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A B S T R A C T

Suspensions of finite-size solid particles in a turbulent pipe flow are found in many industrial and technical
flows. Due to the ample parameter space consisting of particle size, concentration, density and Reynolds
number, a complete picture of the particle–fluid interaction is still lacking. Pressure drop predictions are often
made using viscosity models only considering the bulk solid volume fraction. For the case of turbulent pipe flow
laden with neutrally buoyant spherical particles, we investigate the pressure drop and overall drag (friction
factor), fluid velocity and particle distribution in the pipe. We use a combination of experimental (MRV) and
numerical (DNS) techniques and a continuum flow model. We find that the particle size and the bulk flow
rate influence the mean fluid velocity, velocity fluctuations and the particle distribution in the pipe for low
flow rates. However, the effects of the added solid particles diminish as the flow rate increases. We created
a master curve for drag change compared to single-phase flow for the particle-laden cases. This curve can be
used to achieve more accurate friction factor predictions than the traditional modified viscosity approach that
does not account for particle size.
1. Introduction

It is well known that the presence of a non-negligible mass frac-
tion of a solid phase in a turbulent flow will modulate the flow
dynamics in intricate ways (Balachandar and Eaton, 2010), especially
if the particle size is comparable to or greater than the most minor
(Kolmogorov) length scales of the flow (Brandt and Coletti, 2021).
This is undoubtedly the case in many industrial applications, where
the particle size 𝑑𝑝 varies from a few microns to a few centimetres.
In contrast, the diameter 𝐷 of the pipe that conveys the mixture
could reach the metre scale (Pullum et al., 2018). In addition, it is
expected that the flow features a dense concentration of such finite-
sized particles, resulting in vibrant dynamics where particle–fluid and
particle–particle interactions modulate the flow dynamics (Elghobashi,
1994). Pressure-driven transport of solid–fluid mixtures in pipelines
is a fundamental flow problem of considerable practical significance
(e.g., transport of slurries or wastewater, processes related to drinking
water treatment, food industry and transport of pulp fibres in paper-
making processes). In these pipelines, a large portion of the energy is
lost due to turbulence-induced drag and a fundamental understanding

∗ Corresponding author at: FLOW and SeRC, Department of Engineering Mechanics, KTH Royal Institute of Technology, SE-100 44, Stockholm, Sweden.
E-mail addresses: frlu@kth.se (F. Lundell), luca.brandt@polito.it (L. Brandt).

of how this is modified by the presence of a dispersed solid phase would
give clues and insights on how to predict, control and modify the flow,
aiming for either lower energy consumption or higher product quality
(e.g. via increased mixing). Due to the complex interplay between
different physical effects and the vast number of input parameters,
mainly empirical relationships have been proposed to estimate the
pressure drop in hydraulic transport of solid–fluid mixtures (Durand,
1953; Zandi and Govatos, 1967). Over the years, both experiments
and simulations have been fraught with high uncertainties, making it
challenging to achieve repeatability between two similar tests under the
same conditions (Zandi, 1971). Thanks to the development of efficient
algorithms for particle resolved simulations (Uhlmann, 2005; Breugem,
2012) and increased measurement capabilities (Brandt and Coletti,
2021) turbulent pipe and channel flow laden with mono-dispersed
rigid spherical neutrally-buoyant particles have now been studied to a
somewhat larger extent with great detail both numerically (see, e.g. Yu
et al., 2013; Zhao et al., 2010; Shao et al., 2012; Lashgari et al., 2014;
Picano et al., 2015; Lashgari et al., 2016; Fornari et al., 2016a; Costa
et al., 2016; Niazi Ardekani et al., 2017; Eshghinejadfard et al., 2017;
Peng and Wang, 2019; Yousefi et al., 2023; Hogendoorn et al., 2023)
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and experimentally (see e.g. Zade et al., 2018; Leskovec et al., 2020;
Hogendoorn et al., 2023) and thanks to this we have been given insights
into the physics governing these flows.

An approach to modelling suspension flows is to treat the suspension
as a continuous medium with an effective viscosity 𝜈𝑒 compared to the
viscosity of pure fluid 𝜈 (Guazzelli and Morris, 2011). This has been

common approach in rheology, dating back to the works of Einstein
1911), Batchelor (1970) and Batchelor and Green (1972). These works
tudied the rheological properties of suspensions using theory and semi-
mpirical arguments to derive relations for the effective suspension
iscosity 𝜈𝑒 at dilute (≲ 0.01) and semi-dilute (≲ 0.10) solid volume

fractions. Due to the increasing problem complexity with increasing
volume fraction, 𝜙 – even in laminar flows – only entirely empirical or
semi-empirical fits are available for characterization of the suspension
rheology, such as the ones suggested by Eilers (1941) and Krieger and
Dougherty (1959). A drawback of these semi-empirical fits and the
continuum approach is that only the solid phase volume fraction is
considered, and the size and shape of the suspended particles are left
out. The importance of particle size was highlighted by, e.g. Matas
et al. (2003), who studied how the particle-to-pipe-diameter ratio,
𝑑𝑝∕𝐷, for mono-dispersed rigid neutrally-buoyant spherical particles,
influenced the behaviour of transition to turbulence for particle-laden
flows. Non-monotonic trends for the onset of turbulence were found.
These experiments were numerically reproduced by Yu et al. (2013).
More recent experimental work continued along this line (Leskovec
et al., 2020; Hogendoorn et al., 2022) arguing that there is a need
to include particle size to predict suspension effects on wall-bounded
turbulent flow.

Using an effective viscosity approach to estimate the turbulent drag
was proven by Costa et al. (2016) to result in a lower drag than what
is observed in turbulent suspensions. The discrepancy was explained to
originate from the formation of a layer of particles near the solid wall.
A scaling law was proposed for predicting the friction Reynolds number
as a function of the bulk Reynolds number based on the thickness of the
particle wall layer. Lashgari et al. (2014, 2016) performed numerical
simulations of particle-laden channel flow and identified three different
flow regimes for suspensions of neutrally buoyant particles: laminar-
like regime where viscous stresses dominate, a turbulent-like regime,
where Reynolds shear stresses are the main mechanism for momentum
transfer and finally, at higher concentrations, a so-called inertial shear-
thickening regime where particle stresses are enhanced and are the
main contributors to the overall drag. For low Reynolds numbers
and low concentrations, viscous stresses dominate, whereas, at higher
speeds, the Reynolds shear stresses take over, and at higher volume
fractions, particle stresses are enhanced. Focusing on high Reynolds
numbers, a migration of particles to the core region was reported,
which was significant in dense cases, 𝜙 ≳ 0.30. Picano et al. (2015)
studied dense suspensions in turbulent channel flows up to volume
fraction 𝜙 = 0.20. They demonstrated that, despite the overall drag
continuing to grow, the Reynolds shear stress and velocity fluctuation
intensities increased with volume fraction before suddenly declining af-
ter a local maximum. The drag increase was attributed to the increased
turbulence up to a certain volume fraction threshold and particle-
induced stresses. Yousefi et al. (2023) investigated dense suspensions
(up to 𝜙 = 0.30) in turbulent channel flow for Reynolds numbers as
high as 10 000. They found that the main contributors to overall drag
was the particle-induced stresses and the turbulence stresses, only a
small part of the drag was attributed to viscous stresses. The flow is
turbulent-like for 0 < 𝜙 < 0.15 and 3000 < 𝑅𝑒𝑏 < 15 000 and moves
nto the inertial shear-thickening regime when the volume fraction is
ncreased (0.15 < 𝜙 < 0.30) and the flowrate is reduced slightly (3000 <
𝑒𝑏 < 10 000). Under dense conditions (𝜙 = 0.30), the flow becomes

urbulent-like again as the flow rate increases and the turbulent stresses
ominate the particle-induced stresses. This is attributed to flattening
he particle volume fraction profile where fewer particles move to the
2

hannel’s core. As a result, the particle-induced stress becomes less p
ignificant, and the turbulent activity rises. According to their findings,
he flow will experience high enough Reynolds stresses and velocity
ariations to revert to homogeneously turbulent conditions, leaving the
article-induced stresses regime. Shao et al. (2012) studied a turbu-
ent channel flow for two different values 𝑑𝑝∕𝐷 and volume fraction
≈ 0.07 and showed that the particle size effect on turbulence is

onnected to the volume fraction. A higher number of smaller particles
re present for a given 𝜙, leading to a larger total particle surface area
nd, hence, an increase of the Reynolds shear stresses. Similar results
ere reported by Eshghinejadfard et al. (2017), who found that for

wo different particle sizes in a turbulent channel flow, the smaller of
he two had the most profound effect on velocity statistics. Peng and

ang (2019) investigated two different particle sizes in particle-laden
urbulent channel and pipe flows and found that smaller particles lead
o stronger ejection and sweeping events near the wall due to faster
otation of the small particles and a larger total surface area. They
lso found that for a given 𝜙 and particle size, there is a stronger
igration towards the core for a pipe than a channel flow due to the

hrinking volume of the pipe in the centre region. Turning our attention
o experimental work, Zade et al. (2018) reported similar migration
rends for a duct flow compared to a channel flow. They studied three
ifferent particle sizes and a range of Reynolds numbers. Also, non-
onotonic trends for the pressure drop as a function of particle size
ere found for high-volume fractions where a reduction of turbulent

tresses but an increase of particle-induced stresses was reported. The
omplex interaction of spherical particles and flow structures in a
urbulent channel flow was investigated by Van Hout et al. (2022) who
ound that the particles might affect the evolution of structures in the
oundary layer. Only dilute conditions were studied, but the findings
ndicate that for increased volume fractions the finite-sized particles
ill modify the near-wall turbulent structures to a large extent and
ence impact the wall friction and turbulent drag. Hogendoorn et al.
2023) performed a combined experimental and numerical study of

turbulent pipe flow of dense suspensions (up to 𝜙 = 0.47) where
hree characteristic cases were identified and a parameter space (𝜙 vs.
𝑒) created. The 𝑅𝑒 in the study is the suspension Reynolds number
ased on the effective viscosity from the semi-empirical fit by Eilers
1941). The first case was characterized as low 𝜙 and high 𝑅𝑒 and
ominated by turbulence with a homogeneous particle distribution. In
he second case, at moderate 𝜙, particle migration towards the pipe
entre and forming a solid core were observed at moderate 𝜙. For even
igher 𝜙, the third identified case, the solid core expanded from the
entre towards the pipe walls due to maximum packing being reached
n the pipe centre. Pressure drop measurements for 𝜙 and 𝑅𝑒 and non-
onotonic trends in the turbulent drag were reported. An increase

n drag was seen for the first case, then a decreasing drag for the
econd case and an even further decrease for the third case. The authors
peculated that additional friction from the particle wall layer for low

introduces the drag increase first seen, and for higher 𝜙, gradients
n the solid volume fractions result in a strong non-uniform effective
iscosity in the wall-normal direction. The near-wall region, with its
elatively lower 𝜙, acts as a lubrication layer, reducing drag.

Over the years, progress in understanding particle-laden turbulent
ransport has been driven by the evolution of experimental and numer-
cal techniques. As stated in the recent review of Brandt and Coletti
2021), there is great potential when both approaches are used in a
omplementary way, as in the studies by Wang et al. (2019) and Hogen-
oorn et al. (2023). This is also the approach taken in the present study,
here we aim to investigate the effect of neutrally buoyant spherical
articles in turbulent pipe flow using interface-resolved direct numer-
cal simulations (DNS) and experimental measurements of pressure
rop and velocity statistics from phase-contrast magnetic resonance
elocimetry (MRV). Different flow cases are investigated by varying
he particle size, concentration, and flow rate of the mixture. Changing
he flow rate in the experimental rig is a quick way to vary one of the

arameters in the large parameter space. From this parameter variation,
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Fig. 1. Set-up.
exciting cases are identified and further examined using DNS, aiming at
revealing the secrets of turbulent particle-laden flow. In particular, we
examine how the overall pressure gradient changes for the single-phase
flow upon the addition of particles, how the velocity field changes, and
how these changes are connected to particle migration. We also report
a universal drag increase curve based on the scaling of pressure drop
measurements for a wide range of flow rates, solid volume fractions
and particle sizes.

2. Methods

2.1. Experimental set-up

The experimental setup used to measure the drag of suspension
flows is sketched in Fig. 1 and key parameters are given in Table 1.
Three pipes with different diameters (𝐷 = {21, 34, 42} mm) have been
used together with four different particle sizes (𝑑𝑝 = {0.5, 1, 2, 3} mm)
to obtain particle-to-pipe size ratios of 𝑑𝑝∕𝐷 = 0.012 − 0.14. An aqueous
sugar solution, with Brix (g of sucrose per 100 g of solution) ◦𝐵𝑥 =
7.4 ± 0.2, was used as the suspension solution to match the density
of the fluid 𝜌𝑓 with that of the particles 𝜌𝑝. The particles were made
of STMMA (Styrene-Methyl Methacrylate Copolymer). The addition
of sugar increased the dynamic viscosity of the suspension fluid to
𝜇𝑓 = 1.25 mPas, which was measured using a viscometer (Brookfield
DVII+Pro, AMETEK Brookfield, Middleboro, MA, USA). The suspension
temperature was maintained at 20±0.5◦C using an immersion-coil heat
exchanger placed inside the conical tank; see Fig. 1. A gentle disc
pump (Discflo Corporations, CA, USA) was used for the small and large
pipe facility, and a centrifugal pump (Flygt model 3085.183, Xylem
Water Solutions AB, Sweden) with a modified impeller and volute to
allow particles to pass through was used for the medium pipe facility.
The pressure drop was measured using differential pressure transducers
(Fuji Electric France, S.A.S.) after a development length of at least
140𝐷 for the three pipes. The two pressure taps were separated by
𝐿 = 0.8𝑚. Electromagnetic flowmeters (Krohne Optiflux 1000, Krohne
Messtechnik GmbH, Germany) were used to measure the volumetric
flow rate 𝑄 of the suspension, from which the bulk velocity was
calculated as 𝑢𝑏 = 𝑄∕𝐴 with 𝐴 = 𝜋 𝐷2

4 . Drag, expressed as the Fanning
friction factor 𝑓 , was calculated from

𝑓 =
𝜏𝑤

𝜌𝑓
𝑢2𝑏
2

= 𝛥𝑃
𝐿

𝐷
2𝜌𝑓 𝑢2𝑏

, (1)

where 𝜏𝑤 is the wall shear stress and 𝛥𝑃∕𝐿 the mean streamwise
pressure gradient.

In addition to the pressure measurements, we have used Phase-
Contrast Magnetic Resonance Velocimetry (PC-MRV or MRV) to obtain
the carrier fluid mean velocity and estimates of the variance of the
fluid velocity. In this study, MRV allows full-field measurements in fully
opaque suspensions, an advantage over traditional experimental meth-
ods such as Particle Image Velocimetry (PIV) and Laser Doppler Ve-
locimetry (LDV), which require transparent liquids and solids. We have
used a 1 Tesla Magnetic Resonance system (Aspect Imaging, Israel);
details of the measurement technique and the MR system can be found
in Dyverfeldt et al. (2006), Elkins and Alley (2007) and MacKenzie et al.
(2017).
3

Table 1
Experimental set-up.

Parameter Symbol Value

Particle size 𝑑𝑝 {0.5, 1, 2, 3} mm
Particle density 𝜌𝑝 1.03 g∕cm3

Pipe size 𝐷𝑝𝑖𝑝𝑒 {21, 34, 42} mm
Fluid Brix ◦𝐵𝑥 7.4
Fluid density 𝜌𝑓 1.03 g∕cm3

Fluid dynamic viscosity 𝜇𝑓 1.25 mPas

Table 2
Physical and computational parameters for the interface-resolved particle-laden pipe
flow DNS.

Parameter Symbol Value

Reynolds number 𝑅𝑒𝑏 10 150
Volume fraction 𝜙 {0, 0.05, 0.20}
Pipe-to-particle diameter ratio 𝑑𝑝∕𝐷 {0.047, 0.098}
Particle-to-element size ratio 𝑑𝑝∕𝛥𝓁 24

2.2. Numerical set-up

We performed interface-resolved direct numerical simulations (DNS)
of turbulent pipe flow laden with finite-sized spheres. The fluid flow
is solved on a background regular Cartesian grid with equal spac-
ing 𝛥𝑙 along all directions, with a volume-penalization immersed-
boundary method to describe the pipe geometry (see, e.g. Kajishima
et al., 2001; Ardekani et al., 2018). The immersed-boundary method
of Breugem (2012) (see also Uhlmann, 2005) is used to solve the
flow around the neutrally buoyant spheres. Short-range hydrodynamic
interactions/solid–solid contacts between particles and particles and
walls are accounted for using the collision model by Costa et al. (2015).
The solid–solid contact between the rigid particles is governed by a
normal dry coefficient of restitution, absence of lubrication effects
𝑒𝑛,𝑑 = 0.97, a tangential coefficient of restitution 𝑒𝑛,𝑡 = 0.15, and
coefficient of sliding friction 𝜇𝑠 = 0.2. Lubrication corrections for the
normal lubrication force when the distance between two solid surfaces
is small are used as described in Costa et al. (2015), with the same
model parameters as those used in Costa et al. (2018).

The general method has been used successfully and validated in pre-
vious studies of wall-bounded transport of finite-sized particles (e.g. Pi-
cano et al., 2015; Lashgari et al., 2016).

Turbulent flow is simulated in a domain with periodic streamwise
(𝑥) direction and no-slip no-penetration along the other directions
(e.g. in the absence of volume penalization, a square duct). IBM’s
volume penalization ensures the solution over a cylindrical pipe with
radius 𝑅 in a flow driven by a uniform pressure gradient that ensures a
constant bulk velocity. While the resolution requirements for accurately
performing a pipe flow DNS using a volume-penalization IBM are
high, resolving the spherical particles with 𝑂(10) grid points over the
diameter in this fixed-grid solver is what dictates the grid resolution.

Table 2 reports the physical and computational parameters.
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2.3. Upscaled continuum model

We will use the mean flow model of Costa et al. (2016) to estimate
the overall flow drag under regimes that fall within the model assump-
tions. The model was developed for a turbulent plane channel flow and
was seen to be able to reproduce measurements accurately from direct,
particle-resolved simulation data. The present work allows us to further
assess the model fidelity against a more comprehensive parameter
range. Since we consider a circular pipe here, we summarize the model
adapted to this geometry below. Moreover, differently from Costa et al.
(2016), we derive the model equation for the overall drag expressed
in terms of the skin friction coefficient (or Fanning friction factor)
𝑓 = 𝜏𝑤∕(𝜌

𝑢2𝑏
2 ), instead of a friction Reynolds number 𝑅𝑒𝜏 = 𝑢𝜏ℎ∕𝜈 where

𝜏 =
√

𝜏𝑤∕𝜌.
The model assumes that the flow domain can be divided into two

egions. The first, away from the wall, is the homogeneous suspension
egion, where the particle concentration is approximately uniform, and
he apparent particle-to-fluid slip velocity – the difference between the
ean particle and mean fluid velocity – is negligible. Under these con-
itions, the flow in this region is assumed to be realistically modelled
s a thickened Newtonian fluid. The second region, near the wall, is
he particle–wall layer, where the confining effect of the wall makes the
ssumption of a homogeneous region unrealistic. Here, particles tend
o skim along the wall with a velocity higher than the local mean fluid
elocity.

We therefore assume a two-fluid channel flow with a higher vis-
osity 𝜈𝑒 in the homogeneous suspension region, decreasing from 𝜈𝑒

to 𝜈 in the particle–wall layer. The model assumes that the flow in
the homogeneous suspension region corresponds to that of a smaller
pipe with an effective suspension viscosity 𝜈𝑒(𝜙) obtained from well-
known correlations from the rheology of particle suspensions (Stickel
and Powell, 2005), with a virtual wall origin shifted by 𝛿𝑝𝑤(𝜙, 𝑑𝑝),
mposing a stress 𝜏∗ at the edge of the particle–wall layer. Since both
egions are subjected to the same pressure gradient, the mean wall
hear stress 𝜏𝑤 can be obtained by linearly extrapolating the total shear
tress at the edge of the particle–wall layer, 𝜏∗, to the wall. Hence, the
ffective pipe radius, effective viscosity, and effective wall shear at the
irtual wall origin 𝛿𝑝𝑤 are given by:

∗ = 𝑅
(

1 −
𝛿𝑝𝑤
𝑅

)

, (2)

𝜈𝑒 = 𝜈
(

1 + 𝛽
𝜙

1 − 𝜙∕𝜙max

)2
, and (3)

𝜏∗ = 𝜏𝑤

(

1 −
𝛿𝑝𝑤
𝑅

)

, (4)

with 𝛽 = 5∕4 and 𝜙max = 0.65 used in the Eilers fit (Eq. (3)) giving the
effective viscosity of the suspension. The virtual wall origin 𝛿𝑝𝑤 is given
by the following relation (Costa et al., 2016):

𝛿𝑝𝑤 = 𝐶𝑝𝑤 𝑑𝑝(𝜙∕𝜙max)1∕3, (5)

ith 𝐶𝑝𝑤 = (1) = 1.5.
The Colebrook–White formula (Colebrook, 1939) for a suspension

n a smooth pipe is used for the thickened homogeneous suspension
egion:

1
√

𝑓 ∗
= −2 log10

⎛

⎜

⎜

⎝

2.51
√

𝑓 ∗𝑅𝑒∗𝑏,𝑒

⎞

⎟

⎟

⎠

, (6)

here 𝑅𝑒∗𝑏,𝑒 = 𝑢𝑏𝑅∗∕𝜈𝑒 is the Reynolds number of the homogeneous
uspension region. The values pertaining to the whole pipe can then be
etermined by using the relations above (Eqs. (2)–(5)), resulting in:

1
√

= −2𝜉1∕2𝑝𝑤 log10

(

2.51
√

𝜒𝑒
3∕2

)

, (7)
4

𝑓 𝑓𝑅𝑒𝑏 𝜉𝑝𝑤 n
Table 3
Experimental results.
Parameter Symbol Value

Relative particle size 𝑑𝑝∕𝐷 {0.012, 0.016, 0.023, 0.029,
0.048, 0.063, 0.1, 0.14}

Particle volume fraction 𝜙 {0.05, 0.10, 0.20}
Bulk Reynolds number 𝑅𝑒𝑏 {10 000 − 41 000}

with 𝜒𝑒 = 𝜈𝑒∕𝜈 and 𝜉𝑝𝑤 = 1 − 𝛿𝑝𝑤∕𝑅. Alternatively, following the same
procedure, the explicit Haaland correlation for the friction factor of a
smooth pipe (Haaland and Asme, 1983) becomes:

1
√

𝑓
= −1.8𝜉1∕2𝑝𝑤 log10

(

6.9
𝑅𝑒𝑏

𝜒𝑒
𝜉𝑝𝑤

)

. (8)

We should stress again the assumptions used in the model of Costa
et al. (2016): (i) the slip velocity between phases in the bulk of the
flow is negligible; (ii) the effective Reynolds number 𝑅𝑒∗𝑏,𝑒 is high
enough to assume scale separation; (iii) the extent of the particle–
wall layer 𝛿𝑝𝑤 (∝ 𝑑𝑝) is much smaller than the pipe radius 𝑅; (iv)
he particle concentration in the bulk of the channel is assumed to be
lose to uniform. When these assumptions are satisfied, we will see
hat the model produces good quantitative predictions of the present
xperimental data and the simulations in Costa et al. (2016). However,
hese assumptions – especially the latter two – are not always satisfied
or the cases presented here. In these cases, the model is bound to
roduce qualitatively incorrect predictions and trends.

. Results

.1. Overview of the experimental and numerical configurations

We present experimental data in the form of drag for three volume
ractions, nine relative particle sizes and nine different flow rates; see
able 3. We also report velocity statistics and local volume fraction
btained from MRV for 𝜙 = 0.05 and 0.20, 𝑑𝑝∕𝐷 = 0.1 and 𝑅𝑒𝑏 ≈ 16 500
nd 20 600. Numerical data from DNS are also presented, including
rag, velocity statistics and local particle volume fraction for 𝜙 = 0.05
nd 0.20, 𝑑𝑝∕𝐷 = 0.047 and 0.098 at 𝑅𝑒𝑏 = 10 150.

As reported in earlier studies (e.g. Zade, 2019; Hogendoorn et al.,
023; Yousefi et al., 2023) the drag increases with solid volume fraction
for a given 𝑅𝑒𝑏, see Fig. 3(a). As 𝑅𝑒𝑏 increases, the difference between

the single-phase and the particle-laden flow drag decreases, with trends
suggesting that the drag eventually approaches the single-phase data
regardless of particle size and particle volume fraction, for 𝜙 = 0.05 a
ossible absolute drag reduction is seen for high 𝑅𝑒𝑏. In what follows,
e will analyse these observations in more detail.

To compare with the numerical data presented here and the con-
inuum model of Costa et al. (2016), we break down the trends of
ressure drop with particle size for different Reynolds numbers in
ig. 2. We see the change in friction factor when particles are added to
single-phase flow of a Newtonian fluid as a function of the particle–

ipe diameter ratio 𝑑𝑝∕𝐷. The friction factor predicted by the simplest
ffective viscosity approach is represented for each 𝜙 as horizontal
ashed lines, as this value is independent of the size of the particles. The
easured friction factor can be higher and lower than predicted using

he suspension effective viscosity above. The solid lines correspond to
he friction factor calculated from the particle–wall theory of Costa
t al. (2016).

Let us first consider the case at 𝑅𝑒𝑏 ≈ 10 150 (panel (a)), for
hich interface-resolved DNS data is also available. As shown in the

igure, the model provides reasonable estimates of the friction factor
or 𝑑𝑝∕𝐷 ≤ 0.03 and 𝜙 ≤ 0.1. The model predicts an increase in friction
actor for larger particle sizes and higher volume fractions, while the
easurements and simulations predict a decrease. As the Reynolds

umber increases (panels (b)–(d)), the friction factor decreases for the
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Fig. 2. Relative change in friction factor due to the addition of spheres compared with the single-phase flow of a Newtonian fluid at the same 𝑅𝑒𝑏. Experiments (∙), predictions
from the particle–wall layer theory (Costa et al., 2016) (−) and effective suspension viscosity (−−). Panel (a) also includes DNS results (⋆).
experimental measurements, while the model still predicts an increase.
These inaccurate model predictions are due to the growing importance
of two distinct mechanisms.

First, particles are more prone to migrate towards the core re-
gion at large volume fractions due to (inertial) shear-induced particle
interactions; see Fornari et al. (2016b). The non-uniform particle con-
centration breaks the validity of the assumption of constant effective
viscosity 𝜈𝑒(𝜙𝑏) in the homogeneous suspension region. This mechanism
might be modelled by extending the ideas in Costa et al. (2016) to
a variable viscosity profile 𝜈𝑒(𝜙(𝑟)) in the bulk flow, consistent with
the mean local concentration. However, such a modelling approach
requires (1) a prediction of the viscosity and particle concentration
profiles and (2) a computational strategy for the system using this
variable viscosity profile (e.g., a RANS model including a transport
equation for the local volume fraction), as in this case there is no simple
closed form for the friction factor to derive an equation analogous to
Eq. (7).

The second effect causing a deviation from the theory in Costa et al.
(2016) is more difficult to model and occurs at higher flow Reynolds
5

numbers or larger particle sizes. Here, the particle Reynolds number –
a non-dimensional apparent slip velocity – will increase (Costa et al.,
2018). Hence, treating the mean flow in the bulk as a thickened Newto-
nian fluid becomes unrealistic, irrespective of the particle distribution.
This means that, unfortunately, a variable viscosity approach does not
suffice for reproducing the physics of the system in this regime, and
more complex models accounting for finite-Reynolds number effects
are required. A way to model the effect of shear thickening due to
non-negligible inertia at the particle scale can be by incorporating the
excluded volume effect as described by Picano et al. (2013). Here, the
shadow region of the particle is considered in addition to its physical
volume fraction to estimate the effective viscosity of the mixture. The
shadow region is some function of the local shear rate. Knowing this
along with the local particle volume fraction in the pipe can be a way
to extend the analysis of Costa et al. (2016) to particle-laden pipe flows.
Attributing the deviation from the model to the effect of the finite
particle Reynolds number is supported by trends in the results seen
for increasing Reynolds number in the different panels of Fig. 2: As
the Reynolds number increases, the range of small particle sizes for
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Fig. 3. Friction factor vs. Reynolds number for all particle-laden cases compared to single-phase flow represented by the black solid line (correlation from Duan et al. (2012)).
(a) Variation of friction factor 𝑓 with bulk Reynolds number 𝑅𝑒𝑏. Dashed lines: 2.5%, 10% and 20% increase. (b) Same data re-plotted with the friction factor, here renamed
𝑒, expressed as a function of effective bulk Reynolds number, 𝑅𝑒𝑒, based on an effective viscosity (see Eq. (3)), due to the addition of solid particles. Filled, unfilled and yellow
oloured markers correspond to the three different flow rigs used and the size of the marker corresponds to the relative size of the particles. (For interpretation of the references
o colour in this figure legend, the reader is referred to the web version of this article.)
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hich the drag increases as predicted by the continuum model becomes
maller and smaller. This trend is particularly evident when comparing
he drag-increasing trends for small particle sizes at volume fractions 5
nd 10% in panels (b)–(d) of Fig. 2.

For particles of size 𝑑𝑝∕𝐷 ≈ 0.10, the pressure drop is almost
he same in experiments and simulations. For the smaller particles
𝑑𝑝∕𝐷 ≈ 0.05), there is a discrepancy between the results. Despite this
iscrepancy, we consistently observed in both experiments and simula-
ions that the change in friction factor is a non-monotonic function of
he particle size and volume fraction. At low concentrations, the drag
ecreases as the particle size is increased. At high concentrations, the
rag initially becomes higher, but as the particle size is increased, the
rag reduces.

.2. Observations and discussion

.2.1. Turbulent drag for 𝑅𝑒𝑏 and 𝑅𝑒𝑒
As shown in Fig. 3(a), adding the solid phase results in increased

rag, here quantified by the Fanning friction factor 𝑓 as a function
f 𝑅𝑒𝑏. As 𝑅𝑒𝑏 increases, the deviation of 𝑓 from single-phase New-
onian fluid, indicated by a black line using the empirical correlation
rom Duan et al. (2012), decreases. For reference, the dashed lines in
he figure indicate an increase in 𝑓 of 2.5%, 10% and 20% compared to
he single-phase Newtonian case, and the size of the markers increases
ith the size of the particles (using some representative scale). To
laborate, for the lowest 𝑅𝑒𝑏 ≈ 10 000) the drag increases from 2% to
s much as 42%, depending on 𝑑𝑝 and 𝜙. For the highest 𝑅𝑒𝑏 ≈ 41 000),

the pressure drop increase is less, from −1 (drag reduction) to 16%; a
real drag reduction is observed for large 𝑑𝑝 and low volume fraction
𝜙 = 0.05. The particle size 𝑑𝑝 seems to play a less significant role than
the solid volume fraction, but there is still a dependency on 𝑑𝑝 for the
friction factor. Specifically, at the lowest 𝑅𝑒𝑏, the largest particles give
the highest pressure drop, while at the highest 𝑅𝑒𝑏, smaller particles
result in the highest pressure drop. Note that a similar non-monotonic
trend was found in the experiments in a square-duct flow by Zade et al.
(2018).

In Fig. 3(b), we display the friction factor from the same experi-
ments, now as a function of an effective Reynolds number, with the
notation 𝑓𝑒. Using the effective viscosity, 𝜈𝑒, which accounts only for
the solid phase volume fraction, yields a reduced Reynolds number
𝑅𝑒𝑒 =

𝑢𝑏𝐷
𝜈𝑒

. The effective viscosity is computed using the semi-empirical
Eilers fit in Eq. (3). Deviations from the single-phase effective viscosity
drag (black line) are especially evident for high volume fractions. At
the lower end of the 𝑅𝑒 range all cases except the smallest 𝑑 at
6

𝑒 𝑝
highest 𝜙𝑏 show a drag increase. Differences in 𝑓𝑒 appear as the particle
size is varied, especially at high 𝜙. From 𝑅𝑒𝑒 ≈ 10 000 and onwards
a drag reduction compared to the expected drag for a fluid with an
increased effective viscosity is seen for a large share of the studied
cases. The deviation from the effective drag is less for small particle
sizes, and it is clear that the particle size influences the drag. The study
by Hogendoorn et al. (2023) reported a trend of decreasing drag with
increasing 𝑅𝑒𝑒, and a strong decrease in drag was found for increasing
𝑏 (up to 40%). However, only one particle size was investigated and
s mentioned above, our experiments reveal that 𝑓𝑒 has a particle size
ependency that cannot be overlooked.

The friction factor 𝑓 tends towards the single-phase line for all
olume fractions when increasing 𝑅𝑒𝑏 without considering any mod-
fication of the suspension viscosity, see Fig. 3(a). As we will see, this
endency to approach single-phase flow drag and even drag reduction
s possibly an effect of particle migration, which forms a layer of
‘thinner’’ fluid near the wall while having a laminarizing effect on the
ulk flow, with mechanisms similar to the turbulent flow of a fluid with
viscosity profile that increases from the wall towards the channel;

ee De Angelis et al. (2004).
As mentioned above, the particle size 𝑑𝑝 is a parameter usually not

ncluded in the estimation of the effective viscosity. This could explain
hy a simple normalization of the bulk Reynolds number does not

ollapse the data well. Note finally that the friction factors 𝑓𝑒 for the
uspensions of the smallest particles, 𝑑𝑃 ∕𝐷 = 0.012-0.016, are very
lose to the single-phase drag using the effective viscosity for all three
alues of the volume fraction under investigation. This indicates that
odels based on the effective viscosity yield good predictions only for

pecific particle sizes.

.2.2. Turbulent drag for 𝑅𝑒𝑝 in inner units 𝑑+𝑝
To further investigate the role of particle size, we show in Fig. 4(a)

he relative change in drag versus the particle Reynolds number in
nner units 𝑑+𝑝 = 𝑑𝑝𝑢𝜏∕𝜈. As 𝑑+𝑝 increases, the drag increases and then
ecreases for 𝑑𝑝∕𝐷 < 0.016 for all values of 𝜙. The flow exhibits an ab-
olute drag reduction at the highest 𝑑+𝑝 for the lowest concentration 𝜙𝑏.
he maximum measured drag increase (regardless of 𝑅𝑒𝑏) is quantified

n Fig. 4(b), where it is displayed against 𝑑𝑝∕𝐷. The trends are similar
or the data at 0.05 and 0.10 volume fractions, while there seems to
e an abrupt increase for particles larger than 𝑑𝑝∕𝐷 > 0.05 at 𝜙 = 0.20.
his increase in maximum drag occurs at low 𝑅𝑒𝑏 (cf. Fig. 3(a)). Further
eduction of 𝑑+𝑝 would decrease the bulk Reynolds number 𝑅𝑒𝑏 below
0 000, outside of the investigated flow rate range.

The coloured bands in Fig. 4(b) indicate the increase in drag calcu-
ated using an effective viscosity that does not depend on the particle



International Journal of Multiphase Flow 179 (2024) 104931M. Leskovec et al.
Fig. 4. (a) Maximum increase in friction factor (pressure drop) as a function of 𝑑+
𝑝 and (b) maximum increase in friction factor as a function of pipe-to-particle-diameter ratio

𝐷∕𝑑𝑝. The coloured bands represent the expected drag increase resulting from using an effective viscosity for accounting for added particles. Filled, unfilled and yellow coloured
markers in (a) correspond to the three different flow rigs used. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)
Fig. 5. The acquired pressure drop data has been collapsed into a generalized master curve, solid black line in (a), for all volume fractions and particle sizes using a fitting
parameter for each data set (b). The 𝑑+

𝑝 -space spanned by 𝑅𝑒𝑏 and 𝑑𝑝∕𝐷 is seen in (c). The information can be used to estimate the pressure drop increase for a turbulent
particle-laden pipe flow compared to single phase flow.
size but on 𝑅𝑒𝑏. For particle sizes 𝑑𝑝∕𝐷 < 0.1, the maximum drag
increase in volume fractions 𝜙 ≤ 0.10 is underestimated when using a
prediction based on the effective viscosity of the suspension. At volume
fraction 𝜙 = 0.20, an effective viscosity model can predict the maximum
drag increase for some particle sizes 𝑑𝑝∕𝐷 ≤ 0.05 and underpredict for
others. More than an effective viscosity approach is needed for larger
particles to capture the increased drag that comes with added solid
particles.

An attempt to collapse all the data in Fig. 4 is made through an
iterative averaging process. Scrutinizing the drag vs 𝑑+ data plotted
7

𝑝

in Fig. 4(a) it was noted that there appears to be a maximum in the
drag increase at 20 < 𝑑+𝑝 < 25 for data sets that include this 𝑑+𝑝 and
have a 𝑑𝑝∕𝐷 > 0.016. The first step of the averaging process is to
obtain an average curve for all data sets that contain this maximum.
Index 𝑖 is used for these datasets. First, 𝑑+𝑝,𝑐 (where the index c stands
for collapse) is selected and normalized functions 𝑔𝑖(𝑑+𝑝 ) are obtained

as 𝑔𝑖(𝑑+𝑝 ) =
𝑓𝑖(𝑑+𝑝 )
𝑓𝑖(𝑑+𝑝,𝑐 )

. The normalization factors 𝑓𝑖(𝑑+𝑝,𝑐 ) are denoted 𝐾𝑖

and can be taken as an estimate of the maximum drag increase for a
given data set. We can now obtain the average of the normalized drag
increase curves 𝑔 (𝑑+) by averaging 𝑔 (𝑑+).
𝑖𝑛𝑖𝑡 𝑝 𝑖 𝑝
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Fig. 6. Profiles of fluid mean velocity from (a) DNS and (b) MRV. Numerical data is acquired at 𝑅𝑒𝑏 = 10 150 and the experiment at 𝑅𝑒𝑏 ≈ 16 500. Small effects are seen for a
volume fraction of 0.05 compared to single-phase flow.
Table 4
Measured (𝑓𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 ) and estimated (𝑓𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 ) friction factors compared to single phase
flow friction factor (𝑓𝑠𝑝). Parameters (𝑑+

𝑝 , Normalized Drag Increase (NDI), 𝐾) computed
from test cases in Hogendoorn et al. (2023).

Parameter Case 3 Case 4

𝑅𝑒𝑏 7253 9977
𝑑𝑝∕𝐷 0.058 0.058
𝑑+
𝑝 27.4 36.2

𝜙𝑏 0.089 0.195
NDI 0.93 0.80
𝐾 18.2 33.5
𝑓𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

𝑓𝑠𝑝
18.0 26.8

𝑓𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑
𝑓𝑠𝑝

16.9 16.6

In the second step the data sets that does not include 𝑑+𝑝,𝑐 (these
ata sets are indexed with 𝑗 as 𝑓𝑗 (𝑑+𝑝 )) are rescaled with a fitted

normalization factor 𝐾𝑗 . This normalization factor is chosen so that
𝑔𝑗 (𝑑+𝑝 ) =

𝑓𝑗 (𝑑+𝑝 )
𝐾𝑗

fits 𝑔𝑖𝑛𝑖𝑡(𝑑+𝑝 ) as well as possible (in a least square sense)
n the range of 𝑑+𝑝 where 𝑔𝑖𝑛𝑖𝑡 and the respective data set overlap.

Finally, an ultimate mastercurve 𝑔(𝑑+𝑝 ) is obtained by averaging all
normalized data sets, 𝑓𝑖(𝑑+𝑝 )∕𝐾𝑖 and 𝑓𝑗 (𝑑+𝑝 )∕𝐾𝑗 , up to 𝑑+𝑝 = 300. This
master curve is shown with the black curve on a grey background in
Fig. 5(a) together with the corresponding fitting parameter 𝐾 (estimate
of the maximum increase in drag in percent) for each data set in
Fig. 5(b). The dashed lines correspond to ±15%. The function values
for the generalized master curve together with the fitting parameters
used are tabulated in Tables A.1 and A.2 in Appendix.

The information in Fig. 5 can be used to predict the overall pressure
drop for a turbulent flow laden with particles. The particle size ratio
(𝑑𝑝∕𝐷) and the flowrate (𝑅𝑒𝑏) gives a 𝑑+𝑝 . The normalized drag increase
for a given 𝑑+𝑝 and the fitting parameter 𝐾 for the corresponding
particle size 𝑑𝑝∕𝐷 and volume fraction 𝜙 give the total drag increase
(in percentage) compared to a single-phase flow. To test this concept,
we use data from Hogendoorn et al. (2023) (Cases 3 and 4 were chosen
since the other cases required extrapolation of the 𝐾 parameter outside
the 𝜙𝑏 range of our data) and estimate the friction factor increase for
the particle-laden case compared to the single phase flow, see Table 4.
For case 3, we get an estimate of the drag increase of 16.9% where the
authors have reported an increase of 18.0%. A result that indicates the
potential of this generalized master curve. However, using case 4 we
get a drag increase estimate of 26.8% compared to the reported 16.6%.
This case is deemed by the authors to be in transition between two
stable particle distribution states, homogeneous distribution and core-
peaking distribution. This is a possible explanation for the discrepancy
between our estimated drag increase and the measured drag increase.
Further experiments at higher volume fractions and more particle sizes
8

would add to a fitting parameter 𝐾 database to strengthen future
estimates.

3.2.3. Mean velocity and local volume fraction
The mean velocity radial profiles extracted from simulations and

experiments are shown in Fig. 6 for different volume fractions and
particle sizes. It can be observed that with an increase in the bulk
solid volume fraction 𝜙𝑏, the velocity increases in the central region
of the pipe and decreases in the near wall region, resulting in a more
parabolic profile resembling that of a laminar flow. The effect is seen
in simulations and experiments and is stronger for smaller particles
(𝑑𝑝∕𝐷 = 0.098) at 𝜙𝑏 = 0.20. This is most likely because larger particles
accumulate in the centre, and the velocity becomes more similar to a
plug flow; similar findings have been reported by Lashgari et al. (2016).
Compared to numerical data, the experimental profiles are obtained at
a higher 𝑅𝑒𝑏, which could explain the more minor differences between
the profiles for different 𝜙𝑏. The higher 𝑅𝑒𝑏 leads to increased turbulent
activity, increasing the mixing and distribution of momentum across
the pipe. There are no significant differences between the numerical
results for the single-phase flow case and the 𝜙𝑏 = 0.05 cases, suggesting
that particle size 𝑑𝑝 does not reflect significantly in mean velocity
profiles at these low concentrations.

The numerical and experimental profiles of the particle concentra-
tion are reported in Fig. 7 for different 𝑅𝑒𝑏, 𝜙𝑏 and 𝑑𝑝 to provide insight
into the particle migration and its role on the velocity just discussed.
We start by keeping the flow rate constant and varying the particle
size. For low solid volume fractions (𝜙𝑏 = 0.05), the particle size has
limited effects on the particle concentration profiles, resulting in an
almost homogeneous particle concentration throughout the pipe, see
Figs. 7(a) and 7(b). The normalized local volume fraction 𝜙𝑛𝑜𝑟𝑚 is the
local volume fraction 𝜙 divided by the bulk solid volume fraction 𝜙𝑏.
For 𝜙𝑏 = 0.20, there is an apparent size effect where larger particles
migrate towards the centre line, resulting in a local volume fraction of
𝜙 ≈ 0.50. For 𝜙𝑏 = 0.20, a distinct peak in the particle concentration is
observed close to the wall at a position corresponding to the particle
size. This wall peak is associated with the particle–wall layer discussed
in Costa et al. (2016) and is responsible for increased flow drag. A weak
dip is seen for 𝜙𝑏 = 0.05 at 1 − 𝑟∕𝑅 = 𝑑𝑝∕𝑅, which indicates a weaker
wall layer formed already at this volume fraction.

Now, we keep the particle size constant and change 𝑅𝑒𝑏; see
Figs. 7(c) and 7(d). There are almost no changes between the in-
vestigated flow rates for the low solid volume fraction; the local
concentration profiles are very similar. However, for the higher volume
fraction, an increase in flow rate decreases the local volume fraction in
the pipe centre and increases the concentration in the wall layer. The
local particle concentration is still highest in the centre of the pipe, but

the migration is less compared to the lower 𝑅𝑒𝑏.
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Fig. 7. Particle concentration profiles from DNS and MRV of the local volume fraction (𝜙) and the normalized volume fraction (𝜙𝑛𝑜𝑟𝑚 = 𝜙∕𝜙𝑡𝑜𝑡). Grey dashed lines correspond to
article sizes. Peaks in concentration close to the wall show the formation of particle wall layers. (a)–(b) DNS at 𝑅𝑒𝑏 = 10 150, 𝜙 varies with particle size for dense suspension,

constant for semi-dilute. (c)–(d) MRV at 𝑅𝑒𝑏 = 16 500 (circle, diamond) and 20 600 (square, plus) and 𝑑𝑝∕𝐷 = 0.098. DNS at 𝑅𝑒𝑏 = 10 150 added for reference. (For interpretation of
he references to colour in this figure legend, the reader is referred to the web version of this article.)
We next focus on the fluid velocity fluctuations; see Fig. 8. At low
ulk concentration, 𝜙𝑏 = 0.05, the fluid velocity fluctuations in the
treamwise (𝑢′𝑧) and radial (𝑢′𝑟) directions show no significant variations
ue to particle size; the same pattern as the mean velocity and the
ocal concentration profiles. However, a stronger effect is seen for the
eynolds shear stresses, 𝑢′𝑧𝑢′𝑟, for the smaller particles in the near wall
egion. At 𝜙𝑏 = 0.20, the particle size plays a significant role. The
ear-wall fluctuation peak of 𝑢′𝑧 is dampened for both particle sizes.
owever, compared with 𝜙𝑏 = 0.05, the smaller particles enhance

treamwise fluctuations in the region between the location of the near-
all peak and the pipe centre. The larger particles result in lower

treamwise fluctuations across the entire pipe, with a region in the pipe
entre where fluctuations are strongly attenuated. This is related to the
ncreased local solid concentration, seen in Fig. 7(a), due to the migra-
ion of particles towards the centre. Similar findings have previously
een reported for flows at lower Reynolds numbers; see, e.g. Ardekani
t al. (2018). The dampened fluctuations for the large particles are
een in both DNS and MRV data. The radial velocity fluctuations, 𝑢′𝑟,

decrease for both particle sizes as 𝜙𝑏 increases. The Reynolds shear
stress profile approaches zero in a region around the pipe centre for
large particles at 𝜙𝑏 = 0.20, indicating a laminarization of the flow due
to the high local volume fraction. In this case, the primary mechanism
for momentum transfer is the particle-induced stresses suggesting that
this flow case is in the inertial shear-thickening regime as defined
by Lashgari et al. (2014). Comparing DNS and MRV data in Figs. 8(a)
and 8(b) we see that the radial profiles resemble each other for large
portions of the pipe. Close to the wall there is however discrepancies
were the MRV data has a lower peak in fluctuations compared to
the DNS. Estimating fluctuations using the turbulence MRV protocol
implemented here comes has some limitations and drawbacks. One
9

such is that in the protocol developed by Dyverfeldt et al. (2006) there
is an assumption that the velocity distribution is Gaussian. This does not
hold close to a solid wall in turbulent flows and it will have implications
for the estimated turbulence level there.

4. Summary and conclusions

We have experimentally and numerically studied particle-laden tur-
bulent pipe flow at various flow rates, volume fractions and particle
sizes. Our observations are summarized in .

For bulk volume fractions 𝜙𝑏 = {0.05, 0.10}, particles of all sizes
have a similar effect on the drag for low Reynolds numbers; there is
a minor change in the drag compared to the drag for the unladen case.
As the Reynolds number is increased, the drag for medium and large
particles approaches the drag of single-phase flow; the small particles,
however, act as a pure viscosity enhancer, and the drag for the smaller
particles is similar to the drag expected for a single-phase fluid with
increased viscosity. Regarding the high volume fraction, drag is higher
than single-phase flow for all particle sizes and Reynolds numbers. At
higher flow rates, the drag approaches (but does not fully reach) the
drag of a single-phase fluid for medium and large particles. The drag
for smaller particles is yet again close to the drag of a single-phase fluid
with a modified viscosity. This makes us conclude that using a modified
viscosity not considering particle size to compute an effective Reynolds
number is insufficient to capture the effect of the addition of particles
on the friction factor.

Velocity statistics and local particle concentration have an explicit
dependency on particle size, concentration and Reynolds number (the
effects are summarized in Table 5). Particle migration towards the core
for the larger particles is seen when the volume fraction is high, along
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𝑅

T
T

Fig. 8. Radial profiles of rms of velocity fluctuations normalized by bulk velocity. Streamwise velocity fluctuations from (a) DNS at 𝑅𝑒𝑏 = 10 150 and (b) from experiments at
𝑒𝑏 ≈ 16 500. (c) radial velocity fluctuations and (d) Reynolds shear stress from DNS at 𝑅𝑒𝑏 = 10 150.
able 5
he effect on drag, velocity and particle migration for particle-laden cases compared to single-phase flow. The drag increase is indicated by ↑= 2.5%, ↑↑= 10% or ↑↑↑= 20%, no

increase is indicated by ≈. A question mark denotes uncharted territory.
Particle Low conc. Medium conc. High conc.

size 𝑅𝑒 < 20𝑘 𝑅𝑒 > 30𝑘 𝑅𝑒 < 20𝑘 𝑅𝑒 > 30𝑘 𝑅𝑒 < 20𝑘 𝑅𝑒 > 30𝑘

Small
Drag ↑ ↑ ↑↑ ↑ ↑↑ ↑↑

Velocity statistics Limited effect Laminarisation of 𝑈 ,
𝑢′𝑧 incr. 0.2 < 𝑟∕𝑅 < 0.8

Particle distribution Uniform Wall layer,
uniform in centre

Medium
Drag ↑ ≈ ↑↑ ≈ ↑↑↑ ↑

Velocity statistics ?
Particle distribution ?

Large
Drag ↑ ≈ ↑ ↑ ↑↑↑ ↑↑

Velocity statistics Limited effect Increased 𝑈𝑐𝑙 ,
reduced 𝑢′𝑧

Particle distribution Uniform Wall layer,
incr. towards centre
c
c
b
l
a

with a change in the mean velocity and turbulence statistics compared
to the single-phase and low volume fraction cases. The migration
towards the centre of the pipe is stronger for the large particles than
the small ones. This migration manifests itself in reduced velocity
fluctuations and Reynolds stresses in the centre region of the pipe.
The smaller particles laminarize the flow, leading to a high centreline
velocity, reduction in streamwise velocity fluctuations in the near wall
region, and lower velocity fluctuations in the radial direction compared
to single-phase flow. Small particles are more evenly distributed in the
pipe than large particles, even though a particle–wall layer is seen in
both experiments and simulations for both particle sizes. A higher cen-
treline velocity than for single-phase flow is also seen for large particles,
but not to the same extent as for small particles. The drag increase as a
function of particle Reynolds number in inner units shows a similar
10

s

trend for all particle sizes and concentrations: an initial increase to
a local maximum and then a decrease towards the drag of a single-
phase turbulent flow. This is in agreement with Yousefi et al. (2023),
who predicted that at a high enough Reynolds number, the flow would
revert to single-phase conditions due to turbulent stresses overtaking
particle-induced stresses. Experiments at higher volume fractions would
aid in concluding if this also holds under dense conditions (𝜙𝑏 ≥ 0.30).

Our work shows that simplistic numerical models (like effective vis-
osity models or continuum models like the one of Costa et al. (2016))
annot capture the complexity of turbulent particle-laden flows. We
elieve that the validity of a continuum no longer holds as (I) the
ocal apparent viscosity changes as particles migrate towards the core
nd (II) the particle Reynolds number increases — causing an apparent

lip velocity, and more complex models that account for finite particle
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Table A.1
Function values for Normalized Drag Increase vs. 𝑑+

𝑝 .

𝑑+
𝑝 𝑁𝐷𝐼 𝑑+

𝑝 𝑁𝐷𝐼 𝑑+
𝑝 𝑁𝐷𝐼

8 0.970 28.2 0.919 99.3 0.176
8.62 0.945 30.4 0.894 107 0.179
9.28 0.942 32.7 0.869 115 0.156
9.99 0.943 35.2 0.819 124 0.138
10.8 0.979 37.9 0.769 134 0.127
11.6 0.980 40.8 0.716 144 0.112
12.5 0.980 44.0 0.656 155 0.0975
13.4 0.984 47.3 0.601 167 0.0866
14.5 0.989 51.0 0.546 180 0.0760
15.6 0.989 54.9 0.502 193 0.0688
16.8 0.999 59.1 0.438 208 0.0590
18.1 1.000 63.7 0.388 224 0.0429
19.5 0.999 68.6 0.354 242 0.0360
21.0 0.990 73.9 0.311 260 0.0336
22.6 0.978 79.5 0.273 280 0.0240
24.3 0.964 85.6 0.239 302 0.0077
26.2 0.943 92.2 0.207 325 −0.00298

Table A.2
Fitting parameter 𝐾 (in percent) for 𝑑∕𝐷 and 𝜙.
𝑑∕𝐷 𝜙 = 0.05 𝜙 = 0.10 𝜙 = 0.20

0.1429 8.30 63.0 225
0.1 6.20 15.2 43.3
0.0625 13.1 22.8 40.8
0.0476 9.11 14.1 20.5
0.0294 14.6 18.3 21.3
0.025 8.26 13.9 22.7
0.0227 8.78 13.1 19.3
0.0161 7.88 12.6 17.6
0.0122 7.04 10.2 16.4

Reynolds number effects are required. Utilizing particle volume fraction
profiles to achieve a varying apparent viscosity was tried in this work
but failed to generate high-accuracy results. Note also that such a mod-
elling approach requires first computing the particle volume fraction
profiles, which is challenging.

For now, a way to estimate the overall drag change compared to
single-phase flow is to use the master curve we created and the flow
parameters for the case in question. This will give a higher accuracy in
the drag prediction than if a traditional modified viscosity approach is
used.
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