are Surface or Rayleigh waves [2] which exist on the surface of a flat 
or curved medium which is otherwise infinite and involves the motion of only the 
top row of particles of the solid medium. When a solid medium is further limited 
in size to a finite thickness, a pure surface cannot exist unless its wavelength is 
much smaller than the thickness of the plate. In such a solid we have Lamb waves 
which propagate along the wave with particles oscillating perpendicular to the 
direction of propagation. Lamb waves are also called guided waves and are of 
symmetrical and asymmetrical modes [3]. 

The reflection and transmission of wave impinging an interface between 
two materials depends on the acoustic impedance of the materials and the angle of 
incidence. Acoustic wave impedance is a property of a material which provides the 
resistance of the material to the propagation of a wave through it. The different 
acoustic impedances of materials cause reflection and transmission of waves at the 
interface between one material to another. 

Furthermore elastic wave propagation is complicated by the fact that mode 
conversion occurs at a non-normal angle of incidence, and also that 
reflection/refraction occur at a discontinuities inside a test object. In mode 
conversion a longitudinal wave impinging at an interface will be converted to a 
shear wave or vice-versa depending on the acoustic impedance mismatch between 
the two materials.  
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A typical example from Non-destructive Evaluation (NDE) imaging is the 
multiple mode conversion that can occur at cracks[4]. There, mode conversion 
generates both longitudinal and shear diffracted waves at the tip of the crack. A 
surface wave may also be generated along the crack, which has a different speed 
and hence will result in additional diffracted waves at the crack tips [5]. The 
resulting signals will then consist of a mix of different wave modes which will be 
very difficult to discriminate. 

The next section describes the efforts to model ultrasonic beam 
propagation from transducers. 
 
2.2. Modelling of Ultrasonic beam propagation 

 
A typical ultrasonic NDE model consists of three fundamental 

components. A) the source of the ultrasound b) Propagation and scattering of 
waves through a medium of different geometrical and material properties and c) 
Scattering from defects embedded in the specimen [6]. This section describes 
modelling techniques which are used for modelling the beam emitted from 
transducers. 

In NDE applications, the ultrasonic beam emitted by the transducer 
undergoes changes while propagating through the test structure. The shape and 
size of the propagating beam affects the received signals and hence it is beneficial 
to model the propagation of beams to understand the effects of the structure on the 
beam.  

Beam modelling for single element transducers has been carried out using 
exact, semi analytical and numerical methods [7]. A standard beam model setup 
for a transducer radiating ultrasonic waves into a medium is shown in Figure 2.3 
where x1, x2 and x3 are the coordinate axes. 
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Figure 2.3. Transducer radiating ultrasonic waves into a medium 

 

Exact methods use the superposition of point sources to model the 
transducer beam. In the point source method point sources are superimposed on 
the face of the transducer using Rayleigh-Sommerfeld integrals as shown in Eq. 
(2.3)  [8].  

0 exp( ),
2 s

i v ikrp X ds
r

                                (2.3) 

Where p is the pressure at coordinates X in the medium, ρ is the density of 
the medium, s is the surface area of the transducer, r is distance from the face of 
the transducer to a point in the medium, ߱ is the angular frequency and v0 is the 
initial velocity at the face of the transducer 

The exact methods might lead to multiple integrals on the surface of the 
transducer and on the interfaces which are encountered in the structure [9]. These 
integrals are solved using numerical integration or by other methods such as the 
edge element method proposed by Lerch et al. [10]. Spies [11] circumvented 
solving the multiple integrals by using the saddle point method. These 
superposition techniques can be used to model the beam transmitted across 
interfaces but require a large number of point sources making them less efficient. 
The pencil method [12]–[14]  is another method which is used to carry out 
wavefield computations in homogeneous isotropic and anisotropic media. The 
Pencil method considers the emitting transducer to be made up of many point 
sources emitting a  bundle of paraxial rays. In the pencil method, numerical 
integration also needs to be carried out as point sources are considered [15]. 

Another method introduced by Kundu et al. is the Distributed point source 
method (DPSM) [16]–[19] which is a technique based on the superposition of 
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fundamental solutions related to the source and target point. The method employs 
a collection of points distributed on the interfaces and boundaries present in the 
structure as shown in Figure 2.4. 

 
Figure 2.4 Discrete Point Source Modelling of a transducer. 

 
 These points are of unknown strength. Boundary conditions are then 

imposed from which a system of equations with the unknown strengths is obtained. 
The solution for the unknown strengths then requires calculating the Green’s 
function for the media between the source and target points. This method can also 
be used for layered structures [20]. For isotropic media Green’s function is a closed 
form algebraic expression whereas for anisotropic media the governing equations 
are more complex and Green’s function to calculate the unknown strengths at the 
distribute point sources needs to be evaluated numerically and hence becomes 
computationally expensive [21]. 

The Finite Element Method (FEM) [22] has also been employed to model 
beam propagation in structures. FEM has been used to compute wave propagation 
in isotropic and anisotropic media [23], [24][25], [26]. It remains non-singular for 
complex geometries and curved surfaces [27]. Finite element methods require the 
discretization of the entire modelling medium which increases the required 
computational time and power especially when a 3-D solution is required. FEM 
also requires the use of absorbing boundaries [28] and the reflection from these 
boundaries in most cases cannot be avoided as using of perfectly matched layers 
(PMLs) reduces the reflection from medium boundaries but is incapable of 
completely eliminating them [28]. Recently the spectral element method (SEM) 
has been used to model wave propagation in anisotropic media [29]–[31]. SEM 
allows the usage of basis functions in the form of high order polynomials such as 
the Legendre polynomials, Chebyschev polynomials, etc which lead to higher 
accuracy over non uniformly spaced nodes [32]. SEM converges faster to the exact 
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solution than FEM due to the use of high order polynomials and reduced degrees 
of freedom of the structure. The drawback of SEM lies in the difficulty to program 
complex geometries and also the high computational cost per degree of freedom 
[33]. 

Finite Difference Time Domain (FDTD) Methods are also used for 
computing the wavefields in complex geometries [34]–[37]. FDTD requires the 
computational domain to be discretised into grids and the spacing of the grid 
should be fine so as to be able to resolve the smallest wavelength and the smallest 
features in the model. This becomes computationally expensive and can lead to 
high computational times [38]. 

An alternative method for modelling the beam from finite width 
transducers which is based on the paraxial approximation is to model the radiation 
as a superposition of Gaussian beams [39].  As Gaussian beams are based on the 
paraxial approximation it has been shown that it is possible to analytically calculate 
the reflection and transmission of such beams at planar and curved interfaces[40]–
[43]. Following this work Huang developed the Multi Gaussian Beam (MGB) 
model for a single transducer to simulate propagation through an anisotropic 
medium. The Multi Gaussian beam is computationally efficient as it requires the 
superposition of a small number of Gaussian beams and is accurate within the 
paraxial approximation. Following Huang's work, the MGB model for a single 
transducer was then applied for composite curved parts. 

Another method is to model the wavefield  by a  superposition of plane 
waves at the face of the transducer (angular spectrum) as plane waves can be 
analytically transmitted and reflected from planar interfaces [44]–[46]. The 
method of angular spectrum is also computationally efficient due to the use of 
Fourier transformation. Although this method can be used for anisotropic materials 
it is not viable for curved interfaces as it leads to singularities. 

To summarize, the models based on FEM, FDTD, DPSM and Rayleigh 
Sommerfeld methods are non-singular when interacting with curved surfaces, can 
be used to model complex geometries but are computationally expensive as they 
either require discretization of the domain, evaluation of multiple integrals or a 
large number of elements. Modelling based on SEM is faster than FEM but is 
difficult to program for complex geometries and is still computationally expensive. 
Angular spectrum based modelling is computationally efficient but singularities 
occur when interacting with curved interfaces. Models based on the superposition 
of Gaussian beams have been shown to be computationally efficient and non-
singular when interacting with curved interfaces. 

The next section presents models for scattering from defects. 
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2.3. Scattering from defects 
 

In NDE ultrasonic waves are used to inspect materials with flaws in them. 
The wave from the transducer travels through the material, interacts with any flaws 
that are present and is then scattered back to the transducer. Hence the received 
signal depends heavily on the type of flaw present and the scattering by the flaw. 
To solve the waves scattered by a flaw in an elastic solid, a complex boundary 
value problem needs to be solved. Numerical methods such as FEM [24], [25], 
[47]–[49], Finite Difference [50], Boundary Element Method (BEM) [51], T-
matrix methods, etc, have been used to solve flaw scattering problems. These 
numerical methods are limited by the small wavelengths required for the flaw 
scattering at high frequencies due to which the computational domain becomes 
large and the methods become computationally inefficient.  

This led to the development of approximate methods such as the Kirchoff 
approximation [7], [43], [52], [53], Born approximation [7], [54], geometrical 
theory of diffraction (GTD) [55], [56] etc. The Kirchoff approximation is a high 
frequency approximation which requires ka>1 where a is the characteristic flaw 
dimension and and k is the wavenumber. Huang et. al [43] showed that the Kirchoff 
approximation works well to describe the major characteristics of the pulse echo 
reflection for flaws with ka<1. In the Kirchoff approximation it is assumed that 
the part of the flaw where the wave strikes can be described as an interaction 
between a plane wave and a plane interface. On the remainder of the surface the 
wave field is assumed to be zero due to which creeping waves are not taken into 
account. Huang [43] also showed that for anisotropic stress free scatterers 
embedded in anisotropic media, the Kirchoff approximation is the same as that of 
isotropic media. For geometrically simple flaws the boundary value problem can 
be solved exactly by the method of separation of variables [57]. 

 
In the next section I will introduce phased array ultrasonic testing 

2.4. Phased array ultrasonic testing 
 

Ultrasonic testing is the most widely used technique for the inspection of 
composites and bonded joints. The test may be carried out by using a single 
transducer in pulse-echo, two transducers in through transmission mode or a 
phased array. In either case it is compulsory that the transducers be coupled to the 
structure via a liquid medium due to the severe impedance mismatch between air 
and solid materials [58]. 
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In a phased array ultrasonic setup, the transducer is composed off an array 
of small piezo electric elements, where each element of the array can be separately 
driven and the response of each element independently received. Figure 5 shows a 
linear array consisting of identical rectangular elements where the length of the 
elements in the x1 direction a1 is much smaller than the length in the x2 direction 
a2. The gap length between the elements g is the same for all the elements, and the 
element to element spacing s is called the pitch of the array [59]. 

 
Figure 2.5. Elements in a phased array transducer 

 
In order to steer the beam of ultrasonic wave in a required direction, time 

delay laws need to be applied to the elements of the array depending on the angle 
and the focusing distance required. 

In recent years due to the requirement of quicker inspection speeds and 
ease of interpretation over conventional NDE, ultrasonic arrays were implemented 
in industry. Early research work on arrays began in the fields of radar 
(Electromagnetic wave) and sonar (Acoustic wave) systems for tracing objects in 
motion [60]. Arrays were adapted into these fields as in order to locate objects, the 
beam needed to be steered and this could easily be done as air and water were 
isotropic and homogeneous media [61]. The ease with which the beam from an 
array could be steered attracted the attention of the medical field which led to the 
development of ultrasound phased array, which was able to focus and steer the 
ultrasound energy to a particular point in the body [62].  In medical science the 
material properties of the test objects have acoustic impedances close to that of 
water and are conformable allowing a range of transducer shapes to be easily used 
and manipulated. The fluid like properties of the body also mean that only 
longitudinal waves are present, significantly simplifying the imaging [63]. The key 
developments in phased array technology were then transferred to the NDE field.  
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The next section provides a review of the modelling of beams from phased array 
transducers. 

 
2.5.  Modelling of beam from phased array transducers 

 
A phased array consists of multiple transducer elements to which time 

delays can be applied allowing the steering of the ultrasonic beam in any desired 
direction or the focusing of the beam at a specific location. Beam steering and 
focusing of phased array transducers has been studied extensively by Azar et al. 
[64] which led to the formulation of time delay laws. To predict the wave field 
generated from arrays, single element models such as the Rayleigh Sommerfeld 
have been expanded and applied for an array of transducers [59]. However, the 
exact and numerical models for an array of transducers face the same drawbacks 
as stated earlier for the single element models. Kim et al. generated the basis sets 
for Gaussian beams emitted from  rectangular shaped array elements by applying 
a clever use of the circ function [65]. Park et al. then expanded the Multi Gaussian 
beam model [66] for phased array transducers radiating into an isotropic medium 
and observed that beam steering above 20° was not accurately calculated as the 
beam is steered at an angle exceeding the paraxial limit of about 20°. To facilitate 
beam steering beyond the paraxial limit, a multi Gaussian beam model based on 
the application of a linear phasing on the array element face was developed in 
isotropic structures by Huang et al. [67].  

Anisotropy of the material under inspection affects the propagation of the 
radiating ultrasonic beam from single element and array transducers [68] . While 
testing of multi-layered structures such as composite structures, more importance 
is placed on the received signal than on tracing the individual beam propagation 
and reflections in each ply. 

The next section presents theory and literature review about wave 
propagation in anisotropic media. 

 
2.6. Wave propagation in Anisotropic media 
 

As stated in chapter 1, homogeneous anisotropic materials and layered 
composite materials are being widely used in aircraft structures. Hence regular 
ultrasonic non-destructive testing of these structures is carried out which is 
complicated due to the anisotropy and layering of such structures. Hence the focus 
of this thesis is on anisotropic homogenous materials such as austentic steel and 
anisotropic layered structures such as composite materials. 
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Wave propagation in anisotropic media is complicated due to the existence 
of two different velocities. Composite materials are known to exhibit anisotropic 
behaviour. The stiffness matrix is composed of 21 independent stiffness 
coefficients and as such, purely anisotropic materials are rare.  In laminate 
composite materials, the system of layers that extend in the x-y direction make the 
material orthotropic and hence the number of independent coefficients decreases 
to 9 [69]. A laminate with a balanced stacking sequence with plies at various 
orientations, for example [0/+45/90/-45/-45/90/+45/0] will lead to a quasi-
isotropic behaviour in the plane of the layers [69]. 
 The link between material properties and the ultrasonic wave propagation 
is given by the Christoffel equation [70], [71] as shown in Eq. (2.4). 
 

2 0ijkl j k p ilc n n c                                                                            (2.4) 

 
Where cijkl are the elastic constants, n is unit vector in the direction of wave 

propagation, ρ is the density of the material, cp is the phase velocity, ߜ is the 
kronecker delta and i,j,k,l =1,2,3.  

 Given that the material properties are known from mechanical tests or data 
sheets from the manufacturer, the phase velocity can be calculated as functions of 
the angle of propagation. As shown in previous studies [72], [73], the inverse 
problem can be treated and if the velocities are known, the mechanical properties 
can be calculated. According to Love-Kirchoff shell theory and Classical laminate 
theory [74], an accurate determination of stiffness parameters is possible when the 
thickness of the component is much smaller than the other physical dimensions, 
typically a few millimetres [75]. Also work has been done on thick samples up to 
19 mm thick [76]. 

In anisotropic materials the velocity with which the wavefront travels or 
the velocity of the wave in the energy direction is called the group velocity [77]. 
The velocity at which the phase of the wave travels is called the phase velocity and 
in a direction perpendicular to the wavefront. It is important to note that the  
Christoffel equation is valid only with the phase velocities. For isotropic materials 
both the group and phase velocity have the same magnitude and same direction of 
propagation when no dispersion takes place (velocity is independent of frequency). 
However this is no longer true for anisotropic materials due to dispersion with the 
material. In anisotropic materials because of the dispersion due to the oriented 
internal structure of the medium, the wave front will be distorted which will induce 
beam skewing [77]. 
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2.7. Modelling Wave propagation in layered anisotropic media 
 
A variety of approaches to simulate the response from multilayer 

structures have been reported in literature. One of these approaches is applying ray 
methods to the homogenized multilayer structure [14]. Though these have the 
advantage of being applicable to planar and curved geometries, they fail to show 
the effect of reflection and reverberation from the plies on the received signal due 
to the homogenization of multi-layered media as a single homogeneous medium.  

A hybrid Ray-FDTD approach was developed which utilizes ray methods 
for propagation through the coupling medium and the FDTD method to calculate 
the response of the layered medium [78]. This method can solve for complex 
geometries but is time consuming and computationally expensive as it employs 
FDTD.  

A different approach is to use highly effective plane wave models from 
geophysics literature to calculate the reflection and transmission at the layer 
interfaces [79]–[82]. The Transfer matrix method developed by Thomson [81] and 
Haskell [80] are the basic matrix formulations which have been used. These suffer 
from instability problems for large frequency/thickness (fd) products where f is the 
frequency and d is the thickness of the layer. Knopoff [79] suggested a global 
matrix method to overcome the instability problems. For anisotropic media Nayfeh 
[77] developed the transfer matrix method which again suffered from stability 
problems. Rokhlin and Wang [83] developed the recursive stiffness matrix method 
which uses individual layer stiffness matrices to build up the global stiffness matrix 
for the entire laminate. 

The plane wave models for multi-layered media above do not reflect the 
real situation where a finite size transducer is used which emits a bounded beam. 
The diffraction of the bounded beam can be modelled using the angular spectrum, 
where the fields anywhere in the space can be defined as a sum of an infinite 
number of plane waves in different directions but this does not take the effects of 
a finite width transducer into account.  

2.8. Gaussian Beams 
 

Construction of the bulk wave propagation from ultrasonic transducers 
involves the accurate superposition of a number of plane or spherical waves. As 
the beam from an ultrasonic transducer is highly directional, the paraxial 
approximation is an appropriate approximation to be applied to the propagating 
beam. This leads to considering superimposing of a small amount of Gaussian 
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beams. Hence the solution for a Gaussian beam of elliptical cross section traveling 
along the x3  direction is given by the Eq. (2.5) [7]. 

1 2 1 2

2 2 2 2
0 0 1 2 1 2

0 3
3 3 3 3

exp
2

x y

x y x x x x

q q x x x xikp P ikx i t
q q R x R x w x w x

(2.5) 

Where P0 is the initial pressure, qx0 and qy0 are complex constants, qx and qy are 
complex functions to satisfy the paraxial equation, wx1 and wx2 are the widths of 
the Gaussian beam in the x1 and x2 directions respectively, k is the wavenumber, 
Rx1 and Rx2 are the radii of the Gaussian beam in the x1 and x2 directions 
respectively as shown in Figure 2.6. 

 

Figure 2.6 Cross section of an elliptical Gaussian beam 

The next section gives an overview of algorithms used for imaging structures 

2.9. Imaging of composite structures 
 

The development of the full matrix capture (FMC) [84] data acquisition 
technique allows the application of post processing algorithms to image the 
structure. Time domain methods such as the Synthetic Aperture Focusing 
Technique (SAFT) [85], Total Focusing Method (TFM) [86]–[88] and plane wave 
imaging (PWI) [89]  have been used to image isotropic structures. Frequency 
domain algorithms such as the wavenumber algorithm [90] have been applied to 
image isotropic structures for computational efficiency. For imaging anisotropic 
structures, the TFM has been modified using the Backwall reflection method to 
experimentally calculate the velocity and  to account for the changing velocity 
[91]–[93]. In recent years research regarding Nonlinear imaging algorithms [94]–
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[96] has increased but these methods still suffer from detection accuracies due to 
nonlinearities produced due to equipment and cannot be used directly on the FMC 
data.  

To account for the anisotropic velocity in layered anisotropic media, it is 
beneficial to model the entire laminate as a homogeneous anisotropic medium and 
to obtain the velocities using these effective properties. The next subsection 
presents the homogenization methods used for layered isotropic and anisotropic 
media 

2.10.  Effective properties of laminated media 
 

Over the years various methods have been developed to obtain the 
effective or homogeneous properties of isotropic and anisotropic layered media. 
Classical laminate theory works well for thin laminates but as the thickness of the 
laminate increases higher order plate theories are used which are mathematically 
complex. Hence for thick laminates, earlier efforts were concentrated on obtaining 
the equivalent stiffness constants of laminate made with isotropic layers by 
employing dispersion and elastic wave propagation theories [97], [98]. Continuum 
theory was applied by Sun et. al [99] in which the microstructure of an alternate 
layered medium was modelled.  Another approach  by Enie and Rizzo [100] was 
to apply classical laminate theory for in plane properties.  Out of plane properties 
were predicted based on assuming uniform in-plane strain and uniform 
interlaminar normal and shear stress distributions. Sun et.al assumed  the 
continuity of interlaminar stresses across ply boundaries and continuity of in plane 
strain through the thickness of the laminate. They developed closed form 
expressions for the effective properties taking the anisotropic nature of the plies 
into account. A boundary value approach was used by Roy and Tsai [101] which 
used Airy stress functions to calculate the three dimensional effective properties 
of the laminate. Chen and Tsai [102] assumed a parabolic variation of the 
interlaminar shear stresses in the laminate to account for the effect of the stacking 
sequence for symmetric laminates. 

2.11. Data acquisition 
 

An ultrasonic NDE system involves the generation, propagation and 
reception of short transient signals. The driver of the system is  the pulser section 
of a pulser-receiver. The pulser puts out very short repetitive electrical pulses 
having amplitudes in the order of several hundred volts. These electrical pulses 
drive the transducer (usually consisting of a single element crystal or several 
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elements when used as an array) in contact with a part being examined, and these 
are converted into mechanical energy, which then propagates as a beam of 
ultrasound in the part. If a flaw is present in the path of the beam, some part of the 
incident ultrasonic wave will be scattered in different directions and can be picked 
up by the same transducer or a different one as shown in Figure 2.7. The receiving 
piezoelectric crystal transducer transforms the scattered pulses from the flaw into 
electrical pulses, using the fact that piezoelectric crystals are reciprocal in nature. 
These received signals are amplified in the receiver portion of the pulser-receiver 
and are then displayed on the oscilloscope as voltage vs time[103]. 

In the standard phased array process, time delays are applied to the 
elements in a phased array probe  in order to generate a physical acoustic beam 
which is formed by the constructive interference of the various wavefronts. In 
reception the same time delays are applied to the signals which are received so as 
to put them in phase at the summing amplifier. The summed A-scan signal is then 
passed on to the computer for digitization and recording. Figure 2.7 shows the 
standard phased array process[104]. 

 

 
Figure 2.7: An ultrasonic testing setup [15] 

 
A different approach for processing ultrasonic array data was traditionally 

based on firing parallel circuits that enable the staggered firing of transmitter 
elements to produce the wavefront. In this approach called Full Matrix Capture 
(FMC) they proposed collecting the time domain signals of every transmitter-
receiver pair and storing them in a matrix. This approach is shown in  Figure 2.8.  
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Figure 2.8. Transmitting and receiving signals using a Phased Array  [104] 

 

This type of acquisition allows the emulation of any beam forming or 
imaging to be performed as a post processing operation of the matrix. A further 
advantage of using full matrix capture is that advanced NDE processing such as 
time of flight diffraction etc, can be carried out on the same data (at a future date) 
without the need for further experimentation. The full matrix of data also contains 
the scattering matrix which represents the scattered field of a defect [84]. 

 
2.12. Research Question 
 

The above literature study led to the identification of specific scientific gaps 
which this thesis hopes to bridge. It was seen that modelling and imaging the 
ultrasonic phased array NDE of isotropic materials is fairly straightforward 
whereas for anisotropic homogenous or layered structures, the inherent anisotropic 
nature of the structure and the layering affect the received signal. Hence we come 
to the main question of this thesis 

How can I model and image the ultrasonic array testing of anisotropic 
homogenous or layered structures in a way which is accurate and 
computationally efficient? 

The main question can then be answered by solving the following sub questions 

1. How can I model the beam propagation in anisotropic media from 
ultrasonic phased arrays in a computationally efficient, non-singular 
and accurate way at different steering angles? 
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It was seen in Sections 2.2 and 2.5 that the beam models developed have 
certain drawbacks. The exact models based on the point source superposition 
technique suffers from a large computational cost as the transducer elements need 
to be composed of a number of point sources and this leads to solving of multiple 
integrals over the surface of the transducer. As a phased array consists of a number 
of such elements, the number of integrals that need to be evaluated become quite 
large hence leading to a computationally inefficient model. The distributed point 
source method suffers from the drawback that it is dependent on the Green’s 
solution of the inspection medium, which for anisotropic medium is not a closed 
form expression and has to be evaluated numerically. The FEM/FDTD/BEM 
models require more computational power as the number of elements increase, as 
the frequency of the inspecting wave increases and also as the thickness of the 
material increases. It is important to have a beam model for transducer radiation 
into anisotropic structures, so as to realise the effect that anisotropy has on 
parameters such as on the focus point, focusing distance, steering angle, etc. 

2. How can I develop a model to simulate the ultrasonic array signals 
while testing multi-layered composite materials? 
 

The ultrasonic arrays signals obtained from the inspection of composite 
materials are not trivial due to the presence of multiple echos from the layer 
interfaces, the resonance of the plies, the attenuation due to scattering within the 
layers and the direction dependent velocity. The element size and pitch also 
influence the ultrasonic signals which are received by the elements. It was seen in 
section 2.7 that the finite size of the transducer needs to be taken into consideration 
so as to account for the diffraction caused by such a transducer. It is necessary to 
hence have a forward model which would hence simulate the response of a multi-
layered anisotropic laminate when it is tested with an array of transducers of finite 
sizes. 

3. How does the anisotropy and layup of the composite structure affect 
the imaging of defects and how can I develop a model to simulate the 
scattering from a defect 
 

The detection of defects present in layered composite structures is also affected 
by the response of the structure to the ultrasonic wave passing through it. It is 
important for the forward model to incorporate the scattering from defects and the 
influence of the scattering on the output signals. Furthermore the application of 
imaging algorithms on the FMC is not straightforward as in the case of isotropic 
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materials due to the direction dependent velocity. For composite structures TFM 
which is a time domain imaging algorithm has been used by applying Backwall 
Reflection Method (BRM) to adjust for the anisotropic velocity.  

The following chapters will be used to detail the methodology and the solutions to 
these research questions. 
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3  

Methodology 
 

The methodology applied in this thesis revolves around answering each 
sub question separately. In this chapter I provide the methodology adopted to 
answer each sub question and the justification behind the choices which are made. 
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3.1 Methodology followed for each sub question 
 
In this section I describe the methodology for each sub question. 
 
1. How can I model the beam propagation in anisotropic media from 
ultrasonic phased arrays in a computationally efficient, non-singular and 
accurate way at different steering angles? 

Phased arrays are commonly used in two configurations, using all the 
elements to steer the beam and full matrix capture. In the beam steering 
configuration, while testing structures, beam steering takes place and hence it is 
important to model the beam emitted from a phased array which undergoes beam 
steering. It is important to understand the effects of anisotropy on the steering of a 
beam emitted from a phased array in such materials. Hence we require a beam 
model which incorporates the ultrasonic beam emitted from phased array 
transducers, propagation in homogeneous anisotropic media and enables beam 
steering.  

Models based on the paraxial approximation such as the Multi Gaussian 
beam method have been shown to be computationally efficient as they require the 
superposition of a small number of Gaussian beams [1]. Such beam models are 
also non-singular when interacting with curved interfaces [2]. This makes the 
MGBs a natural choice for developing a computationally inexpensive model for 
beam propagation in homogeneous anisotropic media. In this thesis, a model is 
developed for beam propagation from a phased array through homogeneous 
anisotropic media, which enables beam steering and is accurate when the beam is 
steered above the paraxial limit. In chapter 4 it will be shown how the MGB model 
for radiation from phased arrays into isotropic media can be modified for 
anisotropic media by including the slowness surface curvatures and a linear 
phasing will be applied to the elements to enable steering above the paraxial limit. 
The developed model is also validated with a numerical model and comparisons 
between the computational efficiency are also made. 

 
2. How can I develop a model to simulate the ultrasonic array signals while                      
testing multi-layered composite materials? 

The beam model developed in Chapter 4, though computationally efficient 
for homogeneous anisotropic media, when applied for multilayered anisotropic 
structures becomes computationally expensive. The cost of computation increases 
due to the fact that in thin plies such as those used in composite laminates, multiple 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 57PDF page: 57PDF page: 57PDF page: 57

 
 
  

33 
 

reflections take place in the layers which cause overlapping echos in the received 
signal. To simulate these signals the beam has to be tracked through every layer 
and every reflection which becomes computationally expensive and is a 
complicated combinatorics problem [3]. While simulating the received signals of 
such structures, the interest lies with the final output signal and the effect of 
layering on it. The stiffness matrix method has been used to calculate the reflection 
and transmission coefficients at the top and bottom of a layered anisotropic 
material respectively.  

The received signals depend on the beam emitted from the transducer, 
response of the layered structure and the effect of inherent system variables such 
as input voltage, cabling, etc.  

In Chapter 5, I develop a model which takes into account the above by 
combining the multi Gaussian beam model for a rectangular transducer with the 
reflection coefficients generated using the stiffness matrix method. The stiffness 
matrix method is chosen as it is stable at high frequencies and low layer thicknesses 
[4]. To generate the full matrix signals as accurately as those in the real world 
scenario, I chose to adopt an experimental system efficiency factor which is 
described in chapter 5 [5]. The Angular spectrum method is then used to combine 
the MGBs, stiffness matrix approach as the stiffness matrix approach is applicable 
only to plane waves and the system efficiency factor to generate FMC signals. 

3. How does the anisotropy and layup of the composite structure affect the 
imaging of defects? 

To answer this question we would need the scattering of the defect 
embedded in such a structure and to combine it with the response of the laminated 
structure. The model developed in Chapter 5 considers a laminate surrounded by a 
semi-infinite medium. In Chapter 6 I propose a method to calculate the response 
of a laminate surrounded by a semi-infinite anisotropic medium. This is done to 
model the scattering from the defect, as it is assumed to be embedded in a semi-
infinite anisotropic medium with the elastic properties of an effective 
homogeneous anisotropic material bounded by the layers of the laminate above it. 
The defect chosen is a side drilled hole as it is commonly used as a reference defect 
in ultrasonic testing. The scattering of the defect is calculated using exact solutions 
and is combined with the response of the layers above the defect so as to simulate 
the scattering signal from the defect. Simulation of FMC signals is carried out and 
the TFM imaging algorithm, which is the gold standard in imaging algorithms for 
FMC is used to image the SDH and the laminate. The TFM is corrected for 
anisotropic velocity by using model generated group velocity. Experimental and 
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model generated TFM images are compared qualitatively and quantitatively by 
using SNR values of the image. 

Hence it can be seen that in this thesis I will develop and validate a 
computationally inexpensive model to simulate the signals from homogeneous 
anisotropic and layered structures. The beam model developed in Chapter 4 
provides an insight into various parameters which affect the beam propagation in 
anisotropic media and the answering of questions 2 and 3 leads to the development 
of a model to simulate the output signals from a layered media and the scattering 
from defects embedded in such a media. The answers to these three questions 
provide the answer for the main research question by providing models which are 
computationally inexpensive, accurate, and are validated experimentally and 
numerically. 
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4 

Modelling Of Phased Array Radiation 
Through Anisotropic Media Using 
Multi Gaussian Beams 
Abstract 

In this chapter I develop a Multi Gaussian based beam model to describe 
the propagation of a beam from a phased array into an homogeneous anisotropic 
medium. First an Ordinary Multi Gaussian Beam model is developed  (OMGB) 
which is shown to lose accuracy once the beam is steered above the paraxial limit. 
Next a Linearly Phased Multi Gaussian beam model is developed which modifies 
the OMGB to maintain accuracy above the paraxial limit. Austentic steel is chosen 
as the material through which the beam propagation at different steering angles is 
modeled. The results of the developed models are then validated against a Finite 
Element Model (FEM). A comparison of parameters such as amplitude error, 
computational time between the developed and FEM model is also presented. 

 

 

 

 

 
 
 
 
 
Adapted from : C. Anand, S. Delrue, H. Jeong, S. Shroff, R.Groves, R.Benedictus, 
Simulation of Ultrasonic Beam Propagation From Phased Arrays in Anisotropic Media 
Using Linearly Phased Multi-Gaussian Beams, IEEE TUFFC 2020; 106 
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4.1 Introduction 

In Chapter 2, it was seen that there are a number of beam models which have 
been formulated to describe the propagation of a beam emitted by single or array 
transducers in isotropic and anisotropic media. These beam models suffer from 
either mathematical complexity, computational efficiency or are singular when 
propagating through curved interfaces. In this chapter I will address research sub 
question 1 introduced in chapter 2. The question pertains to the development of a 
beam model in anisotropic media which is required to be computationally 
inexpensive, non-singular when interacting with curved surfaces and accounts for 
beam steering at different angles. Paraxial models are computationally inexpensive 
as they are based on the assumption of paraxial propagation of rays. The Multi 
Gaussian beam (MGB) model is an efficient paraxial beam model which is non-
singular when interacting with curved interfaces and is computationally 
inexpensive as it requires only a small number of beams to model the radiation 
from a transducer, hence is suitable for the requirements of question 1. Therefore 
I address question 1 by developing a paraxial model based on multi Gaussian 
beams to simulate the beam propagation from a phased array into anisotropic 
materials. Austentic steel has been chosen as the material through which the beam 
propagation is modeled due to its inherent anisotropy and usage in components of 
aircraft landing gear [1] . The next section introduces the background theory for 
the propagation of a beam from a single element transducer into an anisotropic 
media [2]. 

 
4.2 Background theory of the paraxial MGB model for beam 
propagation in anisotropic media 
 

This section describes the preliminary theory of Gaussian beam propagation 
in anisotropic media. 

 
Consider a single circular transducer of diameter 2a with its emitting surface 

lying in the x1-x2 plane and its normal pointing in the x3 direction. The x3’ axis is 
taken along the group velocity direction (i.e. at an angle θ with respect to the 
normal direction x3) and the x1’-x3’ plane is taken as the plane of incidence as 
shown in Fig. 4.1. 
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Fig. 4.1: Gaussian beam radiating from a transducer at an angle θ (group velocity direction) 

 

Wen and Breazeale determined that only ten Gaussian beam coefficients 
An and Bn were required to represent an ultrasonic beam. These coefficients were 
given in their seminal paper in 1988 [3]. Using these coefficients ,the velocity 
amplitude v and the phase M  of a Gaussian beam in a solid can be described by 
the solution of the paraxial equation [2] 
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In Eq. (4.1) and Eq. (4.2), v0 and M(0) are the initial velocity and phase amplitudes 
at the transducer face, X(x1’, x2’, x3’) are the coordinates in the group velocity 
direction, d is the polarization vector, I is the identity matrix, ω is the angular 
frequency, the magnitudes of the phase velocity and group velocity are denoted by 
cp and up respectively and An , Bn  are the gaussian beam coefficients. The 
parameters C, D and E in Eq. (4.2) and Eq. (4.3) are the slowness surface 
curvatures which are measured in the slowness coordinates. They determine the 
rate of divergence or convergence of the beam due to diffraction. These parameters 
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are obtained by expanding the x3’ component of the slowness vector s0 using a 
Taylor series expansion as follows 

3 1 2 1 1 2 2

2 2
x ' 0 x ' x ' x ' x ' x ' x '

0 0

1 1s = s + As + Bs + C - s + Ds s + E - s
2s 2s

               (4.5) 

 
Where sx1’, sx2’ and sx3’ are the slowness vector components and s0 is the 

slowness value. Expansion of the slowness vector also gives the parameters A and 
B which are related to the deviation or skew of the group velocity from the 
slowness direction. For an isotropic material A= B=C= D= E=0 . 

In practical applications, transducer arrays mainly consist of rectangular 
shaped elements of a fixed length and width. Hence in the next section Eq. (4.1) is 
modified for transducers arrays with rectangular shaped elements. 
 
4.3 Development of Ordinary and linearly phased MGB models for 
phased array beam propagation in anisotropic media 
 
4.3.1 Development of the Ordinary MGB (OMGB) model for phased 
array 
 

The first model developed in this chapter to calculate the ultrasonic beam 
propagation from an array of transducers in anisotropic media is based on the 
expanded multi-Gaussian beam model developed for an array of rectangular 
transducers in isotropic media [4], [5]. Firstly, this expanded multi Gaussian beam 
model for element j, developed for isotropic media is shown in Eq. (4.5). Eq. (4.1) 
has been developed by considering a one dimensional circular transducer hence 
only one set of A coefficients are required, whereas for rectangular transducers, the 
transducers considered are 2-dimensional having length and width, hence An and 
Am are required to describe the Gaussian beam radiating from a rectangular 
transducer. 
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Where 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 63PDF page: 63PDF page: 63PDF page: 63

 
 
  

39 
 

11 22
1 2

2 2
1 2

1 2

(0) , (0)

,
2 2

m n
mn mn

iB iB
D D

ka kaD D

M M
                                                                      (4.7) 

11
3 11

3 11

22
3 22

3 22

3 312 21

(0)
( )

1 (0)

(0)
( )

1 (0)

( ) ( ) 0

mn
mn

p mn

mn
mn

p mn

mn mn

x
c x

x
c x

x x

M
M

M

M
M

M

M M

                                                                          (4.8) 

 
The subscripts in Eq. (4.8) are the indices of matrix elements. For isotropic 

materials the group velocity and the phase velocity are equal hence in Eq. (4.5) the 
phase velocity cp is used. k is the wave number and a1 and a2 are the width and 
length of the rectangular transducer respectively. An, Am, Bn, Bm are the Wen and 
Breazzle coefficients as stated before. 

Now in this chapter the OMBG for anisotropic media is developed by 
modifying Eq. (4.5) using parameters from Eq. (4.3) and by using some simple 
linear algebra and matrix rearrangement. 

The OMGB model for ultrasonic beams from an array into anisotropic 
media is formulated as shown in Eq. (4.8). The angle of incidence due to steering 
is in the group velocity direction, hence the rotated coordinates are now 
X’(x1’,x2’,x3’) 
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For anisotropic media Mmn(x3’) is modified as shown below 
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Where cp depends on the angle of propagation in anisotropic media. 
The normalized velocity field from an array of transducers can be then given as 
follows 
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Where tj is the time delay applied to the jth array element to focus and steer the 
beam and vj is the normalized velocity field of a single element. 
For both focusing and steering the beam the time delay to be applied tj is given 
below [6] 

1/22

1/22

21 sin

2
1 sin

j

j
p

j

N e N e
F F

Ft
c j N e j N e

F F

        (4.12) 

Where F is the focus distance, e is the pitch of the element, 
-

N = N -1 / 2 where N 
is the number of elements and θj is the steering angle of each element. 

In anisotropic media, it is important to have accurate angles of propagation 
from the element to the desired point as the velocity used to calculate the time 
delays is dependent on the angle of propagation of the beam. Using ray theory [7] 
and tracing the ray from element j to the desired point at a distance  F  and angle 
θj , we calculate the phase velocity along this ray. Using this calculated phase 
velocity we then apply the accurate time delay to the element. 
 As has been observed in work done by Park et al. [5] that the ordinary 
multi Gaussian beam model fails when the beam is steered above 20° in isotropic 
media due to violation of the paraxial approximation. It is shown later in this paper 
that the same behaviour is observed in anisotropic media. To solve this problem a 
linear phasing is applied to the array elements as shown in the next section. The 
linearly phased MGB beam model is then modified to simulate phased array 
ultrasonic beams in anisotropic structures. 
 
4.3.2 Development of Linearly phased MGB (LMGB) from an array 
into anisotropic media 
 
 Huang et al. [8] showed that by introducing a continuous linearly varying  
phase on the face of the transducer, a steered sound beam can be produced from a 
virtual transducer which has its axis in the steering direction. They also showed 
that the phasing of a Gaussian beam would shift it to a steering direction which is 
still within the paraxial limit.  
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 The nonparaxial expansion given by Zhao and Gang [9], though 
appropriate for a single layered isotropic medium, is not suitable for a multi-
layered anisotropic medium due to the fact that the formulation does not support 
the formation of M matrices which reduce the complexity when dealing with 
multi-layered anisotropic media. When dealing with layered media, the M matrices 
can be further decomposed into A, B, C and D matrices which make beam radiation 
calculation in layered media simpler. 

Hence the linear phasing on the face of the transducer can be applied by rotating 
the coordinates in the required steering direction from the central axis of the array 
θ as shown in Fig.  4.2. 

 
 Doing so, the coordinates and the M(0) matrix have to be modified to 
simulate the linear phasing over each element. The velocity has to be also 
multiplied by an amplitude correction factor (1/ cos j ) as  shown in the following 
equation. Owing to the anisotropic nature of the material, j  has to be calculated 

separately for each element using ray theory. It should be added here that j

corresponds to the steering angle from element j whereas θ corresponds to the 
steering angle from the centre of the array. 

' ' ' '
1 1 2 2 3 3

' ' ' '
1 2 3

2

, , ,
1, , 1(0) (0)cos

cos
j j

j
j

x x x x x x d d
v x x x v

M M
            (4.13) 

Using  the OMGB model for a phased array in anisotropic media and modifying it 
to include the amplitude correction factor and modified phase velocity, the velocity 
field for the jth element is given below 

 

Fig. 4.2 Shows the now rotated coordinates in the steering direction 
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Where d′ is the polarization vector and 
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Directivity of the element also plays an important role in an array as it describes 
the beam spread depending on the size of the element and the angle of propagation. 
The directivity for each element is as shown below [6] 

1
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sin sin / 2

sin / 2
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ka
D

ka
                                                                                         (4.17) 

The directivity can then be included in Eq. (4.13) as follows 
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Hence Eq. (4.17) represents the developed LMGB model. 
The next subsection presents details on how the FEM simulation was carried out. 
 
4.3.3 Development of the FEM model using COMSOL 
 
 The numerical model was computed using commercially available 
FEM software COMSOL Multiphysics 5.4. An implicit solver was used to solve 
this problem. The construction of the FEM model in COMSOL comprises of the 
following steps 
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 1. Construction of geometry: For verifying the model at hand, it consists 
of a 2D rectangular domain representing an anisotropic material with a number of 
line elements at the upper boundary which represent the array elements. 
 2. Definition of the domain and the boundary conditions: For the domain, 
this consists of the definition of the material properties (density and elastic tensor). 
A boundary force is applied on the array elements. These take into account the 
time delays to be applied to focus and steer the beam. For the other boundaries 
perfectly matching layers (PMLs) are defined to model an infinitely large domain 
so as to reduce the reflections from the boundaries. 
 3. The computational region has to be discretized into smaller elements 
( i.e. mesh elements) on which the solutions will be calculated. For this problem 
quadratic triangular Lagrange elements are chosen. For ultrasonic propagation 
problems, it is recommended that the element size should be less than / 6where 
λ is the wavelength [10] . 
 4. Post processing of the output: The model output is then post processed 
to remove the shear wave contributions. This is done by using spatial Fourier 
transform to identify the wave number of the shear waves and longitudinal waves. 
The shear wave contribution is then completely filtered out as the shear wave 
numbers are different from the longitudinal wave numbers owing to the large 
difference in velocities and as an inverse Fourier transform returns only the 
longitudinal wave contribution in the beam. 

For this thesis, the COMSOL model consisted of a rectangular domain 80 
mm x 100 mm with mesh elements of the size of / 7 . The PMLs of dimensions 
100 mm x 20 mm are defined at the boundaries of the rectangular domain. The 
domain material properties are user defined as shown in Table I in the next section. 

Fig. 4.3 shows an example where the beam is steered at an angle of 20°. 
In Fig. 4.3(a) the wavefield is consisting of both quasi-longitudinal and quasi-shear 
waves. Quasi longitudinal and quasi shear waves are longitudinal and shear waves 
coupled together where the particles are not polarised along the principle axis of 
polarization. Fig. 4.3(b) shows the wavenumbers present where k1 is the 
wavenumber component in the x1 direction and k3 is the wavenumber component 
in the x3 direction. The magnitude of the Fourier transform of the displacements 
corresponding to the wavenumbers are shown in the image. The lower value of k3 
corresponds to the quasi-longitudinal wave. Fig. 4.3(c) shows the wavefield after 
filtering out the shear wave contribution. The beam field now consists of the quasi-
longitudinal wave. 
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                                        (a)                                                                                          (b) 

 
                                                                 (c) 
 
Fig 4.3. (a) Beam field with quasi longitudinal and quasi shear waves (b) Wave numbers corresponding to quasi 
longitudinal and quasi shear waves (c) Beam field consisting of only the quasi longitudinal wave 
 

4.4 Simulation results 
 

In this section I present results simulated by the OMGB and LMGB model for 
linear phased arrays in anisotropic materials. These models were programmed and 
executed using MATLAB 2016. These results are also verified by comparing them 
to the results obtained by a numerical finite element model implemented in the 
commercially available software package COMSOL Multiphysics. The setup and 
geometry under consideration is given in Figure 4.4 where it is considered that the 
phased array transducer is placed on the top surface of the a block of austentic 
steel.  
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Fig 4.4 Setup considered for simulation 
 
The elastic constants of austenitic steel are given in the table below [11] . 
 

 
 

The phased array ultrasonic transducer modelled consists of 32 elements, 
with an element pitch of 0.49 mm, an element width of 0.49 mm and a centre 
frequency of 2.25 MHz. These parameters were chosen so as to reduce the 
computation times and the use of computational resources in COMSOL because 

Table 4.1 [11] 
Material properties of Austentic Steel 

Material 
properties 

Value 

C11=C22 241.10 GPa 

C33 240.12 GPa 

C12 96.92 GPa 

C13=C23 138.03 GPa 

C44=C55 112.29 GPa 

C66 72.09 GPa 

Density (ρ) 7820 kg/m3 
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with an increase in the number of nodes and number of elements, the FEM 
simulation takes a longer time to run on a personal computer and is 
computationally expensive. The beam profile was computed to a depth of 80 mm 
in the solid and with a desired beam focus F at 40 mm so as to observe the beam 
field in the far-field and to capture all the effects of anisotropy on the beam 
propagation and to reduce the reflections from the model edges and corners in 
COMSOL. It has to be noted here that the magnitudes of the beam profiles plotted 
are dimensionless quantities.  

In the following sections I will first illustrate the beam distortion effects 
in austentic steel. Next I will compare the OMGB and LMGB models for angles 
below the paraxial restriction and after that I will present the comparison and 
verification of the LMGB model for angles above the paraxial restriction. 

 
4.4.1 Effect of slowness surface curvatures on the beam 
 

The slowness of a wave is the inverse of the phase velocity which is calculated 
by solving the Christoffel equation which is shown in Eq (4.21).  
 2 0ijkl j k p ilc n n c   (4.21) 

Where cijkl are the elastic constants, n is unit vector in the direction of wave 
propagation, ρ is the density of the material, cp is the phase velocity and ߜ is the 
kronecker delta. Solving the eigenvalue Eq.(4.21)  gives the cp and the inverse of 
cp which is the slowness value. 

A slowness surface is formed by the loci of the slowness in various directions. 
The importance of the slowness is the fact that it is directly proportional to the 
wave number and can be regarded as the wave number at an angular frequency of 
unity. 

Fig. 4.4 shows the slowness surfaces of austenitic steel for quasi longitudinal 
(qp), quasi shear horizontal (qsh) and quasi shear vertical (qsv) waves (Fig. 4.5 
(a)), as well as the variation of the C and E parameters (Fig .4.5 (b)) and the beam 
skew (Fig. 4.5 (c)). 

 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 71PDF page: 71PDF page: 71PDF page: 71

 
 
  

47 
 

 
                                             (a)                                                                                       (b) 

 
(c) 

Fig 4.5. (a) Slowness surfaces, (b) Slowness surface curvatures C and E and (c) Beam skew 
 

To show the effect of the slowness parameters on the beam propagation, 
the values are artificially varied from C=E=0 (isotropic case) to C=E=-4.9 mm/μs 
which is arbitrarily chosen to demonstrate the effects of the slowness parameters 
on the beam propagation. Beam profiles here obtained using the OMGB model for 
0° propagation and are shown with the corresponding curvature values in Fig. 4.6.  
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                                  (a)                                                                               (b) 
 

 
                                                                                     (c) 
 

Fig 4.6. Beam field  (a) C=E=0, (b) C=E=-2.5 mm/μs and (c) C=E=-4.9 mm/μs 
 

To see the effect of the slowness parameters we chose the desired focus F 
to be 40 mm and the steering angle θ  is 0° so as to isolate the effect of the slowness 
parameters on the amplitude of the beam without any effect of beam steering. It 
can be seen in Figure 4.6 that as the curvature values move towards 0 the beam 
extends whereas for larger negative curvature values as seen in Figure 4.6 (c) the 
beam moves towards the face of the transducer (compresses). It can also be seen 
that between the isotropic Figure 4.6 (a) and anisotropic slowness surface Figure 
4.6 (c) curvatures, compression is by a factor of 2.5 as the maximum amplitude in 
Figure 4.6 (a) occurs at 25 mm and for Figure 4.6 (c) it occurs at 10 mm. The 
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periodic features which are seen in the figure apart from the main beam are the 
side beams emanating from the side lobes which have strength less than the main 
beam in the range of 0 to 0.5 times the maximum amplitude of the main beam. 

 
4.4.2 Comparison of the OMGB and LMGB models below the paraxial 
limit 
 

Figures. 4.7 and 4.8 show the comparison between the Ordinary Multi 
Gaussian Beam (OMGB) and Linearly Phased Multi Gaussian Beam (LMGB) 
models steered at an angle of 0° and 10° respectively and focused at 40 mm. These 
parameters were chosen so as to compare the results between a non-steering case 
which forms the baseline and a steered case below the paraxial limit. As can be 
seen in the figures, both the LMGB and OMGB models are approximately the 
same for angles below 20°.  The slowness curvature values for the steering angle 
0° are 4.18 mm/ sC E  and for the steering angle 10° are 

2.4856 mm/ s, 3.0292 mm/ sC E . These differences arise due to the 
anisotropic nature of the material which causes different slowness values and 
hence different phase and group velocities in different directions. C and E are 
different as they are the second derivative of the slowness values in the x1 and x2 
directions respectively and the slowness surfaces in 3-dimensional space are 
different along different directions. 
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                             (a)                                                                                        (b) 
 

 
                  (c) 

 
Fig 4.7. Beam field  at a steering angle of 0° using (a) OMGB (b) LMGB (c) Onaxis magnitude 
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                                      (a)                                                                                   (b) 

 

 
(c) 

 
Fig 4.8. Beam field  at a steering angle of 10° using (a) OMGB (b) LMGB (c) On axis magnitude 
 
4.4.3 Comparison of OMGB, LMGB and FEM models above the 
paraxial limit 
 

Fig. 4.9 (a), (b) and (c) show the beam propagation calculated using 
COMSOL, LMGB and OMGB models respectively, when the beam is steered at 
an angle of 30° with slowness curvature values, 1.4888 mm/ s, 0.7769 mm/ sC E  
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                           (a)                                                                                    (b)                                    

 
                                                              (c) 

Fig 4.9. Beam field using (a) COMSOL (b) LMGB (c) OMGB for a steering angle of 30° 
 

It is seen from Figure 4.9. that the shape and structure of the beam remains intact 
for both the numerical (COMSOL) and the LMGB model whereas the beam loses 
its shape and structure when computed using the OMGB model. This is attributed 
to the beam from the array elements not being in the paraxial limit. The linear 
phasing applied to the elements in the LMGB model shifts the axis for each 
element in the steered direction hence maintaining the paraxial limit in the steering 
direction. It is also noted that the magnitude curve for FEM falls slower than that 
using analytical models, hence the beam appears to extend for a longer distance. 
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Two factors have been attributed to this  1) The array elements used in the 
analytical models have finite lengths and widths, whereas in the COMSOL 
simulation though the array elements have a finite width as the computation is 
considered only in Two-dimensional coordinate system, their lengths are relatively 
infinite affecting the beam extension. 2) The slowness surface curvatures control 
the beam diffraction effects and these curvature values are approximates found by 
fitting a second order polynomial to the slowness. Using higher order polynomials 
might give more accurate slowness curvature values eliminating this discrepancy 
too. 

 
                                (a)                                                                                  (b) 
 

 
(c) 

 
Fig.4.10. On axis beam fields calculated using the analytical and numerical models for steering angles of (a) 20° 
(b) 30° (c) 45° 
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                                (a)                                                                                 (b) 

 

 
(c) 

Figure 4.11. On axis beam fields calculated using the analytical and numerical models for steering angles of (a) 
20° (b) 30° (c) 45° in the decibel (dB) scale. 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 79PDF page: 79PDF page: 79PDF page: 79

 
 
  

55 
 

 
 
Figure 4.12. Difference in on-axis amplitudes (dB) for different steering angles between the LMGB and OMGB 
models 
 
As can be seen in the figures, the shape and structure of the beam is maintained for 
the COMSOL and LMGB cases whereas it breaks down for the OMGB model. 
The OMGB breaks down due to the dependence of the model on the paraxial 
approximation which basically assumes that the beam from a transducer is well 
collimated and traveling perpendicular to the face of the transducer. When the 
beam is steered it violates this basic assumption of the paraxial approximation and 
hence leads to erroneous results. Fig. 4.10 (a), (b) and (c) show the on-axis pressure 
calculated by the three modelling techniques for steering angles 20°, 30° and 45° 
respectively . It can be seen that at higher steering angles the on-axis magnitude 
calculated using the OMGB model is drastically different from the LMGB and 
COMSOL models due to the beam propagating above the paraxial limit for the 
OMGB model. Fig 4.11 (a), (b), and (c) show the on-axis pressure calculated by 
the three modelling techniques for steering angles 20°, 30° and 45° respectively in 
the decibel scale (dB). Fig. 4.12 shows a comparison between the LMGB and 
OMGB models for different angles at different on-axis distances in dB scale. It is 
observed that as the angle of propagation increases, the relative error in the far-
field increases, the reason being that within a small distance from the face of the 
transducer the beam can still  be assumed to propagate in a direction perpendicular 
to the transducer face but as the distance increases this assumption fails as the beam 
is no longer traveling perpendicular to the face of the transducer when steered 
above 20°.  
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4.5 Discussions 
 

While comparing the normalized magnitude of the on axis pressure of the three 
models, it is seen that the COMSOL and the LMGB model show the same shape 
and structures with an error of +/- 1 dB as seen from Fig. 4.11 of the maximum 
magnitude, in contrast to the OMGB model. The slight discrepancy in the 
normalized magnitude in the COMSOL and LMGB models is attributed to the fact 
that the normalization depends on the magnitude at the surface of the elements 
which might differ in the different approaches as it is in the near field of the beam. 
It is also seen from Figure 4.6, that the C and E slowness parameters control the 
beam diffraction. The beam is seen to move towards the transducer (compression) 
when the slowness values are varied from 0 to -4.9 μmm/s. Hence for austenitic 
steel, even though the focus required is 40 mm, the beam moves towards the 
transducer with a focus at 15 mm. This is consistent with the anisotropy factor AF 
as given below [12] 

2
13 4444

33 33 33 44

C CCAF
C C C C

                                                                                    (4.19) 

For an isotropic material AF is unity whereas for austenitic steel it is 2.51. This 
means that traveling along the z axis in austenitic steel, the equivalent distance that 
the beam has to travel in an isotropic material to achieve the same diffraction is 
2.51z. 

Fig. 4.5 (c) shows the beam skew angles but by applying the time delays 
it is seen from Figures 4.8 and 4.9 that the skewing can be overcome.   
 At this point it can also be noted that though the numerical model was able 
to predict the beam propagation, a relatively larger amount of computational 
resources and time as compared to the multi Gaussian beam models was required 
to compute it. The LMGB/OMGB models took 180s on a personal computer with 
8 GB of RAM whereas the COMSOL model took 400s on a computer with 32 GB 
of RAM. Also restrictions were placed on the highest frequency which can be 
modelled as for shorter wavelengths the number of nodes increases hence 
increasing computational time. 

The model proposed in this chapter is suitable for tracking a beam through 
the material so as to observe the influence of the material on the beam parameters. 
When the beam passes through multi layered materials where the thickness of the 
layers is comparable to the wavelength of the passing wave such as layered 
composite materials, the layers reverberate due to resonance and multiple echos 
are seen from the different layers. Tracking the beam in such a scenario is 
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computationally expensive as the number of beams becomes very large and is a 
very complex combinatorial problem [13].  

 
  

4.6 Conclusions 
 

In this chapter a modelling approach for anisotropic media using phased arrays 
was developed to optimize the inspection of such structures. The modelling 
approach used the linearly phased multi Gaussian beam model (LMGB) to 
calculate the beam fields in anisotropic media. Comparisons between the Ordinary 
multi Gaussian beam model (OMGB) and the LMGB model, verified by a 
numerical model, show that the LMGB model is able to predict beam fields 
successfully even when the beam is steered above 20°. It is also seen that owing to 
the anisotropic nature of the material, beam compression takes place due to which 
the location of the focal point also changes. Beam skewing is also observed due to 
the anisotropic nature of the material which is compensated by calculating the 
appropriate time delays. 

As this thesis is concerned with the output signal received from inspection of 
composite materials, the next chapter develops a model which combines the beam 
emitted from a phased array transducer to the plane wave response of a composite 
material. 
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5 

A Gaussian beam based recursive 
stiffness matrix model to simulate 
ultrasonic array signals from 
composite laminates 
  
Abstract 
This chapter proposes a modelling technique based on combining the Multi-
Gaussian beam model with the recursive stiffness matrix method to simulate the 
FMC signals for layered anisotropic media. The chapter provides the steps required 
for the modelling technique, the extraction of the system efficiency factor and 
validation of the model with experimentally determined signals for aluminum as 
an isotropic material and Carbon Fibre Reinforced Plastic (CFRP) laminate as a 
layered material. The proposed method is computationally inexpensive as 
compared to numerical models, shows good agreement with the experimentally 
determined FMC data and enables us to understand the effects of various 
transducer and material parameters on the extracted FMC signals 

 

 

 
 
Adapted from: C. Anand, R. Groves, R. Benedictus, A Gaussian Beam Based Recursive 
Stiffness Matrix Model to Simulate Ultrasonic Array Signals from Multi-Layered Media, 
Sensors 2020 
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5.1 Introduction 
 
 In the previous chapter we saw how beam propagation from a phased array 
through an homogeneous anisotropic media such as austentic steel can be modeled 
using Multi Gaussian beams. In recent years layered composite materials are being 
widely used in primary aircraft structures such as fuselage, wings, etc. [1], [2]. 
These composite laminates consist of many anisotropic layers of carbon or glass 
fibres embedded in resin. These layers are stacked on top of each other and cured 
to fabricate a composite laminate [3]. As per the design requirements the laminates 
can be of various types such as  CFRP , glass fibre reinforced plastic (GFRP) and 
might consist of a number of layers which have different fibre orientations [4]. 
Defects might be present in such laminates due to manufacturing process or when 
in-service [5]–[8]. When such laminates are nondestructively tested using 
ultrasonic phased arrays, the thickness of the plies being in the order of the 
wavelength of the inspecting wave of frequencies such as 2.25 or 5 MHz causes 
the plies to resonate at certain frequencies which gives rise to multiple echos in the 
received signal. Ply interfaces also scatter the impinging ultrasonic wave due to 
the presence of small amount of resin left between the plies after manufacture [9]. 
These multiple echos, interface reflections and direction dependent velocities 
influence the received ultrasonic signal and might lead to misinterpretation of 
results. Hence there is a need for computational models to simulate, analyse and 
study the interaction of finite beam transducers with such multi-layered composite 
materials by taking into account the above mentioned interactions. The LMGB 
model developed in the previous chapter is not efficient when applied to a 
multilayer system where overlapping echos and resonances are present which are 
not distinguishable.  The inefficiency arises due to the high number of beams 
which need to be tracked due to multiple reflections which leads to a highly 
complex combinatorics problem [10]. As the interest of this thesis  lies in the 
effects of the beam, ply and structure properties on the received signal, this chapter 
develops a model which takes into account the beams emitted by a finite sized 
transducer by modelling it as MGBs and combining it with the plane wave 
response of the composite laminate. The developed model is used to generate FMC 
signals for the composite laminate under inspection and the results are verified 
experimentally. The next section provides the theory which is used to develop the 
model. 
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5.2. Theory 
 
5.2.1 Stiffness matrix method for multilayer wave propagation 
 

Let us consider a plane wave impinging on the top layer of a planar multilayer 
laminate in the x1-x3 plane where the laminate consists of n number of layers as 
shown in Figure 5.1.  

 

 
 

Figure 5.1. CFRP laminas specifying the local axis. 
 
These layers are assumed homogeneous and anisotropic. The anisotropic 

layers are assumed to be of infinite extent in the plane (x1-x2) normal to the 
thickness direction. The laminate is bounded by two semi-infinite bounding layers 
which are denoted by 0 and n+1.The plane wave traveling from the upper bounding 
layer has an incident angle θ with respect to the x3 axis and its wave vector 
projection on the x1-x2 plane is denoted by φ . The plane wave displacement u in a 
layer is given by the Eq. (5.1). 

 
                       (5.1) 

 
Where i is the imaginary number, k is the wavenumber vector , ω is the angular 
frequency and t is the time. Due to the application of Snell’s law [11] the 
wavenumber components in the plane of the interfaces should be equal throughout 
the laminate, i.e. k1 and k2 remain the same. The wavenumber component k3 can 
be calculated using the Christoffel equation as given below [12]  

                    2 0ijkl j k il lc k k d                                                   (5.2) 

Where cijkl is the stiffness tensor, ρ is the density of the material, δil is the kronecker 
delta, dl is the polarization vector component for different wave modes and i, j, k, 

exp( ( ))u i tk x
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l consist of values 1, 2, 3 corresponding to the three axes x1, x2, x3. Eq. (5.2) can be 
solved to obtain the values of the wavenumber component k3. k3 will have two 
solutions for each propagating wave mode. One solution corresponds to the 
downward going wave in the layer and the other corresponding to the upward 
traveling wave. The downward traveling wave is denoted here by ‘+’ and the 
upward traveling wave in the layer by ‘-‘. The wave modes are represented by p 
with values 1,2 and 3. The quasi-longitudinal wave is represented by p=3 and the 
quasi-shear waves are represented by p=1,2. 
Hence the displacement in the layer m is given below [13] 
 

, ,
1 1 2 23 3 3 33 3

3
( ) ( ), , , ,

1
 

m p m pm m i k x k x tik x x ik x xm m p m p m p m p
i i i

p
u a d e a d e e  (5.3) 

 

where 
, /m pa are the wave amplitudes of the downward and upward traveling 

waves of mode p  in the layer m, , /m p
id is the ith component of the polarization 

vector (polarization components along the three axes) of wave mode p in the layer 
m. The coordinate 3

mx  is the local coordinate of the layer m. The relationship 
between the stress and displacement in the layer is given below 
 

 
(5.4) 

 
By substituting Eq. (5.3) into Eq. (5.4) a layer stiffness matrix Sm is defined which 
 relates the stresses and displacements at the top and bottom of the layer. 
 

 
            (5.5) 

 
Where 1 0m

i , 1
m
i mh  are the stress components at the top and bottom of layer 

m respectively, and 0m
iu , m

i mu h  are the displacement components at the top 

and bottom of layer m respectively. The stiffness matrix Sm for the layer is defined 
as the matrix product shown in  Eq. (5.6) 

 
                   (5.6) 

 

1

1

0 0m m
i i

m m
i m i m

u

h u hmS
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In Eq.(5.6) F is the matrix consisting of force vectors of the three propagating 
modes of the wave as shown in Eq. (5.7) , D is a matrix consisting of the 
polarization vectors as shown in Eq. (5.8) and H is a diagonal matrix in which the 
propagators are distributed along the diagonal with the other elements of matrix 
being zero. In Equations (5.6), (5.7) and (5.8) subscripts 1,2 and 3 correspond to 
the different wave modes. 
 

 (5.7) 

 
 ± ±1 ±2 ±3D = [d d d ]  (5.8) 

       (5.9) 
 

 In order to define the stiffness matrix for the entire structure, continuity of stress 
and displacement is applied at each interface. The equation relating the stress in 
the upper semi-infinite bounding layer and the lower semi-infinite bounding layer 
is given below. 
 

                                     
00

1
1 1

1

0ii
Nn n

i i n

u
S

u h
                                 (5.10) 

 
Where SN is the combined stiffness matrix for the entire structure, 0

1i , 1
1
n
i are the 

stress components in the upper and lower bounding layers respectively and 0 0iu

, 1n
i nu h  are the displacement components in the upper and lower bounding 

layers respectively . The above equation can be solved for the unknown reflection 
and transmission coefficients. Eq. (5.10) leads to the calculation of 9 unknowns 
from 6 equations. If the bounding layers are considered to be water, then the above 
equation is simplified as we know the properties of water, the boundary conditions 
and the wave modes supported in water. As water is the upper bounding layer, the 
incident wave can only be a longitudinal wave, hence we now know the stress and 
displacement on the top layer caused by the incident wave. Choosing water as the 
bounding layer reduces the number of unknowns, while also considering the no-
slip boundary condition between the upper semi-infinite bounding layer and the 
first interface, and the lower semi-infinite bounding layer and the last interface, 

3( )p
i i kl l km

f i c k p

± ±1 ±2 ±3F = [f f f ]

1 2 3
3 3 3[ ]m m mik h ik h ik hDiag e e e±H
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0 0
1 2

1 1
1 2

0 0 0

0n n
n n

u u

u h u h
                                       (5.11)  

 
The reflection coefficient can be calculated using the below equation [9]. 
 

 
   (5.12) 

 
Where 33

mnS is the (3,3) component of the constitutive matrices of S and  
 

cos

f fi V
 

 
Where ߩf and Vf are the density and velocity of sound in water respectively 
The next section shows the theoretical fundamentals of multi-Gaussian beams. 
 
5.2.2 Modelling of the transducer Gaussian beams 
 

Recapping from Section 4.3.1 in Chapter 4 we know that, the transducer 
response of a  phased array at a distance z in a fluid or isotropic solid, from the 
face of the transducer can be modelled as a superposition of multi Gaussian beams 
[14] as shown below 

 
10 10

3
1 3

1 1 3 311 22

1, exp exp ( )
21 (0) 1 (0)

Tn m
j mn

m n

x A Ax i X x X
c cx cxmn mn

v M
M M

 (5.13) 

 
Where X are the coordinates between the jth transmitting element and the receiving 
elements, c is the wave velocity, x3 is the distance travelled along the x3 axis in 
Figure 5.1 and d is the polarization vector. 
 

 
                       

(5.14) 
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(5.15) 

 
In the above equations k is the wave number and a1 and a2 are the width 

and length of the rectangular transducer respectively. An, Am, Bn, Bm are the Wen 
and Breazeale coefficients [15]. Wen and Breazeale expressed the radiation from 
a circular transducer as a superposition of Gaussian beams with coefficients 
obtained by nonlinear optimization. These coefficients were expanded for a 
rectangular transducer by Ding et al [16].  

Hence at the face of the transducer where x3=0 the velocity distribution is 
given below 

 
10 10

3
1 1

1, exp ( )
2

T
j n m mn

m n
x A A X x Xv M  (5.16) 

 
The velocity distribution in the wavenumber-frequency domain can be calculated 
as given below by substituting Eq. (5.16) in Eq. (5.17) 
 

1
1, , ikx

j jk x e dxv v   (5.17) 

 
Eq. (5.17) is then combined with the system efficiency factor and the reflection 
coefficient as will be  shown in Section 5.3 to generate the FMC signals in the 
frequency domain. 
 
5.2.3 Angular Spectrum of plane waves 
 

The method of angular spectrum of waves decomposition was first proposed 
by Goodman [17]. According to the method, a finite beam from a transducer can 
be decomposed using Fourier decomposition into infinite number of plane waves 
with different angles of propagation in the spatial frequency domain. The angular 
spectrum method can be carried out by using the Discrete Fourier Transform to 
transform from wavenumber domain to the spatial domain. The angular 
decomposition is given by the below equation 
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1 2 31 2 3

1 2 1 21 2, , x x xi k x k x k x
x x x xF x x f k k e dk dk  (5.18) 

 

Where 
1 2
,x xf k k is the acoustic wave field at the face of the transducer 

in the wavenumber domain and 1 2,F x x is the acoustic wavefield in the spatial 

domain. 
1x

k and 
2xk are the wavenumber components in the plane normal to plane 

of propagation of the wave. For 2-D inspection, the wavenumber in the x2 direction 
can be considered as 0 and Eq. (5.18) simplifies to the equation given below 

 
 

(5.19)                
 

Hence Eq. (5.19) can then be used to generate the frequency domain received 
signal as will be shown in Section 5.3 

 
5.3. Development of a model to simulate the FMC signals 
 

For modelling the array signals from a Gaussian beam transducer, I combine 
the multi Gaussian beam model for the transducer elements from Eq. (5.17)  with 
the response of the layered material using the stiffness matrix approach from Eq. 
(5.12) as given below 

 

1 3 31

1 1 11,0 ,0 ,0 x xi k x k x
j x x xF x v k R k e dk  (5.20) 

 

Where is the combined  system function for a pair of transducer and receiver 

elements, 
1
,0xR k is the reflection coefficient of the entire structure calculated 

using Eq. (5.12) and x1 is the distance between jth element and the receiver position. 
The system function for an array element can be calculated in the following 

way as proposed by Schmerr [18]. 
1. The backwall echo response BWEF  for a transducer element from a known 

material such as aluminium is calculated experimentally. 
2. The backwall echo BWAF  is then calculated analytically using a simple testing 

configuration. 

1 31 3

1 11,0 ,0 x xi k x k x
x xF x f k e dk



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 91PDF page: 91PDF page: 91PDF page: 91

 
 
  

67 
 

 
It is assumed that the relationship between the experimental and analytical 

backwall echo is given by Eq. (5.21) 
 

                 (5.21) 

 
Hence the combined system response between a pair of elements is given below 
 

 /BWE BWAF F  (5.22) 

 
The deconvolution process in Eq. (5.22) is carried out by implementing a Weiner 
Filter to reduce the sensitivity to noise as given below [19] 
 

*

2 2 2| | max | |
BWE BWA

BWA BWA

F F
F F

 

 
Where * refers to the complex conjugate, ε is a small noise constant. The system 
function also takes into account the effect of various external parameters such as 
bandwidth, cabling etc. 
It is assumed that the elements are linear, time invariant and identical in frequency 
response and directivity as those demonstrated by Huang [14]. Hence the 
combined system response for just one pair of elements is required to characterize 
the other elements. 
 
5.4. Simulation and Experimental Results 
 

In this section simulation and experimental results will be presented. The 
calculations were carried out for three transducer arrays of different centre 
frequencies, array sizes and number of elements. 

The experimental FMC signals were acquired using the FI ToolBox from 
Diagnostic Sonar. The transducers used were phased array transducers supplied by 
Olympus . The signals were captured using the Diagnostic Toolbox and were 
imported into MATLAB® for plotting the data. The simulations were carried out 
using MATLAB 2017®. 

Fig 5.2. Shows the transducer array configuration used for the experiments 
and simulations where 1, 2,.. denote the array element number and n is the total 
number of array elements. 

BWE BWAF F
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Figure 5.2. Elements of an array transducer. 

 
The specifications of the transducers are shown in the Table 5.1 and were chosen 
due to their availability in the laboratory 
 

Table 5.1: Transducer Array specifications 
 Centre Frequency 

(MHz) 
Pitch (mm) Number of 

Elements 
Array 1 2.25 1 64 
Array 2 5 0.6 16 
Array 3 5 1 128 

 
For simulation and experimental purposes I consider an aluminum block 

25 mm thick and a CFRP laminate which is quasi isotropic and 19 mm thick with 
a (0/45/-45/90) layup. There are 169 layers of UniDirectional CFRP prepreg of 
110 μm thickness in the laminate with a layer of epoxy resin of thickness 5 μm 
between them. The properties of Aluminum and unidirectional CFRP lamina[20] 
are given in the Table 5.2. 

 
Table 5.2: Material Properties [20] 

Properties Aluminum 
(GPa) 

Carbon/Epoxy >65% Fibre-Volume fraction 
(GPa) 

C11 110 13.89(1+0.02i) 
C22 110 13.89(1+0.02i) 
C33 110 121.7(1+0.001i) 

C12=C21 60 6.43(1+0.011i) 
C13=C31 60 5.5(1+0.007i) 
C23=C32 60 5.5(1+0.007i) 

C44 25 5.1(1+0.066i) 
C55 25 5.1(1+0.066i) 
C66 25 3.73(1+0.027i) 
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By taking the complex material properties I take into account the 
attenuation caused due to viscoelasticity in the CFRP lamina. The simulation 
consists of evaluating the Equations (5.17), (5.22) and then substituting the results 
in Eq. (5.20). 

 
5.4.1 Total Reflection Coefficient of the materials under inspection 
 

The reflection coefficient was obtained by evaluating Eq. (5.8) for the 
materials in Table 5.1 at different frequencies and for normal incidence. The 
reflection coefficients are given in Figure 5.3 (a) and (b) 

 

                            
                         (a)                                                                                        (b) 
 
Figure 5.3. (a) Total Reflection coefficient for Aluminum (b) Total Reflection coefficient for CFRP 
laminate. 
 
Figures 5.3 (a) and (b) show the reflection coefficients for Aluminium and 

CFRP respectively. The plane wave reflection coefficient is frequency dependent 
which can be observed in Figure 5. The resonance is characterized with a reflection 
coefficient of 1 which is observed in Figure 5. At the resonant frequencies the 
transmission coefficient is 0. The resonant frequencies can also be analytically 
calculated by the below equation 

 
2
ncRF
Nh

 (5.23)   

 
where n=1,2,3… , c is the velocity of the ultrasonic wave in the material and N is 
the total number of layers. The resonant frequencies are dependent on the thickness 
of the material system and velocity of the wave in it. The resonant frequencies 
calculated using Eq. (5.23) are equal to the resonant frequencies observed by 
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evaluation of Eq. (5.12). Therefore the reflection coefficients R at various 
frequencies and wavenumbers can be calculated using the stiffness matrix method 
and substituted in Eq. (5.20). 
 
5.4.2 System Functions of the transducer arrays 
 

The system function is calculated by using Eq. (5.22). Figures (5.4) and (5.5) 
show the system functions for elements of centre frequency 2.25 MHz and 5 MHz 
used for inspection of the aluminum block and the CFRP laminate . 

 

 
(a)                                                                              (b) 

 
Figure 5.4. System function of pair of elements with centre frequency of 2.25 MHz used for testing 
(a) Aluminium (b) CFRP laminate 
 

 
                                   (a)                                                                                  (b) 

 
Figure 5.5. System function of a pair of elements with centre frequency of 5 MHz used for testing 
(a) Aluminium (b) CFRP laminate 
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In Figures 5.4 and 5.5 it can be observed that the system function peak is 
at the centre frequency of the transducer and the width of the peak depends 
on the transducer bandwidth. For narrowband transducers the width of the 
peak is less than that for wideband transducers. 

For the CFRP laminate in Figure 5.4 (b) it is observed that there is 
another peak close to the central peak. This is attributed to the surface of the 
CFRP laminate under inspection which can also affect the system function. 
The system function has to be calculated whenever there is change in central 
frequency of the transducer or the material under inspection 

 
5.4.3 Comparison of experimental and Simulated FMC signals 
 

For the purposes of this chapter, in Figures 5.6, 5.7, 5.8, 5.9 and 5.10 the 
1st element, as shown in Figure 5.2, is the transmitting element while the others are 
receiving elements. Similar figures can be plotted for the other transmitting and 
receiving elements from the simulated FMC data. 

 
5.4.3.1 Experimental and Simulated FMC signals in Aluminum 
 

Figures 5.6 and 5.7 present the experimental and simulated FMC signals for 
inspection of aluminum with the Array 1 and Array 2 respectively. In Figures 5.6 
and 5.7 the backwall echo can be clearly seen between 8 and 10 μs. The simulated 
signals agree with the experimentally determined signals. The front surface 
reflected signal can be observed at various elements. The slower quasi-shear waves 
can be seen between 12 and 16 μs. The second backwall echo is observed at 17 μs 
. The signals decrease in amplitude as they move away from the firing element due 
to material attenuation and the effects of diffraction. 

In Figure 5.6(a) a small signal is observed just before 8 μs. This signal is seen 
in the experimental result and is missing in the simulation. The signal is a relatively 
low amplitude signal which can be attributed to small inconsistencies in the 
experimental aluminum reference block provided by Olympus©. In Figure 5.6 (b) 
a low amplitude signal can be seen in the simulation results before the backwall 
echo for elements 56 and 61. These are attributed to the noise signals generated 
while synthesizing the simulated signals from a high sampling rate which is done 
so as to correspond with the Nyquist frequency of 50 MHz of the experimental 
results. 
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(a) 

 
                                                                   (b) 
 

Figure 5.6. (a) Experimental FMC signals obtained for Aluminium with 2.25 MHz 64 element array 
(b) Simulated FMC signals for Aluminium with 2.25 MHz 64 element array 

Backwall Echo 
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(a) 

 
(b) 

Figure 5.7. (a) Experimental FMC signals obtained for Aluminum with 5 MHz 16 element array (b) 
Simulated FMC signals for Aluminum with 5 MHz 16 element array 
 
Table 5.3 presents the comparison of the first element backwall amplitude 

reduction between experimental and simulated results. 
 

Table 5.3: Comparison of backwall amplitude reduction 
Frequency (MHz) Experimental Simulation 

2.25 40.16 dB 39.4 dB 
5 10.87 dB 11.28 dB 

  

Backwall Echo 
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It can be observed from the table that the amplitude difference between the 
simulated and the experimental results are less than 2 dB , showing good 
agreement between the experimental and simulated results. The percentage error 
between the experimental and simulated results for the 2.25MHz and 5 MHz is 
calculated to be 1.89% and 3.63% respectively, showing agreement between the 
simulation and experimental results. 

 
5.4.3.2 Experimental and Simulated Signals in CFRP 
 

Figures 5.8 and 5.9 show the experimental and simulated signals for the CFRP 
laminate. The amplitude of the backwall echoes are reduced as compared to 
aluminium due to the increased attenuation of the signals. The reduction of the 
signals is due to attenuation caused by the viscoelasticity of the lamina, diffraction 
effects and the scattering of the wave from the ply interfaces. The signals presented 
for the 64 and 128 elements array are up to element 30 as the elements beyond this 
do not receive the reflected signal owing to losses as stated above.  

Ply resonances can also be observed in the signals. It is also seen that as the 
centre frequency of the signal increases, the amplitude of the ply resonances and 
also the scattering from the interfaces increases as seen in Figures 5.8 and 5.9. The 
slower shear waves cannot be observed due to the increased attenuation of the 
laminate. 

In Figure 5.8(a) for elements 1,3 and 5 signals are observed which occur 
before the backwall echo. These are missing from the simulated results. This can 
be attributed to the fact that although the simulation takes the layer attenuation and 
reflections into consideration, the layers in the manufactured material are not of 
equal thicknesses and might have pockets of resin and other small defects which 
influence the signal. 

Further in the simulated signals of Figure 5.8 (b) and Figure 5.10 (b), low 
amplitude signals can be observed at 20 μs. These low amplitude signals arise as 
the sampling rate is high to avoid aliasing  and hence leads to the computation of 
a large number of frequencies. Due to this when the inverse Fourier transform is 
carried out, the time window is longer than 20 μs and contains noise generated due 
to the large number of sampling frequencies. As the output signals are cut at 20 μs 
for comparison with the experimental results, some of these low amplitude noisy 
signals are seen. 

As a comparison of the effect of the element pitch on the FMC signals, Array 
3 is used to inspect the CFRP laminate. In Figure 5.10 the increased pitch and 
element width of Array 3 show less resonance from the plies as compared to Figure 
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5.9. This shows one of the ways the simulation model can be used to optimize the 
array parameters for different thickness and material properties. 
 

 
(a) 

 
(b) 

 
Figure 5.8. (a) Experimental FMC signals obtained for CFRP with 2.25 MHz 64 element array (b) 
Simulated FMC signals for CFRP with 2.25 MHz 64 element array 

Backwall Echo 

Backwall Echo 
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(a) 

 

 
(b) 

 
Figure 5.9 (a) Experimental FMC signals obtained for CFRP with 5 MHz 16 element array (b) 
Simulated FMC signals for CFRP with 5 MHz 16 element array 

Backwall Echo 

Backwall Echo 
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(a) 

 
(b) 

 
Figure 5.10. (a) Experimental FMC signals obtained for CFRP with 5 MHz 128 element array (b) Simulated FMC 
signals for CFRP with 5 MHz 128 element array 
 

It can be observed that the experimental front wall echo consists of noise and 
hence is not suitable for comparison between the experimental and simulated 
results. Hence Table 5.4 presents the difference of 1st and 3rd element backwall 
amplitude, between experimental and simulated results. 

 
 
 
 

Backwall Echo 

Backwall Echo 
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Table 5.4: Comparison of backwall echo difference between experimental and 

simulated results 
Frequency Experimental Simulation 

2.25 5.82 dB 5.5 dB 5.5% 
5 6.9 dB 7 dB 1.43% 

 
It can be observed from the table that the difference between the reduced 

amplitude between the simulated and the experimental results is less than 1 dB, 
showing good agreement between the results. The percentage error between the 
experimental and simulated results for the 2.25 MHz and 5 MHz is calculated to 
be 5.5% and 1.43% respectively, showing agreement between the simulation and 
experimental results. 

 
5.5. Discussions 
 

As shown in Figure 5.3 the stiffness matrix method predicts the reflection 
coefficient and the resonant frequency of the system under inspection. This can 
help in determining the resonant frequency of the material under inspection and 
hence lead to a better choice of inspection as at resonant frequencies the wave 
undergoes total reflection leading to no penetration of the material.  

Figures 5.6, 5.7, 5.8 and 5.9 show that the proposed modelling techniques to 
simulate the received FMC signals are in good agreement to the experimental 
results is also shown by Table 5.3 and Table 5.4 which have percentage errors of 
less than 6% between the results. Slight discrepancies are noted in the experimental 
and simulated results. As discussed these discrepancies arise due to the different 
ultrasonic velocities used in the simulation and in the experimental acquisition 
owing to slightly different material properties of the experimental and simulated 
samples. Low amplitude noise is also present in the simulated results which is due 
to the signal being synthesised from a large number of frequencies.  

The thickness of the couplant used and its properties also influence the time 
of flight as in the simulation the laminate is surrounded by water bounding layers 
of infinite thickness whereas in the experimental scenario the couplant gel layer 
has a finite thickness and a slightly different wave velocity. As discussed in Section 
5.2 water bounding layers are assumed due to the fact that only longitudnal waves 
can travel through water, hence only incident longitudinal waves need to be 
considered entering the material under inspection. Due to this the number of 
unknowns reduces in Eq. (5.6), enabling us to solve 6 equations for 6 unknowns. 
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The extensive electrical response of array elements is missing in the simulated 
results but the computation of the system response by using the backwall method 
captures the other saliant frequency response of the array elements. The frequency 
responses are observed to be not precisely Gaussian in shape due to different 
varying factors such as the electronic components of the setup, the top surface of 
the material inspected, thickness of couplant, etc.   

The trend of the diminishing backwall echos as we move further away from 
the transmitting element is identical for both the experimental and the simulated 
results. In Figures 5.8, 5.9 and 5.10 we can observe the reverberations from the 
layers in the simulated results which agree with the experimental results. These 
reverberations tend to contribute to the noise of the signal and hence the ability of 
the modelling technique to simulate these for the material under inspection can 
help in optimising the array parameters without extensive experimental analysis. 
The slight discrepancy in the results of the CFRP laminate can be attributed to the 
slightly varying thickness of layers and resin in the manufactured laminate as in 
the simulation it is assumed that the layers are of constant thickness and parallel to 
each other.  Figures 5.9 and 5.10 also provide a comparison between the array 
signals received due to different element sizes and pitch which influence the 
received FMC signals. 

 
5.6. Conclusions 
 

The chapter proposes a Gaussian beam and recursive stiffness matrix based 
modelling techniques to model the FMC signals from layered CFRP laminates. 
The simulated signals have good agreement, to within 2 dB and a percentage error 
of less than 6%, with the experimental signals, and are able to simulate the various 
different components of the experimental signal which include ply resonances, 
front wall reflection, back wall echos and also the backwall echos from the slower 
shear waves. The proposed model takes into account the diffraction effects caused 
by Gaussian beams and mimics the real world scenario where the transducer emits 
Gaussian shaped beams. It is also shown how the model can be used to optimize 
various parameters of the inspection process. The model can be used for both 
isotropic and anisotropic layered media, where the anisotropic group velocity is 
taken into account. 

In the next chapter I will modify the developed model to represent a CFRP 
laminate bounded by an anisotropic bounding medium instead of water. The 
developed model is then integrated with a scattering model to simulate scattering 
from a side drilled hole (SDH) embedded in the CFRP laminate. Time domain and 
Frequency domain imaging algorithms are applied to image the SDH using the 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 104PDF page: 104PDF page: 104PDF page: 104

 
 
  

80 
 

developed model and validated experimentally. A comparison of the imaging 
algorithm performance and the effect of parameters and material properties is also 
discussed.  
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6 

Modelling the scattering from a side 
drilled hole embedded in a layered 
anisotropic medium 
Abstract 

This chapter proposes a modelling technique to simulate the scattering from a side 
drilled hole (SDH) embedded in a multilayered anisotropic medium. The chapter 
provides a novel method to calculate the transmission and reflection coefficients 
of plane waves traveling from layered anisotropic medium into semi-infinite 
anisotropic medium by combining the transfer matrix and stiffness matrix 
methods. The chapter describes a method to combine the scattering from defects 
with the model to simulate the response of a layered structure to simulate the Full 
matrix capture (FMC) signals which are received from a SDH embedded in a 
layered medium. Model assisted corrected total focusing method (TFM) imaging 
is used to image both the simulated and experimental results. The proposed method 
is validated for both isotropic and anisotropic media by a qualitative and 
quantitative comparison with experimentally determined signals. The method 
proposed in the chapter is modular, computationally inexpensive and is in good 
agreement with experimentally determined signals and enables us to understand 
the effects of various parameters on the scattering of a defect embedded in a 
layered anisotropic medium.  

 

Adapted from: C. Anand, R. Groves, R. Benedictus, Modeling the scattering from a side 
drilled hole embedded in a layered anisotropic medium, Sensors 2021    
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6.1. Introduction 

 In the previous chapter I developed a Gaussian beam based recursive 
stiffness matrix model to simulate the received signals while inspecting a CFRP 
laminate using a ultrasonic phased array. One of the preliminary assumptions of 
the model was that the multilayered laminate is bounded by a semi-infinite water 
layer , allowing only longitudinal waves to impinge onto the composite laminate 
and thereby reducing the number of unknowns [1]. To simulate the scattering 
response of defects embedded within the laminate the assumption of water 
bounding layers is invalid as the defect is surrounded by a homogeneous isotropic 
or anisotropic elastic medium as seen in Section 5.2.2. To address this limitation, 
in this chapter, I provide a method to calculate the reflection and transmission 
coefficients for a multilayered laminate bounded by a semi-infinite anisotropic 
medium. For a layered structure such as quasi-isotropic CFRP laminate which has 
a repeated set of layers of different orientations, the lower bounded medium can 
be modeled as an equivalent homogeneous anisotropic medium [2]. 

Defects such as side drilled holes (SDH) are commonly used as reference 
defects for ultrasonic phased array testing [3]. In this chapter I will develop a model 
to simulate the scattering from an SDH which is embedded in a layered CFRP 
laminate. The model simulates the received FMC signals from the scattering of an 
SDH and the modified TFM algorithm is used to image the defect from FMC 
signals generated from simulations and experimentally. The next section provides 
the background theory used for modelling the scattering from an SDH in a layered 
anisotropic medium. 

6.2. Background Theory 

The following sections give a brief description of the transfer-matrix 
method which is similar to the stiffness-matrix method of the previous chapter. An 
understanding of the transfer matrix method is required as it forms the basis for the 
matrix formulation of the Transmission/Reflection of plane waves from layered 
media from/into a generally anisotropic semi-infinite medium. 

6.2.1 Transfer Matrix method 

The transfer matrix gives a relationship between the stress and 
displacements at the top of a layer m to the stress and displacements at the bottom 
of the layer as shown in the general equation 
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Where B is the transfer matrix of the layer. 

 

Figure 6.1. Schematic diagram of a laminate of N layers bounded by a semi-infinite medium. 

From Section 5.2.1 we know that the displacement in the layer m is given by the 
below equation 

, ,
1 1 2 23 3 3 33 3

3
( ) ( ), , , ,

1
 

m p m pm m i k x k x tik x x ik x xm m p m p m p m p
i i i

p
u a d e a d e e  (6.2) 

Where a is the amplitude of the wave of type p (p=quasi longitudinal, quasi 
horizontal shear, quasi vertical shear), d is the polarization vector, m is the layer, 
k1 is the wavenumber along the x1 axis, ߱ is the angular frequency. 

The relationship between stress and displacement is given in Eq. (6.3) 

                                            1
2

k l
ij ijkl

l k

u uc
x x

                                        (6.3)                             

Where ો is the stress, u is the displacement, cijkl  is the stiffness tensor 
(i=j=k=l=1,2,3) 
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Substituting Eq. (6.2)  in Eq. (6.1) and rearranging the displacement and stress at 
the top surface of the layer m is given by Eq. (6.4) 

                                  
0

0

m m++ -

-m m-

u AD D H
F F Hσ A

                                      (6.4)                       

And at the bottom surface of layer m by Eq. (6.5) 
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                                     (6.5)                       

Relating the displacements and stress from the top and bottom of the layer m 
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m m
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(6.6)                                                                                   

Where Bm is  the layer transfer matrix between the top surface and bottom surface 
of layer m which is given by equation 

                              
1

m

+ + - + - -

- + - -

D H D D D H
B

F H F F F H
                                      (6.7)                       

Where F, D and H are defined in Section 5.2.1 

6.2.2 Equivalent homogeneous anisotropic properties of a thick 
laminate 

When a layered composite laminate such as CFRP with repeated layers is 
tested at lower frequencies i.e. longer wavelengths where the thickness of the plies 
is less than the wavelength of wave, the reflections from the ply interfaces are 
negligible and have no effect on the propagation of the wave [4]. In such a scenario 
the laminate can be considered to have equivalent homogenous properties which 
can be used for calculating the group velocity of the laminate, and for imaging 
purposes etc. Many methods have been investigated to calculate the equivalent 
homogeneous properties. For this work I chose the method described by Sun and 
Li [2] as it gives explicit relations to find the homogeneous anisotropic properties. 
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Classical laminate theory is used for characterizing thin laminates [5]. For 
thick laminates higher order plate theories are used which are more mathematically 
complex [6]. In thick laminates with  periodic stacking layers where the 
characteristic length of deformation of the laminate is larger than the periodicity, 
the non-homogeneous properties over each typical cell can be replaced by effective 
properties [7]. Thus each cell of a laminate can be represented as a homogeneous 
anisotropic solid. Sun and Li considered a thick laminate consisting of repeated 
sub laminates where the thickness of sub laminates is small as compared to the 
thickness of the entire laminate. The sub laminate is then evaluated using constant 
stress and strain assumptions and the effective homogeneous properties of the 
entire laminate are calculated. The explicit expressions to calculate the effective 
homogeneous properties are given below where C is the stiffness tensor in Voigt 
notation [8] 
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Where hm is the thickness of the ply and 
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These effective homogenized anisotropic elastic constants are then used in 
section 6.3.1 for calculating the transmission coefficient from layered medium into 
homogenized anisotropic media in which the side drilled hole is embedded. These 
effective elastic constants are also used in Section 6.3.2 and Section 6.3.3 to 
calculate the group velocity which is used to calculate the scattering of the side 
drilled hole and also used to calculate the angle dependent velocity for the total 
focusing method algorithm. 

The next section describes the method to calculate the scattering from a side drilled 
hole. 

6.2.3 Scattering coefficient of a side drilled hole (SDH) 

Side drilled holes are the reference reflectors which are used in ultrasonic 
nondestructive testing [9]. As Side drilled holes have a simple geometry, the exact 
scattering from it can be calculated using the method of separation of variables 
[10]. The Kirchoff approximation could also be used to describe the scattering 
from a SDH but is a far field and high frequency approximation where the size of 
the hole is much larger than the wavelength of the inspecting wave. Many defects 
of importance such as voids, porosity etc are smaller than the incident wavelength 
and hence Kirchoff scattering is not a good choice in such cases. Hence for this 
thesis the scattering coefficient is evaluated using the method of separation of 
variables [10] which is given in the below equations, where A(ω) is the 
dimensionless scattering coefficient obtained by solving the scattering integral 
using the method of separation of variables as the scatterer has a simple 
geometrical shape 
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Where H is the hankel function and i=0,1 corresponds to the order of the Hankel 
function, L is the length of the Side drilled hole, θ is the angle between the angle 
of incidence and angle of scattering, b is the radius of the Side drilled hole, δ is the 
Kronecker delta and er is the unit vector of the receiving transducer. 

For the pulse echo response of a Side drilled hole embedded in anisotropic 
materials Huang suggested that the scattering of the SDH is the same as that of an 
Side drilled hole embedded in an isotropic medium for a particular angle of 
incidence [11]. Hence for a particular angle of incidence I consider the equivalent 
homogeneous anisotropic medium as isotropic and calculate the properties at that 
particular angle of propagation. 

6.3. Development of a model to facilitate scattering of Side drilled hole 
in an layered anisotropic medium 

This section provides the steps required to develop a model to simulate the 
scattering from a SDH which is embedded in an layered anisotropic medium and 
to post process the Full Matrix Capture signals using model assisted corrected 
Total focusing method. 

6.3.1 Reflection and Transmission coefficients of layered structure 
bounded by anisotropic media 
 

In this section I derive the equations for the reflection and transmission 
coefficients for a layered medium bounded by semi-infinite anisotropic media 

The reflection and transmission coefficients are derived by combining the 
transfer matrix method and the stiffness matrix method. 

Consider the upper semi-infinite layer 0 as shown in Figure 6.1 where 
Areflected is the amplitude of the wave reflected from the layered structure, Aincident is 
the amplitude of the downward moving incident wave. Then from Eq. (6.3) we get 
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                                                    (6.27) 

H can be removed from the above equation as it controls the decay of the wave of 
complex wavenumbers in a finite thickness of the material and as I am interested 
in just the semi-infinite layer, there is no decay due to this term. 

1

1

0

0

incident

reflected

+ -

-

u AD D
F Fσ A

                                                         (6.28) 

After matrix manipulation of Eq. (6.29) I get the below equation 
1

1

0

0
incident reflected

+u D D
A A

F Fσ
                                       (6.29) 

At the Nth layer where m=N before the lower semi-infinite anisotropic medium we 
have the equation as shown in Eq. (6.30) 

transmitted
m

reflected
m

h

h

m + + -

+ + -m

u AD H D
F H Fσ A

                                               (6.30) 

There is no reflected upward travelling wave in the lower semi-infinite medium 
due to no reflection boundary being present, so 

0reflectedA                                                                                          (6.31) 
Eq. (6.32) can then be written as shown below 

m transmitted

m

h

h

m

m

u D
A

Fσ
                                                            (6.32) 

We also know the stiffness matrix formulation in Chapter 5 (Section 5.2.1) given 
by Eq. (5.5) as 

00
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1 1
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0ii
Nm n
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u
S

u h
                                                                  (6.33) 

The above equations can be rewritten and solved in terms of the incident , 
transmitted, reflected amplitudes and the stiffness matrix as shown below 

1 0 incident reflected

transmittedm
mh

+ -

+

u D (0)A D (0)A
D (n + 1)Au

                                               (6.34) 
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Carrying out matrix Multiplication an rearranging the matrices in Eq. (6.36) , we 
formulate Eq. (6.37) to calculate the amplitude of the reflected and transmitted 
wave in the semi-infinite medium 

- - + + +

11 12 11

- + + +

21 22 21

reflected
incident

transmitted

-S D (0) + F 0 -S D (n + 1) S D (0) - F 0

-S D (0) -S D (n + 1) + F n + 1 S D (0)

A
A

A
                            

(6.37) 

For simplicity the amplitude of the incident wave can be taken as unity and the 
above equation can then be solved to calculate the amplitude of the reflected and 
transmitted wave, which are the reflection and transmission coefficients 
respectively of the upper and lower bounding layers. 

6.3.2 Calculation of the scattering from Side drilled hole embedded in 
the medium 

I use the bounded beam approach to calculate the received signal from an 
SDH as the its scattering has been calculated in the frequency-space domain and 
not in the frequency-wavenumber domain. In the bounded beam approach the 
signal from the transmitting element to the scatterer, the signal received by the 
receiving element and the scattering response of the Side drilled hole in the 
frequency space domain are multiplied as shown below [12] in the frequency 
domain to produce the output signal which is dimensionless as shown in Eq. (6.38). 

( , ,0, ) ,0, ,0, ( , , )t r t t r r t rV x x V x V x A x x  (6.38) 

Where 

,0, ,0 ,0 x tt

t t t

i k x
t t t x x xV x v k T k e dk  (6.39) 

,0, ,0 ,0 x rr

r r r

i k x
r r r x x xV x v k T k e dk  (6.40) 
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T is the transmission coefficient of the plane waves traveling from layered media 
into homogeneous equivalent anisotropic media, β is the system function as 
explained in Chapter 5, Section 5.3, vt is the acoustic wavefield at the face of the 
transmitting transducer, vr is the acoustic wavefield at the face of the receiving 
transducer calculated from the previous chapter. A is the scattering magnitude of 
the SDH calculated using Eq. (6.23) 

The received signal time domain signal from the scatterer is then 
calculated using the equation 

, , ( , , ) i t
t r t rV x x t V x x e d                                                  (6.41) 

Eq. (6.41) gives the received Full matrix capture signal for scattering from a defect 
embedded in a medium. Eq. (6.41) is used to generate the Full Matrix Capture data 
which is used by the imaging algorithm to image the defect and the scattering from 
the defect 
The next section gives an explanation of the Total Focusing Method. 

6.3.3 Total Focusing Method Imaging 

  The total focusing method is considered the gold standard of imaging 
algorithms [13]. It is a delay and sum algorithm which uses the entire full matrix 
capture data. The TFM algorithm generates an image by synthetically focusing at 
every pixel in the image domain as given in the below equation 

2 22 2
1 1 3 1 1 3

,( , ) t r
t r

x x x x x x
I x z V

c
 (6.42) 

Where I is the intensity of the image at the point x,z, c is the velocity of the wave 
in the medium, Vt,r is the received signal for a transmitter receiver pair. 

For anisotropic media the velocity c is calculated using the Christoffel 
equation as shown in Appendix A and varies as per the angle of propagation. Hence 
the varying group velocity in an anisotropic material is taken into consideration, 
which differentiates the model assisted corrected Total Focusing Method from the 
isotropic Total Focusing Method. 

6.3.4 Quantitative comparison of the images 

The image formed using experimental data is different from the one 
formed using the simulated data as the experimental image additionally contains 
the scattering from the Side drilled hole and interaction of the signals with the 
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layers below the Side drilled hole and backwall. In defect detection, the signal from 
the defect is important hence in order to compare the experimental and simulated 
images and also for comparison between different simulated images, the SNR of 
the defect should be considered. In this context the SNR is defined as the ratio of 
the peak amplitude of the scatterer to the noise in the image around the scatterer. 
The reverberations from the layers, and the signals from the laminated structure 
are considered as noise as they affect the received signal from the scatterer. In this 
case the SNR is given by Eq. (6.43) 

Peak Signal (SDH)
NoiseRMS

SNR   (6.43) 

The Signal to noise ratio for the simulated image can be calculated in the following 
steps 

1. Simulate the response from the embedded scatterer and calculate the peak 
amplitude of the scatterer. 

2. Simulate the response of the laminate without the scatterer and calculate the root 
mean square of the amplitudes of the signal in a chosen region around the scatterer 
which is the “noise” of the image. 

3. Use equation 6.43 to calculate the Signal to Noise Ratio of the Side Drilled Hole. 
The same procedure is carried out for the experimental Total focusing method 
image wherein the laminate Full matrix capture signals are processed before and 
after the SDH has been drilled into the laminate. 

The next section presents the results for each step and the final image which was 
simulated using Total Focusing Method. 

6.4. Simulation and Results 

In this section simulation and experimental results will be presented. The 
calculations were carried out using two transducer arrays of different center 
frequencies, array size and number of elements. 

The experimental FMC signals were acquired using the FI ToolBox from 
Diagnostic Sonar. The transducers used were phased array transducers supplied by 
Olympus . The signals were captured using the Diagnostic Toolbox and were 
imported into MATLAB® for plotting the data. The simulations were carried out 
using MATLAB 2017®. 
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The specifications of the transducers are shown in the Table 6.1. 

Table 6.1: Transducer Array specifications 
 Centre Frequency 

(MHz) 
Pitch (mm) Number of 

Elements 
Array 1 2.25 1 64 
Array 2 5 0.6 16 

For simulation and experimental purposes I consider an aluminum block 80 mm 
thick (Olympus EP1000-PABLOCK-1) as shown in Figure 6.2 (a). Only 1 SDH of 
diameter 1.5 mm at a depth of 28 mm for simplicity is considered for simulation 
and experimental validation purposes. A CFRP laminate which was quasi isotropic 
and 19 mm thick with (0/45/-45/90) layup is considered for simulation and 
experimental purposes as shown in Figure 6.2 (b). There are 169 layers of 
UniDirectional CFRP prepreg of 110 μm thickness in the laminate with layer of 
epoxy resin of thickness 5 μm between them. The laminate was manufactured from 
Toray TC380 unidirectional prepreg in an epoxy resin system. Manufacturing was 
carried out using autoclave curing. The hole in the CFRP laminate is at a depth of 
12 mm from the surface of the laminate as shown in the Figure 6.2 (b) which was 
manufactured by drilling. As the size of the side drilled hole is relatively small and 
the side drilled hole has a length of 20 mm it was assumed that delamination caused 
due to drilling was minimal.  For the purpose of the simulation, the layers 
containing the SDH and below it have been homogenized. 

The aluminium and CFRP lamina properties are the same as shown in Chapter 5 
Table 2.  

 

(a) Aluminium block with SDH of different diameters 
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(b) CFRP laminate with one SDH 

Figure 6.2. (a) Picture of the aluminium block with SDH used to verify the simulation results (b) CFRP laminate 
with one side drilled hole use to verify the simulation results 

6.4.1 Calculation of equivalent homogeneous properties 

By substituting the lamina properties into Eq. (6.8) - Eq. (6.22) I get the 
equivalent homogeneous anisotropic properties as shown below 

Table 6.2: Equivalent Homogeneous Anisotropic Properties 
Properties Values in GPa 

11C  
54.76(1+0.002i) 

22C  
54.76(1+0.002i) 

33C  
13.89(1+0.02i) 

12C  
18.53(1+0.01i) 

13C  
5.96(1+0.004i) 

23C  
5.96(1+0.005i) 

44C  
4.3(1+0.06i) 

55C  
4.3(1+0.06i) 

66C  
18.12(1+0.03i) 

  These properties in Table 6.2 were then used to calculate the transmission 
coefficient of the plane waves into the semi-infinite anisotropic medium and were 
also used to calculate the group velocity in the medium. 
In the next section the simulation and experimental results for a SDH embedded in 
an isotropic medium are presented. 
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6.4.2 SDH embedded in Aluminium inspected by a 2.25 and 5 MHz 
array 

In this section I present the simulation and experimental results of the scattering 
from an side drilled hole embedded in an isotropic medium. Simulation and 
experimental full matrix capture signals are generated for an isotropic material so 
as to prove the validity of the developed model for both isotropic and anisotropic 
materials. The images of a side drilled hole embedded in an isotropic material are 
also generated so as to compare the differences between scattering in isotropic and 
anisotropic embedding mediums.  

                           

                        (a)                                                                                                      (b) 

Figure 6.3 (a) Non-dimensional scattering magnitude of 1.5 mm diameter hole in aluminium at 2.25 MHz 
frequency (b) Non-dimensional scattering magnitude of 1.5 mm diameter hole in aluminium at 5 MHz frequency. 

Figure 6.3 (a) and (b) shows the nondimensional scattering magnitude of 1.5 mm 
diameter side drilled hole embedded in aluminium when inspected by a waves of 
centre frequency 2.25 and 5 MHz respectively. It is observed that as the frequency 
increases the magnitude of the scattering amplitude also increases. It is also 
observed that as the wavelength of the inspecting wave increases as compared to 
the size of the SDH, the scattering becomes less directional. 
 In Figure 6.4 (a) and (b) I present the simulated and experimentally 
obtained TFM image of SDH embedded in aluminium. The aluminium block 
shown in Figure 6.2 (a) was used to obtain the FMC signals experimentally. 

Figures 6.4 (a) and (b) shows  the scattering of a hole of diameter 1.5 mm 
embedded in aluminum at a depth of 28 mm and inspected by a ultrasonic arrays 
of frequency 2.25 MHz. Figure 6.4 (a) shows the TFM image  generated from the 

Degrees 

Magnitude 
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FMC signals obtained from the simulation whereas Figure 6.4 (b) shows the TFM 
image generated for the FMC signals obtained experimentally 

 

(a) 

 

                                                               (b) 

Figure 6.4. (a) TFM image of simulated SDH FMC signals in aluminium using the 2.25 MHz array (b) TFM 
image of experimental SDH FMC signals in aluminium using the 2.25 MHz array 

Figure 6.5 (a) and (b)  shows  the scattering of a hole of diameter 1.5 mm 
embedded in aluminum at a depth of 28 mm inspected by a ultrasonic arrays of 
frequency 5 MHz. Figures 6.5 (a) shows the TFM image  generated from the FMC 
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signals obtained from the simulation whereas Figure 6.5 (b) shows the TFM image 
generated for the FMC signals obtained experimentally 

 

                                                                                    (a) 

 

                                                            (b) 

Figure 6.5. (a) TFM image of simulated SDH FMC signals in aluminium using the 5 MHz array (b) TFM image 
of experimental SDH FMC signals in aluminium using the 5 MHz array 

It can be seen from Figure 6.4 (a) that the location and size of the SDH are 
accurate when the frequency 2.25 MHz is used. The simulation results agree 
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qualitatively with the experimental results. When the SDH is inspected by the 5 
MHz array as shown in Figure 6.5, the SDH seems to be spread over a large area. 
In the case of the 5 MHz array the simulated and the experimental image are in 
good agreement. Table 6.3 shows a comparison of the lengths of the side drilled 
hole along the x and y axis for the simulated and experimental results. The lengths 
show that the side drilled hole is almost circular when inspected by 2.25 MHz array 
whereas it is elliptical when inspected by the 5 MHz array.  

Table 6.3: Comparison of SDH dimensions in Aluminium 

 Simulated Experimental 

 Length in x Length in y Length in x Length in y 

2.25 MHz 1.6 mm 2.3 mm 1.65 mm 2.05 mm 

5 MHz 3.41 mm 2.1 mm 3.1mm 1.8 mm 

To have a quantitative analysis between the simulation and experimental 
results, the signal to noise ratio values of the SDH are provided in Table 6.3. The 
SNR values are calculated using the described equation and procedure in Section 
6.3.4. It can be observed the error between the signal to noise ratio values is within 
the range of +/- 8 dB between the simulated and experimental values. 

Table 6.4: SNR of SDH in Aluminium 

Central Frequency of 
Array 

SNR of SDH in simulated 
image 

SNR of SDH in 
experimental image 

2.25 MHz -42.9 dB -39.5 dB 

5 MHz -26.1 dB -33.4 dB 

For ease of the understandability of the reader Figure 6.6 shows a scaled 
comparison of the simulated SDH  
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                                         (a)                                                             (b) 

Fig 6.6 A scaled comparison showing the simulated defect when inspected by (a) 2.25 MHz array (b) 5 MHz 
array 

In the next section the simulation and experimental results for a side drilled hole 
embedded in an equivalent anisotropic medium are presented 

6.4.3 SDH embedded in CFRP inspected by arrays of centre 
frequencies 2.25  and 5 MHz 

Figure 6.7 (a) and (b)  gives the nondimensional scattering magnitude of a 
SDH embedded in the homogenized CFRP laminate with equivalent homogeneous 
properties at center frequencies of 2.25 and 5 MHz respectively. The scattering is 
given as a function of scattering angle for angles of incidence of 0, 30 and 60 
degrees. 
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                        (a)                                                                       (b) 

Figure 6.7. (a) Scattering amplitude as a function of angle of incidence for 0° (blue), 30°  (orange) and 60 ° 
(yellow)  for 1.5 mm diameter SDH embedded in homogenized CFRP at 2.25 MHz, (b) Scattering amplitude as 
a function of angle of incidence for 0° (blue), 30°  (orange) and 60 ° (yellow)  for 1.5 mm diameter embedded in 
homogenized CFRP at 5 MHz 
 

In Figure 6.7 it can be observed that as the angle of incidence increases the 
scattering amplitude decreases and the directionality of the scattering reduces. As 
observed in the case of isotropic medium as the frequency increases the scattering 
magnitude increases. 

Figure 6.8 shows the total focusing method image generated from 
simulated full matrix capture signals for the laminate without a side drilled hole 
and from the hole embedded in an equivalent homogeneous anisotropic medium. 
Figure 6.8 (a) shows the TFM image of CFRP laminate without the defect. The 
full matrix capture signals have been simulated using the model developed in 
Chapter 5. This image is the noise image as it shows the structural reverberations 
and internal reflections from the layers in the laminate which contributes to the 
noise generated in the FMC signals. Figure 6.8 (b) shows the total focusing method 
image of the scattering from side drilled holed generated from FMC signals which 
have been simulated using Eq. (44).   

In Figure 6.8 (a) the image of the CFRP laminate without the defect we 
observe the internal reflections and reverberations from the layer interfaces. Figure 
6.8 (b) shows the scattering from the SDH embedded in  a CFRP laminate. We see 
that the SDH is not exactly circular, is spread over with a diameter of 3 mm and 
there is also lower magnitude scattering around it. To compare the images 
generated  with the simulated full matrix capture signals to the image generated 
using the experimentally obtained signals, I added the signals obtained for Figure 
6.8 (a) and (b) to create Figure 6.9 (a). Figure 6.9 (a) shows the image generated 
from simulated FMC signals from the SDH and laminate and Figure 6.9 (b) shows 
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the image generated from experimentally obtained full matrix capture signals. It is 
observed that Figure 6.9 (a) is in good agreement with Figure 6.9 (b), with the 
noise seen in Figure 6.8 (b) contributing to the noise in the composite image.  
Figure 6.9 (b) shows more noise than Figure 6.9 (a) as the source of the noise could 
be from the manufacturing process, varying thickness of plies and epoxy after 
manufacture which is difficult to account for in a simulation. 

 

(a) 

 

                                                                (b) 

Figure 6.8. (a) TFM image of simulated FMC signals in CFRP laminate without SDH using 2.25 MHz array (b) 
TFM image of simulated SDH FMC signals in equivalent homogeneous anisotropic laminate using 2.25 MHz 
array 
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                                                                                   (a) 

 

                                                           (b) 

Figure 6.9. (a) Overlay image of simulated SDH signals with simulated composite laminate without SDH 
inspected by 2.25 MHz array (b) TFM image of experimentally obtained FMC signals from CFRP laminate 
inspected by 2.25 MHz array 

In Figures 6.10 and 6.11, the simulation is carried out using Array 2 with 
a central frequency of 5 MHz In figure 6.10 (a) we can see the internal reflections 
and reverberations of plies, which are more pronounced than those in Figure 6.8 
(a). Figure 6.10 (b) shows the side drilled hole at a depth of 12 mm. As in the 
isotropic case the side drilled hole appears to be spread over a large area with noise 
at the edges of the side drilled hole. Figure 6.11 (a) shows the image generated 

SDH 
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from simulated full matrix capture signals from the side drilled hole and laminate 
and Figure 6.11 (b) shows the image generated from experimentally obtained FMC 
signals. It is observed that Figure 6.11 (a) is in good agreement with Figure 6.11 
(b), with the noise seen in Figure 6.11 (b) contributing to the noise in the composite 
image. I observe more noise and artifacts in Figure 6.11 (b) which could be due to 
manufacturing inconsistencies.  

 

                                                                                      (a) 

  

(b) 

Figure 6.10. (a) TFM image of simulated FMC signals in CFRP laminate without SDH using 5 MHz array (b) 
TFM image of simulated SDH FMC signals in equivalent homogeneous anisotropic laminate using 5 MHz array 
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                                                                                    (a) 

 

                                                             (b) 

Figure 6.11. (a) Overlay image of simulated SDH signals with simulated composite laminate without SDH 
inspected by 5 MHz array (b) TFM image of experimentally obtained FMC signals from CFRP laminate inspected 
by 5 MHz array 

Table 6.5 shows a comparison of the lengths of the side drilled hole along the x 
and y axis for the simulated and experimental results. The lengths show that the 
side drilled hole is almost circular when inspected by 2.25 MHz array whereas it 
is elliptical when inspected by the 5 MHz array. 

SDH 
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Table 6.5 Comparison of SDH dimensions in CFRP 

 Simulated Experimental 

 Length in x Length y Length in x Length in y 

2.25 Mhz 1.3 mm 1.11 mm 1.4 mm 1.7 mm 

5 MHz 1.9 mm 1 mm 2.2 mm 0.9 mm 

To carry out a quantitative comparison between the experimental and the 
simulation results the table below shows the SNR of the simulation and 
experiment. 

Table 6.6 SNR of SDH in CFRP 

Central Frequency of 
Array 

SNR of SDH in simulated 
image 

SNR of SDH in 
experimental image 

2.25 MHz -42.9 dB -25.6 dB 

5 MHz -35.48 dB -21 dB 

 An error in the range of  14 dB to 18 dB is observed. The error is higher in the 
case of the CFRP due to various reasons such as the absence of the effect of 
layering below the hole and the backwall reflections on the amplitude of the SDH 
signal. As the hole is of a small diameter, the effects of the layers just below the 
side drilled hole and the layers in which the SDH is embedded on the received 
amplitude is higher than simulations. It is also seen that defects during manufacture 
also influence the signal from the SDH which cannot be included beforehand in 
the simulation. 

6.5. Discussion 

Figures 6.4 and 6.5 show the comparison between the simulated and the 
experimental TFM images of side drilled hole embedded in an aluminium block. 
It was observed that when the size of the side drilled hole is larger than the 
wavelength of the inspecting wave, the SDH appears to spread over a larger area 
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as is in the case of 5MHz array. This is due to the fact that the scattering at these 
higher frequencies is of higher magnitude and the decrease in scattering magnitude 
with the scattered angle is less as observed in Figure 6.3. A quantitative 
comparison of the SNR also leads to the conclusion that the simulation images for 
defects in isotropic media agree well with the experimental images.  

Next Figures 6.9 and 6.11 present a comparison between the simulated and 
experimental images of SDH embedded in a  laminate. Here the medium in which 
the SDH is embedded and the layers below it have been modelled as a semi-infinite 
anisotropic region using the equivalent homogeneous anisotropic properties given 
in Table 6.2. As in the case of an isotropic embedding medium, the SDH at 2.25 
MHz shows good agreement between the simulated and experimental image. More 
noise is visible around the SDH. This noise is due to the anisotropic velocity in 
different directions and also due to the creeping wave [14]. As the pitch between 
the elements is 1mm and the array is a 64 element array, the angle of incidences 
are large, and the theoretical group velocities, as shown in Figure 6.12 along these 
angles are large leading to the noise accompanying the scattering signal. The group 
velocity is calculated using the expression given in Eq. 6.44 where up is the group 
velocity, cp is the phase velocity, cijkl is the elastic constant, p is the polarization 
direction, n is the unit vector in the direction of propagation of the wave 

 ijkl k l k
pi

p

c n p p
u

c
 (6.44) 

 

Figure 6.12. Group velocity of the longitudinal wave for different angles of propagation. 
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Figure 6.10 shows the scattering from the hole when inspected with Array 2 which 
has a central frequency of 5 MHz Less noise is observed around the edges as 
compared to the TFM image using a 2.25 MHz array, This is due to the fact that, 
because of a smaller pitch and less number of elements in the array, the maximum 
angle of propagation is confined to be less than 40° and hence the variation of the 
group velocity is not very large. 
 In CFRP laminate the image of the hole is elliptical due to the various 
effects of the diffraction of the layers from above, the inspecting wavelength as 
compared to the size of the side drilled hole and the anisotropic velocity. The 
simulation provides a good tool to determine which frequencies need to be used to 
inspect a certain material, defect size, location, etc. I observed that the difference 
in the SNR values between the simulation and experimental images is larger for 
CFRP as compared to aluminium. One of the reasons for this is that the defect is 
assumed to be embedded in a homogeneous medium and the layers beneath it are 
not taken  into account in the simulation. The layers below the defect will also 
contribute to the noise in the image reducing the SNR in the experimental TFM 
image. 

6.6. Conclusions 

 This Chapter proposes a modelling technique based on the Gaussian beam 
and recursive stiffness matrix method to simulate the scattering from a SDH 
embedded in a CFRP laminate. The simulation requires the integration of different 
modules to simulate the scattering of an SDH. A novel method is implemented to 
calculate the transmission and reflection coefficients from layered media into a 
semi-infinite anisotropic medium by combining the transfer matrix and recursive 
stiffness matrix approaches. 
 The modelling technique takes into consideration the diffraction, 
anisotropic velocity, and inspection frequency effects into account while 
simulating the scattering from the SDH embedded in a layered medium. The 
simulation and the experimental results are in good agreement which is observed 
qualitatively using total focusing method to image the full matrix capture signals 
and also quantitatively by comparing the SNR values for both isotropic and 
anisotropic samples. To the knowledge of the author there are no analytical models 
which can be used both in immersion and contact setups based on Multi Gaussian 
beams and stiffness matrix method to simulate the scattering from side drilled 
holes. Hence this chapter provides a model which can be used both in immersion 
and contact setups, which is both computationally inexpensive and accurate. 
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7 

Conclusions and future work 
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The use of anisotropic homogeneous and layered materials in aircraft 
structures has substantially increased over the past decade. With their high strength 
to weight ratio, these materials find usage in more complex aircrafts structures with 
complex geometries and configurations and the non-destructive testing of such 
structures becomes more important. The usage of phased arrays in different 
configurations is being increasingly used to test such structures. NDT has remained 
the bottleneck of such composite structure inspections due to the complexity of the 
their mechanical behaviour and failure mechanisms.  

It is imperative that a thorough understanding of such structures with their 
effects on the received NDT signals is undertaken so as to be able to guide 
decisions regarding repair and replacement. 

The main objective of this thesis was to develop models for ultrasonic 
phased array inspection in homogeneous or layered anisotropic composite 
materials which are computationally inexpensive and accurate. 
  To achieve this goal three research questions were formulated and each 
chapter deals with answering these questions The following sub sections give the 
conclusions of each chapter. 
 
7.1 Linearly phased Multi Gaussian beam model for beam propagation 
for phased array into an anisotropic media. 
 

 In Chapter 4 a  corrected paraxial beam model based on the superposition 
of Gaussian beams was developed . Chapter 4 showed the computational efficiency 
and the accuracy of the developed model. It was validated by a numerically 
developed beam model. The model developed enabled steering above the paraxial 
limit in anisotropic media while remaining accurate and computationally efficient. 
The developed model also showed the effects of anisotropy on the phased array 
beam propagating through the material, leading to a change in focal distance and 
the angle of beam steering. The developed model was able to predict the beam 
skew, divergence and beam compression /expansion when propagating through an 
anisotropic medium. The anisotropic medium chosen was austentic steel, due to its 
usage is aircraft structures. The results from the developed model can then be used 
for correcting/compensating beam steering in anisotropic media and compensating 
for the change in focus of the beam  in such a medium. 

 
 
 
 



564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand564611-L-sub01-bw-Anand
Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021Processed on: 10-8-2021 PDF page: 137PDF page: 137PDF page: 137PDF page: 137

 
 
  

113 
 

7.2 A Gaussian beam based recursive stiffness matrix model to simulate 
the ultrasonic array signals from composite laminate 
 

The beam model developed in Chapter 4 works well when dealing with 
homogeneous anisotropic media, but when encountering layered anisotropic 
media, the model becomes cumbersome and computationally expensive due to the 
numerous beams which need to be traced, which are a result of layer 
reverberations, reflection at layer interfaces, etc. Full matrix capture was 
considered for testing of layered composited materials. As interest lies with the 
received output signal  at the transducers and not in each beam path taken in the 
layered material, a model was developed by combining the multi Gaussian beam 
approach to model the radiation from the phased array transducers and the stiffness 
matrix approach to model the plane wave response of the multi-layered composite 
material. Both the transducer model and the response of the matrix are combined 
using an angular spectrum approach.  

The developed model was validated against observed experimental signals 
and was used to simulate the FMC signals generated when isotropic homogeneous 
and anisotropic layered CFRP are tested using different arrays with different 
number of elements, centre frequency, etc. The model is able to predict accurately 
the response of the layered media and how it affects the output signal. The 
developed model also takes into consideration the various transducer parameters 
such as the finite element size, pitch of the array and its effects on the received 
signal. An error of +/- 2 dB was observed between experimental and simulated 
signals showing good agreement between the simulated and experimental results. 

 
7.3 Modelling the scattering from a side drilled hole embedded in a 
layered anisotropic medium 
 

After developing the model for multi layered media, the next step was to 
integrate the model with a scattering of an embedded defect in a media, to simulate 
the scattered FMC signals and to image the defect and its scattering response. A 
expression was derived to calculate the reflection and transmission coefficients 
to/from a laminate into an anisotropic media. This was done so as to facilitate the 
assumption that the defect is embedded in a homogeneous anisotropic medium. 
Equivalent homogeneous anisotropic properties for the embedding medium were 
calculated and the scattering of a SDH was calculated using the method of 
separation of variables. The scattering from SDH was then simulated and imaged 
using the total focusing method with the corrected anisotropic velocity. 
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Experimental and simulation results agreed with each other and it was observed 
that the scattering from a SDH was highly dependent on the frequency of the 
inspecting wave, the size of the SDH relative to the inspecting wavelength and the 
parameters of the transducer array. The SDH which was imaged was of a different 
size and shape than the real embedded defect due to the anisotropy of the material 
and both the simulated and experimental images agreed in this regard.  

SNR analysis was carried out for the scattering from the SDH. In 
composite laminates the structural reflections and reverberations were considered 
as noise and the scattering from the SDH as the signal. The SNR comparison for 
SDH embedded in isotropic medium showed a small error owing mainly to the 
effects of the backwall reflection on the magnitude of the scattering amplitude not 
being taken into consideration. The SNR comparison for an embedded SDH in a 
CFRP laminate between the simulation and experimental showed a higher error 
value. This was mainly due to manufacturing deviations of the laminate which 
induced some defects that were visible in the TFM image, the layers in which the 
SDH is embedded, the layers below the SDH and the backwall reflection also 
influence the scattering magnitude. Keeping these sources of error in mind, the 
model was still able to provide good results on the shape, size, location of the 
scatterer.  

Hence in this thesis I developed two multi Gaussian beam based models 
to simulate the beam steering in anisotropic media and to simulate the FMC signals 
when inspecting a multi-layered anisotropic media such as CFRP, with or without 
defects in it.  The linearly phased multi Gaussian beam model can be used for 
different array, centre frequencies, homogeneous anisotropic materials to 
investigate and study the changes the ultrasonic beam undergoes when it 
propagates or is steered in such materials leading to corrections or compensations 
which can then be applied to the time delays or focusing in the real world testing 
scenario.  
 The Gaussian beam based recursive stiffness matrix model and its 
application to simulate the scattering from defects can be used to simulate the 
response of laminates of different materials, layer thicknesses, sizes, different array 
parameters, different inspection scenarios (immersion/contact) and different 
defects.   This developed model provides an understanding of the scattering in 
different scenarios, the structural noise generated during inspection and can be 
used for better interpretation and understanding of real inspection TFM images. 
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7.4 Recommendations for Future Work 
 

The models developed in this thesis are the first stepping stone in 
developing a completely versatile model. Some of the work which can be carried 
out in the future are: 

1. With the use of sandwich materials in aircraft structures, modelling 
beam propagation in such a structure becomes complicated due to the thick core 
as compared to the thin skin laminate. To see the effect on the ultrasonic beam 
propagation through the structure and the output signals the Linearly phased multi 
Gaussian beam method can be used. This would require the propagation of the 
beam through CFRP laminates and the sandwich core. Combinatorics [1] can be 
used to calculate the beams in the CFRP skins and these beams can then be traced 
with ease through the thicker core. As compared to the ray method, the multi 
Gaussian beam method is suited for this as there is a need to track only one beam 
formed by the superimposition of a small number of beams.   

2. The defect is assumed to bounded by a upper layered medium and a 
lower semi-infinite anisotropic medium. A further step would be to replace the 
lower semi-infinite anisotropic medium with a layered medium, hence including 
the effects of the layers below the SDH, and the backwall on the magnitude of the 
scattering amplitude. The chosen defect for this thesis was a SDH as its scattering 
magnitude could be calculated analytically. The scattering from more complex 
defects such as delamination, etc can be carried out using numerical methods [2] 
and then integrated with the model as shown in this thesis. This would enable the 
modelling technique to be used to simulate the response from complex and 
different defects. 

3. In this thesis the  corrected total focusing method was used to post 
process the FMC signals and image the structure. This required the 
homogenization of the layered structure to calculate the group velocity of the wave 
propagating through the structure. Djikstra’s algorithm [3] has shown promise in 
applying the group velocity on a layer to layer basis but has been carried out for a 
small number of layers. Djikstra’s algorithm combined with TFM should be 
evaluated for a larger number of layers, which could lead to more accurate images 
being formed. 

Another way forward is the application of frequency domain algorithms to 
post process the FMC data. These frequency domain  algorithms such as the 
Wavenumber algorithm and Stolt’s f-k [4], [5] migration algorithm have been 
shown to be computationally efficient and accurate while imaging isotropic single 
layer structures. These algorithms can further be modified to be used for 
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anisotropic layered structures by modifying the Green’s function which forms the 
basis of the wavenumber algorithm. 
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Appendix A 
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Calculation of phase velocity, polarization vectors and group velocity 

For calculating the phase velocity we begin with the Christoffel equation as shown 
below 

2 0ijkl j k p il lc n n c d           (A.1) 

Trivial solution of the above equation would be when polarization is zero, which 
is not possible. Non trivial solution would be as shown below 

2 0ijkl j k p ilc n n c            (A.2) 

Where the magnitude of the terms in the braces is zero 

The above equation is an eigenvalue equation whose solution gives the phase 
velocity of the wave in the material. 

Terms are grouped as shown in Eq. (A.3) 

il ijkl j kG c n n             (A.3) 

Hence substituting Eq. (A.3) into Eq. (A.2) 

2 0il p ilG c            (A.4) 

Eq. (A.4) in matrix form is given below 

2
11 12 13

2
21 22 23

2
31 32 33

0
p

p

p

G c G G
G G c G
G G G c

        (A.5) 

Solving the above determinant gives three different phase velocities for three 
different waves. The three velocities provide the velocities for the quasi-
longitudinal, quasi-shear horizontal and quasi shear vertical waves. 

Finding the polarization of the waves. 

The polarizations of the waves can be found out by considering Eq. (A.1) 
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2
11 1 12 2 13 3

2
21 1 22 2 23 3

2
31 1 32 2 33 3

0

0

0

p

p

p

G c d G d G d

G d G c d G d

G d G d G c d

 

Solve the above system of equations to find the polarization directions with the 
given constraint 

2 2 2
1 2 3 1d d d  
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