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Summary
Ships at sea encounter wave-induced cyclic loading, meaning fatigue is a governing limit state. The structural
response introduces stress concentrations, hotspots, at notch geometry like welded joints locations. At the
same time, the welding process typically introduces defects, meaning welded joints are typically the governing
fatigue-sensitive details. Accurate predictions of the fatigue lifetime are paramount for ensuring safety and
economic viability in the maritime sector.

Because of the welding-induced defects, the fatigue lifetime of welded joints is growth rather than
initiation-dominated; adopting a cracked geometry-based fatigue damage criterion like the stress intensity
factor seems straightforward. Weld notch characteristic crack growth behaviour, however, becomes crucial.
Since both short and long crack growth are considered important, a typical one-stage Paris relation-based
long crack model must be extended, particularly since most of the welded joint fatigue lifetime is spent in the
notch-affected short crack growth region. The short crack growth behaviour can be both non-monotonic as
well as monotonically increasing, depending on the elastoplastic response conditions. A two-stage crack
growth model, incorporating both short crack growth behaviour and the long crack growth characteristic, has
already been proposed in a different project based on compact tension (CT) specimen crack growth testing
results obtained using potential drop measurements. However, the corresponding strain/stress field possibly
explaining the crack growth behaviour in terms of elastoplasticity is not part of the output. Images have been
captured, which can be analyzed with Digital Image Correlation (DIC) to provide the field measurements.

The first aim of the research has been to explore dedicated displacement field formulations to capture the
crack tip location and corresponding stress intensity factor simultaneously by developing a one-step DIC
approach. The expected benefits of this approach over other DIC methods consist of an expected increase in
accuracy and the elimination of a post-processing step. Current DIC methods generally exist out of a two-step
approach. First, a DIC procedure is employed with a generalized kinematic basis. Secondly, a post-processing
step is employed to determine the crack tip location and stress intensity factor (SIF). Specifically for the crack
tip, the post-processing step generally assumes a dedicated kinematic basis function describing the field
around the crack. Directly incorporating the dedicated function into the DIC procedure allows for the
intermediate generalized kinematic assumptions to be eliminated.
The resulting crack size and SIF from this approach can be used to determine the crack growth relationship.
This relationship can be used for the second aim of this thesis, which has been to determine the material
parameters of the proposed two-stage crack growth model and validate its ability to capture the short crack
growth behaviour.

However, the SIF values obtained with the developed one-step DIC do not align with the analytically
obtained values. Regarding the crack growth relationship, this difference in loading introduces a mean shift.
Nevertheless, the observed crack growth behaviour aligns with the trends established in prior investigations,
which combined potential drop crack size results with analytically determined SIF values.
A three-step approach has been adopted to investigate the accuracy of the SIF determination:

Step 1: A direct approach using a finite element formulation based on global rather than local DIC,
enforcing displacement field continuity as required for a crack path-independent SIF calculation.

Step 2: An indirect approach using the global DIC-based displacement field (step 1) and Williams’ crack tip
displacement field formulation (Williams, 1952) to obtain the crack tip location and SIF at the same time.

Step 3: A direct approach using Williams’ crack tip displacement field formulation to obtain the crack tip
location and the SIF simultaneously.
Analyses showed that involving Williams’ asymptotic solution (steps 2 and 3) for long cracks in a simple far-field
stress condition is beneficial. Accurate crack tip location and SIF estimates have been obtained. However, for
complex stress fields at notched geometries additionally containing geometry boundaries in the same region,
higher order terms are required to obtain a converged displacement field. An accuracy improvement has been
observed when adopting a direct approach (step 3) rather than an indirect one (step 2) approach. A global FEM-
based direct approach (step 1) allows for describing complex displacement fields and obtaining SIF estimates
independent of the Williams’ formulation. The resulting estimates from this approach agree with the Williams-
based estimations (steps 2 and 3). From this, it can be concluded that the obtained difference in the SIF follows
from a fundamental difference in the load obtained by analytical determination and the DIC approaches. This
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VI

conclusion is supported by the difference in the structural stress obtained from the DIC approaches compared
to the analytical estimate.

The second aim of this thesis requires further investigation into the loading discrepancy before the total
life model can undoubtedly be validated. Nevertheless, preliminary usage remains possible with the usage of
consistent SIF determination. Resulting in the establishment of model parameters using likelihood regression
for the CT and as-welded joint specimens.

For the final aim of this thesis, the total life fatigue strength criterion is obtained by integrating the
two-stage crack growth model. This criterion is applied in a case study to estimate the total fatigue lifetime of
a critical welded joint in a general cargo carrier. In order to determine the estimated lifetime of the critical
joint, the fatigue loading is required. While knowledge of the cargo load is available, the impact of
wave-induced loading requires investigation. Two distinct approaches have been used to determine the wave
loading. Initially, Four representative wave loading scenarios established by Bureau Veritas regulations are
considered. The cumulative fatigue damage resulting from these scenarios is then extrapolated to encompass
the entirety of loading conditions experienced by the ship.

Secondly, a wave spectrum approach is undertaken to address uncertainties in loading analysis. A hydro-
structural solver is utilized to calculate loading across various sea states. The total fatigue damage is based on a
weighted average of a representative sea spectrum. The fatigue lifetimes derived from these methodologies are
compared to the hot spot structural stress concept as typically adopted in industry for reference purposes. A
comparison of the results shows that the hot spot structural stress concept underestimates the fatigue lifetime
due to the increased conservatism required in this model.
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1. Introduction
Fatigue is a governing limit state defining the lifetime of maritime structures. Accurate predictions of the fatigue
lifetime are paramount for ensuring both safety and economic viability in the maritime sector. In this chapter,
the motivation of the research to be performed will be discussed. In addition, the research goal, scope and
relevance will be presented.

1.1. Motivation
The governing fatigue-sensitive details in maritime structures with respect to fatigue behaviour are the
commonly arc-welded joints. These types of welded joints generally contain defects serving as nucleation
locations for crack development. Because of the welding-induced defects, the crack initiation time is most
likely small relative to the total fatigue life. At the same time, in the case of notched geometries, the high-stress
concentrations at the notches can lead to relatively small nucleation lives. In these cases, the growth of a crack
(both short and long) is the dominant factor in the total fatigue life of the joint. Therefore, a cracked geometry
assessment concept is preferred in these cases.

Cracks growing from notches often exhibit a two-stage behaviour. Short crack growth close to the notch and
long crack growth away from the notch. Although the long crack growth behaviour can typically be described
using the Paris relation, short crack growth behaviour at (weld) notches is not well understood. Short crack
growth behaviour can be monotonically increasing as well as non-monotonic and seems to be elastoplasticity
affected, incorporating a mean stress effect (Palkar, not published yet). The different crack growth behaviours
are illustrated in Fig.1.1. To capture these behaviours, a two-stage (short and long) crack growth model has
been developed in the SCReen project (Palkar, not published yet).

Figure 1.1: Crack growth behaviour (Palkar, not published)

The recently developed two-stage crack growth model is yet to be validated. Initial validation has been
performed using potential drop measurements. Potential drop measurements can be used to measure the
crack size in a specimen. These measurements are performed by applying an electrical current over the
specimen and measuring the potential drop over the specimen. Propagation of the crack front reduces the
material’s thickness, increasing the electrical resistance. This increase in electrical resistance is measured as
an increase in the potential drop over a specimen. Following, the increase in the potential is compared to the
reference value of the specimen in uncracked condition, obtaining the change in potential drop. Calibration
curves allow for estimating the crack size based upon the change in potential drop (Gandossi et al. 2001).
These calibration curves can be established using analytical formulations or empirical formulations. For
simple notch geometries, analytical formulations have been found by solving the Laplace equation (Clark &
Knott, 1975). The main disadvantage of the potential drop method is the lack of information on the
stress/strain field and stress intensity factors (SIF) values induced by the crack formation. Requiring analytical
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2 1. Introduction

formulations to obtain the SIF required for the crack growth relation. In addition, the accuracy of the
measurement decreases in the case of empirical calibration curves (Gandossi et al. 2001).

Since images have been captured throughout the experiments, Digital Image Correlation (DIC) can be
used to capture the crack tip location, the corresponding stress intensity factor, the crack tip stress/strain field
information and the crack growth behaviour. In order to validate the two-stage crack growth model, the DIC
procedure should be able to accurately handle discontinuities in the displacement field induced by the crack.
Conventional DIC methodologies are assumed to have decreased accuracy when confronted with
discontinuities, primarily attributed to the utilization of a generalized kinematic basis. Furthermore, the
employment of a generalized kinematic basis necessitates a two-step procedure to obtain a continuous field
description. This two-step approach includes the integration of the general kinematic basis as an
intermediary step, thereby introducing a possible accuracy reduction. These disadvantages could be resolved
by directly incorporating a relevant kinematic basis (Williams asymptotic solution (Williams, 1957)) in the DIC
procedure, resulting in a one-step DIC approach (Vargas et al. 2016). The resulting one-step procedure can be
used to simultaneously obtain the crack size and SIF of the specimens. Allowing for the crack growth relation
to be obtained, this relation can be used to validate the two-stage crack growth model and obtain the relevant
material parameters.

The validated two-stage crack growth model can be integrated to establish a total life-based fatigue
strength criterion (Palkar, not published yet). This criterion is expected to have a reduced uncertainty
compared to concepts commonly applied in engineering practice due to the increased stress state
information incorporated. Reducing uncertainty reduces the required conservatism and improves the fatigue
lifetime estimate. Bureau Veritas has provided a case study involving a ship structure containing unexpected
cracks at different locations. The total life concept will be used for a fatigue assessment and compared to the
hotspot structural stress concept commonly employed by Bureau Veritas. This comparison can provide
insight into the use cases for this newly developed model, as in engineering practice, there is always a
trade-off between accuracy and complexity.

1.2. Goal
The problem this research will be investigating follows from the gap in existing methods, and the current stage
of development of the two-stage crack growth model. This problem can be formulated as follows:

The available crack growth models do (typically) not include all observed crack growth behaviour. A new
model has been developed but needs to be validated using DIC (CT specimen experiment images) and

verified (applying the model for fatigue assessment of a welded joint in a ship structure).

In this statement, the observed behaviour refers to the non-monotonic short crack growth. In addition, a new
model refers to the two-stage crack growth model developed by Palkar. Furthermore, DIC specifically refers to
a one-step DIC approach, as mentioned in section 1.1, providing crack size and field information. The addition
of this field information, compared to potential drop experiments, can help explain the deviant short crack
growth behaviour.

1.3. Scope
In order to safeguard the feasibility of the study, some limitations are imposed on the scope. The determination
of the field data through the use of DIC, is limited to analysing the far-field and notch region of a compact
tension specimen. For the far-field region, only a mapping on the basic airy stress functions will be part of
the scope. For the notch region, the assessment will be restricted to description by the truncated Williams
asymptotic solution.

With respect to the validation of the two-stage crack growth model developed by Palkar, only earlier
obtained data will be used. Meaning the execution of experiments will not be part of the research scope. This
also allows for the obtained crack tip location to be compared to the results from potential drop experiments.

With concern to the analysis of the case study, the scope will be limited with respect to the loading. This
research focuses on the structural response, and loading is therefore not of main concern. Initially, local water
pressure and global hull girder forces/moments will be considered as governing load components. If shown
to be insufficient, the critical load components will be searched for with the help of Bureau Veritas. Complete
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modelling of the structure in order to obtain such loads is out of the scope, and in general the loading will be
taken as provided by Bureau Veritas.

1.4. Relevance
It is crucial to consider the potential research implications before the research process. These include practical
implications, scientific implications and societal implications.

1.4.1. Engineering
Practically this research will result in an integrated DIC code which can be used for fatigue crack assessment.
Additionally, the crack growth of a ship will be assessed, hopefully resulting in a better prediction of the lifetime
estimates. Such an improved estimate could then be used to assist in the judgement of repair. This could assist
in a safer and extended lifetime of such a ship for when it is able to sail once more.

1.4.2. Science
This research aims to validate a new two-stage crack growth model. Validating such a model results in the next
step towards the scientific goal of understanding crack growth behaviour. In addition, it provides a valuable
tool for further research into crack growth analysis.

1.4.3. Society
The research helps to predict the lifetime of vessels better. This can in the end help to extend lifetime or reduce
material usage. This reduces the impact of vessels on the environment. In addition, a better lifetime prediction
can improve safety as it can prevent reaching the limit state.

1.5. Outline
This section provides an outline for the remaining part of the report. Shortly describing its content and
relevance.
Initially, an exploration of current literature is performed to pursue the research’s overarching objective.
Starting in Chapter 2, different fatigue models are presented to provide insights into the research’s underlying
work. The well-established hotspot structural stress concept is discussed, which is currently the norm in
engineering practice. This is followed by a discussion of the total life concept, a newly developed model to be
validated within the scope of this research.

Chapter 3 presents the underlying mechanics of Digital Image Correlation (DIC) procedures. This chapter
establishes the foundation upon which a one-step DIC procedure can be formulated and provides insight into
the differently available DIC procedures. These alternative methods also provide a basis for comparison.

In tandem with this, Chapter 4 discusses image texture quality within the context of DIC procedures. The
texture quality is relevant in determining feasible subset sizes for DIC analysis and serving as an image quality
evaluation.

Continuing in Chapter 5, the analysis procedure of a far-field region is discussed. This analysis is important in
accurately determining the applied loading magnitude on a specimen, which is important as a step in the
validation procedure of the experimentally obtained model parameters.

In Chapter 6, the notch region analysis is described. This analysis is important because it can provide the
Stress Intensity Factor (SIF) and the localization of the crack tip, both essential to describe the crack growth
relation, providing insight into the current possibilities in literature to achieve the first aim of this research.

Following the literature, Chapter 7 identifies the research gap and sets out the research to be conducted in the
form of a research hypothesis and research question followed by a series of sub-research questions.
The subsequent part of this thesis will describe the modelling performed in the context of this research. To
this end, Chapter 8 presents the advancements within the two-step approach, followed by a description of the
developed one-step DIC approach. With the developed one-step approach, the first aim of the thesis can be
achieved by obtaining the crack tip location and field information in an integrated manner. Additionally, the
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improvements in the two-step approach facilitate the two steps to evaluate the accuracy of the SIF obtained
with the one-step approach.

In Chapter 9, the procedure will be described for obtaining the crack growth relation from the data obtained in
the previous chapter. Furthermore, it is discussed how these crack growth relations can be used to estimate
the parameters of the total life model. These procedures facilitate the second aim of this thesis of validating
the total life concept.

Chapter 10 introduces the final modelling aspects required to achieve the final aim of this thesis, describing
the calculations that facilitate the determination of the fatigue life for the case study. This modelling consists
of the hotspot’s loading determination and the hotspot’s fatigue resistance following the total life model.

Subsequently, the thesis transitions to the presentation of the findings. Starting in Chapter 11, the DIC results
concerning a few reference specimens are discussed to establish and validate the working of the developed
one-step DIC approach and adjusted two-step approach.

Using the established DIC procedures, Chapter 12 presents the outcomes of the DIC analysis for the compact
tension specimens, including a convergence study to determine the required amount of Williams terms.
Furthermore, the crack-tip estimates, SIF estimates and resulting crack growth relation are compared to the
results obtained in previous work through potential drop measurements and analytical formulations. This
comparison allows for determining if the one-step DIC can effectively validate the crack growth model.
Additionally, the loading upon the specimen is investigated by determining the structural stress following the
applied forces and analytical determination. These results are compared to those from the DIC approaches to
validate the applied and measured loading.

Chapter 13 presents the estimations of the parameters within the total life model for the compact tension
specimen and as-welded data. These estimates are important in their contribution toward accurately
determining the case study’s lifetime behaviour, and validating the total life concept. Additionally, comparing
the uncertainty of the data spread following the total life model and the structural hot spot concept provides
an indication of the accuracy improvement.

Following the established parameters, Chapter 14 presents the case study’s results, reaching this thesis’s final
aim. The fatigue lifetime following the total life concept is presented with wave loading based on a rule-based
load case approach and a spectral approach. Besides, the results are compared to the structural hotspot stress
results used according to the Bureau Veritas rules. These results provide valuable insights into the practical
application of the total life model and its use in engineering practice.

The conclusions that can be drawn from the research are discussed in Chapter 15, presented according to the
research question that followed from the literature review.

Lastly, Chapter 16 offers a discussion of the performed research. Additionally, it outlines avenues for potential
future research and development.



I
Literature review

Msc Thesis 5



2. Fatigue models
Fatigue is a governing limit state defining the lifetime of maritime structures. Different models have been
developed over time in order to estimate the fatigue lifetime. This chapter will present an overview of different
concepts, and two concepts will be discussed in more detail. First, the structural hot spot stress concept, a
common engineering concept, will be presented. Secondly, a state-of-the-art total lifetime concept will be
discussed. These concepts serve as the foundation for the overarching goal of this thesis, which is to validate
and implement the total life concept and provide a comparison with the structural hotspot concept.

2.1. Overview
Fatigue assessment concepts can be classified in accordance with den Besten, 2018 along four axes:

• Global or local information

• An intact or cracked geometry

• Stress, strain or energy-based

• Point, line or area/volume based

By taking more information into account, the dissimilarities between different structural details are
incorporated. This reduces the amount of fatigue resistance curves, meaning a broader amount of structural
details fatigue behaviour can be described by the same fatigue curve. This has the benefit that when designing
a new detail, less or no additional experiments have to be conducted. In addition, it allows for more accurate
fatigue life predictions and more possibilities for optimisation. An overview of the different concepts is
presented in Fig. 2.1. Generally, when moving to the right in the figure, more similarities are included.
However, a disadvantage of these models is that the complexity also increases.

Figure 2.1: Fatigue assessment overview (den Besten, 2018)

The fatigue sensitive locations evaluated by these models can be loaded in a variety of ways, which can lead
to different crack-opening modes. Three opening modes are distinguished, as can be seen in Fig 2.2. The first
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two are in plane, and the third is out of plane. Often when using different concepts, only mode-I and mode-II
effects are evaluated, as these are more prevalent in many structures.

Figure 2.2: Crack surface displacement modes (Janssen et al. 2004)

Furthermore, different types of hot spots can be distinguished. This can be important as it can alter the
procedure that needs to be taken within assessment concepts. The classification of the three types of hot spots
in welded structures can be seen in Fig 2.3. Hot spot type A consists of notches at weld ends which develop
cracks through the base plate. Hot spots type B are also located at the weld end but develop cracks over the
full width of the plate, along the weld seam. Hot spot type C, on the contrary, is located along the weld seam
and develops a through-thickness crack in the base plate.

Figure 2.3: Classification of hot spots (den Besten, 2015)

2.2. Hot spot structural stress concept
The structural hot spot concept is commonly used in engineering practices. It is often prescribed by
classification societies (e.g. Bureau Veritas rules: Steelships, Pt B, Ch 10, Sec 1, 4.2.5). It is an intact geometry
concept, and it includes local information about the structural detail. It is a point criteria based upon a
fictitious stress. The additional similarity included in this concept allows for a significant reduction in the
amount of S-N curves to one curve for non-load-carrying joints and one for load-carrying joints. In order to
obtain the structural stress, the stress distribution is linearized through the base plate thickness. This concept
models the force- and moment equilibrium of the actual stress distribution at the notch. It, however, does not
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model the actual geometry of the notch and the size of the components. Several options for this linearisation
exist in literature: Linear surface extrapolation, non-linear surface extrapolation, virtual node below the
surface and through-thickness linearisation.

Linear surface extrapolation makes use makes use of two points. The first point is just outside the notch-
affected region. The second also called the reference point, is located further away. The exact distances are
generally an engineering judgement; however, guidelines are provided by the IIW. In Fig. 2.4, the recommended
distances as provided by the IIW can be seen. In the case of hot spot type B, non-linear surface extrapolation is
generally recommended. This exists out of three points and extrapolates with a quadratic base.

Figure 2.4: Reference points at different types of meshing. Stress type “a” (a, b), type “b” (c, d) (Hobbacher et al. 2016)

The sub-surface virtual node method takes the through-thickness stress value at the transition location from
notch affected to far-field dominated region. This location can be obtained using a FEM solid model and is
generally taken as 10% of the base plate thickness (Xiao & Yamada, 2004).

The last method is through-thickness linearization. This method can either be executed by a shell or solid
finite element model.

In a shell model, the sectional moments and forces can be used to calculate the structural stress in Fig. 2.5
it can be seen how these values are defined at section B-B. The values can then be used in the equation below
to obtain the structural stress in section AA (e.g. the weld) (Dong, 2001).

σs =σm +σb = fx′ t +6(my ′ +δ · fz ′ )t 2 (2.1)
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Figure 2.5: Structural stress procedures for a shell/plate element adjacent to a weld (Dong, 2001)

A similar procedure exists for a solid model. Moment and force equilibrium is exploited in order to define the
structural stress at the weld from nodal forces and moments. In Fig. 2.6, the procedure for a solid model can be
seen. The definition of the equilibrium equations in order to obtain the two structural stress components can
be seen underneath (Dong, 2001).

σm = 1

t

∫ t

0
σx (y) ·d y (2.2)

σm
t 2

2
+σb

t 2

6
=

∫ t

0
σx (y) · y ·d y +δ

∫ t

0
τx y (y) ·d y (2.3)

Figure 2.6: Structural stress procedures for a solid element model adjacent to a weld (Dong, 2001)

Alternatively, the structural stress formulation can be obtained from the nodal forces at the weld (A-A Fig. 2.6).
In which the nodal forces are defined per unit width (Dong et al. 2006).

σs,m =
∑

fx,i

t p
(2.4)

σs,b = 6(
∑

fx,i · yi −σs,m · t p2

2 )

t p2 (2.5)

By obtaining the structural stress in maximum and minimum loading conditions, or the maximum whilst
loaded in the opposite direction, the stress range can be defined (∆σh = σs,max −σs,mi n). This stress range
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functions as the fatigue resistance criteria (Sh =∆σh) which can then be plotted against the number of cycles
resulting in a Basquin-type relationship (S-N curve, N =C ·S−m

h ). However, because this stress range does not
include the local geometry affected self-equilibrating stress, a theoretically infinite amount of fatigue
resistance curves exist. In practice, only two extremes are distinguished. One for the weld load carrying (LC)
cases and one for the non-load carrying cases (NLC). These two cases have a corresponding FAT class, and
usage depends on engineering judgement.

2.3. Total life concept
A two-stage (short and long) crack growth model has been developed in the SCReen project (Palkar, not
published yet); the model is based on the total stress intensity concept (den Besten, 2015). The total stress
concept makes use of a stress-dependent crack growth model. A fatigue resistance parameter can be obtained
by integrating the crack growth model over a representative crack size interval. The resulting concept is a local
cracked geometry stress-based area criteria. In order to make the crack growth model as accurate as possible,
the complete stress description at a hot spot is supposed to be captured. Therefore, these models include
multiple stress contributions that combine to the so-called total stress. Both the new model and the total
stress model include the geometry effects through the stress intensity factor (SIF). In addition, they both
incorporate mean stress effects and notch plasticity. The total life concept improves upon the existing total
stress description by including the threshold stresses and expanding the plasticity effect description. This new
model was tested upon standard compact tension specimens (Fig 2.7). These types of specimens are widely
used in order to determine the fatigue resistance of different materials.

Figure 2.7: Standard Compact Tension specimen (Palkar, not published yet)

Compact tension specimens are generally only loaded in mode-I. Therefore, only the stress distribution and
stress intensity factor of mode-I have to be taken into account in this application of the model.

The formulation of the Stress Intensity factor (SIF) for crack growth at a notch undergoing mode-I loading is
given in equation 2.6. It comprises of a notch-related factor (Eq. 2.7), a far-field related factor (Eq. 2.8), the
structural stress and a notch-angle related factor. The notch factor includes the analytical notch stress
description. This description is dependent on symmetry and different geometric parameters; the further
procedure is equivalent for every type of hot spot. Specific analytical formulations for the notch stress have
been derived for CT specimens. Appropriate analytical functions can be used as a basis and combined with
FEM to obtain the load-carrying factor. The far-field factor has been established parametrically as no
complete analytical solution exists for a CT specimen.
The stress intensity formulation has been validated for all three different types of hot spots (Qin et al. 2021;
Qin et al. 2019).

K I (
a

t p
) =σs

√
t p ·Yn(

a

t p
) ·Y f (

a

t p
) ·

√
π(

a

t p
) (2.6)
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Yn(
a

tp
) = 2
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∫ 1
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a · a
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)/σs√
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r

a
) (2.7)

Y f (
a

tp
) = Y f m − rs (Y f m −Y f b) (2.8)

Cracks only propagate when the stress level at the crack is high enough. For this reason, the two-stage model
of Palkar includes a material-dependent threshold intensity Kth . It is purely material-dependent, and
formulations for it have been developed previously (Tanaka et al. 1981).

∆Kth =∆σth ·
√
π(a +a0) (2.9)

Another critical factor in crack growth is mean stress. In addition, the assumption has been made that the
negative part of the loading cycle does not contribute to the crack growth. These effects have been
Incorporated through the loading response ratio and the loading and response ratio coefficient. Lastly,
plasticity-induced residual stresses are included through plasticity correction factors n1 to n4 . Because, for
fatigue loading, residual stress generated in the previous cycle is present as mean stress in the next cycle
(Palkar, not published). The (1− rl r ) term corrects for the increased mean stress in the notch region. Whilst
the (σm ax/σy ) term corrects for the load dependent size of the plasticity affected region. Including all these
factors leads to the full two-stage model. In which the unknown parameters C, Kth , γ, m and n1 −n4 are only
material dependent and can be obtained by a maximum likelihood estimate (Palkar, not published).

d a

dn
=C ∗

 (Yn +n1 ·Y
n2·(1−rl r )n3 ·( σmax

σy
)n4

n ) ·Y f · (∆σs
p
πa −∆Kth)

(1− rl r )1−γ


m

(2.10)

log(
d a

dn
) = log(C )+m · log

 (Yn +n1 ·Y
n2·(1−rl r )n3 ·( σmax

σy
)n4

n ) ·Y f · (∆σs
p
πa −∆Kth)

(1− rl r )1−γ

 (2.11)

rl r =
σs,mi n

σs,max
(2.12)

γ= p ∀ (rl ≥ 0) (2.13)

γ= 0 ∀ (rl < 0) (2.14)

Due to the inclusion of the plasticity-induced residual stresses, the model is able to predict non-monotonic
behaviour in the initial crack growth stage.

For a fatigue lifetime evaluation, not only the crack growth rate but also the total lifetime is of interest.
Equivalent to the total stress model (den Besten, 2015), this can be done by an integration procedure resulting
in a Basquin-type fatigue resistance relation (Eq. 2.15, 2.16), This model however loses the idea of a threshold
stress. Instead a bi-linear Basquin model, a ordinary random fatigue limit model, a piecewise-continuous bi-
linear random fatigue limit model or a generalised random fatigue limit model can be introduced to capture
this behaviour (Qin et al. 2021) . Important to note here are the integration bounds; these bounds should
not necessarily extend from a crack size of zero to the entire thickness of the material. Firstly, because at a
crack size of zero, the integral shows a singularity. It is generally accepted that an initial defect size exists,
which can vary depending on the material and construction method. For aluminium, it has been found to be
approximately ai

tp
= 6∗10−3, and for steel it is argued to be ai

tp
= 1∗10−3 (Qin et al. 2019). This initial defect size

may include statistical components besides the actual initial crack size due to back-calculation with maximum
likelihood estimations. Another option is to adjust the final crack size to account for statistical effects. This can
be relevant when using a two-stage model, as it does not physically make sense to extend the analysis to the
final crack growth stage if the model does not include this behaviour.
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log(N ) = log(C−1)−m · log(ST ) (2.15)

ST = ∆σs

(1− rl r )1−γ · t
2−m
2m

p · I
1
m

n

(2.16)
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The new crack growth model has currently been validated through the use of potential drop measurements.
However, these measurements do not provide stress/strain field information at the crack tip. Instead, Digital
Image Correlation (DIC) could be used in order to capture the crack tip location (Roux and Hild, 2006), the
corresponding stress intensity factor, the crack tip stress/strain field information and last but not least the
crack growth behaviour.



3. Digital Image Correlation (DIC)
This chapter discusses the Digital Image Correlation (DIC) procedures principles. Providing a framework for
the overarching aim of developing a one-step DIC approach. Following, the distinction between local
(subset-based) and global (FEM-based) DIC approaches is discussed. Furthermore, specific concepts required
for implementing these types of procedures will be presented. While the primary emphasis is placed on the
concepts employed in the FEM-based implementation of Besnard et al. 2006, it is imperative to note that most
of these concepts are widely adopted within the field of DIC. Furthermore, where applicable, some alternative
approaches are highlighted. Subsequently, the different possible kinematic assumptions are examined. Lastly,
the two possible DIC approaches are discussed based on the assumed kinematic basis.

3.1. Principles
Digital image correlation (DIC) is the process used to measure the displacement in an object by comparing
consecutive images of the same object taken at different times or under different loading conditions. One of
the applications is in objects that have experienced deformation due to the application of a certain load.
When one picture has been taken before the load application and one afterwards, DIC can be used to capture
the displacements and their derivatives. This can be used to compute the strain and stress field in the
material.

Before a DIC algorithm can be used the images must be obtained first. This is an important step as it will
significantly influence the DIC performance. Pictures can be captured by stereo set-ups which allow for 3D
information to be captured or just single cameras. Furthermore, the resolution of the picture is essential as it
determines the maximum resolution of the DIC algorithm. However, the resolution is also influenced by the
object of which the picture is taken. Because when matching displacements, there need to be unique features
to match. Therefore, one should be applied artificially when a surface does not have a fine and random
structure. For example, this can be done by airbrushing a random dotted pattern on top of the surface. In Fig.
3.1, underneath an example of a set-up to take pictures for DIC can be seen.

Figure 3.1: Example DIC setup (den Besten, 2015)

In a DIC algorithm, the images are converted into a pure grey scale or must be inserted in such a format. Each
pixel has one value in this format, i.e. its grey-scale value. The pixel values from the two images can then be
compared. However, evaluating the whole picture at once does generally not work because in such case, only
rigid body motions can be measured. On the other hand, single pixels can not be used either because there
are multiple pixels with the same grey scale values. This results in no unique displacement solution existing.
Therefore, pixels are grouped in so-called zones of interest (equivalent: subset, facet, element) to satisfy the
uniqueness requirement.
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Figure 3.2: Example of a zone of interest (ZOI) inside a region of interest (ROI) (Réthoré et al. 2008)

The reference and deformed images are respectively called f(x) and g(x). An simplified diagram illustrating this
process can be seen in Fig. 3.3.

Figure 3.3: Schematic diagram of the basic principle of DIC (Caporossi et al. 2018)

In the method of Besnard et al. 2006 the assumption of conservation of optical flow is made, meaning that
the apparent movement in an image is solely due to actual movement. This assumption could be invalidated
when the applied texture is not random. Because, in such cases, an apparent optical motion could take place.
One example would be a rotating bar with a helix pattern on its surface, as the helix would seem to move
upward whilst it is purely rotating. Another case violating this assumption would be an observed change of
brightness in the pattern. If such a change occurs, it is only possible to match pixel clusters appropriately
if the change is specifically taken into account. Therefore lighting conditions must stay the same between
images. These assumptions generally hold in lab conditions for two-dimensional analysis. The conservation
property in mathematical terms is expressed below. In this description, f represents the original image and g
the deformed image.

g (x) = f [x +u(x)] (3.1)

Assuming that the reference image is differentiable, a first-order Taylor expansion of the optical flow
conservation yields:

g (x) = f (x)+u(x)∗∇ f (x) (3.2)

Various correlation criteria (i.e. similarity measures for f(x+u(x)) and g(x)) exist for DIC: Direct
cross-correlation, zero mean cross-correlation, zero mean sum of squared differences, sum of squared
differences and Parametric Sum of Squared Difference(Pan et al. 2010,Sutton et al. 2009). Maximising the
cross-correlation criteria correspond to the minimisation of an equivalent sum of squared difference criteria.

DCC :
∑

fi gi (3.3)
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Z MCC :
∑

(( fi − f̄ )− (gi − ḡ )) (3.4)

Z MSSD :
∑

(( fi − f̄ )− (gi − ḡ ))2 (3.5)

SSD :
∑

( fi − gi )2 (3.6)

PSSD :
∑

( fi +b − gi )2 (3.7)

In these formulations, f̄ and ḡ the average of the summed subsets ( f̄ = 1
n

∑
fi ). The differences between the

different methods are mainly concerned with computational time and light intensity changes. However, as long
as the optical flow conservation assumption holds, only computational time matters in the procedural choice
Pan et al. 2010. Therefore, implementing the sum of squared differences is logical, as it is the computationally
fastest of the criteria (Pan et al. 2010).

Because of the aforementioned uniqueness requirement, blocks of pixels (ZOI) are compared, and for that
reason, the squared difference needs to be integrated over its area. Incorporating the integration and the image
Taylor expansion results in the formulation to be minimised (Eq. 3.8).

η2 =
∫ ∫

Ω
[u(x)∗∇ f (x)+ f (x)− g (x)]2d x (3.8)

Within the existing procedures, DIC can mainly be divided along four axes. As discussed, based on certain
assumptions and computational speed, different procedures can be chosen.

The first difference is the correlation procedure. The second differentiating factor is the dimension of the
analysis. Two-dimensional DIC is the most accessible as the algorithms are less complex and only require a
single camera. Three-dimensional DIC traditionally requires stereo setups to get a depth of field. Such a stereo
setup consists of two cameras positioned at different angles. A sense of depth and three-dimensional space
can be created by applying a 3D DIC (digital image correlation) algorithm to the images captured by the stereo
setup. This technique is analogous to human depth perception, which relies on the use of two eyes to perceive
the distance of objects in the environment. In Fig. 3.4 a sketch of such a stereo setup can be seen.

Figure 3.4: Stereo setup sketch (Luo et al. 1993)

The main disadvantage of stereo setups is the increase in cost and complexity; however, progress has been
made towards only needing a single camera to capture the 3D field (Wu et al. 2022).
Furthermore, the methods distinguish themselves on the matching area. The ZOI’s can be matched individually
(local DIC) or in a brother framework (Global DIC). The chosen method influences the last difference between
methods, namely the basis functions. The displacements are assumed to behave according to a particular
function. These can be general or special to the situation at hand assumed base functions.

3.2. Local subset-based formulation
Drawing from the principles of the DIC, the most rational implementation strategy would be a subset-based
approach. The subset-based DIC process analyses images in a point-by-point manner to determine the
deformation. At every measurement point, a reference subset (ZOI) is selected, centred around this
measurement point. The counterpart of this subset is then sought for in the deformed image by matching
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with the highest degree of similarity (Wang et al. 2015). When evaluating the correlation criteria (Eq. 3.8), this
means the domain over which the integration takes place is constrained to the subset. This has the advantage
of being able to perform the correlation procedure in parallel (Yang & Bhattacharya, 2019). There exist
multiple ways to solve the correlation procedure, including the Inverse Compositional Gauss-Newton (IC-GN)
scheme (Baker & Matthews, 2004; Besnard et al. 2012; Yang & Bhattacharya, 2019), the Inverse Compositional
Levenberg-Marquardt (IC-LM) scheme (Baker & Matthews, 2004) and FFT based approaches (Grebenyuk &
Ryabukho, 2011).

In subset-based DIC, each subset is analysed independently, without taking into account the relationship
or continuity with other subsets. Therefore, inter-subset continuity is not enforced during the correlation
process. This lack of inter-subset continuity can lead to inaccuracies in the displacement and deformation
measurements, particularly in cases where there are large deformations or non-uniform displacement fields.
This is a significant shortcoming of the subset-based DIC method, as it could result in a lack of continuity and
smoothness in the displacement field and can introduce errors in the measurements (Hild & Roux, 2012;
Wang et al. 2015).

Some techniques have been developed to overcome these limitations, such as filtering the image signal.
This reduces noise and improves accuracy due to the implicit incorporation of information from surrounding
regions (Yang & Bhattacharya, 2019). Alternatively, constraints can also be incorporated to satisfy continuity in
the form of Lagrange multipliers. This divides the problem into two subproblems, one is solved locally, as in
the standard subset approach, and one constitutes of a global updating (Yang & Bhattacharya, 2019).

3.3. Global (Finite element based) formulation
In order to overcome the issues related to subset DIC, a more global approach has been developed. Global or
FEM-based DIC evaluates all the subsets at the same time. It creates an element mesh out the different
subsets. These elements are connected by shared nodes from which elemental shape functions are defined. A
global correlation matrix is established from these elements, allowing for a continuous displacement field
(Fig. 3.5). This approach has been shown to improve accuracy (Hild & Roux, 2012; Yang & Bhattacharya, 2019).
This improvement can be explained by the fact that the individual correlation of the subsets is more
susceptible to local imaging problems, introduces discontinuities that can lead to issues with deformation
gradient calculation and is generally noisier (Yang & Bhattacharya, 2019).

Furthermore, the FEM-like description allows applying the obtained displacements onto a finite element
model to determine the nodal forces and stresses. These forces and stresses can be used to obtain an
estimation of the applied loading. The FEM-based DIC analysis also allows for the post-processing steps
commonly employed in FEM. For example, path-independent integrals can be calculated to determine stress
intensity values (SIF) due to the enforced continuity (Barhli et al. 2017; Bower, 2009).

Figure 3.5: Comparison between local (subset-based) and Global (Fem based) DIC (Yang & Bhattacharya, 2019)

The general DIC principles have been explained in section 3.1. The implementation of a FEM-based DIC
procedure requires some additional concepts. The concepts Besnard et al. 2006 makes use of are discussed in
the sections below, as well as some alternatives for these specific implementations. Some of the implemented
concepts are optional based on the type of images considered.



3.3. Global (Finite element based) formulation 17

3.3.1. Elements
Essential for a FEM-based DIC approach is the chosen element base. In the implementation of Besnard et
al. 2006, Q4P1 elements are chosen to function as the displacement field base functions. These elements are
quadrilaterals consisting of 4 nodes at their corner points. These types of elements are a logical choice in the
case of DIC due to the rectangular nature of pixels, as well it allows for easy comparison with FEA models
(Besnard et al. 2006). A representation of such an element and its shape function can be seen Fig. 3.6.

Figure 3.6: Q4P1 element and shape function of node 1 (Zienkiewicz & Taylor, 2000)

The sizing of these elements is set to encompass the defined ZOI size. With this element formulation, the
displacement field within an element can be constructed as a summation of shape functions and respective
amplitudes (Eq. 3.9). In this specific formulation, there exist a total of eight amplitudes, which are dependent
on the chosen basis. Two amplitudes per elemental node for both the x and y directions.

ue (x) =
4∑

n=1

∑
α

ae
αn Nn(x)eα (3.9)

The elemental displacement description can be utilised in the correlation criteria (Eq. 3.8). However, in order
to calculate the quadratic difference for the whole image, a summation over the elements is required.

η2 =∑
e

∫ ∫
Ω

[∑
α,n

ae
αn Nn(x)∇ f (x).eα+ f (x)− g (x)

]2

d x (3.10)

In this formulation, ∇ f .eα denotes the directional derivative, which follows from the directionality present in
the displacement formulation (Eq. 3.9). In order to obtain the displacements, this function needs to be
minimised, which corresponds to setting the derivative with respect to the objective (i.e. the sought for
amplitudes) equal to zero. Rewriting this results in a linear system, where the solutions are the amplitudes of
the element displacements.∑

β,m
ae
β,m

∫ ∫
Ωe

[Nm(x)Nn(x)∂α f (x)∂β f (x)]d x =
∫ ∫

Ωe

[g (x)− f (x)]Nn(x)∂α f (x)d x (3.11)

Ma = b (3.12)

The individual components of the matrices to be solved can be formulated as in equations 3.13 and 3.14. In
which the index e represents the element, subscripts n and m represent the row and column and α and β the
direction.

Me
αnβm =

∫ ∫
Ωe

[Nm(x)Nn(x)∂α f (x)∂β f (x)]d x (3.13)

be
αn =

∫ ∫
Ωe

[g (x)− f (x)]Nn(x)∂α f (x)d x (3.14)

Due to the random nature of the evaluated texture, standard FEA integration schemes (e.g. Gauss integration)
can not be used. For this reason, a Riemann sum needs to suffice instead (Besnard et al. 2006). The inside of
the integrals are calculated for each pixel within an element, after which they are summed up to result in the
element contribution.
Independent of the chosen base functions, an issue arises in the M-matrix. Because the role played by images f
and g is symmetric and up to second-order terms, exchanging them simply leads to a change of sign. This is due
to the Taylor approximation of the deformed image in Eq. 3.2, as the original image could also be formulated
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as the deformed image minus the deformation. In order to compensate for variations of the texture and to
cancel the first-order induced error in u, the original image f(x) can be substituted by the average of the original
and deformed image (f(x)+g(x))/2 Besnard et al. 2006. This substitution does not have to be done for the b-
elemental description, as the same issue doe not occur here. This makes the estimate of the displacement field
more stable and accurate. The downside is the increased computation time to establish the element matrices.

3.3.2. Masking
In case an object does not cover the entire image, masking is required. Because the DIC algorithm requires
uniqueness for it to match the pixels. Therefore, parts outside any object should be masked away. In case
proper lighting conditions are in place, an automated masking procedure can be used in order to mask away
the background based on the high contrast. This procedure could be beneficial in the case of odd-shaped
structures where manual masking can prove to be complicated. Especially in these cases, it is important for the
masking procedure to maintain the original coordinates of the region in order to see the effects in the bigger
picture. Masking can also be used to speed up computation time; if the region of interest for the displacement
field is not the entire object, the additional area can be masked. In fatigue experiments, masking can also be
used to separate the object into different sections in order to capture information relevant to these sections.
The two areas of Interest at a hot spot location are the notch-affected region and the far field region (Fig. 3.7).

Figure 3.7: Respective notch and far field region

3.3.3. Fourier transform
The Fourier transform is the mathematical technique used to decompose a function into its individual
frequency components. A signal is transformed into a rotating signal in the complex plane by multiplying it
with an exponential (Maljar & Stopjaková, 2021). Where its radius describes the magnitude of the original
signal, and the angle relates to its original coordinate or phase angle. However, in the transformation from
coordinate to angle, a frequency is introduced in the power of the exponent and can be arbitrarily chosen. By
integrating the transformed function, the apparent centre of mass in this complex plane can be found. For an
arbitrarily chosen transformation frequency, the centre of mass is typically close to zero (Fig. 3.8 left).
However, when the introduced frequency reaches the frequency of the non-transformed signal with respect to
the non-transformed coordinate, it deviates from zero (Fig. 3.8 right). The Fourier transform is this deviation
of the centre of mass as a function of the transformation frequency, meaning a peak in this function
represents a frequency which is present in the original signal. Additionally, when the signal is not centred
around zero, initial peaks may appear before the signal stabilises (Fig. 3.9).
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Figure 3.8: Rotating signal of cos(6π · t )+1 at rotating frequency at 1 Hz (left) and at 3 Hz (right)

Figure 3.9: Real part center of mass as function of rotating frequency

The above description implicitly assumes a continuous function. However, a discrete formulation of the
Fourier transform can also be used. In such a case, a summation is evaluated rather than an integral. The
amount of frequency components that can be evaluated depends on the sampling frequency and the number
of sampling points. This reinforces the idea that DIC requires a minimum ZOI size for evaluation if this
concept is used. A problem that arises is that frequency components appear twice, once as their real one and
once as a higher-order frequency. In addition, both components appear with half of the actual magnitude.
However, this can easily be solved by eliminating all components above the Nyquist limit, which is the
sampling frequency divided by two, and doubling all magnitudes below this limit. These magnitudes can then
be normalised by the number of sampling points. In the applications of the DFT in DIC, the inverse of the
Fourier transform is always taken afterwards, meaning no correction is needed. Various algorithms have been
developed to more efficiently calculate the DFT to improve computational speed. The most widely used
method is the Fast Fourier Transform (FFT), which reduces the complexity of computing the DFT from O(N 2)
to O(N log N ) by factorizing the DFT matrix into a product of sparse factors (Van Loan, 1992).
When comparing two images, the pixels in the images may not line up precisely with each other. This can lead
to errors in the measurements of displacement and deformation. Subpixel interpolation allows for matching
of the grey scales inbetween pixels, leading to a more precise displacement measurement.

One way to perform subpixel interpolation is by using the fast Fourier transform (FFT) (Besnard et al. 2006).
As mentioned earlier, the FFT decomposes a signal into its constituent frequencies. By applying the FFT to a
grid of pixels in an image, we can obtain the decomposition of the image into a series of sines and cosines.
This allows us to accurately represent the positions of the pixels in the spectral domain, which can then be
translated without losing precision. The inverse Fourier transform can then be used to transform the modified
spectral representation back into the spatial domain, resulting in a new image with interpolated values.
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The formulation for the translation is given below (Bracewell & Bracewell, 1986). In which the ω represents
the frequency and k is the subpixel displacement.

x(n −k)
FT←→ e− jωk X (ω) (3.15)

In the quadratic difference formulation, it is also required to calculate the gradient of the reference image. This
can be solved by using the differential property of the Fourier transform in the spectral domain (Bracewell &
Bracewell, 1986).

d

d t
x(t )

FT←→ jω ·X (ω) (3.16)

3.3.4. Multi-scale procedure
The implementation of Besnard et al. 2006 makes use of a multi-scale procedure. This approach is used
because the derivatives require the displacement to be relatively small in comparison to the ZOI size. The
idea, therefore is to start at a coarser scale with so-called super-pixels. The grey levels of the pixels contained
in each super-pixel are averaged in order to obtain a single super-pixel value. These super-pixels are a size 2n

longer and wider. This means that when the ZOI is consists out of 16 by 16 pixels square, it covers a
significantly larger area. Following, the displacements are calculated for this coarser image. Afterwards, the
resolution is increased with the previously determined displacements already taken into account.

Within this iteration procedure, another iteration procedure is implemented. This convergence procedure
determines the displacements within a certain resolution scale. In order to reduce computation time, an initial
mean displacement guess is made. This can be done computationally fast by exploiting an additional Fourier
transform property. This is done by maximising the cross-correlation function for each pixel of the ROI in the
spectral domain (Hild et al. 2002; Lewis, 2001). The formulation of the cross-correlation in the spectral domain
follows from Bracewell and Bracewell, 1986, in which the bar represents the complex conjugate, the capitals
the Fourier transform and F the Fourier transform operator.

f ⋆ g =F [F̄ (υ)G(υ)] (3.17)

In each iteration, the deformed image g(x) is updated with the previously calculated displacement. The
iteration process is continued until the displacement changes by less than a predetermined threshold. These
convergence steps are necessary because the sub-pixel interpolation relies on the results of the previous
iteration. For instance, consider a pixel cluster that is believed to have moved one and a half pixels. In the next
iteration, sub-pixel interpolation is used to estimate the grey level of the image at the half-pixel displacement.
If the estimated grey level does not perfectly match the actual value, the displacement may need to be slightly
adjusted in order to achieve the best fit.

3.3.5. Edge blurring
Images have a finite domain represented by the number of pixels. However, when the image is transformed
into the spectral domain using a Fourier transformation, it is represented as a combination of sines and
cosines with an infinite domain. This can cause issues at the edges of the image because the Fourier transform
assumes that the image repeats infinitely in all directions. When the opposite edges of the image do not
match, the Fourier transform tries to align them by introducing oscillations near the edges. To address this
issue, several methods can be used. In the method of Besnard et al. 2006 the pixel values of opposite edges are
averaged in order to prevent large discontinuities. In addition, each element is enlarged to a size that is an
integer power of two, including a frame around each element. The enlarged element is used for determining
the subpixel interpolation and the gradient calculations. Because these are the processes in which the Fast
Fourier Transform (FFT) was applied. After these calculations, the original element is cut out of the enlarged
zone again, removing the region where the most significant edge effects occur altogether.

Alternative methods to limit these effects could also be used. For example windowing, (Hild et al. 2002)
which is the process of selecting a selected part of the grey scale range and stretching that range two cover the
entire available range. In this way, extremes should be windowed out, resulting in less excessive fluctuations.

Another possibility is neutral padding (Bergonnier et al. 2007). In this process, the image is embedded in
a larger frame. The difference between the two is the domain which is used to implement the periodicity. In
order not to introduce additional information that may perturb the image, the high-frequency components in
Fourier space are set to zero. The number of modes is chosen to be equal to the difference in the size of the
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frame and original image in order to have a uniquely defined problem. The solution to this problem can be
formulated as a linear system. However, due to it being partly formulated in real space and partly in Fourier
space, an exact solution is difficult to obtain. Instead, approximate solutions can be found with an iterative
scheme.

Alternatively, a symmetrization procedure can be used (Volkov et al. 2002). This method extends the image
also beyond its original borders. It does this in a symmetrical way which satisfies the transport of intensity
equation. An even symmetric extension of the original image proved to suffice and be the most effective (Volkov
et al. 2002).

Figure 3.10: Even (a) and odd (b) symmetrization (Volkov et al. 2002)

Lastly, there is also the possibility of linear trend removal (Ravandi & Toriumi, 1995). In this procedure, linear
trends over the whole domain are removed from the data, which can be induced in the correlation procedure.
Edge blurring is, however, easily implemented and robust (Besnard et al. 2006).

3.3.6. Strain fields
From the obtained displacement field, a strain field can be calculated. The strain field is of importance because
it is required in order to determine the SIF. There are different methods for obtaining the strain values.

One such method is Infinitesimal strain. Infinitesimal normal strains are simply defined by the gradients of
the displacement into their respective direction.

ϵxx = ∂u

∂x
, ϵy y = ∂v

∂y
, ϵzz = ∂w

∂z
(3.18)

Shear strains can be obtained by taking the gradients with respect to the displacements orthogonal direction,
as can be seen in the formulations below.

ϵx y = ϵy x = 1

2
(
∂u

∂y
+ ∂v

∂x
) , ϵy z = ϵz y = 1

2
(
∂v

∂z
+ ∂w

∂y
) , ϵzx = ϵxz = 1

2
(
∂w

∂x
+ ∂u

∂z
) (3.19)

However, this strain formulation only holds for relatively small strains. If it does not hold, the finite strains can
be calculated. There exist multiple formulations for this: nominal, green-Lagrange and logarithmic strain (Hild
& Roux, 2008).

If the strain can be considered small is mainly based upon two factors, namely the material elasticity and
the deformation region (Oertel, 1996). Deformation in extremely elastic materials (e.g. rubbers) is generally too
big to use the infinitesimal strain approximation. In metals, this is generally not the case; however, when plastic
deformation occurs, the deformation could exceed the validity range. In fatigue crack growth, the plasticity area
is of limited size in front of the crack tip, and the application of infinitesimal strains can be argued.

3.3.7. Implementation overview
In Fig. 3.11, a schematic overview of the implementation of Q4 DIC is given (Besnard et al. 2006). Only the main
code to determine the displacements is shown. The pre-processing possibilities and visualisation possibilities
are not shown. However, these steps take place respectively before and after the shown procedure. It is an
iterative process with multiple layers. Each layer is represented by a colour, where the darkest is the highest
iteration level. The white blocks represent the steps before and after iteration. The element iteration is repeated
until all elements in the ROI are taken into account. On the contrary, the higher-level iteration schemes are
performed until a specific condition is satisfied. The convergence criterion is embedded into the code, whilst
the coarsening is defined as user input.
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Figure 3.11: Q4P1 DIC code overview

3.4. Kinematic basis functions
In order to relate displacements or stresses over a domain, kinematic basis functions are required. Dependent
on the DIC approach and the analysed situation, different kinematic base functions have to be assumed. The
formulations can be divided into general polynomial formulations and special situation-dependent
formulations.

3.4.1. General polynomial formulations
General polynomial formulations are common in most DIC procedures. These functions are not related to
specific kinematics and therefore are applicable in a wide range of situations. However, these functions can
not inherently be exactly matched to the evaluated displacement field. To address this limitation, a general
polynomial function should be applied to a small domain where lower-order terms can accurately
approximate the kinematics, or additional higher-order terms should be taken into account. However, due to
the required size for accurate correlation, the reduction of element size is bounded. This introduces a
trade-off between spatial resolution and accuracy of the displacement field. In the case of the subset-based
DIC approach, the domain such a function should cover is the subset (ZOI). In this case, the functions are
typically linear combinations of monomials (Eq. 3.20). The amplitudes corresponding to respective
monomials can be physically interpreted as the local translation, rotation and strains dependent on their
monomials order (Xu et al. 2015).

u(x, y) =C0 +C1 ∗x +C2 ∗ y +C3 ∗x2 +C4 ∗x ∗ y + ..... (3.20)

In finite element based DIC approaches, a Lagrangian basis is used (Eq. 3.21). These functions are one on their
corresponding node and zero at all other nodes of the element. Analogous to FEM, the possible order of the
shape functions is dependent on the chosen element type (Zienkiewicz & Taylor, 2000) because the number
of nodes determines the possible order of the shape functions. Commonly used in DIC are cubic spline (Eq.
3.23) and linear functions (Eq. 3.22). These functions describe the shape function corresponding to node (j,k).
The elemental displacement description (Eq.3.9) is constructed by summing the shape functions with their
respective amplitudes. In order to ensure the Lagrangian properties, elements used with these formulations
are generally normalised such that the elements x and y coordinates are in the [0,1] domain. In the case of
Q4P1 elements (Besnard et al. 2006), this results in a relatively simple linear description (Eq. 3.24).
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Ln, j (x) =
n∏

i=0,i ̸= j

x −xi

x j −xi
(3.21)

L1, j ,k (x, y) =
1∏

i=0,i ̸= j

x −xi

x j −xi
·

1∏
q=0,q ̸=k

y − yq

yk − yq
(3.22)

L3, j ,k (x, y) =
3∏

i=0,i ̸= j

x −xi

x j −xi
·

3∏
q=0,q ̸=k

y − yq

yk − yq
(3.23)

u(x, y) =C1 ∗ (1−x)+C2 ∗ (1− y)+C3 ∗x(1− y)+C4 ∗ (1−x)y (3.24)

3.4.2. Special formulations
Instead of a generally applicable kinematic basis, the analytical formulation of the actual kinematics can be
used as well. These types of special formulations are case-dependent, as geometry and loading affect the stress
and displacement field. The displacement functions are mainly derived from the airy stress functions on a
case-by-case basis. These types of functions are defined over the whole region of interest and can therefore be
effectively used in global approaches. In simple cases, the stress distribution is often merely a combination of
a membrane and a bending component. Therefore, a linear airy function can often be assumed (Eq. 3.26).

ϕ=C22 y2 +C33 y3 (3.25)

σxx = ∂2ϕ

∂y2 = 2C22 +6C33 y (3.26)

σy y = ∂2ϕ

∂x2 = 0 (3.27)

σx y =−∂
2ϕ

∂y2 = 0 (3.28)

Because DIC is a surface measurement tool, a plane stress condition can be assumed for the observed field.
In order to map the stress function onto the displacements, the stress-strain relation needs to be established.
Using Hooke’s law leads to the following stress-strain relation.

ϵxx = (κ+1)σxx − (3−κ)σy y

8G
= (κ+1)(6C33 y +2C22

8G
(3.29)

ϵy y =− (κ+1)σy y − (3−κ)σxx

8G
=− (3−κ)(6C33 y +2C22

8G
(3.30)

ϵx y = σx y

2G
= 0 (3.31)

κ= 3−ν
1+ν Kolosov’s constant (3.32)

Following the stress-strain relation, the strains can be related to the displacement. As discussed in section
3.3.6, the use of infinitesimal strain is not necessarily valid. However, plasticity should not be reached in the
far-field region, meaning the small strain approach can be used. By making use of these relations, the final
displacement description can be reached.

u(z) = ux + i ·uy (3.33)

=∑
k

CkΨk

=Cx +Cy · i +Cr · (i x − y)+
C22

G
· 2(κ+1)x −2(3−κ)i y

8
+

C33

G
· −3(κ+1)i x2 +6(κ+1)x y −3(3−κ)i y2

8
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In the case of fatigue assessment, situations with a more complex stress distribution are of more interest for
analysis. In case of a sharp notch, the Williams (Williams, 1952) V-shaped notch stress should be included. In
addition, terms of the general Michell solution in Polar coordinates (Barber & Klarbring, 2003) can be added to
include the weld load carrying stress (den Besten, 2015).

ϕ= rλ+1 · [C1 cos((λ+1)θ)+C2 cos((λ−1)θ)+ (3.34)

C3 sin((λ+1)θ)+C4 sin((λ−1)θ)]+
A11r 3 cos(θ)+B22r 3 sin(θ)

Assuming linear elasticity, the displacement description can be derived in a similar manner as the linear airy
stress function. The resulting description is written as a complex function in polar coordinates with
eigenvalues λs and λa and their coefficients χs , χa . These eigenvalues correspond to the non-trivial solution
of the eigenvalue problems for the symmetric and anti-symmetric parts of the airy stress function when
inserting the boundary conditions and are dependent on the half-notch angle α (den Besten, 2015).

u(z) =Cx +Cy · i +Cr · i (r ·e iθ)+ (3.35)

(
K N

I

G
) · rλs

2(2π)1−λsλs (λs +1)(χs −1)
·

(χsκ ·e iλsθ−χsλs ·e−i (λs−2)θ+ (λs +1) ·e−iλsθ)+

(
K N

I I

G
) · i · rλa

2(2π)1−λaλa(χa(λa −1)− (λs +1))
·

(χaκ ·e iλaθ+χaλa ·e−i (λa−2)θ− (λa +1) ·e−iλaθ)+

(
A11

G
) · κ ·e i 2θ−2

2
· r 2 + (

B22

G
) · i · κ ·e−i 2θ−2

2
· r 2

Where κ is Kolosov’s constant as defined in equation 3.32, as the plane stress assumption still holds. G is
defined as the shear modulus and is in some literature written as the Lamé’s modulus (µ) (Mathieu et al.
2012). Similarly, the relations for a blunt notch can be derived (den Besten, 2015). In this description, some
additional parameters are introduced due to the origin location, as shown in Fig. 3.12.

Figure 3.12: Blunt notch parameters (den Besten, 2015)
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u(z) =Cx +Cy · i +Cr · i (r ′′ ·e iθ)+ (3.36)

(
K N

I

G
) · 1

2(2π)1−λsλs (λs +1)(χs −1)
·

((r ′′)λs (χsκ ·e iλsθ−χsλs ·e−i (λs−2)θ+ (λs +1) ·e−iλsθ)+

rλs−ζs
0 ·

2α
π

4( 2α
π −1)

· (
λs

ζs
)·

(r ′′)ζs (−ωs2κ ·e iζsθ+ωs2ζs ·e−i (ζs−2)θ+ωs1 ·e−iζsθ))+

(
K N

I I

G
) · i · 1

2(2π)1−λaλa(χa(λa −1)− (λs +1))
·
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0 · 1
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· (
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(
A11

G
) · κ ·e i 2θ−2

2
· r 2 + (
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G
) · i · κ ·e−i 2θ−2

2
· r 2

If a crack is present, a stress distribution based upon an infinitely sharp v-notch can be adopted. This
description can again be rewritten into a displacement field description with the use of the linear elasticity
and small strain assumption. This results in the asymptotic Williams series solution (Williams, 1957), a sharp
crack formulation. Assuming an initial crack size always exists, as is the case in arc welded joints, the
description can already be used for pictures with no visible crack formation. This description can be
formulated as a truncated series in complex coordinates. (den Besten, 2015; Mathieu et al. 2012; Roux & Hild,
2006).

u(z) =∑
n

[ωnΩn(z)+υnΥn(z)] (3.37)

Ωn(z) = (−1)(1−n)/2

2G
p

2π
r n/2[κe

i nθ
2 − n

2
e

i (4−n)θ
2 (3.38)

+((−1)n + n

2
)e−

i nθ
2 ]

Υn(z) = i (−1)(1−n)/2

2G
p

2π
r n/2[κe

i nθ
2 + n

2
e

i (4−n)θ
2 (3.39)

+((−1)n − n

2
)e−

i nθ
2 ]

3.5. Two-step approach
The described kinematic basis function can be incorporated into DIC in different ways. In standard DIC
procedures, this is commonly done in the form of a two-step procedure (den Besten, 2015; Roux & Hild, 2006).
In such a procedure, a simple and robust basis is incorporated in the determination of the displacements.
This allows for a situation-independent procedure that can be commercially distributed and allows for use
without a deeper understanding of the underlying DIC procedure. However, these procedures do not directly
provide stress field related information. In order to obtain these, a situation-specific procedure has to be
adopted. The general idea is to map one of the earlier described special basis on the obtained displacements.
This can be implemented in the form of minimising the squared difference in order to obtain the amplitudes
of the special kinematic basis.

3.6. One-step approach
In contrast with the two-step procedure, it is also possible to immediately incorporate special basis functions
in the DIC procedure. This would remove the extra assumption layer, which should improve the accuracy,
especially in the crack tip region due to the discontinuities. In addition, it would also remove the need for
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the post-processing step, as the fatigue relevant parameters would be a direct result of the DIC (Vargas et al.
2016). Intuitively, it also seems to be removing a redundant step in the procedure, as now a displacement basis
is assumed only once. However, because of the case dependency of the different functions, it is not logical
to implement commercially, and for individual use, it requires a deeper understanding of the procedure to
implement.

3.7. Alternative approaches
Alternative DIC procedures and alternatives to DIC altogether have also been developed, for example,
calculating the strains with reverse optical flow and obtaining 3D displacement fields in this way (El-Awady et
al. 2023). The benefit of such methods is that it is completely non-invasive and three-dimensional. However,
fatigue specimens are for one-time use, and the application of the speckle pattern does not alter the results.
Therefore, being slightly invasive is not a concern. In some instances, the extra dimension could be used to
investigate out-of-plane behaviour as occurs in mode three crack surface displacement. Another more
common method for obtaining an additional dimension in a 3D image is, as mentioned in the previous
section, through the use of a stereo setup (Luo et al. 1993).
Other alternatives to DIC are neural networks and FEM-based solutions. While neural networks can be trained
to determine crack locations and stress intensity factors (Chen & Liu, 2022; Long et al. 2021), checking the
reliability of their outcomes and the training of the model can only be performed by using DIC or another
evaluation method. This makes neural networks a "black box" whose underlying physics is not interpretable,
making them less useful for research purposes. Instead, their main application lies in the industry (Long et
al. 2021), where they may be used as a continuous monitoring method. It is worth noting that, at its core,
this method is still an image correlation procedure, with the correlation algorithm incorporated into the neural
network.

Finite element methods (FEM) (Elguedj et al. 2018; Zi & Belytschko, 2003) and boundary element methods
(BEM) (Cisilino & Aliabadi, 1997) are numerical techniques that can be used to model the fracture process and
compare the results with experimental data. However, these methods are numerical models and do not directly
incorporate experimental data, requiring validation through experiments. As such, digital image correlation
(DIC), which makes use of experimental data, is the preferred approach.



4. Texture quality
As discussed in Chapter 3, it is imperative that the images subjected to Digital Image Correlation (DIC) have a
finely detailed, random pattern and are adequately illuminated. In this chapter, the required pre-processing
steps are presented to assess image quality and determine specific parameters (the ZOI/subset size). This
pre-processing mitigates a potential reduction in the precision and accuracy of the following DIC analysis.

First, in order to evaluate the quality of the pictures, some texture analysis can be performed. A greyscale
histogram can point out image saturation problems. It is preferable to have a wide grey scale range, which is in
line with the ability of the used camera (Besnard et al. 2006).

Figure 4.1: Typical speckle pattern and grey level distribution (Besnard et al. 2006)

Because of the random pattern, the greyscale distribution for each subset or element will be unique. In order to
determine if there are enough gradients to accurately determine the displacements, the grey scale fluctuations
can be evaluated. Each ZOI is characterised by the standard deviation of its own grey level. Following, this
value is averaged over all ZOIs and normalised by the maximum grey level of the image. The obtained value
should be greater than 1% of the total grey scale. Instead of evaluating the mean of all ZOIs, it is also possible
to evaluate the minimum. Comparing different ZOI sizes gives a first indication of its required size. In Fig. 4.2,
it can be seen that the mean fluctuations satisfy this criterion for every size. However, the ZOI size needs to be
at least 16 in order to suffice for every single ZOI.

Msc Thesis 27
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Figure 4.2: Typical Minimum and mean relative RMS fluctuations as functions of the element size (Besnard et al. 2006)

The correlation radii of the image texture are another important feature that can be used to evaluate the quality
of an image for use in DIC. These radii provide information about the isotropy and size of the texture, which can
be used to determine whether small-scale details in the image are likely to be accurately captured by the DIC
process. It is generally desirable for the correlation radii to be as small as possible, as this can help to ensure
that the texture’s grey level distribution is unique and well-defined. As a practical guideline, the correlation
radii should be no more than 25% of the subset size in order to achieve good results (Besnard et al. 2006).

To estimate the correlation radii, a parabolic interpolation of the image’s auto-correlation function can be
performed at the centre of the subset, taking into account only the eight neighbouring pixels (den Besten, 2015).
This process results in the correlation radii being the principal axis lengths of an ellipse in the (x,y) direction
of the autocorrelation. The ratio of the two correlation radii values can be used as a measure of the texture’s
anisotropy. In Fig. 4.3, it can be seen that the correlation radii are only small enough for a subset size of 21
pixels or larger.

Figure 4.3: typical correlation radii (den Besten, 2015)



5. Far field region analysis
For a full fatigue analysis, both the fatigue-sensitive location and the far field region need to be taken into
account. The far-field stress distribution is required in order to obtain the SIF-related far-field information
(σs ,rl ,rs ). In standard DIC procedures, this is commonly done in the form of a two-step approach (den Besten,
2015; Roux & Hild, 2006). However, a one-step approach has also been developed (Vargas et al. 2016). In this
chapter, the far-field analysis with a general kinematic basis and a special basis assumption will be discussed.

5.1. General basis
In a two-step procedure, the analysis starts with a general basis. The far-field region is not directly affected by
the notch-induced stress concentration. Therefore, cracks will generally not form in this region, and no stress
singularities or displacement jumps will occur. For this reason, a subset-based or FEM-based DIC procedure
can be used without additional problems. These procedures make use of general polynomial basis functions
(3.4.1), leading to a discrete displacement field. With a small strain assumption and Hooke’s law, a discrete
stress field can be obtained. However, for further analysis, global stress field parameters are required, which
require a continuous stress field description.

5.2. Special basis
If a general basis has been used, further steps have to be taken in order to obtain the stress distribution.
Through the mapping of an appropriate special base function (Eq. 3.33) on the earlier obtained
displacements, a continuous stress field description can be obtained. The unknowns in such a procedure are
the coefficients of the special basis functions. The coefficients can be obtained by minimising the squared
difference between the two displacement descriptions(Roux & Hild, 2006), where N is the amount of
measured displacement points.

N∑
i=1

||u(z)−∑
k

CkΨk ||2 (5.1)

This minimisation can be converted to solving a linear system. However, due to the proprieties of the
displacement function, an inverse can not be calculated. Therefore, the linear system resulting in the stress
distribution includes the pseudo inverse (den Besten, 2015). Resulting in a formulation to determine the most
likely coefficient matrix.

C =Ψ−1
pseudou(z) (5.2)

In Fig. 5.1, a typical displacement field before and after post-processing can be seen. The shown displacements
are in the x direction and are given in the unit of pixels.

Figure 5.1: typical far field displacement field in x direction. Obtained directly from DIC (left) and after post-processing (right)
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The coefficients of the displacement field directly relate to coefficients in the stress field due to the derivation
of these fields. Obtaining the relevant far-field parameters.

The far-field stress distribution can also be directly integrated into the DIC procedure, resulting in a one-step
procedure. Firstly, the five terms of the displacement basis corresponding to the linear stress distribution can
be mapped on the region of interest. This can be done by defining each term over the entire ROI. Following,
each can be assigned an amplitude operator for which the correlation criteria can be solved by the same general
procedure as in a two-step approach. From this result, five amplitudes, of which two directly correspond to the
stress distribution coefficients.



6. Notch region analysis
The notch region is of the upmost importance for fatigue analysis, as a notch introduces a macro stress
concentration making it a fatigue hot spot. The stress distribution in this region is more complicated when
compared to the far-field, meaning a linear stress distribution can no longer be assumed. In addition, the
stress concentration means that cracks can start to form at these locations, which alters the stress distribution
in their own respect. Similar to the far field region, the analysis can be performed in the form of a two- or a
one-step approach. In this chapter, it will be discussed how to obtain the crack tip location and the relevant
stress field parameters in case of a general basis and special basis assumption.

6.1. General basis
The first step in a two-step approach for analysing the notch region using DIC is similar to the equivalent step
in far-field region analysis. A general polynomial basis is used in a subset or FEM-based DIC approach in order
to measure the deformation and strain fields.

6.1.1. Crack effects
However, one of the primary challenges of FEM-based DIC in the presence of cracks is the enforcement of
displacement continuity over the Region of Interest (ROI). The displacement continuity assumption is violated
when a crack forms in the ROI, resulting in a displacement jump over the crack flanks. Because of the enforced
continuity, the displacement is averaged over the crack region. This inconsistency can lead to inaccuracies in
the measured displacement fields and, therefore, in the resulting strain and stress fields (Yang & Bhattacharya,
2019).

To overcome these challenges, various techniques have been proposed, such as masking of the direct
crack region, crack-tip enrichment, and special kinematic basis (Mathieu et al. 2012). The masking technique
involves manually disconnecting the elements in the direct crack region, which can effectively account for the
discontinuity in displacement due to crack formation. The crack-tip enrichment method involves using
specialized enrichment functions to model the crack-tip region (Roux-Langlois et al. 2015), improving the
accuracy of the strain fields. The special kinematic basis is a theoretical framework that can model complex
deformation fields, including those present in the notch region, and provide more accurate strain
measurements.

6.1.2. SIF calculation
After displacements have been determined on a general basis, further calculations are required in order to
obtain the relevant stress field information. There exist three main possibilities, of which two are also used in
FEM-based procedures.

The first of these approaches requires a special type of mesh. The solid near the crack tip must be meshed
with quadratic elements (eight-noded quadrilaterals or six-noded triangles). The elements connected to the
crack tip must be quadrilateral. One side of each element connected to the crack tip is collapsed to make
the three nodes on the side coincident. The mid-side nodes on the elements connected to the crack tip are
shifted to one-quarter point positions. If the coincident nodes are permitted to move independently, an r−1

singularity in strain is produced, which is required to prescribe the crack tip plasticity. The obtained stress can
then be used in the SIF formulation (Bower, 2009).
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Figure 6.1: Element mesh near a crack tip (Bower, 2009)

K I = lim
x→0

p
2πrσθθ(r,θ = 0) (6.1)

Alternatively, the energy release rate can be used to calculate the SIF (Bower, 2009). This procedure has the
advantage that it is an path independent contour integral and therefore does not require information directly
at the crack tip. Instead, more accurate stresses farther away can be used.

K I =
√

GE

1−ν2 (6.2)

G =
∫
Γ

(W δ j 1 −σi j
∂ui

∂x1
)m j d s (6.3)

In the formulation of the release energy, W is the strain energy density, σi j is the stress field, ui is the
displacement field, mi is a unit vector normal to Γ, and the e1 basis vector is parallel to the direction of crack
propagation. In the case of an elastic material in a quasi-static loading condition, G reduces to Rice’s J Integral
(Rice, 1968).

Figure 6.2: Element mesh near a crack tip (Bower, 2009)

The last procedure makes use of a special basis to map the displacements on. A relevant kinematic field is
mapped on the obtained displacement to get a full field description. This procedure is similar to the far field
analysis (Eq. 5.1), but a different basis has to be assumed. In case no crack has formed, different functions can
be chosen based on blunt or sharp notch (Eq. 3.36, 3.35). (den Besten, 2015; Williams, 1952). Assuming a crack
is present, a stress distribution based upon an infinitely sharp v-notch can be adopted (Williams, 1957). This
results in the asymptotic truncated series solution (Eq. 3.37,3.38,3.39).

Different terms in the truncated Williams series have a different physical interpretations. Their
corresponding amplitudes (ωn ,υn) are the stress field related parameters sought for. The zero-order term
corresponds to rigid body motions. The first-order term corresponds to the mode 1 and mode 2 SIF, and the
second-order terms correspond to the T-stresses. Higher-order terms might also be included, but these have
less of a direct physical interpretation. In addition, also negative values could be used as these so-called
supersingular terms take non-linearities into account.
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6.1.3. Crack tip location identification
When a general basis is used in the analysis, the crack tip region is still unknown. Similar to the SIF, it can be
obtained by mapping a special basis on the obtained displacement field. The truncated Williams series has
the crack tip defined as its origin. This means that when the crack tip location is not accurately assumed, the
mapping will include a larger residual error. By mapping the special basis upon the obtained displacement
field with different crack tip assumption, and comparing the global residual error the crack-tip location can be
obtained (Fig. 6.3) (Roux & Hild, 2006).

rg =∑
i

(ui (z)D IC −ui (z)Subset )2 (6.4)

Figure 6.3: Relative residual error for different crack tip assumptions

6.2. Special basis
Similar to the far-field analysis, the special basis can be adopted in two different ways. First of all, it can be
used to map the displacements on in the second step of a two-step approach. Alternatively, it can be directly
implemented in the one-step DIC algorithm proposed by Vargas et al. 2016. This approach is an integration
of the two steps of a FEM-based two-step procedure with mapping of a special basis on the displacements in
post-processing.

6.2.1. Williams expansion
For evaluation of the notch region, the truncated asymptotic Williams solution (Eq.3.37, 3.38, 3.39) is
recommended. The Williams stress field is a well-established analytical formulation for the stress field around
a crack tip. The derived displacement field formulation (Williams asymptotic solution) can be used directly as
the displacement field basis function. In the correlation procedure that follows, the sought for amplitudes
become the stress field parameters instead of the nodal displacements. The different terms of the Williams
series can be evaluated upon a mesh which can be refined to not have an effect on the outcome. Keeping such
a mesh and dividing the ROI into different ZOIs allows for the use of the multi-scale implementation of Q4
DIC (Vargas et al. 2016).

An important factor in any approach, including the truncated Williams solution, is the number of terms that
have to be taken into account. In order to capture the SIF, the first-order terms have to be taken into account.
Additionally, supersingular fields (n < 0) can be taken into account to describe plastic behaviour near the crack
tip (Roux et al. 2009). Taking the truncated terms from -3 has been shown to incorporate all the non-linear
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behaviour around the crack tip (Henninger et al. 2010; Mathieu et al. 2012). In order to get a proper description,
additional higher-order terms have to be included. For an elastoplastic material in the small-scale yielding
regime it has been shown that truncating up until term 7 should suffice (Henninger et al. 2010). However, the
considered terms are not orthogonal, meaning including more terms can affect the lower-order amplitudes.
This can result in problems when looking for crack tip convergence based on these amplitudes (Section 6.2.3).
Therefore, a comparative analysis with a different number of terms is recommended (Vargas et al. 2016). In
such analysis, the grey scale level residual is an excellent method to see which basis describes the kinematics
better. Additionally, one can look at the convergence of the parameters of interest when taking more terms
into account. In Fig. 6.4, a typical displacement field before and after post-processing can be seen. The shown
displacement is in the x direction and is given in pixels.

Figure 6.4: typical notch displacement field in x direction. Obtained directly from DIC (left) and after post-processing (right)

6.2.2. SIF calculation
As mentioned in section 6.1.2, the SIF correspond to the amplitudes of the first-order terms (n = 1) in the
Williams solution. When a one-step special basis approach is used, no additional SIF calculation is required.
Because the resulting amplitudes from the correlation procedure are the desired stress field parameters.
However, two concerns should be taken into account, those are the shear modules and the units of the
amplitudes. Because, the amplitudes can be defined as the stress field parameters divided by the shear
modules. In order to determine the actual SIF of the stress field, these amplitudes should therefore be
multiplied by the shear modules. Determination of the shear modulus can be done directly from the material
properties or from the applied load and the obtained displacements in the far field region. With regard to the
units, it is important to note the units used in the shape functions. Because the amplitudes are scaled in order
to let these functions match the present displacement field.

6.2.3. Crack tip location identification
One of the main difficulties in the one-step procedure is that the Williams solution (Eq. 6.5,3.37) is defined with
its origin at the crack tip. Therefore, the crack tip needs to be determined during the correlation procedure. The
crack tip location can be obtained directly from the special basis formulation. Making use of a special property
of the Williams solution (Eq. 6.6) in order to linearize the field with a small crack-tip misplacement (eq. 6.7), a
relation between the amplitudes and the misplacement can be obtained (Eq. 6.8). Taking the fact that the first
order singular term should be zero when no mispositioning is present a simple expression for the shift can be
obtained (Eq. 6.9) (Roux et al. 2009).

u =∑
n, j
ωn

j φ
n
j (z) (6.5)

∂φn
j

∂x
=−n

2
·φn−2

j (6.6)

u(z +d) =∑
n, j
ω̃n

j φ
n
j (z +d) (6.7)

ωn
j = ω̃n

j −
n +2

2
ω̃n+2

j d (6.8)
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d = 2ω−1

ω1
(6.9)

This method has the advantage of being less computationally demanding than the residual error method and
providing an exact location. However, it assumes a straight crack tip path as only a mispositioning in a single
direction is given in this method. This is not an issue for symmetric CT specimens with a groove because in,
such cases, the crack is forced into a straight crack path. However, in the case of standard maritime joints
(e.g. T joint), the crack does not necessarily propagate straight forward. However, an extension towards a
description which also takes the crack-tip misplacement normal to the crack propagation is not trivial. The
complication stems from the fact that a lower-order term does not simply define the derivative of the field
in this direction. Because in contrast to when the derivative is taken along the crack growth direction (6.6),
the angle is π/2 instead of zero, meaning various contributions do not cancel out in addition to the inherent
differences following form deriving with respect to a different coordinate, making the special property not hold.
Another issue is that this determination of the crack tip offsets requires the amplitudes, which can only be
obtained when a crack tip location is assumed. Two different possible solutions for this problem have been
proposed.

Firstly, a finite element based DIC method can be used in order to give an initial estimate of the crack tip
location (Vargas et al. 2016). The integrated DIC will be employed with the estimated crack tip location as the
origin for the Williams solution. From the first normal and the first supersingular term, the crack tip shift can
then be calculated. With this shift, the crack tip location can be updated, and the integrated DIC can be used
again with a new fixed origin. These steps can be repeated until the crack tip position has converged.

Another possibility is not employing the Finite element based DIC and taking the location of the
uncracked notch as the initial crack tip estimate (Vargas et al. 2018). The advantage is that the finite element
based assumptions are completely eliminated. However, at the long crack growth stage, it could result in
additional computational time because of the larger location bridging the convergence procedure has to
perform. Another problem could arise in the form of the Williams formulation not aligning at all due to a
faulty initial location assumption.

For both methods, it is important that an appropriate masking is applied. Because near the crack tip, the
elastic fields can not describe the non-linear behaviour that is occurring near the crack tip. Therefore, these
regions need to be masked; however, the region should be small enough to let the supersingular fields
correctly determine the crack tip location (Leplay et al. 2011; Réthoré et al. 2011). This procedure could be
more difficult in the case of a not straight crack path as the approximate location can vary more widely.



7. Research overview
After the presented literature review, some conclusions can be drawn. in this chapter the previous findings will
be combined to identify the research gap and formulate a hypothesis. Following the research to be conducted
can be formulated, in the form of research questions and a research plan. Lastly, a indicative planning for this
research will be given.

7.1. Research gap
Three research gaps in literature have been found:
(1) Concerning the total life concept there exists a clear gap in the validation of the model. The current
potential drop measurements do not provide the full stress field related information, and more accurate crack
tip localisation is aimed for.
(2) Furthermore, the advantage such model brings should be investigated. Comparing the model with the
current industry standard, will provide valuable insights for possible application.
(3) Lastly, current DIC methods have shortcomings with respect to crack analysis. A one-step approach could
provide a more accurate evaluation. However, such method as well as a way to construct such method is not
widely available.

7.2. Research hypothesis
The main hypotheses can be stated as follows:

In order to improve the fatigue total life time estimate of arc-welded joints in steel marine structures,
validation of the involved two-stage crack growth model requires a one-step DIC approach.

7.3. Research questions
The main research question following from the research hypothesis is formulated as follows:

Can a two-stage crack growth model be used to improve the fatigue life time estimate of arc-welded joints
in marine structures?

To answer the research question the following six sub questions will be answered.

1. Can Airy stress functions be used in a one-step DIC approach to effectively capture the far field stress
distribution?

2. Can the Williams displacement field solution be used in a one-step DIC procedure as a reduced kinematic
basis for the notch region?

3. Does one-step DIC improve the crack tip estimate with respect to a two-step approach?

4. Can one-step DIC be effectively used to Validate a crack growth model?

5. Can the two stage crack growth model predict the life time behaviour of a hot spot in an actual vessel?

6. Can the two stage crack growth model improve the prediction of the life time behaviour with respect to a
classification rule based assessment?

7.4. Research plan
Answering the research question can also be formulated by actions that have to be performed. This results in
the following three steps.

1. Establish a one-step DIC code based on Williams asymptotic solution.
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2. Validate the total life concept established by Palkar.

3. Apply the model to a case study.

The research will be successful when a working integrated DIC code has been delivered, it has shown if the
newly developed model can indeed accurately predict the two stage crack growth behaviour and the new model
has been applied to a case study. In addition, it would be interesting if it can be judged how beneficial the model
is compared to existing models.



II
Modelling

Msc Thesis 38



8. DIC developments
The first aim of the research is to explore dedicated displacement field formulations to capture the crack tip
location and corresponding stress intensity factor simultaneously by developing a one-step DIC approach. This
chapter discusses the development of a multi-scale global one-step DIC approach, starting from the framework
of a two-step FEM-based approach. First, the findings concerning the two-step approach will be presented.
Following the developments resulting in the global one-step DIC procedure will be presented, influenced by
the concepts outlined in Roux and Hild, 2006. The developed procedures general framework remains equal to
the two-step approach as outlined in Section 3.3.7. Whilst the general structure remains, notable distinctions
arise in constructing the elemental matrix and incorporating constraints based on series analysis.

8.1. Local two-step FEM-based approach
In the context of employing a two-step DIC approach, the amplitudes of William’s asymptotic solution can be
calculated in the post-processing step using the pseudo inverse (Eq.5.2). However, This method introduces a
problem when the amplitudes are used to determine the approximate crack-tip misalignment with the singular
term method. The resulting amplitudes can be complex values with no straightforward decomposition, as the
decomposition in a complex and real part based on the displacement direction only holds for the product of
the amplitudes with their shape functions. This problem can be overcome by enforcing the amplitudes to be
in the real domain. Considering these amplitudes should represent physical properties of the stress field as
the stress intensity factors, it becomes imperative to enforce these values to be real. This enforcement can be
obtained by employing a property of the complex conjugate (Eq 8.1) in the mapping procedure.

|z|2 = z · z̄ (8.1)

η= |U −aΨ|2 = (U −aΨ)(Ū −aΨ̄) (8.2)

dη

d a
=−ΨT Ū +aΨT Ψ̄− Ψ̄T U +aΨ̄TΨ= 0 (8.3)

The adjusted derivation results in the following linear system to be solved. In which both the a and b matrices
are entirely defined with real entries.

M a = b (8.4)

M =ΨT Ψ̄+ Ψ̄TΨ (8.5)

b =ΨT Ū + Ψ̄T U (8.6)

The Stress intensity factors follow directly from the amplitudes of the Williams solution. However, during
implementation, defining the amplitudes with the shear modulus included is often beneficial, meaning a
multiplication with this value becomes necessary afterwards to obtain the SIF. Furthermore, When the
displacement field is normalised or evaluated in pixel units, this has to be corrected, for in the case of the SIF,
this correction is the square of the pixel size in mm or m, dependent on the units of choosing.

In the case of a rotated crack angle, the obtained displacement field from the first step should be angled before
mapping the Williams solution on top of it. As in the Williams solution, the crack should be aligned with the
negative real axis. In accordance, the x and y coordinates of the points on which the Williams functions are
mapped are rotated. In which the x coordinate is chosen to correspond to the real axis. The radius and the
angle are determined, as the Williams solution in polar coordinates is used.

r =
√

x2 + y2 (8.7)

θ = arctan
X ′

Y ′ (8.8)

From there, the linear system can be solved by mapping the functions on the discrete displacement field.
Afterwards, the obtained displacement field must be rotated back into the reference frame to obtain the
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40 8. DIC developments

sought-for results. All rotations can be simply performed with the use of the rotation matrix, as can be seen
with the counterclockwise rotation matrix in Eq. 8.9-8.10.X ′

Y ′

=
 sinφ cosφ

−sinφ cosφ

X

Y

 (8.9)

U

V

=
 sin−φ cos−φ
−sin−φ cos−φ

U ′

V ′

 (8.10)

An additional noteworthy outcome from this alternative approach to setting up the linear system is the
squareness in the M matrix of the linear system. Consequently, the solution of the system is not limited to the
pseudo inverse; instead, the genuine inverse of the matrix can be used for its solution.

Figure 8.1: Crack orientated axis system

An advantage of employing the two-step approach is that by multiplying the obtained displacement field by
the physical pixel size, the conversion into the desired units can be easily made without the need to consider
the units of the amplitudes of the special basis on which the field is mapped.

Alternatively, in cases where the special basis is identified as the Williams series solution, the Stress
Intensity factor’s units correspond to the square root of the pixel number when the shear modulus is excluded
from the basis functions. The obtained SIF value is multiplied by the shear modulus and the square root of the
pixel size to convert the units to MPa

p
mm.

Of interest is quantifying the error to assess the performance and accuracy of the two-step DIC procedure.
The grey-level residual provides a robust and straightforward error evaluation (Eq. 8.11). This error metric is
easily obtained in the current procedure due to the iterative nature of the correlation procedure. Specifically,
following each iteration, the deformed image is shifted. If this difference is extracted at the convergence of the
correlation procedure, this provides the residual error. The camera’s dynamic range can be used to normalise
this error measurement to facilitate comparisons across experiments.

R(x) = |g (x +u(x))− f (x)| (8.11)

Of particular significance is the uncertainty surrounding the amplitudes of the displacement field. Once
convergence is achieved, the anticipated outcome is a zero grey-level difference between the deformed and
reference images. This residual can be used to calculate the displacement residual, of which the displacement
variance follows as the mean of the squared local residuals. Notably, there is no requirement for a Bessel
correction factor, as the error field serves as the encompassing population (Dekking et al. 2005).
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When determining the resulting variance of the Williams amplitudes in the post-processing, a
straightforward inclusion of the variance of the displacement residual into the formulation is inadequate.
Instead, variance properties are required to determine the amplitude variance. Considering the variance of a
function, which is a random variable (x) multiplied by a non-random constant (C). The resulting variance of
the function is equal to the square of the constant, multiplied by the variance of the random variable (Eq.
8.12). This principle extends naturally to a matrix framework (Eq. 8.13), where A represents a non-random
matrix, and X is a random vector.

V ar (C x) =C 2 ·V ar (x) (8.12)

V ar (AX ) = A(V ar (X ))AT (8.13)

However, incorporating these characteristics into the mapping process raises an issue due to the complex
matrices. The complex conjugate squaring property (Eq. 8.1) is once more employed to address this challenge.
This property can be used due to the variance’s absolute nature, allowing the covariance matrix’s derivation
for the Williams amplitudes.

M a = b (8.14)

V ar (M a) = M V ar (a) M T (8.15)

V ar (b) =ΨT V ar (Ū ) Ψ̄+ Ψ̄ V ar (U )Ψ (8.16)

V ar (b) = (ΨT Ψ̄+ Ψ̄T Ψ) V ar (U ) = M V ar (U ) (8.17)

V ar (a) = (M T )−1M−1M V ar (U ) = (M T )−1 V ar (U ) (8.18)

The diagonal of the resulting square covariance matrix provides the variance of the corresponding amplitude
terms. The obtained amplitude variance can be scaled to the relevant SI units according to the variance
properties (Eq. 8.12).

8.2. Global one-step approach
Analogous to the FEM-based DIC (Besnard et al. 2006) procedure, in the one-step DIC procedure,
displacement estimation relies on utilising a first-order Taylor expansion. It is important to note that this
approach is an approximation, taking into account local gradients. Consequently, a multi-scale algorithm is
necessary to capture the overall displacements initially before refining them at a lower scale. Therefore, the
overall structure of the DIC procedure can be similar to the FEM-based approach.
The general element structure is being kept for the gradient and subpixel procedure. However, a different
method is used to ensure continuity. Rather than enforcing continuity through the element nodes, it is
achieved by globally defining the shape functions. In this approach, for each designated element, only a
portion of the shape function is considered by incorporating the element’s global coordinates directly into the
shape function, eliminating the need for a local coordinate system.
However, integrating post-processing into a one-step procedure within the DIC code causes a problem that
needs to be solved. This problem originates from the utilization of the assumed global field, with its
corresponding shape functions, for describing displacements along both the x and y directions. This
description involves decomposition into a complex coordinate system. An important consequence of this
approach is the introduction of a coupling effect between the x and y displacements. This coupling effect
presents a challenge in accurately determining the amplitude of displacements. Incorporating the complex
decompositions can lead to complex amplitudes, which significantly complicate the derivation of the
cross-correlation procedure. In addition, in certain decompositions, such as the William’s solution, complex
amplitudes do not provide a real physical interpretation. Therefore, a similar solution as in the two-step
procedure can be employed, exploiting the property of the complex conjugate to enforce real amplitudes
while allowing for complex shape functions. In contrast, FEM-based DIC allows for the splitting up of the
amplitude determination by using different uncoupled shape functions for the y and x directions.
The objective function for the one-step DIC can be derived through the application of the conjugate property.
This function can subsequently be minimised by computing the derivative with respect to the amplitudes of
the displacement field and setting it equal to zero. This minimisation procedure aims to determine the global
optimum within the region of interest, introducing the need for the area integral. This integral can be
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effectively approximated using a Riemann sum. Similar to the two-step FEM-based approach, this area
corresponds to the element area in order to keep the multi-scale approach. However, in general, it is not
limited to this and could, in theory, be the entire region of interest. A linear system can be constructed from
here, which can be solved for the sought-after amplitudes. The specific solving procedure, however, depends
on the implementation details of the multi-scale algorithm.

|z|2 = z · z (8.19)

η2 =
∫ ∫

Ω
|aΨ∇ f + f − g |2 =

∫ ∫
Ω

(aΨ∇ f + f − g )(aΨ∇ f + f − g ) (8.20)

δη2

δa
=

∫ ∫
Ω
Ψ∇ f · (aΨ∇ f + f − g )+Ψ∇ f · (aΨ∇ f + f − g ) = 0 (8.21)

a ·
∫ ∫

Ω
(Ψ∇ f ·Ψ∇ f +Ψ∇ f ·Ψ∇ f ) =

∫ ∫
Ω

(Ψ∇ f +Ψ∇ f ) · (g − f ) (8.22)

Ma = b (8.23)

Three significant terms are present in the obtained linear system: the displacement field amplitudes, the grey
level difference between the reference and deformed image and the inner product of the shape functions and
the grey-level gradients. Only the inner product of the gradients and the shape functions is not directly evident
due to the introduced coupling of the x and y direction. This product is defined as the superposition of the
complex and real direction.

Ψ∇ f =ℜ(Ψ) ·∇ fr +ℑ(Ψ) ·∇ fi (8.24)

However, depending on the coordinate system defined by the shape functions, it is important to note that
the axes of the complex coordinate system may not necessarily align with the global x-y coordinate system of
the analyzed images. Due to the discrete pixel format, the gradients are most conveniently determined in the
picture’s global system. Therefore, it can become necessary to perform a rotation of the gradients to align them
appropriately for further analysis and computation.∇ fr

∇ fi

=
 sinφ cosφ

−sinφ cosφ

∇ fx

∇ fy

 (8.25)

U

V

=
 sin−φ cos−φ
−sin−φ cos−φ

Ur

Vi

 (8.26)

When the multi-scale approach is used, the linear system is determined on an elemental basis, resulting in the
same amount of linear systems as elements. However, because the shape functions are globally determined,
their amplitudes are not unique on an elemental basis, unlike the global FEM-based approach, where each
element has unique amplitudes corresponding to their nodal displacements. This means that when the global
linear system is constructed, it is overdetermined and has a non-square matrix. In order to solve the
overdetermined system, a least squares approach is utilized, resulting in the most likely amplitude values.
This method has been chosen as it is a relatively quick and robust procedure with an inbuilt function in the
Matlab software. The inbuilt function makes use of the QR decomposition (Björck, 1967) in order to solve the
system efficiently.
After the system has been successfully solved for the displacement field amplitudes, the next step involves
multiplying these amplitudes with the corresponding shape functions to obtain the estimated displacement
field. However, due to similar reasons as for the two-step FEM-based procedure, an iterative scheme is
necessary. This iterative scheme consists of initially moving the deformed image with the estimated
displacement and subsequently recalculating the new estimated displacement. However, it is important to
note that simply repeating this procedure would result in an estimation of the displacement between the
reference image and the image that has already been displaced once. Consequently, to the b vector, an
additional term is added. Specifically, this additional term involves the M matrix multiplied by the previously
determined amplitudes, enforcing the solution to account for the total displacement instead. This process is
repeated until convergence has been reached.

b =
∫ ∫

Ω
(Ψ∇ f +Ψ∇ f ) · (g − f )+a−1 ·

∫ ∫
Ω

(Ψ∇ f ·Ψ∇ f +Ψ∇ f ·Ψ∇ f ) (8.27)
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As a result of employing the multi-scale algorithm, mesh refinement becomes necessary once convergence is
achieved at a specific scale. In the two-step FEM-based approach, this refinement is accomplished by refining
the mesh and defining displacements on the newly created nodes through interpolation facilitated by their
corresponding shape functions. Consequently, this newly enlarged node set serves as the initial guess for
amplitudes at the refined scale.
Similarly, this refinement process is kept in the one-step procedure to establish an initial displacement
estimate. However, in this case, the initial amplitude guess does not change since the number of amplitudes
does not vary with scale. The difference is that the amplitudes must be multiplied by the appropriate scaling
factor. This adjustment is necessary because there are more superpixels at a finer scale; consequently, the
same displacement at this scale corresponds to a greater number of pixels (Which is the unit of the
displacement), necessitating the application of the scaling factor to maintain similarity. This process can then
be repeated until convergence at the lowest scale is reached, where a superpixel is the size of an actual image
pixel.

Similar to the two-step approach, a measurement of the error is of interest. The grey-level residual can
similarly be used as an initial measurement.

R(x) = |g (x +u(x))− f (x)| (8.28)

However, the Williams term amplitude variance is of particular interest to evaluate if an accuracy
improvement is reached compared to the two-step approach. Due to the global definition of the correlation
procedure, a displacement residual can not be obtained. Instead, the grey-level variance (σ2) is computed by
calculating the mean of the squared grey-level residuals.
To determine the resulting variance of the amplitudes, the variance properties (Eq. 8.12 and Eq. 8.13) are
effectively applied within the linear system employed for amplitude determination. In order to achieve this,
the system of equations is formulated at an elemental level, eliminating the need for integration as values are
directly substituted for each pixel. This substitution leads to a Riemann sum realized through matrix
multiplication. Moreover, to enhance visualization, a matrix q is introduced as a substitution (Eq. 8.29).

q =Ψ∇ f (8.29)

a 2qT q = 2q(g − f ) (8.30)

V ar ( f − g ) =σ2 (8.31)

V ar (2q(g − f )) = qTσ2q (8.32)

V ar (a 2qT q) = (qT q)T V ar (a) qT q (8.33)

V ar (a) =σ2((qT q)T )−1(qT q)−1(qT q) (8.34)

V ar (a) =σ2((qT q)T )−1 =σ2((M)T )−1 (8.35)

It can be observed that through the matrices’ assembly, the linear system’s right side (the b matrix) no longer
appears in the covariance matrix formulation, significantly simplifying the formulation.

However, the system is presented on an element scale, whilst due to the multi-scale algorithm, the
variance calculation requires an assembly of a global matrix. The least squares method is employed to resolve
this global system because the total covariance matrix is not square but constituted from the elemental
matrices. The use of which provides a most likely estimate of the amplitude variance. Furthermore, the scaling
of the amplitudes to obtain them in the proper SI units is considered in the scaling of the variance (Eq. 8.12).

Additionally, the variance of the crack tip misalignment is of interest. However, this variable is a function of
two amplitudes, which are random variables divided. No closed-form solution exists to calculate the variance
for the division of two random variables. Instead, the variance could be approximated by series solutions.
However, these require knowledge about the distribution and only small perturbations around the expected
mean. For this reason, the determination of the variance of the crack-tip misalignment is out of this research’s
scope. Secondly, it is out of this research’s scope because the remaining crack-tip misalignment at
convergence is seen as an error estimate in its own right, as it provides a residual error of the crack-tip
location.
A practical implementation consideration in the one-step DIC procedure is making use of the series
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properties. Incorporating these properties is beneficial in the context of the one-step approach. However, it
also introduces a practical concern: when analysing an extensive series of high-resolution images, the amount
of data involved becomes significant. In the two-step approach, pictures can also be studied consecutively;
however, in such cases, the series of images is generally loaded in one go and stored as a three-dimensional
matrix in the working memory. This matrix approach is typically beneficial for computational speed.
However, it is no longer possible when the series becomes too large. In the two-step approach, however, this
can readily be overcome by performing the first step of the analysis in discrete batches and only in the
post-processing step collectively considering the images and enforcing the series properties.
Within the context of the one-step approach, the solution is obtained by changing the data handling
procedure of the DIC algorithm. An overarching program can execute the process that loads the reference and
deformed pictures of a particular stage and sets the masking according to the mask defined in the first stage.
Following, the correlation procedure can take place determining the displacement fields and the crack tip.
The obtained displacements field can be stored in a distinct file. Furthermore, as an advantage of the one-step
procedure, only the amplitudes and the crack tip location must be held in the working memory. These
essential variables can then be taken to the subsequent evaluation of the series, allowing for continuous
analyses without any memory problems. In the current implementation, a disadvantage is that the reference
image must be loaded every single time; however, compared to the overall analysis time, this is an
insignificant amount of time. In addition, this implementation also allows for the evaluation of the
displacement field based on the previous image instead of the reference image if so desired.

8.2.1. Far-field region
Depending on the region of interest, a different procedure should be implemented in order to calculate the
shape function amplitudes and the displacement field. In the case of the far-field region, the linear airy stress
function should be used as the special basis (Section 3.4.2). Although the shape functions are globally defined,
they are exploited on an element level in the multi-scale algorithm. The implementation of the multi-scale
algorithm follows the same structure as outlined in section 3.3.7.

For the far-field region, the coordinates for each so-called element are determined by the centre location of
these elements. However, when determining amplitudes for a global field, these amplitudes might be of interest
in further uses. Therefore, a global shift is included in order to allow for the transfer of these coordinates from
the location in the picture to a coordinate system of interest, for example, one of the corners of the region of
interest (ROI).
Based on the determined element midpoint coordinates, a mesh is constructed to correspond with the pixel
or superpixel locations encompassed by the element. Subsequently, by inserting this coordinate mesh into the
shape functions, the corresponding values of the shape functions can be determined for each individual pixel
within the element. A three-dimensional tensor is obtained by iterating this process for each shape function,
capturing all the shape function values at each pixel within the element. This tensor can be reshaped into a
two-dimensional matrix to allow for incorporation within the established linear system. This transformation
defines the coordinates as a single-column vector while representing each shape function as a distinct column.
Once the linear system has been solved and the amplitudes have been determined, the displacement field
needs to be constructed in order to determine the element shift for the following iteration. The shape function
values are computed similarly to those at the element level. However, a key difference is that these values
are only determined at the elemental nodes to keep in line with the two-step FEM-based procedure. Once
the two-dimensional matrix is constructed, it is multiplied with the amplitude vector, resulting in the global
displacement vector. This vector is then reshaped to form a field representation of the displacement.

8.2.2. Notch region
Compared to the far field region, the main difference is the presence of a notch with a possible crack. This
presence necessitates the use of different special basis functions, as discussed in section 3.4.2. In this
research, the cracked configuration is of interest, and therefore the William’s asymptotic series solution is
chosen as the special basis.
When analysing the notch region with the one-step approach, accurately determining the location of the
crack tip is essential, both as an important outcome in its own right and for correctly determining the
displacement field. The residual method (6.1.3) is less effective due to multiple required converged solutions.
Therefore, the implementation with the first singular term method is employed 6.2.3. Initially, the crack tip
location is set to the notch, effectively assuming it to be zero. Furthermore, it is constrained along the x-axis,
which is aligned with the crack path, as this method does not allow for simple determination of the crack tip
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location in the direction normal to the crack propagation direction. Subsequently, an iterative procedure
commences, wherein the crack tip assumption is adjusted by the calculated misalignment at each iteration at
each scale level. This process continues until a converged solution is obtained at the pixel scale level. It should
be noted that as long as the positive real axis is aligned with the crack propagation direction, the crack tip
misalignment is also defined as positive in the crack growth direction.
For subsequent images in the series, the previous crack size serves as the new initial value and lower bound,
ensuring consistency in the crack growth analysis.
However, when dealing with the largest cracks, the convergence of the one-step procedure may suffer due to
large displacements, especially in the absence of an initial amplitude guess. Hence, starting the analysis from
the smallest crack facilitates easier convergence. Subsequently, the final amplitudes obtained from this initial
crack can serve as an initial guess for the amplitudes in the subsequent picture, leading to more stable results.
It is important to note that the size of subsequent cracks is uncertain, which necessitates setting the mask to
be as large as the maximum expected crack size from the start.

The determination of the crack-tip location introduces some complexities in implementing the shape
functions within the one-step procedure. Firstly, the origin needs to be aligned with the crack tip. In the case
of the far-field procedure, a general shift in the coordinate system was adequate to align the origin with the
point of interest. However, according to the described procedure, analysing a series of crack growth images
introduces a shift that can vary at each iteration.
Furthermore, aligning the crack propagation direction with the positive real axis requires using a rotation
matrix at the element level. This step is needed to obtain an appropriate description of the shape functions.
Furthermore, after determining the amplitudes, the rotation matrix is used twice: once to construct the shape
function in the appropriate reference frame to multiply with the obtained amplitudes (8.9) and once again to
rotate the obtained displacement field back into the global image reference frame (8.10).

The introduction of the Williams solution (3.37) presents an additional numerical concern when assessing the
notch region, particularly concerning the higher-order terms. As the radius value at each point is raised to a
high order, it can lead to exceedingly large values when the point is distant from the notch. Consequently,
such values may result in overflow problems, reducing the accuracy or rendering the correlation procedure
ineffective.
Each Williams term is appropriately normalized by r0, preventing potential overflows (Eq: 8.37, 8.39). The
normalization factor r0 is determined as the maximum radius, which results in the radius domain being
normalized to the interval [0,1]. However, this normalization leads to a deviation in the amplitudes, requiring
a correction (Eq: 8.38, 8.40) post-correlation to obtain the correct Stress Intensity Factor (SIF). However, this
correction is already essential during the procedure. When calculating the crack tip misalignment, the
normalization alters the relative sizes of different amplitudes, which would result in an incorrect crack tip
misalignment estimation.

r0 = max(r ) (8.36)

Ω′
n = Ωn

r n/2
0

(8.37)

ωn = ω′
n

r n/2
0

(8.38)

Υ′
n = Υn

r n/2
0

(8.39)

υn = υ′n
r n/2

0

(8.40)



9. Total life model validation
The goal underlying the formulation of the global one-step Digital Image Correlation (DIC) procedure is to
leverage its capabilities for the purpose of validating the Total-life model. This chapter discusses the remaining
required modelling to perform this validation. First, further post-processing is discussed, which is still required
after the one-step DIC approach, in order to obtain comparable crack growth data. Secondly, it is discussed how
the data obtained from crack growth or failure data can be used to obtain the required material parameters of
the total life model.

9.1. Crack growth behaviour
By utilizing the one-step DIC procedure, as discussed in the previous chapter, the crack size can be
determined for each image within a series. Since the cycle interval between these images is known, it becomes
possible to correlate the crack size with the number of cycles. The derivative of this relationship yields the
sought-after da/dn data. However, due to the small interval between images and inherent inaccuracies,
calculating the derivative of this discrete data often produces unsatisfactory results. Hence, the application of
a smoothing function becomes important. The Savitzky-Golay finite impulse response (FIR) algorithm is
excellent for this as it effectively smooths the data without losing distinct local features and is able to fit the
steep slopes inherent in exponential behaviour.
The Savitzky-Golay FIR filter uses local polynomial regression within a moving window. At each data point, a
window of a specified length is selected with an odd number of points in order to maintain symmetry. Within
this window, a polynomial of a chosen degree is fitted to the data points. The polynomial coefficients are
calculated using the least squares method. From there, the polynomial is evaluated at the centre point of the
window, providing the value for that specific point. This is repeated for each data point, resulting in a
smoothing of the data (Schafer, 2011). It is important to consider the inputs and limitations of this method.
The selection of an appropriate window size and polynomial degree is crucial. A larger window size captures
more information but may result in a slower response to changes in the data resulting in the loss of local
features. Similarly, higher polynomial degrees give more flexibility in fitting, but can lead to over-fitting.

Figure 9.1: One-step DIC obtained crack size data.

From the crack growth data, it can be observed that some stepped behaviour does occur. Which is caused by a
lower bound in the crack size variation, the algorithm can observe. Furthermore, it can be seen that although
a window size of half the amount of data points is used, local features are still recognisable. For example, the

Msc Thesis 46



9.2. Parameter estimates 47

initial monotonic behaviour in Fig. 9.1, which is important for the conducted research as this initial stage
behaviour is of interest. Compared to the fitting of an exponential function for which the inclusion of such
features is significantly more challenging to achieve due to the globally prescribed nature of such a method.
The approximate gradient at each data point can be calculated by employing the central difference theorem
to calculate the gradient of the function and using the cycle spacing between images as the spacing in the
gradient calculation. The choice is made not to calculate a continuous gradient, which would be possible for
the Savitsky-Golay fit is made because the crack growth data is generally presented as a function of the SIF,
and these values are only known as discrete points as they followed from the one-step DIC as well. As can
be observed in Fig. 9.2, the resulting crack growth behaviour shows a clear pattern and is not distorted by
subsequent images with the same crack tip location, which would result in crack growth values of zero.
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Figure 9.2: Crack growth data obtained from filtered crack size data.

9.2. Parameter estimates
The evaluation of the total life model necessitates the determination of multiple material-based parameters.
These parameters are determined through a process of data fitting. While various methodologies exist for this
purpose, the non-linearity of the total life formulation requires the employment of a non-linear solver.
Furthermore, it is noteworthy that fatigue data can conform to either a Weibull or normal distribution, partly
dependent upon the model description and if it is mid or high-cycle fatigue. Consequently, selecting an
approach that affords flexibility in distribution choice is advantageous. Additionally, fatigue failure data can
include run-outs, which can skew the fitting if not accounted for. In this context, the maximum likelihood
estimate (MLE) procedure emerges as the preferred choice, accommodating the diverse challenges of fitting
fatigue data.
The total life model can be fitted in either crack growth or specimen failure form. Fitting the model as a crack
growth model offers some advantages, as it allows for direct fitting of the initial crack growth stage, which may
exhibit non-monotonic behaviour. Furthermore, this approach offers higher resolution, potentially leading to
increased parameter confidence. However, the crack growth data required for this method must be obtained,
which can be accomplished using techniques such as Digital Image Correlation (DIC), as demonstrated in this
report, or through the utilization of Potential Drop (Palkar,not Published). It is important to note that
acquiring crack growth data entails additional effort and imposes limitations on the available datasets, as this
data is not widely accessible.

Moreover, the inclusion of an extra processing step introduces the possibility of introducing additional
errors. Alternatively, the more commonly employed approach involves fitting crack failure data directly
derived from experiments. This more widely available data also allows for the consideration of welded data in
contrast to the non-welded CT data utilized by Palkar,not Published.
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The data set could also include run-outs in case of determination based on failure data. This requires the
elaborated likelihood formulation, which includes the cumulative probability ( f ) function and the probability
density function (F ) (Qin et al. 2021).

L (θ; N |S) =
n∑

j=1
L j (θ; N j |S j ) (9.1)

L j (θ; N j |S j ) = δ j ln{ f (N j |S j ;θ)}+ (1−δ j ) ln{1−F (N j |S j ;θ)} (9.2)

δ j = 1 for a failure (9.3)

δ j = 0 for a run-out (9.4)

(9.5)

The failure data or crack growth data has a deviation from its expected value, for which a distribution must
be assumed to determine the maximum likelihood parameters. Typically, a normal distribution is employed
when dealing with randomly distributed events. However, a Weibull distribution might offer a more suitable
fit in situations characterised by monotonic behaviour (Qin et al. 2021). Therefore, it is essential to investigate
both distributions to asses which best fits the dataset. Because, the log-likelihood formulation is used the
distributions should be presented in the natural logarithm form, and not in base 10 log. Furthermore in the
distribution formulations x is the dependent variable and µ its expected value with a standard deviation σ.
Resulting in the formulations underneath in the case of a normal distribution.

fN (x;µ,σ) = 1p
2πσ

·exp

[
− (ln(x)−µ)2

2σ2

]
(9.6)

FN (x;µ,σ) = 1

2

[
1+erf

(
(ln(x)−µ)

2σ

)]
(9.7)

Similar formulations can be obtained for the Weibull distribution.

fw (x;µ,σ) = 1

σ
·exp

[
(ln(x)−µ)

σ
−exp

[
(ln(x)−µ)

σ

]]
(9.8)

Fw (x;µ,σ) = 1−exp

[
−exp

[
(ln(x)−µ)

σ

]]
(9.9)

Depending on the type of fitting, the dependent variable will differ. In the case of fitting failure data, the
dependent variable is the number of cycles, and its expected value can be determined by a Basquin-type
relation in which the adjusted total stress parameter can be inserted.

µ= ln(C )−m · ln

 ∆σs

(1− rl r )1−γ · t
2−m
2m

p · I
1
m

n

 (9.10)

In =
∫ ai /tp

a f /tp

 1

(Yn( a
t p )+n1 ·Yn( a

t p )
n2·(1−rl r )n3 ·( σmax

σy
)n4

) ·Y f ( a
t p ) ·

√
π a

t p


m

d(
a

tp
) (9.11)

In the case of fitting crack growth data, the crack growth becomes the dependent variable, and its expected
value can be determined with the two-stage crack growth formulation from the total life model. In addition it
should be noted that crack growth data does inherently not have run-outs and therefore only the probability
density function is required.

µ= ln

(
1

C

)
+m · ln

 (Yn +n1 ·Y
n2·(1−rl r )n3 ·( σmax

σy
)n4

n ) ·Y f · (∆σs
p
πa −∆Kth)

(1− rl r )1−γ

 (9.12)

Additionally, both models can incorporate a bias correction; however, when the sample size is big enough, this
is not necessary. Though, independent of sample size, the Weibull distribution needs an additional correction
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because otherwise, it is biased towards the 63rd percentile (Qin et al. 2021). Leading to an expected value
residual equal to the euler constant (γ), and a standard deviation residual of πp

6
instead of one.

fw (x;µ,σ) → fw (x;µ+γ ·
p

6

π
·σ,

p
6

π
·σ) (9.13)

Fw (x;µ,σ) → Fw (x;µ+γ ·
p

6

π
·σ,

p
6

π
·σ) (9.14)

The notch and far-field factors are the remaining inputs to be determined for the parameter research. The
notch factor can be obtained using the equilibrium part of the through-thickness stress distribution as
described in Sec. 2.3. For the CT specimens, specifically, a crack configuration was adopted (Palkar, not
published). This crack configuration results in 2α= 2π for which no solution to the eigenvalue problem can be
found. For this reason, the asymptotic solution needs to be adopted (9.15), where five terms have shown to
provide a good fit to the FEM results (Qin et al. 2021; Palkar not published). These terms are defined by the
asymptotic eigenvalues (λi ) and their corresponding coefficients (χi ).

σn ≈
5∑

i=1

((
r

t p

)λi−1

µiλi (λi +1)(1−χi )

)
(9.15)

λi = n

2
, n = 1,3,5,7,9, ... (9.16)

χi = λ+1

λ−1
(9.17)

In contrast to the non-asymptotic solution, the determination of stress field amplitudes (µi ) cannot be solely
achieved by employing force and moment equilibrium (boundary) conditions in a weak form (den Besten,
2015). Instead, the Finite Element Method (FEM) is employed to derive the boundary conditions at various
locations along the thickness of the material. Subsequently, a system of equations is established to solve for the
stress field amplitudes (den Besten, 2015; Palkar, not published).

C11 · · · C15

...
. . .

...

C15 · · · C55
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F1
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F5

 (9.18)

C1i = (λi +1)(1−χi ) , F1 = 1− rs (9.19)

C2i =λi (1−χi ) , F1 = 1− rs

2
− rs

6
(9.20)

C3i =λi (λi +1)(1−χi )(
r1

t p
)λi−1 , F1 = σn1

σs
(9.21)

C4i =λi (λi +1)(1−χi )(
r2

t p
)λi−1 , F2 = σn2

σs
(9.22)

C5i =λi (λi +1)(1−χi )(
r3

t p
)λi−1 , F3 = σn3

σs
(9.23)

Handbook solutions are used to determine the far-field distribution of the CT specimen. The exact formulation
differs based on a sharp or a blunt notch geometry (ASTM, 2016).

Y f = 0.8348+2.5215 · a

t p
−0.8534 · (

a

t p
)2 −4.8182 · (

a

t p
)3 +12.1970 · (

a

t p
)4 sharp notch (9.24)

Y f = 0.8938+0.7712 · a

t p
+9.9068 · (

a

t p
)2 −28.4867 · (

a

t p
)3 +29.577 · (

a

t p
)4 blunt notch (9.25)

It should be noted that when the crack growth data ( d a
dn ) is set out against the stress intensity factor range (∆K I ).

This stress intensity factor range is defined following the standard definition without the plasticity correction
factors (Eq: 2.6) in order to keep the values comparable to different approaches.



10. Case study
A case study is performed to evaluate the application of the total life model in engineering practice. Bureau
Veritas presented a case that revolved around a vessel 140 meters in length, wherein the appearance of cracks
had become a serious concern. A through-thickness crack with a width of approximately 40 cm was
particularly important, forming within ten years, which is significantly sooner than is expected in these types
of maritime structures with a design life between 25 and 35 years. The crack is situated in the ship’s bottom
plate, at a hole located in the corner of a non-watertight bulkhead (Fig.10.5), classifying it as a type A hotspot.
Given the presence of a significant crack formed within a relatively short period of ten years, it is probable that
the crack failure can be classified as medium cycle fatigue. Additionally, considering the likelihood of small
weld defects occurring within ship welds, it is reasonable to conclude that the failure process is primarily
dominated by crack growth rather than crack initiation. Motivating, the choice to asses this failure with a
crack-based assessment concept.
Determining the expected lifetime concerning fatigue-based failure modes consists of a two-sided analysis
that considers both the fatigue resistance of the structure and the applied loading conditions. It is important
to account for uncertainties within both aspects of this analysis. Generally, a conservative approach is
adopted in a design process to ensure the structure remains intact and does not fail under the expected
operating conditions, with quite a margin. However, when assessing failures retrospectively, the focus shifts
towards ensuring the analysis matches the occurred events as closely as possible.

10.1. Loading
Understanding the ship’s loading conditions is essential to determine the forces acting upon a hotspot. In a
maritime context, a vessel’s loading primarily follows from its weight, buoyancy, and the influence of waves. In
the present case study, the design cargo load of the ship was known, as well as the two predominant cargoes
transported over its operational history. These cargoes, involving bulk transportation, resulted in similar
loading outcomes. The remaining loading component is the waves, which are determined in two ways. Given
the constraints of this research, a detailed loading analysis was out of the scope of this research. Consequently,
four rule-based wave loading cases were initially used, which can be extrapolated to describe the entire
spectrum of encountered conditions. Secondly, a wave spectrum is applied with linear superposition to
capture the different wave-induced effects. Both of these approaches utilized the identical assumption of the
vessel being fully loaded, as it predominantly navigated from one location to another under full capacity.

10.1.1. Rule based wave loading
Detailed loading analysis was out of the scope of this research. Therefore initially, BV rules were used (Bureau
Veritas, 2022). These rules provide four loading conditions: A, B, C and D, which have both a max and min state
allowing for the determination of a stress range. Load case A and B represent a upright conditions, whilst load
case C and D represent inclined conditions. The wave loading for the different conditions is presented in Fig.
10.1 till 10.3.

Figure 10.1: Wave loading of load case A.
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Figure 10.2: Wave loading load case B (left) and C (right)

Figure 10.3: Wave loading load case D.

In these loading conditions h1 represents the relative motion of the ship. This value varies over the length of the
ship in order to capture the wave effect. Its maximum value is taken midships effectively providing the wave
amplitude. The midship value follows from the wave parameter C , which is purely dependent on the ships
length. The h1 coefficient is further dependent upon the ships block coefficient (Cb = 0.75) and the navigation
coefficient n, which for unrestricted navigation is 1, providing a h1 of 5.5 meter. For the inclined ship conditions
h1 is combined with the roll amplitude to obtain the relative motion (h2) in inclined condition.

C = 10.75−
(

300−L

100

)1.5

(10.1)

h1 = 0.42 ·n ·C · (CB +0.7) (10.2)

The wave loading conditions are further defined by the vertical wave bending moment Mw v , the horizontal
wave bending moment Mwh , the wave torque Mt , the vertical wave shear force Qw v , the ships accelerations a
and the draught T1. The moments and torques follow from a midship calculation and the accelerations are
defined according to wave parameters and the ships length.

These loading conditions were applied on a provided cargo hold model modelled with plate elements. The
resulting stresses are applied to the boundaries of a detailed model to obtain the through-thickness stress
distribution at the weld. The detailed model consists of a combination of plate and solid elements. For time
performance reasons, only the bottom plating around the hotspot, the weld itself and part of the connected
bulkhead are modelled as solid elements. After processing, it is validated through observation that the area of
solids is large enough for the hotspot stress effects to be smoothed out before the transition to plate elements
occurs.
At this transition, an additional problem exists because a node in a solid element has three DOFs, namely the
translational displacement components. Whilst the plate element nodes have six degrees of freedom: the
translations and rotations. Therefore, the plate could rotate freely in reference to the solid when only
connected to one node, and no rotation can be transmitted. Additional techniques are therefore required to
resolve this problem.
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A simple solution to resolve the plate rotation on the solid mesh is to extend the plate elements into the solid
for at least two nodes. However, further extension can provide better results, and therefore, the plate is
extended three nodes into the solid in the used model. This allows the transmission of both translational and
rotation deformation between the plate and solid elements. The drawback of this simple method is the
additional mass introduced near the joint area, which may affect the dynamic analysis results. However, only
static modelling is required in this research.

Figure 10.4: Overview of the detailed model with plate and solid elements.

Figure 10.5: Overview of the solid elements within the detailed model.

The loading conditions provided by Bureau Veritas include global loading and local water pressure, considering
a single representative sea state. However, it is important to note that this single sea state is compensated for
at the fatigue resistance side. This compensation is performed through linear superposition, where a gamma
function is used to account for the entire sea spectrum (Eq. ??). Furthermore, the probability of exceedance is
incorporated into this combination, ensuring a conservative evaluation of the fatigue resistance.

10.1.2. Wave spectrum loading
To fully make use of the total life concept, the current loading determination approach based upon the Bureau
Veritas rule cases needs to be revised. The assumption of linearity between sea states is invalidated due to the
presence of non-monotonic behaviour, which can vary based on factors such as the loading ratio and mean
stress. Therefore, it is necessary to determine the loading conditions at various sea states, and the linear
superposition only comes into play subsequently when combining the damages from different sea states into
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a total damage value. This approach also offers more flexibility in the considered sea states, which can be
effectively used retroactively assessing the damage if the ship’s sailing routes are known.

From AIS data obtained by Bureau Veritas, it is known where the ship sailed during its lifetime. It sailed
approximately a third of the time in the Baltic, a third in the North Sea and a third in the Atlantic Ocean.
Therefore, the scatter diagrams of the respective sea states can be taken and superpositioned in order to
obtain a sea spectrum representative for the ship of concern. These individual sea states were then inserted as
loads upon the full ship model in the in-house hydro-structural solver from Bureau Veritas (Homer) to obtain
the loads around the weld detail. This in-house solver integrates a hydrostatic solver (Hydrostar) with a finite
element solver (Nastran) to achieve a coupled analysis. Within the scope of this study, the coupling is
specifically confined to linear hydro-structural interactions. This results in the vessel being treated as a rigid
body while still responding to the wave dynamics. Consequently, the model assumes a scenario without
hydro-elastic effects, a deliberate simplification made in the context of the research’s defined boundaries and
objectives. For each defined case, the solver provides a time series solution. From this solution, the
displacements and forces upon the model, including the local water pressures, can be obtained at specific
moments in time.
These loads can be applied to the weld detail FEM model in order to obtain the through-thickness stress
distribution. However, Because the stress range needs to be obtained, each sea state’s maximum and
minimum loading conditions are required. Three points in the time analysis are evaluated for each sea state in
order to achieve a sinusoidal description of the loading. From this description, each sea state’s amplitude,
mean loading and phase shift can be obtained.
This procedure means that the number of calculations increases rapidly with increasing sea-state. For that
reason, the obtained linear superposition of the three sea spectra was reduced to a reduced spectrum in which
the values of surrounding sea states were combined into a single sea state.
Moreover, given the evaluation of a free-floating model, the wave’s orientation becomes a significant factor.
The decision was made to reduce the directional spectrum and only assess the front quartering waves from
both directions. Analysing the response amplitude operators at a local level revealed that these orientations
are representative of the entire directional range, except for the beam waves. Nevertheless, it is unlikely for
any ship’s captain to position the vessel in such an alignment with the waves due to the inherent discomfort
from the corresponding ship movements. The difference in response between waves reflected symmetrically
across the waterline is attributed to the localised response amplitude operator (RAO) characteristics.
The two evaluated waves’ damage results are averaged to obtain a representative value for each sea state. An
accuracy improvement could be made by employing a directional spectrum. However, this would require a
significant increase in the evaluated states and knowledge of the general heading courses to determine the
ship’s position relative to the spectrum at times, significantly increasing the required amount of data and
complexity of the evaluation.

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

2.5 294.0 310.6 31.0 1.2

5.5 7.6 53.2 19.6 1.4

8.5 0 2.4 3.0 0.4

Table 10.1: Reduced representative sea spectrum for the ship of concern.

10.2. Fatigue resistance
The other side of fatigue analysis is investigating fatigue resistance and determining the total stress parameter
to estimate the lifetime under cyclic loading conditions. The analytical through-thickness stress distribution
must be determined to establish the total stress parameter. For this purpose, a Finite Element Method (FEM)
model is employed to determine the stress distribution at the weld under specific loading conditions. Given
that the weld is a V-shaped notch, its corresponding analytical formulation is applied to describe the stress
distribution. It is noteworthy that, in contrast to the CT specimens, the asymptotic solution is not employed in
this case. This choice is made to maintain consistency with the parameter determination process. Although
the CT specimen data is fitted according to the asymptotic solution, the welded data is not. Because the
analysed detail is also welded, it is considered more appropriate to keep similarity with its determination.
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Moreover, particularly at the initial stage, when cracks are small, the stress distribution is likely to be
predominantly influenced by the presence of the notch. Consequently, achieving a good fit with the FEM
model in an un-craked state would not be reached.
The weld toe notch stress distribution is given in the Eq. 10.3. In order to obtain the far-field factor (Eq. 2.7), it
is essential to exclude the far-field bending factor (−2 · rs · r

t p ), in order to exclude far-field behaviour from the
notch factor.

σn

(
r

t p

)
=σs ·

[(
r

t p

)λs−1

µsλs (λs +1)[cos([λs +1]β)−χs cos([λs −1]β)]+
(

r

t p

)λa−1

µaλa(λa +1)[sin([λa +1]β)−χa sin([λa −1]β))+Cbw (2 · r

t p
−1)−2 · rs · r

t p

]
(10.3)

Subsequently, the eigenvalue problem must be solved to obtain the analytical solution (Eq. 10.4). In order to
calculate this, the notch angle (2α) needs to be inserted. In the present context, where the weld in question is a
45-degree weld, the notch angle is 225 degrees. Resulting from the eigenvalue problem also come the respective
eigenvalue coefficients (Eq. 10.5).

λsin(2α)+ sin(λ2α) = 0

λsin(2α)− sin(λ2α) = 0

 ∀(λ> 1,λ ̸= 1) (10.4)

χs = cos[(λs +1)α]

cos[(λs −1)α]
, χa = sin[(λs +1)α]

sin[(λs −1)α]
(10.5)

These eigenvalues and their coefficients are separated based on the symmetric (cos(.)) and anti-symmetric
(sin(.)) part. Besides the eigenvalues and coefficients, these parts also have an amplitude (µs ,µa) similar to
the asymptotic solution. These amplitudes can be determined analytically by employing force and moment
equilibrium in the weak form (den Besten, 2015).

µs = Cbw (λa +1)+3(λa −1)

6(λa −λs )(cos((λs +1)β)−χs cos((λs −1)β))
(10.6)

µa = −(Cbw (λs +1)+3(λs −1)

6 · (λa −λs )∗ (si n((λa +1)β)−χa sin((λa −1)β)))
(10.7)

Determining structural stress in the base plate is performed by extracting nodal forces (Eq. 2.4,2.5) from the
Finite Element Method (FEM) model throughout its thickness. In FEMAP, this is done by creating a Free body of
the elements at the weld location, which allows for the extraction of external forces acting on that specific free
body. It is important, however, to ensure that the nodes used for force extraction do not lay on the corners of
such a free body. Because in these cases, the forces are halved as the nodal force for that node, corresponding
to the adjacent element, is not taken into account.
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Figure 10.6: Nodal Forces obtained trough free body in Femap.

The only remaining parameter to be determined is the weld load-carrying stress coefficient (Cbw ), which can
be derived through empirical functions established through experimental investigations (Qin et al. 2021).
However, given the limited number of distributions under consideration, it is also possible to individually fit
each distribution’s coefficient.

Once the analytical stress distribution is determined, the notch factor can be calculated as a function of
the self-equilibrating stress component of the stress distribution (Eq.2.7). However, the far-field factor must be
determined using the handbook solution (Tada et al. 2000). In the case of a hotspot of type A, the standard
far-field solution corresponds to the elliptical crack solution. However, this solution requires knowledge of the
elliptical ratio, which is difficult to determine. Estimations could be made based on different criteria; however,
these have a high level of uncertainty.

Φ= π
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c
)2)2 − 5

1024
∗ (1− (

a

c
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65536
∗ (1− (

a

c
)2)4) (10.8)
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c
(10.9)

M2 =−0.54+ 0.89

0.2+ a
c

(10.10)

M3 = 0.5− 1.0

0.65+ a
c

+14∗ (1.0− a

c
)24 (10.11)

Y f m =
M1 +M2 ∗ ( a

t p )2 +M3 ∗ ( a
t p )4

Φ
(10.12)

G1 =−1.22−0.12∗ a

c
(10.13)

G2 = 0.55−1.05∗ (
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)1.5 (10.14)
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a
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)4

)
∗
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t p +G2 ∗ ( a

t p )2)

Φ
(10.15)

Alternatively, an edge crack solution could be employed, although these solutions are typically meant for
hotspot types B and C. However, upon examining the FEM results (Fig. 10.7), it can be seen that the stress
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distribution remains relatively constant along the weld end, implying limited three-dimensional effects.
Consequently, the adoption of an edge crack solution is justifiable. Moreover, the edge crack configuration
generally yields a larger far-field factor; thus, adopting it as an approach leads to a more conservative
estimation.

Y f m =
√

2

π
∗ tan(

π

2
∗ a

t p
)∗

0.752+2.020∗ a
t p +0.37∗ (1− sin(π2 ∗ a

t p ))3

(
√

a
t p ∗ cos(π2 ∗ a

t p )
(10.16)

Y f b =
√

2

π
∗ tan(

π

2
∗ a

t p
)∗

0.923+0.199∗ (1− sin(π2 ∗ a
t p ))4√

a
t p ∗ cos(π2 ∗ a

t p )
(10.17)

Figure 10.7: Stress distribution at the weld

Once Yn and Yf are determined, the crack growth model can be established, provided that the fitting
parameters from the total life model have also been determined. Integration across the entire thickness
enables the estimation of the structural detail’s lifetime. In these integration procedures, the Simpson’s
method is commonly employed. However, it is worth noting that in the vicinity of singularities, the Simpson’s
method may exhibit slightly reduced performance. Therefore, Gauss-Kronrod quadrature integration has
been employed as well as it could improve accuracy and efficiency, as it generally demonstrates superior
behaviour and faster convergence. When comparing the two integration methods, the Gauss-Kronrod
quadrature showed faster computational performance but no significant difference in outcome was observed.
The lower bound of the integration (ai ) is taken as 10−3, and the upper bound is taken as the full plate
thickness of eleven millimetres.
Once the total stress parameter has been determined, the expected cycles of fatigue resistance can be
determined according to the single slope Basquin type relation.

N = 1

C
·St−m (10.18)

The obtained lifetime in terms of cycles (Ni f ) must subsequently be converted into an anticipated lifetime in
chronological units. The expected lifetime in cycles is obtained based on an assumed loading condition,
which the ship is expected to encounter a certain number of times within a specified time frame.
Consequently, these encounters result in an expected number of cycles (ni ).
Subsequently, the estimation of the damage caused during the specific time frame related to the specified
loading condition is determined by employing Palmgren-Miner’s linear damage accumulation model. The
extrapolation of the damage accumulation from this particular loading condition to encompass the entire
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load spectrum, or the application of linear superposition to account for different loads, enables the
determination of the cumulative damage that has occurred during the specified time frame. The total
expected lifetime can be determined through extrapolation from the damage sustained within this time frame.∑

Di =
∑ ni

Ni f
(10.19)

Palmgren-Miner’s linear damage accumulation model does not consider the loading sequence, resulting in
the potential loss of certain advantages offered by the employed total life model. The model’s incorporation of
both monotonic and non-monotonic behaviour introduces sequential effects, as the initial crack growth
could be rapid under non-monotonic conditions, followed by steady growth under loads that in the short
crack growth stage only cause minor damage due to monotonic behaviour. In such a case, this would imply
that the lifetime would diminish compared to the scenario where the loading order was reversed.
However, integrating sequential information would require an elaborate loading profile, which is typically
unavailable during the ship’s design stage, as well as for the ship under consideration. Consequently, it can be
concluded that employing this concept does not lead to the loss of any significant information.

The Bureau Veritas rules (Bureau Veritas, 2020) provide a method for extrapolating induced fatigue damage
from a single loading condition to a spectrum. This is achieved by assuming that the applied stress ranges
follow a Weibull distribution (with shape parameter ζ= 1). Additionally, the scaling parameter can be defined
based on the stress range of the analysed loading condition and its derived probability of exceedance (pr ).
The probability of exceedence corresponding to the defined loadcases A till D is defined according to the BV
rules as 10−5.
To describe the damage spectrum, the single slope Basquin relationship and the Palmgren-Miner’s linear
damage accumulation model are incorporated, enabling the determination of the damage distribution. The
spectral mean can be calculated from this, resulting in the total yearly accumulated damage.

D = Ny

1/C
· (∆St )m

−(ln(pr ))
m
ζ

Γc

[
m

ζ
+1

]
(10.20)

Ny = 365 ·24 ·3600

Ts
(10.21)

Ts = 4log10(L) (10.22)
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11. Reference specimen DIC
The one-step and two-step DIC procedures described in Chapter 8 were initially developed to analyse certain
reference specimens. This chapter presents the results of the developed approaches applied to these reference
specimens. The analysis of the reference specimens is performed in order to evaluate the developed
procedures. With the simultaneously obtained crack size and SIF from the one-step approach, the first aim of
this thesis is achieved. The first set of analysed images originate from Roux and Hild, 2006. The reference and
deformed images analysed in this paper provided a baseline to confirm the displacement fields around an
angled crack from the two-step and the one-step approach. Second, a series of images from den Besten, 2015
is used to evaluate the far-field procedure and the crack growth evaluation of a series of images.

11.1. Local two-step FEM-based approach
Initial investigation into two-step DIC was performed using a series of images from den Besten, 2015. The two-
step FEM-based method (Q4 DIC) (Roux & Hild, 2006) was employed on the far field of this series. The obtained
discrete displacement field from the FEM-based approach showed behaviour consistent with the expected
distribution in a far-field location. The special basis derived from the linear airy stress function (Eq. 3.26) was
mapped upon the discrete field in the following post-processing step. The far-field structural stress could also
be obtained from this field, which aligned with the values obtained by den Besten, 2015. The research from
den Besten, 2015 uses a commercial local subset-based DIC algorithm (Istra4D, Dantec Dynamics).

Figure 11.1: Discrete Q4 (left) and post-processed (right) displacement field obtained by two-step FEM-based DIC.

In order to further investigate the two-step FEM-based DIC (Besnard et al. 2006) procedure in the notch region,
the approach was used to obtain the discrete displacement around a crack. The image presented in Roux and
Hild, 2006 was evaluated because it can also provide insights for the one-step DIC procedure. Following texture
quality results and the size reported in Roux and Hild, 2006, an element size of 8 by 8 pixels was employed.
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Figure 11.2: Displacement field obtained by two-step FEM-based DIC before post-processing.

The obtained displacement fields showed no observable difference to those obtained by Roux and Hild, 2006.
Which is expected as the same correlation procedure (Besnard et al. 2006) was employed to obtain the
displacement field. In addition, the residual error field has been obtained from this procedure. The error is
presented as the average grey level residual for each of the evaluated elements. This means that on a pixel
scale the local residual can be higher that reported in the presented image.
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Figure 11.3: Grey level error field at element level from two-step FEM-based DIC

Upon determining the discrete displacement fields, the post-processing procedure step of the two-step
approach is executed. The precise location of the crack tip is established by employing the residual method, as
outlined by Roux and Hild, 2006. Specifically, the x-coordinate of the crack tip is located at 373 pixels from the
left edge of the presented image, while the y-coordinate is positioned at 534 pixels from the image’s top edge.
In addition to these parameters, the angle of orientation is required, as aligning the positive x-axis with the
direction of crack propagation is necessitated for the applied special basis functions. This angle is derived
through the residual method, which manipulates the crack tip position to determine the angle’s value. The
resultant angle is determined to be 105.1 degrees, from which 90 degrees reflects the axis orientation
definition.

Notably, the assumed special basis is a modified version of the Williams series solution (Roux & Hild,
2006). This formulation does not include the singular term which is generally included to account for the
plastic behaviour. This formulation is chosen to keep similarity with the original research. However, this has
as a side effect that the singular term can not be employed to estimate the crack-tip location.
The material in the analysed image is a silicon based metal and has a Young’s modulus of 410GPa and a
poison ratio of 0.15. The shear modulus can be determined from these parameters assuming isotropic
material behaviour (G = E

2∗(1+µ) ).
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Figure 11.4: Displacement-field obtained after post-processing in two-step FEM-based DIC.

When observing the fields, a clear distinction can be noted compared to the results obtained by Roux and Hild,
2006. First, the obtained crack path is significantly less smooth; however, this is argued to be due to a difference
in representation, As the field above is shown as the post-processed results mapped on the FEM-based DIC grid.
However, the obtained amplitudes can present the field on a finer grid or as a continuous function. However,
besides the resolution, the obtained fields have no observable differences.

Figure 11.5: The two-step FEM-based displacement fields represented on a 1 pixel size grid.

The post-processing procedure introduces an inherent error due to disparities between the acquired global
displacement fields and the ones they are mapped on obtained by FEM-based DIC. This error can be
represented as a residual error field. Notably, in contrast to the error field derived for the FEM-based DIC, this
residual is expressed in pixels, reflecting the input.
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Figure 11.6: Residual displacement in pixels after postprocessing
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The Stress Intensity factors can be determined with the amplitudes from the obtained displacement field.
Because the employed shape functions do not directly correspond to the William’s solution, the fifth and sixth
amplitude must be corrected by the factor G ·p2π ·4 to obtain the stress intensity factors and converted fromp

mm to
p

m. The resulting Stress Intensity Factors (SIFs) are K1 = 2.396,MPa
p

m and K2 = 0.044,MPa
p

m.
These values are observed to be slightly larger than those obtained by Roux and Hild, 2006. However, they fall
within the presented confidence interval, which is based on slightly differing crack tip-locations. Additionally
the crack angle could differ slightly explaining small deviations.

11.2. Global one-step approach
Because Roux and Hild, 2006 also presented the outcomes from the implementation of a global one-step
approach, these outcomes and those of the two-step approach can be compared to the procedure developed
in this research. For the one-step approach, the same shape function is used as in the post-processing step
(second step of two step approach) for similarity. However, two distinct differences in the method have been
observed. Firstly, the method from Roux and Hild, 2006 does not employ the multi-scale algorithm but instead
corrects immediately for the mean displacement, eliminating iterations. However, later implementations of
the procedure incorporate the calculation of the mean displacement. An additional difference follows from
the noise formulations where the M matrix (Eq. 8.23) is square, pointing towards the use of a single element,
which is in line with not using a multi-scale algorithm.
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Figure 11.7: Displacement field obtained by one-step global DIC.

A slight difference of the displacement fields can be observed in contrast to to the two-step FEM based
approach. However, the results seem to perfectly align with the fields obtained by Roux and Hild, 2006.
Following, the identical correction factor as in the post-processing step the SIFs can be determined. The
resulting values are K1 = 2.354 MPa

p
m and K2 = 0.089 MPa

p
m, which similar to the two-step approach prove

to be slightly greater that the values obtained by Roux and Hild, 2006. Which, can indicate a difference in on of
the underlying assumptions.
For the one-step approach the residual error field can also be determined. The error field below is presented
on element and pixel level.
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Figure 11.8: Grey level residual obtained by one-step global DIC, at element level (left), and pixel level (right).

The Obtained error field was not completely in line with the one presented in Roux and Hild, 2006 as the
maximum local error on a pixel level was 50 grey levels instead of 30, and the obtained mean residual was 3.5
instead of 1.5 grey levels. It is currently unknown where this discrepancy comes from, but a possibility is a
difference in the determination of the displacement. In the implementation presented in this study, the
Fourier shifting property was used in order to sub-pixel shift the image to the determined location.
However, compared to the mean error value of the two-step FEM-based approach, the value aligns with the
expectations. The obtained mean error value was 3.43 grey levels in that case, and due to the increased
enforcement of continuity, the error is expected to be higher than the one resulting from the first step in the
two-step approach. However, the gain is expected to be made by eliminating the post-processing step, which
adds a mean error of 0.079 pixels in displacement.

In order to investigate the crack-tip estimation based on the first singular term in a one-step algorithm, a
series from den Besten, 2015 was investigated. With a 50 pixel wide masking along the crack path, the
x-coordinate of the crack is set at the notch and an angle of 90 degrees to align the x-axis with the propagation
direction. Similar to the two-step approach from den Besten, 2015 five, William’s terms were used to map the
displacement field.

Figure 11.9: Displacement fields obtained by one-step global DIC.

As observed from the displacement field, the applied mask is relatively large. This masking size is used
because the same mask is applied on every image in the series, requiring the largest size crack to be
encapsulated by the masking region. Because the cracks evaluated within this procedure are relatively small, it
is chosen to start the evaluation with the largest crack in the series. This procedure can help provide a better
initial guess for the smallest specimens where the correlation procedure might have difficulties. In addition,
this allows for a procedure where the height of the masking along the crack path can be decreased after
determining the crack location of each subsequent image. This allows for more of the notch-affected region to
be considered, increasing the accuracy of the one-step DIC procedure. For this same reason, the width of the
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masking was kept small as well. However, for larger crack sizes, the widening of the crack can become larger
than the masking width, causing instabilities in the correlation procedure. Due to these instabilities, the six
images with the largest crack size in the series were excluded. However, they could be added by performing a
separate evaluation with an adapted mask.
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Figure 11.10: Crack growth obtained one-step DIC

From the obtained crack sizes a clear series behaviour can be seen. In addition, the general size of the
obtained cracks was in line with previous findings (den Besten, 2015). However, the smoothness of the
function was worse than the obtained findings with the two-step FEM based approach. From this
investigation it was concluded that the general principle works, but the masking should be further
investigated as well as the number of William’s terms.



12. Compact tension specimen DIC
The first aim of this thesis was to introduce the one-step DIC approach for the simultaneous determination
of crack tip and field data, as demonstrated in the previous chapter on reference specimens. This chapter
conducts DIC analysis on CT specimens previously subjected to potential drop measurements and used to
establish the total life model. These results can be used to reach the second aim of validating the total life
model.

Firstly, the applied loading on these specimens is examined to assess its alignment with the results derived
from the DIC methodologies. Subsequently, the texture quality is evaluated to determine the initialisation
parameters for the DIC procedure. Following this, the Stress Intensity Factor (SIF) and crack size results are
obtained from which the crack growth relationships are established. The results are compared to the analytical
and potential drop estimates.

Three DIC approaches are employed to determine the accuracy of the obtained SIF values. The two-step
and one-step approaches are initially utilised, employing the Williams formulation to derive the SIF. A
convergence study is employed to determine the required amount of Williams terms in the analysis. The third
is an adapted two-step approach, using a path-independent integral method applied to the FEM-based DIC
field to derive a Williams-independent SIF formulation. Lastly, error estimates are presented to compare the
two-step and one-step approaches.

12.1. Loading
For the purpose of validating the Total life concept, the pictures taken during five different experiments have
been analysed with the one-step DIC procedure. Due to time constraints, it was only possible to analyse part of
the data set. Therefore, a selection was made based on spreading the loading ratios and expected monotonic
and non-monotonic behaviour. The respective loading parameters of these five sets are presented in Tab. 12.1.

∆σs [MPa] rl r

Serie 1 300 0.1

Serie 2 300 0.1

Serie 3 120 0.4

Serie 4 300 -1

Serie 5 200 -1

Table 12.1: Loading parameters analysed experiments

Further measures have been employed to validate the applied load on the specimen. Initially, a straightforward
analytical calculation procedure was conducted. Involving computing the moment of inertia based on the
specimen’s thickness of 8 mm and the uncracked length at the precise notch location of 54 mm. Subsequently,
a structural stress value is obtained at the notch site within the uncracked configuration by combining this
moment of inertia with principles of moment and force equilibrium.

I = 1

12
· t p · (W −an)3 (12.1)

M =−F · (an + W −an

2
) (12.2)

σb =−
W −an

2 ·M

I
(12.3)

A = t p · (W −an) (12.4)

σm = F

A
(12.5)
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σs =σm +σb (12.6)

The forces required to compute the structural stress are extracted from the registration files sourced from the
exciter. Notably, the experimental setup employed an INSTRON force-controlled exciter to impart the forces
during the experiments. It has been observed that the applied forces required about 15 cycles to stabilize. After
which fluctuations were limited to 0.1kN , leading to the reported forces underneath.

F [kN ] I [cm4] A [mm2] M [ kN
mm ] σm[MPa] σb[MPa] σs [MPa] ∆σs [MPa] rl r

Serie1−2,max 25.00 10.498 432 -1075 57.9 276.5 334.4 - -

Serie1−2,mi n 2.55 10.498 432 -110 5.9 28.2 34.1 300.3 0.1

Serie3,max 14.98 10.498 432 -644 34.7 165.7 200.3 - -

Serie3,mi n 6.00 10.498 432 -258 13.9 66.4 80.2 120.1 0.4

Serie4,max 11.20 10.498 432 -482 25.9 123.9 149.8 - -

Serie4,mi n -11.20 10.498 432 482 -25.9 -123.9 -149.8 299.6 -1.0

Serie5,max 7.45 10.498 432 -320 17.2 82.4 99.6 - -

Serie5,mi n -7.45 10.498 432 320 -17.2 -82.4 -99.6 199.3 -1.0

Table 12.2: Load confirmation based on exciter registration.

The majority of the picture analysis is conducted in the pixel domain. The region of interest is defined as
starting at the notch (cx ). However, this location differs for the different series due to slight differences in the
relative position of the specimen relative to the camera. In addition, the crack path is constrained to the defined
x-axis requiring the specification of the y coordinate of crack (cy ) and the angle under which it propagates. The
angle is obtained by looking at later images in the series with a large visible crack and is defined according to
the axis system in 8.1. Furthermore, pixel size is required to translate the obtained results into their relevant
SI units. This size can be determined by the number of pixels between the notch and the end of the specimen
(cx − end), because this distance is defined for the CT specimens as 54 mm (W − an). All these properties as
used in the analysis of the CT specimen series are presented in table 12.3.

cx [pixel] cy [pixel] end [pixel] pixel size [mm] angle [degrees]

Serie 1 1030 2870 8430 7.30E-03 6.4

Serie 2 1018 2870 8440 7.28E-03 6.3

Serie 3 1055 2955 8456 7.30E-03 -3.8

Serie 4 1150 2790 8602 7.25E-03 0

Serie 5 990 2572 8632 7.07E-03 -2.3

Table 12.3: Image specific parameters.

In an additional effort to confirm the loading condition, it was also tried to obtain the structural stress from
the DIC results. A few possibilities were investigated in this regard. First of all, from mapping the special
basis function in the two-step or one-step approach, the stress field amplitudes are directly obtained. If a
linear far-field stress distribution is used, these amplitudes directly relate to the structural stress, which method
works when a far-field is analyzed. However, in the case of the CT specimen, the region of interest is notch
affected, meaning a linear far-field distribution will not be able to describe the stress field. Therefore a different
method is required. The second proposed method was to use the two-step FEM-based DIC. The obtained
displacement field is similar to FEM due to the nature of its procedure. The nodal forces should follow by
establishing the stiffness matrix and multiplying these with the DIC-obtained nodal displacements. From that
point, the procedure is analogous to FEM and can be used to determine the structural stress. However, a few
issues have to be considered. First, the evaluated field should only cover a single side of the field. Otherwise,
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the sum of the Forces should constitute zero, as K ∗u provides only provides the external forces. Secondly, rigid
body motions should not be taken into account as these would not cause any stress in the material. In a FEM
model, these movements would be constrained. However, due to the possible movement of the camera with
respect to the specimen, it is not eliminated during a FEM procedure. This effect is prevented by evaluating a
substantial region and removing the mean of the displacements.
The stiffness matrix can be described on a local element level, and because the elements are defined as a square
grid, no iso-parametric mapping (Zienkiewicz & Taylor, 2000) is necessary.

Ke = t p ·
∫ ∫

BT DBd A (12.7)

The elasticity matrix (Zienkiewicz & Taylor, 2000) is defined according to the assumed plane stress condition,
following from DIC being a surface measurement tool.

D = E

1−µ2 ·


1 µ 0

µ 1 0

0 0 1−µ2

2(1+µ)

 (12.8)

Furthermore, the strain–displacement matrix (Zienkiewicz & Taylor, 2000) can be readily defined by
considering the derivatives of the shape function with respect to the local x and y directions. It should be
noted that the nodal order of the shape function derivatives is essential in this step, as it should correspond to
the displacement vector in order to obtain the proper nodal forces.

B =


− 1

4 (1− y) 0 1
4 (1− y) 0 1

4 (1+ y) 0 − 1
4 (1+ y) 0

0 − 1
4 (1−x) 0 − 1

4 (1+x) 0 1
4 (1+x) 0 1

4 (1−x)

− 1
4 (1−x) − 1

4 (1− y) − 1
4 (1+x) 1

4 (1− y) 1
4 (1+x) 1

4 (1+ y) 1
4 (1−x) − 1

4 (1− y)

 (12.9)

The local stiffness matrix has been integrated following the two by two Gauss method. Were the integration is
performed by calculating the values at the points: (x = − 1p

3
, y = − 1p

3
), (x = − 1p

3
, y = 1p

3
), (x = 1p

3
, y = − 1p

3
),

(x = 1p
3

, y = 1p
3

), and calculating its sum with the weights of 1. Furthermore, a correction is required for the

element size, as the element has a size of 2 by 2 in the normalized local reference frame, however in actuality the
element size is 32 by 32 pixels which is a certain size in mm dependent on the series pixel size. This correction
can be performed through a pre multiplication.

Following the global system can be established. Following the indexing from the FEM-based DIC, a sparse
global K matrix can be established, and by multiplying the displacements the nodal forces are determined.
However, afeter employing this method it was observed that the nodal forces remained to fluctuate around
zero as can be seen in Fig. 12.1, Whilst at the zero y coordinate a large force is expected due to the notch effect.



68 12. Compact tension specimen DIC

-4 -3 -2 -1 0 1 2 3 4

F
x
 [N/mm]

0

5

10

15

20

25

30

y
 [
m

m
]

Figure 12.1: Nodal Forces obtained from Serie 5 by a FEM-based DIC displacement field.

Because, the nodal force method did not provide satisfactory results further investigation was conducted.
Instead of a calculation from the nodal forces a calculation from the stresses could also be conducted. The
strains can be obtained from by determining the gradients of the displacement field. When the one-step fem
based approach is used the gradients show a large amount of variation over the thickness (Fig. 12.2). These
variations are caused by the fact that linear shape functions are used. Meaning the displacement field is only
C 0 continuous.

Figure 12.2: The strain in horizontal direction from the first image of Serie 3 obtained by FEM-based DIC.

Because the strains are not continuous and and the stresses follow from a matrix multiplication with the
elasticity matrix the stress are also not continuous as can be seen in Fig. 12.3.
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Figure 12.3: The stress in horizontal direction from the first image of Serie 3 obtained by FEM-based DIC.

The Effect of these variations can be better observed when looking at the trough-thickness distribution up
from the notch. In Fig. 12.4 a high peak stress at the notch can clearly be observed and a general bending
contributions can be observed. However, calculating the structural stress based on this distribution might be
less accurate due to these fluctuations. Therefore it was chosen to analyse the structural stress based on the
one-step DIC procedure. Because this procedure enforces a global basis function ensuring a higher order of
continuity.
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Figure 12.4: The stress along the crack path from the first image of Serie 3 obtained by FEM-based DIC.

When employing the gradients based on the one-step, the higher order of continuity can be clearly observed
(Fig 12.5). Additionally, a notch effect becomes apparent, leading to a reduction in the overall visibility of the
stress field, primarily attributable to the high peak values.
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Figure 12.5: The stress in horizontal direction from the first image of Serie 3 obtained by one-step DIC.

Extracting the stress along the crack path allows for the determination of the structural stress following the
procedure from section 2.2. With the obtained membrane and stress component, the fictitious far-field stress
distribution is obtained (Fig. 12.7). Comparing the two distributions, a clear notch affected region can be
observed, as well as a self-equilibrating part.
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Figure 12.6: The stress along the crack path from the first image of Serie 3 obtained by one-step DIC.

This procedure can be repeated for all five series. The first image is taken each time with the crack size set
to zero and 13 William’s terms starting at -1. In Tab. 12.4, it can be seen that the structural stress for each
of the evaluated cases is higher than the expected outcome from the calculation following force and moment
equilibrium. A slight difference could be expected as the assumed Young’s modulus of 210 GPa and Poisson
ratio of 0.3 could differ slightly. However, this is not expected to cause such a large discrepancy. An additional
concern is the plane stress assumption, which is assumed to be valid for the DIC as it is a surface measurement.
However, combined with some subsurface effects, it could cause some differences. Lastly, the Williams solution
is generally employed to describe the notch region. Although the self-equilibrating stress seems to be captured,
it possibly induces some discrepancies outside the notch region.
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σm σb σs σs,expected

Serie 1 104 318 423 334

Serie 2 161 275 437 334

Serie 3 116 113 229 200

Serie 4 92 114 207 150

Serie 5 87 72 159 100

Table 12.4: Structural stresses obtained from one-step DIC

In order to confirm that the problem is not caused by the Williams terms, not being able to capture the far-
field region properly, the residual error plot was investigated. No clear increase in error away from the notch is
observed with the 13 considered terms.

Figure 12.7: The grey level residual of the one-step DIC for the first image of Serie 3

12.2. Texture quality
When employing the one-step approach, the texture quality of the image remains essential. First, the grey scale
levels of the reference images of the different tests have been evaluated. It should be noted that only the region
of interest is considered, meaning that any peak at the low end of the grey scale is entirely due to the dark points
of the specimen and not the result of the dark background.

Figure 12.8: Serie 5 reference image (left) and grey-level distribution (right)
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Figure 12.9: Grey-level distribution Serie 1 (left) and grey-level distribution Serie 2 (right)

Figure 12.10: Grey-level distribution Serie 3 (left) and grey-level distribution Serie 6 (right)

From all the grey-level images, it can be seen that only part of the camera’s full dynamic range is used. This
partial use is most likely caused by the metal clamping, which is very reflective, causing a large part of the
dynamic range to be consumed by this part of the image. Furthermore, it can be observed that there are two
general peaks in the grey-scale level. This is expected as the applied speckle pattern consists of two opposite
pigments with a normal distribution around them. However, for Serie 5, the distribution does not seem to be
nicely distributed. This could cause problems during the correlation procedure, as the best result is reached
with a wide, normally distributed grey-scale, which ensures uniqueness.

Secondly, because the multi-scale algorithm employs an element scheme in order to determine gradients, it is
crucial to determine the element size at which accurate determination takes place. The same procedures used
in the two-step FEM-based method can be utilized. By doing so, the correlation radi and the fluctuation
criteria can be obtained, which are essential in the assessment process. Compared to the two-step approach,
a notable advantage is that enlarging the element size within the Zone of Interest (ZOI) does not lead to a loss
of resolution because the amplitudes are utilized to describe the global field effectively.
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Figure 12.11: Representative fluctuation for all series

Figure 12.12: Representative correlation radii for all series

The images for all the different series have been analysed, resulting in indistinguishable results. Therefore,
the same element size can be used for all the series. Based on the analysis of fluctuation criteria, it becomes
evident that the element size should be no less than 16 by 16 pixels. However, when examining the correlation
radii, the situation is more nuanced. While the mean correlation radii are adequate at 16 by 16 pixels in size,
the maximum radii in the R1 direction (which corresponds to the direction normal to the crack propagation)
only meet the requirements at a size of 32 by 32 pixels.
Since resolution plays a relatively minor role in this application, the larger size of 32 by 32 pixels is chosen to
ensure sufficiency. This size ensures that the algorithm performs optimally, capturing the necessary details for
the crack propagation analysis.

12.3. Local two-step FEM-Based approach
Similar to the Reference specimen, the CT specimen can be analysed with the two-step FEM-based approach.
Following the texture analysis, an element size of 32 by 32 pixels is chosen. Initially, no masking was employed.
However, this presented stability issues in the case of the crack tip determination procedure, resulting in a mask
being introduced.
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Figure 12.13: Horizontal (left) and vertical (right) displacement field, from first image of Serie 1. Obtained by FEM-based DIC.

In the post-processing step of the two-step approach, William’s series formulation in polar coordinates is
employed as the special basis function (Eq. 3.37). The lowest included term was the singular -1 term, and in
total, 13 terms were used (n=13).
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Figure 12.14: Post-processed horizontal (left) and vertical (right) displacement field, from first image of Serie 1.

The obtained continuous fields show good correspondence with the discrete field. A crack growth relation
can be established when analysing the entire series of images and using the singular amplitude method to
determine the crack-tip locations.
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Figure 12.15: Displacement field of last image of Serie 1 (left) and Serie 1 crack growth relation (right).

The obtained crack growth relation for Serie 1 shows the expected exponential growth behaviour. However,
from the field obtained for the last image in the series, it can be seen that the crack falls outside the masked
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region. Considering the decrease in stability, which has been observed when the crack tip is not masked, this
could decrease the determination’s accuracy. Therefore, the masking in the one-step global DIC approach will
be angled to align with the crack propagation.
Besides the crack tip location, the Stress Intensity Factor (SIF) can also be determined from the amplitudes of
the obtained displacement field. In total, 26 amplitudes have been obtained because each of the 13 William’s
terms has a corresponding mode 1 and 2 contribution. The fifth amplitude, corresponding to the first-order
term, multiplied by the shear modulus, provides the mode 1 SIF. Furthermore, to obtain the SIF range, the
value can be corrected with the remote mechanical loading ratio (∆K1 = K1 · (1− rl r ). In the case of Serie 1, this
corresponds to a correction factor of 0.9.
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Figure 12.16: Mode 1 SIF of Serie 1 obtained with two-step FEM based DIC.

12.4. Global one-step approach
The Global one-step DIC approach was established for the different series. In order to compare the
displacement fields with those obtained from the two-step FEM-based approach, the obtained displacement
fields from the first image of Serie 1 are presented. The presented displacement fields were obtained with the
same 13 William’s terms as employed in the two-step approach.

Figure 12.17: Horizontal (left) and vertical (right) displacement field, from first image of Serie 1. Obtained with one-step DIC

The obtained fields clearly correspond to those obtained with the two-step FEM-based approach.
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12.4.1. Convergence study
When employing the William’s solution, an additional concern is the amount of series terms which have to be
taken into account in the analysis. An increased number of terms could increase accuracy by providing a more
complete displacement field description. However, an increasing amount of terms increases the
computational time. Additionally, the number of unknowns in the linear system provides an upper bound for
the number of terms which can be included, which might be considered significant due to the generally high
pixel resolution. However, the amount of unknowns is defined by the number of elements, and when
employing a multi-scale algorithm, this criterion has to be satisfied at the largest employed scale, significantly
reducing the system’s size. Alternatively, arbitrarily enlarging the region of interest does not generally
overcome this issue. Because a larger region of interest typically increases the number of terms required to
describe the field. In addition, it results in an even greater computational time increase.
However, by starting at the smallest crack and making use of the results of previous images in a series, the
amount of multi-scale terms can be reduced. Due to the initial guess, which mitigates large displacement
issues requiring the multi-scale procedure.
In order to determine the required amount of terms, a convergence study has been conducted. For all
experiments, a region of interest extending 1500 pixels to either side of the notch and 4000 pixels in length was
evaluated. A mask of 150 pixels in width and 3500 pixels in length was employed, angeled in line with the
crack propagation direction. One in every ten available pictures in the series has been analysed to reduce the
computational load while keeping the general overall series behaviour.
Two different parameters have been investigated in the convergence study. The crack-tip location and the first
mode-related SIF parameters were chosen as these variables, combined with the known amount of cycles,
completely define the crack growth relation, which has to be validated. The figures presented below show
these parameters for different amounts of Williams term; the lowest term for all analysis is the singular -1
term, and the varying parameter n defines the total amount of terms. The analysis requires at least three terms
to define the crack tip location and the SIF. However, a stable analysis was only reached at five terms and is,
therefore, the lowest number of included terms in the convergence study. The instabilities at the lower
amount of terms can be explained due to the exclusion of the T-stresses, which are non-vanishing stresses and
argued to represent the constraint of the crack tip (Bouledroua et al. 2016), and the relatively large size of the
analysed notch region.
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Figure 12.18: Convergence of crack size dependent on amount of William’s terms of Serie 1.
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Figure 12.19: Convergence of mode 1 SIF dependent on amount of William’s terms of Serie 1.

For Serie 1, it can be observed that the crack-tip location does not vary significantly based on the amount of
William’s terms. Convergence is already reached at n = 8. However, when observing the mode 1 SIF, a larger
deviation can be observed when comparing different amounts of included terms. Especially at the larger crack
sizes, a lower amount of terms seems to underestimate the SIF. With eleven terms, the SIF is slightly
underestimated for the first image, but for subsequent images, it perfectly overlaps with the result at thirteen
terms.
Additionally, the results of Serie 1 can be compared to those obtained from the two-step FEM-based approach
(Fig.12.15, 12.16). The results align in general reasonably well. However, only the final SIF value of the series is
significantly smaller in the post-processing approach. However, this could be explained due to the crack tip
exiting the masked region.
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Figure 12.20: Convergence of crack size dependent on amount of William’s terms of Serie 2.
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Figure 12.21: Convergence of mode 1 SIF dependent on amount of William’s terms of Serie 2.

The convergence behaviour of Serie 2 can be observed to be similar to the Serie 1, which is expected as the
applied loading in both cases was the same.
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Figure 12.22: Convergence of crack size dependent on amount of William’s terms of Serie 3.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

10
5

600

800

1000

1200

1400

1600

1800

n=5

n=8

n=11

n=13

Figure 12.23: Convergence of mode 1 SIF dependent on amount of William’s terms of Serie 3.

Similar to Serie 1 and 2, the crack tip location showed a minimal difference between the different amounts of
included terms. However, a different behaviour can be observed when analyzing the SIF. Firstly, the general
values are significantly lower compared to the previous series. However, this is expected, as the applied stress
range is significantly lower. Additionally, it can be well observed that the lower amount of terms initially
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overestimates the SIF and, at larger crack sizes, underestimates the SIF value. Furthermore, a larger difference
between eleven and thirteen terms can be seen compared to the previous series, although the absolute
difference is smaller due to the lower SIF.
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Figure 12.24: Convergence of crack size dependent on amount of William’s terms of Serie 4.
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Figure 12.25: Convergence of mode 1 SIF dependent on amount of William’s terms of Serie 4.

In contrast to the previous series, Serie 4 exhibits worse convergence in both crack-tip behaviour and SIF
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analysis, requiring 13 terms to achieve convergence. Another observation that can be made is caused by the
mechanical load ratio. Given that the stress range remains consistent with the first two series, a comparison
can be made. It becomes evident that the initial SIF range remains nearly identical, an expected outcome
considering its dependency on stress range. However, in subsequent images, a gradual increase in offset with
those series can be observed, which can be attributed to the decelerated crack growth at a negative load ratio.
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Figure 12.26: Convergence of crack size dependent on amount of William’s terms of Serie 5.
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Figure 12.27: Convergence of mode 1 SIF dependent on amount of William’s terms of Serie 5.

Serie 5 shows overall the same convergence behaviour as Serie 4. However, it also shows some interesting
behaviour at lower truncations. With a considerable overestimation for the lower amount of terms, with only
five included terms, and the flattening of the SIF at the end of the series with eight terms. Additionally, it
reinforces the idea that 13 terms are required in order to achieve convergence
From the combined convergence studies, it can be concluded that the crack-tip location is generally
significantly less affected by the amount of William’s series taken into account than the SIF. This difference is
possibly caused by the crack tip estimate being determined by the ratio of two amplitudes. Because when
fewer terms are taken into account, the residuals of these terms affect both terms, which their division
possibly cancels out. In addition, even if this is not entirely the case, rudimentary, even at a lower amount of
terms, the actual crack-tip location should still provide the best fit to minimise the singular term, which is the
purpose of the applied crack-tip determination method. Taking into account fewer terms would, in such
cases, increase uncertainty and therefore spread around the expected location. Whilst for a single amplitude
value, taking fewer terms could result in compensation behaviour, resulting in off-sets in the amplitude value.

12.4.2. Potential drop measurement comparison
The data obtained with the Global one-step DIC procedure can be compared to the results obtained through
the potential drop measurements. However, the potential drop measurements do not provide stress field data.
Therefore, in order to compare the crack growth data in the format where it is set out against the SIF range, the
SIF needs to be determined according to the analytical formulations, similar to the parameter determination
(Sec. 9.2). Based on the results of the convergence study, it was chosen to take the values at 13 Williams terms
for all the series. Due to computational time and time constraints, the same amount of images are analysed
as in the convergence study. This reduced number of data points resulted in the window of the Savitsky-Golay
filter needing to be decreased compared to the procedure described in section 9.1, in order to align with the
amount of data points. In addition, it was observed that more than five terms in the filter resulted in overfitting,
resulting in the choice of 4 terms.
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Figure 12.28: Comparison between the one-step DIC (n=13) and Potential drop obtained crack size, Serie 1 (left) and Serie 2 (right).
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Figure 12.29: Comparison between the one-step DIC (n=13) and Potential drop obtained crack size, Serie 3 (left) and Serie 4 (right).
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Figure 12.30: Comparison between the one-step DIC (n=13) and Potential drop obtained crack size, Serie 5.

The comparison shows that the crack sizes obtained by global one-step DIC aligned well with the potential
drop results for the first three series. However, the crack size obtained with Potential drop is significantly larger
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for the last two series with a load ratio of -1. The main difference observed in the initial growth stage is that the
potential drop-based crack grows quicker before settling in. Besides the initial stage, the DIC data shows the
same growth pattern, resulting in a general offset for the rest of its lifetime.

Crack growth
Following the procedure as outlined in section 9.1, the crack growth relation can be compared with the
potential drop results. Notably, the last two series could exhibit alignment with the potential drop data within
the context of crack growth. This difference would be explained due to crack growth not being a cumulative
value and, therefore, not being affected by the disparity observed in the initial growth stage.
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Figure 12.31: Comparison between the one-step DIC (n=13) and Potential drop obtained crack growth, Serie 1 (left) and Serie 2 (right).
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Figure 12.32: Comparison between the one-step DIC (n=13) and Potential drop obtained crack growth, Serie 3 (left) and Serie 4 (right).



12.4. Global one-step approach 85

10
3

10
4

10
-6

10
-5

10
-4

10
-3

10
-2

Potential drop

One-step DIC

Figure 12.33: Comparison between the one-step DIC (n=13) and Potential drop obtained crack growth, Serie 5.

Interestingly, it can be observed that four of the five series seem to have been shifted to the right. This shift
means the SIF range obtained by DIC is greater than expected following the analytical calculations. The
difference in crack growth cannot explain this behaviour for series 4 and 5 because the starting SIF is expected
to be of similar value in such a case. The results are, however, in line with the obtained structural stresses, as
they were all higher than expected. In addition, Series 3 was closest to the expected value when looking at the
structural stress. This alignment is also the case for the stress intensity factor data, as it is the only one aligning
with the expected values.
Because of computational time, only a limited amount of points images were evaluated. However, when the
amount of images is increased, the results do not change significantly, but an increase in resolution is
achieved. In Fig. 12.34, it can be seen that a clear increase in detail is achieved, and the monotonic behaviour
can be well observed. In Fig. 12.34, an overestimation of the SIF can be seen, but in this specific case for series
three, it follows from the convergence study that this is due to the lower amount of Willliam’s terms (n=8)
taken into account.
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Figure 12.34: Comparison between the one-step DIC (n=8) and Potential drop obtained crack growth, Serie 3.

In an effort to explain the shift of the SIF obtained with the one-step DIC method, its results are compared to
different methods. First of all, the one-step and two-step procedure can be compared. Furthermore, empirical
formulations have been established for compact tension specimens following the ASTM standard (Eq. 12.11).
However, the CT specimens in this research do not completely follow these specifications as they have a
thickness of 8 mm instead of the 35 mm standard for the specimen’s length. (Bower, 2009). Lastly, the SIF can
also be determined following the Energy release rate method (Sec: 6.1.2; Eq. 6.2,6.3). Lastly, the calculation of
the Stress Intensity Factor (SIF) is conducted employing the Energy Release Rate method (Section 6.1.2 and
Eq. 6.2 and Eq. 6.3). The SIF is calculated based on the assessment of energy release rate, which is calculated
as a contour integral. Notably, the contour integral may encompass any path encircling the crack tip; however,
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following the crack interface is not required, and the crack widening should be excluded from the contour.
In the context of both the one-step and two-step Digital Image Correlation (DIC) methodologies, the
displacement and stress fields are discretized grid-like. This discretization facilitates the reduction of the
contour integral’s complexity to a configuration of four linear segments aligned with the global coordinate
system. This alignment significantly simplifies the mathematical expression through the contour normals.
The strain energy density is obtained from the stress field in conjunction with the infinitesimal strain.

W = 1

2

∑
i

∑
j
σi j ϵi j (12.10)

In determining the loading on the specimen, these fields proved to be discontinuous, resulting in a proper
structural stress definition. However, these discontinuities are smoothed out due to the contour integral,
alleviating this problem.
The one-step DIC approach introduces a problem with respect to determining the SIF in this manner. The
masking is in this approach applied from the start of the analysis. This masking means the contour integral
does not reach the crack front. This problem does not exist when using the two-step approach, as the masking
is applied between the two steps.
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Figure 12.35: Comparison between the different methods to obtain the mode 1 SIF, for Serie 2.

The different SIF determination methods show that the analytical estimate provides the smallest mode 1 SIF
values. Furthermore, it can be seen that the energy release rate provided by the two-step approach lies in
between the values Williams-based values obtained by the one-step and two-step approach, providing
confidence in the obtained results. The incomplete contour can explain the lower values obtained by the
one-step DIC approach. In addition, the difference in the ASTM definition can be explained through
empirical scatter and the difference in thickness of the specimen compared to the standard definition.

The SIF comparison can be extended to the crack growth relationship. In this relation, the crack sizes obtained
by the one-step procedure are set out against the SIF obtained by the Williams terms in the one-step solution
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and the SIF obtained by the energy-release rate from the two-step procedure. The SIF obtained from the
two-step approach could also be set out against the crack size obtained by the two-step approach. However,
due to the energy release rate formulation, the SIF obtained in this manner is not affected by the crack tip
location. Additionally, it can be observed that the crack size difference between the two methods is minimal.
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Figure 12.36: Crack size comparison one-step and two-step method (left). Comparison crack growth relation (right) Serie 2.

12.4.3. Error estimate
In order to evaluate the SIF estimate, its uncertainty can be investigated. Following the procedure described in
section 8.2, the variance of the SIF range can be determined. The variance can be used to rule out an additional
possible cause of the observed SIF discrepancy.
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Figure 12.37: Variance of the mode 1 SIF (left) and the Variance expressed as a percentage of the SIF (right), for Serie 2.

The obtained variance of Series 2, which showed a significant difference in the SIF from the estimated value, is
relatively small. This becomes especially apparent when expressing the variance as a percentage of the
obtained SIF range. Indicating this uncertainty can not be used to explain the observed SIF discrepancy.
Notably, the variance expressed as a percentage also shows that although the absolute value of the variance
increases at a larger crack size, the relative value decreases due to the large increase of the SIF at larger crack
sizes. The grey-level residual is an input of the variance determination, which can be evaluated as a more
rudimentary error measure.
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Figure 12.38: Mean grey level residual one-step approach of Series 2.

The average grey-level residual within Serie 2 demonstrates an upward trend in tandem with the expansion of
the crack size. This phenomenon has been previously documented Vargas et al. 2016,Vargas et al. 2018). This
pattern can also be expected, especially during crack widening, given that the asymptotic Williams solution
assumes a closed crack configuration. Consequently, the mask is required to conceal the crack opening
effectively. Notably, this behaviour increases as cracks increase in size, yielding a larger deviation from the
Williams solution and, therefore, a larger residual value. Furthermore, in the last images, the crack tip
approaches the mask’s boundary, causing a part of the plasticity-affected region to extend beyond the masks.
This could additionally increase the observed residual; however, adjusting the mask during the correlation
procedure could minimise this.

Given the variance from the two-step approach (Fig.12.39, left), it becomes feasible to assess the enhanced
accuracy of the one-step approach. It is important to note that a direct comparison between the grey-level
residuals of both approaches is not possible, primarily due to the units of the displacement residual
introduced in the two-step approach.

Compelling behaviour supporting the research hypothesis emerges when comparing the variances
(Fig12.39, right), where a significant reduction in uncertainty is observed upon adopting the one-step
approach.
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(right), for Serie 2.



13. Total life parameter estimates
The material parameters must be determined to validate and apply the total life criterion. This chapter
presents the parameters resulting from the maximum likelihood estimation and investigates which
distribution best provides the best data fit. Additionally, the maximum likelihood estimators are presented to
provide an uncertainty comparison.

The determination of the parameters for the total life concept has been performed in two distinct methods
discussed in section 9.2. First, the parameters were established by leveraging failure data from welded
specimens, while the second approach involved crack-growth data in non-welded specimens. The threshold
stress was deliberately excluded in the parameter determination for the Welded dataset. This exclusion
followed because the threshold stress is an additional random variable within the two-stage crack growth
model, preventing straightforward integration into the lifetime model (Eq. 13.1-13.3). Alternatively, the
single-slope Basquin model (Eq. 13.1) could be adapted into a dual-slope model to accommodate the
threshold effect. However, incorporating this adjustment was deemed beyond the intended scope of this
study. Additionally, it is noteworthy that the analysis is limited to mid-cycle fatigue data, meaning that the
dual-slope behaviour should be limited.

log(N ) = log(C−1)−m · log(ST ) (13.1)
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The analyzed welded data originated from literature collected by Qin et al. 2021. The scope of the analysis was
further limited to failures occurring at the weld toe, a choice supported by the application of the parameters in
the context of the case study, which also revolves around weld toe failures.

The bounds of the parameters are important in the Maximum Likelihood Estimation (MLE), as outlined in
Tab. 13.1. These bounds were generally defined within a relatively narrow interval and, where needed,
expanded if a parameter approached a boundary. It is important to note that an exception was made for
parameter γ, which is bounded to the range of 0 to 1 following the formulation of the total life model.

lower bound upper bound

ln(C ) 7 40

m 1 5

γ 0.01 1

σ 0.01 20

n1 0.01 5

n2 0.01 5

n3 0.01 5

n4 -1 5

Table 13.1: Welded Failure data MLE bounds

Msc Thesis 89
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MLE log10(C ) m γ σ n1 n2 n3 n4 AIC

Normal 14.06 3.12 0.80 0.22 0.46 0.73 2.74 -0.08 2.874E+03

Weibull 14.20 3.21 0.83 0.29 1.35 2.42 -0.07 0.49 3.265E+03

Table 13.2: The MLE obtained by welded crackgrowth data.

The fatigue resistance curve can be determined by utilizing the Maximum Likelihood Estimation (MLE)
parameters. In addition to the curve based on the maximum likelihood values, the 95 per cent confidence
bound curves are presented. While the MLE values are important for estimating post-failure lifetime, adopting
a more conservative approach when designing a structure is essential. Therefore, it is advisable to employ the
lower bound for design considerations to prevent premature failure.

Figure 13.1: Total life parameter fitting welded data normal distribution
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Figure 13.2: Total life parameter fitting welded data weibull distribution

The parameter determination shows that the uncertainty is significantly larger when assuming a Weibull
distribution. This uncertainty could partially be explained by the fact that only mid-cycle fatigue data is
analysed. Because when analysing high-cycle fatigue data, the threshold stresses are more likely to cause an
extreme value distribution, which is not the case for mid-cycle fatigue.
The maximum likelihood estimate has been obtained using the MATLAB fmincon optimisation algorithm, a
robust non-linear constrained multi-variable solver. There are multiple algorithms this function can employ.
The active-set and the SQP (Sequential Quadratic Programming) could both be considered for the parameter
determination of concern. Both methods generally operate the same way; however, the SQP algorithm has
two advantages relative to the analysis of concern. Firstly, it entirely confines the parameters and the
infinitesimal steps within the bounds, and secondly, it is able to recover from Infinite results. These properties
help reach a solution even if the bounds are not perfectly defined. Especially in the total life model, with the
addition of these four exponents, such problems could occur.

The parameter fitting can be performed based on the structural hotspot concept to determine the increase in
accuracy obtained compared to more generally used assessment methods. In this concept, the fatigue
resistance parameter is simply defined as the structural stress at the weld. Applying this concept significantly
reduces the number of parameters to be determined.
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Figure 13.3: Hotspot structural stress parameter fitting welded data normal distribution

From the structural hot spot fitting, it is observed that the uncertainty, expressed in the standard deviation σ

and scatter parameter TS , is significantly larger compared to the Total life concept. These parameters indicate
the benefit of the Total life concept compared to common engineering practice.
The maximum likelihood analysis has also been performed on the potential drop data obtained by Palkar
(Palkar, not published). The main difference is that in this analysis, the dependent parameter is the crack
growth value ( d a

dn ) (Eq.13.4). Additionally, the threshold stress was included in this analysis; however, to limit
the scope, it was only considered as an additional constant parameter instead of an additional randomly
distributed parameter. But, similar to the welded data, the crack growth was analysed based on a normal and
Weibull distribution. The Weibull distribution has also been corrected for bias (Eq. 9.13).

log(
d a
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) = log(C )+m · log

 (Yn +n1 ·Y
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)n4

n ) ·Y f · (∆σs
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πa −∆Kth)

(1− rl r )1−γ

 (13.4)

The potential drop experiments were conducted on sharp and blunt notch specimens. In the rest of this
research, only five sharp-notch series were investigated with DIC. Because of the limited amount of series, the
parameter determination was performed upon this larger data set. For the crack growth data analysis, the
bounds (Tab. 13.3) proved more critical than in the case of the failure data set. Setting the upper bound of the
elasticity parameters larger than three resulted in infinite values in the calculation. With this adjustment, the
active-set algorithm can be used to obtain the maximum likelihood parameters.
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lower bound upper bound

ln(C ) 0 40

m 1 4

Kth 0.1 30

γ 0.01 1

σ 0.01 10

n1 0.01 3

n2 0.01 3

n3 -1 3

n4 -1 3

Table 13.3: Non-welded crack growth data MLE bounds

As can be seen in the bounds and in the MLE results, the base ten logarithmic value of the parameter C is
similar to that obtained from the failure data. This similarity has been enforced by defining the logarithmic
crack growth relation with the constant 1

C for parameter comparison.

MLE log10(C ) m Kth γ σ n1 n2 n3 n4 AIC

Normal 12.2645 2.69 17.83 0.74 0.88 0.24 1.95 0.95 0.53 1.3425e+04

Weibull 12.5 2.75 16.86 0.86 0.48 0.23 2.86 0.76 0.49 4.98E+03

Table 13.4: The MLE obtained by non-welded crackgrowth data.

Contrary to the welded data, the Weibull distribution seems to provide a better fit according to the lower
Akaike Information Criterion (AIC). This difference could be due to the fact that the crack growth is differently
distributed than the failure data. Additionally, the inclusion of the threshold stress could cause the shift
towards an extreme value distribution.
The crack growth curves derived from the parameters obtained through maximum likelihood fitting are
presented with the potential drop data on which the fitting process was performed. While all series are utilized
for parameter determination, a division into sharp and blunt notches is employed for visualization purposes.
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Figure 13.4: Normal distribution maximum likelihood fit crack growth data for sharp notch.
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Figure 13.5: Normal distribution maximum likelihood fit crack growth data for blunt notch.
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Figure 13.6: Weibull distribution maximum likelihood fit crack growth data for sharp notch.
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Figure 13.7: Weibull distribution maximum likelihood fit crack growth data for blunt notch.

The estimated crack growth curves can be compared to the Potential drop and one-step DIC data with the
obtained total life parameters. The estimates based on welded data are not expected to align with the obtained
data but provide insight into the effects of the welding on the estimated behaviour.
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Figure 13.8: The obtained crack growth relations for serie 1(left) and serie 2 (right).
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Figure 13.9: The obtained crack growth relations for serie 3(left) and serie 4(right).
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Figure 13.10: The obtained crack growth relations for serie 5.

An interesting observation arises when observing series 3 and 4, wherein the welded estimate exhibits a
rightward shift from the point at which the crack growth transitions into a stabilized Paris relation. This
phenomenon could be attributed to an increase in initial effect size, which can accelerate the initial crack
growth.
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Moreover, an interesting difference appears between the two estimates for the first two series. The welded
estimate demonstrates a consistent monotonic trend, whereas the non-welded estimate displays
non-monotonic behaviour. A corresponding pattern would be anticipated since series 1 and 2 share identical
loading conditions. However, the difference between the potential drop results for both series might indicate
that this loading condition is between these two behaviours, which is supported by the subtle effect. The
estimate could be influenced by the more common behaviour of the data, with the welded data including
more monotonic behaviour.
Finally, it is noteworthy that despite the welded estimate being derived from failure data, it still manages to
predict monotonic behaviour. This observation is important as these data points were less explicitly
incorporated than in the crack growth dataset.



14. Case study
This chapter presents the outcomes of the case study provided by Bureau Veritas, which is an integral part of
the final aim of this thesis, applying the total life model to a genuine engineering scenario and comparing the
approach to a common engineering approach. This case study’s assessment requires examining two essential
components: fatigue loading and resistance.

The fatigue resistance can be derived from the total life model, requiring the total life parameters. The
evaluation specifically concerns the identification of a cracked location within a welded joint. Consequently,
the parameters employed in this model are the parameters obtained from the welded failure data presented in
Chapter 13. The wave loading has been determined following a representative load case scenario and a
spectral approach to determine the expected wave loading for the case study. In combination with the cargo
loading, this provides the complete load condition of the ship.

Both methods of obtaining the loading result in several loading scenarios from which the loading can be
applied to a detailed hotspot FEM model with solid elements. These solid elements obtain the
through-thickness stress distribution and structural stress. The structural stress in all methods is obtained
following the nodal force method (Eq. 2.4-2.5). This method was chosen because the resulting analytical
trough thickness stress distributions provided a better fit to the FEM values than a stress value-based
determination.

14.1. Rule-based wave loading
The Bureau Veritas rules provide maximum and minimum conditions for each of the four load cases (Sec.
10.1.1). The application of these conditions upon the cargo hold model results in 8 different stress states at the
hotspot location. The forces and displacements are taken from the cargo model and prescribed on the
boundary of the detailed FEM model, in which the weld was modelled with solid elements. It is assumed that
the combination of the maximum and minimum of each load case represents the stress range of a
representative cycle.

σs,max σs,mi n rs Cbw

Load case A 265.7 -76.9 0.45 0.1

Load case B 92.6 92.6 0.42 0.1

Load case C 328.0 -147 0.43 0.2

Load case D 273 -75.5 0.50 0.2

Table 14.1: Stress distributions parameters from the BV load cases.

With the obtained structural stress, the analytical stress distribution is determined. This distribution can be
compared to the stresses obtained from the FEM analysis. In Fig. 14.1, the comparison can be seen for the
maximum stress state of load case A, with Cbw assumed to be 0.1, as this value for the weld load-carrying
coefficient provided the best fit regarding this distribution.
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Figure 14.1: Through-thickness stress distribution loading condition A max, Cbw = 0.1

With the analytical stress distribution, the notch factor can be obtained (Fig. 14.2). Although the thickness is 11
mm, only the interval from 0.01 to 8 mm is shown. This interval was chosen because of singular behaviour at
the notch and full thickness. This behaviour at the notch is caused by the singular stress caused by the infinitely
sharp notch. The singularity at full thickness is due to the fact that when the crack is the entire thickness, there
is no material left, resulting in infinite stress.

Figure 14.2: notch and far-field factor plot

The last unknown parameter is the far field factor. In general it is assumed that the handbook solutions for an
edge crack provide the best fit for the case. However, for comparative reasons the damage has been calculated
for an eliptical crack solution as well. lastly the non-welded parameters obtained from the CT specimen have
been taken into account. This could represent a case were the party was made out of a solid part of steel and
is as well just incorperated out of comparative reasons. The damage of each load case can be determined
according to the procedure described in chapter 10. Following the Bureau Veritas rules each load case has an
associated weight factor to add them up into a total damage value. Lastly, following from the rules this sum has
been multiplied with a sailing factor of 0.8.
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Load case A Load case B Load case C Load case D Total Life [years]

Damage welded Yf,eliptical 0.0355 0 0.1022 0.0453 0.0441 22.69

Damage welded Yf,SEC 0.0580 0 0.1826 0.0778 0.0772 12.95

Damage non-welded Yf,eliptical 0.0077 0 0.0180 0.0094 0.0059 168

Damage non-welded Yf,SEC 0.0132 0 0.0333 0.0172 0.0133 75.2

Weight factor 1/6 1/6 1/3 1/3 1 -

Table 14.2: The damages due induced by the load cases based on different Far field and parameter assumptions.

It can be observed that the variations in the assumed parameters and far field distribution result in a
drastically different expected lifetime. Utilizing parameters from non-welded conditions leads to an almost
infinite lifespan projection for the weld. However, the expected lifetime is calculated to be 12.95 years upon
employing the most representative parameters. This lifetime aligns with the observation of a 40 cm
through-thickness crack after roughly ten years, suggesting that the crack could have been entirely
through-thickness before this point.
Notably, the current calculation method is based on small-scale specimens, thus neglecting large-scale effects
in the presented lifespan estimation. Among these factors, hierarchy and attracted load path could alter the
main load path and reduce the load upon the hot spot. This effect could decelerate the crack growth rate
following the initial formation of a small crack.

The results can be compared to the results following from the standard Bureau Veritas rules evaluation. in
which the structural hot spot concept is used for the determination.

Load case A Load case B Load case C Load case D Total Life [years]

Damage 0.1075 0 0.2655 0.1295 0.149 6.71

Weight factor 1/6 1/6 1/3 1/3 1 -

Table 14.3: Bureau Veritas rule based hotspot structural stres result

From the structural hotspot-based approach, it can be observed that the expected lifetime is significantly
shorter than the total life obtained results. This difference could be explained by the fact that the rule-based
method makes use of design curves instead of maximum likelihood values. Additionally, due to the increased
uncertainty of the structural hot spot concept compared to the total life concept, it requires more
conservatism in order to obtain the same confidence bound.

Furthermore, it is observed that in both methodologies, when subjected to load case B, the incurred damage
becomes zero. This result stems from the interaction of the applied forces, resulting in the maximum and
minimum loads becoming equal for this specific load case. These equal loads result in the structural stress
range induced by this specific load case diminishing to zero.

14.2. Wave Spectrum loading
In an effort to reduce the uncertainty on the loading side of the fatigue lifetime determination in the case
study, a spectral analysis was performed (Sec. 10.1.2). A full free-floating ship model is used in a
hydro-structural solver to obtain the structural response of the ship in the different sea states.
Each sea state is represented by a single regular wave corresponding to the spectrum’s wave period and
significant wave height. To limit the research scope, two representative wave directions are chosen (front
quartering waves 135 and 225 degrees) instead of a full 365-degree wave field.
The analysis is performed according to a time series in which waves come in contact with the ship. The initial
stages should be ignored in further analysis, as a start-up phase is present in which the loading builds up.
Afterwards, the loading and response stabilize in a sinusoidal pattern. However, due to phase shifts of the
response compared to the wave loading, it is difficult to determine the exact moment at which the structural
stress is maximum and minimum in the hot spot. Therefore, three semi-random times have been chosen to
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extract the forces and displacements upon the detail. Due to the regular wave applied, it can be assumed that
the structural response will show perfect sinusoidal behaviour. Additionally, the hydro-structural model
provides the response frequency.
After determining the structural stress at each of the three semi-random moments, a sinusoidal function can
be fitted through the three data points in order to obtain the structural stress amplitude, phase shift and mean
shift.
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Figure 14.3: Obtained structural stress time series.

The structural stress range and the mechanical loading ratio can be determined from the amplitude and the
mean shift. The same procedure is used to determine the analytical through-thickness stress formulation as in
the Bureau Veritas load case procedure, with the remaining undetermined parameter being the structural stress
bending ratio. This value was fairly constant at the three evaluated points and over each sea state, around 0.38,
except for a few points. These deviations occur when the structural stress is nearly zero, which can skew this
ratio. This is not likely to occur at the response peak; therefore, the loading ratio of 0.38 is assumed at the
maximum and minimum stress.

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 15 239 30 35

5.5 34 206 66 105

8.5 72 319 143 163

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 35 159 109 55

5.5 79 498 239 127

8.5 146 771 266 196

Table 14.4: Structural stress (∆σs [MPa]) for a 135 degree (left) and a 225 degrees (right) wave.

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 0.88 0.22 0.78 0.74

5.5 0.78 -0.01 0.54 0.41

8.5 0.61 -0.29 0.27 0.22

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 0.75 0.22 0.40 0.65

5.5 0.52 -0.66 0.04 0.34

8.5 0.21 -0.95 -0.04 0.14

Table 14.5: Mechanical loading ratio (rl r ) for a 135 degree (left) and a 225 degree (right) wave.

The notch factor is obtained with the obtained loading parameters and the following analytical
through-thickness stress distributions, and a single-edge crack formulation is used to obtain the far-field
stress distribution. Following, the total life fatigue resistance parameter is established for each sea state, which
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allows the Basquin relation to be used to determine the lifetime in cycles corresponding to each sea state. A
yearly damage value is obtained by dividing the total yearly expected number of waves by the calculated
resistance.

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 0.000 0.246 0.000 0.001

5.5 0.001 0.151 0.006 0.021

8.5 0.008 0.382 0.051 0.074

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 0.001 0.069 0.023 0.004

5.5 0.009 1.202 0.241 0.036

8.5 0.052 3.940 0.308 0.131

Table 14.6: Yearly damage induced by a 135 degree (left) and a 225 degrees (right) wave.

Assuming the likelihood of the 135 and 225-degree waves is equal, the total yearly damage can be calculated by
averaging the damage in both directions.

Hs [m]/Tz [s] 4.5 7.5 10.5 13.5

3.5 0.001 0.126 0.010 0.002

5.5 0.004 0.541 0.099 0.023

8.5 0.024 1.729 0.144 0.082

Table 14.7: Total yearly damage for each sea-state.

The expected pattern of higher waves resulting in increased damage can be observed from the damage per sea
state. Interstingly, a peak can be observed in which the waves with a period of 7.5 seconds induce the largest
unweighted damage. A comparison with the waves with a period of 4.5 seconds shows a significant decrease
in damage, although the yearly amount of waves is equal for each sea state. This shows the dominating effect
of the stress range. When comparing loading ratios, the mean stress level can be concluded to be significantly
lower for the waves with a period of 7.5 seconds. However, the limited effect of the higher mean stress is
expected as it does not result in a higher maximum stress due to the smaller stress range.

Following the yearly damage for each sea state, the directions are averaged, and the sea spectrum (Tab. 10.1) is
used to determine the weighted average of the yearly damage from each sea state. Similar to the load
case-based approach, a sailing factor of 0.8 is applied. Allowing for the determination of the expected lifetime.

Yearly Damage 0.1036 [-]

Expected life time 9.65 [years]

Table 14.8: Total life time, Homer based results.

According to this method, the expected lifetime provides a shorter lifetime than the total life concept with
the Bureau Veritas loading conditions. However, this method resulted in a longer lifetime than the structural
hotspot concept with the load case approach. Indicating that the increase in conservatism results in a larger
difference than the difference in loading.



IV
Judgement and future work
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15. Conclusion
The results of the research undertaken in this study allow for several conclusions to be drawn. These
conclusions can be structured in the format of the answers to the relevant research questions. The
overarching research question is answered by answering each of these research questions and combining
their outcomes; additionally, the research hypothesis is evaluated.

Can Airy stress functions be used in a one-step DIC approach to effectively capture the far field stress
distribution?

This study successfully formulated and implemented a global one-step Digital Image Correlation (DIC)
methodology. This one-step approach was applied in conjunction with a diverse set of basis functions
corresponding to the specific kinematics of the region of interest under investigation. Notably, the
incorporation of linear Airy stress functions into the one-step DIC allowed its utilization in the analysis of the
far-field stress distribution. Subsequently, the developed methodology was employed to determine the
far-field stress distribution within a T-joint specimen. The outcomes obtained through the global one-step
DIC approach were in agreement with those derived from the two-step Finite Element Method (FEM)-based
approach and a localized two-step subset-based approach.

In the context of a Compact Tension (CT) specimen, determining the far-field stress distribution presented
a challenge, primarily following from its geometry. In this instance, the far-field stress distribution cannot be
independently observed but follows as a result of superimposing the through-thickness stress distribution
within the notch region. Notably, the application of the developed methodology employing linear stress
functions in the notch region yielded unsatisfactory results in achieving the far-field stress distribution. It is
important to emphasize that this limitation in obtaining the far-field distribution is attributed not to any
inherent flaw in the implementation of the one-step DIC approach but rather to the constraints- the
underlying field assumption imposes on the correlation procedure. This conclusion is supported by the
observation that the two-step FEM-based approach exhibited the same behaviour in this context.

Can the Williams displacement field solution be used in a one-step DIC procedure as a reduced kinematic
basis for the notch region?

This research effectively integrated the Williams series solution into the established global one-step Digital
Image Correlation (DIC) procedure, aiming to analyse the displacement field around a cracked geometry.
Initially, the methodology was deployed to analyse a long crack under straightforward far-field stress
conditions. The results showed that a limited number of Williams terms were sufficient to accurately describe
the displacement field around the crack. Furthermore, a comparative analysis of the results obtained through
this method against those from a two-step FEM-based DIC approach revealed significant similarity.
Importantly, this approach removed the necessity of intermediate kinematic assumptions, enhancing the
accuracy of the global field determination. Subsequently, the one-step DIC approach was applied to the
Compact Tension (CT) specimens that were the primary focus of this research. A convergence study showed
the need for an increased number of Williams terms to analyse these specimens effectively.

Moreover, it was observed that despite the inherent capacity of the Williams series solution to account for
discontinuities within the displacement field, a masking procedure needed to be implemented around the
crack for two reasons. Firstly, the employed asymptotic Williams solution describes a crack with minimal
widening. This property is invalidated in cases involving substantial crack widening, thereby invalidating the
assumed continuities around the crack. Secondly, when the crack tip location precisely coincides with an
evaluated pixel, the singular term in the crack tip determination algorithm results in an infinite value at that
specific location, consequently causing the correlation algorithm to malfunction.

Does one-step DIC improve the crack tip estimate with respect to a two-step approach?

This research has presented four procedures to obtain the crack size estimate: the residual method in a
two-step approach, the singular term method in a two-step approach, the singular term method in a one-step
approach and the potential drop method.
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Due to the variance definition, the crack-tip uncertainty can not be determined explicitly. However,
considering the reduced uncertainty of the displacement field amplitudes, it can be assumed that the
crack-tip location assumption is more accurate following the one-step approach than the two-step approach
employing the singular term method. However, due to the difference in procedure, an increased accuracy
compared to the residual error method can not necessarily be drawn from the residual approach.

Furthermore, it can not be undoubtedly argued that the developed one-step approach improves crack-tip
determination compared to potential drop measurements, as no specific error measure is known.
Additionally, a significant difference between the methods has been observed for the analyzed experiments
with a mechanical loading ratio of -1. However, the DIC method allows the decoupling of the analysis from the
potential drop calibration curves, which can limit accuracy when deviant geometries are investigated.

Additionally, one of the main constraints of the singular term methodology employed in the one-step
approach is its inherent limitation in estimating the location of the crack tip relative to the crack propagation
direction. This constraint requires prior knowledge of the crack tip location in the direction perpendicular to
the crack propagation vector. Notably, this constraint is also applicable to the two-step FEM-based approach
when employing the same crack-tip estimation technique. However, the two-step nature of the procedure
allows for more freedom in the choice of the used crack-tip estimation algorithm. Specifically, the residual
error method allows for a higher degree of freedom in order to determine the crack-tip location.

For these reasons, it can not be concluded that the one-step approach is to be preferred over the two-step
approach.

Can one-step DIC be effectively used to Validate a crack growth model?

It cannot be definitively concluded that the one-step DIC approach effectively serves as a validation tool for
the total-life crack growth model. This uncertainty follows from the substantial difference between the SIF
ranges obtained through the DIC approach and those derived from analytical calculations. Consequently, the
parameters in the total-life model are not validated. Nonetheless, it is worth noting that the model can
capture both monotonic and non-monotonic behaviours in the short crack growth region. This observation
supports the model’s underlying assumptions about the elastoplastic behaviour around the notch
determining the short crack growth. Moreover, these behaviours are effectively incorporated through the
threshold stress and notch plasticity factors.

Can the two stage crack growth model predict the life time behaviour of a hot spot in an actual vessel?

In the presented case study, the expected lifetime of a critical hot spot within a general cargo vessel has been
determined following the fatigue resistance and loading characterisation. The fatigue resistance was
determined through parameter fitting employing maximum likelihood estimation. The data representing
as-welded conditions showed conformity to the normal distribution, rendering it the most suitable. The load
determination was performed through two distinct methods. Initially, four representative load cases from the
Bureau Veritas rules were employed and subsequently extrapolated to encapsulate the entire loading
spectrum. Secondly, a wave spectrum approach was used to minimise loading-related uncertainties. The
loading data generated by both methodologies were subsequently applied to a solid element FEM model of
the critical weld allowing for the determination of the structural stresses and through-thickness stress
distribution. When inserted in the total life formulation, these result in the total stress load parameter.
Collectively, this approach provided realistic estimations of the damage and fatigue lifetime of the detail.

Can the two stage crack growth model improve the prediction of the life time behaviour with respect to a
classification rule based assessment?

Implementing the total-life model has shown a reduction in the uncertainty associated with the fatigue
resistance relationship compared to the structural hot-spot concept, which is commonly employed in
rule-based approaches. This uncertainty reduction indicates an increase in the accuracy of the fatigue
resistance. In the presented case study, this reduction in uncertainty translated into the prediction of a longer
lifetime due to the decreased level of required conservatism.

However, it is essential to realise the current limitations of the total-life model. Currently, the model
should only be applied if the stress intensity range is being determined using the same procedures employed
in the parameter fitting process, primarily due to the uncertainty in the fitting parameters stemming from the
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discrepancies in the SIF estimates. Moreover, it should be noted that the improvement of the lifetime estimate
depends on the loading data’s accuracy. Therefore, the model excels in laboratory conditions where loading is
precisely known. However, in ship design, where loading is characterised by high stochasticity, the total life
model’s accuracy increase is diminished. Consequently, in the design phase, the total-life model may not
improve accuracy compared with conventional rule-based approaches.

Concluding from the answers to the research questions presented above, the main research question can be
answered:

Can a two-stage crack growth model be used to improve the fatigue life time estimate of arc-welded joints
in marine structures?

It can be concluded to be, that although the model can be used in order to predict the lifetime of arc-welded
maritime structures, in the current stage of the total life model, combined with the inherent uncertainties in
the loading of maritime structures, the total life model does not provide a significant improvement in the
lifetime estimate.

Furthermore evaluating the research hypothesis:

In order to improve the fatigue total life time estimate of arc-welded joints in steel marine structures,
validation of the involved two-stage crack growth model requires a one-step DIC approach.

The one-step DIC approach could be used for validating the total-life model as it demonstrates increased
accuracy compared to the two-step DIC approach. Nevertheless, given the substantial similarity with the
results obtained from the two-step approach, adopting the one-step approach may not be necessary,
especially considering the additional flexibility in SIF and crack-tip estimation procedures. Additionally,
explaining the SIF discrepancy is required before employing any DIC approaches for validation.



16. Discussion
From this research, several avenues of investigation remain. This chapter will discuss which improvements
can be made in future work, as well as several questions following the conclusions of this research. First, the
discussion points resulting from SIF estimates obtained through DIC will be discussed, followed by the
obtained crack sizes. Lastly, possible further improvements concerning the case study will be discussed.

16.1. Stress intensity factor
Considering the discrepancies between the expected loading of the specimens and the obtained loading
parameters through DIC is a primary concern. Further investigation must be performed to investigate if the
forces reported by the exciters during the experiments translate to the structural stresses expected to be
caused by such a method.

The first proposed avenue of further investigation follows from the structural stress calculations. The
calculations performed in this research showed that the first-order FEM-based approach resulted in a
discontinuous stress field from which the structural stress could not be adequately determined. Therefore, the
continuous stress field obtained from the one-step approach was used. In finite element calculation, the
calculation of the structural stress based on nodal forces increased accuracy. Additionally, although the initial
investigation did not show the Williams solution resulting in any accuracy loss, confirming the loading
independent of the Williams formulation could be beneficial. Therefore, it is proposed to introduce a
second-order FEM-based approach in future work, which introduces second-order continuity, resulting in a
continuous stress field description. This increase in continuity decreases the fluctuations observed in the
trough-thickness stress distribution obtained with a linear shape function FEM-based DIC approach, allowing
for an adequate determination of the structural stress with this approach.

Besides obtaining the structural stress with a higher order FEM-based DIC approach, it could also be used to
directly determine the Stress intensity factor (Sec: 6.1.2). However, it should be noted that in such an
approach, the elements must be orientated around the crack tip, and the nodes must be allowed to coincide.
These requirements around the crack tip would result in a significantly more complex element description
than the square grid-based approach employed in the FEM-based DIC approach in this research. A distinct
advantage of such a method could be a further decrease in the made errors because it was observed that the
increase in error of the two-step approach originates from the post-processing step. Compared to the first
step of the two-step approach, the residual grey-level error is increased due to the increased enforced
constraint in the displacement field. Therefore, a higher confidence value could be obtained assuming the
Stress intensity factor determination method does not introduce errors in its own right. However, the
calculated variance for the SIF from the one-step approach was already relatively small, making this increase
in confidence not a specific goal in its own right.

In the data series evaluated in this research, all the images were captured at the maximum loading condition,
and the stress range was obtained as a linear scaler from the known loading ratio. The obtained stress range
could be validated by including minimum load images in the series. Besides the stress intensity range, this
also allows for a complete investigation of the loading application.

In case additional experiments are conducted for further investigative purposes, collecting images from both
sides of the cracked specimen could provide additional insights. A comparison of front-face and back-face
data could rule out three-dimensional effects.

16.2. Crack size
The difference in crack size estimates between the potential drop results and those obtained from the one-step
DIC approach, specifically within the series with a load ratio of -1, represented another unanticipated outcome
of this research. In order to determine if the loading ratio is the origin of this issue, additional series should
be investigated. If the discrepancy proves to be constrained to the two evaluated series, it can be hypothesised
that an electrical leak was present at these series, disrupting the Potential drop results.
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Alternatively, if more series are affected, a possible explanation could be found in the fact that these
experiments have the lowest load level. This lower load level could result in the displacement field being less
pronounced, which could result in more ambiguity in the fitting process of the Williams solution onto the
displacement field.

Additionally, this lower loading results in the plasticity-affected area decreasing. It could be further
investigated if smaller masking of the crack tip would result in a better estimate of the crack tip in these lower
load cases.

Furthermore, lower stress series with positive loading ratios should be analysed to confirm whether the
problem would be caused due to the lower load level. However, it should be noted that the difference between
the maximum load of Serie 3 and Serie 4 was already only 50 MPa, and Serie 3 showed good alignment with the
potential drop results.
Another possible reason that could explain the difference in the results of load ratio -1 is the paint. Because the
speckle pattern was applied with a paint that proved to be significantly more elastic, as it can be seen spanning
the crack opening in some of the larger images, it could possibly be restored to its original state by closing
the cracked specimen at negative loading ratios. Alternatively, it could be that the paint has remained intact
whilst a crack has formed underneath, resulting in a crack size underestimation. However, this is deemed
very unlikely. Because this would only affect the direct crack region, whilst this crack region is masked out
completely, the DIC procedure would not consider such an effect.

Figure 16.1: Intact paint layer over large crack.

16.3. Case study
For the application of the total-life model on actual marine structures, some points of concern remain as well.
Firstly, the welded parameter determination should, in future work, be elaborated to a two-slope model. The
two-slope behaviour can be used to capture the random variable behaviour of the threshold stress, which was
excluded in this research due to the integration procedure not being straightforward with the inclusion of this
randomly distributed parameter.

Furthermore, the far-field factor at hot spot type A should be further investigated. The obtained damage based
on an elliptical or edge crack formulation varied significantly. The main difficulty in the elliptical crack
formulation comes from the unknown elliptical ratio. Future work could include the incorporation of an
elliptical ratio estimator. Alternatively, the error made through the edge crack assumption could be
investigated.

Lastly, it is inherent to fatigue analysis that the uncertainty in fatigue predictions follows from both the
resistance and loading side. Therefore, the effort to decrease the uncertainty in fatigue lifetime predictions
should follow from both of these perspectives. Therefore, full advantage of the total life model can only be
taken when the uncertainty in the loading is decreased, which is practically impossible to achieve in the
design stage. However, in the case study in this research, the crack growth is evaluated retrospectively. An
effort to accurately reconstruct the loading has been made in the form of determining the approximate sailing
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routes to determine a super-positioned sea spectrum for this ship. Although this reconstruction can be
performed in greater detail, there exists a limit to the possibilities. In an ideal scenario, monitoring and
atomisation of the data collection would be employed to obtain the loading over the structure’s lifetime.
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