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Abstract
Measurements of sound due to swirl–nozzle interaction are presented. In the experiment a swirl structure was generated by 
means of unsteady tangential injection into a steady swirl-free flow upstream from a choked convergent–divergent nozzle. 
Ingestion of swirl by the choked nozzle caused a mass-flow rate change, which resulted in a downstream-measured acoustic 
response. The downstream acoustic pressure was found to remain negative as long as the swirl is maintained and reflections 
from the open downstream pipe termination do not interfere. The amplitude of this initial acoustic response was found to be 
proportional to the square of the tangential mass-flow rate used to generate swirl. When the tangential injection valve was 
closed, the mass-flow rate through the nozzle increased, resulting in an increase of the downstream acoustic pressure. This 
increase in signal was compared to the prediction of an empirical quasi-steady model, constructed from steady-state flow 
measurements. As the opening time of the valve was varied, the signal due to swirl evacuation showed an initial overshoot 
with respect to quasi-steady behavior, after which it gradually decayed to quasi-steady behavior for tangential injection times 
long compared to the convection time in the pipe upstream of the nozzle. This demonstrates that the acoustic signal can be 
used to obtain quantitative information concerning the time dependence of the swirl in the system. This could be useful for 
understanding the dynamics of flow in engines with swirl-stabilized combustion.
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Graphic abstract

1  Introduction

Engineering systems employing turbulent combustion usu-
ally have high levels of noise production, due to both direct 
and indirect combustion-noise sources. Direct sources, 
due to unsteady gas expansion in flames, have been widely 
studied (Strahle 1971; Dowling and Mahmoudi 2015; Mor-
gans and Duran 2016; Ihme 2017). Indirect sources include 
entropy noise, caused by entropy patches (localized non-
uniformity in the fluid’s thermodynamic state), and vorti-
city noise, caused by vortices. Entropy patches and vortices 
produce sound waves as they exit the area of combustion 
through a nozzle or turbine. Some of these are radiated into 
the environment, and some are reflected back into the com-
bustion chamber. The latter can induce the production of 
new entropy patches and/or vortices. Under certain circum-
stances, this results in a feedback loop that promotes com-
bustion instability. Indirect-combustion noise-driven ther-
moacoustic combustion-chamber instability is a problem in 
aeroengines, electrical-power generation turbines and solid 
rocket motors (Dowling and Mahmoudi 2015; Morgans and 
Duran 2016; Dotson et al 1997; Hulshoff et al 2001; Anth-
oine et al 2002; Hirschberg et al 2018a, b, 2019; Hirschberg 
and Hulshoff 2020). Entropy noise has been widely studied, 
as evidenced by the high number of citations of two semi-
nal articles by Marble and Candel (1977) and Ffowcs Wil-
liams and Howe (1975). Vorticity noise has received far less 
attention.

In the case of vorticity noise, one should distinguish 
between sound produced by the interaction of a vortex 

oriented normal to the main flow with a nozzle, and that 
produced by the interaction of a vortex oriented parallel 
(swirl) to the main flow with a nozzle.

Sound production due to the interaction of a choked noz-
zle with vorticity oriented normal to the main flow, is known 
to be an essentially unsteady mechanism. This occurs, for 
example, when azimuthal ring vortices are shed at thermal 
inhibitors in Solid Rocket Motors (Hulshoff et al 2001; Anth-
oine et al 2002; Hirschberg et al 2018a, b, 2019; Hirschberg 
and Hulshoff 2020; Hirschberg et al 2021b).

Most combustors used in gas turbines and aeroengines 
are swirl-stabilized, i.e., in these a significant vorticity com-
ponent is created parallel to the main flow. Kings and Bake 
(2010) performed cold-gas experiments to investigate par-
allel-component vorticity noise experimentally in isolation. 
This was done by means of pulsated tangential air injections 
into a steady flow upstream from a choked nozzle.

Hirschberg et al (2021b) argued that in this experiment, 
sound production is due to a reduction of the mass-flow 
rate through the nozzle as the upstream-generated swirl-
ing flow structure is ingested. The analysis of Hirschberg 
et al (2021b) employed a quasi-steady quasi-cylindrical 
analytical model, which indicated that the upstream swirl-
intensity change, ΔS , due to unsteady tangential injection 
was the driving parameter for sound production. The defi-
nition of swirl, S, used by Hirschberg et al (2021b) was 
taken from Gany et al (2005), and is the most commonly 
found in the literature. This is qualitatively understood to 
be the ratio of angular moment flux and axial momentum 
flux. Analytical modeling by Gany et al (2005) and van 
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Holten et al (2009) shows a quadratic dependence of the 
reduction of axial mass-flow rate through a choked-nozzle 
throat on the swirl S. Hirschberg et al (2021b) proposed 
an acoustic model of the experiments. The acoustic model 
yielded the following scaling rule: Δp�

2
∝ ΔS2 , where Δp�

2
 

is the amplitude of the acoustic signal due to swirl–nozzle 
interaction measured downstream of the choked nozzle. 
In a discussion of various definitions of swirl, S, Carpen-
ter (1976) argues that this classical definition of S is not 
necessarily related to the mass-flow rate reduction upon 
ingestion of a swirl structure.

Using a different definition of swirl, Dutton (1989) 
empirically and numerically found a quadratic dependence 
of the relative mass-flow rate on the magnitude of swirl for 
steady flow through a choked nozzle at constant reservoir 
conditions. In Dutton (1989), the swirl, SDutton is defined 
as the ratio SD of the cross-sectional average of the azi-
muthal velocity at the throat and the critical speed of 
sound c∗ . Carpenter (1976) concluded that the mass-flow 
rate reduction through a choked nozzle scales as the cross-
sectional average of the ratio of the square of the azimuthal 
velocity at the throat 

⟨
u2
�,th

⟩
 divided by (c∗)2 . In this text, 

a quasi-steady quasi-cylindrical analytical model assuming 
a uniform azimuthal velocity u�,th is considered. This cor-
responds to the constant angle model of Dutton (1989). 
Due to axial elongation of the swirl when it passes through 
the nozzle, the azimuthal velocity, u� , will increase due to 
the conservation of angular momentum. This reduces the 
enthalpy available for axial acceleration, and due to the 
increased Mach number, lowers the density at the throat, 
reducing the mass-flow rate for given reservoir conditions. 
This explanation favors the choice of Carpenter (1976). 
For the definition of the swirl number, however, to facili-
tate comparison with the data provided by Dutton (1989), 
Dutton’s definition of swirl number will be used. Further-
more, when considering a rocket engine, Carpenter (1976) 
is less certain of the best definition of swirl number, while 

Dutton (1989) claims that his definition provides a better 
collapse of data.

Recently, Hirschberg et al (2021a) performed swirl–noz-
zle interaction experiments with an improved version of 
the setup used by Kings and Bake (2010). A sketch of the 
setup is shown in Fig. 1. These improvements included the 
use of an unsteady tangential-injection reservoir of pre-
cisely defined volume V� = 2.8 × 10−3 m3 . A steady-flow 
calibration was performed to relate the unsteady tangential-
injection reservoir pressure p� to the unsteady tangential 
mass-flow rate ṁ𝜃 . Upstream from the convergent–diver-
gent nozzle a microphone was added (Fig. 1). This made it 
possible to measure the evolution of the reservoir pressure 
p1 due to unsteady tangential injection. The outlet section 
downstream of the microphone section was extended by 
three meters, to facilitate the quantitative measurement of 
the acoustic signal due to swirl–nozzle interaction. However, 
the time span available for reflection-free measurement was 
only ca. 30 ms, the time it took for an acoustic signal to 
travel from the downstream microphone to the open-pipe 
termination and back.

In the present study, acoustic signals due to both inges-
tion and evacuation of the axially-oriented vortex are con-
sidered. In particular, the influence of the duration of the 
tangential-injection time on these signals is investigated. The 
downstream section was also further extended, to obtain in 
total a 24-m-long section of flexible tube downstream of the 
downstream microphone (Fig. 1). This was done to ensure 
a longer, ca. 140 ms, reflection-free measurement of the 
swirl–nozzle interaction signal. A detailed description of 
the experimental setup used to obtain the results analyzed 
here is provided in Sect. 3.

Hirschberg et al (2021a) asserted that in their experiment 
one observes quasi-steady behavior. They argued that even 
the shortest swirl structures considered were long (in the 
axial direction) compared to the nozzle length. This suggests 
steady-flow measurements of swirl–nozzle interaction can be 
used to build an empirical quasi-steady model for the predic-
tion of the downstream acoustic response due to unsteady 

Fig. 1   Sketch of swirl–nozzle 
interaction setup
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swirl–nozzle interaction. This modeling strategy is applied 
in this text. To this end, it will be shown that steady-state 
flow measurements allow the establishment of an empirical 
relationship between the tangentially-injected mass-flow rate 
ṁ𝜃 and the total axial mass-flow rate through the nozzle, ṁtot 
as a function of the upstream reservoir pressure p1.

In Sect. 2, a review of literature concerning the definition 
of swirl and the effect of swirl on a steady flow through a 
choked nozzle is provided (Sect. 2.1). This is followed by a 
proposed empirical quasi-steady model for the sound emis-
sion downstream from the nozzle (Sect. 2.2).

The experimental setups and measurement procedures 
used for the acoustic measurements (tangential and radial 
injection) and steady-state flow measurements are described 
in Sects. 3.1, and 3.2, respectively. The unsteady mass-flow 
rate ṁ𝜃 calibration is described in “Appendix 2”.

The results of the steady-state flow measurements are pre-
sented in Sect. 4.1, while the unsteady acoustic measurement 
results are discussed in Sect. 4.2. A typical acoustic meas-
urement result is discussed in Sect. 4.2.1. Both upstream and 
downstream effects of the opening and closing of the tangen-
tial-injection valve are shown and analyzed in Sect. 4.2.1. By 
means of the typical acoustic measurement, complemented 
by radial mass injection experiments (“Appendix 3”), direct 
sound production (not involving an flow-nozzle interaction) 
is shown to be insignificant. A detailed analysis of direct 
sound in the experiments is provided in “Appendix 3”.

The downstream-measured amplitude Δp�
2
 , due to the 

swirl ingestion by the nozzle and its subsequent evacuation 
are compared to the prediction of the empirical quasi-steady 
theory in Sect. 4.2.3. The effect of the tangential-injection 
time �� is analyzed. The scaling law proposed by Hirschberg 
et al (2021a), which assumes that swirl–nozzle interaction 
sound production is proportional to the square of the tangen-
tially injected mass-flow rate, is revisited and its limitations 
are discussed.

2 � Theory

2.1 � Steady swirl–nozzle interaction

The commonly-used definition of swirl S, in a pipe flow is 
the ratio of angular momentum flux to axial momentum flux. 
Assuming an axisymmetrical flow in a pipe of radius R, one 
has (Hirschberg et al 2021b; Gany et al 2005)

where u� is the azimuthal velocity, ux is the axial velocity, 
and r is the distance to the pipe axis. This definition was 

(1)S ≡ ∫ R

0
u�uxr

2dr

R ∫ R

0
u2
x
rdr

used by Hirschberg et al (2021b), but will not be used in this 
text for the reasons explained in the introduction.

The relative reduction of the axial mass-flow rate 
Δṁst∕ṁ

∗ = (ṁst − ṁ∗)∕ṁ∗ , of a choked-nozzle flow due to 
the presence of the swirl in the nozzle is for an isentropic flow 
with uniform azimuthal velocity u�,th at the throat:

with

where c∗ is the critical speed of sound, �∗ the critical den-
sity, Ath = �R2

th
 is the choked nozzle throat cross-sectional 

area, and � = 1.4 is the heat capacity ratio of air (assumed 
to be an ideal gas with constant specific heat). This analyti-
cal result is obtained by assuming a quasi-cylindrical isen-
tropic flow with uniform u� over a cross section, but varying 
along the axial coordinate of the duct (details are provided 
in “Appendix 1”). The expression Δṁst∕ṁ = −S2

Dutton
∕2 used 

by Hirschberg et al (2021a) is the first-order Taylor expan-
sion of Eq. (2) for small values of S2

Dutton
.

Clearly, a uniform azimuthal velocity is not physically real-
istic. However, the results obtained by Gany et al (2005) or 
Dutton (1989) for more realistic azimuthal velocity profiles 
show a deviation of at most 20% from this assumption. Dutton 
(1989) proposed the use of the cross-sectional area average 
azimuthal velocity at the throat

divided by the critical speed of sound c∗ as an alternative 
definition of swirl

N.b., for a uniform azimuthal velocity 
⟨
u�,th

⟩
= u�,th , 

SDutton = u�∕c
∗ . Using Eq. (5), Dutton (1989) obtained a fit 

of numerical and experimental data, including that of a free 
vortex. However, one notes that the theory predicts only a 
quadratic dependence of Δṁst∕ṁ on SDutton (Eq. (2)). Thus, 
a simplification which omits the linear term of the data fit 
reported by Dutton (1989) is proposed :

As can be seen in Fig.  2, Eq. (2) agrees with the pro-
posed correlation (Eq. (6)) within ca. 6% in Δṁst for 
⟨u�,th⟩∕c∗ = 0.5 . One observes that this is actually within 

(2)Δṁst

ṁ∗
=

(
1 −

𝛾 − 1

𝛾 + 1

(u𝜃,th
c∗

)2
) 𝛾+1

2(𝛾−1)

− 1

(3)ṁ∗ = 𝜌∗c∗Ath

(4)
⟨
u�,th

⟩ ≡ 2

R2
th
�

Rth

0

u�,thrdr

(5)SDutton ≡
⟨
u�,th

⟩

c∗
.

(6)
Δṁst

ṁ∗
= −0.45

(⟨
u𝜃,th

⟩

c∗

)2

= −0.45 S2
Dutton
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the deviations observed between the various data sets of 
Dutton (1989).

2.2 � Acoustics model

Swirl–nozzle interaction sound production occurs due to an 
abrupt mass-flow rate change due to a change in swirl in 
the choked nozzle throat (Hirschberg et al 2021b, a). An 
abrupt mass-flow rate decrease causes an expansion pres-
sure signal to be emitted downstream from the choked noz-
zle. It will be shown that the ingestion of swirl causes such 
an abrupt mass-flow rage change. A compression pressure 
signal is emitted downstream when where the mass-flow 
rate is increased abruptly. This will be shown to occur when 
upstream-generated swirl is evacuated by the nozzle. In 
this section an acoustic model is proposed based on these 
observations.

The acoustic amplitude Δp�
2
 generated downstream of the 

choked nozzle for anechoic downstream conditions is related 
to the variation in downstream flow velocity u′

2
 , as follows 

(Hirschberg et al 2021a):

where A2 = �R2
2
 is the cross-sectional area of the down-

stream pipe, and �2 and c2 are the density and speed of sound 
downstream from the nozzle.

The variation Δṁ due to a quasi-steady variation in 
ṁ𝜃 can be estimated from a fit of the steady-flow data 
ṁfit(p1, (ṁ𝜃∕ṁ)

2) , as follows:

(7)Δp�
2
= 𝜌2c2u

�
2
≃

c2Δṁ

A2

(8)Δṁ ≃ ṁfit(p1, (ṁ𝜃∕ṁ)
2) − ṁfit(p1, 0)

where ṁfit(p1, 0) is the mass-flow rate in the absence of tan-
gential injection and ṁfit(p1, (ṁ𝜃∕ṁ)

2) is the mass-flow rate 
with tangential injection at the same pressure p1 . A sim-
plification used in the analysis of the experiments is that 
for the short injection times considered, here the reservoir 
pressure p1 will, because of the large reservoir volume Vset , 
not significantly change. The variation in ṁ is neglected 
when estimating ṁ𝜃∕ṁ . Details of the experimental setup 
used to obtain the steady-state data for ṁfit(p1, (ṁ𝜃∕ṁ)

2) are 
described in Sect. 3.2. The steady-state flow measurement 
results are reported in Sect. 4.1. The resulting empirical 
quasi-steady model (QSM)

is compared to and used to scale acoustic-measurement 
results in Sect. 4.2.3. Steps used to derive Eq. (9) from Eq. 
(8) are detailed in “Appendix 3” by considering the direct 
sound p′

2
 generated by variation in the reservoir pressure p′

1
.

3 � Experimental setups and procedure

3.1 � Acoustic measurements setup

In Fig. 1 a sketch of the acoustic-measurement setup is 
shown. A stationary non-swirling axial base flow, from left 
to right in Fig. 1, was created by imposing a mass-flow rate 
of ṁ∗ = 43.0 kg h−1 in the settling chamber. This was done 
using a Bronckhorst F-203AV linear resistance flow control-
ler, connected to a compressed-air supply outlet at 13 bar 
absolute. At this mass-flow rate, choked nozzle conditions 
were obtained with a reservoir pressure p1 = 1.12 bar. This 

(9)Δp�
2,QSM

≃
c2

A2

(
ṁfit(p1, (ṁ𝜃∕ṁ)

2) − ṁfit(p1, 0)
)

Fig. 2   Data reported by Dutton 
(1989) fitted using Eq. (6), and 
compared to the theoretical 
quasi-steady model Eq. (2)
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imposed an upstream nominal nozzle inlet Mach number of 
M1 = 3.67 × 10−2 . The reservoir pressure p1 in the reservoir 
Vset is measured relative to the atmospheric pressure patm by 
means of a MKS Baratron 220D-26159 1000 mBar manom-
eter. p1 is, within the measurement precision, also the steady 
pressure in the upstream pipe connecting the reservoir to the 
nozzle inlet. The pressure p2 in the section downstream from 
the nozzle was atmospheric patm = 1.01 bar where the Mach 
number was M2 = 2.27 × 10−2.

The upstream part of the setup consisted of a settling 
chamber ( Vset = 10.5 × 10−3 m3 ) with a bell-mouth inlet 
to a tube section (Fig. 1). This 220-mm-long tube section 
had a R1 = 15 mm radius. A single tangential-injection port 
module (Fig. 3) was connected to the downstream end of 
the aforementioned tube section. The injection port module 
was composed of a 70-mm-long upstream pipe section with 
a radius of R1 = 15 mm.

Unsteady tangential injection of air into the stationary 
axial base flow was performed through a port machined 
in the middle of the module, which had a small converg-
ing nozzle of outlet radius of either R� = 1.25 mm or 1.50 
mm. In the following results obtained with R� = 1.25 mm 
or R� = 1.50 mm are labeled accordingly. Air injection 
was performed using a fast-switching valve for a vari-
able duration of �� . This was repeated 100 times every 
3 s. The valve was connected to the converging injection 
nozzle of diameter 2R� through a 37-mm-long tube with a 
4 mm inner diameter. The injection valve was connected 
to a V� = 2.8 × 10−3 m3 injection reservoir, by means of 
a 150-mm-long plastic hose with an inner diameter of 
12 mm. The injection reservoir was put under a pressure 
p� , by means of a compressed-air supply system, con-
nected to the reservoir through a 3.5-m-long, 12-mm-
inner-diameter hose. p� was set by means of a valve 
with a mechanical dial. The dial values were calibrated 

a posteriori using a NetScannerTM System Model 9116 
manometer.

Design details of the injection valve are reported by 
Neuhaus and Röhle (2006), and how it was operated by 
Kings and Kings and Bake (2010). The nominal opening 
and closing times of the valve were reported by the manu-
facturer to be 2.5 ms (Neuhaus and Röhle 2006). However, 
the analysis of acoustic measurements in Sect. 4.2 will 
show that in practice, the valve-opening time is smaller. 
The reported 2.5 ms correspond to the delay between the 
electrical trigger signal and the injection valve actually 
opening. Analysis of mass-flow rate calibration measure-
ments reported by Hirschberg et al (2021a), concisely sum-
marized in “Appendix 2”, shows that the effective radius 
of the choked valve was 0.948 mm. In “Appendix 2”, it 
is shown that for p𝜃 > 2.5 bar, the valve was choked and 
the mass-flow rate was independent of the injection noz-
zle diameter 2R� . The area of the injection ports of the 
choked fast-switching valve determined the impulsively 
injected mass-flow rate. Most of the data reported here was 
obtained with choked injection valve conditions.

The tangential injection module was followed 
downstream by a 50-mm-long uniform tube of radius 
R1 = 15 mm. This tube was connected to a converging-
diverging nozzle with throat radius Rth = 3.25 mm (cross-
sectional surface contraction ratio 1/16). The distance 
between the tangential-injection port and the nozzle inlet 
was 85 mm. Downstream from the conical divergent part 
of nozzle (itself 250 mm long) was a uniform tube with a 
radius of 20 mm and a length of 1020 mm referred to as 
the “microphone section.”

A GRAS 40BP 1/4” ext. polarized pressure microphone 
was mounted flush in its walls, calibrated using a Brüel & 
Kjaer model 4228 pistonphone with |p�

ref
| = 123.92 dB and 

fref = 251.2 Hz, at a distance 1150 mm from the nozzle 
throat. This was used to detect pressure waves generated 
by swirl–nozzle interaction. The corresponding acoustic 
signal p′

2
 was recorded using an OROS OR-36 12-channel 

analyzer with NVGate data acquisition system software, 
at a sampling frequency of fs = 16384 Hz.

The 1020-mm-long microphone section was con-
nected downstream to a 24-m-long flexible tube of radius 
R2 = 20 mm. This is a significant improvement, as it pro-
longed the back-and-forth travel time of acoustic waves 
from the microphone to the downstream open-pipe ter-
mination. This enabled the measurement of the acoustic 
signal p′

2
 due to unsteady swirl–nozzle interaction at the 

downstream microphone, without the influence of any 
acoustic reflections for a period of 150 ms. Note that 
the effective observation time for a constant signal was 
restricted by the limited low-frequency response of the 
microphone to about 20 ms (Sect. 4.2). According to the 

Fig. 3   The injection module with the tangential injection and radial 
injection ports. As was the case for tangential injection experiments, 
the latter is shown sealed. Air was injected at a right angle to axial 
flow
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specifications of the microphone, the deviation in meas-
ured amplitude for a harmonic signal of 10 Hz is 1 dB. 
This corresponds to a 12% deviation in amplitude after 25 
ms for a signal increasing linearly with time. That said, 
the recorded signals are sufficient to preform quantitative 
analysis of the rapid decrease and increase Δp�

2
 in pressure 

observed upon ingestion and evacuation of swirl.

3.2 � Steady‑state flow measurements

Steady-state measurements were obtained by replacing 
the fast injection valve and convergent nozzle described 
in Sect. 3.1, by a convergent tangential injection noz-
zle with injection port radius of either R� = 1.25  mm 
or R� = 1.50 mm. At a 4.0 mm distance upstream from 
the tangential injection port, the radius was enlarged to 
3.25 mm. Thus, for R� = 1.25 mm or R� = 1.50 mm one 
had a contraction ratio of 0.148 or 0.213, respectively.

The convergent tangential injection nozzle was con-
nected to a 12-mm-inner-diameter and 1.5-m-long hose 
leading to an upstream installed Bronckhorst F-203AV 
linear-resistance flow controller. The flow controller was 
used to fix the steady-state tangential-injection mass-flow 
rate ṁ𝜃,st . It was connected by means of a 12-mm-inner-
diameter and 1-m-long hose to a compressed air supply 
outlet at 13 bar absolute. This compressed air supply 
was the same as the one used to impose a steady axial 
mass-flow rate ṁ (controlled by a separate Bronckhorst 
F-203AV linear resistance flow controller). Thus, the 
steady axial mass-flow rate ṁ and ṁ𝜃,st could be fixed 
separately.

The total mass-flow rate ṁtot = ṁ + ṁ𝜃,st was fixed 
at either: 41 kg h−1 , 42 kg h−1 , 43kg h−1 , 44kg h−1 or 
45 kg h−1 . Keeping ṁtot constant, ṁ𝜃,st was varied between 
0 and 18 kg h−1 . For each setting of ṁ𝜃,st the reservoir 
pressure upstream from the choked nozzle p1 was meas-
ured after a time lapse of five minutes (to ensure that a 
steady state was attained).

A multi-variable fit of the steady-state data was per-
formed using MATLAB’s “fit” function (Curve Fitting 
Toolbox). ṁtot was used as the dependent variable. p1 
and (ṁ𝜃,st∕ṁ)

2 were used as the independent variables. 
By specifying “Poly14” in MATLAB’s “fit” function; p1 
and (ṁ𝜃,st∕ṁ)

2 were fitted in the first and fourth order, 
respectively. The resulting correlation ṁfit(p1, (ṁ𝜃,st∕ṁ)

2) 
was used for the empirical quasi-steady model (Eq. (9)) 
proposed in Sect. 2.1.

In Sect. 4.1, the results of the multi-variable fit of the 
steady-state data are discussed. The resulting empirical 
quasi-steady model (Eq. (9)) is compared to acoustic 
measurement results in Sect. 4.2.3.

4 � Results

4.1 � Steady‑state results

In this section, visual evidence is provided of the quality 
of the correlation ṁfit(p1, (ṁ𝜃,st∕ṁ)

2) , found by applying the 
procedure described in Sect. 3.2. To this end, p1 is plotted 
as a function of (ṁ𝜃,st∕ṁ)

2 in Fig. 4a, b for R� = 1.25 mm 
and 1.50 mm, respectively. In Fig. 4, the steady-state data 
obtained with ṁtot = 41.0 kg h−1 , 42.0 kg h−1 , 43.0 kg h−1 , 
44.0 kg h−1 , 45.0 kg h−1 are indicated with left-pointing tri-
angles, right-pointing triangles, crosses, up-pointing trian-
gles, and squares, respectively. The correlations obtained 
for the different ṁtot were used to trace lines through the 
steady-state data. This yields visual evidence of the good 
quality of ṁfit(p1, (ṁ𝜃,st∕ṁ)

2) . For (ṁ𝜃∕ṁ)
2 < 0.03 the 

deviation between experimental values of p1 and the fit 
becomes significant compared to the effect of the tangential 

Fig. 4   Visual evidence of the good quality of the correlation 
obtained for steady-state measurements with: a R� = 1.25 mm and b 
R� = 1.5 mm, respectively
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injection on p1 . Hence, the fit is not reliable for such low 
(ṁ𝜃∕ṁ)

2 . The ṁtot = 43.0 kg h−1 correlation was used for 
the quasi-steady model Eq. (9) (proposed in Sect. 2.2). This 
quasi-steady model was applied and compared to acous-
tic measurement data as reported in Sect. 4.2. Note that as 
predicted by the theory described in “Appendix 1”, for a 
specified ratio ṁ𝜃∕ṁ , ṁ is a linear function of p1 . Addi-
tionally, these measurements indicate that the steady mass-
flow rate in the absence of tangential injection ( ṁ𝜃 = 0 ) is 
well predicted by a quasi-one dimensional model; one has 
ṁfit(p1, 0) = (1.020 ± 0.005)ṁ∗.

Note that as (ṁ𝜃∕ṁ)
2 is increased, p1 is systematically 

larger for R� = 1.25 mm than for 1.50 mm. This indicates a 
higher swirl for the data obtained with R� = 1.25 mm. Thus, 

R� influences Δṁst . This indicates that the swirl generated 
by tangential injection is a function of both the mass-flux ṁ𝜃 
and the injection-port radius R�.

4.2 � Acoustic measurement results

4.2.1 � A typical experiment

The acoustic signals, recorded as a result of a 100 consecu-
tive 3 s measurements, were phase averaged using the tech-
nique reported by Kings and Bake 2010. The phase-aver-
aged signal contained strong acoustic oscillations primarily 
due to a quarter-wavelength oscillation (ca. 250 Hz) of the 
upstream pipe section of the setup (Hirschberg et al 2021b). 

Fig. 5   a Upstream recorded 
reservoir pressure change p′

1
 

due to tangential injection. b 
Downstream recorded acoustic 
signal p′

2
 . These results were 

obtained with p� = 5.27 bar 
and R� = 1.25 mm. The injec-
tion port was located 85 mm 
upstream from the nozzle inlet. 
The vertical lines indicate key 
events, such as, e.g., the open-
ing and closing of the valve. 
On the right-hand vertical axis 
the rectangular-electrical pulse 
Vvalve with a 10 V and 10 ms 
width used for the opening and 
closing of the fast-switching 
valve is indicated by a blue line 
(color online)
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These spurious oscillations can clearly be seen in the non-
filtered acoustic signals (finely dashed black lines) in Fig. 5.

The results shown in Fig. 5 were obtained with a 10 ms 
long square pulse of 10 V amplitude (blue line and vertical 
axis on the right-hand side (color online)), used to trigger 
the opening and closing of the valve. The absolute injec-
tion-reservoir pressure p� was 5.27 bar. The vertical axes, 
in Fig. 5a, b correspond to the upstream p′

1
 (microphone 

positioned 270 mm upstream from the nozzle inlet) and 
downstream p′

2
 (microphone positioned 1150 mm down-

stream from the nozzle throat) acoustic signals. In both, the 
finely dotted lines correspond to the phase-averaged signals, 
while the solid black lines correspond to these signals fil-
tered using a moving-average filter with a low-pass cut-off 
frequency of fc = 234.06 Hz. Note that the moving-average 
filter causes a 2 ms delay of the signal. The solid vertical 
lines at t = 2.5 ms correspond to the point in time when the 
tangential-injection valve was opened. The vertical dashed 
lines at 8 ms correspond to the approximate moment the 
upstream generated swirl structure entered the nozzle. At 
this point the presence of swirl decreased the mass-flow rate 
through the choked nozzle, which caused a negative signal to 
be emitted downstream. This swirl–nozzle interaction signal 
had an amplitude of ca. Δp�

2
= −150 Pa, as can clearly be 

seen in Fig. 5b. The acoustic pressure p′
2
 remains fairly con-

stant until t = 30 ms, about 5.5 ms after the vertical dashed-
dotted line corresponding to the moment when the valve was 
closed. One notes that t = 27 ms corresponds to the point in 
time were the upstream reservoir pressure p1 ceased to rise, 
as can be seen in Fig. 5a. The dotted lines at t = 32.5 ms 
correspond to the approximate moment at which the swirl 
exits the nozzle. Without the presence of swirl in the nozzle 
throat, the mass-flow rate returns back to its swirl-free steady 
state value, causing p′

2
 to increase.

Although the valve had a reported opening time of 
2.5 ms, the authors found that the pressure response, meas-
ured by means of a GRAS 40BP 1/4” ext. polarized pressure 
microphone mounted flush in the wall 185 mm upstream 
from the tangential-injection point, showed a delay between 
the electronic trigger for opening and the valve opening 
(Fig. 5a). The actual effective valve-opening time was very 
short, estimated to be of the order of 1.0 ms. For closing, the 
delay time between the electrical signal and the closing of 
the valve was of the order of 10 ms decreasing with increas-
ing p� . Again, as for the opening, the actual closing time was 
much shorter than the delay time.

In “Appendix 3”, the following model for the increase in 
upstream reservoir pressure p1 is constructed

(10)p�
1
=

dp�
1

dt
(t − topen) ≃

c2
1
ṁ𝜃

Vset

(t − topen)

were topen = 2.5 ms is the moment the tangential-injection 
valve is opened. The assumptions that the change in ṁ is 
negligible and that ṁ𝜃 is constant imply the predicted linear 
increase in pressure shown as a thick dotted black line in 
Fig. 5a. One observes that Eq. (10) is fairly accurate in pre-
dicting the initial linear increase in upstream reservoir pres-
sure due to tangential air injection. This underpins the valid-
ity of the static calibration, described in “Appendix 2”. At 
t = 25 ms, just before the closing of the valve, one observes 
a 15% deviation of the upstream pressure from the predicted 
linear increase. The authors assume that this to be due to the 
limited low-frequency response of the microphone. Indeed, 
the microphone specifications mention a deviation of 1 dB at 
10 Hz in the response to a harmonic signal. This is equiva-
lent to a 12% deviation after a linear rise during 25 ms (a 
quarter period of oscillation).

As the valve closes, p′
1
 starts to decrease. The time con-

stant for the decrease of the reservoir pressure perturbation 
is ca. 1.0 s (“Appendix 3”). Hence, the p1 decay from t = 26 
ms to t = 80 ms should be ca. 5.4% of the maximum pressure 
|Δp�

1
|max = 770 Pa reached at t = 26 ms. However, a much 

faster decrease of the signal is observed after t = 40 ms. 
This confirms the limited low frequency response of the 
microphone.

The upstream pressure fluctuations p′
1
 are partially trans-

mitted to the downstream microphone as so-called direct 
sound (Kings and Bake 2010; Hirschberg et al 2021b). This 
causes the initial positive pressure pulse observed in Fig. 5a 
around t = 7 ms. The effect of the gradual increase of p1 
on p′

2
 is less obvious. For high upstream unsteady injection 

mass-flow rates ṁ𝜃 it appears to be negligible, because p1 
increases linearly with ṁ𝜃 while p′

2
 is proportional to ṁ2

𝜃
 . 

This was confirmed by experiments in which the upstream 
air injection was radial. The results of these radial injection 
experiments are analyzed in “Appendix 3”. For the experi-
mental signal displayed in Fig. 5b at t = 30 ms, the direct 
sound due to the slow increase in p1 results in an increase 
of ca. 15 Pa relative to the lowest value (Δp�

2
)max = −150 Pa 

reached at t = 20 ms. Accounting for this effect, one con-
cludes that p′

2
 has reached a plateau at t ≃ 20 ms. The pres-

sure remains constant until the swirl is evacuated, which 
occurs at t ≃ 32.5 ms. The gradual increase of p1 has, rela-
tively speaking, a more significant effect on p′

2
 for lower 

unsteady mass-flow rates. In this text, the data have not been 
corrected for the influence of direct sound, as such a correc-
tion would not change the conclusions drawn from the data.

4.2.2 � Variation of the tangential‑injection time

As was explained above, the results in Fig. 5b show that 
within 5 ms after the start of the decrease in downstream 
pressure p′

2
 , a plateau is reached at p�

2
≃ −150 Pa. This 

plateau indicates quasi-steady behavior (Hirschberg et al 
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2021a). In Fig. 6, results are shown which were obtained 
with electrical pulse widths of 3.0  ms, 7.0  ms, 14  ms, 
20 ms, 50 ms, and 100 ms. These pulse widths correspond 
to �� ≃ 11 ms (the shortest experimentally achievable; dotted 
line), �� ≃ 20 ms (dashed-dotted line), �� ≃ 24 ms (dashed 
line), and �� ≃ 28 ms (solid line), �� ≃ 33 ms (thick dotted 
line), �� ≃ 64 ms (thick dashed-dotted line), �� ≃ 113 ms 
(thick dashed line), respectively.

Note that the time it takes for an plane acoustic wave to 
travel from the downstream microphone to the downstream 
termination and back is ca. 144 ms. Thus, in Fig. 6 the p′

2
 

signal for t > 150 ms is polluted by an upstream traveling 
reflection of the signal emitted after t ≃ 7.0 ms.

In Fig. 6, one observes a negative plateau for the first 20 
ms after the short positive direct-sound pulse at t = 10 ms, 
due to the opening of the valve. When the valve closes, one 
observes a similar small expansion peak (negative) due to 
the direct sound. This is followed by a sudden increase in p′

2
 . 

As it was for the signal due to swirl ingestion, the observed 
variation of signal due to the evacuation of swirl is reli-
able for 20 ms after the onset of the abrupt rise in p′

2
 due to 

evacuation of the swirl. This makes the determination of the 
total change in acoustic pressure from the moment the valve 
closes up to the maximum of acoustic pressure Δp�

2
 possible. 

Note that, to account for the limited low-frequency response 
of the microphone, the increase in signal after the maxi-
mum in p′

2
 has been reached is determined using the value 

of p′
2
 just before the negative direct-sound pulse as the zero-

reference, which is used to determine the total increase Δp�
2
 

resulting from the evacuation of the swirl from the nozzle.
The shortest achievable tangential-injection time 

was �� ≃ 11  ms. This corresponds to an axial length, 
��U1 ≃ 14 cm, of the swirl structure upstream from the noz-
zle. One notes that this smallest axial length of the upstream 
swirl structure is quite large compared to the axial nozzle 

length. The axial vortex is also significantly elongated as it 
passes through the nozzle. Both justifying the application of 
a quasi-steady modeling approach, as proposed in Sect. 2.2. 
This can be anticipated to hold for large contraction ratios 
or equivalently small upstream Mach numbers ( O

(
10−1

)
 or 

smaller) and for upstream axial vortex lengths of at least the 
order of the upstream pipe diameter. The quasi-steady model 
(Eq. (9)) is compared to acoustic measurement data in the 
following Sect. 4.2.3.

4.2.3 � Comparison with empirical quasi‑steady model

In Fig. 7, the acoustic response amplitude Δp�
2
 due to swirl 

being ingested or evacuated by the choked nozzle is com-
pared to the prediction using the proposed empirical quasi-
steady model |Δp�

2,QSM
|𝜌2A2

2
∕ṁ2

𝜃
 (QSM line obtained using 

Fig. 6   Moving-average filtered ( fc = 234.06  Hz) downstream-
measured acoustic response p′

2
 due to swirl–nozzle interaction, for 

seven �� values. These results were obtained with R� = 1.25 mm and 
p� = 5.2  bar. The injection port was located 85  mm upstream from 
the nozzle inlet

Fig. 7   The dimensionless downstream-measured acoustic response 
|Δp�

2
|𝜌2A2∕ṁ

2

𝜃
 as a function of (ṁ𝜃∕ṁ

∗)2 . Measurement data are com-
pared to the scaled empirical quasi-steady model prediction (QSM 
line)
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Eq. (9)). The parameter ṁ𝜃 in the fit ṁfit(p1, (ṁ𝜃∕ṁ)
2) is 

determined using the steady-flow calibration described in 
“Appendix 2”, with the static value of the injection reservoir 
pressure p� as input. For the mass-flow rate ṁ the value 
measured before the start of the experiment was used. This 
is justified because Δṁ∕ṁ is small. In Fig.  7a, b data 
obtained with R� = 1.25  mm and 1.5  mm are shown, 
respectively.

In Fig. 7a, data obtained for R� = 1.25 mm with three 
values of �� are displayed, viz. �� = 20 ms, 24 ms and 64 ms. 
The plus-sign crosses, right-pointing triangles and crosses 
indicate the acoustic amplitudes determined due to swirl 
ingestion. Acoustic amplitudes determined due to swirl 
evacuation of swirl by the nozzle are indicated with upright 
triangles and circles. Multiplication crosses and circles were 
also used in Fig. 7b to indicated swirl ingestion and evacu-
ation data for R� = 1.50 mm. Note, that the �� = 20 ms data 
points indicated with plus-sign crosses in Fig. 7a, were taken 
from Hirschberg et al (2021a). Due to a significantly shorter 
tube section downstream from the microphone, the data of 
Hirschberg et al (2021a) do not contain the effect of swirl 
evacuation by the nozzle.

One notes that overall the QSM provides a prediction well 
within an order-of-magnitude for all data. Furthermore, Δp�

2
 

was scaled by multiplying by 𝜌2A2∕ṁ
2
𝜃
 , as first suggested by 

Hirschberg et al (2021a), which confirms the scaling rule 
Δp�

2
∝ ṁ2

𝜃
 proposed by Hirschberg et al (2021a).

However, one observes in Fig. 7a for (ṁ𝜃∕ṁ
∗)2 > 0.02 

and in Fig.  7b for (ṁ𝜃∕ṁ
∗)2 > 0.03 , a better agreement 

for the swirl evacuation cases than for swirl ingestion. 
The authors believe that this was due to the fact that air is 
injected at very high speed and at a right angle to the axial 
flow. This creates a wall-bounded jet, which meets itself 
after one revolution. The authors assume that this causes a 
split; one part of the wall bounded jet moves downstream to 
the nozzle inlet, whilst the other part moves upstream. I.e., 
only a part of the injected angular momentum flux is initially 
ingested by the nozzle. The analysis of Kings’ (2015) hot-
wire measurements reported by Hirschberg et al (2021b) 
provided evidence of an upstream moving central jet in these 
types of pipe flow. After the tangential injection valve is 
closed, the accumulated angular momentum in the upstream 
pipe section convects through the nozzle. This is believed to 
be the reason for the better predictive value of the QSM for 
Δp�

2
 due to evacuation of the axially oriented vortex. Further 

discussion is provided at the end of this section.
One notes that for (ṁ𝜃∕ṁ

∗)2 < 0.03 there is considerable 
scatter in results for the swirl ingestion (Fig. 7a). This indi-
cates that, for (ṁ𝜃∕ṁ

∗)2 < 0.03 , there is a significant uncer-
tainty in the results. This provides an indication for the limi-
tations of the results when drawing conclusions.

In Sect. 4.1, it was noted that there is an influence of R� 
on Δṁst at constant tangential mass-flow rate injection ṁ𝜃 

(Fig.  4). A similar effect is observed in Fig. 7, where the 
downstream dimensionless amplitude decreases system-
atically as R� is increased from 1.25 mm and 1.50 mm. 
The investigation of this effect falls out of the scope of 
the present text.

In Fig.8, Δp�
2
∕Δp�

2,QSM
 due to swirl evacuating the 

choked nozzle is plotted as a function of ��U1∕L1 , where 
L1 = 340 mm is the length of the pipe upstream from the 
nozzle, and U1 = 12.5 m s−1 is the average axial velocity in 
the upstream pipe. Data obtained with p� = 5.3 bar and 
6.2 bar are indicated with circles and squares, respectively. 
All data were obtained with R� = 1.25 mm. The data points 
of the respective sets are connected by straight line seg-
ments. This was done to give the reader an impression of 
the global trend in the two data sets. N.b., these line seg-
ments are not the product of a statistical-data fit, nor the 
application of a predictive model. One observes that Eq. 
(9) has good predictive quality for the p� = 5.3 bar data. 
Indeed, for these data one finds the largest deviation to be 
16% at ��U1∕L1 = 4.15 . For the p� = 6.2 bar data, the larg-
est deviation is ca. 60% at ��U1∕L1 = 1.00 , which is larger 
than what was observed for the other data set. Still, for 
both data sets the overall predictive quality of the empiri-
cal quasi-steady model (Eq. (9)) is well within an 
order-of-magnitude.

One concludes that the time needed to approach quasi-
steady behavior is of the order of a few periods of length 
L1∕U1 , which is the estimated convection time from the 
upstream bell-mouth inlet to the nozzle inlet. One also notes 
that the time taken to reach the maximum Δp�

2
∕Δp�

2,QSM
 is of 

the order of this convection time. I.e., most of the swirl caus-
ing the downstream-measured acoustic signal is concen-
trated in the upstream pipe segment. Thus, the settling cham-
ber did not have a significant impact on the swirl–nozzle 
interaction signal under the considered conditions.

Fig. 8   Comparison of the downstream-measured acoustic amplitude 
Δp�

2
 to the empirical quasi-steady model (QSM) prediction Δp�

2,QSM
 as 

a function of ��U1∕L1
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The observed overshoot in Δp�
2
∕Δp�

2,QSM
 around 

��U1∕L1 = 1 provides an indication of the complicated 
flow behavior (previously hypothesized looping wall 
bounded jet) upstream from the nozzle. This points to 
unsteady flow effects upstream from the nozzle, to be 
investigated in a follow up study. The authors believe that 
numerical simulations would be an appropriate tool for 
such an investigation.

5 � Conclusion

The proposed analytical quasi-cylindrical model for 
swirl–nozzle interaction provides a quantitative prediction 
of the mass-flow rate reduction due to interaction of an 
axial vortex with a choked nozzle under steady-flow condi-
tions. This model can, for low upstream Mach numbers, be 
applied to describe the unsteady interaction of a longitudi-
nal vortex with a length of at least one nozzle inlet diam-
eter. The time-dependent modulation of the mass-flow rate 
generates acoustic waves in the pipe downstream of the 
nozzle. These are a measure for the swirl of the axial vor-
tex. The downstream propagating acoustic waves are most 
easily detected when a long downstream pipe is used. This 
makes the momentary downstream measurement of the 
outgoing acoustic waves possible, without the interference 
of upstream traveling reflections.

In first-order approximation, for a choked convergent 
injection nozzle the swirl generated by tangential injection 
is proportional to the injected mass-flow rate. This simple 
scaling law fails at lower tangential injection mass-flow 
rates. The data also indicate that the swirl decreases with 
increasing tangential injection nozzle diameter.

An empirical quasi-steady model based on steady-flow 
measurements of the reservoir pressure as a function of the 
tangential injection mass-flow rates was developed. This 
model provided good predictions for the amplitude of the 
downstream acoustic signal due to the evacuation of swirl 
confirming its validity. In contrast, the measured down-
stream amplitude due to ingestion of swirl by the nozzle 
(after the abrupt start of a tangential injection) is about 
half of the empirical quasi-steady model prediction. This is 
due to the fact that initially a large part of the tangentially 
injected flow is deflected upstream. Moreover, the flow due 
to the tangential injection is initially dominated by a thin 
wall-bounded jet, which must undergo a significant transi-
tion to the much more uniform velocity distribution of a 
steady swirling flow. This transition was observed in meas-
urements for which the tangential-injection time was varied.

In summary, observations indicate that the downstream 
acoustic signal can be used as a diagnostic tool to monitor 

key aspects of the flow dynamics in systems with swirl 
introduced upstream from choked-nozzle outlets, e.g., in 
swirl-stabilized rocket motors.

Here cold-gas experiments were reported, viz. with-
out combustion. Although this omits other effects, such 
as entropy noise, from consideration it also prevents their 
presence from confounding the interpretation of the results. 
The present study thus demonstrates that such model experi-
ments can be used as manageable tools for exploration, as 
well as for the development and validation of theory.

Appendix 1: Quasi‑cylindrical flow 
approximation

Assuming a uniform pressure in the pipe cross section A, one 
finds using the equation of Bernoulli for compressible flow:

where for an axisymmetric flow one has U2 = u2
x
+ u2

�
 . The 

flow is assumed isentropic, as such:

The conservation of mass in differential form is:

The integral conservation of angular momentum

combined with the mass conservation (Eq.(13)) for uniform 
velocities ux , u� and density � in a cross section, yields

This equation is equivalent to the conservation of the circu-
lation � = 2�Ru� in a frictionless pipe flow.

After some algebra, one finds:

At the throat, one has A = Ath and dA∕dx = 0 , the latter and 
Eq. (16) imply, ux,th = cth for choked-nozzle flow. One notes 
that this results is a sonic condition analogous to the one for 
choked-nozzle flows without the presence of swirl.

Because an ideal gas p = �RspfT  with constant specific 
heat is assumed, one has

(11)U
dU

dx
= −

1

�

dp

dx

(12)
dp

dx
= c2

d�

dx
.

(13)
1

�

d�

dx
+

1

ux

dux

dx
+

1

A

dA

dx
= 0

(14)∫
R

0

�u�uxr
2dr = constant

(15)
1

u�

du�

dx
+

1

2A

dA

dx
= 0

(16)ux
dux

dx

(
1 −

c2

u2
x

)
=

c2

A

dA

dx

(
1 +

1

2

u2
�

c2

)
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The steady-state mass-flow rate becomes

Using the Bernoulli equation, one finds

Exploiting the choking condition ux,th = cth , one finds

Defining Δṁst∕ṁ
∗ ≡ (ṁst − ṁ∗)∕ṁ∗ , one obtains:

Note that because a uniform pressure was assumed in a 
cross section, this result is only valid for (u𝜃,th∕c∗)2 << 1 . 
Therefore, the excellent agreement up to (u�,th∕c∗)2 = 0.25 
of this model with the experiments and numerical results 
reported by Dutton (1989) (as shown in Fig. 2) is pleasantly 
surprising.

Appendix 2: Calibration of the unsteady 
tangential mass‑flow rate

The unsteady tangential injection mass-flow rate ṁ𝜃 was 
determined from the measured tangential injection reservoir 
pressure p� . To determine ṁ𝜃 as a function of the injection 
reservoir pressure p� , steady-flow measurements were used. 
For this purpose, a Bronckhorst F-203AV linear resistance 
flow meter was installed upstream of the tangential injection 
reservoir. The axial injection ṁ1 was set to zero. I.e., during 
the calibration procedure p1 = p2 = patm . This was done to 
ensure that a 60 s tangential injection would not cause a 
dangerous increase of pressure in the setup (Fig. 1). A 60 s 
tangential injection time was necessary to ensure that the 
Bronckhorst flow meter measured ṁ𝜃 reliably. p� was meas-
ured using a NetScannerTM System Model 9116 manometer, 
after 55 s of tangential injection. Calibration was obtained 
for both tangential injection outlet port radius R� = 1.25 mm 
and 1.50 mm. The temperature in the laboratory was meas-
ured, and found to be Tatm = 293.9 K.

(17)
p

p1
=

(
�

�1

)�

.

(18)ṁst = 𝜌thcthAth = 𝜌∗c∗Ath

(
Tth

T∗

) 𝛾+1

2(𝛾−1)

(19)T∗

Tth
=

(
c∗

cth

)2

=

1 +
�−1

2

((
ux,th

cth

)2

+
(

u�,th

cth

)2
)

1 +
�−1

2

(20)
T∗

Tth
=

1

1 −
�−1

�+1

(
u�,th

c∗

)2
.

(21)Δṁst

ṁ∗
=

(
1 −

𝛾 − 1

𝛾 + 1

(u𝜃,th
c∗

)2
) 𝛾+1

2(𝛾−1)

− 1.

In Fig. 9, the tangential injection mass-flow rate ṁ𝜃 is 
plotted as a function of p�∕p1 , in which the two regimes are 
visible. The first (open circles) obtained with subcritical 
flow at the valve ( p𝜃∕p1 < 2.0 ), and the second (crosses) 
obtained with critical tangential injection ( p𝜃∕p1 > 2.5 ), 
i.e., a choked valve flow. For flow conditions at which the 
valve is choked, the critical injection radius was deter-
mined to be R∗ = 0.948 mm (Hirschberg et al 2021a). For 
the subcritical tangential-injection data p𝜃∕p1 < 2.0 , the 
following fit is proposed

where Sj and Minj are the effective injection jet cross section 
and injection Mach number, respectively. Sj is calculated 
using the following experimental fit relation

where L0 = 0.79313  mm and L1 = 0.13027  mm for 
R� = 1.25 mm; for R� = 1.50 mm L0 = 0.86662 mm and 
L1 = 0.077090 mm. The effective jet Mach number Minj is 
determined using

Equation (22) is based on a compressible isentropic flow 
model between the valve and the injection jet. Additional 
losses occur downstream from the valve, and upstream of 
the injection port. Therefore, the effective injection Mach 
number Minj is not an actual jet Mach number and can be 
larger than unity.

(22)ṁ𝜃 = 𝜌1c1

(
p𝜃

p1

)(𝛾−1)∕(2𝛾)

MinjSj

(23)Sj = �(L1Minj + L0)
2

(24)Minj =

√√√√ 2

� − 1

((
p�

p1

)(�−1)∕�

− 1

)
.

Fig. 9   ṁ𝜃 as a function of p�∕p1 , for R� = 1.25 mm
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Appendix 3: Direct sound due to slow 
change in reservoir conditions

To analyze the long-term increase of the reservoir pressure 
p1 due to unsteady tangential injection, an integral mass bal-
ance is used. It is assumed that compression due to unsteady 
tangential injection is adiabatic and occurs uniformly in the 
upstream reservoir. I.e., the quarter wavelength oscillation in 
the upstream pipe segment is ignored. Considering a linear 
model in p′

1
 , one neglects possible changes in mass-flow rate 

ṁ through the convergent–divergent nozzle to find:

ṁ𝜃 is assumed constant and to corresponds to the static cali-
bration for given constant pressure p� in the tangential injec-
tion reservoir.

were topen = 2.5 ms is the moment the tangential-injection 
valve is opened. This model is compared to measurements 
of p′

1
 in Fig. 5a.

Due to the adiabatic increase in upstream reservoir pres-
sure, p′

1
 , there will be an increase in upstream reservoir den-

sity �1:

For the upstream reservoir speed of sound, one has

Applying a quasi-steady approximation, yields

The fluctuation in ṁ′
2
 is related to the downstream velocity 

and density fluctuations, as follows

Downstream of the nozzle one assumes anechoic conditions. 
Thus, the downstream pressure fluctuation p′

2
 is given by

Using �2c22 = �p2 , one obtains

(25)
Vset

c2
1

dp�
1

dt
= ṁ𝜃 .

(26)p�
1
=

dp�
1

dt
(t − topen) ≃

c2
1
ṁ𝜃

Vset

(t − topen)

(27)
��
1

�1
=

p�
1

�p1
.

(28)
c�
1

c1
=

T �
1

2T1
=

(
� − 1

2�

)
p�
1

p1
.

(29)
ṁ�

1

ṁ1

=
ṁ�

2

ṁ2

=
u�
2

u2
+

𝜌�
2

𝜌2
=

𝜌�
1

𝜌1
+

c�
1

c1
=

(
𝛾 + 1

2𝛾

)
p�
1

p1

(30)
ṁ�

2

ṁ2

=
u�
2

u2
+

𝜌�
2

𝜌2

(31)p�
2
= �2c2u

�
2
.

Upon substitution in Eq. (30), one finds

where u2∕c2 << 1 was used. Combining this result with 
equations 26 and 29, yields

where the ideal gas relationship �1c21 = �p1 , and the low 
Mach number approximation T1 = T2 were used. t0 corre-
sponds to the arrival time at the microphone of the initial 
direct sound pulse (caused by the opening of the injection 
valve).

In Fig. 10, the p′
2
 signal due to radial injection of air is 

compared to that predicted by Eq. (34). The model predicts 
the measurements quite accurately for t < 30 ms ( t0 = 10 ms).

As the valve closes, the reservoir pressure perturbation p′
1
 

has reached a maximum value, which is still small compared 
to the reservoir pressure p1 = 1.12 bar. The decay of p′

1
 is in 

linear approximation described by the mass balance:

Thus, the reservoir pressure perturbation decays exponen-
tially with time after the valve is closed. This decay has a 
time constant 2Vset∕((� + 1)u1A1) ≃ 1.0 s. The delay of 3 s 
between each experiment allows the reservoir pressure per-
turbation to decrease to 5% of its maximum value.

(32)
��
2

�2
=

u�
2

c2
.

(33)
ṁ�

2

ṁ2

=
u�
2

u2

(
1 +

u2

c2

)
≃

u�
2

u2

(34)p�
2
(t) = 𝜌2c2u

�
2
(t) =

p2

p1
c2u2

(
𝛾 + 1

2

)(
ṁ𝜃

Vset

)
(t − t0)

(35)
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c2
1

dp�
1

dt
= −ṁ1

𝛾 + 1

2𝛾

p�
1

p1
= −

𝛾 + 1

2

u1A1

c2
1

p�
1

Fig. 10   p�
2
∕pr , where pr is the radial injection reservoir pressure, as a 

function of time. The measurements were performed with the radial 
injection port 185 mm upstream from the nozzle inlet. A valve trigger 
time of 100 ms was used. The experimental data are compared to the 
direct-noise model [Eq. (34); thick-dashed line]
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