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Abstract
We consider the statistical non-linear inverse problem of recovering the absorp-
tion term f > 0 in the heat equation

3,14—%Au—|—fu:0 onO x (0,T)
u=g on 00 x (0,T)
u(-,0) = ug on O,

where @ € R is a bounded domain, T < oo is a fixed time, and g, Up are given
sufficiently smooth functions describing boundary and initial values respec-
tively. The data consists of N discrete noisy point evaluations of the solution
ur on O x (0,T). We study the statistical performance of Bayesian nonpara-
metric procedures based on a large class of Gaussian process priors. We show
that, as the number of measurements increases, the resulting posterior distribu-
tions concentrate around the true parameter generating the data, and derive a
convergence rate for the reconstruction error of the associated posterior means.
We also consider the optimality of the contraction rates and prove a lower bound
for the minimax convergence rate for inferring f from the data, and show that
optimal rates can be achieved with truncated Gaussian priors.

Keywords: nonlinear inverse problems, parabolic PDEs, Bayesian inference,
Gaussian priors, frequentist consistency
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1. Introduction

Inverse problems arise from the need to extract information from indirect and noisy mea-
surements. In many scientific disciplines, such as imaging, medicine, material sciences and
engineering, the relationship between the quantity of interest and the collected data is deter-
mined by the physics of the underlying system and can be modelled mathematically. In general,
we are interested in recovering some function f from measurements of G( f), where G is the for-
ward operator of some partial differential equation (PDE). In practice, a statistical observation
scheme provides us data

Yi =G()Z)+oW;, i=1,...,N, (1)

where the Z;’s are points at which the PDE solution G(f) is measured, and the W;’s are stan-
dard Gaussian noise variables scaled by a fixed noise level o > 0. The inverse problem then
consists of reconstructing f from the noisy measurements (Y;, Z,-)ﬁ\’:l . Many, possibly nonlinear,
inverse problems fit into this framework, including electrical impedance tomography [15, 31],
photoacoustic tomography and several other hybrid imaging problems [8, 9, 39], and inverse
scattering [16, 30]. Even though inverse problems have been studied in great detail, see e.g.
[11, 21, 33], statistical noise models, such as the one above, have been analysed only more
recently [6, 13, 32].

In many applications the forward operator G arising from the related PDE is non-linear
in f, and so the negative log-likelihood function arising from the measurement (1) can be
non-convex. This means that many commonly used methods like Tikhonov regularisation and
maximum a priori (MAP) estimation, where one has to minimise a penalised log-likelihood
function, cannot be reliably computed by standard convex optimisation techniques. There are
some iterative optimisation methods, such as Landweber iteration and Levenberg—Marquardt
regularisation, that circumvent the problems arising from non-convexity, see [34] where the
parabolic PDE considered here has been studied, and also [7, 10, 33]. In this paper we con-
sider the Bayesian approach which offers an attractive alternative for solving complex inverse
problems, see e.g. [18, 57]. In the standard Bayesian approach one assigns a Gaussian prior
IT to f, which is then updated, given data (Y7, Zi)ﬁ\'zl, into a posterior distribution for f, using
Bayes’ theorem. The posterior distribution can be used to calculate point estimates but it also
delivers an estimate of the statistical uncertainty in the reconstruction. If the forward map can
be evaluated numerically one can deploy modern MCMC methods, such as stochastic gradi-
ent MCMC and parallel tempering, to construct computationally efficient Bayesian algorithms
even for complicated non-linear inverse problems [12, 20, 40, 44], hence avoiding optimisa-
tion algorithms and inversion of G. Computational guarantees for the mixing times of such
algorithms are also available even in general high-dimensional non-linear settings [14, 28, 53].

Since there is no objective way to select a prior distribution it is natural to ask how the
choice of the prior affects the solution, and especially if the conclusions are asymptotically
independent of the prior. Another important question that arises is whether Bayesian inference
provides a statistically optimal estimate of the unknown quantity f. If we assume that the data
are generated from a fixed ‘true’ function f = f(, we would like to know whether the posterior
mean f = EM(f | (Y;,Z)Y_,) converges towards the ground truth, and at what speed the pos-
terior contracts around f,. Nonparametric Bayesian inverse problems have been extensively
studied in linear settings and the statistical validity of Bayesian inversion methods is quite well
understood, see e.g. [2, 26, 35-37, 46, 55, 58].
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However, non-linear inverse problems are fundamentally more challenging and very little
is known about the frequentist performance of Bayesian methods. Nonparametric Bayesian
posterior contraction rates for discretely observed scalar diffusions were considered in [50],
and Bernstein—von Mises theorems for time-independent Schrodinger equation and compound
Poisson process were studied in [49, 51] respectively. The frequentist consistency of Bayesian
inversion in the elliptic PDE in divergence form was examined in [61]. All the above papers
employ ‘uniform wavelet type priors” with bounded C”-norms. In this paper we consider more
practical Gaussian process priors which are regularly used in applications, and which allow the
use of modern MCMC methods such as the preconditioned Crank—Nicholson algorithm. Gaus-
sian process priors were considered in [27] where the consistency of the Bayesian approach
in the nonlinear inverse problem of reconstructing the diffusion coefficient from noisy obser-
vations of the solution to an elliptic PDE in divergence form was studied. Notably, building
on the ideas from [48] where the consistency of Bayesian inversion of noisy non-abelian x-ray
transform is considered [27], also provides contraction results for general non-linear inverse
problems that fulfil certain Lipschitz and stability conditions. A general class of non-linear
inverse regression models, satisfying particular analytic conditions on the model including
invertibility of the related Fisher information operator, has been considered in the recent paper
[47], where a general semi-parametric Bernstein—von Mises theorem is proved. Closely related
to [27] are the results achieved in [52] for MAP estimates associated to Gaussian process pri-
ors, but since the proofs are based on variational methods they are very different from the
Bayesian ones. We also mention the recent results on statistical Caldéron problem [1], where
a logarithmic contraction speed is proved for the problem of recovering an unknown conduc-
tivity function from noisy measurements of the voltage to current map, also known as the
Dirichlet-to-Neumann map, at the boundary of the medium.

In this paper we consider the problem of recovering a coefficient of a parabolic partial dif-
ferential operator from observations of a solution to the associated PDE, under given boundary
and initial value conditions, corrupted by additive Gaussian noise. More precisely, we will
study the heat equation with an additional absorption or cooling term that presents all the con-
ceptual difficulties of a time dependent parabolic PDEs but allows a clean exposition; let g and
up be sufficiently smooth boundary and initial value functions respectively, and let f : O — R
be an unknown absorption term determining the solutions u; of the PDE

Ly(u) = Ou — %Axu—&-fu:O on O x (0,T)
u=g ondO x (0, T) (2)
u(-,0) = ug on O,

where A, = Z;j:laz /Ox? denotes the standard Laplace operator and 9, the time deriva-
tive. Under mild regularity conditions on f, assuming that f > 0, and g, uy satisfying nat-
ural consistency conditions on dO x {0} the theory of parabolic PDEs implies that (2) has
a unique classical solution G(f) = u; € C(O x (0,T)) N C*'(O x (0, T)). The above type
reaction—diffusion equations can also be used to describe ecological systems like population
dynamics, with u being density of prey and f describing resources or the effect of predators
[62], evolution of competing languages [54, 56], and many other spread phenomena. Another
attractive way of modelling time evolution is using stochastic PDEs, see e.g. [3, 29] and the
references therein. However, these models are usually not feasible for Bayesian analysis due
to complex likelihood functions.
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We show that the posterior means arising from a large class of Gaussian process priors for
f provide statistically consistent recovery of the unknown function f in (2) given data (1),
where Z; are drawn from a uniform distribution on O x (0, T), and provide explicit polynomial
convergence rates as the number of measurements increases. We start with contraction results
for posterior distributions arising from a wide class of rescaled Gaussian process priors, similar
to those considered in [27, 48], which address the need for additional a priori regularisation
of the posterior distribution to overcome the effects of non-linearity of the forward map G.
Building on the ideas from [48] and further developed in [27], we first show that the posterior
distributions arising from these priors optimally solve the PDE-constrained regression problem
of inferring G(f) from the data (1). These results can then be combined with suitable stability
estimates for the inverse of G to show that the posterior distribution contracts around the true
parameter fy, that generated the data, at certain polynomial rate, and that the posterior mean
converges to the truth with the same rate. We also consider the optimality of the contraction
rates and prove a lower bound for the minimax convergence rate for inferring f(, from the data.
We note that, while the rates achieved in the first part approach the optimal rate for very smooth
models, they are not in general optimal. In the second part of the paper we show that optimal
rates can be achieved with truncated and rescaled Gaussian priors. To the best of our knowledge
this is the first time such optimality results are shown for a non-linear inverse problem.

This paper is organised as follows. The basic setting of the statistical inverse problem and
the notations used in the paper can be found in section 2. The main results are stated in section 3
and their proofs are given in section 4.

2. A statistical inverse problem for parabolic PDEs

2.1. Parabolic Hélder and Sobolev spaces

Throughout this paper O € R, d € N, is a given non-empty, open and bounded set with
smooth boundary 9O and closure O. We define the space-time cylinder Q = O x (0, T), with
T € (0, 00), and denote its lateral boundary 9O x (0, T) by X.

The spaces of continuous functions defined on @ C R? and O are denoted by C(O) and
C(O) respectively, and endowed with the supremum norm || - ||.. For positive integers k € N,
Ck(0O) is the space of k-times differentiable functions with uniformly continuous derivatives.
For non-integer s > 0 we define C*(O) as

C(0) = {f e ClO):Y]al = [s], sup D) = D°FG) < oo} ,

x,y€0 xF£y ‘x — y‘s— s

where |s| denotes the largest integer less than or equal to s, and for any multi-index
a = (aq,...,qq),D"is the ath partial differential operator. The Holder space C*(QO) is normed
by

D*f(x) — D"
Ifllesoy = > ID°f@loc+ > sup |Df(x) fO)|

jal<Ls) oty Pt

where the second sum is removed if s is an integer. We denote by C*(0) = (1),C*(O) the set of
smooth functions. We also need Holder—Zygmund spaces C*(Q) which can be defined as a spe-
cial case of Besov spaces by C*(O) = B (0), s > 0, see [59, section 3.4.2] for definitions. If
s ¢ Nthen C*(O) = C*(O) and we have the continuous embeddings s (0) C C(0) C CH0O),
fors e NU {0}, s > s.
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The classical space to look for a solution to (2) is the parabolic Holder space c>! (Q) defined
by

C*NQ) ={feCQ:30f.Diyf €CWQ), ij=1,....d}.
Let 0 € (0, 1] and define

Flasng = £l + Ulogz Ulaga=  sup L E =@

0
21,22€0.21 22 P(ZI,ZZ)

where p(z1,22) is the parabolic distance between points z; = (x;,1;) € Rt and
22 = (x2,1) € R given by p(z1.22) = (|[x1 — x2[|3 + |11 — 12])'/%. We denote by c’2Q)
the space of all functions f for which || f||ss2 < co. Finally, the parabolic Holder space
C*H01H0/2(0), 6 € (0,1] is defined as the space of all functions f for which

Ifllrorsorng = D ID*F Dl + 10:f oo + [faso140/2 < 00,

laf<2

where

d
[fl2g014002 = Z [Dijfloo/2 + [0:ifo0)2-

ij=1

Parabolic Holder spaces are Banach spaces. For further details see e.g. [5, 23, 38]. Higher
order parabolic Holder spaces can be defined in a similar way. We will also need parabolic
Holder—Zygmund (Besov—Holder) spaces C2+01+9/2(Q) = B %'%/2(0), which possess sim-
ilar properties to the isotropic Holder—Zygmund spaces, see e.g. [4, chapter 7.2].

Denote by L*(O) the Hilbert space of square integrable functions on O, equipped with its
usual inner product (-, -);2(. For an integer k > 0, the order-k Sobolev space on O is the
separable Hilbert space

HYO) = {f € L*(0):V|a| < k,AD"f € L(O)},
with the inner product (f, &) ko) = 2_ja|<k (D" f+ D“8) 12(0)- For a non-integer s > 0, H*(O)
can be defined by interpolation, see, e.g. [41, section 1.9.1].
We will also use parabolic Sobolev spaces H**/?(Q), with s > 0, defined by
H*%(Q) = L? (0, T): H(O) N H*? ((0,T): LX(0)) ,

which is a Hilbert space with a norm

T
s = | WCDror 8+ Ty

see [42, section 4.2.1].
For s > d/2 the Sobolev embedding theorem implies that H*(O) embeds continuously into
C'(O)foranys >r+d/2 >d/2. Letg € H*/2(Q) and f € H*(O). We then have

178l sy < cllfllmsonllgll sy s > d/2- 3)
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We will also use the following bound for g € H**/>(Q) and f € C*/3(Q)

Hfg”HSvf/z(Q) < CHf”cMﬂ(Q)”g”HSJ/Z(Q)’ s 2 0. 4)

The above bounds follow from similar results in isotropic spaces (see e.g. [59]).

Whenever there is no risk of confusion, we will omit the reference to the underlying domain
O or Q. Attaching a subscript ¢ to any space X denotes the subspace (X, || - ||x) consisting of
functions with compact support in O (or Q). Also, if K is a non-empty compact subset of O,
we denote by Hy (O) the closed subspace of functions in H°(O) with support contained in K.
The above definitions extend without difficulty to the case where Q is replaced by its lateral
boundary X.

We use the symbols < and = for inequalities holding up to a universal constant. For a
sequence of random variables Fy we write Fy = Op(ay) if for all € > 0 there exists M. < co
such that P(|Fy| > M.ay) < € for all N large enough. Finally, we denote by £(F) the law of
a random variable F.

2.2. The measurement model and Bayesian approach

Let the source function g € C*?!*+%/2(3) and the initial value function uy € C*t?(O), with
0 € (0, 1] satisfy the consistency conditions

g(x,0) = up(x) and 9,g(x,0) — %Axuo(x) + f(up(x) =0, x € 90. (5)

Also, let f € C’(O) and f > fmin_ > 0. Then the initial boundary value problem (2) has a
unique classical solution u; € C(Q) N C>T1+9/2(Q), see e.g. [38, 43], and a representation
in terms of the Feynman—Kac formula

ux,1) = E' (uooft)l{f,_t} exp (— / f(Xs)ds>>
0

TO
+E* (g(XTO,To)l{T,q} exp (-/0 f(Xs)ds)> (x,npeQ. (6

Above 14 is the indicator function of a subset A, (X;:s > 0) is a d-dimensional Brow-
nian motion started at x € O, with the exit time 7o satisfying sup,., E*(7p) < oo, and
7, = min{7p, t}, see e.g. [22]. The related inverse problem is to recover f given u, (and g, u).

If we additionally assume that f is bounded, g > g, > 0 and uy > upmin > O we see, using
QA —0)uy

(6) and Jensen’s inequality, that uy > 0. Hence, given u; we can simply write f = .

The more practical question we are interested in, is how to optimally solve the above non-linear
inverse problem when the observations are corrupted by statistical noise.

We consider the following parameter space for f: for an integer o > 2 + d/2, funin > 0, and
n = n(x) being the outward pointing normal at x € 90, let

df

Fofoin = {f € H*(O) 1 inf f(x) > fmin, floo =1, 7= =0 forl <j<a— 1}. (7
x€0 onJ jpo
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Let f € F,,, and denote by G(f) the solution to (2). The measurement model we consider
is

Y: = G(f)(Z)+oW:, W;~N@©O,1) i=1,...,N, (8)

where the noise amplitude o is considered to be a known constant, and the design points
Z; = (X;, T;) are drawn from a uniform distribution on Q. That is, for N € N,

(Zioy ~ p, = dz/vol(Q),

with dz being the Lebesgue measure and vol(Q) = fQ d(x,1). We assume that both space
and time variable follow uniform distribution to unify the following approach. The results
could also be developed for deterministic time design at the expense of introducing further
technicalities.

We will take the Bayesian approach to the inverse problem of inferring f from the noisy
measurements (Y}, Z,-)f’:l, and place a priori measure on the unknown parameter f. Gaussian
process priors are a natural choice but they are supported in linear spaces (e.g., H*(0)), which
is why we next define a convenient bijective re-parametrisation for f € F, s . . We follow the
approach of using regular link functions as in [27, 52].

Definition 1.

(a) A function @ is called a link function if it is a smooth, strictly increasing bijective map
® : R — (finin, 00) satisfying ®(0) = 1 and ®'(¢) > O forall 7 € R.

(b) A function @ : (a,b) — R:, co < a,b < 0, is called regular if all the derivatives of ¢ are
bounded on R.

Note that given any link function ®, one can show (see [52, section 3.1]) that the parameter
space F . in (7) can be written as

Fotfmn = 1P o F:F e HYO)}.
We can then consider the solution map associated to (2) as one defined on HZ(O);
G :H*(O)— [*(0), F— 9F)=G®oF), )

where G(® o F) = G(f) is the solution to (2) with f = P o F € F, ;. .
Using the above re-parametrisation f = ® o F with a given link function the observation
scheme (8) can be rewritten as

Yi = 9(F)Z)+oW:, i=1,...,N. (10)

The random vectors (Y;, Z;) on R x Q are then i.i.d. with laws denoted by PL. It follows that
Pi; has the Radon—Nikodym density

dP; 0.2 1 _ =% )? €R. z€0 (11
9’ Z = e 20_ b £ Z 9’
dy x dp \V27mo? Y

where dy denotes the Lebesgue measure on R. We write PY = ®V_ P, for the joint law of
(Y, Z)Y_, on RN x OV, and Ei., EY for the expectation operators corresponding to the laws
Pi., PY respectively.

pF(y’ Z) =
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We model the parameter F' € H*(O) by a Borel probability measure 1I supported on the
Banach space C(O). Since the map (F, (v, z)) — pg(y, z) can be shown to be jointly measurable
the posterior distribution I1(-| YV, ZV) of F|YN, Z" arising from the model (10) equals to

/N
IT (B|YN,ZV) = M
, Jeo)e™ ™ dTI(F)

for any Borel set B C C(O). Above

N
1
Nepy b . 12
Py = = ; (Y; — G(F)(Z))
is the joint log-likelihood function up to a constant.

3. Posterior consistency results

We consider priors that are build around a Gaussian base prior II' and then rescaled by N~7,
with appropriate v > 0, to provide additional regularisation to combat the non-linearity of the
inverse problem, as suggested in [48] and further studied in [27], see also [52]. We first consider
certain Gaussian process priors supported on C°, 8 > 2, and show that the posterior distribu-
tions arising from these priors concentrate near sufficiently regular ground truth Fy (or fo)
assuming that the data (Y", ZV) is generated through model (10) with F = F,,. We then prove
a minimax lower bound for inferring f from the data, and show that the optimal convergence
rate can be achieved using truncated Gaussian base priors. The proofs of the theorems can be
found from section 4.

In the following we are interested in recovering Fy (or fo) with H*, o > 8 +d/2 > 2 +
d /2, smoothness. For this we assume that g € H>/>+*3/4+¢/2($) and uy € H'*+*(O) satisfy the
following consistency condition; there exists ¢ € H>+*!+/2(Q) such that

P(x, 1) =g(x, 1) onX, P(x,0)=uy(x) onO (12)

oF ((8, - %Ax +f> w)

Then u; € H*t*!*0/2(Q) ¢ C*HA1H5/2(Q), [42, theorem 5.3]. The above is a standard com-
patibility condition and a generalisation of (5) stating that the source and initial value func-
tions meet smoothly enough on the boundary 0O x {0} see, e.g., [42, section 2] for general
compatibility relations and trace theorems in parabolic spaces. Especially we have that

and 1) satisfies

=0 forO0<k<
t=0

1
5 (13)

(SR

8(x,0) = up(x), x € 90.

Note that if f € F,p,, then flgo =1 and we can, for example, take g(x,7) =1 —1 and
up(x) =1 in a small neighbourhood of OO x {0}. The above consistency conditions are
sufficient but can be relaxed for many of the following results. We also assume that

Up 2 u(),min > Oa and 8 2 &min > 0 (14)



Inverse Problems 38 (2022) 035002 H Kekkonen

sothat ug > 0 for f € Fo .

3.1. Rescaled Gaussian priors

We refer, e.g., to [25, section 2] for the basic definitions of Gaussian measures and their
reproducing kernel Hilbert spaces (RKHS).

Condition2. Leta > 8+ d/2, withsome 3 > 2, and let H be a Hilbert space continuously
imbedded into H*(O). Let I’ be a centred Gaussian Borel probability measure on the Banach
space C(O) that is supported on a separable measurable linear subspace of C*(©), and assume
that the reproducing-kernel Hilbert space of I equals to H.

As a simple example of a base prior satisfying condition 2 we can consider Whittle—Matérn
process M = {M(x),x € O} of regularity o — d/2, see [27, example 25] or [24, example
11.8] for details. Assume that the measurement (10) is generated from a ‘true unknown’
Fo € H*(O) that is supported on a given compact subset K of the domain O, and fix a smooth
cutoff function y € C°(O) such that Y = 1 on K. Then II' = L(xM) is supported on c?(0)
for any ' < a —d/2, and its RKHS H = {xF,F € H*(O)} is continuously imbedded into
H¢(O) and contains Hg(O). The condition F\y € # then equals to the standard assumption that
Fy € H*(O) is supported on a strict subset K of O.

In the following we consider the re-scaled prior

Iy = L(Fy), Fy= N*4a+ds+2dp’, (15)

where F' ~ IT'. Then I1y defines a centred Gaussian prior on C(0), and its RKHS Hy is given
by H with the norm

IFllsy = N¥7552 | F .

Theorem 3. For a fixed integer > 3+ d /2,8 > 2, consider the Gaussian prior Iy
in (15) with the base prior 1 satisfying condition 2 with RKHS H. Let HN(-\YN,ZN)
be the resulting posterior distribution arising from observations (Y",Z") in (10) with the

boundary and initial value functions in (2) satisfying (12)—(14), and with F = Fy € H. Set
Sy = N*(a+2)/(2a+4+d)_

Then for any D > 0 there exists a sufficiently large L > 0 such that, as N — oo,

Ty (F : [|9F) — 4 (F) 120 > LoW|Y, ZY) = Op (e_DN‘SIZV) (16)

Fo
and for sufficiently large M > 0
My (F: | Flloso) > MIYY, ZY) = Opy (V%) (17)
0

Next we will formulate a theorem about the posterior contraction around f in L*-norm. For
this we need the following push-forward posterior distribution

Iy (| YN, ZY) = L(f), f=®oF, F~Iy(|Y",Z". (18)
Theorem 4. Let HN(~|YN, 7Ny, 8y and Fy be as in theorem 3 with an integer 3 > 2, and
denote fy = ® o Fy. Then for any D > 0 there exists L > 0 large enough such that, as N — oo,

N 5 o
Hy (f: If = follz) > Loy™ YN,ZN) =Op (e DNoyy,
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We can also show that the posterior mean EX(F | YV, ZV) of TIy(-|Y", Z") converges to Fj

with speed 0y .

Theorem 5. Under the assumptions of theorem 4 let Fy = E(F | YN, ZV) be the mean of
Iy (- |YY, ZV). Then, as N — oo, we have

Pﬁ!o <||FN — Foll 200y > L(S,f,”) —0.

Note that, since a composition with the link function ® is LZ—Lipschitz, the above result also
holds for the original potential f, that is, we can replace ||Fy — Fyl|;2 by ||® o Fx — fol|;2. The
proof of theorem 5 follows directly from theorems 3 and 4, and the proof of [27, theorem 6].

3.2. Truncated Gaussian priors

In practice so called sieve-priors, which are concentrated on a finite-dimensional approxima-
tion of the parameter space supporting the prior, are often employed for computational reasons.
One of the commonly used methods is to use the truncated Karhunen—Logeve series expansion
of the Gaussian base prior II'. The contraction rate (16) of the forward problem remains valid
with these truncated priors if the approximation spaces are appropriately chosen. In this section
we will establish the optimal rate of estimating f; from the data and show that it can be achieved
with truncated and rescaled priors.

Let {¥;,,l > —1,r € Z%} be an orthonormal basis of L?>(R?) composed of sufficiently reg-
ular, compactly supported Daubechies wavelets, see the proof of theorem 6 for more details.
We assume that Fy € Hg(O) for some K € O, and denote by R, the set of indices r such that
the support of ¥, intersects with K. Fix any compact K’ C O such that K C K’ and a cut-
off function y € C>°(O) for which xy = 1 on K'. Let « > 2 + d/2, and consider the prior 1T/
arising as the law of the Gaussian sum

Il = L), F=Y 27F,W,, F,"NO.1), (19)

I<J
reRy

where J = Jy — oo is a deterministic truncation point. Then IT) defines a centred Gaussian
prior that is supported on a finite dimensional space

Hy=span{x¥,,, [ < J,r € R;} C C(O).

Theorem 6. Let Iy be the rescaled prior as in (15), where now F' ~ H’J, with H’J defined
in (19), and J = Jy € N is chosen so that 2 ~ N'/CoH4+D_ Ler TIy(-|YN, ZV) be the resulting
posterior distribution arising from data (YN, Z") in (10) with the boundary and initial value
Sfunctions in (2) satisfying (12)—(14), with F = Fy € HZ(O). Let 0n be as in theorem 3, and
assume that f = ® o F. Then (16) remains valid and for any D > 0, and for sufficiently large
M >0,

m@wmm@>mﬂzﬂ=%g@”%, (20)
0

10
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as N — oo. Furthermore, let ﬁN(- | YN, ZN) be the push-forward posterior as in (18). Then
there exists L > 0 large enough such that

Iy (fi If = follzo) > LN~ 757 | YN’ZN) = Opv (efDNa’ZV) ; 2D

Jo

as N — oo.

Theorem 7. Under the assumptions of theorem 6 let Fy = EXN(F | YN, ZN) be the mean of
Iy (| YN, ZV). Then, as N — oo, we have

P (1@ 0 Fy = foll 2oy > LN 355552 ) 0.

The proof of theorem 7 follows directly from theorem 6 and the proof of [27, theorem 6].
Note that from a non-asymptotic point of view, the N-dependent rescaling of the prior can be
thought just as an adjustment of the covariance operator of the prior. Similar result to theorems
6 and 7 could be proven for more general Gaussian priors which are not of wavelet type but
we do not pursue these extensions in this paper.

If we compare the rates achieved in section 3.1 to those attained in this section we notice

that while the rates for Gaussian process priors are of order 5‘1‘3/ @*9) the rates achieved for

truncated Gaussian priors are 5;“,/ T with o > B + d/2. The question then arises as to what
is the optimal rate for estimating f from the data. Next we will give a minimax lower bound on
the rate of estimation for f and note that the rates attained in this section are minimax optimal.
We also note that, by modifying the proof of theorem 8, one can show that the rate d achieved
in (16) for the PDE-constrained regression problem of recovering G(Fj) in prediction loss is
minimax optimal. Notice that the following theorem gives a lower bound that holds for any
estimate for f, not just the ones studied in this paper.

Theorem 8. Let fbe the absorptiontermin (2) and let g, uy satisfy (12)—(14) with a replaced
by a+d /2, with o > 2 + d /2. Then there exists ¢ > 0 such that for € > 0 arbitrarily small,
as N — oo,

liminf sup PY (||?N = Flzo, > cN‘—2a+“4+d) >1-e 22)
fN fef,,,

where ]_:a ={f € C*(O) :infico f(x) = fmin > 0, ||fllce < B}, with any sufficient large
B > 0, and the infimum is taken over all measurable functions fy = f(YN ,ZN, g, Uup), where
the observations (YN, ZV) are generated through model (8).

To prove theorem 8 we use [25, theorem 6.3.2] which allows us to reduce the problem of
estimating the lower bound (22) into calculating lower bounds of certain testing problems that
involve several hypotheses in the parameter space. We then use tools from information theory,
and in particular the Kullback—Leibler distance between two probability measures, to attain
lower bounds for these testing problems.

As mentioned in the introduction the posterior distributions arising from Gaussian priors
can be computed using MCMC algorithms [12, 17]. These algorithms often employ a finite-
dimensional approximation of the parameter space as in this section. Non-asymptotic sampling
bounds for the preconditioned Crank—Nicholson algorithm were established in [28] providing
bounds on the approximation error for the computation of the posterior mean. Note that these
bounds hold even for likelihood functions that are not log-concave as in this paper. See also
[14, 53] for recent result on efficiently generating random samples from high-dimensional and
non-log-concave posterior measures.
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3.3. Conclusions

The convergence rates obtained in this article demonstrate the frequentist consistency of the
Bayesian inversion with Gaussian process priors in the parabolic inverse problem (2) with
data (10) in the large sample limit N — oo. The rates in section 3.1 for the rescaled Gaussian
process prior are minimax optimal for the PDE-constrained regression problem of recovering
G(F)) in prediction loss. However, even though the rates for estimating f approach the optimal
rate N~'/2 for very smooth models they are not optimal in general. We note that the optimal
rate in theorem 8 equals to 51‘\’,'/ @+ and so the rates achieved in theorems 4 and 5 would be
optimal if we could replace 5 by a > 3 + d/2. The second part of theorem 3 with the proof
of theorem 4 reveals that this suboptimal rate is due to the fact that, while we are interested in
recovering Fo € H C HZ, we can only show that the posterior mass is concentrated in C-balls,
with 5 < o — d/2. On the other hand, we can show that the posterior mass of the truncated
Gaussian priors is concentrated in H®-balls which allows us to attain the optimal convergence
rate. We note that truncation of a Gaussian prior increases its regularity, which can correct for
possible under-smoothing. The question of optimality for infinite dimensional Gaussian priors
remains an interesting avenue for future research in non-linear inverse problems.

A natural question that arises in section 3.2 is whether the non-linear inverse problem con-
sidered can be solved in a fully Bayesian way (prior independent of the measurement). One way
of achieving this would be to employ a hierarchical prior that randomises the finite truncation
point J in the Karhunen—Loéve series expansion (19). Such an approach has been investigated
in [27] for an elliptic PDE with similar consistency results as in theorems 3—5 for smooth
enough ground truth. Another avenue for further research is assuming the noise amplitude o
to be unknown and using a hierarchical prior for it.

4. Proofs

4.1. Proofs of the main results

The proof of theorem 5 follows directly from theorems 3 and 4, and the proof of [27, theorem 6].
The proofs of theorems 3 and 4 rely on the following forward and stability estimates. The proofs
of the propositions can be found in section 4.2.

Proposition 9. Ler & be the solution map defined in (9) with g, uy as in (12) and (13). Let
a>2+d/2and F\,F, € H}(O). Then

H%(Fl) - g(F2)||L2(Q) f, (I+ ||F1Hé2(o) \ ||F2Hé2(o))||F1 - F2H(H2(O))*’

where X* denotes the topological dual space of a normed linear space X. Also, there exists
C > 0 such that

sup [|G(F)] < C([glo0 + [[u0][oc) < 00
FEH2(0)

Proof of theorem 3. It follows from proposition 9 that the inverse problem (10) falls in
the general framework studied in [27], with 8 =2,y =4,k =2 and S = c(||g]|0 + ||#0]|0)-
Theorem 3 then follows directly from [27, theorem 14]. O

12
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Proposition 10. Let G(f) be the solution to (2) with g, uq as in (12) and (13), and f, fo €
‘Fa’fmin' Then

1f = follzoy S eclvhl | G(f) — G(fo)ll 21g)-

To prove theorem 4 we will also need that the forward map G maps bounded sets in C” onto
bounded sets in H2H3117/2(Q).

Proposition 11. Let 8 > 0 and f € C?(O), with inf,co f(x) = fumin > 0. Then there exists
a constant C > 0 such that

)
HG(f)||H2+;’?.l+ﬂ/2(Q) <C(A+ ||fHéT /2).

Proof of theorem 4. We start by noting that if ® : R — R is a regular link function in
the sense of definition 1 then for each integer m > 0 there exists C > 0 such that, for all
F e C"0),

See [52, lemma 29] for proof. With the above bound we can use the conclusion of theorem 3
for the push-forward posterior ITy(- | ¥’ N_ZN). Estimate (16) directly implies that

~ 2
My(f |G = G2 > Low | Y, Z2%) = Opy (7P),
as N — oco. Using the bound (23) and the estimate (17) we get, for a sufficiently large M’ > 0,
(/1 ler > MY ZY) < Ty (F:|Flleo > MY, 2Y) = Opy (V).
0

Since C” C C” the above estimate is still true if we replace || - || o5 by || - [|cs-
If f € C” with || f]|os < M’ proposition 11 implies that G(f), G(fo) € H>***!+5/2 and

3/2 148/2
|G gztsa+52 S 1+ Hfo“;rﬁ/ < 00, |G| gaspa4s2 S 1+ Hf||CJ;rW <M" < .

We will also need the following interpolation inequality. Let s > 0 and 6 € (0, 1). Then for all
u € H**(Q)
1-6

[ul| a-osa-os2 S ||“||H,\-..y/z||“||zz, (24)

see [42, chapter 4, proposition 2.1]. Combining the above we see that

2 2
IG() = Gl S NG = G A 451G = G

S IGUH = Gl

13
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Hence we get, for large enough L > 0,

~ -
Ty (f G = G| ger > LT | YN,ZN>
< ﬁN(f . ||G(f) - G(f())”LZ > L(SN | YN,ZN) —|— ﬁN(f: Hf”cd > M/ | YN,ZN)
= O (e—NDélzv)’
o
as N — oo. Applying the stability estimate of proposition 10 we can then conclude

- B_
Iy (f N = folle > Loy | YN,ZN)

_ B _
< Ty (f: |G(f) — G(fo)llgoa > L'o5"" | YN,ZN) +TNCf || flles > M| YN, ZY)
= Opy (e P,

fo

O

Proof of theorem 6. We start by introducing the wavelet setting that is used in the proofs
of theorems 6 and 8. Consider an s-regular orthonormal wavelet basis for the Hilbert space
L*(RY) given by compactly supported Daubechies tensor wavelet basis functions

(U : 1€NU{-1,0}ke Z9} Wy =25Tgu2"), forl>0.

Note that we can choose the smoothness s of the basis to be as large as required and hence
will omit it in what follows. For more details about wavelets see [19, 45] or [25, chapter 4].
For o € R we have the following wavelet characterisation of H*(R) norm

Hf”[z_lu(]Rd) ~ 2221”<f5 \Ijl,k>i2(Rd)- (25)
Lk

We also note that, for « > 0 and some C > 0,
feC'R) = S}lkp pleka(y, Vi) 2y < Cllf Ml caay,
with the converse being true when « ¢ N.
We can construct an orthonormal wavelet basis of L2(O) given by
{TF : k<N, e NU{-1,0}}, NE€N,

that consists of interior wavelets \If,ok = W;,, which are compactly supported in O, and of
boundary wavelets \I/fgk = \I/f «» Which are an orthonormalised linear combination of those
wavelets that have support inside and outside O, see [60, theorem 2.33]. Using the above basis
any function f € L*(O) has orthogonal wavelet series expansion

Ny
f = ZZ <f’ ‘1’8(>iz(0)‘1’1,01(-

I k=1

14
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We denote by F/ = Py,,(F) € H, the wavelet projection (26) and note that for all Fy €
H(O)
HFO - F({H(HZ(O))* 5 2o+

by (63) from [27]. We also note that | F}}|| -2 < |||Fo|| 2 by standard properties of wavelet bases
and hence, choosing 2/ = N'/@o+4+d it follows from proposition 9 that

__aH2
|%(Fo) — g(Fé)HLZ(Q) S [Fo— Fé”(HZ(O))* SN BT = by
Using triangle inequality we then see that for a sufficiently large ¢ > 0
Hn(|9(F) — G(Fo)l120) > con) = Hn([|9(F) — g(Fé)HLZ(Q) > o).

We can then conclude that the results of theorems 3—5 remain valid under the truncated and
rescaled Gaussian prior, see [27] section 3.2.

Following the idea from the proof of theorem 4.13 [53] we will next show that the posterior
mass concentrates in some H*-balls. Define for any M’, Q > 0

Ay ={F =F i +F, € H;: |Fill g2y < Q0n, ||Fallz < M'}.
Then, by theorem 13 with lemmas 17 and 18 in [27], we have for Q, M’ sufficiently large

Iy(F € Ay | YN, ZV) > 1 — Opy (ePVR),
0

To prove (20) we need to show that ||F||ge < M forall F € Ay.
Let o« > 0. Then

F: - § Fl,r\Ijl,r - E 2_(llGl,r\I/l,ra Lr li\(‘l N(O 1)
I<J I<J
reRy reRy

defines a centred Gaussian probability measure supported on Hy = span{¥;,,l < J,r € R;}
with the RKHS H; endowed with norm

IFI%, =D 2 F, = [Flljuga, VF€Ho

I<J
rGR[

The random function

iid.

F=xF=> FxV,=Y 2G,xV, G, = NOI),
1<J 1<J
reR; reR;

then defines the centred Gaussian probability measure I, as in (19), supported on H; =
span{xV,,,l < J,r € R}, with the RKHS norm satisfying

IFII%, = IXFIl, < IFI3, =Y 2" F, VFeH,.

I<J
reR,

15
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We also note that for all F € H, there exists 7' € H, such that yF = yF’ and
IXFll2, = 1F]l7, -
Hence, if F = XI~7 is an arbitrary element of 7{; we can write
1F([00) = IXF 500y < I F ey = |1 F llz, = IFlloe, VF € Hy.
We will next show that
1F o) S 2" “FPNF | gzioy VF € My
Denote for J' € N, J' < J,

F' = Py, (F)= > (F. 0, )x¥,, € Hy. (26)

I<J
rery

Note that for large enough Jy, € N, if [ > Jpi, and the support of U;, intersects K, then
supp(¥;,) C K’ and we have xV;, = ¥, forall [ > Jy, and r € R;. We can then write

F = F/min + (F — iji") = Z F[,rX\III,r + Z F[,r\IIl,P

1< Jimin Jimin <ISJ
reRy reRy

Since H, , is a fixed finite dimensional subspace we get, by equivalence of norms, that
[|[Fmin || o < Coppn [|Fmin || g2y < Crpin || F | g2y - We also see that F — F/min is compactly sup-
ported on O and hence can be extended by zero to R?. We can then write

|F — FJmi"H%Ja(O) = Z 221aF12,r
Jimin <I<J
reRy

_ 2la+4l~—4l 2
= ) eripripy

Jmin <ISJ
reRy
< 2CF|F — Fln |20

< 2/Cotd) HFH(ZH2(0))* .

Combining the above we see that, for F € H,, ||F|| 2 < Qdy and 2/ = N1/@atdtd),

a+2
1Fllze0) < 272 |Fll g0y < ONTF728y = Q,
(H~(0))

which concludes the first part of the proof.
To prove the optimal convergence rate we need to replace the || - ||os-bounds in the
proof of theorem 4 by || - ||ge-bounds. To do this we note that if o > d/2 and f € H*(O)

16
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with inf,co f(x) 2> fmin > 0 we can use the inequality (3) instead of (4) in the proof
of proposition 11 and show that

HG(f)||H2+a,1+a/z(Q) <C(1+ ”fH;;Oz/Z)

Also, if ® : R — R is a regular link function in the sense of definition 1 then for each integer
m > 0 there exists C > 0 such that, for all F € H"(O),

See [52, lemma 29] for proof. The result then follows directly from the proof of theorem 4. [
Proof of theorem 8. The proof uses similar ideas to [49, 52] by applying [25,

theorem 6.3.2] which reduces the problem of estimating the lower bound in the whole param-
eter space into a testing problem in a finite subset (f,, : m = 0, ..., M) of F,,. First, note that

liminf sup P) <||fN — > rN) > liminf max P}, <||fN — fullz > rN) (28)
N feF, v M=

for any finite set (f,,, :m =0,...,M) in F - We can use any estimator ?N to test between the
M + 1 hypothesis by choosing the f,, closest to fy, that is, we are looking for Wy such that

,,,,,

The errors of the test, which are given by the probability that even though the measurement
was generated by f,, the estimator fy is closest to f,, with some m’ # m, are bounded by

Py 7 m) <P (I = fllz < IFw = fullz - forsoment)

Using triangle inequality we see that if || fy — fu|l,2 < ||fx — fnll,2 for some mt',

1Fn = fulle = o= Furlle = I = Furllie = [ = fllz = [ Fn = fullpe (29)

Assume next that the f,, are 2ry separated, that is, || f,, — fu|l;2 = 2ry for all m # m’. Then
(29) implies

Iy = Full iz = 1w
and we see that

P #m) <P, (17w = fullie > ).
We can then conclude using (28) that

liminf sup PY <||?N —fll > rN) > liminf max PY (Uy # m)
Ty fEfa ' Uy m=0,...M

if the hypothesis (f,, : m = 0, ..., M) are 2ryseparated.

17
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If we can find (f,:m =0,...,My) € F, that are ry ~ N~*/@ot4+d geparated from each
other and show that, for some ¢ > 0 and My,

KL(P},, P})) < € log(My),

where KL denotes the Kullback—Leibler divergence, we can use [25, theorem 6.3.2] which

states that
VM 8
liminf max PY (Uy #m) > (1 —2e— S
Uy  m=0,..M ™ 1+ /My IOg My

(a) We will start by showing that F,, contains {fuw:m=0,1,...,M},M > 1 such that

a

[ fon = frllz = N~ 2455 for allm # m,

that is, f,, are N ~2aaFd -separated from each other.

We use the wavelet basis setting described at the beginning of the proof of theorem 6.
For every j € N there exists a small positive constant ¢ and n; = ¢2/¢ many Daubechies
wavelets (V. : r = 1,...,n;) with disjoint compact supports in O. Let b,,. be a point in
the discrete hypercube {—1, 1}". We define

nj
(%) = hy j(X) = £ by 2700 (x), x €0, (30)
r=1
where x can be chosen to be as small as wanted, and m = 0, ..., M; with M ; chosen later.

Note that h,, is compactly supported in © and has zero extension from O to R? with the
global Holder norm being equal to the intrinsic one. For o € N we can write

j
sup | D hy(x)| = sup |KY by, 27T DOw; ()
1

xeRd x€O —

nj
< Esupy _ [(D*Wo,)(2/x)| < Cr,
.xEOr:l

where the last inequality follows from the fact that at any point there are only finitely many
Wy, that get a non-zero value. Since the interior wavelets are orthogonal to the boundary
wavelets we get for « ¢ N

|| co < C sup 2"“F 2| (B, W) 2| = Cr.
1k
Hence, by choosing x small enough, we see that all &, are contained in {k € C*(O):

IAllce < 1}.
Let fo = 1, h,, as in (30), and define functions

fm:f0+hm, mzl,...,Mj.

We then have || fiu|lce < ||follce + Ck, and for  small enough f,, is bounded away from
zero. By the Varshamov—Gilbert bound there exists {b,,. :m =1,...,M;} € {—1,1}",

18
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with M; > 3T], that are n j/ 8-separated in the Hamming-distance, that is, for all m, m’ <
M;and m # m'

nj
Z (bm,r - bm’,r)2 2 n;
r=1

see e.g. [25, example 3.1.4]. Setting 2/ ~ N T we get, for the f;, corresponding to the
above separated b,, ., that

1 fon = S 72 = N = B[22
2

nj
Z (bmr - bm’,r)\Ilj,r

r=1

— p20-2ja+d/2)

12

nj
— K_/22—2j((¥+d/2)z (bm .= bml r)2

r=1
> /{22’2j(a+d/2)nj szii‘}prd.
(b) Next we will prove that, for some € > 0,
KL(P} . PY) < e log(M)),

m

where KL denotes the Kullback—Leibler divergence.
Using (11) we see that

; Py (Y Z)\ (1
EY, <log de(YZ)) =Ej, (202 (Y = ug(Z)* = (i = u_mzi))z))

1
= T‘-ZE# (ufo(zi)2 _ 2’/‘)‘0(21)”)%(2:) -+ uﬁ”(ZI)Z)

gy — ”ﬁn”?ﬂ'

1

Since P} is the product measure ®;__; Pj- we have KL(P) , P} ) ~ N|luz — uy, |7,. Using
lemma 15 and (25) we then get

Huﬁn - ufo”iZ(Q) S ”fm - fOH(ZH(Z)(O))*
5 ||hmH%]—2(Rd)
nj
= HZZ_Zj(a+d/2+2)Z 1 fj KZN_lnj.

r=1

By the definition of M and choosing # small enough we can conclude that KL(P} , P} ) <
€ log(M).
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Theorem 6.3.2 from [25] then states that

. ~ My 8¢
N2=Fa inf sup EY | fx — fll20) = ———= [ 1 — 2¢ — ,
ot PO 2 T My log My

where My = M; — oo when N — oo, and € can be chosen to be as small as required
by choosing x small enough. We conclude the proof by noting that the proof of [25,
theorem 6.3.2] actually states a slightly stronger result, showing the above lower bound

4.2. Proofs of the propositions

O

We start by proving some useful properties of the solutions to the inhomogeneous problem

(31) below. Let f € C(O) and f > 0. We denote by S + the forward operator

1
S Hgo(Q) = LXQ),  Sy(u) = Qu — A+ fu,

where

Hyo(Q) ={ue H*'(Q)|lu=0 on% and u(x,0)=0}.

Then S is an isomorphism with a linear continuous inverse operator
Vi LX(Q) — Hyo(Q),  h— Vi(h).

That is, for any & € L?(O) the inhomogeneous equation

1
O — EAm%—fu =h onQ
u=~0 onY
u(-,0)=0 on O

has a unique weak solution wyj, = Vy(h) € HZZ;’(I,(Q), [42, chapter 4, remark 15.1].

&1V}

Lemma 12. There exists a constant C > 0, such that for all f € C@), with f > 0, and
h:[0,T] x O — R a continuous function with t — h(t,-) € C([0, T]; C(O)) the solution wy,

to (31) satisfies

wa,hHB(Q) < C||h||L2(Q)'

Proof. The solution wy to (31) has a presentation

t
wp(x, 1) = / I )ds(x), 0<I<T, xeQ
0

20
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see [43, theorem 5.1.11]. Using Holder’s inequality we can then write

1 2
lweallz2 = / ( / e“—”sfh(-,s)ds(x)) d(x, 1)
Q 0
t t
< / / 2957 ds(x) / R (x, )ds d(x, 1)
0Jo 0
1 2t t
= / — / e =957 d5(x) / 1 (x, s)ds d(x, 1)
Q2 0 0

Tl T
<// *\wf,l(x,Zt)ldt/ K2 (x, s)ds dx
0Jo 2 0

< TllwpflsollBl72-

The solution to (31) has also a probabilistic representation in terms of the Feynman—Kac
formula

wpp(x, 1) = E* ( / WX, t — s)e Jof&nadr ds) ,
0

where (X :s > 0) is a d-dimensional Brownian motion started at x € O, with exit time 70
satisfying sup,.» E*(70) < 0o, and 7, = min{70, t}. Hence we get a bound

[wpillo = sup
(€0

E* (/ e JoSXr)dr ds> ’ < sup E*(r) < T.
0 (x,nEQ

Lemma 12 can be used to prove the following stronger regularity estimates.

Lemma 13. Let f,h be as in lemma 12, and wy, € HZZ;:(I,(Q) be the unique solution to (31).
Then there exists a constant C > 0 such that

lwrnllgzig) < CA A+ || flle) Bl 20) (33)
waqhHLZ(Q) < C(1+ ”fHOO)”h”(Hz;})(Q))*’ (34)

where
Heo(Q) ={ue H(Q|u=0 onX and u(x,T)=0}.

Proof. Using the fact that S : H,Zg:(l)(Q) — L*(Q) is an isomorphism and lemma 12 we get

1
wrallies < cH (- 38 s

LZ

< C(ISpwrmllzz + [ fwrnllr2)
< C(|Rll 2 + N fllolwrallz2)
< CA+ T fllo)| Al 2

which proves the first estimate.
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Denote by §% = —8, — A, + f the adjoint of S, and by HZ"(Q) the closure of C°(Q) in
Yy oy 2 d) f 0,0 P
H?™"(Q). Let p € ng((;*l)”fl(Q), with some r > 1. Then the adjoint problem

SHw) = ¢ onQ
u=~0 on (35)
u(-,Ty=0 on O

has a solution v}‘# € X' (Q), where
X(Q={ueH"(Q) : u=0 onXu(x,T)=0 and Sjw) € H; """}

The adjoint operator S} is an isomorphism of X"(Q) onto Hgfg “D=10), r > 1, and we denote
the inverse operator by V7 : H(z,fg_l)”'_l(Q) — X"(Q), [42, section 7].

We start by showing that the estimate (32) holds also for the solution to the adjoint problem
(35). Let p € C¥(Q) and ¢ # 0. Then v}, # 0, and we get

il = [ v7.vic0
< IV lizllele
= lfwps lallellz
< Tlvg,llzliele

where the last inequality follows from lemma 12. From the above we see that [[v} |2 <

Tl 2
We can then show, with a similar proof to that of (33), that

[0F 21 < (1 + T £l ol 25

and conclude

losaliz = sup /w@
peC ol 2 <1 1/ 0

- s |f wf,hs_;a(v;:w»’
0

PECJlell 2 <1

= sup /Sf(wf,h)V}(SO)’
(4]

PECJlell 2 <1

< sup [0f g2 Al g2
pecelp<t 0 F (tco”

< .
<A+ Tl gz
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We now turn to the properties of the forward map G. The following norm estimate for the
C*!-Holder-Zygmund norm of G(f) = u; is needed for the proof of the proposition 9.

Lemma 14. Let g, ug and fbe as in section 2.2. Then for uy, the unique solution to (2), there
exists a constant C > 0 such that

uglle21g) < C (1 + Hf”oo) (||g||c2-1(2) + HMOHC2(0))

Proof. We start by noticing that since f > 0
[uflloc = sup

E* (uo(Xz)xT,_z exp (— / f (Xv)ds))
(xnEQ 0
o 36
+E (g(XTO,To)XT,Q exp (— /0 f(XS)ds>>‘ (36)

< [luolfoc +118loe-

We will also need the isomorphism, see e.g. [5],
1 2,1
o — EAx,tr‘g,tr‘O C Q)= X
1
U (8;14 - EAxu, trs(u), u(-, 0)) ,

where X is the subspace of C(Q) x C>'(X) x C*(O) of the elements (h, g, ug) satisfying the
consistency conditions

g(x,0) =up(x) and 9,g(x,0)— %Axuo(x) = h(x,0), xe€00.

Using the above we get

1

C (I7urlloo + I8llczicsy + luollezo))
C (I llsollurlloc + Ngllezi sy + lluolle2o))
< C(1+Iflle) (lgllezaesy + luollezo)) -

T lgllears + ||“0||02(O)>

o0

N

O

Using the above lemmas we can show that the forward operator G satisfies the following
Lipschitz condition.

Lemma 15. Let g, ug and fbe as in section 2.2. Then, for the unique solution us to (2), there
exists a constant C > 0 such that

lug = up iz < €A+ [ fillo)X + [ Lll)lft = Lollaon-
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Proof. Letuy, i = 1,2, be solutions to (2). We notice that w = uy; — uy, solves the inho-
mogeneous equation S (w) = (fi — f2)up on Q and w = 0 on the boundary ¥ x O. Using
lemmas 13 and 14 we see that

lug —upllz = llwsgi-pug ll2
< CA+ T fillo)I 1 = fZ)“fzn(Hg}))*
< C+ T fill) sup

2,1
peHZ) ol 21 <1

/ h —fz>uf2so‘
Q

< C(1+ T”fl”:)o) sup ”Mfz‘pHHl1 ”fl - fZH(Hé'i))*

peHz gl 20 <1
< CA+Tfilluglea i = Fll

< C+ [Ailld + Il i = Lall -

Furthermore
i~ Bl = s | [ G0~ Aloretr ndee
: peHz el <1 1/
T
= s [ [ etnd] = el
peHz ¢l g2 <1170 H?
where
T 2 T 2
| [ =50z [ ot
0 HXO)  |4<2 0 12(0)
T 2
= Z/ / DYo(-, f)d| dx
laj<2” ©10
T
< Z/T/ DY (-, 1) dt dx
la<2”9 70
T
<1 fecolaar
0
< Tt D7
which concludes the proof. U

We can finally proceed to prove propositions 9—11.
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Proof of proposition 9. Note that if ® : R — R is a regular link function in the sence of
definition 1 then there exists C > 0 such that for all F' € L*°(O)

|@ 0 Fll < C(L+ | Fll0):
Also, for all F, F, € C*(O) there exists C > 0 such that

|@ 0 Fi = @0 Fllypy < CA+ [IF1 22 + [E2l 2 Fy = Fall gy
See [52, lemma 29] for a proof. Using lemma 15 and the above estimates we can then write

[9(F1) — 9(Fll120) < CUL+ || filloo)(X + [ f2l[ o)1 — f2||(Hg(0))*
< CU+ ||F 1% VIIF)Z)A + IFilZ2 V (| Fallz)
x ||Fy _F2||(H2(O))*

< A+ [IFillgao) V IIF2lIg20)IF1 = Pallaroy-

Proof of proposition 10. Applying Jensen’s inequality we see that

inf upx,f) = inf (IE’“ <uo(x,)XT,:,e—féf(Xs)ds)
(x,NEQ (x,nNEQ

B (g(XT ’ TO)XT,<tei-f0TO f(X.\')dS))

> Moqmin e_THf”oo + Gmin lg(f;e_Hf”ocEx(To)
X
> (uomin + gminye = > 0,

where Cr = max{T, E*(70)}.
Since f = fumin > 0 the solution u; is positive and we can write f(x,7) =
Note that f(x, ) is a constant in z. We can then write

(A A =0up(xn)
uf(x,t)

~ | GA =) uy (GA =0 uy
Hfl f2||L2(Q)—
Un Up 12(Q)
1
1IN, -9, — 1
) H == I R (‘Ax —&) ugp
U 12(0) 2 I

S ((xitrgQ\uﬁ(x, Oy — upll 1) + Hu;ll - uEHLZ(Q)HquszCo,

To bound the last term we note that

1 1

up Up

< (uo,min + gmin)_2 CZCTHfI\/fZHOC ‘uﬁ - ufz‘

o | Wi —up
~ . 2 2
min{u?, uy }
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Combining the above with (36) we get

Hfl - f2||L2 < (Uo.min + gmin)_leCT”fl”xHuﬁ - l”fz”Hl1

+ [ £2llseUlt0l 50 + 118]loc) t0min + min) > €“TIAVRI Jug —up | .
We conclude the proof by noting that || fi — f2[[;20) = Tl fi — f2ll20)- O

Proof of proposition 11.  We start by noting that since f € C? ¢ H” and the assumption
on g, up the solution u; = G(f) € H**#1+9/2_ see [42, theorem 5.3]. Denote by

Flo, © FP = HY92(Q) x HYP34+512(5) x gH+9(0)

the subspace of F7 of elements (4, g, uo) that satisfy the following compatibility conditions
(C.C.); there exists v € H>T#148/2(Q) such that

Y=g ond, Px,0)=uy onO and

or ((@ - %Ax +f> w)

Using the isomorphism [42, theorem 6.2]

= 0n(x,0) for0 <k <
t=0

N ™
N =

1 : ‘
(8; — ZAx,trg,tr(g) 2 R TE N EQC.R)

u (&u - %Axu, trjs (), u(-, 0)) ,

inequality (4), and the interpolation inequality (24) we get

1
lufll gorsarsre Sl (@ - 2Ax> ugll go.srz A 1605 @A sz s3/a452 + [|uC-, 0) || gi+s

S W fupllgosre + 118l 451452 + ol 2o
S U+ flles llugll gosre

2 2
S llesllupll oo spollurl 27

i
If J|utyl| 2450452 = 1 we can divide both sides by [lus|| 17, and otherwise estimate the

norm on the right-hand side by 1. Using the second part of proposition 9 we then see that

1+3/2 1+3/2 1+3/2
letpllgaesarar S T+ AN llgllz S 1+ 11 luplso S 1+ IFI0T
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