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Abstract

In a world with accelerating climate change, rapid population increase and urbanization, urban water
systems are under a growing stress. Thus precise short- and medium-term water demand forecasts
are needed to optimize water supply operations. Water demand is influenced by human behavior and
industrial activities which bring uncertainty, hence it is useful to utilize probabilistic methods to forecast
water demand. This thesis provides an overview of probabilistic methods to predict water demand
24 hours ahead, highlighting their advantages, disadvantages, the accuracy of their interval and point
forecasts. The case study uses the dataset from the Battle of Water Demand 2024, covering two years
and two months of data across 10 districts in Ferrara, Italy, including residential, hospital, countryside,
city center, and industrial districts. Three commonly used probabilistic extensions of neural networks
were applied: QR (Quantile Regression), MDN (Gaussian Mixture Density Network), and an adapted
CQR (Conformal Quantile Regression) method with online updating.

First, forecast models were developed to obtain probabilistic predictions. Three neural network ar-
chitectures were investigated: a linear model, an MLP (multi-layer perceptron), and an LSTM (Long
Short-Term Memory) model, along with a seasonal moving average as a benchmark. These neural
network models were trained per district and collectively across districts. When trained per district, the
linear model performed most accurately. When trained together, the MLP model performed best, but
the linear model generalized the best overall, with the MLP generalizing second-best. The LSTMmodel
had the worst performance. In districts with less heteroscedasticity in the demand pattern, the bench-
mark model performed on par with the neural networks in the end of the forecasting horizon, indicating
that complex models are not always necessary. A categorical variable to determine the DMA did not
improve the point forecasts.

Because the MLP with solely lagged features ultimately had the best performance for point forecasts,
this model was used for probabilistic extensions to estimate the 0.95 prediction interval. The MLP was
extended with the aforementioned probabilistic extensions. The probabilistic models were assessed in
terms of reliability with where a probability was computed that tells whether the 0.95 prediction interval
is reached as well as sharpness which tells how wide the interval is. Finally the Winkler Score is used
that computes a trade-off between both.

Both models that fully learn the prediction interval (QR and MDN) were more difficult to calibrate, and
further research is needed to calibrate them accordingly. By training these models jointly on the 10
DMAs, the coverages did vary per DMA. This can potentially be solved by training one model per DMA
or by using regularization per DMA to push the model to have a similar coverage per DMA.

The MCD model had difficulty to adapt the prediction interval over the forecasting horizon, causing the
coverage to reduce. The QR and MDN models also have trade off imbalances between reliability and
sharpness over the forecasting horizon on the testing set, which have more random patterns. Inter-
estingly the Conformal Prediction algorithm maintains its coverage best over the forecasting horizon
and increases the sharpness, which is due to the online updating procedure. When allowing small de-
creases up to 0.02 probability in coverage on the testing set, the CQR model performs best according
to the Winkler Score. The MDN performs best when larger drops of coverage are allowed.

Analyzing the rolling coverage over time shows improvements are possible, especially in late spring and
summer periods there is under-coverage. There is also still a difference of coverage between weekdays
and weekends. This indicates there is still epistemic uncertainty left to reduce, which is the uncertainty
of data and model parameters. More features are recommended to reduce this which are categorical
features as well as future weather data. This is recommended to investigate for non-industrial DMAs,
by assuming a perfect forecast. A larger dataset may also be beneficial to obtain better performing
models.
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1. Introduction

Rapid population growth [38] leading to increased urbanization [18], along with the impacts of climate
change, are expected to raise global water demands [55]. Consequently, urban water systems are
experiencing increasing stress [23]. Precise water demand forecasting is therefore essential. This will
help policymakers, advisors, and engineers of drinking water utilities optimize water supply operations,
improve water treatment plants, detect bursts, and efficiently schedule pumps [17, 42, 4]. Because
these operations require a forecasting horizon of at least 24 hours, the models developed in this thesis
also focus on a forecasting horizon of 24 hours.

In this research, deep learning models were chosen for water demand forecasting due to their ability
in handling non-linear complex data and flexible model design. This flexibility allows for experimenting
with different architectures and combining themwith probabilistic methods to extend the model. Further-
more it is known that in different disciplines more data improves the deep learning models performance
and generalization, thus it makes sense to explore if training a model on one district or multiple districts
has an impact. Within these aspects, different models were investigated, and the best-performing
model was extended for probabilistic forecasting. This leads to the first two research questions:

RQ1: Which deterministic deep learning model is most suitable for short term water demand
point predictions?

RQ2: How does the accuracy of short-term water demand forecasting differ between individual
models for each district metered area and a single model for all areas?

Of these models the inputs were selected to be the past week of hourly lagged water demand. For the
models trained on an all the districts a version was added that incorporates an indicator of the district.

In water demand forecasting literature, many models are still deterministic (for example [24] and [5] and
more studies can be found in the literature review in chapter 2). This means that when a certain demand
is predicted, there is no notion of uncertainty. Unlike point forecasts, interval forecasts, a specific case of
probabilistic forecasts, are capable of representing the inherent uncertainty in estimating an unrealized
value. They provide upper and lower bounds, creating a range where the actual value is expected to
fall, based on a specified probability. There are several methods to determine these bounds, many of
which rely on the distribution of the target value or the errors from point forecasts.

It makes sense to use probabilistic forecasts to improve decision-making by having the interval size
reflecting the confidence decision-makers can place in the predictions. Larger intervals imply lower
forecast reliability to capture the process, while smaller intervals suggest higher reliability. This may
guide adjustments in operational strategies, by improving the control of the aforementioned urban wa-
ter operations. It is difficult to know beforehand which probabilistic methods will perform best, thus in
this research a selection is made of four methods, of which three are often used. These are Monte-
Carlo Dropout [20], Neural Quantile Regression [11], Gaussian Mixture Density Network [9, 22] and
an adapted version of Conformalized Quantile Regression [45, 29]. The last method is a combination
between two conformal prediction methods, modified for multi-step use. This leads to the following
research question:

RQ3: Which probabilistic predictionmethods aremost suitable for prediction of water demand?

Any of the above mentioned probabilistic methods is able to produce point forecasts too. Therefore, it
would be sensible to compare the point forecasts from the probabilistic model with the point forecasts
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of the deterministic methods.

RQ4: How do probabilistic models compare to deterministic models in terms of point prediction
accuracy for prediction of water demand?

To evaluate if the models saved with optimal parameters achieve accurate predictions on unseen data
demonstrating their generalization capability, the following research question is formulated:

RQ5: What is the performance difference between the validation phase and the test phase of
the models?

In this context, generalization refers to the model’s ability to maintain its predictive performance when
applied to unseen data, such as the transition from validation to test data. For instance, a well-generalized
model would achieve similar accuracy and error metrics on test data as observed during the validation
phase, indicating its robustness in practical scenarios.

Lastly, it is important to examine when the prediction intervals of probabilistic models are too narrow or
too wide, as this reflects under- or over-coverage. Under-coverage occurs when intervals fail to encom-
pass the true values frequently enough, while over-coverage happens when intervals are unnecessarily
broad, reducing their predictive performance and usability. Understanding these performances is es-
sential for assessing the reliability of the models’ uncertainty estimates across different conditions, such
as variations throughout the year.

RQ6: When do the probabilistic models exhibit under/over-coverage?

Thesis Outline
Following this introduction, Chapter 2 reviews relevant literature, beginning with an overview of water
demand characteristics 2.1, progressing to the next section where literature is reviewed of deterministic
water demand literature 2.2. Next the background of probabilistic forecasts are explained in 2.3 followed
with probabilistic forecasting literature in 2.4.

Chapter 3 outlines the materials and methods used in the study. It describes the dataset and prepro-
cessing techniques in Section 3.1, followed by the metrics in Section 3.2 used to evaluate the models.
Deterministic models along with their probabilistic extensions are elaborated in respectively Section
and 3.3 and 3.4. Next the benchmark model is discussed in Section 3.5. The chapter also discusses
the training methodology and hyperparameter optimization in Section 3.6. The chapter ends with the
details of the design of the experiments in Section 3.7.

Chapter 4 presents the results, starting with the performance evaluations of the point forecasts in Sec-
tion 4.1. Here the accuracy of point forecasts of the deterministic and probabilistic models are discussed
as well as the generalization when moving from the validation to the unseen test data. In Section 4.2
the results of the probabilistic models are shown. It starts with the calibration results, as well as the
coverages and sharpness on the test set. The section ends with the generalization when moving from
the validation to the unseen test data of the interval forecasts.

Chapter 5 begins with providing a discussion of the methodologies and results in Section 5.1. In Section
5.2 recommendations are offered, giving insights in how to improve the methodologies as well as future
research directions.

Finally, Chapter 6 concludes the thesis by answering the research questions.

Code base
The code developed for this thesis is publicly available to ensure reproducibility and to enable others
to apply, adapt, or fork the project for their own research. The code is available at:
https://github.com/ChristiaanWewer/Thesis-Probabilistic-Water-Demand-Forecasting.

https://github.com/ChristiaanWewer/Thesis-Probabilistic-Water-Demand-Forecasting


2. Literature Review

In this chapter the used literature is discussed. In Section 2.1 the process of water demand with its
characteristics are discussed, followed by the literature review of deterministic forecasts methods in
Section 2.2. Next the intricacies of probabilistic forecasts are described in Section 2.3. The chapter
ends with the literature review of probabilistic water demand forecasts in 2.4.

2.1. Understanding Water Demand
Water demand is influenced by various factors beyond demographics and human behavior, including
availability, climate, spatial properties, economic development, technological advancements in water-
saving technologies, and the state of the water distribution system, which suffers losses due to aging.
Other factors include water pricing and the population’s commitment to environmental ethics [8, 52, 41,
37]. Demand fluctuations vary daily, weekly, monthly, and annually [35]. Residential water demand is
primarily influenced by weather conditions such as temperature and precipitation, as well as social and
economic activities. Linear relationships with weather patterns often break down, and weather effects
may diminish as consumption nears a base level [58].

Individual consumption patterns are highly stochastic, whereas larger group consumption such as on
a city or district level is more predictable [35]. Industrial water demand fluctuations are generally less
stochastic. However, during the COVID-19 pandemic, which was happening at the start of 2021, the
state of emergency and subsequent relaxations and restrictions influenced behavioral patterns and
water demand. In general the pandemic decreased total water demand due to restrictions on economic
sectors. Remote work policies shifted the spatial distribution of demand and altered peak usage times
to [13].

Accurate insight in these influential patterns is difficult due to the complex relationships and not all of
the above processes are measured or these data are difficult to access.

2.2. Deterministic Water Demand Forecast Literature
Several deterministic models have been succesfully applied in previous studies.
In [24] it was found a support vector regression model were slightly more accurate than RF (Random
Forests), MLP and regression splines for districts in south-eastern Spain. Input features were temper-
ature, wind velocity, atmospheric pressure and rain, whose predictive influences were not evaluated.
[5] compares a MLP, NARX (Nonlinear autoregressive exogenous model) and a SARIMA (Seasonal
Autoregressive Integrated Moving Average) model with and without exogenous weather input. Of these
models four variants are described, which forecast the hourly water demand value 1 hour ahead, 8 hour
ahead, 12 hour ahead and 24 hour ahead. The case study of this research is the municipality district
in Ontario, Canada. The model NARX with exogenous features shows slightly more accurate perfor-
mance. Input features besides past water demand were hourly data of ambient temperature, dew point,
absolute humidity, solar radiation, and station pressure, which were selected based on correlation.
The research [12] uses a SVR to forecast water demand for a district in Franca, Brazil. Rainfall, tem-
perature, humidity, and wind velocity were chosen based on correlation with demand as features aside
of past water demand.
The study [15] found that the addition of weather variables did not improve the forecasting performance.
Furthermore LSTM, 1D-CNN (1D Convolutional Neural Network) and TCN (Temporal Convolutional
Network) neural networks were compared. The models have competitive results with the TCN provid-
ing slighty more accurate results. Further with a global model trained on the districts together a more
accurate model was made. Weather features were added but did not necessarily improve forecasts.
In the study [36] LSTMs are compared with SVR, RF and ARIMA in Heifei, China. The study shows
LSTMmodels outperforming the other models. Additional input features such as weather variables had
a limited to no influence. The temporal scale of the models were 15 minutes, 1 hour and daily.
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When finalizing this research the papers for the Battle Of Water Demand Forecasting [6] were released,
which uses the same dataset as this research. It was too short of notice to incorporate all submissions.
The winning submission [32] proposes a method using an ensemble of 53 models, fitted separately on
each DMA, including AR, GLM (generalized linear models), GAM (generalized additive models), and
neural networks like MLP and LSTM. These individual models capture both linear (AR, GLM, GAM) and
non-linear (MLP, LSTM) effects. The forecasts are combined using the smoothed Bernstein Online Ag-
gregation (BOA) algorithm, which dynamically adjusts the weights of each model based on their past
performance, allowing the ensemble to adapt to varying conditions and improve overall forecast accu-
racy. The second place approach [63] employs an ensemble of machine learning models, including
variations of LightGBM, XGBoost, and WaveNet. The forecasting framework dynamically selects the
top five best-performing models from a broader model pool using the Ensemble Reconciliation Strat-
egy (ERS). The ERS evaluates model performance based on historical accuracy and combines their
outputs by averaging to produce the final deterministic forecast. This ensemble method consistently
outperformed individual models. Both submissions use a combination of weather, calendar and lagged
water demand data.

2.3. Background Probabilistic Predictions
Probabilistic forecasting generates predictions that incorporate uncertainty by estimating a range of
possible future values rather than a single point estimate. One approach to this is through predicting a
full probability distribution, which provides detailed information about the likelihood of various outcomes.
However, a more straightforward and interpretable method is interval-based forecasting, which outputs
a prediction interval that specifies a range within which future values are expected to fall with a given
probability.

Prediction intervals provide a straightforward way to quantify uncertainty. In this thesis a 95% prediction
interval is used, which suggests that there is a 95% chance the true value will lie within the given
bounds. While this method does not give precise probabilities for individual outcomes within the interval,
it effectively captures the uncertainty by focusing on the overall range.

An important consideration in interval-based forecasting is heteroscedasticity, where the uncertainty
(or variance) of future values is not constant and may vary depending on the input conditions. This can
be due to external factors or fluctuations in the underlying data. Models that account for heteroscedas-
ticity can adjust the width of the prediction intervals to reflect this changing uncertainty, providing more
accurate forecasts. In contrast, models that assume homoscedasticity (constant variance) may not
fully capture the variability in uncertainty, leading to less reliable intervals.

In theory there are two types of uncertainty that contribute to the prediction interval, namely epistemic
and aleatoric uncertainty [26, 11]. Aleatoric uncertainty refers to the notion of randomness, for example
a coin flip. In water demand context this refers to the uncertainty caused by unpredictable variations
in consumer behavior. For example, individual water usage can vary widely due to factors like spon-
taneous activities or random consumption patterns, which cannot be precisely predicted or controlled.
This data-generating process cannot be reduced by adding information. As opposed to this, epistemic
uncertainty refers to the uncertainty caused by lack of knowledge and is in a deep learning context often
understood as the uncertainty about the model parameters and input data. Epistemic uncertainty can
be reduced with complete knowledge of the system, whereas aleatoric uncertainty remains irreducible.
Within the system of water demand there is a lot of uncertainty. Water demand is mostly caused by
direct human behavior in residential areas or by industrial processes in industrial areas. It is therefore
difficult to know what exactly happens within each area. It is therefore impossible to completely remove
the epistemic uncertainty as it will always be a substantial component.

It is difficult to know beforehand which probabilistic method will perform best, thus in this research four
probabilistic methods are selected, of which three are often used. These are Monte-Carlo Dropout,
Neural Quantile Regression, Gaussian Mixture Density Network and Conformalized Quantile Regres-
sion. The last method is a combination between two conformal prediction methods adapted for multi-
step use, analyzing the effectiveness of conformal predictions. In terms of uncertainty Monte-Carlo
Dropout gives a form of epistemic uncertainty namely model uncertainty [20, 11], where it captures the
uncertainty associated with the model’s parameters and structure. Neural Quantile Regression and
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Gaussian Mixture Density Networks try to learn the uncertainty. Therefore these methods aim to cap-
ture and represent the inherent randomness within the data-generating process [11, 26, 50]. In terms
of conformal predictions, the definitions of aleatoric and epistemic uncertainty remain unclear [26], but
because conformal prediction methods construct prediction intervals from residuals, it is expected it
captures indirectly both types of uncertainty.

2.4. Probabilistic Water Demand Forecasting Literature
The study [43] forecasts 24 hours water demand ahead for a resident complex in Qom Iran. Input
variables used in this research were past water demand, temperature, cloud cover and wind-speed
which were decomposed using wavelets. RF (Random Forests) did give more accurate predictions
than SVR (Support Vector Machines), extreme learning machines and MLP. The prediction intervals
were constructed by combining the variance of an ensemble of models and the variance of residuals
of the training data.
In [19] a Markov Chain approach is considered with solely lagged water demand for probabilistic fore-
casts of the lead times 1, 2, 3, 6, 12, 18, 24 hour forward. The model is slightly more accurate than a
MLP when it comes to point forecasts. The location is unclear the spatial scale is on district level.
The research [31] uses an ensemble of deterministic time series analysis models to forecast 24 hours
ahead, using a separate model for each timestep. A GARCH (Generalized Auto Regressive Conditional
heteroscedasticity) model was shown to give the most accurate results and an AR (Auto Regressive)
model performs accurate too. Other models considered were RF, MLP, SVR and SARIMA. Calendar
features were considered but climatological variables were not considered. The data used is from a
water supplier in Western Germany. It is unclear on which spatial level this study is carried out.
Bayesian linear regression is used by [27] to generate probabilistic forecasts of water demand 24 hours
in advance. The research only uses models with lagged values of water demand up to 168 hours back
(1 week) and residuals of earlier forecasting steps. In [1] the Model Conditional Processor method is
used to calibrate an ensemble of forecasts for the Castelfranco Emilia municipality in Italy. None of
these papers analyzed how well their methods over the rest of the year or over the forecasting horizon.
Additionally it was found that the probabilistic ensemble also improved point forecasts.



3. Materials and Methods

In this chapter the materials as well as the methods used to answer the sub-questions are explained.
First the materials are described which consists of the dataset and processing of this in section 3.1.
Subsequently the metrics in section 3.2 which are followed by the deterministic forecast models which
are in section 3.3 explained. The chapter continues to explain the probabilistic extensions for the
models in section 3.4 and the benchmark model in 3.5. Then the chapter explains the methods used
to train the neural networks in 3.6. Lastly this chapter ends with Section 3.7 that describes the setup
of the experiments.

3.1. Dataset and Data Processing
3.1.1. The Case Study In Ferrara, Italy
The dataset used for this project is water demand data of ten districts in the city of Ferrara, Italy [6].
The dataset consist of two years and two months of hourly data, which translates to 19056 rows. There
are 10 columns where each represents an own district metered area (DMA).
Unfortunately, information about the location or the structure of the water distribution system is unavail-
able due to safety concerns. Having this knowledge would provide spatial insights, allowing for the
creation of features and understanding whether the DMAs are hierarchically connected.

The data are measurements of water inflow to the districts of the city and do therefore include consump-
tions and leakages and vary in terms of characteristics per area.

Table 3.1: Water demand dataset Ferrara

DMA ID Area Characteristics Numbers of Users Supplied Average Inflow (L/s)

A Hosptial district 162 8.4
B Residential district in the countryside 531 9.6
C Residential district in the countryside 607 4.3
D Suburban residential/commercial district 2094 32.9
E Residential/commercial district close to the city centre 7955 78.3
F Suburban district including sport facilities and office buildings 1135 8.1
G Residential district close to the city centre 3180 25.1
H City centre district 2901 20.8
I Commerical/industrial district close to the port 425 20.6
J Commerical/industrial district close to the port 776 26.4

The water demand dataset has at most three distinct seasonailities, namely: annual, weekly and daily.
As visible in figure 3.4 the hospital district has for example a very distinct seasonal pattern, as for
example the residential district close to the city center has much less annual seasonality.

The demand patterns (appendix C) of DMA D and E have the largest means and with that also the
largest deviations between the low and high inflows. The hospital district has many outliers from 00:00
to 2:00 throughout the week and not in the weekend. Most of the districts do have two peaks, one in
the morning and one in the evening. This is barely the case in the hospital district, the office district and
the industrial districts (DMA A, F, I and J) due to the behavioral changes between people and industry.
In the residential districts the pattern of leveryday life is visible, people wake up in the morning, leave
to work and have their peak in water use around 20:00-22:00. The outliers are the most discernible
difference between weekdays in weekends, besides for both industrial districts (DMA I and J) where
the water use is reduced. The outliers are otherwise primarily the differences between weekdays and
weekends.

6
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Figure 3.1: Location case study Ferrara

Figure 3.2: Boxplot water demand Hospital District and Residential Distrct per hour of the day.

Further DMA A, the hospital district, does have peaks which change pattern every while, which can be
due to some device that requires plentiful water. This pattern is in the beginning of the dataset in the
beginning of 2021 at Tuesdays, then in the beginning of 2022 it shifts to Tuesdays and Mondays, In
the end of 2022 it shifts to Sundays and Tuesdays.
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Figure 3.3: Steps Data Processing

3.1.2. Data Processing
The data were processed with the following steps.

1. Data Splits And Missing Values Deep learning requires three data splits: training, validation, and
testing. The training set fits the model, while the validation set, assessed during training, helps avoid
over fitting by saving iterations with minimal error. Over fitting occurs when a model shows low error
on the training set but high error on the validation set.

The dataset spans only two years and two months, presenting challenges for splitting due to annual
seasonality. Ideally each split covers at least a year to encompass the full distribution of the largest
season. The first year and two months serve for training and validation, with several smaller segments
forming the validation set to have a similar distribution (see Appendix B.4 for figures for each DMA).
The remainder of data are used for training. The entire final year acts as the testing split. This is visible
in figure 3.4 below and in the appendix B.3 for all the DMAs.

Figure 3.4: Water demand of two districts with data splits. As visible the seasonality is still captured for the validation data
however not every district has a strong annual seasonality

Before sequences were created as explained in the next paragraph, the data are normalized by sub-
tracting the mean and dividing by the standard deviation. Each of the three datasets are normalized
with the the mean and standard deviation of the training split.

2. Creating Sequences To use neural networks for this project, the data need to be shaped into the
right format. These are 168 values of lagged water demand as an input sequence and 24 values of
the consecutive water demand to compute the errors/losses. These sequences could not have any
missing values. Given the significant number of missing values, the data from the first year and two
months (training + validation data) were interpolated per segment, limited to three consecutive steps
to reduce bias. This is limited to three steps because up to three steps there is a significant number
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of sequences that could be constructed. Four, five or six steps had found to be of minimal benefit.
Without interpolation it was not possible to make enough sequences per split. Some DMAs would have
no validation data left. By enlarging the splits there would only be few training sequences for that DMA.
This is due to the padding required for the datasets. If the splits would be made in the second year of
data it would have been difficult to assess the generalization of the models because the distributions
would be too similar between the validation and testing sets. By trial and error each of the validation
splits were chosen to be 21 days long and start at (dd-mm-yyyy format) 01-05-2021, 01-08-2021, 01-11-
2021, 02-02-2022. The training set consists of the data from from 01-01-2021 to 05-03-2022 minus the
splits of the validation data. The testing set is from 05-03-2022 to 05-03-2023. This way the training
splits consists totally of 44.5%, validation split of 8.5% and the testing split of 47.0%. The number
of sequences per split are visible in Appendix B.2. An input sequence length of 168 was taken as a
longer sequence length decreases the number of sequences that can be constructed as well. The
largest auto-correlations do not have lags that are longer than this period as well B.4.1.

For the models that were trained on all the models the training sequences were combined between
different DMAs and subsequently uniformly shuffled. The sequences of the validation data were kept
separately.

3.2. Metrics
3.2.1. Deterministic Metrics
The metrics for point forecasts include the mean absolute error (MAE), median absolute scaled error
(RMAE), and symmetric mean absolute percentage error (MAPE). Lower values indicate better perfor-
mance for these metrics.

The mean absolute error quantifies the average magnitude of errors in a set of predictions

MAE(y, ŷ) = 1

NM

N∑
i=1

M∑
j=1

|yi,j − ŷi,j |, (3.1)

where y and ŷ are ground truth and prediction matrices respectively, represented as NxM matrices
where i denotes each separate forecast/ground truth and j each time step of this forecast/ground truth.
N are the number of forecasts and M is the forecasting horizon.

The RMAE (relative mean absolute error) compares error those of a benchmark forecast by dividing the
MAE of the forecast by the MAE of the benchmark forecast. This metric allows comparison between
different DMAs and shows the usefulness of the developed forecasting model as an error larger than
one means the benchmark forecast is more accurate when evaluated over the time series.

RMAE(y, ŷ,y∗) =
MAE(y, ŷ)
MAE(y,y∗)

(3.2)

The MAPE metric, also scale-free, measures the relative error as a percentage of the true forecast

MAPE(y, ŷ) = 100

NM

N∑
i=1

M∑
j=1

|yi,j − ŷi,j |
|yi,j |

. (3.3)

The MAPE metric is chosen as it is scale-free and thus makes the study comparable between different
DMAs and other studies and is intuitive to interpret as a percentage. For example if the true value is
10, and the forecast is ±1 off, the MAPE will give a 10% error.

To assess model generalization, a metric similar to the RMAE is employed, the GR (Generalization
Ratio). This involves dividing the MAE of the testing set by the MAE of the validation set. A ratio
greater than one suggests poor generalization, indicating that the model has overfitted to the first year
of data rather than capturing patterns that apply to the testing period. In contrast, a ratio close to or
below one shows better generalization, as the model identifies the pattern that extends to unseen data
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GR(ytest,yval, ŷval, ŷtest) =
MAE(ytest, ŷtest)
MAE(yval, ŷval)

, (3.4)

where test and val denote the testing and validation set. Note that the validation set used is of different
length than the training length and consist of different parts within the year thus caution is required with
the interpretation of this metric. Due to the missing data between different districts this differs per DMA
too.

3.2.2. Probabilistic Metrics
Probabilistic forecasts are evaluated using the Prediction Interval Coverage Probability (PICP), Cov-
erage Gap (CG), Prediction Interval Normalized Average Width (PINAW) and the Winkler Score (WS)
that combines both concepts. The criterion to save the best quantile model is the Relative Quantile
Error (RQE) and explained too.

The PICP measures the probability that the real water demand is within the predicted interval and is
often referred to as coverage

PICP(y, ŷ) = 1

NM

N∑
i=1

M∑
j=1

1(yi,j ∈ {ŷ(0.025)i,j , ŷ
(0.975)
i,j }), (3.5)

To analyze the coverage over the entire time horizon a rolling version of the PICP is used. Here the
PICP is computed based on the previous weeks forecasts PICPt(yt−168:t, ŷt−168:t). Note that within
the interval t − 168 to t the forecasted values that lie within there are used. Not the forecasts that are
generated within there. The difference of coverage between weekends and weekdays are analyzed
too, by subtracting the coverage of the weekend by the coverage of the weekday.

The CG (Coverage gap) measures how far the probabilistic forecasts are from the target prediction
interval. A lower value indicates the prediction intervals are closer to the target prediction interval

CG(y, ŷ) = |1− PICP(y, ŷ)| (3.6)

where α = 0.05 and indicates the target 0.95 prediction interval.

The PINAW calculates the normalized average width of prediction intervals, referred to as sharpness,
using the formula

PINAW(y, ŷ) =
1

NMR

N∑
i=1

M∑
j=1

(ŷ
(0.975)
i,j − ŷ

(0.025)
i,j ), (3.7)

where originally R represents the maximum range in the ground truth data. A lower value indicates
a sharper interval. In this research the PINAW is modified to be more robust by using the IQR (Inter
Quartile Range) for the range. This is the distance between the 0.75th and 0.25th quantile.

Finally the Winkler score [57] combines both the coverage and the width. The Winkler score is chosen
because this metric is a proper scoring rule [21], meaning that following the metric the better forecast
always has a better score. Other metrics that combine the coverage and the width of the forecasts that
combine the PICP and PINAW more explicitly in a metric, such as the Coverage Width-Based Crite-
rion (CWC) are not proper scoring rules [40] and requires tuning the width-coverage tradeoff, adding
potential bias and ambiguity.

The Winkler Score measures the width of the prediction interval and if the true water demand is outside
the prediction interval, the score is penalized with the distance this value is outside the interval weighted
with the significance level of the prediction interval α

WS(y, ŷ) = 1
NM

∑N
i=1

∑M
j=1

[
ŷ
(0.975)
i,j − ŷ

(0.025)
i,j + 2

α

(
ŷ
(0.025)
i,j − yi,j

)
1
(
yi,j < ŷ

(0.025)
i,j

)
+ 2

α

(
yi,j − ŷ

(0.975)
i,j

)
1
(
yi,j > ŷ

(0.975)
i,j

)]
,

(3.8)
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where α = 0.5 indicating the 0.95 prediction interval. This score is not scale independent, thus in this
project the score is divided by the Mean Winkler Score of the benchmark model, similar to the RMAE.

To find which model has best performance the Winkler Score is used. In case there is a low coverage
(PICP) on the testing set with a high Winkler Score, we might disprefer the model. Thus we finally rank
the models the following

CWS =

{
WS if PICP > 0.95− η

− otherwise
(3.9)

where η is the maximum drop we allow relative to the the preferred 0.95 coverage probability. We call
this score the Conditional Winkler Score (CWS). Because the QR and MDN models were difficult to
calibrate a second version is created where the preferred coverage is not 0.95 but the PICP on the
validation set, assuming it was {

WS if PICP > PICPval − η

− otherwise
(3.10)

Because η is an arbitrary value the score is computed for values from 0.01 to 0.05 and then we count
which models perform best per DMA.

The metric RQE (Relative Quantile Error) is used during the training of the probabilistic models, which
is the quantile loss function of the model divided of the quantile loss function of the benchmark model

RQE =
1

10

∑
DMA

LQ,DMA(yval, ŷval)

LQ,DMA(yval,y
∗
val)

. (3.11)

Note that even though this metric uses the quantile loss function, it does not actually update the losses.
Instead it is used to select the best model using the validation data. The quantile loss function is defined
and elaborated in 3.4.2.

To analyze the generalizability of the probabilistic models between the testing and validation set, the
differences between the models are analyzed in terms of coverage and sharpness. This makes it is
possible to understand how the model performance differs when navigating from the validation set to
the unseen test set.

∆PICP = PICPval − PICPtest (3.12)

∆PINAW = PINAWtest − PINAWval (3.13)

where the test and val indicate the metrics on respectively the testing and validation set.

3.3. Deterministic Forecasting Models
3.3.1. Linear Model
The Linear Model is a feed-forward neural network that uses two linear layers with dropout regulariza-
tion. To maintain the network’s linearity, a linear/identity activation functions are used.

A linear layer follows the equation:
f (l)
w (x) = b(l) +w(l)x, (3.14)

where w are the learned parameters, l ∈ {1, .., L} represents the number of layers with L being the
maximum number of layers, and x is the input data. When l > 1, x is the output from the previous layer,
f
(l−1)
x . Note that neither the number of layers nor neurons should affect the model’s predictive power
(as long as they are equal or more than the minimum number of input and output data values), as they
can be mathematically rewritten into a single linear layer.
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Figure 3.5: Overview linear model

The output after the first linear layer is Dropout regularization [54, 49] is utilized to turn a neuron on or
off with probability p, to increase the generalization of the model. To make sure the output values do
not change magnitude the neurons that are not turned off are scaled with 1

p .

3.3.2. Multi-layer Perceptron Model
The Multilayer Perceptron (MLP) is similar to the previously discussed linear model but uses activation
functions between each linear layer.

f (l)
w (x) = ϕ(b(l) +w(l)x), (3.15)

where w are the learnable parameters, l ∈ {1, .., L} represents the number of layers with L being the
maximum number of layers, and x is the input data. When l > 1, x is the output from the previous layer,
f
(l−1)
w . Additionally, ϕ is the ReLU activation function

ϕ(x) = max(0,x). (3.16)

The Multilayer Perceptron includes an input layer that transforms the input data to a specific hidden
size, which defines the number of neurons. Subsequently, several hidden layers are used, each with
the same number of neurons. Finally, an output layer transforms the last hidden layer to the size of the
output, without an activation function.

Figure 3.6: Overview of a Multi-Layer Perceptron model with two hidden layers

The hyperparameters are the number of hidden layers, the number of neurons in each hidden layer,
the dropout rate, and the learning rate.

3.3.3. Long Short-Term Memory Model
A Long Short-Term Memory Model (LSTM) [25] is a type of recurrent neural network that is designed
to learn long- and short-range dependencies in sequential data. The long-range dependencies are
modelled by a ’conveyor belt’ (cell state Ct), over the input sequence.

At each step in the sequence information is added and removed by an input gate and a forget gate.
The output gate computes using the cell state the next hidden state.
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Figure 3.7: LSTM Cell

The first computation is the forget gate to learn which information should be removed from the cell state
Ct.

Ft = σ(wf1xt + bf1 +wf2Ht−1 + bf2), (3.17)

where w and b are the weights and σ the sigmoid activation function

σ(x) =
1

1 + e−x
, (3.18)

where the range of this activation function is (0, 1). Subsequently the input gate and candidate memory
cell are computed

It = σ(wi1xt + bi1 +wi2Ht−1 + bi2), (3.19)
C̃t = tanh(wg1x+ bg1 +wg2Ht−1 + bg2), (3.20)

These are combined by
Ct = Ft ⊙Ct−1 + It ⊙ C̃t, (3.21)

The candidate cell C̃t generates new information to add to the cell state, while the input gate It filters
this information using element-wise computation (⊙), similar to the forget gate. This process weighs
the information with the sigmoid activation function, where outputs between 0 and 1 determine the
importance: 0 means the information can be forgotten, and 1 means it is important.

Lastly the output gate (Ot) weighs similarly to the previous gates how much of the cell state is used to
compute the hidden state.

Ot = σ(wo1x+ bo1 +wo2Ht−1 + bo2), (3.22)
Ht = Ot ⊙ tanh(Ct). (3.23)

The implemented LSTM concatenates the last hidden state Ht using a linear layer (see equation 3.14)
to obtain the 24 output predictions.

The hyperparameters of the LSTM model include the number of layers, hidden size, dropout rate and
learning rate.

One-Hot embedding LSTM
An one-hot embedding is used to introduce the categorical data to the LSTM, which is the DMA indicator
in this research. These categorical data are transformed from a column with the DMA number to a
standard basis vector

For k = 1, 2, . . . , 10 : DMAk −→ ek (3.24)
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Where the left side of the arrow are the DMAs and the right side are the one-hot encoded DMAs. The
model will get the one-hot sequence and the lagged water demand data. Subsequently it will transform
each index of the one-hot embedding with a linear layer to a predefined output size ending with the
Sigmoid activation function to map the outcome to a probability between 0 and 1

Xe,t = σ(wek), (3.25)

where Xe is the final outcome of the one-hot encoding.

The concept of this one-hot embedding is the model can learn distinctive characteristics per DMA. The
MLP does not require an embedding like this because it does not process the data as a sequence.

3.4. Probabilistic Extensions
3.4.1. Monte-Carlo Dropout
Monte-Carlo Dropout (MCD) [20] is an approximate Bayesian method for uncertainty quantification of
deep learning models. The method extends dropout regularization of a deep neural network, where
the dropout mechanism gives the neural network the ability to randomly turn each neuron off. This
creates a different ensemble member within the neural network every time a forward pass is performed.
By performing M forward passes through a trained model, an empirical distribution is obtained that
represents the model uncertainty of the predictions

p(y|x,w) ≈ {fw,d1
(x), fw,d2

(x), ..., fw,dM
(x)}, (3.26)

where y is the ground truth,w are the models weights, x the data passed through the model and f is the
neural point prediction model. di is a dropout mask sampled from a Bernoulli distribution and T are the
number of samples taken from this distribution. During each forward pass in the training process, nodes
are randomly set to zero according to a Bernoulli distribution. The use of the Bernoulli distribution allows
each node to independently have a probability p of being set to zero, which is known as the dropout
rate. When a node is set to zero, it does not contribute to the forward pass. To compensate for the
reduced number of active nodes, the remaining nodes are scaled by a factor of 1

p , ensuring the overall
magnitude of the activations remains consistent.

The prediction set Ĉ = {ŷ(0.025), ŷ(0.975)} for the 0.95 prediction interval were obtained by taking the
empirical 0.025 and 0.975 quantiles of the empirical distribution in formula 3.26.

Calibration of the Monte-Carlo Dropout model requires finding a dropout rate that minimizes the cover-
age gap. Instead of the recommended grid search over dropout probabilities [20], a dichotomic search
is employed. This uses the principle that larger dropout rates result in wider prediction intervals.

3.4.2. Neural Quantile Regression
Neural Quantile Regression is quantile regression with a neural network. The network directly estimates
each quantile with the neural network and is trained by modifying the loss function with the mean
quantile loss function [53, 56]

LQ(ŷ,y) =
1

3T

3∑
k=1

T∑
t

max[qke
(q)
t+1:t+T , (qk − 1)e

(q)
t+1:t+T ], (3.27)

with the error ek, a vector with the size of the output sequence

e
(q)
t+1:t+T = yt+1:t+T − ŷ

(q)
t+1:t+T , (3.28)

where L defines the loss function, ŷ(q)
t+1:t+T and yt+:t+T are respectively the quantile predictions and

ground truth, qk the quantile (qk ∈ {0.025, 0.5, 0.975}). The max operator goes over the forecasting
horizon length of et+1:t+T . The quantile loss function assigns different weights to errors based on the
quantile qk. For quantiles where qk < 0.5, the loss function penalizes overpredictions by a factor of qk,
meaning the error is multiplied by qk for positive residuals (overpredictions), while underpredictions are
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Algorithm 1 Dichotomic Search for Monte Carlo Dropout Rate
1: Input:
2: Validation Dataset: xv, yv

3: Number of samples: nsamples = 1000
4: Quantiles: quantiles
5: Desired coverage: PI = 0.95
6: Maximum coverage gap: max_cov_gap = 0.005
7: Maximum iterations: max_iterations = 5
8: Initial bounds for dropout rate: rlow = 0.05, rhigh = 0.95
9: Output: Optimal dropout rate r
10:
11: Procedure:
12: Initialize c← 0
13: Set coverage_gap← |PICP− PI|
14: while coverage_gap > max_cov_gap do
15: if c > max_iterations then
16: break
17: end if
18: Compute new r ← rlow+rhigh

2
19: Compute prediction interval ŷv ← fmcd(xv, r)

20: Compute PICP(yv, ŷ
(0.025,0.975)
v )

21: Update coverage_gap← |PICP− PI|
22: if PICP < PI then
23: Update rlow ← r
24: else
25: Update rhigh ← r
26: end if
27: Increment c← c+ 1
28: end while
29: Return r
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Figure 3.8: Quantile loss function

penalized by a factor of (qk−1). This imbalance in penalties drives the model to favor lower predictions
to minimize the higher cost associated with overpredictions. For instance, at qk = 0.025, the model is
expected to overpredict 2.5% of the time and underpredict 97.5% of the time, aligning with the definition
of quantiles. Thus by estimating the 0.025 and 0.975 quantiles via this loss the 95% prediction interval
is obtained. Note that for the median (0.5th quantile) the loss is proportional to the mean absolute error.

3.4.3. Gaussian Mixture Density Network
The Gaussian Mixture Density Network estimates the full distribution of future water demand by pa-
rameterizing it with a fixed number of Gaussian distributions. The output layer of the neural network is
modified to predict for each time-step a weight, mean and standard deviation, resulting in the parame-
ters to create the Gaussian mixturep(ŷi | xt−L:t) =

G∑
j=1

πi,j N (ŷi | µi,j , σi,j)


t+T

i=t+1

(3.29)

where the set denotes each prediction step towards the horizon of the prediction and the sum denotes
the mixture of Gaussians. The weights for each mixture are denoted by πi,j and the mean and standard
deviation of each Gaussian are denoted by µi,j and σi,j , which are parameterized by the network. This
parameterization is not directly done by the network, but those values require transformation

πi,j =
exp (ŷπi,j

)∑G
k=1 exp (ŷπi,k

)
, µi,j = ŷµi,j , σi,j = ELU(ŷσi,j ) + 1.1, (3.30)

where ŷπi,j
, ŷµi,j

and ŷσi,j
are the direct outputs of the neural network that are transformed to the inputs

of the mixture density model. The softmax distribution is used to make sure the weights (πi,j sum up to
one for each separate mixture as the original paper suggests [9]. By having the sum of all weights to be
1 the output distribution is maintained. The means are raw outputs of the neural network and thus not
transformed. The original paper suggests using the exponent function to have positive values for the
standard deviation but since this makes the outcome very sensitive to larger values an ELU function is
used as proposed in [11].

ELU(x) =

{
x if x > 0

α(ex − 1) if x ≤ 0,
(3.31)

where α = 1. The ELU is a linear function on the range (0,∞) and exponential on the range of (-1,0].
To have a positive value and to avoid the Gaussian to collapse, a value of 1.1 is added to the ELU.
To avoid the Gaussian to collapse or be redundant, the standard deviation is clipped by only allowing
values between 0.1 and 10.
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he employed loss function is the negative log-likelihood, as used in [11].

LG[y, p(ŷ|x)] = − ln [p (ŷt+1:t+T |xt−L:t)]

= −
t+T∑
i=t

1t+1:t+T ln


G∑

j=1

πi,jN (yi | µi,j , σi,j)


= −

t+T∑
i=t

1t+1:t+T

ln

G∑
j=1

exp

[
lnN (yi | µi,j , σi,j)− lnπi,j

] (3.32)

To acquire the predictions 1000 samples were taken from each mixture of which the 0.025 and 0.975
quantiles were computed, obtaining the 95% prediction interval.

The method gives an extra hyperparameter which are the number of Gaussians used per mixture.
Further there needs to be taken notice that the method increases the number of parameters of the
model because each Gaussian added to the mixture multiplies the parameters of the last layer with
3 · 24 = 72.

3.4.4. Conformalized Quantile Regression
Conformalized Quantile Regression (CQR) adds an additional calibration step to the standard quantile
regression framework. Specifically, conformal prediction uses the residuals (errors) from a portion of
the data to recalibrate the predicted quantiles, ensuring that the prediction intervals are more reliable
and better aligned with the data distribution.

However, in this research, the original method for CQR proposed by Romano et al. [45] is not directly
applied. The main reason is that the original approach tends to produce prediction intervals that are
too wide for time series data, as noted by Jensen et al. [29]. To address this issue, a modified version
similar to that of Jensen et al. [29] is used. Unlike the method in that work, here the correction for
finite sample sizes is incorporated, and the median quantile predictions are also conformalized. The
first change is minimal and aims to improve the prediction interval sizes due to the smaller dataset size.
Ideally the dataset size is supposed to have 1000 data points [2, 48], but this was not always possible
as shown in B.2. The second adaptation aims at adjusting the median prediction to be in line of the
median of all past predictions.

To perform the recalibration, the residuals (or nonconformity scores in conformal prediction terminology)
for each quantile are computed using a validation data split:

ϵ(q)v = y − ŷ(q)
v , (3.33)

where ϵ
(q)
v represents the residuals for quantile q (typically q ∈ 0.025, 0.5, 0.975), y is the true value, and

ŷ
(q)
v is the predicted quantile on the validation set. These residuals are then used to recalibrate the

quantile predictions, with a correction for finite sampling, as follows:

ŷ
(q)
calibrated = ŷ(q) +Quantileq(ϵ(q)v ). (3.34)

This recalibration process relies on the assumption of exchangeability between the calibration data
(validation set) and the data being forecasted. In time series, where this assumption can be problematic
due to temporal dependencies, the residuals are updated every T forecasts (where T is the forecast
horizon). This procedure, following the approach of Xu et al. [59] and Jensen et al. [29], ensures that
future information does not influence the residual updates.

The only remaining assumption is that the residuals should be stationary and strongly mixing, meaning
that the errors have no discernible patterns and are effectively noise. This ensures that the forecasting
model captures the underlying process accurately, making the assumption of exchangeability unnec-
essary.
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The algorithm implemented is as follows

Algorithm 2 Conformal Quantile Regression Forecasting with Residual Updating
1: Input:
2: Trained Quantile Regression model: f(x)
3: Validation set: xv

4: Testing set: xt

5: Quantiles: [0.025, 0.5, 0.975]
6: Output: Forecasts with updated residuals
7:
8: Step 1: Compute Residuals for Each Quantile
9: Initialize an empty dictionary to store residuals for each quantile: residuals = {}
10: for each quantile q in [0.025, 0.5, 0.975] do
11: Compute the forecast for each point in xv using f(x) at quantile q:
12: ŷ

(q)
v = f(xv, q)

13: Calculate residuals for each forecasted quantile in the validation set:
14: ϵ

(q)
v = y − ŷ

(q)
v

15: ϵ
(q)
v will be an N ×M matrix, where N is the number of forecasts andM is the horizon of the

model
16: Store the residuals for quantile q in the residuals dictionary
17: end for
18:
19: Step 2: Initialize Queue for Forecast Storage
20: Initialize an empty queue: forecast_queue = [ ]
21:
22: Step 3: Iterative Forecasting and Residual Updating
23: for for each input sequence xt−L:t in x do
24: Run the forecasting model f(x) to generate forecasts for each quantile q in [0.025, 0.5, 0.975]
25: Store forecasts in forecast_queue with their corresponding datetime indices
26: for each forecast in forecast_queue do
27: if the current datetime surpasses the datetime of the forecast in the queue then
28: Update the residuals for the corresponding quantile q
29: Remove the outdated forecast from the queue
30: Recalibrate each quantile q of the forecast after updating the queue with:
31: ŷ

(q)
calibrated = ŷ(q) +Quantileq(ϵ(q)v )

32: end if
33: end for
34: end for

Different to the previously cited CQR-algorithms this algorithm is adapted to make sure it can deal with
gaps by using the forecast queue in the testing set as without those adaptions the time-lag between
the residuals and the forecasts become more than just the forecasting horizon. The algorithm is ran
separately per DMA.

3.5. Benchmark Model
The benchmark model predicts water demand by averaging up to four past values of water demand that
occur at the same time of day, but from one to four weeks earlier. This approach accounts for the daily
and weekly seasonalities in the demand patterns. n is a parameter that needs to be calibrated. For
example, if n = 4, the model may fall behind in capturing rapid or significant shifts in demand patterns.
The model is defined as

y∗t+1 =
1

n

n∑
i=1

yt+1−168∗i, (3.35)
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where the star indicates the forecast is performed by the benchmark model. A limitation of this ap-
proach is the assumption of the weekly seasonality. These may vary between DMA or temporally for
example between winter and summer. The model may also lag behind fast increases in the water con-
sumption pattern. Further this model assumes the future water demand is always similar to a value of
an aggregation of previous lags, which is not always true.

The probabilistic extension of the benchmark model computes the prediction intervals by projecting
prediction intervals of a year before on the forecasts. The residuals are binned per month because of
the annual seasonality

{ϵ1, ϵ2, ..., ϵ12} = ϵ = y − y∗, (3.36)

finally the probabilistic benchmark predictions

y
∗,(0.025)
t+1 = yt+1 +Quantile0.025(ϵi), y

∗,(0.975)
t+1 = yt+1 +Quantile0.975(ϵi), with yt ∈ ϵi, (3.37)

where t is the hour of the forecast and i is the month t belongs to. This ensures the PICP is on the
validation series 0.95. Formally this approach of binning residuals and computing prediction intervals
from them is a form of Mondrian Conformal Prediction [10]. The limitation of this approach is that it
assumes that each monthly distribution of the first year of the data are exchangeable to each monthly
distribution of the second year.

3.6. Training Method of Neural Networks
3.6.1. Updating the Parameters
The Adam (Adaptive Moment Estimation) [30] optimizer was used to update the parameters of all the
models. The Adam optimizer is an extension of SGD [44] (Stochastic Gradient Descent).

A forward pass is performed where the training data is passed through the network in batches, to
compute the output predictions. The loss is computed using these output predictions and the ground
truth. Of this loss gradients are computed, which are back-propagated using the chain-rule through the
entire neural network. SGD uses the following formula

θ ← θ − η∇θL, (3.38)

where θ represents the parameter vector, η is the learning rate and L the output of the loss function.
Adam improves upon this by computing adaptive estimates of lower-order moments. The first moment
(m) is an estimate of the average gradient which helps to smooth out noisy updates. The second
moment (v) normalizes the gradient with an online moving average to make sure the update step does
not explode for large gradients.

The update rules for Adam are given by

mt = β1mt−1 + (1− β1)∇θLt,

vt = β2vt−1 + (1− β2)(∇θLt)
2,

m̂t =
mt

1− βt
1

,

v̂t =
vt

1− βt
2

,

θ ← θ − η
m̂t√
v̂t + ϵ

,

(3.39)

where mt and vt are the first and second moment estimates, β1 = 0.9 and β2 = 0.999 are exponential
decay rates for the moment estimates, η is the learning rate, and ϵ = 1 × 10−8 is a small constant to
prevent division by zero. The values given here are the standard hyperparameters used in PyTorch
and used for this research.
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3.6.2. Training Loop And Bayesian Optimization
Training Loop After all batches of training data have been processed by the network, and the pa-
rameters have been updated, an epoch is considered complete. Following each epoch, the model
is evaluated on the validation data, and performance metrics are used to assess its accuracy. If the
new model performance surpasses the previous results, the model is saved. For models trained on
combined district data, the average performance score across all DMAs was used.

This approach ensures that the best model is retained. To ensure themodel outperforms the benchmark
model uniformly across all districts, the RMAE was applied for deterministic models, while the RQE was
used for probabilistic models, as explained in Section 3.2. This step-by-step approach is described in
Algorithm 3.

Algorithm 3 Training Process with RMAE or RQE
1: Input:
2: Number of epochs: 250
3: Batch size: 256
4: Training data: xtrain
5: Validation data: xval
6: Score functions: RMAE or RQE
7:
8: Procedure:
9: Randomly shuffle xtrain
10: Divide xtrain into batches
11: for each epoch i = 1 to 250 do
12: for each batch xbatch in xtrain do
13: Run model f(x) on xbatch
14: Compute loss function L
15: Update model parameters using L
16: end for
17: Run model f(x) on xval
18: if the model is trained on all DMAs together then
19: for each DMA d = A to J do
20: Compute score function on validation data for DMA d
21: end for
22: Compute the average score function across all DMAs
23: else
24: Compute the score function on xval
25: end if
26: if the average score function (for combined DMAs) or the single score function (for individual

models) is better than the previous score then
27: Save model parameters
28: end if
29: end for

Bayesian Hyperparameter Selection To optimize the hyperparameters of the models, this research
uses Bayesian optimization, a method that chooses new hyperparameters based on previous results.
A GP (Gaussian process) is used as a surrogate model to predict how changes in the hyperparameters
will affect model performance. This allows the algorithm to focus on the most promising hyperparameter
settings and avoid testing every possible combination.

Instead of searching randomly, the algorithm uses a function to decide whether to explore new settings
or improve on known ones. This approach reduces the number of tests needed, making the process
more efficient.

By using Bayesian optimization with a Gaussian process, the models hyperparameters can be tuned
effectively, finding the best settings faster than other methods like random or grid search.
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3.7. Design of Experiments
Experiments of Deterministic Models The first research experiment is to find whether training a
single model per district or a global model on all the districts is has a better performance. To find the
hyper-parameter set with the best parameters a Bayesian hyper-parameter search was executed at
for the three models, per DMA and with the DMAs together and with the DMAs together with a DMA-
indicator. The hyperparameter ranges were for the individual models were selected as follows.

Table 3.2: Hyperparameter Configurations for Linear, MLP, and LSTM Models trained per DMA, each with 100 runs

Hyper Parameters Linear Model MLP LSTM

Dropout Rate 0.1, 0.15, 0.2 0.1, 0.15, 0.2 0.1, 0.15, 0.2
Hidden Size 32, 64, 128 32, 64, 128 32, 64, 128
Hidden Layers - 0, 1, 2, 3 1, 2
Learning Rate 1e-5 – 1e-2 1e-5 – 1e-2 1e-5 – 1e-2
Number Epochs 250 250 250
Batch Size 256 256 256
Number of Parameters 12,376 - 24,728 6,200 - 74,264 5,272 - 70,168

The ’Hidden Size’ refers to the number of neurons in each layer. The global LSTM with DMA-indicator
was modified to learn an embedding using a one-hot encoding (see subsection 3.3.3). For the linear
model the DMA-indicator was not considered, as it only would be able to change the intercept of the
linear formula the model is equal to. It would not be able to change the interaction of the model with
the lagged water demand input. To make sure the effect of dropout is similar between the linear model
and the other models they were given a similar number of neurons for the layer. The models trained
on all DMAs were given the options in the hyper-parameter search to have more parameters, because
training on 10 different districts is a more complex task.

Table 3.3: Hyperparameter Configurations for Linear, MLP, and LSTM Models trained on all DMAs, with and without
DMA-indicator, each optimized with 100 runs

Hyper Parameters Linear Model MLP LSTM MLP (DMA Indicator) LSTM (DMA Indicator)
Dropout Rate 0.1, 0.15, 0.2 0.1, 0.15, 0.2 0.1, 0.15, 0.2 0.1, 0.15, 0.2 0.1, 0.15, 0.2
Hidden Size 64, 128, 256 64, 128, 256 32, 64, 128 64, 128, 256 32, 64, 128
Hidden Layers - 0, 1, 2 1, 2 0, 1, 2 1, 2
Learning Rate 1e-5 – 1e-2 1e-5 – 1e-2 1e-5 – 1e-2 1e-5 – 1e-2 1e-5 – 1e-2
Number Epochs 250 250 250 250 250
Batch Size 256 256 256 256 256
Number of Parameters 12,376 - 49,432 12,376 - 181,016 5,272 - 202,264 13,016 - 183,576 19,018 - 204,874
DMA Embedding Output Size - - - - 2 - 7

The loss function was the MAE (also named L1-loss) because this loss is equivalent to learning the
median, which makes the point forecasts comparable with the probabilistic forecasts. The results of
the hyperparameter optimizations are visible in Appendix D.1.1. The point forecasts were compared
with the MAPE and RMAE metrics, as averages and over the forecasting horizon. The generalization
between the validation and testing data is analyzed using the GS. Note that the different differences of
the splits of data and the short duration of them require caution when analyzing this.

Experiments of Probabilistic Models To continue to find the best performing probabilistic model,
the best performing deterministic model was used. This was the MLP trained on all DMAs without
the DMA indicator, as the results show in Section 3.3. This model was extended with the probabilistic
extensions described.

For the QR and the MDN the hyperparameter optimization was conducted with the following configura-
tion ranges
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Table 3.4: Hyperparameter Configurations for MDN and QR Models, trained on all DMAs, optimized with 100 runs of the
bayesian hyperparameter optimization.

Hyper Parameters MDN QR Model

Dropout Rate 0.1, 0.15, 0.2 0.1, 0.15, 0.2
Hidden Size 64, 128, 256 64, 128, 256
Hidden Layers 0, 1 0, 1, 2
Number of Gaussians 1, 2, 3, 4 -
Learning Rate 1e-5 – 1e-2 1e-5 – 1e-2
Number Epochs 250 250
Batch Size 256 256
Number of Parameters 15,496 - 183,072 15,496 - 193,352

The MCD and CQR models required data to calibrate. Because of the short dataset size these models
were calibrated as explained in their respective sections (3.4.1 and 3.4.4) on the validation data.

First the medians of the probabilistic models were compared with the deterministic model results us-
ing the MAPE and RMAE metrics and the generalization between the validation and testing sets was
determined with the GR metric, similar to the results of the deterministic models.

The probabilistic forecasts are analyzed in terms of their coverage and by comparing coverage against
sharpness over the forecast horizon for a set of DMAs. This demonstrates how these models balance
these aspects. Ideally the coverage and sharpness remain similar over the forecasting horizon and
the coverage is as close to 0.95 as possible, which is the aimed prediction interval. The sharpness is
ideally as low as possible. If these coverage and sharpness do vary, a forecast is desired where the
coverage remains as close to 0.95 as possible with a varying sharpness. A condition of this is that the
intervals should not become so wide they become unusable and lose practical utility.

Lastly the probabilistic models are analyzed using the CWS where the coverage declines with 0.02 as
an example. This decline is relative to 0.95 and relative to the PICP on the validation set. It was chosen
to do this because the QR and MDN were difficult to calibrate as the results show later in this report in
Section 4.2.1. For practical applications different conditional thresholds for the drop in coverage can
be set that suit the goal. To give an overview, the DMAs are counted where each model performs best
with declines of of 0.01 to 0.05.

For generalization the differences in terms of coverage as well as in terms of sharpness between the
validation and testing set were analyzed. It is important to notice as mentioned before that these
datasets have different lengths due to the way they are constructed as explained in 3.1.



4. Results

In Section 4.1 the results of the point forecasts are described, acquired from the deterministic models
in Subsection 4.1.1. The results of point forecasts acquired from the probabilistic models are shown in
Subsection 4.1.2 and the generalization of forecasts from both deterministic and probabilistic models
in Subsection 4.1.3. In Section 4.2 the results of the prediction intervals of the probabilistic models are
described which starts with the Subsection 4.2.1 which shows how well the probabilistic models are
calibrated. Subsection 4.2.2 describes the results of the probabilistic forecasts in terms of coverage
and sharpness. The generalization of these models is shown in 4.1.3. In the tables green selections
of values are the best per specific DMA and the red selections of values are the worst according to the
used metric. The average displayed in these tables is an average over all the DMAs.

4.1. Results Point Forecasts
4.1.1. Results Deterministic Models
The MLP model performs more accurate (see 4.1), when trained on all DMAs jointly than when trained
per DMA. Here the DMA indicator has no significant influence on the results according to the RMAE or
MAPE metrics.

Table 4.1: RMAE of MLP Models on Testing Set

A B C D E F G H I J Average

MLP trained on all DMAs 0.79 0.70 0.71 0.87 0.89 0.91 0.93 0.96 0.88 0.87 0.85
MLP DMA Indicator trained on all DMAs 0.80 0.73 0.74 0.88 0.91 0.90 1.00 0.95 0.89 0.86 0.87
MLP trained per DMA 0.78 0.87 0.85 0.94 1.36 0.92 2.05 1.48 0.96 0.92 1.11

The results of the LSTM model showcase varying results with respect to the impact of the DMA indica-
tor(see Table 4.2). On average the LSTM is more accurate when trained on all DMAs together. The
model is on average slightly worse than the Benchmark Model because the RMAE is larger than 1. The
LSTM with DMA indicator trained on all DMAs performs best on three DMAs, trained per DMA on two
DMAs and on five DMAs it is best when trained on all the DMAs together without the DMA indicator
according to the RMAE. According to the MAPE metric the LSTM trained on all the DMAs is more
accurate on six DMAs and with DMA indicator also on three DMAs.

Table 4.2: RMAE of LSTM Models on Testing Set

A B C D E F G H I J Average

LSTM trained on all DMAs 0.87 0.81 0.84 0.93 1.13 0.99 1.39 1.18 1.11 1.03 1.03
LSTM DMA Indicator trained on all DMAs 0.84 0.83 0.92 0.96 1.05 0.99 1.62 1.22 1.13 0.96 1.05
LSTM trained per DMA 0.86 0.96 1.07 1.09 1.27 0.98 2.57 1.63 1.02 1.13 1.26

The linear models perform very similar with no clear better performing model when trained per DMA or
together (see Table 4.3). The performance is so similar the MAPE and RMAE metrics give conflicting
results. For DMA B, D, E, F, G, H, I the linear model trained on all DMAs is slightly better. For the other
DMAs the linear model trained per DMA is better. There is no DMA where one of the linear models
performs substantially better than another model.

23
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Table 4.3: RMAE of Linear Models on Testing Set

A B C D E F G H I J Average

Linear Model trained on all DMAs 0.84 0.72 0.73 0.92 1.10 0.92 0.89 0.98 0.87 0.98 0.90
Linear Model trained per DMA 0.80 0.72 0.72 0.94 1.12 0.93 0.98 1.03 0.87 0.96 0.91

In Table 4.4 a subset of the results of all themodels are visible, which are the best models of the previous
three tables to maintain overview including the benchmark model. The full Table 4.6 is in Appendix F.1.
The MLP, LSTM and Linear models trained on all DMAs and the Linear model trained per DMA as
well as the benchmark model. In Appendix F.1 the full table is visible. All the models have difficulty in
forecasting the hospital district (DMA A), due to the highest overall MAPE, as compared to the other
districts. To a lesser extent this applies to the second residential district in the countryside (DMA C)
and the suburban district with sport facilities (DMA F). The residential/commercial district close to the
city center (DMA E) has the smallest MAPE error. One remarkable result is that the models perform
a lot more accurate on DMA B compared to DMA C because both time series are similar in terms of
their description, distributions as well as patterns (see Appendix B.4) and B.3). The benchmark model
results has a similar order of magnitude as any of the neural network models.

Table 4.4: MAPE [%] Point Forecasts of deterministic models on test set

A B C D E F G H I J Average

MLP trained on all DMAs 13.52 4.71 9.34 6.96 1.81 8.86 3.76 4.52 6.11 4.67 6.43
Linear Model trained per DMA 13.98 4.87 9.30 7.54 2.33 8.96 3.91 4.95 6.08 5.20 6.71
Linear Model trained on all DMAs 15.15 4.81 9.37 7.30 2.25 8.92 3.53 4.69 6.13 5.26 6.74
LSTM trained on all DMAs 14.88 5.35 11.31 7.37 2.32 9.53 5.57 5.57 7.62 5.50 7.50
Benchmark Model 18.49 6.65 12.64 8.02 2.06 9.71 4.00 4.80 7.08 5.54 7.90

The most accurate result are delivered by the MLP model which has an average MAPE of 6.43 and
RMAE of 0.85. The MLP with DMA indicator performs slightly worse after that with an average MAPE
of 6.71 and RMAE of 0.90, emphasizing that the addition of an indicator did not yield an improvement
in forecasts The LSTM trained per DMA is the worst performing model (see Appendix F.1).

The Linear models perform very similar to the MLP trained on all DMAs with a MAPE of 6.71 trained
per DMA and 6.74 trained on all DMAs or jointly.

Table 4.5: RMAE [-] Point forecasts of deterministic models on test set

A B C D E F G H I J Average

MLP trained on all DMAs 0.79 0.70 0.71 0.87 0.89 0.91 0.93 0.96 0.88 0.87 0.85
Linear Model trained on all DMAs 0.84 0.72 0.73 0.92 1.10 0.92 0.89 0.98 0.87 0.98 0.90
Linear Model trained per DMA 0.80 0.72 0.72 0.94 1.12 0.93 0.98 1.03 0.87 0.96 0.91
LSTM trained on all DMAs 0.87 0.81 0.84 0.93 1.13 0.99 1.39 1.18 1.11 1.03 1.03
LSTM DMA Indicator trained on all DMAs 0.84 0.83 0.92 0.96 1.05 0.99 1.62 1.22 1.13 0.96 1.05

Over the forecasting horizon there are two type of DMAs. DMAs where the benchmark model performs
better than the best neural network models at the end of the forecasting horizon model and DMAs
where the neural network models outperform the benchmark model entirely. The DMAs with similar
results with a better score on the metrics are the residential/commercial district close to the city center
(DMA E), the residential district (DMA G) and the city center district (DMA H). These are districts with
less annual seasonality compared to all the other districts and with less distribution shifts between both
years of data (see Appendix B.4 and B.3). DMAs with more heteroscedasticity over the year have
better performing deep learning models.

The error over the forecast horizon is most stable for the benchmark model because this model does
take values from a week to four weeks before, thus many of the errors are similar.

In Figure 4.1 DMA A, C and E are shown with MAPE error over the forecasting horizon. It is clear
that the LSTM and MLP (trained on a single DMA) models perform signficantly worse while the MLP
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model is (similarly as in the plot with all DMAs and models in the Appendix Figure F.3) consistently
among the best performing models. The MLP trained jointly over all DMAs performs on average better
than any of the architectures over almost the entire forecasting horizon. Compared to the same model
with DMA indicator, this difference is small and indiscernible for the first four steps of the forecasting
horizon. Compared with any of the other model architectures this difference is much more clear, having
a difference of MAPE 0.5 in between. See Figure F.3 in Appendix F.3.

Figure 4.1: Results over forecasting horizon point forecasts of deterministic models on DMA A, C and E (y-axis do not have
the same scale)

4.1.2. Results Point Forecasts of Probabilistic Models
Because the deterministic MLP model had the most accurate point forecasts the probabilistic models
were based off the MLP model.

The probabilistic forecasting MLP-models with the QR and MDN extension do have a slightly worse
performance than the deterministic trained MLP. The Amongst all the MCD has the best performance,
on average on all the DMAs, slightly improving the deterministic MLP. The conformalized forecast of
the median of QR (model CQR) performs worst among these probabilistic models.

Table 4.6: MAPE [%] Comparison of point predictions of probabilistic models on test set. Deterministic models are indicated
with *.

A B C D E F G H I J Average

MCD 14.20 4.65 9.46 6.98 1.77 8.97 3.70 4.38 5.90 4.65 6.46
MLP* 13.38 4.90 9.70 7.04 1.89 8.80 4.01 4.50 6.19 4.64 6.51
MDN 13.37 4.72 9.90 7.16 1.90 8.86 3.78 4.87 6.23 4.71 6.55
Linear model trained per DMA* 13.98 4.87 9.30 7.54 2.33 8.96 3.91 4.95 6.08 5.20 6.71
QR 14.07 5.06 9.85 7.25 2.34 8.90 3.96 5.24 6.15 4.77 6.76
CQR 14.30 5.24 10.10 7.41 2.50 9.09 4.22 5.35 6.21 4.95 6.94

Table 4.7: RMAE [-] Comparison of point predictions of (mostly) probabilistic models on test set. Deterministic models are
indicated with *.

A B C D E F G H I J Average

MCD 0.80 0.70 0.72 0.87 0.87 0.92 0.91 0.93 0.84 0.86 0.84
MLP* 0.80 0.73 0.74 0.88 0.91 0.90 1.00 0.95 0.89 0.86 0.87
MDN 0.77 0.71 0.75 0.89 0.92 0.92 0.96 1.06 0.91 0.88 0.88
Linear model trained per DMA* 0.80 0.72 0.72 0.94 1.12 0.93 0.98 1.03 0.87 0.96 0.91
QR 0.81 0.75 0.76 0.91 1.13 0.92 0.98 1.11 0.89 0.89 0.92
CQR 0.83 0.78 0.78 0.93 1.20 0.94 1.04 1.09 0.89 0.92 0.94
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Over the forecasting horizon the probabilistic models DMAs E, G and H do have an increase in error in
the beginning of the forecasting horizon, around t=3, it is unclear why that is exactly the case. Besides
that there are no clear differences. When comparing these average results the MDN, deterministic
MLP and MCD have very similar results of which the MCD has a slightly lower error.

Figure 4.2: Results over forecasting horizon point forecasts of deterministic and probabilistic models on DMA A, C and E
(y-axis do not have the same scale)

4.1.3. Generalization Results Point Forecasts of Deterministic and Probabilistic
Models

Generalization Deterministic Models The linear model trained on all the DMAs as well as the linear
model trained per DMA have the lowest GR, meaning the testing error are closest to the validation
error. The benchmark model generalizes at the third place (see Table F.7 in Appendix F.1) and after
that the MLP trained on all the DMAs. This is important because the MLP model trained per DMA
has poor generalization performance (1.68 versus 1.32 on average). Furthermore it shows that the
LSTM models have the least best generalization compared to the MLPs and Linear models. On DMA
B all models generalize less. Further on DMA E, G and H only the MLP trained per DMA and LSTM
trained per DMA have considerably less generalization capability. This highlights that these time-series
may have larger differences between the validation and testing series which these models have more
difficulty generalizing over.

Table 4.8: Generalization Ratio (GR) of selection of deterministic models

A B C D E F G H I J Average

Linear Model trained on all DMAs 1.19 1.62 1.08 1.15 0.99 1.09 1.02 1.29 1.11 1.12 1.17
Linear Model trained per DMA 1.24 1.59 1.08 1.13 1.04 1.08 1.12 1.35 1.14 1.12 1.19
MLP trained on all DMAs 1.18 1.87 1.20 1.12 1.19 1.10 1.29 1.57 1.28 1.15 1.30
LSTM trained on all DMAs 1.19 2.03 1.29 1.12 1.29 1.16 1.84 1.91 1.52 1.37 1.47
MLP trained per DMA 1.23 2.25 1.36 1.20 1.72 1.09 2.76 2.43 1.41 1.21 1.67

Generalization Point Forecasts Probabilistic Models In terms of generalization any of the proba-
bilistic models generalize similarly. Small differences are found within the GR between the different
probabilistic approaches. As shown in the tables (4.9) the linear models generalize slightly better than
the MLP and the probabilistic versions of the MLP generalize slightly better than the deterministic MLP.
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Table 4.9: Generalization Ratio (GR) of point forecasts from (mostly) probabilistic models (deterministic models are indicated
with *.)

A B C D E F G H I J Average

Linear model trained per DMA* 1.24 1.59 1.08 1.13 1.04 1.08 1.12 1.35 1.14 1.12 1.19
CQR 1.22 1.82 1.18 1.15 1.10 1.10 1.20 1.35 1.26 1.14 1.25
QR 1.21 1.85 1.20 1.15 1.12 1.10 1.18 1.43 1.30 1.14 1.27
MCD 1.18 1.84 1.22 1.11 1.23 1.10 1.29 1.58 1.20 1.13 1.29
MDN 1.18 1.84 1.22 1.13 1.27 1.11 1.29 1.79 1.34 1.17 1.33
MLP* 1.17 2.04 1.25 1.14 1.27 1.09 1.43 1.61 1.32 1.14 1.35

4.2. Results Prediction Intervals of Probabilistic Models
4.2.1. Calibration Results Prediction Intervals
The coverage for each model and district is computed on the validation set. Ideally, each model is
expected to achieve a coverage of 0.95 per DMA, aligning with the target coverage for the forecasts.
From Table 4.10 it can be clearly seen, that the target coverage of 0.95 is met for all districts in the CQR
andMCDmodel. The QRmodel achieves the worst performance with respect to coverage probabilities,
only attaining the target coverage in one district (DMA J) and worst target coverages in all the other
districts. Comparing the Benchmark model and MDN, the benchmark model performs slightly better. It
is important to note that the QR and MDN model have an average coverage of 95 and 96 percent for all
districts, closely aligning to the target coverage. This target coverage is not reached when the DMAs
are considered on an individual level. Lastly, if we consider the average CG and maximum CG, the
CQR and MCD model have the lowest values. The benchmark model and MDN have higher average
CG and maximum CG, whereas the QR has the highest average CG and maximum CG.

Table 4.10: Coverage probabilities and average CG of models on validation set

A B C D E F G H I J Average CG Max CG

CQR 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.00 0.00
MCD 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.00 0.00
Benchmark Model 0.94 0.95 0.94 0.95 0.97 0.96 0.96 0.95 0.95 0.95 0.01 0.02
MDN 0.95 0.96 0.95 0.92 0.99 0.93 0.96 0.97 0.92 0.95 0.02 0.04
QR 0.94 0.99 0.97 0.91 1.00 0.91 0.98 0.99 0.92 0.95 0.03 0.05

In Figure 4.3 we see the coverage vary over the horizon of the probabilistic models. From the previous
Table 4.10 we can deduct, that the MCD has on average the desired target coverage of 0.95 over the
forecast horizon. However, the figure shows that over the forecasting horizon the average coverage
decreases. The MDN and CQR models experience randomness, showcased by fluctuating coverages
and not being able to reach the desired coverage of 0.95. The CQR1 model reaches a coverage close
to 0.95. The figure F.5 with all DMAs in Appendix F.5 shows a similar trend for all the other individual
DMAs.

1The CQR algorithm does not update the residuals on the validation dataset because these are already present within this
set.
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Figure 4.3: Coverage versus sharpness of probabilistic models on validation set on DMA B, F and I

4.2.2. Results Prediction Intervals
In Table 4.11 we see the coverage of the different probabilistic models2 on each DMA. On Average the
CQR model is best at keeping the coverage to the desired probability of 0.95. Besides the benchmark
model the two learnedmodels MCD and QR have a worse performance where the coverage varies from
0.89 to 0.99 for both models. Interesting is that when taking the average of these coverages, these
two models have an average coverage of at least 0.93 and 0.94 respectively. In Appendix A the PICP
is shown of the CQR model that does not update the residuals where the quantiles are re-calibrated
with. It shows for any DMA besides DMA J that the online updating substantially improves the coverage
over the test set. In DMA J it is similar. On average the online updating improves the coverage with 3
percent difference.

Table 4.11: Coverage of models across DMAs A to J and average CG on test set, PICP [-]

A B C D E F G H I J Average CG Max CG

CQR 0.95 0.94 0.94 0.94 0.95 0.95 0.98 0.95 0.95 0.94 0.01 0.03
MCD 0.95 0.85 0.92 0.95 0.90 0.96 0.96 0.89 0.95 0.94 0.03 0.10
QR 0.92 0.94 0.93 0.89 0.99 0.90 0.99 0.96 0.90 0.94 0.03 0.06
MDN 0.94 0.92 0.91 0.89 0.98 0.91 0.99 0.93 0.87 0.92 0.04 0.08
Benchmark Model 0.91 0.83 0.90 0.94 0.94 0.93 0.96 0.88 0.87 0.87 0.05 0.12

Analyzing the sharpness of the models in Table 4.12, the MDN is on average the sharpest perform-
ing model. MCD is sharpest on most DMAs. CQR is clearly the least sharp model with an average
difference of 0.12 in the PINAW score with the MDN model and slightly less sharp than the QR model.

Table 4.12: Sharpness of models across DMAs A to J on test set, PINAW [-]

A B C D E F G H I J Average

QR 1.35 1.30 1.17 0.92 0.72 1.44 1.32 0.61 1.21 0.88 1.09
MDN 1.32 1.15 1.05 0.92 0.47 1.47 1.18 0.46 1.12 0.84 1.00
MCD 1.42 0.85 1.04 1.07 0.29 1.89 0.79 0.36 1.58 0.88 1.02
CQR 1.49 1.31 1.24 1.02 0.44 1.73 1.03 0.50 1.51 0.91 1.12
Benchmark Model 1.51 1.61 1.48 1.10 0.50 1.80 1.01 0.42 1.35 0.93 1.17

Figure 4.4 shows the coverage plotted versus the sharpness over the coverage. The first prediction
2Note for clarity: all the neural network models discussed here are trained on all DMAs jointly. The probabilistic extensions

are used in combination with the MLP because this model had the best average point predictions.
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step is marked with a dot and the means are denoted with a cross. By analyzing the trade-off between
the coverage and sharpness over the forecast horizon, it shows that the the QR and MDN models
have more or less random pattern. This not holds only for the three DMAs shown in Figure 4.4 in
Appendix F.5 but for all. For DMA D, H, I and J the randomness can more clearly be observed for
the coverage, whereas for DMA B and G this is more clearly visible for the sharpness. On DMA E
the models experience minor of change for these two metrics. The MCD model reduces over the
forecasting horizonmostly in terms of coverage and has little change of sharpness. The CQR effectively
re-calibrates the prediction intervals (of QR) to have a matching coverage but this results in less sharp
intervals. The benchmark model performs more poorly on the testing set, with PICP values dropping
as low as 83 percent.

Figure 4.4: Results over time horizon probabilistic models on test set with PICP and PINAW on DMA B, C and E

If we accept a degradation of the coverage from 0.95 to 0.93 and select the model with the best Winkler
score, the following results are attained.

Table 4.13: Model Performance Across DMAs. Conditional Relative Winkler Score where PICPtesting set > 0.95− η, where
η = 0.02

A B C D E F G H I J

QR - 0.61 - - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 - - - 0.79 - 1.09 - - -
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - 1.00 1.00 1.00 1.00 - - -

The results show that the CQR model has the best performance on six DMAs. The MCD model has
the best performance on two DMAs and MDN on the three DMAs. The QR and benchmark models
have the lowest performance and do not perform best at any DMA.
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Table 4.14: Model Performance Across DMAs. Conditional Relative Winkler Score where PICPtesting set > PICPvalidation set − η,
where η = 0.02

A B C D E F G H I J

QR 0.93 - - 0.94 1.18 0.90 1.21 - - 0.77
MDN 0.85 - - - 0.79 0.88 1.09 - - -
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - 1.00 - - 1.00 - - -

As mentioned before the QR and MDN models were difficult to calibrate on the validation set. Assume
an acceptable drop of 0.02 PICP relative to the validation on the testing set to calibrate the models.
Now the results are still in favor of the CQR model where it performs best on five DMAs, the MCD best
on two DMAs and the MDN is best on three DMAs. Tables with Conditional Winkler Scores for an η
that varies between 0.01 to 0.05 are in F.4.3, including for the full table with Winkler Scores.

The best models according to the Winkler Scores with coverage drops of 0.01 to 0.05 in steps of 0.01
are counted in Table 4.15. It shows that the CQRmodel performs very well when accepting a low drop in
coverage to 0.94 or 0.93 where this model performs best at six DMAs. With a larger drops in coverage
up to 0.90, the MDN model performs a better with an acceptable drop to a 0.92 coverage probability
at five DMAs, where the CQR model is best at four DMAs. At 0.91 and 0.90 the MDN is respectively
best at seven and six DMAs. When allowing a drop relative to the coverage of the validation set, the
CQR model performs the best when accepting a drop with η of 0.01, 0.02 and 0.03. For η 0.01 and
0.02 the MDN is better at one more model when counting the models relative to the coverage of the
validation data. At larger coverage drops of 0.04 and 0.05 the MDN is better at respectively five and
seven DMAs.

Table 4.15: Count of DMAs where each model has the lowest CWS, the coverage decline is relative to validation set and to the
0.95 threshold (η is the decline in coverage)

Coverage Decline Relative to 0.95 Coverage Decline Relative to Validation Set
η = 0.01 η = 0.02 η = 0.03 η = 0.04 η = 0.05 η = 0.01 η = 0.02 η = 0.03 η = 0.04 η = 0.05

QR 0 0 0 0 0 1 0 0 0 0
MDN 1 2 5 7 6 2 3 4 5 7
MCD 3 2 1 1 2 3 2 1 1 1
CQR 6 6 4 2 2 4 5 5 4 2
Benchmark Model 0 0 0 0 0 0 0 0 0 0

4.2.3. Generalization Results Prediction Intervals of Probabilistic Models
The coverage of the MCD reduces for all DMAs over the forecasting horizon when moving from the
validation to test set, but the sharpness does barely change. Note that it is important to understand
that the sizes of the validation set for interpretation of this split are much smaller than the testing set
and vary. In the discussion 5.1 there is reflected back on this.

For CQR the PINAW reduces but the coverage is most similar compared to the other models. The
QR and MDN models do not have a clear deviation in terms of coverage or sharpness when moving
from the validation to test phase/set. This is visible in Figure 4.5 where the deivation of coverage and
sharpness are plotted for DMA B, E and I.
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Figure 4.5: Generalization of Probabilistic models with ∆PICP and ∆PINAW

When analyzing the average differences of PICP and PINAW between both validation and testing set,
it is again evident that the CQR model shows the least change in coverage across all districts when
transitioning from validation to testing data, but also has the largest increase of sharpness. The other
models have similar absolute differences in terms of sharpness between the validation and testing set,
which are less than the CQR model. The absolute differences of the coverage between the validation
and test set are besides the CQR the lowest for the QR and then similar for the largest for the MCD
and CQR models.

Figure 4.6: Average absolute ∆PICP and ∆PINAW over all DMAs

4.2.4. Coverage Over Time
Below in Figure 4.7 the rolling PICP is shown for three DMAs. These DMAs were selected because
they had more data without gaps than other DMAs, making it possible to analyze rolling coverages. We
see the coverage varies over time, sometimes reaching a low value of less than 0.6 as we can see for
the MDN model at DMA I. It seems that the models balance the under-coverage with over-coverage
to obtain the desired 0.95 coverage. Some of the declines of coverage do overlap between these
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selected DMAs, for example Between DMA C and H when April starts and between DMA H and I in the
end of September. Also the other DMAs experience some undercoverage in the spring and summer
periods which is shown in Appendix F.5.1. Alternatively, if we compare DMA H and I in mid-October, the
coverage declines drastically in DMA I but remains stable in DMA H. In DMA I it is difficult to understand
why the model exactly results in lower coverage. When manually analyzing these forecasts any of the
models result in predicting too little water demand.

Figure 4.7: Results rolling PICP of each week (168 forecasts) on testing set for DMA C, H and I

The benchmark model was excluded of this figure because it undercovers more than any of the neural
network models making the figure unreadable. Of this model the coverages are for some DMAs some-
times close to 0.4. Especially at DMA B, D and I the benchmark model underperforms. In Appendix
F.5.1 besides the figures of the rolling coverages on all DMAs the minimum, maximum, median and
average statistics per DMA are given too. Taking the minima from each DMA, the CQR model is on
average and median closest to the desired 0.95 coverage. This is a 0.11 average minimum coverage
gap per DMA. The lowest the rolling coverage of the CQR ever goes is 0.79. Over all DMAs the QR,
MDN and MCD reach coverages as low as respectively 0.66, 0.54 and 0.68. In terms of maximum
coverage every model overcoverages with a maximum rolling coverage of 1. The median and mean
results show a similar result as the results in Subsection 4.2.2; the CQR model is most reliable.

The probabilistic prediction methods do have some miscalibration between the weekends and week-
days. On average the QR and CQR model do have the lowest difference between the coverage in the
weekend and in weekdays. The maximum deviation between weekend and weekday is largest for the
MDN model. The lowest maximum deviation is 0.02 for the QR model.
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Table 4.16: Difference in PICP Between Weekend and Weekday Across DMAs (PICPWeekend − PICPWeekday)

A B C D E F G H I J Average Abs. Difference Max Abs. Difference

QR 0.01 -0.02 -0.01 0.02 -0.00 0.01 -0.00 0.01 0.02 0.02 0.01 0.02
CQR 0.02 -0.01 0.01 0.01 -0.03 0.02 -0.01 -0.02 0.01 0.00 0.01 0.03
MCD 0.02 -0.02 0.01 0.00 -0.05 0.01 -0.01 0.00 0.02 0.01 0.02 0.05
Benchmark Model 0.03 -0.01 0.00 0.01 -0.02 0.00 0.00 0.03 0.06 0.04 0.02 0.06
MDN 0.01 -0.02 0.01 0.03 -0.01 0.03 0.00 0.02 0.08 0.01 0.02 0.08

Figure 4.8: Example of undercoverage in DMA A

(a) Mismatch in trajectory (b) Mismatch in combination of trajectory and peak

Figure 4.9: Example of peak in DMA A

(a) Peak only captured by MDN and Benchmark model in DMA A (b) Peak not captured by MDN.

DMA A has peaks in the water demand scheme, with some temporal variation throughout the year.
These occur mostly in the beginning of 2021 on Tuesdays at 02:00 AM, then in November 2021 these
are as well at Mondays at 00:00 AM. In April 2022 these switch to Sunday 11:00 PM and Tueday 01:00
AM. These are missed for the medianmodel results by anymodel besides for the benchmark model, the
models QR, MCD and CQR do miss these as well in the uncertainty bounds.Only the MDN-MLP model
increases the prediction interval to capture these results, but this does not occur consistently and often
fails to extend the interval sufficiently. The benchmark model does capture it, unless it changes the time
because then the average of the previous weeks does not match the new pattern. It is interesting that
the MDN sometimes captures this as uncertainty because this model as well as the quantile regression
model are both trained similarly. This shows that the MDN method is in general more sensitive to
learn heteroscedasticity. However, it is not perfect. the median ignores these peaks as well as the
heteroscedasticity peaks down as well.
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An effect of the peaks in DMA A are that it disrupts the models. The prediction intervals become
excessively wide, and the median predictions overestimate the first few hours of the forecasting horizon.

Figure 4.10: Example of peak in DMA A

(a) Increase of width right after peak (b) Downward Peak Prediction Interval MDN



5. Discussion and Recommendations

The discussion is presented in Section 5.1 which is divided in Subsection 5.1.1 covering the data splits,
Subsection 5.1.2 discussing the training method and 5.1.3 examining the models. Lastly, the recom-
mendations of this research are provided in Section 5.2.

5.1. Discussion
5.1.1. Discussion Data Splits
Additional Data Splits Additional data splits would have been useful, since the validation data is
used to save the best model during training. This validation data split is also utilized to calibrate the
prediction intervals of the CQR and MCD models, causing a slight bias in the results because the
models would perform slightly better on the validation split than a a potential second data split. Having
an extra data split for calibration purposes would have decreased such bias. This is challenging with
the current dataset because it only consists of two years and two months. Ideally, each split has the
same distribution which requires the time-span of the longest seasonality to be in this split. Adding
an extra split consisting of slices, similar to what was done with the validation data, was challenging
because it would have removed a significant amount of training data. As discussed in paragraph 5.1.3,
this limitation has already posed challenges in DMA B. The decrease of data was not only due to the
slices themselves but also because of the padding required to ensure no overlap between the different
data sets. Defining the splits of the current validation set already posed a challenge because it required
to search for splits that generate sequences for each of the ten districts at the same time, within the first
year and two months. Having these splits in the second year would make it a lot more difficult to assess
the generalizability, as the distribution between validation and testing splits would be too similar. If the
splits were set at different points in time across DMAs, or if one DMA was used exclusively as validation
data, this could result in data leakage. This would entail that the trained model would be biased and
has improved forecasts due to correlations between the districts in training, validation and testing data.
Alternatively, not all ten DMAs need to be evaluated, thus if only few DMAs would be excluded it still
would be acceptable.

Cross-Validation Alternatively a cross-validation approach could have been used where the model
is trained (including hyperparameter optimisation) and calibrated multiple times, each time on different
folds (subsets) of the training data. Then an aggregated ensemble of these models could have been
run on the testing period. The downside of this is that the annual seasonalities of DMA A, B and C would
surpass the length of each cross validation fold. This could potentially decrease the model performance
because it would not have been exposed to the full distribution of water demand. Additionally, it would
also increase the training- and execution times significantly.

Interpolation Tomaximize the number of sequences, the first year and two months were interpolated,
limited to a step size of 3. This was the data of the training and validation splits and was done per section
of this data. This introduces some bias to the model, however it is expected to be minimal due to the
limited step size. With the current method, the number of training and validation sequences generated
from the data was quite low prior to interpolation. Ideally, the validation data should not be interpolated.

5.1.2. Discussion Training Method
Model Saving Criterion on the Validation Set The deterministic models are saved every epoch with
the best average RMAE over all DMAs. This forces the model to have on average a better performance
than the benchmark model. The deterministic models do not perform a lot better than the benchmark
model on the DMAs that have a more repetitive pattern. Investigating alternative metrics that do not
depend on a benchmark model would be interesting, since this could potentially yield different results.
Perhaps the model performance on more challenging DMAs (such as A, B, and C) could be improved

35
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by using a metric that specifically encourages the models to perform better on these districts. This can
for example be done by using a normalized form or a weighted form of MAE.

The QR and MDN had slightly worse point predictions compared to the deterministic MLP. One ex-
planation could be that when training the QR and MDN models, the best model was saved with the
best RQE on the validation data during training, which is the Quantile Error (mathematically same as
Quantile Loss) divided by the Quantile Error of the benchmark model. This metric uses the median
(point prediction) as well as the interval predictions. This causes the model to learn a model that was
relatively better than the benchmark model across all DMAs (on the validation data), relative to the point
and interval forecasts according to this metric. It could be that the point predictions from the probabilis-
tic models are slightly worse than the ones of the deterministic model because this metric negatively
influences the point forecasts. To accurately determine this, the model should be trained by selecting
the best model based on a criterion applied to the validation data, which divides the Quantile Score of
the probabilistic model by the RMAE of the benchmark model.

Training the LSTM When training the LSTMmodel, the exploding gradient problem was encountered
which means that the errors abruptly increase. This could be one of the reasons the LSTM did not
perform adequately. For further studies involving LSTM, the sLSTM, mLSTM, or xLSTM variants can
be considered. These models incorporate improved gating mechanisms designed to enhance stability
during training [7].

Figure 5.1: Exploding Gradient Problem of LSTM. Each line is the RMAE per epoch, evaluated on the validation set.

5.1.3. Discussion Models
Linear Model The linear model is mathematically similar to a linear regression, expressed as ŷ =
w0 + w1x + w2x + · · · + w168x. In this research both linear models performed similarly. One was
trained per DMA and one jointly. The minor differences in results can firstly be explained by variations
in the distributions between the two datasets (Appendix B.4) and differing autocorrelation between the
different DMAs (Appendix B.4.1). Furthermore, the linear model has a hidden size of 128 when trained
per DMA. In initial experiments, the model was trained with a hidden size of 24 to maintain mathematical
similarity with the expression above, however this configuration resulted in a poorer performance. The
exact reason for this outcome is unclear. Somehow the training process was able to find better fitting
parameters with a larger hidden size even though there is no mathematical advantage. In retrospect
even larger hidden sizes could have been explored by the Bayesian optimization.

Epistemic Uncertainty of Probabilistic Models It was assumed that the model, whether it did or did
not utilize the DMA indicator, would also perform best for the probabilistic prediction. In hindsight, this
seems unlikely for the QR and MDN model because the results clearly the presence of deviations in
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terms of coverage between the weekends and weekdays and between DMAs. In other words, there is
still epistemic uncertainty left to reduce, for example with categorical values or if we assume a perfect
weather forecast. If more features would have been added, the MLP could have issues with curse of
dimensionality. This refers to the exponential increase in data required to reliably train models as the
number of features grows, leading to sparsity andmaking it harder to capturemeaningful patterns. Thus
it is not likely the best model architecture in its current form. Also modeling heteroscedasticity including
the point forecasts (median) is a more complex problem, which could mean some architectures could
perform better for point forecasts and others better for probabilistic predictions.

Number of Samples MCD, MDN and CQR When fitting the MCD and MDN models for both 1000
samples were used for respectively the forward passes and the number of times that are drawn from
the parameterized Gaussian mixture distribution. This could have been attributed to overparametriza-
tion, however such overparametrization does not negatively affect the results. During the process a
lower number of draws were initially used of 100 and 300. When re-doing this with different seeds
the coverages on the test set did change. With 1000 samples this was not/barely the case. A poten-
tial overparametrization does not negatively influece the results. For any conformal prediction models
there are ideally 1000 samples according to [2], but the validation data used to re-calibrate the quantiles
have around 700 to 800 sequences. Nevertheless, the CQR was still the most reliable model in terms
of performance, which can be attributed to online-updating. This process results in an increase of the
sample size and the distribution is updated accordingly.

Effect of Online Updating CQR In Appendix A a small experiment is shown where the coverage of
the CQR model is compared to a scenario, where online updating of the recalibration process was dis-
abled. This resulted in both the CQR and MCD having a coverage of only 0.85. The training, validation
and testing data in Appendix E shows that from May to July 2021 there is hardly any data in DMA B
for the validation split. In the testing data this is timeframe that has the highest concentration of data in
2022. This likely explains why the MCD model (and the CQR that does not use online updating) have
low coverage on the testing set. This problem is also encountered in other DMAs, however identifying
this is more difficult due to the similarity of the data and results. Lastly it is important to mention, that
the different sizes of the validation splits did not have a noticeable effect on the results of the models.

Benchmark Model The benchmark model, which was fitted per month, has noticeably lower cover-
ages for DMA B, I and J. The low coverages are likely due to the differences between the monthly
distributions of different months within the first and second year of the data. The benchmark model
uses each month of the first year to construct the prediction intervals. Furthermore, this also affects
the Normalized Winkler Scores, which were calculated by dividing the Winkler Scores of the Neural
Networks by the Winkler Scores of the Benchmark model.

5.2. Recommendations
Repetition of Experiments The current experiments have been conducted once. Even though the
Bayesian optimization is conducted with 100 model runs, it is important to be aware of the standard
deviation of the results. Thus it may be interesting to re-do the hyperparameter optimization repeatedly
and evaluate how the results differ between the best models of these hyperparameter optimizations.

Instead of Interpolation A Masked Loss The maximum interpolation step of the training and valida-
tion data was defined to be 3 due to the large number of gaps in the time series and their short length.
Data sequences were generated by skipping sequences with gaps, and the models were trained on
these sequences (168 input values and 24 output values), assuming the interpolation bias is negligi-
ble on the validation and training set. For future research, it may be valuable to retain n gaps in the
ground-truth sequences while masking the gaps during training. This approach would prevent bias
when updating model parameters. Additionally, this setup would improve the validation process, as
more sequences could be used without interpolation. Incorporating the number of interpolation steps
(and n) as a hyperparameter, could also improve the training of the models.
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More Variables For point forecasts the DMA-indicator did not have any influence in improving the
point forecasts. Perhaps the combination of more temporal variables (month of the year, day of the
week, hour of the day et cetera), national holiday data and weather variables could have a positive
impact on the point forecasts. This can be explained by the different effects that weather and holidays
have on different DMAs at different moments in time. We know weather effects human water use [58]
thus it is interesting to improve the forecasts of non-industrial DMAs with. Categorical variables can
be added using a one-hot encoding, but if we add a variable such as month of the year, it will not work
with the current dataset. The validation splits take out almost an entire month of data, keeping some
parameters (barely) untrained. Also with only one full year of training data there is only one month of
data per category. In such case adding a sine and/or cosine transformation of categorical data may be
more beneficial. It is recommended to investigate the impact of these additional variables, for example
by adding them to the Bayesian hyperparameter optimization.

DMA A (hospital district) has peaks that change throughout the dataset to a slightly different pattern.
This makes them difficult to predict, since it requires knowing at what time they occur in the future. It is
possible to assume these peaks occur at the same hours and days as the previous week(s). This can
be detected and incorporated as a categorical value using one-hot encoding and is recommended for
future forecasting with this dataset.

Recommendation Dataset A different dataset was found at a later stage of this research. This
dataset has six years of data from five residential areas in the Netherlands without missing values on
a 15-minute timescale. Further research is recommended to use this dataset as it alleviates many
of the problems connected with the utilized dataset (link found in reference [39]). Furthermore, it is
recommended to make a global dataset of water demand data. Studies can utilize this dataset which
can help identifying the results of different forecasting approaches on the same set.

Univariate Models for Point Predictions Because the linear model performed well it is recom-
mended to apply an AR [28] model on this dataset. This is a more common approach for forecast-
ing time-series in an univariate manner than the currently used linear model. A different univariate
modelling approach is to expand the benchmark model with weighted moving averages, such as the
exponential smoothing model [28] because the benchmark model performed better on DMAs with lower
heteroskedasticity. For further studies it can be interesting to use these methods as a benchmark for
point predictions.

Multivariate Models When using more input variables it would be interesting to evaluate a LSTM
in an encoder-decoder fashion because with this approach it is possible to use future features that
have a non-linear relationship with the water demand, as a multivariate model. This makes the LSTM
interesting again becausewhen using aMLP for this, the increase of features will make it more difficult to
learn this system adequately due to the curse of dimensionality. Any model that sequentially processes
data will be favorable from this point of view. With LSTM encoder-decoder models (for example [16] or
[47]) there is no information exchange between future input variable relative to the prediction step (xt+i

and it does not have an influence on the prediction ŷt+i−1). That may not represent reality because
human behavior and practices may change with different forecast information. For this an adaptation
may be investigated with specific weather embeddings or the use of BI-LSTM encoders. Because
these models are more complex and due to the already poor performance of the current LSTM, it may
be required to have a lot more data available for training.

If an encoder-decoder model does not provide adequate results, other machine or time series analysis
models can be used. These can be random forests and gradient boosting models or models from
classical time-series analysis, however they require differencing the data. Differencing is required for
tree based models such as random forests or gradient boosting for extrapolating the time series and
as well for some classical time series analysis models to remove seasonality [28]. A downside of
differencing the data is it propagates the error over the forecasting horizon. For short-term time series
forecasting such as in this research may not be a problem but for longer forecasting horizons neural
networks may therefore be more suitable.
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Calibration of Models The QR and MDN models were difficult to calibrate on the different DMAs
because it was trained on all DMAs. It is recommended to evaluate how these two probabilistic exten-
sions perform when trained on top of the linear model trained per DMA. Then it can be analyzed if the
coverages are closer to 0.95 per DMA on the validation and testing sets. Alternatively, the losses can
be computed per DMA separately (on the model that is trained jointly on all DMAs). Then regularization
can be applied separately per DMA. It can potentially help to force this model in having similar cover-
ages for the different DMAs on the validation set. Within the course of this thesis some experimentation
was done by saving and storing the model with the lowest coverage gap during training. This was not
further analyzed in this research, due to the time intensive nature. This criterion did not improve any
interval forecasts and decreased the point forecasts. Using this metric for the Bayesian optimization
too would make the prediction intervals wider than the minimum and maxima of the demand pattern.

The MCD model hardly adjusted the width of the interval over the forecasting horizon for some DMA.
It is not advisable in the setup of a model, that it is trained solely on lagged water demand on multiple
DMAs. Perhaps more features could make a difference for this or having a model trained per DMA.
When adding features it is expected that these would need to improve the point forecasts too and not
solely explain the heteroscedasticity, because the network somehow would need to learn how to utilize
them. MCD does not directly have a way to incorporate features for heteroscedasticity. Furthermore, it
would be interesting how different model architecture affect the coverage of the prediction interval over
the forecasting horizon because the dropout mechanism is applied on the parameters of the model.
More experimentation can also involve using dropouts on specific layers.

Online Recalibration/Training The CQR model did benefit in terms of coverage on the test-set with
online updating. The missing data still affects the current performance. Having no missing data could
have potentially improved the results. If wanting to use MCD on a model it is advised to analyze to
research how online re-calibration can improve the model. The current dichotomic search for fitting
the dropout rate did not require more than five tries to find the required dropout rate, which should for
many models be efficient enough for online use. This is expected to increase the performance of MCD
models. Otherwise these models can be retrained too every couple months. It can be interesting how
re-training or continuing the training method can improve these forecasts, especially by comparing this
to an online updating method. Further it is recommended to analyze different methods for recalibration,
for example by using the past N data or that but with data of years ago added to make sure the
distributions of data are similar between the future data and the set to calibrate the models on.

As explained in the discussion for the probabilistic models, the current criterion that is used to save the
best model on the validation split does perhaps decrease the model performance of the median pre-
dictions. Perhaps this works the other way around too that the criterion degrades the interval forecasts
too. One method to overcome this potential problem is to use two models, one to learn the median and
one to learn the quantiles relative to the median. The conformal prediction framework allows for this
too as a different way to model heteroscedasticity separately. Thus it is recommended to research con-
formal prediction further because the model (CQR) yielded the most reliable results of the probabilistic
forecasts. The residuals of deterministic models can be used to construct a prediction interval too, for
example as applied in [60]. The studies [61, 34] use a second model to learn quantiles directly from
residuals, effectively learning the levels of heteroscedasticity, but for example [14] divides residuals
of the point forecast with a model that is trained to predict the magnitude of these residuals of which
the quantiles are constructed. Alternatively, with enough data the residuals can be grouped similarly
as done for the benchmark model. Perhaps more historic data of the same months would have been
useful, as they are expected to have a similar distribution. Instead of using predetermined categories
these groups can be learned with a clustering algorithm such as k-means clustering [10] or with a Mod-
ern Hopfield network where instead of a selection an association score is learned which is then used to
construct the quantiles [3]. The latter method addresses distribution shifts too. Alternatively, weighted
methods can also be used to address the distribution shift. For example the research of [51] uses an
upper bound derivation of the distribution-shift between input variables of the training data and recent
input of the test variables to adjust the quantiles. The study [62] deals with distribution shift by using a
form of online gradient descent to create wider quantiles with more distribution shift. These methods
are still researched heavily and according to the authors knowledge there is no conformal prediction
method yet that deals with all of the above mentioned aspects for multi-step models. Even combina-
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tions of the aforementioned methods are still not investigated and conformal prediction methods are
still primarily investigated in single-step methods.

Advantage of Forecasting the Full Distribution In this research the 0.95 prediction interval was
constructed by predicting the 0.025 and 0.975 quantiles. When modeling the entire distribution it is
possible to construct the prediction intervals via different methods. For example the 0.02 and 0.97
intervals can be selected, or the most risk-averse selection can be made constructing a worse-case
prediction interval. Furthermore, this also allows for an extra calibration step that can be performed
online as well by selecting a slightly wider interval over time. This can be achieved using the MCD
method, MDN method and with conformal prediction methods too, given the quantiles are constructed
from the distribution of (non-absolute) errors of point predictions.

Ensembles to Reduce Variance For future research it is interesting to analyze ensembles of prob-
abilistic models to improve prediction quality because they often make the forecasts more accurate by
reducing variance [46].

Another Probabilistic Modelling Approach The number of parameters of the MDN increase signif-
icantly with the number of Gaussians that are used. This limits the complexity of the parameterized
distribution because it will exceed the number of parameters of other neural network approaches to
compare with. A different approach is recommended for analysis, which is an uncountable number of
Gaussians/Laplacians, that reduce the number of parameters [11, 33].

Benchmark Models of Previous Studies Within the literature many models were suggested and
used. It is interesting and recommended for future research to benchmark these models across various
water demand datasets. By doing this it will be more evident which type of models will perform better
for different types of water demand time series. For this research this was unfortunately out of scope.

Models Without Lagged Values Now almost all models do require inputs of previous demand series
to predict the next value(s). In case a previous value is not present due to an error or data quality issues,
it is impossible to predict the future water demand. Thus it is interesting to develop amodel solely based
on exogenous variables.

Adaptation of Coverage Gap Metric When computing the coverage over an entire data split using
the PICP, the PICP can balance out under-coverage with over-coverage as found in the results of
Subsection 4.2.4. A way to overcome this is to compute the average distance of a rolling PICP to
the aimed coverage. The over-coverage distance can be neglected depending by the objective of the
forecasts. This metric is effective at finding the most reliable forecasts of large number of forecasts.



6. Conclusion

This research focuses on exploring the potential of different probabilistic forecasting methods for water
demand forecasting with a forecasting horizon of up to 24 hours ahead, using different neural network
approaches. The research highlights the differences in forecasting accuracy between probabilistic and
deterministic models with respect to point forecasts and the performance of probabilistic models with
respect to the probabilistic forecasts. The conclusions for each research question are summarized
below.

Research Questions About Point Predictions
RQ1: Which deterministic neural network models are most suitable for short-term water demand point
predictions?
Comparisons were made between a linear model, a MLP, and a LSTM model against a benchmark
seasonal moving average model using data from ten district metered areas (DMAs). Overall, the MLP
model trained on all DMAs had on average the best performance (MAPE 6.59, RMAE 0.88) and is thus
the most suitable model of all tested models. The linear models trained per DMA (MAPE 6.71, RMAE
0.91) and with all DMAs together (MAPE 6,74, RMAE 0.90) performed slightly worse than the MLP but
generalized slightly better (GS linear model on all DMAs 1.17, linear models per DMA 1.19 and MLP
1.30), making them interesting alternatives. For DMAs with little heteroscedasticity the benchmark
model performed better over the entire forecasting horizon, except for the first six steps where neural
network models performed better, showing that a neural network model does not always perform better.

RQ2: How does the accuracy of short-term water demand forecasting differ between individual models
for each district metered area and a single model for all areas?
Both MLP and LSTMmodels did show on average for all DMAs significant improvements when increas-
ing the training data from a single DMA per model to all DMAs per model. The linear model showed no
improvement. The MLP improved on average over all DMAs from a MAPE of 7.73 and RMAE of 1.11
to a MAPE of 6.43 and RMAE of 0.85. It is important to mention that the improvement was found for
each DMA. The LSTM improved on average from a MAPE of 8.83 and RMAE 1.26 to a MAPE of 7.50
and RMAE of 1.03. The LSTM trained on each DMA performed better for nine out of ten DMAs. The
linear models did perform similarly when comparing between a model trained per DMA or on all DMAs
with very low performance differences that are average over all DMAs 0.01 on the RMAE and 0.03 on
the MAPE metric.

Research Questions About Probabilistic predictions
RQ3: Which probabilistic prediction methods are most suitable for interval predictions of water de-
mand?
The CQR model had the most reliable performance because the coverage was closest to the target
coverage threshold of 0.95. According to the Winkler Score, where the coverage is allowed to drop
from the desired 0.95 in steps of 0.01 to 0.90, the CQR performs best for drops of 0.01 to 0.02 relative
to the desired 0.95 coverage probability on six out of ten DMAs. Larger drops to 0.90 favor the MDN
model. The QR and MCDmodels were difficult to calibrate on each DMA, thus the Winkler Scores were
computed as well for the DMAs where the coverage would drop 0.01 to 0.05 relative to the coverage on
the validation set. Here the CQR performed best on five out of ten DMAs when allowing the coverage
to drop up to 0.03 relative to the coverage of the same model on the validation set. Coverage drops of
0.04 and 0.05 resulted in the CQR and MDN models to be better at four out of 10 models.

For each DMA there are different models that performed best. In most cases this was the CQR. If relia-
bility is preferred this model was deemed the most accurate. If a sharper prediction interval is preferred
the MDN-model performs second best. Furthermore, the MDN was able to adapt the prediction interval
for peaks that were not explicitly used as inputs in the model, but not all the time. The other models
missed this.

RQ4: How do probabilistic models compare to deterministic models in terms of point prediction accu-
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racy for prediction of water demand?
The point prediction accuracy of the deterministic MLP model is MAPE 6.51 and RMAE 0.84. The QR,
MDN and CQR performed less accurate with respectively MAPE scores averaged over all districts of
6.74, 6.76 and 6.94. The respective RMAE errors were 0.92, 0.88 and 0.94. The MCD model per-
formed the best with a MAPE of 6.46 and a RMAE of 0.84, which is slightly better than the deterministic
MLP model. The MDN performed only better at DMA A, as compared to every other model based on
both metrics.

Research Questions About Generalization
RQ5: What is the performance difference between the validation phase and the test phase of the
models?
Between the validation and test phases for point forecasts the deterministic linear models generally
showed the best generalization when comparing the GS. The LSTM models generalized the poorest,
with the LSTM trained per DMA performing the worst, followed by the one with the DMA indicator,
and then the one without it. The MLP trained per DMA did not generalize well, particularly for three
specific DMAs. The deterministic MLP trained on all DMAs had the second-best generalization among
deterministic models. Among probabilistic models for point predictions, the probabilistic variants of
the MLP generalize slightly better than the deterministic trained MLP. The probabilistic models have
varying degrees of generalization capability in terms of coverage and reliability. The MCD decreases
in coverage while the CQR model increases the sharpness. The MDN and QR models do not have
a clear pattern in terms of generalization per DMA, but on average the QR model generalizes slightly
better than the MDN model.

RQ6: When do the probabilistic models exhibit under/over-coverage?
The probabilsitic models undercover more during the spring and summer periods. Sometimes under-
coverage is more DMA specific, for example in October in DMA I. The models seem to balance these
under-coverages with over-coverages during other moments in time. Note it is difficult to compare with
every district due to missing data. There are still miscalibrations when analyzing the models in the
weekend and the weekday, resulting in different coverages between them. The QR and CQR model
have the lowest average difference in PICP between weekdays and weekends.
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A. Effect of updating residuals of CQR

In Table B.1 we see the PICP per DMA of the CQR that updates the residuals which are used to re-
calibrate the quantiles with and the CQR that does not update the residuals (used for recalibration of the
quantiles). The CQR that does not update the residuals online has considerably lower coverages on
the testing set. These are comparable on DMA B with the coverages of the MCD, which does not use
online updating either. This likely happened because the data on the testing set is very heteroskedastic
during the summer months, which is little captured by the validation set on which the MCD is calibrated.
The premise of the jointly trained QR model is that it would learn how to generalize this.

47



B. Data Splits

Table B.1: Comparison of CQR (with and without online update) and QR Across DMAs

A B C D E F G H I J Average CG Max CG
CQR (with online update) 0.95 0.94 0.94 0.94 0.95 0.95 0.98 0.95 0.95 0.94 0.01 0.03
MCD 0.95 0.85 0.92 0.95 0.90 0.96 0.96 0.89 0.95 0.94 0.03 0.10
CQR (no online update) 0.94 0.85 0.90 0.93 0.94 0.94 0.98 0.92 0.93 0.94 0.03 0.10
QR 0.92 0.94 0.93 0.89 0.99 0.90 0.99 0.96 0.90 0.94 0.03 0.06

B.1. Missing Values And Data Splits
Figure B.1: Missing values and data splits (not interpolated)
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B.2. Tables And Number Of Sequences Per Data Split 49

Figure B.2: Missing values and data splits (first year and two months interpolated)

B.2. Tables And Number Of Sequences Per Data Split
Table B.2: Training and Validation Splits for Water Demand Forecasting

Training
Split 1

Training
Split 2

Training
Split 3

Training
Split 4

Training
Split 5

Total Training
Sequences

Validation
Split 1

Validation
Split 2

Validation
Split 3

Validation
Split 4

Total Validation
Sequences

Test
Split

DMA A 674 653 1513 1513 96 4449 120 62 313 313 808 5145
DMA B 895 797 1513 1513 96 4814 126 74 313 313 826 4161
DMA C 2471 1513 1513 1513 96 7106 313 313 313 313 1252 4812
DMA D 430 380 1513 1513 96 3932 122 72 313 313 820 1764
DMA E 769 470 1513 1513 96 4361 196 74 313 313 896 4839
DMA F 205 273 1009 1129 60 2676 120 73 313 313 819 4444
DMA G 748 318 1001 1513 96 3676 121 0 313 313 747 2933
DMA H 737 681 1513 1469 96 4496 122 74 313 87 596 6744
DMA I 380 608 1513 1513 96 4110 239 73 313 313 938 6578
DMA J 753 664 1513 1171 96 4197 122 73 313 313 821 3992

One segment of the validation split for DMA G has no data, however this is not expected to give a bias
to the result as there is no strong annual seasonality in this DMA see next appendix (B.3).
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B.3. Time Series Of Each DMA And Data Splits
Figure B.3: Daily inflow for each DMA And training, validation and testing splits (peaks and troughs are result of missing

values in data aggregation))
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B.4. Distributions Of Data Splits
Figure B.4: Distribution of each data split
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B.4.1. Auto-Correlations Per DMA
Figure B.5: Auto-Correlations of each data split
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C. Water Demand Pattern

Figure C.1: Pattern Water Demand)
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Figure C.2: Pattern Water Demand divided between weekend and weekday (DMA A to E)
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Figure C.3: Pattern Water Demand divided between weekend and weekday (DMA F to J)



D. Hyperparameter Search Rsults

D.1. Hyperparameters Configuration Results Deterministic Predic-
tion Models

Table D.1: Configuration Parameters for models trained per DMA (MLP model on CPU, Linear and LSTM on Nvidia V100 GPU)

Linear Model A B C D E F G H I J

Dropout Rate 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Hidden Size 128 128 128 128 128 128 128 128 64 128
Learning Rate 4.03× 10−4 1.62× 10−3 3.64× 10−4 2.80× 10−4 7.98× 10−4 1.42× 10−3 9.30× 10−4 1.41× 10−3 9.25× 10−4 3.84× 10−4

Number Epochs 250 250 250 250 250 250 250 250 250 250
Batch Size 256 256 256 256 256 256 256 256 256 256
Number of Parameters 24, 728 24, 728 24, 728 24, 728 24, 728 24, 728 24, 728 24, 728 12, 376 24, 728
Train Time (min) 0.256 0.273 0.380 0.229 0.256 0.169 0.208 0.275 0.236 0.248

MLP A B C D E F G H I J
Dropout Rate 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Hidden Size 128 128 128 128 128 128 128 128 128 128
Hidden Layers 0 3 2 2 3 0 3 3 2 3
Learning Rate 2.53× 10−4 2.37× 10−3 2.04× 10−3 2.59× 10−4 2.77× 10−3 3.75× 10−4 1.86× 10−3 3.20× 10−3 6.52× 10−4 2.26× 10−3

Number Epochs 250 250 250 250 250 250 250 250 250 250
Batch Size 256 256 256 256 256 256 256 256 256 256
Number of Parameters 24, 728 74, 264 57, 752 57, 752 74, 264 24, 728 74, 264 74, 264 57, 752 74, 264
Train Time (min) 0.244 0.305 0.410 0.276 0.288 0.156 0.257 0.288 0.266 0.280

LSTM A B C D E F G H I J
Dropout Rate 0.1 0.1 0.1 0.15 0.1 0.1 0.2 0.15 0.2 0.15
Hidden Size 128 128 128 128 128 128 128 128 128 128
Learning Rate 7.69× 10−3 8.12× 10−3 9.93× 10−3 1.97× 10−3 7.81× 10−3 4.76× 10−3 7.34× 10−3 4.47× 10−3 3.50× 10−3 5.42× 10−3

Number Epochs 250 250 250 250 250 250 250 250 250 250
Batch Size 256 256 256 256 256 256 256 256 256 256
Number of Parameters 70, 168 70, 168 70, 168 70, 168 70, 168 70, 168 70, 168 70, 168 70, 168 70, 168
Train Time (min) 0.598 0.631 0.915 0.527 0.605 0.380 0.495 0.588 0.565 0.599

Table D.2: Configuration parameters found in hyperparameter search one model for all DMAs. (Trained on Nvidia V100 GPU)

Model Name Dropout Rate Hidden Size Hidden Layers Learning Rate Number of Epochs Batch Size Number of Parameters Train Time (min) Extra Notes
Linear 0.1 256 N/A 8.65× 10−5 250 256 49, 432 2.24
MLP 0.1 256 2 1.17× 10−4 250 256 181, 016 2.83
LSTM 0.1 128 1 1.06× 10−3 250 256 70, 168 5.88
MLP + One-hot DMA indicator 0.1 256 2 3.19× 10−4 250 256 183, 576 3.24
LSTM + One-hot DMA indicator 0.1 128 2 9.99× 10−3 250 256 204, 352 10.19 One-hot Output Size: 4

D.1.1. Hyperparameter Configuration Results Probabilistic Forecasts
Table D.3: Configuration Parameters for Probabilistic Models, trained on NVIDIA V100 GPU

Model Name Dropout Rate Hidden Size Hidden Layers Learning Rate Number of Epochs Batch Size Number of Parameters Train Time (min) Number of Gaussians
QR 0.15 256 1 2.53× 10−3 250 256 127560 2.85 N/A
MDN 0.2 256 1 5.54× 10−4 250 256 183072 3.41 4

Table D.4: Dropout Rates for DMAs A to J for MCD

DMA A B C D E F G H I J
Dropout Rate 0.5281 0.2891 0.3594 0.4719 0.1063 0.5844 0.2328 0.1766 0.5000 0.4156

D.1.2. Benchmark Model
The benchmark model is optimized over the first 14 months of data (training and validation set together).
Here the error is minimized by finding the lowest MAE by taking an average of 1 to 4 weeks ago. 1
week ago means the value of 1 week ago.
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Table D.5: Bold values are the best score. The row number are the number of values the moving average is made with of the
benchmark model.

A B C D E F G H I J
N
0 1.24 0.58 0.45 2.63 1.95 1.01 1.27 0.99 1.56 1.58
1 1.17 0.59 0.44 2.38 1.94 0.95 1.22 0.97 1.43 1.41
2 1.13 0.60 0.42 2.30 2.01 0.95 1.21 0.96 1.39 1.36
3 1.12 0.62 0.44 2.27 2.09 0.97 1.22 0.95 1.35 1.33



E. Water Demand Data

Note that these data are composed from the Y data used in the loss, the 168 values of model
input are not necessarily in the plots below

Figure E.1: Water Demand for DMA A (Training, Validation, and Test Data)
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Figure E.2: Water Demand for DMA B (Training, Validation, and Test Data)
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Figure E.3: Water Demand for DMA C (Training, Validation, and Test Data)
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Figure E.4: Water Demand for DMA D (Training, Validation, and Test Data)
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Figure E.5: Water Demand for DMA E (Training, Validation, and Test Data)
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Figure E.6: Water Demand for DMA F (Training, Validation, and Test Data)
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Figure E.7: Water Demand for DMA G (Training, Validation, and Test Data)
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Figure E.8: Water Demand for DMA H (Training, Validation, and Test Data)
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Figure E.9: Water Demand for DMA I (Training, Validation, and Test Data)
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Figure E.10: Water Demand for DMA J (Training, Validation, and Test Data)



F. All Results Point Forecasts

F.1. Tables Average Point Forecasts from Deterministic Models
Table F.1: MAPE [%] point forecasts of all deterministic models on test set

A B C D E F G H I J Average
MLP trained on all DMAs 13.52 4.71 9.34 6.96 1.81 8.86 3.76 4.52 6.11 4.67 6.43
MLP DMA Indicator trained on all DMAs 13.38 4.90 9.70 7.04 1.89 8.80 4.01 4.50 6.19 4.64 6.51
Linear Model trained per DMA 13.98 4.87 9.30 7.54 2.33 8.96 3.91 4.95 6.08 5.20 6.71
Linear Model trained on all DMAs 15.15 4.81 9.37 7.30 2.25 8.92 3.53 4.69 6.13 5.26 6.74
LSTM trained on all DMAs 14.88 5.35 11.31 7.37 2.32 9.53 5.57 5.57 7.62 5.50 7.50
LSTM DMA Indicator trained on all DMAs 13.97 5.63 12.52 7.73 2.19 9.55 6.70 5.64 7.74 5.14 7.68
MLP trained per DMA 13.38 5.95 11.67 7.61 2.97 8.99 8.27 6.85 6.67 4.94 7.73
Benchmark Model 18.49 6.65 12.64 8.02 2.06 9.71 4.00 4.80 7.08 5.54 7.90
LSTM trained per DMA 14.99 6.50 15.26 8.88 2.67 9.56 10.08 7.32 7.05 5.94 8.83

Table F.2: RMAE [-] point forecasts of deterministic models on test set

A B C D E F G H I J Average median Min Max
MLP trained on all DMAs 0.79 0.70 0.71 0.87 0.89 0.91 0.93 0.96 0.88 0.87 0.85 0.88 0.70 0.96
MLP DMA Indicator trained on all DMAs 0.80 0.73 0.74 0.88 0.91 0.90 1.00 0.95 0.89 0.86 0.87 0.89 0.73 1.00
Linear Model trained on all DMAs 0.84 0.72 0.73 0.92 1.10 0.92 0.89 0.98 0.87 0.98 0.90 0.91 0.72 1.10
Linear Model trained per DMA 0.80 0.72 0.72 0.94 1.12 0.93 0.98 1.03 0.87 0.96 0.91 0.94 0.72 1.12
LSTM trained on all DMAs 0.87 0.81 0.84 0.93 1.13 0.99 1.39 1.18 1.11 1.03 1.03 1.01 0.81 1.39
LSTM DMA Indicator trained on all DMAs 0.84 0.83 0.92 0.96 1.05 0.99 1.62 1.22 1.13 0.96 1.05 0.98 0.83 1.62
MLP trained per DMA 0.78 0.87 0.85 0.94 1.36 0.92 2.05 1.48 0.96 0.92 1.11 0.93 0.78 2.05
LSTM trained per DMA 0.86 0.96 1.07 1.09 1.27 0.98 2.57 1.63 1.02 1.13 1.26 1.08 0.86 2.57

Table F.3: MAE [L/s] point forecasts of all deterministic models on test set

A B C D E F G H I J

MLP trained on all DMAs 1.01 0.49 0.38 2.02 1.48 0.78 1.04 1.02 1.43 1.24
MLP DMA Indicator trained on all DMAs 1.01 0.50 0.39 2.04 1.52 0.78 1.11 1.00 1.45 1.23
Linear Model trained per DMA 1.02 0.50 0.38 2.20 1.87 0.80 1.09 1.08 1.41 1.37
Linear Model trained on all DMAs 1.07 0.50 0.39 2.14 1.84 0.79 0.99 1.03 1.40 1.40
LSTM trained on all DMAs 1.10 0.56 0.44 2.15 1.89 0.85 1.55 1.24 1.79 1.48
LSTM DMA Indicator trained on all DMAs 1.06 0.58 0.49 2.24 1.75 0.85 1.80 1.29 1.83 1.37
MLP trained per DMA 0.99 0.60 0.45 2.19 2.27 0.79 2.29 1.57 1.56 1.31
Benchmark Model 1.27 0.69 0.53 2.33 1.67 0.86 1.11 1.06 1.62 1.43
LSTM trained per DMA 1.09 0.66 0.56 2.54 2.12 0.84 2.86 1.73 1.65 1.61

Table F.4: MAPE [%] point forecasts of all deterministic models on validation set

A B C D E F G H I J Average

MLP trained on all DMAs 11.41 2.78 6.24 5.66 1.52 9.12 3.31 3.07 5.69 4.17 5.30
MLP DMA Indicator trained on all DMAs 11.54 2.71 6.29 5.65 1.54 9.04 3.26 3.11 5.67 4.21 5.30
MLP trained per DMA 10.76 2.89 6.57 5.76 1.72 9.26 3.40 3.23 5.74 4.23 5.36
LSTM trained per DMA 11.87 2.74 6.94 5.95 1.50 9.09 3.76 2.99 5.55 4.07 5.44
LSTM trained on all DMAs 12.27 3.01 6.87 6.04 1.86 9.29 3.45 3.32 6.03 4.19 5.63
LSTM DMA Indicator trained on all DMAs 13.56 2.78 6.99 5.71 1.80 9.38 3.33 3.17 5.81 4.32 5.68
Linear Model trained per DMA 11.17 3.44 7.19 6.00 2.33 9.41 4.03 4.08 6.40 4.74 5.88
Linear Model trained on all DMAs 12.54 3.29 7.12 5.76 2.36 9.24 3.98 4.00 6.55 4.83 5.97
Benchmark Model 14.44 3.73 7.88 6.61 1.96 11.09 4.41 5.60 6.46 4.81 6.70
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Table F.5: RMAE [-] point forecast of all deterministic models on validation set

A B C D E F G H I J Average median Min Max

MLP DMA Indicator trained on all DMAs 0.81 0.68 0.79 0.85 0.79 0.81 0.73 0.59 0.88 0.88 0.78 0.80 0.59 0.88
MLP trained on all DMAs 0.80 0.70 0.79 0.85 0.79 0.82 0.75 0.58 0.89 0.87 0.78 0.79 0.58 0.89
MLP trained per DMA 0.75 0.73 0.82 0.87 0.87 0.83 0.76 0.60 0.90 0.88 0.80 0.83 0.60 0.90
LSTM trained per DMA 0.85 0.68 0.86 0.90 0.77 0.82 0.86 0.55 0.87 0.84 0.80 0.85 0.55 0.90
LSTM DMA Indicator trained on all DMAs 0.96 0.70 0.89 0.85 0.93 0.84 0.75 0.59 0.90 0.90 0.83 0.87 0.59 0.96
LSTM trained on all DMAs 0.87 0.76 0.87 0.91 0.96 0.83 0.79 0.61 0.95 0.87 0.84 0.87 0.61 0.96
Linear Model trained per DMA 0.77 0.87 0.89 0.92 1.18 0.84 0.92 0.76 0.99 0.99 0.91 0.90 0.76 1.18
Linear Model trained on all DMAs 0.84 0.85 0.90 0.88 1.22 0.82 0.91 0.75 1.01 1.01 0.92 0.89 0.75 1.22

Table F.6: MAE [L/s] point forecast of all deterministic models on validation set

A B C D E F G H I J

MLP trained on all DMAs 0.86 0.25 0.31 1.81 1.19 0.72 0.80 0.62 1.11 1.07
MLP DMA Indicator trained on all DMAs 0.86 0.25 0.31 1.79 1.20 0.71 0.78 0.62 1.10 1.08
MLP trained per DMA 0.80 0.26 0.32 1.84 1.31 0.73 0.81 0.63 1.11 1.08
LSTM trained per DMA 0.91 0.25 0.34 1.89 1.17 0.72 0.92 0.58 1.08 1.04
LSTM trained on all DMAs 0.93 0.27 0.34 1.92 1.46 0.73 0.84 0.65 1.18 1.07
LSTM DMA Indicator trained on all DMAs 1.02 0.25 0.35 1.80 1.40 0.74 0.80 0.62 1.12 1.11
Linear Model trained per DMA 0.82 0.31 0.35 1.94 1.79 0.74 0.98 0.81 1.23 1.22
Linear Model trained on all DMAs 0.90 0.31 0.36 1.87 1.85 0.72 0.97 0.80 1.26 1.24
Benchmark Model 1.07 0.36 0.40 2.11 1.51 0.88 1.06 1.06 1.24 1.23

Table F.7: GR [-] point forecast of all deterministic models

A B C D E F G H I J Average
Linear Model trained on all DMAs 1.19 1.62 1.08 1.15 0.99 1.09 1.02 1.29 1.11 1.12 1.17
Linear Model trained per DMA 1.24 1.59 1.08 1.13 1.04 1.08 1.12 1.35 1.14 1.12 1.19
Benchmark Model 1.19 1.90 1.33 1.10 1.10 0.98 1.05 1.00 1.30 1.16 1.21
MLP trained on all DMAs 1.18 1.92 1.21 1.12 1.24 1.09 1.30 1.65 1.29 1.16 1.32
MLP DMA Indicator trained on all DMAs 1.17 2.04 1.25 1.14 1.27 1.09 1.43 1.61 1.32 1.14 1.35
LSTM trained on all DMAs 1.19 2.03 1.29 1.12 1.29 1.16 1.84 1.91 1.52 1.37 1.47
LSTM DMA Indicator trained on all DMAs 1.04 2.26 1.38 1.24 1.25 1.15 2.26 2.07 1.63 1.24 1.55
MLP trained per DMA 1.24 2.28 1.39 1.19 1.73 1.09 2.81 2.47 1.40 1.21 1.68
LSTM trained per DMA 1.20 2.67 1.66 1.34 1.81 1.17 3.12 2.95 1.53 1.55 1.90

F.2. Tables Average Point Forecasts from Probabilistic Models
The models denoted with a * are deterministic trained models.

Table F.8: MAPE [%] point forecasts of all probabilistic models on test set

A B C D E F G H I J Average
MCD 14.20 4.65 9.46 6.98 1.77 8.97 3.70 4.38 5.90 4.65 6.46
MLP* 13.38 4.90 9.70 7.04 1.89 8.80 4.01 4.50 6.19 4.64 6.51
MDN 13.37 4.72 9.90 7.16 1.90 8.86 3.78 4.87 6.23 4.71 6.55
Linear model trained per DMA* 13.98 4.87 9.30 7.54 2.33 8.96 3.91 4.95 6.08 5.20 6.71
Linear model trained on all DMAs* 15.15 4.81 9.37 7.30 2.25 8.92 3.53 4.69 6.13 5.26 6.74
QR 14.07 5.06 9.85 7.25 2.34 8.90 3.96 5.24 6.15 4.77 6.76
CQR 14.30 5.24 10.10 7.41 2.50 9.09 4.22 5.35 6.21 4.95 6.94
Benchmark Model 18.49 6.65 12.64 8.02 2.06 9.71 4.00 4.80 7.08 5.54 7.90
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Table F.9: RMAE [-] point forecasts of probabilistic models on test set

A B C D E F G H I J Average

MCD 0.80 0.70 0.72 0.87 0.87 0.92 0.91 0.93 0.84 0.86 0.84
MLP* 0.80 0.73 0.74 0.88 0.91 0.90 1.00 0.95 0.89 0.86 0.87
MDN 0.77 0.71 0.75 0.89 0.92 0.92 0.96 1.06 0.91 0.88 0.88
Linear model trained on all DMAs* 0.84 0.72 0.73 0.92 1.10 0.92 0.89 0.98 0.87 0.98 0.90
Linear model trained per DMA* 0.80 0.72 0.72 0.94 1.12 0.93 0.98 1.03 0.87 0.96 0.91
QR 0.81 0.75 0.76 0.91 1.13 0.92 0.98 1.11 0.89 0.89 0.92
CQR 0.83 0.78 0.78 0.93 1.20 0.94 1.04 1.09 0.89 0.92 0.94

Table F.10: MAE [L/s] point forecasts of all probabilistic models on test set

A B C D E F G H I J

MCD 1.02 0.48 0.38 2.03 1.44 0.79 1.02 0.98 1.37 1.23
MLP* 1.01 0.50 0.39 2.04 1.52 0.78 1.11 1.00 1.45 1.23
MDN 0.99 0.49 0.39 2.08 1.54 0.79 1.07 1.12 1.47 1.26
Linear model trained per DMA* 1.02 0.50 0.38 2.20 1.87 0.80 1.09 1.08 1.41 1.37
Linear model trained on all DMAs* 1.07 0.50 0.39 2.14 1.84 0.79 0.99 1.03 1.40 1.40
QR 1.03 0.52 0.40 2.12 1.89 0.79 1.10 1.17 1.45 1.27
CQR 1.05 0.54 0.41 2.15 1.99 0.81 1.16 1.15 1.44 1.31
Benchmark Model 1.27 0.69 0.53 2.33 1.67 0.86 1.11 1.06 1.62 1.43

Table F.11: MAPE [%] point forecasts of all probabilistic models on validation set

A B C D E F G H I J Average
MLP* 11.54 2.71 6.29 5.65 1.54 9.04 3.26 3.11 5.67 4.21 5.30
MDN 11.15 2.92 6.33 5.79 1.55 9.06 3.43 3.13 5.64 4.18 5.32
MCD 11.99 2.86 6.31 5.69 1.49 9.17 3.27 3.08 5.89 4.24 5.40
QR 11.48 3.11 6.80 5.77 2.20 9.09 3.85 4.14 5.74 4.35 5.65
CQR 11.55 3.26 7.07 5.89 2.37 9.24 4.07 4.40 5.88 4.48 5.82
Linear model trained per DMA* 11.17 3.44 7.19 6.00 2.33 9.41 4.03 4.08 6.40 4.74 5.88
Linear model trained on all DMAs* 12.54 3.29 7.12 5.76 2.36 9.24 3.98 4.00 6.55 4.83 5.97
Benchmark Model 14.44 3.73 7.88 6.61 1.96 11.09 4.41 5.60 6.46 4.81 6.70

Table F.12: RMAE [-] point forecasts of probabilistic models on validation set

A B C D E F G H I J Average

MLP* 0.81 0.68 0.79 0.85 0.79 0.81 0.73 0.59 0.88 0.88 0.78
MCD 0.81 0.72 0.78 0.86 0.78 0.82 0.74 0.58 0.91 0.88 0.79
MDN 0.78 0.74 0.81 0.88 0.80 0.81 0.77 0.59 0.88 0.87 0.79
QR 0.79 0.78 0.85 0.87 1.11 0.82 0.87 0.77 0.90 0.91 0.87
CQR 0.81 0.81 0.87 0.88 1.19 0.83 0.91 0.81 0.92 0.94 0.90
Linear model trained per DMA* 0.77 0.87 0.89 0.92 1.18 0.84 0.92 0.76 0.99 0.99 0.91
Linear model trained on all DMAs* 0.84 0.85 0.90 0.88 1.22 0.82 0.91 0.75 1.01 1.01 0.92

Table F.13: MAE [L/s] point forecasts of all probabilistic models on validation set

A B C D E F G H I J

MLP* 0.86 0.25 0.31 1.79 1.20 0.71 0.78 0.62 1.10 1.08
MDN 0.84 0.27 0.32 1.85 1.21 0.71 0.82 0.63 1.10 1.08
MCD 0.87 0.26 0.31 1.82 1.18 0.72 0.79 0.62 1.14 1.09
QR 0.85 0.28 0.34 1.85 1.68 0.72 0.93 0.82 1.12 1.12
CQR 0.87 0.29 0.35 1.87 1.81 0.73 0.97 0.85 1.14 1.16
Linear model trained per DMA* 0.82 0.31 0.35 1.94 1.79 0.74 0.98 0.81 1.23 1.22
Linear model trained on all DMAs* 0.90 0.31 0.36 1.87 1.85 0.72 0.97 0.80 1.26 1.24
Benchmark Model 1.07 0.36 0.40 2.11 1.51 0.88 1.06 1.06 1.24 1.23
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Table F.14: GR [-] point forecasts of all probabilistic models

A B C D E F G H I J Average

Linear model trained on all DMAs* 1.19 1.62 1.08 1.15 0.99 1.09 1.02 1.29 1.11 1.12 1.17
Linear model trained per DMA* 1.24 1.59 1.08 1.13 1.04 1.08 1.12 1.35 1.14 1.12 1.19
Benchmark 1.19 1.90 1.33 1.10 1.10 0.98 1.05 1.00 1.30 1.16 1.21
CQR 1.22 1.82 1.18 1.15 1.10 1.10 1.20 1.35 1.26 1.14 1.25
QR 1.21 1.85 1.20 1.15 1.12 1.10 1.18 1.43 1.30 1.14 1.27
MCD 1.18 1.84 1.22 1.11 1.23 1.10 1.29 1.58 1.20 1.13 1.29
MDN 1.18 1.84 1.22 1.13 1.27 1.11 1.29 1.79 1.34 1.17 1.33
MLP* 1.17 2.04 1.25 1.14 1.27 1.09 1.43 1.61 1.32 1.14 1.35



F.3. Figures Point Forecasts over Forecasting Horizon 75

F.3. Figures Point Forecasts over Forecasting Horizon
Figure F.1: Results over forecasting horizon point forecasts of deterministic models (y-axis do not have the same scale)
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Figure F.2: Results over forecasting horizon point forecasts of probabilistic models (y-axis do not have the same scale)
Deterministic models are denoted with a *.
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Figure F.3: Average MAPE [-] over all DMAs over the forecasting horizon of deterministic models

Figure F.4: Average MAPE [-] over all DMAs over the forecasting horizon of probabilistic models. Deterministic models are
denoted with a *.

F.4. Tables Probabilistic Forecasts
F.4.1. Coverage on test and validation sets

Table F.15: Coverage of probabilistic models on test set, PICP [-]

A B C D E F G H I J Average CG Max CG

CQR 0.95 0.94 0.94 0.94 0.95 0.95 0.98 0.95 0.95 0.94 0.01 0.03
MCD 0.95 0.85 0.92 0.95 0.90 0.96 0.96 0.89 0.95 0.94 0.03 0.10
QR 0.92 0.94 0.93 0.89 0.99 0.90 0.99 0.96 0.90 0.94 0.03 0.06
MDN 0.94 0.92 0.91 0.89 0.98 0.91 0.99 0.93 0.87 0.92 0.04 0.08
Benchmark Model 0.91 0.83 0.90 0.94 0.94 0.93 0.96 0.88 0.87 0.87 0.05 0.12
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Table F.16: Coverage of probabilsitic models on validation set on all DMAs, PICP [-]

A B C D E F G H I J Average CG Max CG

CQR 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.00 0.00
MCD 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.00 0.00
Benchmark Model 0.94 0.95 0.94 0.95 0.97 0.96 0.96 0.95 0.95 0.95 0.01 0.02
MDN 0.95 0.96 0.95 0.92 0.99 0.93 0.96 0.97 0.92 0.95 0.02 0.04
QR 0.94 0.99 0.97 0.91 1.00 0.91 0.98 0.99 0.92 0.95 0.03 0.05

F.4.2. Sharpness of Probabilistic models on test and validation set
Table F.17: Sharpness of probabilistic models on test set on all DMAs, PINAW [-]

A B C D E F G H I J Average

QR 1.35 1.30 1.17 0.92 0.72 1.44 1.32 0.61 1.21 0.88 1.09
MDN 1.32 1.15 1.05 0.92 0.47 1.47 1.18 0.46 1.12 0.84 1.00
MCD 1.42 0.85 1.04 1.07 0.29 1.89 0.79 0.36 1.58 0.88 1.02
CQR 1.49 1.31 1.24 1.02 0.44 1.73 1.03 0.50 1.51 0.91 1.12
Benchmark Model 1.51 1.61 1.48 1.10 0.50 1.80 1.01 0.42 1.35 0.93 1.17

Table F.18: Sharpness of probabilistic models on validation set on all DMAs, PINAW [-]

A B C D E F G H I J Average

QR 1.33 1.25 1.07 0.83 0.60 1.32 0.78 0.56 1.10 0.80 0.96
MDN 1.29 0.90 0.89 0.88 0.36 1.39 0.56 0.37 1.09 0.75 0.85
MCD 1.36 0.85 0.93 0.96 0.25 1.57 0.52 0.33 1.27 0.80 0.88
CQR 1.41 0.87 0.95 0.95 0.34 1.53 0.60 0.38 1.26 0.81 0.91
Benchmark Model 1.37 1.11 1.23 1.08 0.48 1.65 0.82 0.54 1.38 0.89 1.06

F.4.3. Winkler Scores of Probabilistic Forecasts
Table F.19: Winkler Score Test Set on all DMAs [-]

A B C D E F G H I J

QR 6.55 3.22 2.44 11.69 16.61 4.69 8.74 7.34 9.19 7.53
MDN 5.98 2.95 2.16 11.73 11.06 4.58 7.89 6.24 9.46 7.44
MCD 7.62 3.08 2.30 11.51 9.38 5.09 5.82 5.88 9.30 7.45
CQR 7.51 3.14 2.41 11.33 11.39 4.81 6.98 6.34 8.85 7.66
Benchmark Model 7.01 5.28 3.34 12.46 14.08 5.22 7.22 6.96 11.08 9.81

Table F.20: Relative Winkler Score Test Set on all DMAs [L/s]

A B C D E F G H I J Average

QR 0.93 0.61 0.73 0.94 1.18 0.90 1.21 1.05 0.83 0.77 0.92
MDN 0.85 0.56 0.65 0.94 0.79 0.88 1.09 0.90 0.85 0.76 0.83
MCD 1.09 0.58 0.69 0.92 0.67 0.98 0.81 0.84 0.84 0.76 0.82
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78 0.85
Benchmark Model 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Table F.21: Conditional Relative Winkler Score on test set by accepting a coverage drop to 0.94

A B C D E F G H I J

QR - 0.61 - - 1.18 - 1.21 1.05 - -
MDN - - - - 0.79 - 1.09 - - -
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 - 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - - - - 1.00 - - -

Table F.22: Conditional Relative Winkler Score on test set by accepting a coverage drop to 0.93

A B C D E F G H I J

QR - 0.61 - - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 - - - 0.79 - 1.09 - - -
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - 1.00 1.00 1.00 1.00 - - -

Table F.23: Conditional Relative Winkler Score on test set by accepting a coverage drop to 0.92

A B C D E F G H I J

QR 0.93 0.61 0.73 - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 0.56 - - 0.79 - 1.09 0.90 - 0.76
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - 1.00 1.00 1.00 1.00 - - -

Table F.24: Conditional Relative Winkler Score on test set by accepting a coverage drop to 0.91

A B C D E F G H I J

QR 0.93 0.61 0.73 - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 0.56 0.65 - 0.79 0.88 1.09 0.90 - 0.76
MCD 1.09 - 0.69 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model 1.00 - - 1.00 1.00 1.00 1.00 - - -

Table F.25: Conditional Relative Winkler Score on test set by accepting a coverage drop to 0.90

A B C D E F G H I J

QR 0.93 0.61 0.73 - 1.18 0.90 1.21 1.05 - 0.77
MDN 0.85 0.56 0.65 - 0.79 0.88 1.09 0.90 - 0.76
MCD 1.09 - 0.69 0.92 0.67 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model 1.00 - - 1.00 1.00 1.00 1.00 - - -
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Table F.26: Conditional Relative Winkler Score on test set by accepting a coverage drop of 0.01 relative to the coverage of the
validation set

A B C D E F G H I J

QR - 0.61 - - 1.18 - 1.21 1.05 - -
MDN - - - - 0.79 - 1.09 - - -
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 - 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - - - - 1.00 - - -

Table F.27: Conditional Relative Winkler Score on test set by accepting a coverage drop of 0.02 relative to the coverage of the
validation set

A B C D E F G H I J

QR - 0.61 - - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 - - - 0.79 - 1.09 - - -
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - 1.00 1.00 1.00 1.00 - - -

Table F.28: Conditional Relative Winkler Score on test set by accepting a coverage drop of 0.03 relative to the coverage of the
validation set

A B C D E F G H I J

QR 0.93 0.61 0.73 - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 0.56 - - 0.79 - 1.09 0.90 - 0.76
MCD 1.09 - - 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model - - - 1.00 1.00 1.00 1.00 - - -

Table F.29: Conditional Relative Winkler Score on test set by accepting a coverage drop of 0.04 relative to the coverage of the
validation set

A B C D E F G H I J

QR 0.93 0.61 0.73 - 1.18 - 1.21 1.05 - 0.77
MDN 0.85 0.56 0.65 - 0.79 0.88 1.09 0.90 - 0.76
MCD 1.09 - 0.69 0.92 - 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model 1.00 - - 1.00 1.00 1.00 1.00 - - -

Table F.30: Conditional Relative Winkler Score on test set by accepting a coverage drop of 0.05 relative to the coverage of the
validation set

A B C D E F G H I J

QR 0.93 0.61 0.73 - 1.18 0.90 1.21 1.05 - 0.77
MDN 0.85 0.56 0.65 - 0.79 0.88 1.09 0.90 - 0.76
MCD 1.09 - 0.69 0.92 0.67 0.98 0.81 - 0.84 0.76
CQR 1.07 0.60 0.72 0.91 0.81 0.92 0.97 0.91 0.80 0.78
Benchmark Model 1.00 - - 1.00 1.00 1.00 1.00 - - -
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F.5. Figures Probabilistic Forecasts
Figure F.5: Probabilistic models coverage versus sharpness over horizon on all DMAs and testing data, first step of horizon is

a dot, mean predictions have a cross
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Figure F.6: Probabilistic models coverage versus sharpness over horizon on all DMAs and validation data, first step of horizon
is a dot, mean predictions have a cross
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Figure F.7: Probabilistic models delta coverage versus delta sharpness over horizon on all DMAs, delta is between testing and
validation data, first step of horizon is a dot, mean predictions have a cross
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F.5.1. Rolling Coverage
Figure F.8: Rolling coverage of all models on all DMAs
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Figure F.9: Rolling coverage of all models on all DMAs besides Benchmark Model
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Table F.31: Median and Mean Statistics of Rolling PICP on all DMAs [-]

Statistic Median Mean
DMA QR MDN MCD CQR Benchmark QR MDN MCD CQR Benchmark

A 0.93 0.94 0.95 0.95 0.94 0.92 0.93 0.94 0.94 0.91
B 0.94 0.93 0.84 0.95 0.78 0.93 0.92 0.84 0.93 0.75
C 0.95 0.91 0.93 0.96 0.96 0.93 0.92 0.93 0.95 0.90
D 0.91 0.88 0.96 0.96 0.93 0.90 0.89 0.96 0.94 0.92
E 1.00 0.99 0.90 0.95 0.95 0.99 0.98 0.89 0.94 0.94
F 0.92 0.91 0.97 0.96 0.94 0.90 0.91 0.96 0.95 0.93
G 1.00 0.99 0.97 0.99 0.96 0.99 0.99 0.96 0.98 0.96
H 0.97 0.93 0.89 0.95 0.89 0.96 0.93 0.88 0.95 0.88
I 0.91 0.86 0.97 0.96 0.90 0.89 0.86 0.95 0.94 0.86
J 0.94 0.92 0.96 0.96 0.89 0.93 0.92 0.95 0.94 0.84
Average CG 0.03 0.04 0.03 0.01 0.04 0.03 0.04 0.03 0.01 0.06
Median CG 0.03 0.04 0.02 0.01 0.02 0.04 0.03 0.01 0.01 0.05
Min 0.91 0.86 0.84 0.95 0.78 0.89 0.86 0.84 0.93 0.75
Max 1.00 0.99 0.97 0.99 0.96 0.99 0.99 0.96 0.98 0.96

Table F.32: Minimum and Maximum Statistics of Rolling PICP on all DMAs [-]

Statistic Min Max
DMA QR MDN MCD CQR Benchmark QR MDN MCD CQR Benchmark
A 0.81 0.84 0.85 0.85 0.59 0.97 0.98 0.98 0.98 0.99
B 0.78 0.79 0.69 0.81 0.23 1.00 0.98 0.97 1.00 1.00
C 0.76 0.82 0.72 0.79 0.45 1.00 0.99 1.00 1.00 1.00
D 0.86 0.84 0.94 0.90 0.89 0.94 0.95 0.98 0.97 0.96
E 0.95 0.91 0.68 0.81 0.70 1.00 1.00 0.99 0.99 1.00
F 0.76 0.83 0.87 0.85 0.80 0.97 0.97 0.99 1.00 1.00
G 0.96 0.95 0.88 0.93 0.86 1.00 1.00 0.98 1.00 1.00
H 0.87 0.83 0.70 0.84 0.60 1.00 0.99 0.98 0.99 1.00
I 0.66 0.54 0.75 0.79 0.39 0.98 0.98 1.00 1.00 1.00
J 0.80 0.77 0.83 0.81 0.31 0.99 0.99 0.99 0.98 0.99
Average CG 0.13 0.14 0.16 0.11 0.37 0.04 0.03 0.04 0.04 0.04
Median CG 0.15 0.12 0.20 0.14 0.36 0.05 0.04 0.04 0.05 0.05
Min 0.66 0.54 0.68 0.79 0.23 0.94 0.95 0.97 0.97 0.96
Max 0.96 0.95 0.94 0.93 0.89 1.00 1.00 1.00 1.00 1.00
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