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Abstract
This work proposes a nonsingular adaptive fixed-time switching control method
for a class of strict-feedback nonlinear dynamics subject to full state con-
straints. The peculiarity of this design lies in overcoming the singularity issue
that typically appears in the existing backstepping-based fixed-time control
methods caused by the iterative differentiation of fractional power terms as
tracking errors approach to zero, while guaranteeing the nonviolation of full
state constraints. Crucial in solving such singularity issue is to skillfully intro-
duce a smooth switching between fractional power and integer power terms,
which guarantees that fractional power term is confined within a positive
interval all the time. An asymmetric time-varying barrier Lyapunov function
is delicately incorporated into control design, rendering state variables to be
within prescribed time-varying bounds. Besides, radial basis function neural net-
work is employed to handle system unknown nonlinearities. It is rigorously
proved that all the closed-loop signals eventually converge to small regions
around origin within fixed-time. Comparative simulation results are finally
given to validate the effectiveness and superiority of the proposed control
strategy.

K E Y W O R D S

adaptive backstepping control, fixed-time stability, switching control, time-varying state constraints

1 INTRODUCTION

Over the past few decades, the tracking problem of uncertain nonlinear systems has received considerable atten-
tion, due to its significance both in theory and practice. In addition, as an iterative design method, back-
stepping technique has provided a structured and systematic method for Lyapunov function design of complex
nonlinear systems.1-3 To go further, universal approximators such as neural network (NN) and fuzzy-logic sys-
tem have been introduced to handle unknown dynamics.4-6 Approximation-based adaptive backstepping controller
design has been widely applied in industrial control systems including robot control,7 flight control,8-10 and so
forth.11-13
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In order to obtain a satisfactory tracking performance, there are many transient response indexes and steady-state
indexes that are required to be taken into account. As one of the important factors that affects tracking performance, con-
vergence rate has attracted extensive interest. It is worth mentioning that conventional works are solely able to make the
system asymptotically or exponentially stable, that is, closed-loop signals converge to a residual set when time goes to
infinity. Finite-time stability is therefore proposed to provide an upper bound of convergence time, while guaranteeing
closed-loop stability. Based on finite-time stability, massive results have been acquired.14,15 To list a few: in Reference 16,
the finite-time adaptive fuzzy tracking control problem of pure-feedback nonlinear systems was addressed, and a criterion
of semiglobal practical stability was first formulated. By fusing the command filter and backstepping control technique,
the problem of finite-time control for a class of uncertain nonlinear systems with unknown actuator faults was studied
in Reference 17. However, it has to be noted that the upper bound of convergence time in the above-mentioned works
relies on their initial conditions, and the settling time might become larger when initial values stay far away from the equi-
librium. To remove the dependence of convergence time on initial conditions, fixed-time stability is thus developed and
has been attached tremendous attention since it was proposed.18,19 For instance, a decentralized adaptive fuzzy fixed-time
control design was given in Reference 20 for interconnected nonlinear systems. An adaptive practical fixed-time control
strategy was investigated for strict feedback nonlinear systems in Reference 21. By employing tan-type barrier Lyapunov
function (BLF) and NN techniques,22 considered fixed-time control of nonstrict-feedback nonlinear system subject to
dead zone and output constraint.

However, it is worth emphasizing that the main challenge of incorporating fixed-time control method under back-
stepping framework comes from the fact that the derivatives of intermediate control variables might become infinity as
the tracking errors approach to zero, leading to a singularity issue. This is because the negative power terms appear in
the derivatives of intermediate control variables.

On the other hand, state constraints are typically required to be satisfied in practical systems since their transgres-
sion might cause system performance degradation or even system instability.23,24 Therefore, remaining the states within
prescribed bounds has become a major research topic for the sake of safety consideration. BLF has been a power-
ful tool in guaranteeing full state constraints and some commonly seen forms include tan-type BLF,25 log-type BLF,26

and integral-type BLF.27 Generally, most of the existing results are concentrated on strict/pure feedback nonlinear sys-
tems with output constraints or full state constraints.28,29 In Reference 30, the asymptotic control laws were presented
for single-input single-output nonlinear systems, while the symmetric and asymmetric BLFs were explored to prevent
the output constraint violation. Later on, an asymmetric time-varying BLFs was employed to ensure output constraint
satisfaction in Reference 31. Aiming at improving convergence speed, an adaptive finite-time tracking control strat-
egy was investigated for strict-feedback nonlinear systems subject to time-invariant full state constraints and dead-zone
in Reference 32. Independent of the initial conditions, an adaptive fixed-time control scheme was studied for nonlinear
systems with the time-invariant full state constraints in Reference 33. However, these results fail to work in the case that
fixed-time control and asymmetric time-varying full constrained states are considered simultaneously.

Motivated by the aforementioned discussion, this article focuses on the nonsingular fixed-time tracking control
problem for a class of strict-feedback nonlinear systems with asymmetric time-varying full state constraints. The main
contributions can be summarized as follows.

1. This article, to our best knowledge, presents a pioneering result about nonsingular fixed-time control of strict-feedback
nonlinear systems subject to asymmetric time-varying full state constraints.

2. We devise a novel differentiable fixed-time adaptive control scheme by introducing a smooth switching between
fractional power and integer power terms. Among this switching, the fractional power term used in con-
troller design is confined within a positive interval, which can avoid the singularity issue that the negative
power terms increase to infinity as the tracking errors approach to zero. Such singularity issue might appear
in the derivatives of fractional power terms by incorporating fixed-time control method under backstepping
framework.

3. In addition to guaranteeing fixed-time convergence, the proposed fixed-time design relies on a new corollary which
first proves a smaller upper bound of convergence time than the existing literature.

The rest of this article is organized as follows. In Section 2, problem formulation and preliminaries are provided.
In Section 3, the fixed-time tracking control scheme with full state constraints is developed. Subsequently, the stability
analysis is given in Section 4. In Section 5, a numerical example and a practical example are, respectively, performed to
demonstrate the effectiveness of the developed scheme. Finally, Section 6 concludes the work.
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2 PROBLEM DESCRIPTION AND PRELIMINARIES

Consider a class of nonlinear strict-feedback systems given by

⎧⎪⎨⎪⎩
�̇� i = fi(𝜒 i) + gi(𝜒 i)xi+1 + di(𝜒 i)
�̇�n = fn(𝜒) + gn(𝜒)u + dn(𝜒)
y = 𝜒1

, (1)

where 𝜒 i = [𝜒1, 𝜒2, … , 𝜒i]T ∈ Ri and 𝜒 = [𝜒1, 𝜒2, … , 𝜒n]T ∈ Rn denote the state variables of the system, u ∈ R is system
control input and y ∈ R is system output. fi(𝜒 i), i = 1, 2 … ,n are unknown differentiable system functions, gi(𝜒 i) repre-
sent the unknown differentiable control-gain functions, di(𝜒 i) denote the external disturbance and system uncertainties.
Particularly, all the system states 𝜒i are constrained in the compact set Ω𝜒 ∶=

{
𝜒 ∈ Rn ∶ kci

(t) < 𝜒i < kci (t)
}

such that

kci(t) > kci
(t), where kci(t) and kci

(t) are prescribed time-varying constraint functions.
The control objective is to design an adaptive fixed-time tracking controller such that not only the system output y

can follow the desired trajectory yd in a fixed time, but also all the states do not violate the constrained set.

Assumption 1. (34) The desired trajectory yd is smooth, and its n th order derivatives yd, ẏd, and ÿd are bounded and
satisfy Ω0 ∶=

{[
yd, ẏd, ÿd

]T |||y2
d + ẏ2

d + ÿ2
d ≤ B0

}
, where B0 is a positive constant. For any t > 0, there exist functions Y 0(t)

and Y 0(t) such that the desired trajectory yd satisfy Y 0(t) ≤ yd(t) ≤ Y 0(t) and Y 0(t) < kc1(t), Y 0(t) > kc1
(t). Moreover, the

time derivatives of the desired trajectory satisfy Y i(t) ≤ y(i)d (t) ≤ Y i(t), i = 1, 2, … ,n.

Assumption 2. (35) There exist known positive constants gim and giM such that 0 < gim ≤ gi(𝜒 i) ≤ giM .

Assumption 3. (36) For the disturbance term di(𝜒 i), there exist unknown positive constants dMi such that ||di(𝜒 i)|| ≤ dMi,
i = 1, 2, … ,n.

Lemma 1. (37) Suppose that there exists a continuous positive definite and radially unbounded function V (𝜒(t)) ∶ R𝓁 →
R+ ∪ {0} such that V̇(𝜒(t)) ≤ −(𝛼V p(𝜒(t)) + 𝛽V q(𝜒(t)))k + 𝜂 for constants 𝛼, 𝛽, p, q, k, 𝜂 > 0 satisfying pk < 1, qk > 1, the
residual set of the system solution with 0 < 𝜃0 < 1 is represented as{

lim
t→Tr

|V(𝜒(t)) ≤ min
{
𝛼−1∕p[𝜂∕ (

1 − 𝜃k
0
)]1∕(pk)

, 𝛽−1∕q[𝜂∕ (
1 − 𝜃k

0
)]1∕(qk)

}}
. (2)

Furthermore, the origin is fixed-time stable with the convergence time being defined as

Tr (𝜒(0)) ≤ Tmax ∶=
1

𝜃k
0𝛼

k(1 − pk)
+ 1

𝜃k
0𝛽

k(qk − 1)
. (3)

Corollary 1. Suppose that there exists a continuous positive definite and radially unbounded function V (𝜒(t)) satisfying
same conditions as Lemma 1, then the system is fixed-time stable. Furthermore, a smaller convergence time Tr is given
below

Tr (𝜒(0)) ≤ Tmax ∶=
1

𝜃k
0𝛼

k(1 − pk)

(
𝛼

𝛽

) 1−pk
q−p

+ 1
𝜃k

0𝛽
k (qk − 1)

(
𝛼

𝛽

) 1−qk
q−p

. (4)

Proof. In light of V̇(𝜒(t)) ≤ −(𝛼V p(𝜒(t)) + 𝛽V q(𝜒(t)))k + 𝜂, we obtain for V(𝜒(t)) ≤ c, it has V̇(𝜒(t)) ≤ −𝛼kV pk(𝜒(t)) + 𝜂;
For V(𝜒(t)) ≥ c > 0, it has V̇(𝜒(t)) ≤ −𝛽kV qk(𝜒(t)) + 𝜂.

Note that there exist 0 < 𝜃0 < 1, so the above inequality can be further expressed as the form that for V(𝜒(t)) ≤ c, it
obtains V̇(𝜒(t)) ≤ −𝜃k

0𝛼
kV pk(𝜒(t)) −

(
1 − 𝜃k

0
)
𝛼kV pk(𝜒(t)) + 𝜂; And for the case that V(𝜒(t)) ≥ c > 0, one can obtain that

V̇(𝜒(t)) ≤ −𝜃k
0𝛽

kV qk(𝜒(t)) −
(
1 − 𝜃k

0
)
𝛽kV qk(𝜒(t)) + 𝜂.

To begin with, for any 𝜒(t) such that V(𝜒(0)) ≥ c, when V qk(𝜒(0)) > 𝜂

(1−𝜃k
0)𝛽k , the inequality V̇(𝜒(t)) ≤ −𝜃k

0𝛽
kV qk(𝜒(t))

exists. Divide both sides by V qk(𝜒(t)), and then integrating it over time t, one gets ∫ T1
0

V̇(𝜒(t))
V qk(𝜒(t))

dt ≤ −∫ T1
0 𝜃k

0𝛽
kdt, that is
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to say 1
1−qk

[
V 1−qk(𝜒(T1)) − V 1−qk(𝜒(0))

]
≤ −𝜃k

0𝛽
kT1. To go further, we can rewrite the above inequality in the form of

T1 ≤ 1
𝜃k

0𝛽
k(qk−1)

[
V 1−qk(𝜒(T1)) − V 1−qk(𝜒(0))

]
≤ 1

𝜃k
0𝛽

k(qk−1)
V 1−qk(𝜒(T1)).

When taking value V(𝜒(T1)) = c, we have

T1 ≤
1

𝜃k
0𝛽

k (qk − 1)
c1−qk. (5)

Since V(𝜒(t)) is a decreasing function, we can guarantee that for time t ≥ 1
𝜃k

0𝛽
k(qk−1)

c1−qk, it holds that V(𝜒(t)) ≤ c.

Next, for any 𝜒(t) such that V(𝜒(t)) ≤ c, the following two cases is considered. Denote Ω𝜒 =
{
𝜒|V pk(𝜒(t)) ≤ 𝜂

(1−𝜃k
0)𝛼k

}
and Ω𝜒 =

{
𝜒|V pk(𝜒(t)) > 𝜂

(1−𝜃k
0)𝛼k

}
.

Case 1 If 𝜒(t) ∈ Ω𝜒 , the inequality V̇(𝜒(t)) ≤ −𝜃k
0𝛼

kV pk(𝜒(t)) exists.
Similar to the above proof process, in order to get 𝜒(t) ∈ Ω𝜒 , then we can infer

1
1 − pk

[
V 1−pk(𝜒(Tr)) − V 1−pk(𝜒(T1))

]
≤ −𝜃k

0𝛼
k (Tr − T1) . (6)

Then, the settling time is estimated by

Tr ≤ T1 +
1

𝜃k
0𝛼

k(1 − pk)
[
V 1−pk(𝜒(T1)) − V 1−pk(𝜒(Tr))

]
≤

1
𝜃k

0𝛼
k(1 − pk)

c1−pk + 1
𝜃k

0𝛽
k (qk − 1)

c1−qk. (7)

Case 2 If 𝜒(t) ∈ Ω𝜒 , then the trajectory of 𝜒(t) does not exceed the set Ω𝜒 .
To sum up, the settling time to reach the set Ω𝜒 is bounded by a maximum value.
Define the function

Tr (c) =
1

𝜃k
0𝛼

k(1 − pk)
c1−pk + 1

𝜃k
0𝛽

k (qk − 1)
c1−qk. (8)

Let T′
r (c) = 0, and we can obtain c∗ =

(
𝛼

𝛽

) 1
q−p .

Thus, the minimum settling time is given by Tr (𝜒(0)) ≤ Tmax ∶= Tr (c∗) = 1
𝜃k

0𝛼
k(1−pk)

(
𝛼

𝛽

) 1−pk
q−p + 1

𝜃k
0𝛽

k(qk−1)

(
𝛼

𝛽

) 1−qk
q−p ▪

Remark 1. In the current work on fixed-time control, numerous research results are based on the classic fixed-time sta-
bility theory proposed by Polyakov,18 in which the convergence time is described as Tmax ∶= 1

𝛼k(1−pk)
+ 1

𝛽k(qk−1)
. However,

only the special case that c = 1 in (8) is considered to get this settling time, leading to an incomplete analysis result. Actu-
ally, there exists a smaller convergence time, so an new upper bound of fixed-time Tr (c∗) is derived in Corollary 1. It is
noteworthy that according to the definition of the function Tr (c), we can seen that its second-order derivative T′′

r (c) > 0,
that is to say, the function Tr (c) is a concave function. Moreover, there is just one point where its derivative is zero, so this
stagnation point c∗ = (𝛼∕𝛽)

1
q−p must be the minimum point of the function and Tr (c∗) ≤ Tr (1). Therefore, it is proved for

the first time that a smaller upper bound of convergence time can be obtained under conditions in Lemma 1, and this
time is smaller than the time revealed by the existing fixed-time control schemes.38

Remark 2. It is worth noting that there is no loss of generality in Polyakov’s derivation of this bound. The Lyapunov func-
tion can also be redefined as W(𝜒(t)) = 1

c
V(𝜒(t)), then the settling time can be estimated by t ≥ 1

𝜃k
0𝛼

kcpk−1(1−pk)
+ 1

𝜃k
0𝛽

kcqk−1(qk−1)

with 0 < 𝜃0 < 1. In addition to the classic fixed-time derivation result, the new function Tr (c) = 1
𝜃k

0𝛼
k(1−pk)

c1−pk +
1

𝜃k
0𝛽

k(qk−1)
c1−qk is defined and the concavity and convexity of this function is analyzed. As a result, the minimum settling

time is given through rigorous and complete proof which is the main contribution that distinguish from the traditional
fixed-time control result.

Lemma 2. (39) For x, y ∈ R, and any real numbers c, d, 𝛾 > 0, it holds that

|x|c|y|d ≤
c

c + d
𝛾|x|c+d + d

c + d
𝛾
− c

d |y|c+d. (9)
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Corollary 2. For Φ ∈ R+, and any real numbers 0 < h < 1, the following holds

Φh ≤ Δ(h) + Φ, (10)

where Δ(h) = (1 − h)h
h

1−h > 0.

Proof. Inequality (10) is deduced from Lemma 2. In view of inequality |x|c|y|d ≤ c
c+d

𝛾|x|c+d + d
c+d

𝛾
− c

d |y|c+d, choose x = 1,
y = Φ, c = 1 − h, d = h, 𝛾 = e(h∕(1−h)) ln h, thus we can get Φh ≤ Δ(h) + Φ. ▪

Lemma 3. (40) Consider 𝜒i ∈ R, i = 1, 2, … ,n, and 0 < p < 1, one gets( n∑
i=1

|𝜒i|)p

≤
n∑

i=1
|𝜒i|p ≤ n1−p

( n∑
i=1

|𝜒i|)p

. (11)

In addition, the following inequality holds:
n∑

i=1
𝜒2

i ≤

( n∑
i=1

𝜒i

)2

≤ n
n∑

i=1
𝜒2

i . (12)

Lemma 4. (41) The radial basis function neural network (RBFNN) is utilized to approximate the continuous function
Si(Zi) over a compact set ΩZi ⊂ Rn as

Si(Zi) = Θ∗T
i 𝜓i(Zi) + 𝜀i(Zi), ∀Zi ∈ ΩZi ⊂ Rn, (13)

where Θ∗
i is ideal weight vector, 𝜀i(Zi) is the approximation error such that ‖𝜀i(Zi)‖ ≤ 𝜀Mi with 𝜀Mi > 0 is an unknown

constant, and 𝜓i(Zi) is chosen as the commonly used Gaussian functions

𝜓i(Zi) = exp

[
−(Zi − 𝜑i)T(Zi − 𝜑i)

𝜛2
i

]
, i = 1, 2, … .,w, (14)

where 𝜑i, 𝜛i, and w represent the center, width, and number of the Gaussian function, respectively.

3 FIXED-TIME ADAPTIVE TRACKING CONTROL DESIGN

We start the design by giving the following coordinate transformation{
e1 = 𝜒1 − yd

ei = 𝜒i − 𝛼i−1, i = 2, 3, … ,n
, (15)

where e1 is the tracking error and 𝛼i−1 is the virtual control input that will be designed later.
The recursive design procedure contains n steps. First, at each step of the backstepping design, the intermediate control

𝛼i−1 is designed to make the corresponding subsystem toward equilibrium. And at the final step, the stabilization of system
can be achieved with the actual control input u to be designed.

Step 1: In the design, the following definition will be needed.

ri (ei) =

{
1, ei > 0
0, ei ≤ 0

. (16)

It can be easily seen that ri (ei) = r2
i (ei) and 1 − ri (ei) = (1 − ri (ei))2.

Due to Assumption 1, the positive time-varying barrier functions are given by

ka1(t) ∶= yd(t) − kc1
(t), kb1 (t) ∶= kc1(t) − yd(t), (17)

where kb1
≤ kb1(t) ≤ kb1 , ka1

≤ ka1(t) ≤ ka1 with positive constants kb1
, kb1 , ka1

, and ka1 .
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By a change of error coordinates, we arrive at

𝜁a1 (t) =
e1

ka1 (t)
, 𝜁b1(t) =

e1

kb1(t)
, 𝜁1(t) = r1 (e1) 𝜁b1

(t) + (1 − r1 (e1))𝜁a1 (t). (18)

Consider the following BLF candidate:

L1 = r1 (e1)
2

log
k2

b1
(t)

k2
b1
(t) − e2

1
+ 1 − r1 (e1)

2
log

k2
a1
(t)

k2
a1
(t) − e2

1
, (19)

where log(•) represents the natural logarithm of •.
Then we can rewrite (19) into a form that does not depend explicitly on time

L1 = r1 (e1)
2

log 1
1 − 𝜁2

b1
(t)

+ 1 − r1 (e1)
2

log 1
1 − 𝜁2

a1
(t)

= 1
2

log 1
1 − 𝜁2

1 (t)
. (20)

And it is clear that L1 is positive definite and continuously differentiable in the set |𝜁1(t)| < 1.
Considering the following subsystem of (1) and noting e1 = 𝜒1 − yd, one gets

ė1 = f1(𝜒1) + g1(𝜒1)𝜒2 + d1(𝜒1) − ẏd, (21)

where 𝜒2 is virtual control input.
To move on, the time derivative of L1 along (19) is

L̇1 =
r1 (e1) 𝜁b1(t)

kb1(t)
(

1 − 𝜁2
b1
(t)

) (
S1(Z1) + g1(x1)x2 + d1(x1) − e1

k̇b1

kb1

)

+
(1 − r1 (e1)) 𝜁a1 (t)
ka1(t)

(
1 − 𝜁2

a1
(t)

) (
S1(Z1) + g1(x1)x2 + d1(x1) − e1

k̇a1

ka1

)
,

(22)

where S1(Z1) = f1(x1) − ẏd with Z1 =
[
𝜒1, ẏd

]
∈ R2.

By employing the NN in the general form of (13) to approximate S1(Z1), one obtains

L̇1 = r1 (e1) e1

k2
b1
(t) − e2

1

(
Θ∗T

1 𝜓1(Z1) + 𝜀1(Z1) + g1(𝜒1)𝜒2 + d1(𝜒1) − e1
k̇b1(t)
kb1(t)

)

+ (1 − r1 (e1)) e1

k2
a1
(t) − e2

1

(
Θ∗T

1 𝜓1(Z1) + 𝜀1(Z1) + g1(𝜒1)𝜒2 + d1(𝜒1) − e1
k̇a1(t)
ka1 (t)

)

≤ r1 (e1)
⎛⎜⎜⎜⎝

e1g1(𝜒1)𝜒2

k2
b1
(t) − e2

1
+

e2
1𝜃1𝜓

T
1 (Z1)𝜓1(Z1)

2l1

(
k2

b1
(t) − e2

1

)2 + l1

2
+

e1[𝜀1(Z1) + d1(𝜒1)]
k2

b1
(t) − e2

1
−

e2
1

k2
b1
(t) − e2

1

k̇b1(t)
kb1(t)

⎞⎟⎟⎟⎠
+ (1 − r1 (e1))

⎛⎜⎜⎝
e1g1(𝜒1)𝜒2

k2
a1
(t) − e2

1
+

e2
1𝜃1𝜓

T
1 (Z1)𝜓1(Z1)

2l1
(

k2
a1
(t) − e2

1
)2 + l1

2
+

e1[𝜀1(Z1) + d1(𝜒1)]
k2

a1
(t) − e2

1
−

e2
1

k2
a1
(t) − e2

1

k̇a1(t)
ka1(t)

⎞⎟⎟⎠ ,

(23)

where l1 is a positive design parameter.
Define 𝜃i = ‖‖Θ∗

i
‖‖2 and the generalized NN weight estimation error 𝜃i as 𝜃i = 𝜃i − gim�̂�i, where �̂�i is the estimate of 𝜃i.

Devise the virtual fixed-time control 𝛼1 as follows:

𝛼1 = (1 − r1 (e1))

[
−c1

e3
1

k2
a1
(t) − e2

1
− 𝜆1

e1

k2
a1
(t) − e2

1
−

e1�̂�1𝜓
T
1 (Z1)𝜓1 (Z1)

2l1
(

k2
a1
(t) − e2

1
) − ℏ1(t)e1 − 𝜅1ℑ1 (e1)

]

+ r1 (e1)
⎡⎢⎢⎢⎣−c1

e3
1

k2
b1
(t) − e2

1
− 𝜆1

e1

k2
b1
(t) − e2

1
−

e1�̂�1𝜓
T
1 (Z1)𝜓1 (Z1)

2l1

(
k2

b1
(t) − e2

1

) − ℏ1(t)e1 − 𝜅1ℑ1 (e1)
⎤⎥⎥⎥⎦ ,

(24)
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where c1, 𝜆1, and 𝜅1 are the positive design parameters.
The time-varying gain ℏ1(t) is given by

ℏ1(t) =
1

g1m

√√√√√(
k̇a1(t)
ka1(t)

)2

+

(
k̇b1(t)
kb1(t)

)2

+ o1, (25)

where o1 is a positive design parameter.

Remark 3. Currently the BLF-based adaptive control schemes mainly focus on tacking state constraints problem,
which prescribed state constraints are usually defined to be time-invariance or symmetric. By contrast, we permit
the barriers to vary with the desired trajectory in time and an asymmetric BLF is employed in fixed-time control. To
realize the objective of time-varying state constraints, a change of tracking error coordinates is used to eliminate the
dependence explicitly on time, and the time-varying gain is introduced to compensate the effect brought by dynamic
barriers.

And the smooth switching law ℑ1 (e1) is defined as

ℑ1 (e1) =
⎧⎪⎨⎪⎩

e2h−1
1

[
r1 (e1)

((
k2

b1
(t) − e2

1

)1−h
)
+ (1 − r1 (e1))

((
k2

a1
(t) − e2

1
)1−h

)]
, if |e1| ≥ 𝜍1

r1 (e1)
(
𝜇11e1 + 𝜈11e3

1
)
+ (1 − r1 (e1))

(
𝜇12e1 + 𝜈12e3

1
)
, if |e1| < 𝜍1

, (26)

with 𝜇11 = 𝜍2h−2
1

(
k2

b1
(t) − 𝜍2

1

)1−h
− 𝜈11𝜍

2
1 , 𝜈11 = (h − 1)𝜍2(h−2)

1

[(
k2

b1
(t) − 𝜍2

1

)1−h
+ 𝜍2

1

(
k2

b1
(t) − 𝜍2

1

)−h
]

, 𝜇12 = 𝜍2h−2
1(

k2
a1
(t) − 𝜍2

1
)1−h − 𝜈12𝜍

2
1 , 𝜈12 = (h − 1)𝜍2(h−2)

1

[(
k2

a1
(t) − 𝜍2

1
)1−h + 𝜍2

1
(

k2
a1
(t) − 𝜍2

1
)−h

]
, and 𝜍1 is a small positive parameter

satisfying 𝜍1 < kb1(t), 𝜍1 < ka1(t). From 0 < h < 1, we have 𝜈11, 𝜈12 < 0 and 𝜇11, 𝜇12 > 0.
The estimation �̂�1 is determined by the following adaptive control law:

̇̂
𝜃1 = 𝜌1

⎛⎜⎜⎜⎝−𝜎11�̂�1 − 𝜎12�̂�
3
1 + r1 (e1)

e2
1𝜓

T
1 (Z1)𝜓1 (Z1)

2l1

(
k2

b1
(t) − e2

1

)2 + (1 − r1 (e1))
e2

1𝜓
T
1 (Z1)𝜓1 (Z1)

2l1
(

k2
a1
(t) − e2

1
)2

⎞⎟⎟⎟⎠ , (27)

where 𝜌1, 𝜎11, and 𝜎12 are the positive design parameters to be specified later. It can be inferred that �̂�1 ≥ 0 for ∀t > 0 after
choosing �̂�1 (0) ≥ 0.

Invoking x2 = e2 + 𝛼1, r1 (e1) ⋅ (1 − r1 (e1)) = 0 and Assumption 2, substituting (24) into (23), we obtain

L̇1 ≤ (1 − r1 (e1))
⎛⎜⎜⎝

g1(𝜒1)e1e2

k2
a1
(t) − e2

1
−

c1g1me4
1(

k2
a1
(t) − e2

1
)2 −

𝜆1g1me2
1(

k2
a1
(t) − e2

1
)2 −

e2
1g1m�̂�1𝜓

T
1 (Z1)𝜓1 (Z1)

2l1
(

k2
a1
(t) − e2

1
)2 − 𝜅1g1(𝜒1)

e1ℑ1 (e1)
k2

a1
(t) − e2

1

⎞⎟⎟⎠
+ (1 − r1 (e1))

⎛⎜⎜⎝
e2

1𝜃1𝜓
T
1 (Z1)𝜓1(Z1)

2l1
(

k2
a1
(t) − e2

1
)2 + l1

2
+

e1[𝜀1(Z1) + d1(𝜒1)]
k2

a1
(t) − e2

1
− ℏ1(t)g1m

e2
1

k2
a1
(t) − e2

1
−

e2
1

k2
a1
(t) − e2

1

k̇a1

ka1

⎞⎟⎟⎠
+ r1 (e1)

⎛⎜⎜⎜⎝
g1(𝜒1)e1e2

k2
b1
(t) − e2

1
−

c1g1me4
1(

k2
b1
(t) − e2

1

)2 −
𝜆1g1me2

1(
k2

b1
(t) − e2

1

)2 −
e2

1g1m�̂�1𝜓
T
1 (Z1)𝜓1 (Z1)

2l1

(
k2

b1
(t) − e2

1

)2 − 𝜅1g1(𝜒1)
e1ℑ1 (e1)

k2
b1
(t) − e2

1

⎞⎟⎟⎟⎠
+ r1 (e1)

⎛⎜⎜⎜⎝
e2

1𝜃1𝜓
T
1 (Z1)𝜓1(Z1)

2l1

(
k2

b1
(t) − e2

1

) + l1

2
+

e1[𝜀1(Z1) + d1(𝜒1)]
k2

b1
(t) − e2

1
− ℏ1(t)g1m

e2
1

k2
b1
(t) − e2

1
−

e2
1

k2
b1
(t) − e2

1

k̇b1

kb1

⎞⎟⎟⎟⎠ (28)

To move on, it further holds that
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L̇1 ≤ (1 − r1 (e1))
⎛⎜⎜⎝−

c1g1me4
1(

k2
a1
(t) − e2

1
)2 +

g1(𝜒1)e1e2

k2
a1
(t) − e2

1
− 𝜅1g1(𝜒1)

e1ℑ1 (e1)
k2

a1
(t) − e2

1
+

e2
1𝜃1𝜓

T
1 (Z1)𝜓1(Z1)

2l1
(

k2
a1
(t) − e2

1
)2

⎞⎟⎟⎠
+ (1 − r1 (e1))

⎛⎜⎜⎝
l1

2
−

𝜆1g1me2
1(

k2
a1
(t) − e2

1
)2 +

e1[𝜀1(Z1) + d1(𝜒1)]
k2

a1
(t) − e2

1

⎞⎟⎟⎠ −
(1 − r1 (e1)) e2

1

k2
a1
(t) − e2

1

(
ℏ1(t)g1m +

k̇a1(t)
ka1(t)

)

+ r1 (e1)
⎛⎜⎜⎜⎝−

c1g1me4
1(

k2
b1
(t) − e2

1

)2 +
g1(𝜒1)e1e2

k2
b1
(t) − e2

1
− 𝜅1g1(𝜒1)

e1ℑ1 (e1)
k2

b1
(t) − e2

1
+

e2
1𝜃1𝜓

T
1 (Z1)𝜓1(Z1)

2l1
(

k2
a1
(t) − e2

1
)2

⎞⎟⎟⎟⎠
+ r1 (e1)

⎛⎜⎜⎜⎝
l1

2
−

𝜆1g1me2
1(

k2
b1
(t) − e2

1

)2 +
e1[𝜀1(Z1) + d1(𝜒1)]

k2
b1
(t) − e2

1

⎞⎟⎟⎟⎠ −
r1 (e1) e2

1

k2
b1
(t) − e2

1

(
ℏ1(t)g1m +

k̇b1(t)
kb1(t)

)
(29)

where �̂�1 ≥ 0 and 𝜃1 = 𝜃1 − g1m�̂�1.
By utilizing Cauchy’s inequality and Young’s inequality, one has

−
𝜆1g1me2

1

2
(

k2
a1
(t) − e2

1
)2 + e1𝜀1 (Z1)

k2
a1
(t) − e2

1
≤

𝜀2
1 (Z1)

2𝜆1g1m
≤

𝜀2
M1

2𝜆1g1m
, −

𝜆1g1me2
1

2
(

k2
a1
(t) − e2

1
)2 +

e1d1 (𝜒1)
k2

a1
(t) − e2

1
≤

d2
1 (𝜒1)

2𝜆1g1m
≤

d2
M1

2𝜆1g1m

−
𝜆1g1me2

1

2
(

k2
b1
(t) − e2

1

)2 + e1𝜀1 (Z1)
k2

b1
(t) − e2

1
≤

𝜀2
1 (Z1)

2𝜆1g1m
≤

𝜀2
M1

2𝜆1g1m
, −

𝜆1g1me2
1

2
(

k2
b1
(t) − e2

1

)2 +
e1d1 (𝜒1)

k2
b1
(t) − e2

1
≤

d2
1 (𝜒1)

2𝜆1g1m
≤

d2
M1

2𝜆1g1m
(30)

With the aid of (25), we obtain

ℏ1(t)g1m + r1 (e1)
k̇b1(t)
kb1(t)

+ (1 − r1 (e1))
k̇a1(t)
ka1(t)

≥ 0. (31)

According to the inequalities (32) and (33), (31) can be rewritten as

L̇1 ≤ r1 (e1)
⎛⎜⎜⎝−c1g1m

(
e2

1

k2
b1
(t) − e2

1

)2

+
g1(𝜒1)e1e2

k2
b1
(t) − e2

1
− 𝜅1g1(𝜒1)

e1ℑ1 (e1)
k2

b1
(t) − e2

1
+

e2
1𝜃1𝜓

T
1 (Z1)𝜓1(Z1)

2l1
(

k2
a1
(t) − e2

1
)2

⎞⎟⎟⎠ +
l1

2
+

𝜀2
M1 + d2

M1

2𝜆1g1m

+ (1 − r1 (e1))
⎛⎜⎜⎝−c1g1m

(
e2

1

k2
a1
(t) − e2

1

)2

+
g1(𝜒1)e1e2

k2
a1
(t) − e2

1
− 𝜅1g1(𝜒1)

e1ℑ1 (e1)
k2

a1
(t) − e2

1
+

e2
1𝜃1𝜓

T
1 (Z1)𝜓1(Z1)

2l1
(

k2
a1
(t) − e2

1
)2

⎞⎟⎟⎠ .
(32)

Step i (2 ≤ i ≤ n − 1): A similar procedure is employed recursively for each step i (2 ≤ i ≤ n − 1). The positive
time-varying barrier functions kbi (t) and kai (t) are specified later on.

Consider the following quadratic Lyapunov function candidate:

Li =
ri (ei)

2
log

k2
bi
(t)

k2
bi
(t) − e2

i

+ 1 − ri (ei)
2

log
k2

ai
(t)

k2
ai
(t) − e2

i

. (33)

Invoking ei = 𝜒i − 𝛼i−1, the dynamics of ei-subsystem can be described as

ėi = −
⎡⎢⎢⎢⎣

ri−1 (ei−1) ri (ei)
(

k2
bi
(t) − e2

i

)
r2

i (ei)
(

k2
bi−1

(t) − e2
i−1

) +
(1 − ri−1 (ei−1)) (1 − ri (ei))

(
k2

ai
(t) − e2

i

)
(1 − ri (ei))2 (k2

ai−1
(t) − e2

i−1

) ⎤⎥⎥⎥⎦ gi−1(𝜒 i−1)ei−1

+ Si(Zi) + gi(𝜒 i)(ei+1 + 𝛼i) + di(𝜒 i),

(34)
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where Si(Zi) = fi(𝜒 i) +

[
ri−1(ei−1)ri(ei)

(
k2

bi
(t)−e2

i

)
r2

i (ei)
(

k2
bi−1

(t)−e2
i−1

) +
(1−ri−1(ei−1))(1−ri(ei))

(
k2

ai
(t)−e2

i

)
(1−ri(ei))2

(
k2

ai−1
(t)−e2

i−1

)
]

gi−1(xi−1)ei−1 − �̇�i−1 with Zi =[
𝜒 i, 𝛼i−2, 𝛼i−1, �̇�i−1

]
∈ Ri+3 and 𝛼0 = yd.

By employing the NN in the general form of (13) to approximate Si(Zi), the time derivative of Li along (33) is

L̇i =
ri (ei) ei

k2
bi
(t) − e2

i

(
Θ∗T

i 𝜓i(Zi) + 𝜀i(Zi) + gi(𝜒 i)𝜒i+1 + di(𝜒 i) − ei
k̇bi(t)
kbi(t)

)
−

ri−1 (ei−1) gi−1(𝜒 i−1)ei−1ei

k2
bi−1

(t) − e2
i−1

+ (1 − ri (ei)) ei

k2
ai
(t) − e2

i

(
Θ∗T

i 𝜓i(Zi) + 𝜀i(Zi) + gi(𝜒 i)𝜒i+1 + di(𝜒 i) − ei
k̇ai(t)
kai (t)

)
−

(1 − ri−1 (ei−1)) gi−1(𝜒 i−1)ei−1ei

k2
ai−1

(t) − e2
i−1

≤ ri (ei)

(
li

2
+

ei[𝜀i(Zi) + di(𝜒 i)]
k2

bi
(t) − e2

i

−
e2

i

k2
bi
(t) − e2

i

k̇bi(t)
kbi (t)

)
+ (1 − ri (ei))

(
li

2
+

ei[𝜀i(Zi) + di(𝜒 i)]
k2

ai
(t) − e2

i

−
e2

i

k2
bi
(t) − e2

i

k̇ai (t)
kai (t)

)

−
(1 − ri−1 (ei−1)) gi−1(𝜒 i−1)ei−1ei

k2
ai−1

(t) − e2
i−1

+ (1 − ri (ei))
⎛⎜⎜⎝

gi(𝜒 i)eiei+1

k2
ai
(t) − e2

i

+
gi(𝜒 i)ei𝛼i

k2
ai
(t) − e2

i

+
e2

i 𝜃i𝜓
T
i (Zi)𝜓i(Zi)

2li
(

k2
ai
(t) − e2

i

)2

⎞⎟⎟⎠
−

ri−1 (ei−1) gi−1(𝜒 i−1)ei−1ei

k2
bi−1

(t) − e2
i−1

+ ri (ei)
⎛⎜⎜⎜⎝

gi(𝜒 i)eiei+1

k2
bi
(t) − e2

i

+
gi(𝜒 i)ei𝛼i

k2
bi
(t) − e2

i

+
e2

i 𝜃i𝜓
T
i (Zi)𝜓i(Zi)

2li

(
k2

bi
(t) − e2

i

)2

⎞⎟⎟⎟⎠ ,

(35)

where li is a positive design parameter.
Devise a virtual fixed-time smooth control input 𝛼i as follows:

𝛼i = (1 − ri (ei))

[
−ci

e3
i

k2
ai
(t) − e2

i

− 𝜆i
ei

k2
ai
(t) − e2

i

−
ei�̂�i𝜓

T
i (Zi)𝜓i (Zi)

2li
(

k2
ai
(t) − e2

i

) − ℏi(t)ei − 𝜅iℑi (ei)

]

+ ri (ei)
⎡⎢⎢⎢⎣−ci

e3
i

k2
bi
(t) − e2

i

− 𝜆i
ei

k2
bi
(t) − e2

i

−
ei�̂�i𝜓

T
i (Zi)𝜓i (Zi)

2li

(
k2

bi
(t) − e2

i

) − ℏi(t)ei − 𝜅iℑi (ei)
⎤⎥⎥⎥⎦ ,

(36)

where ci, 𝜆i, and 𝜅i are the positive design parameters.
Along similar lines, the time-varying gain ℏi(t) is given by

ℏi(t) =
1

gim

√√√√√(
k̇ai(t)
kai (t)

)2

+

(
k̇bi(t)
kbi(t)

)2

+ oi. (37)

And the smooth switching law ℑi (ei) is defined as

ℑi (ei) =
⎧⎪⎨⎪⎩

e2h−1
i

[
ri (ei)

((
k2

bi
(t) − e2

i

)1−h
)
+ (1 − ri (ei))

((
k2

ai
(t) − e2

i

)1−h
)]

, if |ei| ≥ 𝜍i

ri (ei)
(
𝜇i1ei + 𝜈i1e3

i

)
+ (1 − ri (ei))

(
𝜇i2ei + 𝜈i2e3

i

)
, if |ei| < 𝜍i

, (38)

with 𝜇i1 = 𝜍2h−2
i

(
k2

bi
(t) − 𝜍2

i

)1−h
− 𝜈i1𝜍

2
i , 𝜈i1 = (h − 1)𝜍2(h−2)

i

[(
k2

bi
(t) − 𝜍2

i

)1−h
+ 𝜍2

i

(
k2

bi
(t) − 𝜍2

i

)−h
]

, 𝜇i2 = 𝜍2h−2
i(

k2
ai
(t) − 𝜍2

i

)1−h − 𝜈i2𝜍
2
i , 𝜈i2 = (h − 1)𝜍2(h−2)

i

[(
k2

ai
(t) − 𝜍2

i

)1−h + 𝜍2
i

(
k2

ai
(t) − 𝜍2

i

)−h
]
, and 𝜍i is a small positive parameter

satisfying 𝜍i < kbi(t), 𝜍i < kai(t). From 0 < h < 1, we have 𝜈i1, 𝜈i2 < 0 and 𝜇i1, 𝜇i2 > 0.
The estimation �̂�i is determined by the following adaptive control law:

̇̂
𝜃i = 𝜌i

⎛⎜⎜⎜⎝−𝜎i1�̂�i − 𝜎i2�̂�
3
i + ri (ei)

e2
i 𝜓

T
i (Zi)𝜓i (Zi)

2li

(
k2

bi
(t) − e2

i

)2 + (1 − ri (ei))
e2

i 𝜓
T
i (Zi)𝜓i (Zi)

2li
(

k2
ai
(t) − e2

i

)2

⎞⎟⎟⎟⎠ , (39)
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where 𝜌i, 𝜎i1, and 𝜎i2 are the positive design parameters to be specified later.
Then, substituting (36) into (35), it gives

L̇i ≤ −
ri−1 (ei−1) gi−1(𝜒 i−1)ei−1ei

k2
bi−1

(t) − e2
i−1

−
(1 − ri−1 (ei−1)) gi−1(𝜒 i−1)ei−1ei

k2
ai−1

(t) − e2
i−1

+ (1 − ri (ei))
⎛⎜⎜⎝−

cigime4
i(

k2
ai
(t) − e2

i

)2 +
gi(𝜒 i)eiei+1

k2
ai
(t) − e2

i

− 𝜅igi(𝜒i)
eiℑi (ei)

k2
ai
(t) − e2

i

+
e2

i 𝜃i𝜓
T
i (Zi)𝜓i(Zi)

2li
(

k2
ai
(t) − e2

i

)2

⎞⎟⎟⎠
+ (1 − ri (ei))

⎛⎜⎜⎝
li

2
−

𝜆igime2
i(

k2
ai
(t) − e2

i

)2 +
ei[𝜀i(Zi) + di(𝜒 i)]

k2
ai
(t) − e2

i

⎞⎟⎟⎠ −
(1 − ri (ei)) e2

i

k2
ai
(t) − e2

i

(
ℏi(t)gim +

k̇ai(t)
kai (t)

)

+ ri (ei)
⎛⎜⎜⎜⎝−

cigime4
i(

k2
bi
(t) − e2

i

)2 +
gi(𝜒 i)eiei+1

k2
bi
(t) − e2

i

− 𝜅igi(𝜒i)
eiℑi (ei)

k2
bi
(t) − e2

i

+
e2

i 𝜃i𝜓
T
i (Zi)𝜓i(Zi)

2li

(
k2

bi
(t) − e2

i

)2

⎞⎟⎟⎟⎠
+ ri (ei)

⎛⎜⎜⎜⎝
li

2
−

𝜆igime2
i(

k2
bi
(t) − e2

i

)2 +
ei[𝜀i(Zi) + di(𝜒 i)]

k2
bi
(t) − e2

i

⎞⎟⎟⎟⎠ −
ri (ei) e2

i

k2
bi
(t) − e2

i

(
ℏi(t)gim +

k̇bi(t)
kbi(t)

)
,

(40)

where �̂�i ≥ 0 and 𝜃i = 𝜃i − gim�̂�i.
By utilizing Cauchy’s inequality and Young’s inequality, one has

−
𝜆igime2

i

2
(

k2
ai
(t) − e2

i

)2 + ei𝜀i (Zi)
k2

ai
(t) − e2

i

≤
𝜀2

i (Zi)
2𝜆igim

≤
𝜀2

Mi

2𝜆igim
, −

𝜆igime2
i

2
(

k2
ai
(t) − e2

i

)2 +
eidi (𝜒i)

k2
ai
(t) − e2

i

≤
d2

i (𝜒i)
2𝜆igim

≤
d2

Mi

2𝜆igim

−
𝜆igime2

i

2
(

k2
bi
(t) − e2

i

)2 + ei𝜀i (Zi)
k2

bi
(t) − e2

i

≤
𝜀2

i (Zi)
2𝜆igim

≤
𝜀2

Mi

2𝜆igim
, −

𝜆igime2
i

2
(

k2
bi
(t) − e2

i

)2 +
eidi (𝜒i)

k2
bi
(t) − e2

i

≤
d2

i (𝜒i)
2𝜆igim

≤
d2

Mi

2𝜆igim
(41)

With the aid of (37), we obtain

ℏi(t)gim + ri (ei)
k̇bi(t)
kbi (t)

+ (1 − ri (ei))
k̇ai (t)
kai(t)

≥ 0. (42)

From (41) and (42), (40) can become

L̇i ≤ −
ri−1 (ei−1) gi−1(𝜒 i−1)ei−1ei

k2
bi−1

(t) − e2
i−1

−
(1 − ri−1 (ei−1)) gi−1(𝜒 i−1)ei−1ei

k2
ai−1

(t) − e2
i−1

+ li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

+ (1 − ri (ei))
⎛⎜⎜⎝−cigim

(
e2

i

k2
ai
(t) − e2

i

)2

+
gi(𝜒 i)eiei+1

k2
ai
(t) − e2

i

− 𝜅igi(𝜒 i)
eiℑi (ei)

k2
ai
(t) − e2

i

+
e2

i 𝜃i𝜓
T
i (Zi)𝜓i(Zi)

2li
(

k2
ai
(t) − e2

i

)2

⎞⎟⎟⎠
+ ri (ei)

⎛⎜⎜⎜⎝−cigim

(
e2

i

k2
bi
(t) − e2

i

)2

+
gi(𝜒 i)eiei+1

k2
bi
(t) − e2

i

− 𝜅igi(𝜒 i)
eiℑi (ei)

k2
bi
(t) − e2

i

+
e2

i 𝜃i𝜓
T
i (Zi)𝜓i(Zi)

2li

(
k2

bi
(t) − e2

i

)2

⎞⎟⎟⎟⎠ .
(43)

Step n: From en = 𝜒n − 𝛼n−1, the dynamics of en-subsystem can be described by

ėn = gn(𝜒n)u −
⎡⎢⎢⎢⎣

rn−1 (en−1) rn (en)
(

k2
bn
(t) − e2

n

)
r2

n (en)
(

k2
bn−1

(t) − e2
n−1

) +
(1 − rn−1 (en−1)) (1 − rn (en))

(
k2

an
(t) − e2

n
)

(1 − rn (en))2 (k2
an−1

(t) − e2
n−1

) ⎤⎥⎥⎥⎦ gn−1(𝜒n−1)en−1

+ Sn(Zn) + dn(xn),

(44)



7872 ZHANG et al.

where Sn(Zn) = fn(𝜒n) +

[
rn−1(en−1)rn(en)

(
k2

bn
(t)−e2

n

)
r2

n(en)
(

k2
bn−1

(t)−e2
n−1

) +
(1−rn−1(en−1))(1−rn(en))

(
k2

an
(t)−e2

n

)
(1−rn(en))2

(
k2

an−1
(t)−e2

n−1

)
]

gn−1(𝜒n−1)en−1 − �̇�n−1 with Zn =[
𝜒n, 𝛼n−2, 𝛼n−1, �̇�n−1

]
∈ Rn+3.

Consider the following quadratic Lyapunov function candidate:

Ln = rn (en)
2

log
k2

bn
(t)

k2
bn
(t) − e2

n
+ 1 − rn (en)

2
log

k2
an
(t)

k2
an
(t) − e2

n
. (45)

By employing the NN in the general form of (13) to approximate Sn(Zn), the time derivative of Ln along (45) is

L̇n ≤
gn(𝜒n)enu
k2

bn
(t) − e2

n
−

gn−1(𝜒n−1)en−1en

k2
bn−1

(t) − e2
n−1

+
e2

n𝜃n𝜓
T
n (Zn)𝜓n(Zn)

2ln

(
k2

bn
(t) − e2

n

)2 + ln

2
+

en[𝜀n(Zn) + dn(𝜒n)]
k2

bn
(t) − e2

n

≤ −
(1 − rn−1 (en−1)) gn−1(𝜒n−1)en−1en

k2
an−1

(t) − e2
n−1

+ (1 − rn (en))
⎛⎜⎜⎜⎝

gn(𝜒n)enu
k2

bn
(t) − e2

n
+

e2
n𝜃n𝜓

T
n (Zn)𝜓n(Zn)

2ln

(
k2

bn
(t) − e2

n

)2 −
e2

n

k2
an
(t) − e2

n

k̇an(t)
kan(t)

⎞⎟⎟⎟⎠
−

rn−1 (en−1) gn−1(𝜒n−1)en−1en

k2
bn−1

(t) − e2
n−1

+ rn (en)
⎛⎜⎜⎜⎝

gn(𝜒n)enu
k2

bn
(t) − e2

n
+

e2
n𝜃n𝜓

T
n (Zn)𝜓n(Zn)

2ln

(
k2

bn
(t) − e2

n

)2 −
e2

n

k2
bn
(t) − e2

n

k̇bn(t)
kbn(t)

⎞⎟⎟⎟⎠
+ ln

2
+

en[𝜀n(Zn) + dn(𝜒n)]
k2

bn
(t) − e2

n
,

(46)

where ln is a positive design parameter.
Construct the actual smooth control input u as

u = (1 − rn (en))

(
−cn

e3
n

k2
an
(t) − e2

n
− 𝜆n

en

k2
an
(t) − e2

n
−

e2
n�̂�n𝜓

T
n (Zn)𝜓n(Zn)

2ln
(

k2
an
(t) − e2

n
) − ℏn(t)en − 𝜅nℑn (en)

)

+ rn (en)
⎛⎜⎜⎜⎝−cn

e3
n

k2
bn
(t) − e2

n
− 𝜆n

en

k2
bn
(t) − e2

n
−

e2
n�̂�n𝜓

T
n (Zn)𝜓n(Zn)

2ln

(
k2

bn
(t) − e2

n

) − ℏn(t)en − 𝜅nℑn (en)
⎞⎟⎟⎟⎠ ,

(47)

where cn, 𝜆n, and 𝜅n are the positive design parameters.
Along similar lines, the time-varying gain ℏn(t) is given by

ℏn(t) =
1

gnm

√√√√√(
k̇an(t)
kan (t)

)2

+

(
k̇bn(t)
kbn(t)

)2

+ on. (48)

And the smooth switching law ℑn (en) is defined as

ℑn (en) =
⎧⎪⎨⎪⎩

e2h−1
n

[
rn (en)

((
k2

bn
(t) − e2

n

)1−h
)
+ (1 − rn (en))

((
k2

an
(t) − e2

n
)1−h

)]
, if |en| ≥ 𝜍n

rn (en)
(
𝜇n1en + 𝜈n1e3

n
)
+ (1 − rn (en))

(
𝜇n2en + 𝜈n2e3

n
)
, if |en| < 𝜍n

, (49)

with 𝜇n1 = 𝜍2h−2
n

(
k2

bn
(t) − 𝜍2

n

)1−h
− 𝜈n1𝜍

2
n, 𝜈n1 = (h − 1)𝜍2(h−2)

n

[(
k2

bn
(t) − 𝜍2

n

)1−h
+ 𝜍2

n

(
k2

bn
(t) − 𝜍2

n

)−h
]

, 𝜇n2 =

𝜍2h−2
n

(
k2

an
(t) − 𝜍2

n
)1−h − 𝜈n2𝜍

2
n, 𝜈n2 = (h − 1)𝜍2(h−2)

n

[(
k2

an
(t) − 𝜍2

n
)1−h + 𝜍2

n
(

k2
an
(t) − 𝜍2

n
)−h

]
, and 𝜍n is a small positive

parameter satisfying 𝜍n < kbn(t), 𝜍n < kan (t). From 0 < h < 1, we have 𝜈n1, 𝜈n2 < 0 and 𝜇n1, 𝜇n2 > 0.



ZHANG et al. 7873

The estimation �̂�n is determined by the following adaptive control law:

̇̂
𝜃n = 𝜌n

⎛⎜⎜⎜⎝−𝜎n1�̂�n − 𝜎n2�̂�
3
n + rn (en)

e2
n𝜓

T
n (Zn)𝜓n (Zn)

2ln

(
k2

bn
(t) − e2

n

)2 + (1 − rn (en))
e2

n𝜓
T
n (Zn)𝜓n (Zn)

2ln
(

k2
an
(t) − e2

n
)2

⎞⎟⎟⎟⎠ , (50)

where 𝜌n, 𝜎n1, and 𝜎n2 are the positive design parameters.
With the aid of (48), we obtain

ℏn(t)gnm + rn (en)
k̇bn(t)
kbn(t)

+ (1 − rn (en))
k̇an (t)
kan(t)

≥ 0. (51)

Similarly, substituting (47) into (46) and then utilizing Young’s inequality and (51), we have

L̇n ≤ −
rn−1 (en−1) gn−1(𝜒n−1)en−1en

k2
bn−1

(t) − e2
n−1

−
(1 − rn−1 (en−1)) gn−1(𝜒n−1)en−1en

k2
an−1

(t) − e2
n−1

+ ln

2
+

𝜀2
Mn + d2

Mn

2𝜆ngnm

+ (1 − rn (en))
⎛⎜⎜⎝−cngnm

(
e2

n

k2
an
(t) − e2

n

)2

− 𝜅ngn(𝜒n)
enℑn (en)

k2
an
(t) − e2

n
+

e2
n𝜃n𝜓

T
n (Zn)𝜓n(Zn)

2ln
(

k2
an
(t) − e2

n
)2

⎞⎟⎟⎠
+ rn (en)

⎛⎜⎜⎜⎝−cngnm

(
e2

n

k2
bn
(t) − e2

n

)2

− 𝜅ngn(𝜒n)
enℑn (en)
k2

bn
(t) − e2

n
+

e2
n𝜃n𝜓

T
n (Zn)𝜓n(Zn)

2ln

(
k2

bn
(t) − e2

n

)2

⎞⎟⎟⎟⎠ , (52)

where �̂�n ≥ 0 and 𝜃n = 𝜃n − gnm�̂�n.
The design process of nonsingular fixed-time adaptive tracking controller has been completed.

4 STABILITY ANALYSIS

We are at the position to present our main results in the following Theorem 1.

Theorem 1. Consider the nonlinear system (1) under Assumptions 1–3. The virtual control laws are constructed as (24)
and (36), with the adaptation laws (27) and (39). Based on the designed control laws, the actual control law is proposed as
(47). If the initial conditions satisfy −ka1 (0) < e1 (0) < kb1 (0), the proposed approach can ensure that: (1) the signals of the
closed-loop system are bounded and converge into the arbitrarily small regions in a fixed time; (2) all the states constraints
are never violated, that is, each state 𝜒i will remain in the set Ω𝜒 ∶=

{
𝜒 ∈ Rn ∶ kci

(t) < 𝜒i < kci(t)
}

.

Proof of Theorem 1. To analyze the stability of the closed-loop system, we consider the following Lyapunov function
candidate:

L = Le + L𝜃, (53)

where Le =
∑n

i=1Li =
∑n

i=1
ri(ei)

2
log

k2
bi
(t)

k2
bi
(t)−e2

i
+ 1−ri(ei)

2
log

k2
ai
(t)

k2
ai
(t)−e2

i
and L𝜃 =

∑n
i=1

1
2𝜌igim

𝜃
2
i .

It follows from (32), (43), and (52) that the time derivative of Le is

L̇e ≤ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(xi)

eiℑi (ei)
k2

ai
(t) − e2

i

+
n∑

i=1

e2
i 𝜃i𝜓

T
i (Zi)𝜓i(Zi)

2li
(

k2
ai
(t) − e2

i

)2

⎤⎥⎥⎦
+ ri (ei)

⎡⎢⎢⎢⎣−
n∑

i=1
cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(xi)

eiℑi (ei)
k2

bi
(t) − e2

i

+
n∑

i=1

e2
i 𝜃i𝜓

T
i (Zi)𝜓i(Zi)

2li

(
k2

bi
(t) − e2

i

)2

⎤⎥⎥⎥⎦
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+
n∑

i=1

(
li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

)
. (54)

In combination with ̇̃𝜃i = �̇�i − gim
̇̂
𝜃i = −gim

̇̂
𝜃i, considering (27), (39), and (50) gives

L̇ = L̇e + L̇𝜃

≤ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

ai
(t) − e2

i

⎤⎥⎥⎦ +
n∑

i=1

(
𝜎i1𝜃i�̂�i + 𝜎i2𝜃i�̂�

3
i

)

+ ri (ei)
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

bi
(t) − e2

i

⎤⎥⎥⎦ +
n∑

i=1

(
li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

)
.

(55)

Since 𝜃i�̂�i ≤ − 𝜃
2
i

2gim
+ 𝜃2

i
2gim

, one has

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

bi
(t) − e2

i

⎤⎥⎥⎦ +
n∑

i=1

(
li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

)

+ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

ai
(t) − e2

i

⎤⎥⎥⎦
−

( n∑
i=1

𝜎i1𝜃
2
i

2gim

)h

+

( n∑
i=1

𝜎i1𝜃
2
i

2gim

)h

−
n∑

i=1

𝜎i1𝜃
2
i

2gim
+

n∑
i=1

𝜎i1𝜃
2
i

2gim
+

n∑
i=1

(
𝜎i2𝜃i�̂�

3
i

)
. (56)

By utilizing Corollary 2, let Φ =
∑n

i=1
𝜎i1𝜃

2
i

2gim
, it yields that( n∑

i=1

𝜎i1𝜃
2
i

2gim

)h

≤ Δ(h) +
n∑

i=1

𝜎i1𝜃
2
i

2gim
. (57)

Substituting (57) into (56) arrives at

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

bi
(t) − e2

i

⎤⎥⎥⎦ +
n∑

i=1

(
li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

)

+ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

ai
(t) − e2

i

⎤⎥⎥⎦
−

( n∑
i=1

𝜎i1𝜃
2
i

2gim

)h

+ Δ(h) +
n∑

i=1

𝜎i1𝜃
2
i

2gim
+

n∑
i=1

(
𝜎i2𝜃i�̂�

3
i

)
.

(58)

Since 𝜃i�̂�
3
i = 𝜃i

g3
im

(
𝜃3

i − 3𝜃2
i 𝜃i + 3𝜃i𝜃

2
i − 𝜃

3
i

)
, (53) can be expressed as

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

bi
(t) − e2

i

⎤⎥⎥⎦ +
n∑

i=1

(
li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

)

+ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

ai
(t) − e2

i

⎤⎥⎥⎦ −
( n∑

i=1

𝜎i1𝜃
2
i

2gim

)h
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+ Δ(h) +
n∑

i=1

𝜎i1𝜃
2
i

2gim
+

n∑
i=1

3𝜎i2𝜃
3
i 𝜃i

g3
im

+
n∑

i=1

𝜎i2𝜃i𝜃
3
i

g3
im

−
n∑

i=1

3𝜎i2𝜃
2
i 𝜃

2
i

g3
im

−
n∑

i=1

𝜎i2𝜃
4
i

g3
im

. (59)

By using Young’s inequality, we have

n∑
i=1

3𝜎i2𝜃
3
i 𝜃i

g3
im

≤
n∑

i=1

9𝜎i2𝜖
4∕3𝜃

4
i

4g3
im

+
n∑

i=1

3𝜎i2𝜃
4
i

4𝜖4g3
im

,

n∑
i=1

𝜎i2𝜃i𝜃
3
i

g3
im

≤
n∑

i=1

3𝜎i2𝜃
2
i 𝜃

2
i

g3
im

+
n∑

i=1

𝜎i2𝜃
4
i

12g3
im

. (60)

Then using Lemma 3, (58) can be further expressed by

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

bi
(t) − e2

i

⎤⎥⎥⎦ +
n∑

i=1

(
li

2
+

𝜀2
Mi + d2

Mi

2𝜆igim

)

+ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

ai
(t) − e2

i

⎤⎥⎥⎦ + Δ(h)

−

( n∑
i=1

𝜎i1𝜃
2
i

2gim

)h

−
n∑

i=1

(
4𝜎i2 − 9𝜎i2𝜖

4∕3

4g3
im

)(
𝜃

2
i

)2
+

n∑
i=1

𝜎i1𝜃
2
i

2gim
+

n∑
i=1

3𝜎i2𝜃
4
i

4𝜖4g3
im

+
n∑

i=1

𝜎i2𝜃
4
i

12g3
im

.

(61)

For convenience, we rewrite (58) as

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

bi
(t) − e2

i

⎤⎥⎥⎦ +
⌣

Ξ

+ (1 − ri (ei))
⎡⎢⎢⎣−

n∑
i=1

cigim

(
e2

i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igi(𝜒 i)

eiℑi (ei)
k2

ai
(t) − e2

i

⎤⎥⎥⎦
− (𝜎i1𝜌i)h

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

−

(
4𝜌2

i 𝜎i2 − 9𝜌2
i 𝜎i2𝜖

4∕3

ngim

)( n∑
i=1

𝜃
2
i

2𝜌igim

)2

,

(62)

where
⌣

Ξ =
∑n

i=1

(
li
2
+ 𝜀2

Mi+d2
Mi

2𝜆igim

)
+ Δ(h) +

∑n
i=1

𝜎i1𝜃
2
i

2gim
+

∑n
i=1

3𝜎i2𝜃
4
i

4𝜖4g3
im
+

∑n
i=1

𝜎i2𝜃
4
i

12g3
im

.
From the definition of ℑi (ei), i = 1, … ,n in (40), the following two cases should be considered.
Case 1: When |ei| < 𝜍i, i = 1, … ,n.
Substituting ℑi (ei) = ri (ei)

(
𝜇i1ei + 𝜈i1e3

i

)
+ (1 − qi (ei))

(
𝜇i2ei + 𝜈i2e3

i

)
into (61) gives

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

cigim

n

( n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

−
n∑

i=1
𝜅igim𝜇i1

e2
i

k2
bi
(t) − e2

i

−
n∑

i=1
𝜅i𝜈i1gi(𝜒 i)

e4
i

k2
bi
(t) − e2

i

⎤⎥⎥⎦
+ (1 − ri (ei))

⎡⎢⎢⎣−
cigim

n

( n∑
i=1

e2
i

k2
ai
(t) − e2

i

)2

−
n∑

i=1
𝜅igim𝜇i2

e2
i

k2
ai
(t) − e2

i

−
n∑

i=1
𝜅i𝜈i2gi(𝜒 i)

e4
i

k2
ai
(t) − e2

i

⎤⎥⎥⎦
− (𝜎i1𝜌i)h

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

−

(
4𝜌2

i 𝜎i2 − 9𝜌2
i 𝜎i2𝜖

4∕3

ngim

)( n∑
i=1

𝜃
2
i

2𝜌igim

)2

+
⌣

Ξ.

(63)

By utilizing Corollary 2, let Φ =
n∑

i=1
𝜅igim𝜇i1

e2
i

k2
bi
(t)−e2

i
, one reaches

( n∑
i=1

𝜅igim𝜇i1
e2

i

k2
bi
(t) − e2

i

)h

≤ Δ(h) +
n∑

i=1
𝜅igim𝜇i1

e2
i

k2
bi
(t) − e2

i

. (64)
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Remark 4. Aiming to obtain the indispensable fractional power term
(∑n

i=1𝜅igim𝜇i1
e2

i
k2

bi
(t)−e2

i

)h

to implement the subse-

quent fixed-time stability analysis, thus it needs to convert the existing integer power terms into the form of fractional
power term. Hence the inequality (10) builds the relationship between the fractional power term and integer power term,
which can effectively make the fractional power term displayed in the stability analysis process.

In view of 𝜈i1, 𝜈i2 < 0, |ei| < 𝜍i, 𝜍i < min
{

kbi(t), kai (t)
}

and (17), one has

−
n∑

i=1
𝜅i𝜈i1gi(𝜒 i)

e4
i

k2
bi
(t) − e2

i

≤ −
n∑

i=1

𝜅igiM𝜈i1𝜍
4
i

k2
bi
− 𝜍2

i

, −
n∑

i=1
𝜅i𝜈i2gi(𝜒 i)

e4
i

k2
ai
(t) − e2

i

≤ −
n∑

i=1

𝜅igiM𝜈i2𝜍
4
i

k2
ai
− 𝜍2

i

. (65)

Thus, we can rewrite (63) as

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

cigim

n

( n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

− (𝜅igim𝜇i1)h

( n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h⎤⎥⎥⎦
+ (1 − ri (ei))

⎡⎢⎢⎣−
cigim

n

( n∑
i=1

e2
i

k2
ai
(t) − e2

i

)2

− (𝜅igim𝜇i2)h

( n∑
i=1

e2
i

k2
ai
(t) − e2

i

)h⎤⎥⎥⎦
−

(
4𝜌2

i 𝜎i2 − 9𝜌2
i 𝜎i2𝜖

4∕3

ngim

)( n∑
i=1

𝜃
2
i

2𝜌igim

)2

− (𝜎i1𝜌i)h

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

+ Ξ,

(66)

where Ξ =
⌣

Ξ + 2Δ(h) −
∑n

i=1
𝜅igiM𝜈i𝜍

4
i

k2
bi
−𝜍2

i
−

∑n
i=1

𝜅igiM𝜈i2𝜍
4
i

k2
ai
−𝜍2

i
.

Case 2: When |ei| ≥ 𝜍i, i = 1, … ,n.

Substituting ℑi (ei) = e2h−1
i

[
ri (ei)

((
k2

bi
(t) − e2

i

)1−h
)
+ (1 − ri (ei))

((
k2

ai
(t) − e2

i

)1−h
)]

into (61) arrives at

L̇ ≤ ri (ei)
⎡⎢⎢⎣−

cigim

n

( n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

− 𝜅igim

( n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h⎤⎥⎥⎦ +
⌣

Ξ

+ (1 − ri (ei))
⎡⎢⎢⎣−

cigim

n

( n∑
i=1

e2
i

k2
ai
(t) − e2

i

)2

− 𝜅igim

( n∑
i=1

e2
i

k2
ai
(t) − e2

i

)h⎤⎥⎥⎦
−

(
4𝜌2

i 𝜎i2 − 9𝜌2
i 𝜎i2𝜖

4∕3

ngim

)( n∑
i=1

𝜃
2
i

2𝜌igim

)2

− (𝜎i1𝜌i)h

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

. (67)

Summarizing above two cases leads to

L̇ ≤ −𝜔1

⎧⎪⎨⎪⎩
(

ri (ei)
2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h

+

(
1 − ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h⎫⎪⎬⎪⎭ − �̂�1

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

− 𝜔2

⎧⎪⎨⎪⎩
(

ri (ei)
2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

+

(
1 − ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2⎫⎪⎬⎪⎭ − �̂�2

( n∑
i=1

𝜃
2
i

2𝜌igim

)2

+ Ξ

≤ −𝜔1

⎧⎪⎨⎪⎩
(

ri (ei)
2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h

+

(
1 − ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h

+

( n∑
i=1

𝜃
2
i

2𝜌igim

)h⎫⎪⎬⎪⎭
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−
⌣
𝜔2

⎧⎪⎨⎪⎩
(

ri (ei)
2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

+

(
1 − ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

+

( n∑
i=1

𝜃
2
i

2𝜌igim

)2⎫⎪⎬⎪⎭ + Ξ, (68)

where 𝜔1 = min
{

2h𝜅igim, (2𝜅igim𝜇i1)h, (2𝜅igim𝜇i2)h}, �̂�1 = (𝜎i1𝜌i)h and 𝜔1 = min
{
𝜔1, �̂�1

}
. 𝜔2 = 4cigim

n
, �̂�2 =(

4𝜌2
i 𝜎i2−9𝜌2

i 𝜎i2𝜀
4∕3

ngim

)
and

⌣
𝜔2 = min

{
𝜔2, �̂�2

}
.

With the aid of L =
∑n

i=1
ri(ei)

2
log

k2
bi
(t)

k2
bi
(t)−e2

i
+ 1−ri(ei)

2
log

k2
ai
(t)

k2
ai
(t)−e2

i
+

∑n
i=1

𝜃
2
i

2𝜌igim
and Lemma 3, it follows that

Lh ≤

( n∑
i=1

ri (ei)
2

log
k2

bi
(t)

k2
bi
(t) − e2

i

+ 1 − ri (ei)
2

log
k2

ai
(t)

k2
ai
(t) − e2

i

)h

+

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

≤

(
ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h

+

(
1 − ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)h

+

( n∑
i=1

𝜃
2
i

2𝜌igim

)h

,

(69)

L2 ≤ 2n
⎧⎪⎨⎪⎩
( n∑

i=1

ri (ei)
2

log
k2

bi
(t)

k2
bi
(t) − e2

i

+ 1 − ri (ei)
2

log
k2

ai
(t)

k2
ai
(t) − e2

i

)2

+

( n∑
i=1

𝜃
2
i

2𝜌igim

)2⎫⎪⎬⎪⎭
≤ 2n

⎧⎪⎨⎪⎩
(

ri (ei)
2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

+

(
1 − ri (ei)

2

n∑
i=1

e2
i

k2
bi
(t) − e2

i

)2

+

( n∑
i=1

𝜃
2
i

2𝜌igim

)2⎫⎪⎬⎪⎭ .

(70)

Combining (68), (69), and (70), the following inequality holds

L̇ ≤ −𝜔1Lh − 𝜔2L2 + Ξ, (71)

where 𝜔2 =
⌣
𝜔2
2n

.
According to Lemma 1 and Corollary 1, the parameters are selected as follows: q = 2, k = 1.
The fixed convergence time can be derived as

Tmax ∶=
1

𝜃0𝜔1(1 − h)

(
𝜔1

𝜔2

) 1−h
2−h

+ 1
𝜃0𝜔1

(
𝜔1

𝜔2

) −1
2−h

, (72)

for
{

limt→Tr L(x) ≤ min
{
𝜔
− 1

h
1

(
Ξ

1−𝜃0

) 1
h
, 𝜔

− 1
2

2

(
Ξ

1−𝜃0

) 1
2

}}
with 0 < 𝜃0 < 1.

Then, the internal error signals ei and 𝜃
2
i will converge into the following compact sets:

|ei| ≤ min
⎧⎪⎨⎪⎩kbi

√
1 − e−2𝜔

− 1
h

1

(
Ξ

1−𝜃0

) 1
h

, kbi

√
1 − e−2𝜔

− 1
2

2

(
Ξ

1−𝜃0

) 1
2
⎫⎪⎬⎪⎭ , (73)

||𝜃i|| ≤ min
⎧⎪⎨⎪⎩
√

2𝜌igim

√√√√
𝜔
− 1

h
1

(
Ξ

1 − 𝜃0

) 1
h

,
√

2𝜌igim

√√√√
𝜔
− 1

2
2

(
Ξ

1 − 𝜃0

) 1
2
⎫⎪⎬⎪⎭ . (74)

As a consequence, it can be concluded that the error terms converge to an arbitrarily small neighborhood of the origin
within fixed-time by appropriately online-tuning the design parameters.

Now, it is the time to prove that full state constraints are guaranteed.
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If the initial conditions satisfy −ka1 (0) < e1 (0) < kb1 (0), it is equivalent to |𝜁1(0)| < 1, Then, we can show that|𝜁1(t)| < 1. Since |𝜁1(t)| < 1, we have −ka1 (t) < e1 (t) < kb1 (t). Together with the fact that 𝜒1 (t) = e1 (t) + yd (t), we infer
that yd (t) − ka1 (t) < 𝜒1 (t) < kb1 (t) + yd (t) for all t > 0. From the definitions of ka1 (t) and kb1 (t) in (17), we conclude that
kc1

(t) < 𝜒1 < kc1(t). To verify that kc2
(t) < 𝜒2 < kc2(t), it needs to show that there are positive functions 𝛼1 and 𝛼1 so that

−𝛼1 ≤ 𝛼1 ≤ 𝛼1. Invoking (74), one has that 𝜃1 is bounded, then �̂�1 is also bounded. Due to the fact that 𝛼1 is a function of �̂�1,
x1, e1 and ẏd, in which kc1

(t) < 𝜒1 < kc1(t), −ka1 (t) < e1 (t) < kb1 (t), Y 1(t) ≤ yd(t) ≤ Y 1(t), there must exists a bound of 𝛼1.

And then define kb2(t) = kc2(t) − 𝛼1 and ka2 (t) = −kc2
(t) − 𝛼1, we have −ka2 (t) − 𝛼1 ≤ e2 + 𝛼1 ≤ 𝜒2 ≤ e2 + 𝛼 < kb2 (t) + 𝛼,

and thus, one has kc2
(t) < 𝜒2 < kc2(t). Similarly and iteratively, we have that 𝛼i−1 for i = 3, … ,n are bounded, together

with −kai (t) < ei (t) < kbi (t), we can in turn prove that kci
(t) < 𝜒i < kci (t). Thus, the system states 𝜒i, i = 1, 2, … ,n will

remain in the set Ω𝜒 all the time.
This completes the proof. ▪

Remark 5. In (26), the appropriate parameters 𝜇11, 𝜇12 > 0, and 𝜈11, 𝜈12 < 0 are selected to guarantee the virtual control
input 𝛼1 and its derivative �̇�1 are both continuous in the set Ω𝜒 . Dividing it into three kinds of situations and discuss:
First, it can be shown that ℑ1 (e1) and its derivative ℑ̇1 (e1) are indeed continuous in the case that e1 ∈ (−𝜍1, 𝜍1) or |e1| ∈(
𝜍1, kb1(t)

)
. Second, by skillfully designing parameter 𝜇11, 𝜇12, and 𝜈11, 𝜈12, we can derive that both ℑ1

(
𝜍+1

)
= ℑ1

(
𝜍−1

)
and

ℑ̇1
(
𝜍+1

)
= ℑ̇1

(
𝜍−1

)
hold in the case of e1 = 𝜍1. Third, the continuity of ℑ1 (e1) and ℑ̇1 (e1) are ensured similarly when

e1 = −𝜍1. Hence, the virtual control input and its derivative are continuous, which makes them possible to implement the
backstepping technique.

Remark 6. The main benefit of the proposed smooth switching is to eliminate singularity issue effectively, and achieve
the fixed-time control subsequently. In view of (26), the equation is investigated by two cases: (1) when |e1| < 𝜍1, due to
the possibility of existence that the tracking error approaches to zero, the switching law is designed in the integer power
form, so there is no singularity problem with derivatives of integer power term. (2) when |e1| ≥ 𝜍1, the fractional power
term designed in the switching is limited in a positive interval, which can avoid the singularity issue that the derivatives
of fractional power term might increase to infinity in the combination of fixed-time control and backstepping process.
Moreover, this novel switching between the fractional and integer power form is proved to be smooth and continuous.

Remark 7. It is worth noting that the fixed-time control strategies have been widely studied, such as References 20-22.
However, all of these works encounter singularity issue. Especially, the fractional power utilized for fixed-time controller
design and stability proof is settled to a specific constant in References 20,21. In contrast to the above results, we present
a smooth switching between the fractional and integer power forms to guarantee that fractional power term is confined
within a positive interval, such that the singularity issue can be eliminated and the fractional power remains in an allow-
able range. Although the singularity-free fixed-time adaptive control has also been proposed in Reference 7, the robotic
system can only convert to a second-order system. As improved, we develop a BLFs-based nonsingular fixed-time switch-
ing control approach for a high-order nonlinear dynamic system, this design controller plays a key role in ensuring the
strong robustness and fast convergence rate of the closed-loop systems.

Remark 8. As a whole, there are only two scalar parameter adaptation laws (37) and (39) involved in our design besides the
virtual and actual fixed-time smooth control law, which makes it simpler than time-varying BLFs-based adaptation laws
without using NN technique in backstepping approach.31 In addition, the proposed switching mechanism can be simply
implemented as a static nonlinearity as in (38), which is comparable to the complexity of state-of-the-art approaches
proposed for solving nonsingular issues or switched systems. On the whole, the computation complexity of the considered
methods in this article is acceptable and the result is viable on the basis of its implementability.

5 SIMULATION RESULTS

In this section, an application example of ship autopilot system is given to demonstrate the effectiveness of designed
method. To begin with, the mathematical model of the ship dynamics is described as follows42

{
�̈� + (K∕T)H(�̇�) = (K∕T) 𝛿
�̇� + (1∕TE) 𝛿 = (KE∕TE) 𝛿E

, (75)
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F I G U R E 1 Trajectories of 𝜒1 and 𝜙m

where K = 0.2 and T = 64 are parameters which are functions of ship’s constants forward velocity and length, 𝛿 denotes
the rudder angle and 𝜙 denotes the heading of the ship. TE = 2.5 is the time delay constant, KE = 1 is the control gain and
𝛿E denotes the order angle of the rudder actuator.

And the “spiral test” experiment can approximate the function H(�̇�) as

H(�̇�) = a1�̇� + a2�̇�
3 + a3�̇�

5 + … , (76)

where a1 = 1, a2 = 30, a3 = 0 are real-valued constants.
The reference model satisfying realistic performance is selected as

�̈�m(t) + 0.1�̇�m(t) + 0.0025𝜙m(t) = 0.0025𝜙r(t), (77)

where𝜙m is the desired system performance during the ship autopilot control, and𝜙r is a command signal, which changes
its value in the interval (0, 30 Deg) every 200 s.

Let the state variables be 𝜒1 = 𝜙, 𝜒2 = �̇�, 𝜒3 = 𝛿, and control input be u = 𝛿E, then (75) can be transferred into the
following expressions ⎧⎪⎪⎨⎪⎪⎩

�̇�1 = 𝜒2

�̇�2 = − (K∕T)H(𝜒2) + (K∕T)𝜒3

�̇�3 = − (1∕TE)𝜒3 + (KE∕TE)u
y = 𝜒1

. (78)

In practice, the heading 𝜒1, the heading velocity 𝜒2, and the rudder angle 𝜒3 are restrained by the compact sets Ω𝜒 ∶={
𝜒 ∈ Rn ∶ kci

(t) < 𝜒i < kci(t)
}

with kc1(t) = 35 + 0.4 cos(0.1t) and kc1
(t) = −5 + 0.4 sin(0.1t), kc2(t) = 1 + 0.2 cos(0.1t) and

kc2
(t) = −1 + 0.15 sin(0.1t), kc3(t) = 35 + 0.1 cos(0.05t), and kc3

(t) = −35 + 0.1 sin(0.1t). The control objective is to ensure
that the heading 𝜒1 can follow the desired heading 𝜙m in a fixed time, and all the state variables do not violate the
prescribed constraints.

In accordance with Theorem 1, the design parameters in Step 1 are set as: c1 = 1, 𝜆1 = 0.5, l1 = 1, 𝜅1 = 0.06,
h = 0.6, 𝜌1 = 0.01, 𝜎11 = 𝜎12 = 0.5 with barriers ka1(t) = 1 + 0.4 sin(0.1t) and kb1(t) = 2 + 0.4 cos(0.1t); In Step 2, the
design parameters are set as: c2 = 1, 𝜆2 = 25, l2 = 1, 𝜅2 = 5, 𝜍2 = 0.01, 𝜌2 = 0.01, 𝜎21 = 𝜎22 = 0.5 with barriers ka2(t) =
0.4 + 0.15 sin(0.1t) and kb2(t) = 0.7 + 0.2 cos(0.1t); The design parameters in Step 3 are set as: c3 = 2, 𝜆3 = 1, l3 = 1,
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𝜅3 = 2, 𝜍3 = 0.01, 𝜌3 = 0.01, 𝜎31 = 𝜎32 = 0.5 with barriers ka3(t) = 0.3 + 0.1 sin(0.1t) and kb3(t) = 0.4 + 0.1 cos(0.05t). Let
the initial conditions for

[
𝜒1 (0) , 𝜒2 (0) , 𝜒3 (0)

]
= [0, 0, 0],

[
�̂�1 (0) , �̂�2 (0) , �̂�3 (0)

]
= [0, 0, 0]. According to the guideline for

selecting parameters of Gaussian network in Reference 43, the RBFNN to approximate the function S1(Z1) contains
five nodes with centers evenly spaced in the interval [−4, 4] × [−4, 4] and the function S2(Z2) contains 11 nodes in
the interval [−10, 10] × [−10, 10] × [−10, 10] × [−10, 10] × [−10, 10], the RBFNN for function S3(Z3) contains 13 nodes
spaced in [−12, 12] × [−12, 12] × [−12, 12] × [−12, 12] × [−12, 12] × [−12, 12] and the width of each one equals to two
specifically.

It can be obviously observed from Figure 1 that the heading 𝜙 can follow the desired heading 𝜙m in a fixed time and
fairly good tracking performance is obtained. The curves of the heading velocity 𝜒2 and the rudder angle 𝜒3 are shown in
Figures 2 and 3 separately, and all the system state variables are restrained by the prescribed constraints. By employing the
asymmetric time-varying BLFs, Figures 4–6 display the tracking errors e1, e2, and e3, respectively, and prescribed barriers
are not violated. The response curve of the bounded and continuous adaptive laws �̂�i, the switching law ℑi and the virtual
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control law 𝛼i are depicted in Figures 7–9, respectively. In addition, it can be seen from Figure 10 that the control input is
bounded and in an allowable range. In contrast to the traditional controller given by

u = rn (en)
⎛⎜⎜⎜⎝−cnen − ℏn(t)en − 𝜅nen − 𝜆n

en

k2
bn
(t) − e2

n
−

e2
n�̂�n𝜓

T
n (Zn)𝜓n(Zn)

2ln

(
k2

bn
(t) − e2

n

) ⎞⎟⎟⎟⎠
+ (1 − rn (en))

(
−cnen − ℏn(t)en − 𝜅nen − 𝜆n

en

k2
an
(t) − e2

n
−

e2
n�̂�n𝜓

T
n (Zn)𝜓n(Zn)

2ln
(

k2
an
(t) − e2

n
) )

,

(79)

our proposed method exhibits a faster convergence rate and higher tracking accuracy. Specially, Figure 9 pro-
duces a chattering behavior during the switching transient, especially when the tracking errors approach to the
prescribed barriers, the control efforts would increase dramatically due to the fractional term and the barrier
terms in the denominators. Even so, our nonsingular fixed-time controller maintains a less control effort than the
traditional controller, which can reduce fuel consumption and enhance the practicability for the ship autopilot
system.

6 CONCLUSION

A nonsingular adaptive fixed-time switching control scheme is presented for a class of strict-feedback nonlinear disturbed
systems under the full state constraints conditions. The main contribution is to address the singularity problem arising
from that the negative power terms stem from the iterative differentiations of fractional power terms might increase to
infinity as the tracking errors approach to zero. By skillfully employing a smooth switching between fractional power and
integer power terms, the fractional power term is confined within a positive interval to avoid singularity. Compared with
the common fixed-time control strategies, a less conservative convergence time is excavated for the first time. Moreover,
by integrating NN techniques and the asymmetric time-varying BLF, the proposed control scheme can guarantee that the
state variables constraints are not violated. Eventually, all the closed-loop signals can converge into the arbitrarily small
regions with fast fixed-time convergence rate and high accuracy. Simulation results are given to confirm the effectiveness
of the proposed control approach. In the future works, we will consider applying this nonsingular adaptive fixed-time
control approach for high-order or nonstrict-feedback nonlinear systems44-46 with dynamic surface control technique to
reduce computing burden.
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