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Intricate knowledge of dislocation networks in metals has proven paramount in understanding the constitutive
behaviour of these materials but current experimental methods yield limited information on the characteristics
of these networks. Recently, the isotropic anelastic response of metals has been used to investigate complex dis-
location networks through the well-known phenomenon that the observed elastic constants are influenced by
dislocations. Considering the dependence of the behaviour of a Frank-Read (FR) source on its initial dislocation
character and using discerning characteristics of dislocations, i.e. Burgers vector, line sense and slip system, the
present paper takes dislocation character, crystal structure and dislocation network geometry into account and
obtains the anisotropic mechanical response for a generic Poisson’s ratio. In this work, the tensile test tangent
moduli and yield points are presented for spatially uniform and nonuniform dislocation distributions across slip
systems. First, the reversible shear strain of the FR source is derived as a function of initial dislocation character.
The area swept by a mobile and initially straight dislocation segment pinned at both ends is given as an ex-
plicit function of the line stress. Secondly, the anisotropic anelastic strain contribution of FR sources to the total
pre- and at-yield strain in single crystallites is calculated. For a given normal stress and superposition of the prin-
cipal infinitesimal linear elastic lattice strain and anelastic dislocation strain, the tangent moduli are presented.
The moduli and the inception of plastic flow have a notable dependence on initial dislocation character, spatial
dislocation distribution and loading direction.

of isotropic anelasticity by Torkabadi et al. [12]. However, it has not
been possible to accurately predict the apparent elastic constants after
plastic deformation [9].

1. Introduction

It is well-known that the mechanical deformation of metals is

chiefly governed by the generation, glide and storage of dislocations.
Post-yield mechanical deformation is commonly captured in work hard-
ening models, e.g. Kocks and Mecking [1], Bergstrom [2,3] and internal-
variable models [4,5], which make use of average quantities, e.g. the
total dislocation density, average storage distance and average inter-
action range. Lesser studied is the contribution of dislocations to the
pre-yield constitutive behaviour. The nonlinear pre-yield mechanical
behaviour, as observed by [6-10], is due to an additional strain com-
ponent on top of the elastic lattice strain during loading and unload-
ing. First Eshelby [11] and later Koehler and DeWit [6] connected the
apparent elastic constants, which are lower than the theoretical con-
stants, to the bowing out of pinned dislocation segments. Knowledge
of pre-yield mechanical behaviour has already proven important in the
design of forming methods [12], micro-mechanical systems [13] and ul-
trasonic measurement techniques [14]. An outstanding example is the
physical-phenomenological full-field numerical crystal plasticity model
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At temperatures below about one-third of the melting point of met-
als, movement of dislocations is the dominant mechanism for anelastic
and inelastic deformation [15]. It is widely accepted that under these
conditions for single crystallites, the constitutive behaviour is entirely
governed by the dynamics of dislocations. A key microstructural feature
is the dislocation network. The dislocation structure in the network is
complex, with a distribution of dislocation link lengths. Inelastic defor-
mation is considered by treating a dislocation model of the statistical
distribution of dislocation link lengths [16]. The probability of release
is determined by the link length; only certain link lengths with low line
stresses contribute to inelastic deformation [16,17]. Closed-form expres-
sions are found for quasi-static loading conditions, where a range of
segments are activated simultaneously [16-19]. Anelastic deformation
is governed by the same principles, but for static loading conditions only
the longest segments are expected to activate and determine the critical
shear stress. However, the Taylor relation [20] still holds on the level
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of single crystallites, which is often interpreted as describing the critical
shear stress needed to free (or activate) dislocations with the average
segment length [21]. It thus is necessary to use average statistical quan-
tities, which characterize the ensemble of dislocations in the crystallite,
when one constructs an elastic-anelastic constitutive model for static
loading conditions.

Recently, Van Liempt and Sietsma [8] showed that the pre-yield me-
chanical behaviour is a measure for the average properties of the disloca-
tion network which they characterized by the total dislocation density
and the average dislocation segment length. The method championed
by Arechabaleta et al. [9,10] allows for obtaining information on the
characteristics of a dislocation network via mechanical testing. How-
ever, the crystallographic texture of a polycrystalline material is only
taken into account by the Taylor factor and the assumed circular dislo-
cation loop shape is only valid for materials with Poisson’s ratio v = 0,
i.e. highly compressible materials. Hereby, for one, the model predicts
an isotropic anelastic response for Poisson’s ratio v ~ 0, and secondly,
retrieves only spatially averaged quantities on a mesoscale.

We envision a dislocation network as a continuous structure con-
sisting of discrete dislocation segments delimited by microstructural
features like precipitates, solute atoms, grain boundaries and interac-
tion interacting with adjacent dislocation segments within the same
net [10,22]. Those points of interaction, which include all microstruc-
tural defects that impede local dislocation motion, are commonly
known as pinning points where dislocation motion is locally im-
peded. The motion of a given dislocation segment, i.e. a straight dis-
location line under zero applied shear stress, delimited by pinning
points, was first described by Frank and Read and is known as a
Frank-Read (FR) source [23]. When the FR source bows out on its glide
plane and not yet attains its critical shape, the shear strain contribu-
tion is reversible. This reversible strain contribution affects the appar-
ent elastic constants and is termed the anelastic dislocation strain in this
work. As the FR source attains its critical shape, the source is activated
and the dislocation loop, if unimpeded, keeps expanding. The current
definition of “anelastic” and “anelasticity” by Li and Wagoner [24] is
adopted here: a mode of deformation that is mechanically recoverable
and energetically dissipative, where for metals, nonlinear elasticity is
implicit because of the bowing out of pinned dislocation segments. Load-
ing/Unloading hysteresis thus is due to dissipation and the bow-out
model captures the anelastic strain for a given stress state in metallic
crystallites.

The circular equilibrium shape of the FR source under an applied
stress was first discussed by Frank and Read [23], and Schoeck [25].
However, for isotropic linearly elastic materials, it is well-known that
the elastic energies per unit segment length of edge and screw dis-
locations are unequal for a non-zero Poisson’s ratio. Therefore, a
mixed-character dislocation experiences an aligning torque towards
its screw orientation because the self-energy of the edge dislocation
is greater than the self-energy of the screw dislocation. Therefore,
the equilibrium shape of FR sources in metals is non-circular. Firstly,
DeWit and Koehler [26] obtained a parametric function for the static
equilibrium shape of the FR source as a function of the self-energy by cal-
culus of variations. Following their seminal work [26], Kovacs [27] for-
mulated a physical yield criterion depending on the initial disloca-
tion character of the FR source. More recently, Cash and Cai [14] in-
vestigated the dislocation contribution to acoustic non-linearity in or-
der to non-destructively monitor plastic deformation. They presented
an implicit analytical expression for the anelastic dislocation shear
strain contribution of initially straight edge and screw segments. Know-
ing the anelastic shear strain per FR source, Koehler and DeWit [6],
and Agrawal and Verma [7] presented in their seminal works the
apparent Young’s moduli for face-centered and body-centered cubic
(FCC and BCC) crystallites, respectively. Nearly all crystals are elas-
tically anisotropic, however the framework that emerges by assum-
ing elastic isotropy is useful and even reasonably accurate for most
crystals [28].
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Current models [6-10] assume a uniform dislocation distribution
over slip systems. Hereby, the models of Refs. [6,7] predict a lin-
ear anelastic mechanical response with cubic symmetry. The principal
anelastic dislocation strain, however, increases non-linearly with the ap-
plied normal stress. Therefore, the tangent modulus is an appropriate
measure. The models of Refs. [8-10] predict a non-linear mechanical
response but with isotropic symmetry. However, it is trivial that the
local response of a given crystallite depends on its spatially uniform or
non-uniform dislocation distribution over slip systems. Using discerning
characteristics of dislocations, i.e. Burgers vector, line sense and slip sys-
tem, we take the crystal structure into account and obtain an expression
for the anisotropic anelastic mechanical response.

In this work, we present an analytical model of the anisotropic tan-
gent moduli and the yield points for nonuniform dislocation networks
in single crystallites. First, the works by DeWit and Koehler [26], and
Cash and Cai [14] are extended with an explicit formulation of the area
swept by a single FR source as a function of the applied shear stress.
We derive an explicit analytical expression for the dislocation charac-
ter at both pinning points as a function of the line stress. Secondly, the
behaviour of crystallites is considered. The dislocation network is de-
scribed by the dislocation characters, densities and segment lengths per
slip system. The spatial correlation is given in discrete terms of dis-
location densities with a given character on individual slip systems.
The anelastic dislocation strain contribution is derived. Finally, com-
bining the elastic and the anelastic mechanical response, we present the
pre- and at-yield mechanical behaviour of crystallites as a function of
the loading direction.

A set of convenient formulae is presented, where every simplifica-
tion is made to find the closed-form expression for the tangent moduli
and yield strength of cubic crystals. We are unaware of any other publi-
cation which presents such an exhaustive treatise of tangent moduli of
cubic crystallites without invoking additional phenomenological asser-
tions as made by e.g. Yoshida et al. [29] and Sun and Wagoner [30]. The
former [29] include the modulus degradation by varying the instanta-
neous modulus as an exponential function of strain. The latter [30] pro-
pose a Quasi-Plastic-Elastic model, which uses a two-yield-surface plas-
ticity theory; a two-surface constitutive model in which the inner sur-
face defines the transition between the linear and non-linear elasticity
and the outer surface gives the yield criteria. Aforementioned models
are built based on computational convenience and lack a physical ba-
sis [31]. For recent and exhaustive discussions on anelasticity we refer
to Torkabadi [31] and Li and Wagoner [24]. Our work is based on the
underlying mechanism of dislocation driven anelasticity, which gives a
physical prediction with a minimum number of parameters and is com-
putationally convenient as well. The central limitation in present model
is that the self-energy must adhere to the form of equivalent elastic con-
stants [32]. Present work though is readily extended to cubic anisotropy
following [32-36], which is discussed comprehensively.

In the following, we consider the isotropic response of polycrystalline
materials first. Our results for various dislocation densities are compared
with the predictions made by Van Liempt and Sietsma [8]. The effects
of compressibility and dislocation character on experimentally obtained
total dislocation density and effective segment length are presented. Our
method is directly applicable for analysis of experiments as preformed
by Li and Wagoner [24]. Secondly, the anisotropic response for single
crystallites is given and validated with the initial cubic Young’s moduli
obtained by Koehler and DeWit [6], and Agrawal and Verma [7]. Then,
the effects of a heterogeneous dislocation distribution over glide planes
on the anisotropic symmetry of the apparent elastic constants and the
yield point are discussed. A limit analysis of highly compressible and
incompressible solids is performed for initial edge and/or screw charac-
ter segments. The influences of compressibility and dislocation densities
on the initial (apparent) shear modulus are given. Finally, a relevant
engineering case is presented with Poisson’s ratio v = 1/3. The feasi-
bility of experimentally obtaining information, more than previously
possible, on dislocation networks is discussed. The elastic-anelastic
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Fig. 1. Schematic representation of a mixed character FR source ¢; in the light
gray x-y plane with initial segment length L, dark gray swept-out area .S and
dislocation characters ¢, and ¢, at the pinning points.

constitutive model takes account of anisotropic effects on a per-grain ba-
sis and presents a significant step towards modelling of crystallograph-
ically textured cubic materials.

2. Preliminaries and notations

Following Nordmann [37], we apply throughout this work the di-
rect tensor notation. Zeroth-order tensors/scalars are symbolized by
italic letters (e.g. a, b, A and B), first-order tensors/vectors by italic
lower case bold letters (e.g. a = g;¢; and b = b;e; with basis e), second-
order tensors by italic uppercase bold letters (e.g. A= A;;e; ® e; and
B = By,e; ® ¢;) and fourth-order tensors by italic uppercase bold cal-
ligraphic letters (e.g. A = A;;,e; ® ¢; ® ¢, ® ¢;). Moreover, the first-
order zero tensor is given by an italic lowercase bold letter o. In
vector-matrix notation, vectors are denoted as upright lowercase sans
serif bold letters (e.g, normal n = (nl,nz,n3)T, with superscript o indi-
cating the transpose of «) and matrices as upright uppercase sans serif
bold letters (e.g. elastic matrix ceh,

For a real-valued Cartesian coordinate system and orthonormal ba-
sis, e.g. &;, where the overscript ¢ indicates a unit vector, and origin o,
basic operations for tensors used are:

1 The tensor product: a® b = g;b;¢; ® ¢; = C;

2 The double-dot product between two second-order tensors:
A:B=A;B,2,08 :2,®¢=A,B;=c

3 The double-dot product between fourth- and second-order tensors:

A:B=A;B,2®®e ®% 2,88 =ABe®8 =C.

The Einstein summation convention is used where the Latin indices
(e.g. i, j, k, I,... except x, y, z and g) run through the values 1, 2
and 3. Throughout this work, we choose to denote the second-order
stress and strain tensors, and derived variables by italic lowercase bold
(Greek) letters (e.g. strain tensor €). Finally, for a Bravais lattice with
translation vectors t;, crystal direction [uvw] is parallel to direction
vector d = ut; + vt + wt;.

3. Method
3.1. Frank-Read sources

We consider the differential equation of equilibrium of the
Frank-Read (FR) mechanism for the case of a uniform applied shear
stress 7, with components: (1) the external applied shear stress r doing
work on the dislocation; and (2), the potential energy changing as the
dislocation bows out. In Fig. 1, an FR source is depicted.

The self-energy per unit length U of a dislocation segment for an
elastically isotropic Volterra dislocation is approximated by the addition
of pure screw b and pure edge b, Burgers vector components, i.e.

ﬂel bg 2
U@~ Ue+Us= 5 7== +82 ). (1a)
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with

by =|bllcos(¢),  and b = |b]| sin(¢h), (1b)

where ;¢! is the isotropic linear elastic shear modulus, ¢ indicates the
dislocation character, i.e. it is the angle between the Burgers vector b
and the local unit line-sense &, || + || the magnitude of the vector « and
v the Poisson’s ratio. Here, the start-finish/right-hand convention is
used. Note that long-range elastic interaction and the specific energy as-
sociated with the dislocation core are neglected. The line tension model
is approximate because it considers the dislocation as a line that carries
an energy per unit length along itself, and ignores the long-range interac-
tion between different sections of the dislocation network. Only a single
FR source is considered because the long-range interaction scales with
the inverse of the range. Hence why line tension and self-interaction are
low-order approximations. Self-interaction is the elastic interaction be-
tween dislocation segments across the same dislocation line. The exact
expression for the dislocation energy involves a double integral along
the whole loop [38,39]. In order to attain closed-form analytical expres-
sions, we solely consider line tension. Even with these approximations,
the model is able to qualitatively capture physical behaviour of disloca-
tions [28,40], and hence is a useful model.

Following DeWit and Koehler [26], the static equilibrium of the FR
source is determined by the method of the calculus of variation. Here,
the x-y plane is the glide plane; the initial segment with length L lies
along the line y = xtan (—¢;), with initial dislocation character ¢;, is
centred on the origin {0,0,0} and is pinned at each end; the Burg-
ers vector b is parallel to the x-axis; the line sense of a positive edge
dislocation is anti-parallel to the y-axis; and, the unit plane normal
A= (Ee X b) / ||§e X b|| is parallel to the z-axis, which is defined as the
slip system with a Cartesian coordinate system and axes {x,y,z}. The
equilibrium shape of a pinned dislocation for a shear stress r,, as para-
metric functions is

_ 1 y o
=5 <U<¢> sin (9) + 5 cos (¢>> +c, 2a)
and
) = - xl : (U(¢> cos (¢) - Z—g sin <¢>> +Cy, @b)

where C; and C, are the integration constants. Substituting Eq. (1) in
the equilibrium shape Eq. (2), we obtain the normalised FR source shape
for a linear elastic isotropic material as

tox(@)  (1+veos’(@)sin(@) | 7,0,

uelp ) T ()
and
T ¥(@) (2= 3v+vcos2d))cos(@h) | TxCo

ﬂelb - 4(1 —=v) + ’uelb ’ (3b)

where C; and C, are the x- and y-coordinates of the mid-point of the
major and the minor axis of the near-elliptical equilibrium shape, re-
spectively. Here, the x- and y-coordinates are normalized with twice
the seminal radius of curvature, which for a dislocation with character-
independent energy (v = 0) by Schoeck [25] is the parametric function
of a circle with radius R = p'b/(27,,). As the shear stress 7, increases,
the radius of curvature of the dislocation loop decreases. The bowing
out of a FR source becomes critical when the applied shear stress equals
the seminal maximum line stress 7, = u®'b/L. At shear stresses higher
than the critical shear stress 7, the dislocation line stress uclp /(2R) does
not compensate the applied shear stress and the FR source is activated.
The mixed character FR source in Fig. 1 is depicted for the critical shear
stress 7, by Kovacs [27]. Kovacs defined the critical shear stress z¢,
as the line stress z,, at which a diameter of the equilibrium shape co-
incides with the initially straight dislocation segment, i.e. C; = C, = 0.
The critical stress z¢, is a function of the initial dislocation character ¢;
and Poisson’s ratio v as well.
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In order to calculate the anelastic dislocation shear strain contribu-
tion per FR source, the area S swept by the source is needed. The area
enclosed by the initial and bowed-out segment is

ox(¢/'
-y(¢) );(d), )>d¢’, 4)

- 9y(e')

B 1 ba(7xz)
S(TXZ) - E/bp(‘rxz) X(¢ ) 0(]5/

where ¢, and ¢, represent the dislocation characters at the pinning
points {x,,y,} and {xg,y,}, respectively (See Fig. 1). To calculate the
swept area, the dislocation characters ¢, and ¢; as a function of the line
stress 7, are needed. The dislocation line stays attached to both pin-
ning points when bowing out. The equilibrium shape must pass through
{xq.¥5} and {x4, yz}, which serves as physical boundary conditions to
find the coordinates of the mid-point of the major and the minor axis
of the near-elliptical equilibrium shape {C,, C,}. The two trigonometric
polynomials, which relate the x- and y-distance between pinning points
and the line stress, are formulated, i.e.

szL cos (¢l) _ szx(¢ﬁ) szx(¢a) 5
uelb - uelb - uelh ’ Ga)

and

Ty L sin (¢1) _ szy(¢a) sz.V(¢ﬁ) s
”elb - ”elb - ﬂelb ’ (5b)

The domain of dislocation characters ¢, and ¢, at the pinning points
is shifted to [—z, 7] by defining the difference angles A¢, = ¢; — ¢,
and A¢y = ¢, — ¢;. Inspecting Eq. (5), we find that Ag, = Ag, for
¢; =0, n/2, = and 3z/2. Hence the axes of symmetry for an initial
screw dislocation segment, with ¢; = 0 and =, is the line x = 0 and for
an initial edge dislocation, with ¢; = z/2 and 37/2, the line y = 0. The
Peach-Koehler force is parallel to the outward normal of each infinites-
imal dislocation segment within the FR source and the newly created
dislocation lines, on either half of the expanding loop, have the same
self-energy. Hereby, the coordinate of the integration constant is C; =0
for initial screw dislocation segments and C, = 0 for initial edge char-
acter segments [40].

Substituting Egs. (3a) and (3b) into Egs. (5a) and (5b), we obtain the
relationship between the line stress, 7., and the dislocation characters
at both pinning points, ¢, and ¢;, by

(1 =v),, L 1,.
Tcos(d)i) = E(sm (¢p) (1 +vcosz(¢ﬁ))
— sin (¢, ) (1 + veos®(¢g))); (6a)
% sin (¢i) = l(cos (¢a)(2—3v+v cos (24)”))
uelb 4
—cos (¢g)(2—3v+v cos (2¢))). (6b)

The Kovacs condition, which indicates where the applied stress becomes
critical [27], reads

AgS + Mg = 7, )

where ¢ indicates the dependent variable « for the critical shear
stress 7¢,. Substituting A¢S, Aqb; and Eq. (7) into Egs. (6a) and (6b),
we obtain the relationships between the critical shear stress and the dis-
location characters at both pinning points as

(I_MVTI)Z;ZLCOS (#;) = sin <¢1+A¢2)<1+V0052(A¢i+¢;)); 50

Melb
(8b)

By solving Egs. (8a) and (8b) simultaneously with a semi-analytical
method, we find the critical values of the difference angles A¢¢ and

sin (91) = 5 cos (9 + 805 ) (2 3v + veos (2( 91+ 895 ) ) ).
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Fig. 2. The normalized critical shear stress (1 — v)zg, L /(u'b), the normalized
critical difference angles A¢¢/z and Ade, /= as functions of normalized initial
character ¢;/x for different Poisson’s ratios v =0 1/3 and 1/2. The values at
¢; =0,7/4 and = /2 for v=10,1/3 and 1/2 are presented as square, triangle and
circle symbols, respectively.

Ad);, and critical shear stress z{_. The critical shear stress and associated
difference angles are shown in Fig. 2. Similarly, character angles ¢, and
¢ are calculated as a function of line stress 7, with a generic initial dis-
location character ¢; € (-7, z]. Knowing the critical shear stresses z¢_,
we obtain difference angles A¢, and A¢, as functions of 7., from
Egs. (6a) and (6b).

The difference angle A¢; is defined as the monotonically increas-
ing difference between the initial right-hand side (RHS) screw dislo-
cation character, i.e. ¢; =0, and the dislocation characters ¢, = —Ad¢;
and ¢; = A¢,. Substituting the definition of A¢, in Eq. (6a), we obtain
the normalised dislocation line stress as

T,

22 = (14 veos (Agy)) sin (Ads), ©)

Tc

with the scaled shear stress 7/ =17,.(1 —v) and the range for 7/, /7,
is [—1, 1]. Since cos*(Ag) = cos*(z — A¢pg) and sin(Ag;) = sin(z — Agy),
there are two branches of the solution for A¢ as a function of shear
stress 7,,. The dislocation bows out under a given applied shear
stress 7,, < 7.,. The diameter of the equilibrium shape is larger than
the length of the initial dislocation segment with difference angle
0 < A¢g < /2. When the applied shear stress (originally 7, < 7)) is
subsequently removed, the bowed-out RHS screw dislocation returns to
its original configuration parallel to the line x = 0. Hence the process is
reversible. The corresponding branch with solutions A¢$2P (¢! ) < z/2
is designated as “stable” because the swept-out area will only increase
with increasing applied shear stress. This reversibility causes the pre-
yield behaviour of FR sources. Secondly, for an applied shear stress 7,
equal to the critical shear stress z{_, the diameter of the equilibrium
shape coincides with the initial dislocation segment, i.e. the difference
angle A¢s = z/2. When the applied shear stress (originally z,, = 7))
is subsequently increased, the bowed-out dislocation line does not re-
turn to its initial configuration but keeps on expanding with differ-
ence angle z/2 < A¢s < =. The corresponding branch of the solution
Agunstable (7! ) > 7/2 is designated as “unstable” because the swept-
out area will increase. This is the at- and post-yield behaviour of FR
sources, which leads to plastic deformation and dislocation multiplica-
tion. Here 7,, = z{, is part of the “unstable” solution because, although
static equilibrium is attained, a small stress perturbation leads to the un-
stable state of continuing plastic deformation. Finally, it is trivial that
A¢;mstable (T),cz) =—7— A¢2table (T),cz)'

The explicit equation of the difference angle for the stable equilib-
rium shape is

343 7
Aqb:table =sin~!{ 2 1+v sin lsin‘1 v_ 1 e ,
3v 3 2(v+1) | /(V +1) %

(10a)
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Fig. 3. (a) The normalised difference angles A¢,/x
and A¢./z as a function of the normalised line

o He—
=) —
9
w

stresses 7/ /7. and 7 /7, for Poisson’s ratios v =
0, 1/10, 1/5, 3/10, 2/5 and 1/2. The coloured ar-
rows indicate an increase in Poisson’s ratio v across
equivalently coloured lines. (b) The normalised half
equilibrium shapes {x/L,y/L} with shear stresses
t../7. = 7._/7.= 1/10, 9/10 and 1, and Poisson’s ratio

B
<
05 » S
g =, ] v=1/2.
Jo.2s
| 0
0 3 ) TOriginall segment T ) 1

for v # 0. In the limit v — 0 the difference angle for the stable equilib-
rium shape is given by

Agtable = gin~! <ﬁ> (10b)

TC
in agreement with Eq. (9). Secondly, the difference angle A¢, is de-
fined as the monotonically increasing difference between the initial
positive edge dislocation character, i.e. ¢; = z/2, and the characters
¢y =7/2 - Ap and ¢ = 7/2 + A¢,. Substituting the definition of A¢,
in Eq. (6b), we obtain the normalised dislocation line stress as

t. L (2+3v—vcosAg,))sin(Ade) _ 7, I
Cr 21— v) = an

The explicit equation of the difference angle for the stable equilibrium
shape is

/1- 343 1-v)?
Agstable = sin~112 122 Gonf L ginn—1] 2V2Y A=V T
€ 3v 3 2(1 =2v) 1-2v 7,

for v # 0 and v # 1/2. Note that for Poisson’s ratio v = 0, Eq. (10b) holds.
Since cos(2A¢,) = cos (2(71' - A¢e)), again two branches of the solution
for Ag, are AgU™sPle (7 ) = 7 — AgtPle(7 ). In the limit v — 1/2 the
difference angle for the stable equilibrium shape is

(12a)

A¢Ztable = Sin_l < 3 Tﬁ) (12b)
Tc

Intermediate steps in the derivation of Egs. (10) and (12) are given in
Appendix A.2.

In Fig. 3a, the difference angles as a function of the line stress are
presented. The difference angles for line stresses z, . /7. = 7/ /7= 1/10,
9/10 and 1 are indicated with triangle, square, circle and gradient sym-
bols with Poisson’s ratios v = 0 in black and for v = 1/2 in red and blue
in Fig. 3. The gradient symbols correspond to an unstable static equilib-
rium solution with normalised line stress 7, /7. = 7/_/7.=9/10. In the
following, the equilibrium shapes and swept-out areas for these stresses
and Poisson’s ratios are studied in more detail.

In Appendix A.1, the equations for the equilibrium shape of a given
FR source as a function of the angles ¢, and ¢, are given. Hereby, the
static equilibrium shape of a given FR source {x(L,z,.),y(L,,.)} as an
explicit function of the line stress is obtained. In Fig. 3b, the equilibrium
shapes of the FR sources with RHS screw and positive edge character
are presented for Poisson’s ratio v = 1/2. Since the shapes are symmet-
ric, half is shown in colour, half in grey. The triangle and square sym-
bols indicate the stable shapes, the circle symbols the critical shapes
and the gradient symbols the unstable shapes. These symbols indicate
the shapes for the line stresses 7, /7, = 7/_/z.=1/10, 9/10 and 1 as

x/L

(b)

05 i

indicated in Fig. 3a. When the applied shear stress increases so does
the circumference of the FR source and the swept-out area .S. For
Poisson’s ratio v = 1/2, the equilibrium shapes are markedly different
between initial RHS screw and initial positive edge FR sources. For
isotropic elasticity, the energy per unit edge character line length is a
factor 1/(1 — v) times higher than that for pure screw character. This
is why the dislocation line aligns towards a majority of screw charac-
ter and line length with edge character is minimised. However, because
the dislocation line must remain continuous, locally sharp corners ap-
pear for both “stable” and “unstable” geometries with increased Pois-
son’s ratio v. As expected for the maximum dislocation line stress [27],
the given diameter of the critical equilibrium shape coincides with the
initial dislocation segment, i.e. A¢s = x/2 and A¢, = = /2. Dislocation
dynamics governs line shape under quasi-static loading conditions in
both the “stable” and “unstable” regime. However, for static loading
conditions, we show in [40] that the dislocation loop orients in the
lowest line-tension direction as well when self-interaction is included.
When the applied stress is increased beyond the critical shear stress z¢_,
the FR source continues to expand as depicted by the (dashed) lines
with gradient symbols in Fig. 3b. This leads to the well known dis-
location multiplication mechanism. Note that once the critical stress
is exceeded, no stable quasi-static equilibrium is attained. The time-
dependent relation can solely be found solving the inherently dynamic
problem. However, the tendency of the dislocation loop to orient it-
self in the lowest self-energy direction remains. This is only captured
by the unstable quasi-static equilibrium solution, which also represents
the shape for 7,, > z{ . Notwithstanding, the present unstable equi-
librium solution is relevant beyond purely theoretical interest. We re-
peat the realistic numerical calculations by Fitzgerald et al. [36], for
isotropic elasticity [40]. Long-range elastic interaction across the dis-
location loop is incorporated. The line tension model is qualitatively
consistent with the results which include self interaction [28,40]. The
self interaction suppresses the bowing out of the FR source. As a result,
for the same magnitude of applied shear stress, the inclusion of long-
range interaction reduces the swept out area. It is demonstrated that
loops remain “stable” even when the applied stress surpasses the max-
imum dislocation line stress by about a factor two. The FR source at-
tains static equilibrium beyond the approximate half-ellipse shape. Sec-
ondly, we reason that within a dislocation network, activated FR sources
will experience long-range stresses from adjacent dislocation segments.
These stresses are known as back stresses and allow for attaining a
equilibrium with dislocation loop shapes comparable to the unstable
equilibrium.

The area swept by a given FR source as a function of the difference
angles is given in Appendix A.3. Combining Egs. (10) and (12), and
Egs. (A.14) and (A.15), respectively, we obtain the explicit equation for
the swept area S(z,). For the sake of brevity, only two limiting cases
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Fig. 4. The normalised line stresses 7/ /7. and

0 7../7. as a function of the normalised swept-out
1 1 areas 8.5,/ (= L) and 85,/ (x L*) for Poisson’s ra-
B tios v=0, 1/10, 1/5, 3/10, 2/5 and 1/2. The
= arrows indicate an increase in Poisson’s ratio v
0.75 0 31075 across equivalently coloured lines, from v = 0 to
- 1/2.
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are given, namely the positive edge segment and only the normalised
areas for the stable equilibrium shape, being

S
(T;Z) = %<2sin_l<%> —sin <2sin_l<fﬁ>>>, (13a)
L S(sz/Tc) Te Te

Se (7.
e(z’“) = ! 2<603in71<3 ﬁ>_45sin <2sin*1<3 Tﬁ))
L 1287,/ 7c) e fe

—9sin <4cos’1 < 3 2)) — sin <()sin_1 ( 3 %>>> (13b)
Tc Tc

for v=0 and 1/2, respectively. In Fig. 4, the dislocation line stress is
presented in relation with the swept area. The axes are chosen as such
to readily relate with tensile curves, but note that hardening is not con-
sidered here. The calculated stress is the stress needed to accomplish
plastic strain by a single dislocation loop. The triangle, square, circle
and gradient symbols in Fig. 4 correspond to those in Fig. 3. We observe
that the area-to-stress relation has a continuously changing slope and
zero gradient for the critical shear stress z¢,. Initially the dislocation
line stress increases with swept area .S. The line stress increase depends
on the Poisson’s ratio v and is largest for an initial screw dislocation
segment because mixed character dislocation line is formed upon ex-
pansion of the dislocation loop. Vice versa, the dislocation loop of an
initial edge character FR source easily expands, which gives rise to a
high 0.5 /0z,,. Secondly, the local gradient of the area-to-stress relation
depends on the length and orientation of the formed dislocation line.
The length of the loop with a majority of edge character is minimized
while the formation of predominant screw character dislocation lines
requires less work (See Fig. 3b). However, given that the dislocation
line cannot terminate within the bulk of the material, parts of the loop
must attain orientations with higher self-energy. Hereby, the disloca-
tion line stress increases rapidly upon the formation of approximately
pure edge character dislocation line as witnessed between the red square
and circle symbols in Fig. 4 (0.9 < 7/_/z. < 1). And, contrary, an initial
edge character FR source sweeps a large area between shear stresses
0.9 < 7,./7. <1 (the blue square and circle symbols in Fig. 4). The un-
loading curve will be the same as the loading curve because dissipation
is not taking place in the static solution here. It should be noted that
the present model reproduces the anelastic strain for a given stress state
but not the symmetric unloading/loading curves as reported in e.g. [8-
10,24]. The maximum dislocation line stress is highest for screw charac-
ter FR sources because a pure edge character dislocation line is formed.
Once the applied stress matches the critical shear stress, the line stress
reduces upon further expansion of the dislocation loop. The dislocation

! ‘\\ Y (0-7 r/7 9)

Fig. 5. Schematic representation of the tangent modulus Y on a unit sphere in
the crystal frame and the stereographic projection onto the plane with its normal
parallel to &; containing the origin o.

loop will expand and the potential energy is minimized. This “unstable”
line stress equals the minimum applied stress needed for the loop to
continue expanding. Unimpeded expansion of the loop results in soften-
ing which is expected when a single FR source is considered and work-
hardening is excluded.

3.2. Strain in uniaxially loaded crystallites

For an arbitrary stress ¢ in the crystal frame, the corresponding
strain e is a superposition of the elastic and anelastic strains, e¢! and
€2 respectively. The crystal frame is a Cartesian coordinate system
with axes {x’,)’,z’} with right-hand orthonormal basis ;||¢;. In Fig. 5,
a schematic representation of the crystal frame is given.

The second-order elastic lattice strain tensor ¢! is derived through
a linear mapping of the infinitesimal second-order stress tensor ¢ with

-1
a fourth-order tensor (CEI called the inverse elastic (i.e. stiffness)

tensor [37,41,42]. The stiffness tensor has major and minor symmetry.
For a given slip system with Burgers vector b and unit slip-plane nor-
mal A in the crystal frame, the Orowan equation [43] is used and the
second-order infinitesimal anelastic strain is

N S(o) .

> TSym(b ® n), (14)
where N /V is the number of FR sources with length L per unit volume
V and Sym(e) is the symmetric part of tensor . Hereby, slip is solely a
function of the resolved shear stress.

(o) =
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For given stress tensor ¢ = od ® d, where d is a unit vector paral-
lel to the normal stress with magnitude o, the corresponding principal
strain is € = € : d ® d. The unit vector in the loading direction is

d= (cos(0) sin(¢), sin(A) sin(¢h), cos(ph))T, (15)

where 0 is the azimuth angle, ¢ from here on the polar angle. The in-
finitesimal principal strain e in the crystal frame is a superposition of
the elastic and anelastic components ¢®' and ¢2. The principal elastic
lattice and anelastic strains are

~ A ~ -1 ~ ~
el0.d)=0d®d: (c!) :d@d (162)
and
e (c,d)=d®d : €™ (o), (16b)

respectively. In order to employ computational algebra to calculate the
spatial representation of the moduli, the well-known Voigt scheme is
used [40]. If the material is devoid of dislocations, the well-known defi-
nition of the linear elastic Young’s modulus E = ¢ /¢¢! is obtained. Con-
trary, with dislocations present the tangent modulus Y = do/de depends
on the direction d, the magnitude of the normal stress ¢ and the dislo-
cation structure. Furthermore, equation (16a) is not limited to isotropic
or cubic elasticity but valid for any symmetric elastic tensor C¢.. We
note that the effective Poisson’s ratio is unaffected because volume is
conserved during dislocation glide. Hence the scaled effective Poisson
ratio v(6, ¢)/v¢! remains a unit sphere.

The scaled linear elastic Young’s modulus E(6,¢)/E€ can
be graphically represented in spherical coordinates {r,0,¢}, with

r = ||E(8, )/ E®||. For isotropic linear elastic materials devoid of dis-
locations [37,42], the Young’s modulus is a unit sphere. Equivalent to
the frequently used spherical representation of linear elastic anisotropy,
the tangent modulus can be shown in spherical coordinates with
r=1|Y(0.6,¢)/E®||. A two-dimensional representation by means of
a stereographic projection onto the plane with its normal parallel to
2, and containing the origin o is possible since Y(d) = Y(—d). The
polar angle is expressed as ¢ =2tan~!(+'), with the polar coordi-
nates {r/,0} [42]. The stereographic projection is included in Fig. 5.

4. Results
4.1. Isotropic mechanical response

In the following, we present the results for virtual tensile tests on
polycrystalline materials. For an isotropic mechanical response, the
principal strain is
% + (o).
In Appendix B, the relation between the normal stress and resolved shear
stress, and the principal anelastic strain and anelastic shear strain by
the Taylor factor M [8,44,45] is revisited. Assuming FR sources to be
uniformly distributed over k = 12 slip systems with dislocation density
p*liP each, i.e. the total dislocation density p°® = ¥, pihp = kpliP, and
substituting Egs. (14) and (B.4) in Eq. (17), we give the total principal
strain as

e(o) = (17)

18)

[0}
= — + —_
€= zatu 2 I3

e S

b <p'éotalse(6) . P;Otalss(5)>
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with pfotal = plotal 4 protal " where plo@l and ptl, and L and L, are
the dislocation densities and effective segment lengths of screw and
edge dislocations, respectively. In the works by Van Liempt and Si-
etsma [8] and Arechabaleta et al. [9,10], the equilibrium shape of the
FR source is circular and the total principal strain is

€i50(0) &

2
o, M ptowl (gel)7p? <2Sin_]<2(1+V)GL>
Eel " 32y + 1)262L ME®lp

_ sin <2m*(%>)), (19)

with L independent of dislocation character. Here, four cases are
considered, namely: (1) the results by Van Liempt and Sietsma [8];
(2) only screw dislocation segments (i.e. p§°tal = ptotal and p?tal =0)
with length Lg = L; (3) only edge dislocation segments (i.e. p®@ = 0 and
plotal = ptotaly with length L, = L; (4) mixed dislocation densities
plotal = plotal = ytotal /3 with lengths L, = Ly = L. First, the total dis-
location density pftal = 10, 5x10'* and 10" m2 is varied while
the effective segment length L = 140 nm is kept constant; secondly,
the effective segment length L = 100, 140 and 200 nm changes while
the total dislocation density pt°2l =5 x 10'* m~2 remains constant. In
Fig. 6, the tensile results are presented with Young’s modulus E¢ =
210 x 10° Pa, Poisson’s ratio v = 0.3, Taylor factor M = 3.06 [46-48] and
Burgers vector magnitude b = 0.25 nm. In Fig. 6, the elastic response
is represented by a solid gray line marked “Elastic”. The results with
constant effective segment length L = 140 nm and total dislocation
densities pttal = 10!4,5 x 10! and 10'> m~2 are indicated by dashed,
dash-dotted and solid lines, respectively. The same line patterns hold
for results with constant density p®°®! = 5x 10'"* m~2 and lengths L =
100, 140 and 200 nm.

While varying the total dislocation density for the effective segment
length L = 140 nm, we observe in Fig. 6a that the principal strain in-
creases with dislocation density. The principal anelastic strain is the
horizontal distance between the line ¢ = E®l¢ and any point on the ten-
sile curve. When the dislocation density per slip plane is increased, and
in turn, so is the anelastic dislocation strain (See Eq. 14). In Fig. 6b,
the dislocation density p®°®l = 5 x 10! m~2 and the effective segment
length is varied. We observe that the principal anelastic strain increases
with effective increasing segment length. The anelastic dislocation shear
strain scales with the area swept by an FR source, which scales with the
square of the effective segment length, S « L2. Furthermore, the nor-
mal stress for a given anelastic strain is inversely proportional to the
effective segment length because the self-stress scales with the curva-
ture of the bowed-out dislocation. In the present work dissipation is
not accounted for, hence why the initial modulus deviates from the
isotropic linear elastic modulus from the start of loading. Furthermore,
the tangent modulus vanishes when the applied stress matches the line
tension, because upon further expansion of the FR loops the line stress
decreases.

The differences between the prediction by Van Liempt and Sietsma
[8] and the results for solely screw or edge dislocations are striking. Be-
tween screw dislocations and the prediction by [8], the normal stress for
a given total principal strain differ up to a factor 1/(1 — v), i.e. on the
order of 50%. Also for a given stress the principal anelastic strains differ
up to a factor (1 — v). Hence the normal stress is underestimated and
total principal strain overestimated. While the range of normal stresses
is unaffected between edge dislocations and the prediction by [8], the
anelastic dislocation strains differ a factor 1/(1 — v), hence the total prin-
cipal strain is underestimated. The observed differences are easily ra-
tionalized by considering an elliptical equilibrium shape and with the
results in 4 for initial screw and edge character sources. The prediction
by [8] and the results for mixed dislocation segments match closely.

In order to present the tangent modulus, we take the inverse of the
derivative of Eq. (19) with respect to the normal stress and obtain the
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isotropic tangent modulus [8], i.e.

1 ptotalLb (MEelb)2
E " 2Mo Qv+ 1)oL)

Qv+ DoL)?
(ME®b)* — (v + 1oLy

Yiso(0) ®

-1
2v+ 1oL

—gin—[ 2 DAL (20)
M E®lp

In Figs. 6¢ and 6d the tangent modulus as a function of the normal stress
(extended Kocks-Mecking plot [8]) is presented. These correspond to
Figs. 6a and 6b, respectively. In Fig. 6¢, we observe that the initial mod-
ulus decreases with increasing total dislocation density. Furthermore,
in Fig. 6d, the given change in segment length affects the initial mod-
uli. The inverse relationship between the yield stress and the effective
segment length is clearly visible in Fig. 6d. Considering the prediction
by Van Liempt and Sietsma [8] and the results for mixed dislocation
segments, we observe that the tangent moduli are close as well.

Arechabaleta et al. [9] evaluated the validity of the model with ap-
proximate circular equilibrium shape [8] by comparison with disloca-
tion densities from X-Ray Diffraction (XRD) measurements. The disloca-
tion densities 10'2 < pto®2l < 10'* m~2 obtained through aforementioned
model [8] were consistent with those obtained by XRD. We note that
the prediction by [8] approximates the results for isopycnic disloca-
tion densities in Fig. 6. Isopycnic means of, relating to, or marked by
equal or constant density. Hereby, the experimental XRD diffraction and
tensile-test measurements of the total dislocation density p°! might
have agreed too.

It is of interest to study the effect of different screw and edge dis-
locations densities on previously experimentally obtained total disloca-
tion densities and effective segment lengths. They were calculated by
means of Egs. (19) and (20) [8-10]. Here, a set of virtual tensile tests is
performed for various edge and screw dislocation densities p{@! /st =
1 - plotal /ptotal = 0,1/8,1/4,3/8,1/2,5/8,3/4,7/8,15/16,99/100 and 1.
In Fig. 7, the tensile results are given by solid black lines with screw dis-
location densities pg"tal /ol =0, 1/2, 3/4 and 1, total dislocation den-
sity ptotal = 1015 m~2 and effective segment length L = 140 nm. Here the
dashed gray line marked “Elastic” indicates the linear elastic response;
in Fig. 7b, the tangent modulus as a function of the normal stress is
given. Subsequently, a non-linear fitting and the fitting procedure as
followed by Van Liempt and Sietsma [8] are preformed on the tensile-
test data sets. The former method is the damped least-squares (DLS)
method [49,50] with Eq. (19), L = L, and pt@l = pg’;"‘l. In the latter
method, the effective segment length Ly, is obtained at the yield points
with critical normal stress o, = M u€b/ L;,; the initial Young’s modu-
lus, i.e. E =lim__,Y (o), is used to determine the effective dislocation
density pg’éal. The numerical fits by DSL method and the method by
Van Liempt and Sietsma are indicated by solid blue and dashed red lines,
respectively, in Figs. 7a and 7b solely for pl°%@!/ptotal = 0, 1/2, 3/4 and 1.
In Fig. 7c, the obtained ratios Ly, /L and pit;’;al /p°@l are presented. The
red triangle and blue gradient symbols in Figs. 7a and 7b indicate re-
sults of the DLS method and the method by Van Liempt and Sietsma [8],
respectively. The symbols in Fig. 7c correspond to the tensile-test data
with varying screw dislocation density ps’tal. The (dashed) lines con-
necting these symbols are guides to the eye. The results for solely
screw dislocations are indicated separately. They represent a limit case
given the difference in yield strength from finite edge dislocation den-
sities. The goodness of fit is assessed by calculating the coefficient of
determination R?. The obtained coefficients of determination are be-
tween R =0.96 and 1. The non-linear fits by DLS method for ratio
3/4< pg"tal /o < 1 do not converge to the global minimum and are
therefore omitted.

The effective dislocation density pi‘;’;al is significantly affected by the
ratio between edge and screw dislocations. In the limit of solely edge
dislocations, the total dislocation density ol is overestimated. The
observed effective segment length L;,, differs far less from the actual
length L because the yield strength ¢, < 1/L. For an approximately
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Fig. 7. (a) The normal stress ¢ as a function of the principal strain ¢ and (b) the tangent modulus Y as a function of the normal stress ¢ with screw dislocation
densities p;ml /p*@ =0, 1/2, 3/4 and 1, total density p®°@ = 10'> m~2 and effective segment length L = 140 nm. The arrows in (a) and (b) indicate an increase in

total

total screw dislocation density p

across equivalently coloured lines. (c) The ratios p::’(‘:l /p*@ and L,,/L as a function of the scaled screw dislocation density

plo@l/ptal vig the damped least-squares (DLS) method and the method by Van Liempt and Sietsma [8].

"Lotal
180
and segment length L, agree well with density p*°®! and length L
when the ratio p{'2/p®%@l » 1/(2 - v). For Poisson’s ratio v = 1/3 this
screw dislocation density pt°t!/p%tl ~ 0.58 and in agreement with the
observed unit ratios between pl°tal/piotal » 0,62 — 0.64. The method by
Van Liempt and Sietsma underestimates the total dislocation density
ptotal for a majority of screw dislocations, i.e. 1/2 << p§°tal /ool <1,
Finally, for solely screw dislocations, the effective segment length is
underestimated by a factor ~ 0.3 because the critical shear stress is
7./(1 — v). The effective dislocation density pg’éal differs marginally from
the given total density p™%l, This is non-trivial. Quantifying the obser-
vational error in previous works is however only possible if additional
information on the geometry of the given dislocation network was mea-
sured. The method here does not need additional observations on the
dislocation network geometry. The orientation of individual dislocations
and a generic Poisson’s ratio are a priori incorporated.

elliptic dislocation loop, the observed total dislocation density p

4.2. Anisotropic mechanical response

In the following, we present the results for virtual tensile tests on
single crystallites with cubic crystal lattices. In the supplementary ma-
terial [40], the slip systems in face- and body-centred (FCC and BCC)
crystallites, respectively, are given. For BCC crystallites, only twelve
(111){110} slip systems are considered. They form the six main glide
planes at low temperatures [28], instead of the forty-eight potential slip
systems which include {112} and {123} planes. In order to present the
effect of a nonuniform dislocation distribution, the effective segment
length Ly = L, = L is kept constant and solely the coefficient p*iP is
varied. The present method is not limited to the same fractions of ini-
tial dislocation segments with a given character per slip-system either.
Though under static loading conditions it remains necessary to use ef-
fective segment lengths which characterize the ensemble of dislocations
in a given crystallite.

Dislocations are spread homogeneously across each active
slip-system contained within a single crystallite. The total disloca-
tion density per slip system psliP = pzhp +pzhp, where p:lip and piﬁp
are the screw and edge dislocation densities per slip system. We
choose to limit the results to pure (or a mixture of pure) screw and
edge character segments. The present method is not limited to these
assumptions, but needs numerical root-finding to approximate the
equilibrium solution for an arbitrary initial dislocation character
(¢p; # —x/2, 0, /2 and r) for Poisson’s ratio v # 0, while the closed-
form expressions for initial pure edge and screw character segments

do not. The dislocation density on each glide plane is defined as
the sum of its constituent slip systems. Here, we use the seminal
proportionality coefficient «a = ( Ly/ptotal : =1/3 which was both
experimentally [10] (a ~ 0.4) and theoretically [51] obtained.

In order to validate our method with the works by Koehler and De-
Wit [6], and Agrawal and Verma [7], we take the series expansion of
Eq. (13a) around zero applied shear stress and obtain the engineering
shear strain

.
n_ b7

pslip [2 1 .
Y T
Xz l

~
xz) — 6

F- (23]
Assuming the dislocation density P to be constant across all slip sys-
tems and Poisson’s ratio v = 0, we give the fourth-order inverse anelastic
tensor in vector-matrix notation as

€ 24 _ﬁ _3 0 0 0 11
€ -3 05 73 00 06,
e | PP 2 —% —g % 0 0 0 fog 22)
260|712t o 0 0 % 0 of o
2637 0 0 0 0 § o] |o
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This corresponds to the results for a uniform distribution of dislocations
across all glide planes in FCC by Koehler and DeWit [6] and in BCC by
Agrawal and Verma [7].

For a single active glide plane with two active slip systems in FCC
and BCC, we find Tetragonal versus Rhombic anisotropic symmetry be-
cause of the difference in angles between the Burgers vectors (110)/2
and (111)/2. Inactive slip systems and/or glide planes are devoid of
dislocations and active ones have isopycnic dislocation densities. For
two active glide planes Rhombic versus Tetragonal anisotropic sym-
metry is found. In addition the angles between glide plane normals,
{111}/ \/5 and {110}/ \/5, differ. The anisotropic symmetry is unique for
any (non)uniform distribution of dislocations and depends on the crys-
tal structure as well. Furthermore, the obtained anisotropic symmetry
is independent of Poisson’s ratio v and a given normal stress below the
yield stress. We find it notable that for distributions with differing edge
and screw dislocation densities the number of symmetry planes reduces.
The anisotropic ratio [52] and index [53] do depend on dislocation dis-
tribution, densities and characters. In the supplementary material [40],
the normalised initial Young’s moduli E/E® for nonuniform distribu-
tions of dislocations in FCC and BCC are presented. Finally, as expected
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Fig. 8. The normalised initial Young’s modulus E/E® in spherical coordinates
for a cubic crystallite with Poisson’s ratio v = 0 and a uniform distribution of
dislocations across all glide planes.

for the uniform distribution of dislocations across all glide planes, the
initial modulus has cubic anisotropy as seen in Fig. 8.

4.3. Limit analysis

In the following, we consider the compressibility and incompress-
ibility limits, i.e. Poisson’s ratios v =0 and 1/2. In the supplementary
material [40], the normal stress-strain relations are presented in five ra-
tional tensile directions for several nonuniform dislocation distributions
in FCC and BCC. For tensile tests on single crystallites, it is well-known
that the normal stress at yield is predicted by means of the Schmid fac-
tor and the often used critical shear stress 7, = yelb/ L [54]. Hence the
yield stress decreases, or remains the same, as more glide planes become
active. The normal stress-strain relationships for a uniform distribution
of dislocations are the same for FCC and BCC. From here on, only cubic
lattices with uniform dislocation distributions are considered.

In Fig. 9, the tensile results are presented with Poisson’s ratio v = 1/2,
edge or screw dislocations and rational tensile directions (100), (110)
and (111). In Fig. 9, the rational tensile directions are indicated by
coloured dots on the inserted stereographic projection of Fig. 8. The
stress o, and strain e, at yield are depicted by coloured triangle and
gradient symbols in Fig. 9. Note that the choice of normalization orig-
inates from E®!/2 = p®! for Poisson’s ratio v = 0. It is obvious that the
strain ¢ is not obtained by the linear elastic stiffness alone because FR
sources contribute significantly to the total principal strain. As expected,
we obtain the largest anelastic dislocation strain contribution for edge
character segments and Poisson’s ratio v = 1/2. Intermediate values are
found for Poisson’s ratio v = 0 independent of initial dislocation char-
acter (See Fig. 10) and the smallest anelastic strain contribution results
for screw dislocations and Poisson’s ratio v = 1/2. The anisotropy is not
affected by the dislocation character.
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In Figs. 9b and 9c, the normalised tangent moduli Y / E¢! as a function
of the normalised stress 2cL/(E®'b), and the normalised strain 2¢L/b,
respectively, are presented. The flow-stress o. and critical principal
strain e, are the intersects of given tangent modulus with Y /E® = 0.
During tensile experiments the observed tangent modulus does not re-
duce to zero for critical normal stress o, [8-10,55,56]. Before the ten-
sile curve becomes horizontal, work-hardening initiates with shear stress
contribution 7, and plastic shear strain y,,. The flow stress is o; ~ o, + oy,
and the work-hardening gradient ® = do¢/dej,. Values of constant gradi-
ent O during Stage-I/I1/1Il work-hardening are typically one to three or-
ders of magnitude smaller than the elastic Young’s modulus [1]. Hence
plastic deformation commences when the tangent modulus, Y, equals
the work-hardening gradient, ®. Moreover, the critical stress ¢, and
strain ¢, are the upper bounds of the yield point.

In Fig. 9, we observe a marked difference between the tangent mod-
uli for edge or screw dislocation segments. Regarding initial edge char-
acter segments in the limit ¢ — 0, we find that the initial tangent mod-
ulus approaches zero. This is readily understood by taking the limit
lim, _0A¢. /07, of Eq. (12b). It is intuitive that with a given change
of dislocation character at both pinning points, the total dislocation line
length either increases or decreases, and the local line sense changes.
The associated change in potential energy can be split into: (1) a contri-
bution solely due to line length change with constant dislocation char-
acter; and (2), a change in self-energy with dislocation character for
a constant line length. Even though the line length increases when a
given FR source with initial pure edge character bows out, the increase
in potential energy associated with total segment length is lowered be-
cause dislocation character changes along the dislocation loop. From
pure edge character, which has the maximum self-energy for a finite
Poisson’s ratio, the local line sense changes to a mixed character. In the
limit of an incompressible solid, the total energy change is zero because
the increase in potential energy per unit dislocation line length with
constant character equals the reduction in self-energy with dislocation
character. Contrarily, when a given FR source with initial pure screw
character bows out, the potential energy increases with both disloca-
tion line length and the change of character. Hence the apparent elastic
constants depend on the initial dislocation character and compressibil-
ity.

It is of interest to compare our results with the isotropic pre-
dictions by Van Liempt and Sietsma [8]. Moreover, a mix of ini-
tial edge and screw characters segments is incorporated. In Fig. 10,
the tensile results are presented with Poisson’s ratios v=0 and 1/2,
and isopycnic dislocation densities. In Fig. 10a, the normal stress-
strain relation is given and the isotropic results for Taylor factor
M =3.06 are represented with dashed and solid black lines. The
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Fig. 9. (a) The normalised normal stress 26 L/(E¢'b) as a function of normalised principal strain 2¢L/b, (b) the normalised tangent modulus Y /E® as a function of
the normalised stress 2o L/(E®'b), and (c) the normalised strain 2¢L/b with Poisson’s ratio v = 1/2 in rational tensile directions (100), (110) and (111).
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Fig. 10. (a) The normalised normal stress 2c L/(E®b) as a function of normalised principal strain 2¢ L /b with Poisson’s ratios v = 0 and 1/2, screw dislocation density
p;"“"l /p™@l = 1/2 and rational tensile directions (100) and (111). The normalised tangent modulus Y /E¢! as a function of (b) the normalised stress 2o L/(E¢b) and (c)
the normalised strain 2¢L/b. The dashed and solid black lines indicate the isotopic results in (19) and (20) by Van Liempt and Sietsma [8].
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solid and dashed lines correspond to Poisson’s ratios v =0 and 1/2,
respectively. Comparing Figs. 9a and 10a for Poisson’s ratio v =
1/2, we observe that the yield stress is determined by the initial
edge dislocation segments. These segments attain their critical shape
before initial screw segments as predicted by Kovacs [27]. The prin-
cipal strain for a given stress decreases compared to solely edge
dislocations since pf°t! < pt°%al (See Figs. 9 and 10). The predicted
critical normal stress o, by Van Liempt and Sietsma [8] agrees
well with single crystallite results because the critical shear stress
is 7§ = u€'b/ L. However, the predicted total principal strain at yield
e¢. by Van Liempt and Sietsma [8] is an overestimate because
the anelastic shear strain across different slip systems is the same
(See Appendix B). Contrarily, here the anelastic shear strain depends on
slip system orientation. Hence not every slip system contributes equally
in the given tensile direction. The exaggerated anelastic strain in the
isotropic model [8] leads to overestimating the total dislocation density
(See Section 4.1).

The cubic tangent moduli and the isotropic tangent modulus by
Van Liempt and Sietsma [8] are given in Figs. 10b and 10c. The
Taylor factor M proportionally scales the isotropic curves. For Pois-
son’s ratio v = 0, the functional forms of our results and the isotropic
prediction by [8] agree. For Poisson’s ratio v =1/2, we observe a
large disparity between our results and the isotropic tangent modu-
lus by [8]. Notable are the differences in tangent moduli for small
normal stresses and principal strains. This is readily understood be-
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cause the self-energy in the isotropic prediction by Van Liempt and Si-
etsma [8] is independent of dislocation character. Hereby, the potential
energy always increases with dislocation line length. Hence the gradi-
ent of the normal stress/strain-to-modulus relation is negative for any
normal stress (and principal strain).

In order to illustrate the effects of compressibility, v, and disloca-
tion densities pg"tal and pte"tal, the normalised initial shear modulus,
u/u® =lim,__pu(z,.)/u, is given as a function of the Poisson’s ratio
v and density 5" /P in Fig. 11. The densities are varied from solely
edge to only screw dislocations in increments of Apzlip = pP /5 across
coloured (dashed) lines in Fig. 11a. The shear moduli are presented

for the given proportionality coefficients (L\/pSTPf1 =1/3and | in a
single active slip system. Several metals are depicted in Fig. 11a with
their horizontal loci corresponding to their respective Poisson’s ratios,
e.g. Au and Si with v = 0.42, and Cr with v = 0.21. The initial shear mod-
uli predicted by Van Liempt and Sietsma [8] are depicted by horizontal
dashed-dotted lines. The initial modulus as a function of the screw
dislocation density is given in Fig. 11b, for several Poisson’s ratios. As
expected, we observe that the initial modulus is only independent of dis-
location character for Poisson’s ratio v = 0. Otherwise, when a given FR
source with initial pure screw character bows out, the potential energy
increases with dislocation line length and the change of local line sense
towards a mixed character. Hereby, the initial shear modulus increases
with Poisson’s ratio v and screw dislocation density pS'™P. Juxtaposed, the
increase in potential energy with line length is lowered because of the

TXZ
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Fig. 12. (a) The normalised normal stress 25 L/(E®'b) as a function of normalised principal strain 2eL/b with densities pl°®!/p*°@ = 1 /4 and 3/4, and rational tensile
directions (100), (110) and (111). The normalised tangent modulus Y /E® as a function of (b) the normalised stress 2o L/(E®'b) and (c) the normalised strain 2¢L/b.
The black arrows marked with p;"‘al indicate an increase in screw dislocation density p;"“‘l across lines with a given color. The dashed-dotted black line indicates the

isotopic results in (19) and (20) by Van Liempt and Sietsma [8].

formation of mixed character dislocation line from an initial pure edge
dislocation. Hence the initial modulus depends on the fractions of screw
and edge dislocations. For a given increase in Poisson’s ratio v > 0.4
and/or edge dislocation density pi, the initial shear modulus tends to
zero. As expected, the initial modulus decreases with increasing coeffi-
cient L\/@. A given decrease in proportionality coefficient « implies
an increase in dislocation density and/or initial segment length. Apart
from an increase in dislocation density after plastic deformation, the
accompanying changes in dislocation character affect the initial moduli.
This might explain why accurate predictions of the apparent linear elas-
tic constants after plastic deformation proved impossible up to now [9].

4.4. Cubic crystallites

In the following, we study materials with Poisson’s ratio v=1/3
which is commonly used for steels and aluminum. It is well-known
that at low temperatures BCC iron contains predominantly screw
dislocations [57]. Furthermore, BCC related non-Schmid effects [58],
e.g. the lack of mirror symmetry with respect to planes orthogonal to
the dominant (111) slip directions and the structure of the screw cores,
are not considered here. Recently, Cash and Cai [14] discussed the sur-
plus of edge dislocations in fatigued FCC metals. Given that a dislo-
cation network is continuous and cannot terminate inside the bulk, a
single character segment distribution is rare. Here, dislocation densi-
ties plot@l/ptl = 1/4 and 3/4 are considered. The virtual tensile re-
sults are presented in Fig. 12. As expected [27], the yield strength is
independent of screw dislocation density p;"tal. Here, the initial seg-
ment lengths are equal L = L.. Thus edge character FR sources become
critical first; when Ly > L./(1 — v), screw character FR sources become
critical before edge character segments. Hence the yield strength de-
pends on the length of edge character segments, or the segment length
of screw dislocations. This is a general observation. The isotropic pre-
diction by Van Liempt and Sietsma [8] with Taylor factor M = 3.06
is indicated by a dashed-dotted black line with diamond symbols in
Fig. 12. In accordance with Fig. 11, the initial Young’s modulus E/E¢!
increases with increasing screw dislocation density pg"tal. We note that
the gradients of the cubic tangent moduli Y /E®! are initially positive.
The positive initial gradient is markedly different from the prediction
by Van Liempt and Sietsma [8]. The principal strain increases with edge
dislocation density pg’tal. The increase in anelastic strain is most appar-
ent at the yield stress (See Figs. 12b and 12c¢). Given that the anelastic
strain increases with (edge) dislocation density, the linear elastic stiff-
ness cannot a priori predict the principal strain in compressible materials
either.
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In order to experimentally obtain information on a physical dislo-
cation network, the quantitative and qualitative change in stress-strain
relationship, with a given change in dislocation densities, has to be ob-
servable. It is obvious that this criterion is satisfied for Poisson’s ra-
tio v = 1/2 (See Figs. 9-11). However, many engineering materials are
compressible due to which the difference in initial moduli decreases
(See Fig. 11). Fortunately, the anelastic strain, and in turn the tangent
moduli, differ significantly for Poisson’s ratio v = 1/3. This is most ap-
parent between the tensile results in the (100) directions. These display
a difference in initial moduli E of about a tenth of the linear elastic
Young’s modulus E®; the difference in principal strains ¢, is about half
the elastic strain egl for o, (See Fig. 12b). The latter is intuitive because
an initial edge character FR source sweeps out a large area .S near acti-
vation of the FR source.

Nearly all crystals are elastically anisotropic, at least to some ex-
tent. For several technically important engineering materials with cu-
bic anisotropy the Zener ratio Z = 2C,,/(C;; — C,) [59]. In materials
with low Zener ratios, the FR source equilibrium shape is approximately
elliptical because self-energy chiefly depends on dislocation character.
As the anisotropy ratio increases, discrete segments of the dislocation
loop tend to align themselves along directions which are not necessar-
ily screw orientations. Even so, Fitzgerald [33] showed that the criti-
cal shear stress z¢, of various initial dislocation segment orientations,
in BCC iron at room temperature, is approximated within an order of
magnitude by an equivalent elastically isotropic material provided that
Z < 5. When theratio Z > 2.5, depending on the Burgers vector and slip
system, sharp corners emerge in the dislocation loop equilibrium shape.
Contrary to the elastically isotropic case, these corners are not directly
associable with dislocation character [33]. Those sharp corners are due
to thermodynamic instability of certain dislocation orientations [35] as
a given crystallite’s anisotropy ratio increases with, e.g., temperature.
The influences of Zener ratio and dislocation orientation in a-iron are
comprehensively discussed in [33-36].

Firstly, we argue that aluminum is a promising candidate to per-
form single crystal tensile-test upon. Foremost, aluminum is considered
a “fairly isotropic” FCC material with anisotropy ratio 1.23 (equal to
the Zener ratio for cubic anisotropy [52]). The Poisson’s ratio v = 0.33
is high enough to experimentally obtain distinguishable changes in tan-
gent modulus and yield point with a given change in dislocation den-
sity, effective segment length and dislocation character. Furthermore,
the emergence of a surplus of edge character dislocation segment is ex-
pected for a fatigued specimen [14]. This warrants a noticeable change
in tensile behaviour. Secondly, for crystallites with cubic anisotropic
elasticity, Scattergood and Bacon [32] developed a method to calcu-
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late effective elastic isotropic moduli with dislocations in mind. Note
that these effective elastic isotropic moduli are not the apparent elas-
tic moduli, but similar to the Voigt [60] and Reuss [61] average elas-
tic moduli, which were developed to model the aggregate behaviour of
poly-crystallites. The effective moduli are defined as explicit functions
of the pre-logarithmic part of the self-energy of straight screw and edge
dislocations in a given slip system. Aubry et al. [35] showed that one
can model dislocation loop equilibrium shapes in BCC crystallites us-
ing the isotropic elasticity and Scattergood and Bacon’s approximation.
According to [35], the Scattergood and Bacon model produces results
in reasonable agreement with the full anisotropic numerical calculations
of a given dislocation loops on a given slip system. Our framework dis-
tinguishes between different slip systems and allows for tailoring the
effective elastic constants per glide plane, and even per initial line sense
and Burgers vector. This allows one to model the tangent moduli and
yield points in crystallites with high Zener ratios, e.g, in single iron crys-
tallites with Z ~ 8 as the a- y transition is approached [62]. The present
elastic-anelastic constitutive model takes account of anisotropic effects
on a per-grain basis. For crystallographically textured materials, with
e.g. cubic elasticity, an additional level of abstraction is necessary be-
yond the present constitutive model, which is satisfied by probabilistic
or spatially resolved crystal plasticity methods.

5. Concluding remarks

In this work, the anisotropic tangent moduli and the yield points
for heterogeneous dislocation networks in single crystallites are pre-
sented. First, the explicit expression for the area swept by a FR source
pre-, at- and post-yield is derived. Secondly, the geometries of the slip
systems in FCC and BCC single crystallites are incorporated. Making use
of well known methods from linear elastic theory, we visualize the ap-
parent elastic constants.

It is shown that the previously predicted isotropic tangent modulus
by Van Liempt and Sietsma [8] only yields accurate results for highly
compressible material. For a finite Poisson’s ratio, previous analysis was
prone to over- and/or underestimate the total dislocation density and ef-
fective segment length. Varying the dislocation density across slip sys-
tems to describe a (non)uniform dislocation distribution, we observe:

- The pre-yield mechanical response for a given dislocation network
in a linear elastic isotropic material is anisotropic. The anisotropic
symmetry and the magnitude of anisotropy depend on the disloca-
tion distribution, density and character;

The initial moduli depend on the ratio between edge and screw dis-

locations for a finite Poisson’s ratio. They decrease with increas-

ing edge dislocation density and Poisson’s ratio. For incompress-
ible solids with a finite edge dislocation density, the apparent initial

Young’s modulus vanishes;

- The yield strength of single crystals depends on the initial lengths of
edge or screw dislocation segments. The anelastic dislocation strain
increases with (edge) dislocation density. Hence the total princi-
pal strain at yield cannot be predicted by the linear elastic stiffness
alone.

In this work, the fundamental understanding on the effects of disloca-
tion network geometry on the pre- and at-yield constitutive behaviour
is expanded. The obtained knowledge will aid in the future design of
forming methods [12] and micro-mechanical systems [13]. The main
contribution is incorporating dislocation densities with varying charac-
ter in predicting the pre-yield mechanical behaviour of materials with a
generic Poisson’s ratio. Dislocation character has major effects on both
the apparent elastic constants and yield points. This suggests that re-
assessment of studies on aforementioned topics is appropriate. Current
limitations on e.g. the distribution of dislocation links lengths, (far-field)
elastic interaction and equivalent isotropic elasticity, are readily lifted
by the Dislocation Dynamic Method [63]. Present model though is of
engineering interest in higher scale computational methods under static
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loading conditions. The model’s ulterior application is to experimentally
obtain information on the geometry of an a priori unknown dislocation
network. We find that near-incompressible materials and aluminum are
promising candidates for future experimental research.
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Appendix A. Frank-Read source
Al. Equilibrium shapes

The loci of the pinning points are given by

xa(¢a) ya(¢a) — _COS (d)l) sin (¢1) (A la)

L ° L - 2 72 ’ '

and

{xﬂ(‘ﬁﬁ)’yﬁ(‘pﬂ) } - {COS (¢i)’_Sin () } (AIb)
L L 2 2

Hence the scaled integration constants are

% =— SZZZ (4 sin (q&a) + vsin (d)a) + vsin (3¢a)) - cosiq’)i) s (A.2a)

and

C 7 sin (¢;)

f =5 (4cos (¢bg) = Sveos (¢) +veos (3gy)) - ——.  (A2b)

Combining Egs. (A.1) and (A.2), we give the coordinates along the dis-
location loop as

% = sch ((4sin(@) + vsin(¢) + vsin(3¢)) — (4sin ()
+ vsin (q&a) + vsin (3¢a))) - cosz(qﬁi) ; (A.3a)
() _ T ( 4 5 3 4 5
I = 81)’(1 (4 cos(¢p) — Svcos(¢p) + v cos( qb))—( cos (qbﬁ) — Svcos (qbﬂ)
+vcos (3¢ﬁ))) - w (A.3b)

Using Egs. (A.6) and (A.9), we obtain the normalised equilibrium shape
of the initial RHS dislocation segment as

x(¢p) 4sin(¢) + vsin(¢) + vsin(3¢)

— = ; (A.da)
L 2(4sin (Agg) + vsin (Ag) + vsin (3A¢;))

4 cos(¢p) — 5v cos(h) + v cos(3p) — (4 cos(Ad) — 5vcos (A ) + vcos (3A¢))
2(4sin (Ag) + vsin (Agg) + vsin (3A¢))

) _
@ _

(A.4b)

and the normalised equilibrium of the initial positive edge dislocation
segment as

x(¢) 4sin(¢p) + vsin(¢) + vsin(3¢p) — (4 cos (Aqbe) + vcos (Aqbe) —vcos (3A¢e)) )
L 2(4sin (A ) — 5vsin (Ag) — vsin (3A¢, )) ’

(A.5a)

()

4 cos(¢p) — Svcos(¢p) + vcos(3¢)
L 2(4sin (Ad,) — Svsin (Ad,) — vsin (3A¢, )

(A.5b)
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A2. Pure character angles

For initial pure screw character segments, Eq. (6) is rewritten as

/

% = sin (Agg) + vsin (Agg) — vsin® (Ag).

C

(A.6)

We are interested in the difference angle A¢, as an explicit function of
the shear stress 7, for which we substitute s = sin (A¢, ). Rearranging
Eq. (A.6), we find a convenient form to determine the three roots S

with subscript g = 0,1 and 2, being

!/
=9 l) 1%
0=1s (1+V ety (A7)
The three real-valued roots of a cubic equation [64]
0=r+pr+gq, (A.82)

are

re = 2‘/—§c0s <%cos

Substituting Eq. (A.7) in Eq. (A.8) and noting sin (A¢) € [-1,1], we
find g = 1 and the explicit equation of the difference angle for the stable
equilibrium shape Ag;.

For initial pure edge character segments, Eq. (11) is rewritten as

—1(3_‘1 _§>_zﬁ>, when p<0. (A8b)
2p p 3

Txz

1 . . .
T_c = m (4 sin (Aq’)e) —5Svsin (A¢e) — vsin (3A¢e)), (A.9a)
and
T _ sin (Age)  2vsin (Agse) . vsin3(A¢e). (Ab)
Te 1-v 1-v 1-v

Rearranging Eq. (A.9b), we find a convenient form to determine the
three roots s, of the cubic equation:

1 (v—=1) Ty
0=t (L2 s 8D
% v % v o1

(¢

(A.10)

which is of the same form as Eq. (A.8a), but with p > 0, since v < 1/2.
The single real-valued and two complex-valued roots of the cubic equa-
tion (A.8a) [64] for p > 0 are

re = 2\/gsinh<%sinh‘l (—;—Z\/% + 2‘%)

where i s the imaginary  unit. Substituting  Eq.
(A.10) in (A.8a) and (A.11), and noting sin(Ag,) €[-1,1], we
use g =0 and find the explicit equation of the difference angle for the
stable equilibrium shape A¢,.

(A.11)

A3. Swept areas

Considering a FR source with generic initial dislocation character ¢;,
we substitute Eq. (A.2) in Eq. (4) and, noting
9y(®)

= (x(as)W )

2—v+3vcos(2¢)<i)2

ox(@)) _
B 32 T,

¢

(cos(¢)(2vcos (¢) + (4 = 5v)cos (qﬁﬁ) + vcos (345,,) +4i_—"2 sin (¢i)>

+sin (¢)<—2v sin <¢+(v+4) sin (¢, ) +vsin (3¢,,)+4% cos (¢i)>)+2v - 4), (A.12)

c

obtain the normalised area swept out as

Sy Pp) 1/ 7\ .
Tﬂ = ﬁ({) (16(2(¢y— ) +4 sin(¢,) cos(¢hy)
- sin(Zd)n)—sin(2¢ﬂ))—8v(sin(4¢a)+sin(4¢/,)

+4(¢hy— by —sin(2hy)+2 sin(e,) cos(eby))
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Fig. A.13. The normalised swept-out areas 855/7L* and 8S,./7L* as a func-
tion of the normalised difference angles A¢, /7 and A¢, /7 for Poisson’s ratios
v=0, 1/10, 1/5, 3/10, 2/5 and 1/2. The coloured arrows indicate an increase
in Poisson’s ratio v across equivalently coloured lines.

—=2(sin(¢,) cos(3¢;)+sin(3¢,) cos(¢)))
+8 %(4 cos(¢y+;)—2vcos(dy+¢d;)—2(2—v) cos(¢p, + ;)

+3v(cos(¢; —d,)—cos(d;— Py))+v(cos(3d,+ ;)

—cos(Bp, + ) +V (4, —¢p)+3sin(2¢5)+19 sin(2¢,)

+ sin(4¢p5)+7 sin(4¢, ) —sin(6¢h, ) —sin(6¢5) +4(sin(¢, ) cos(3¢)

+sin(3¢,) cos(3¢;)) —20(sin(¢h, ) cos(Py)+sin(3¢,) cos(gy))).  (A.13)
Hereby, the normalised area swept by the RHS screw FR source is
Si(Ads) _ 1

o 32(2+ v + veos (2A¢) ) sin’(Agh,)
—(16 — 32v — 3v?)sin(2A¢,) — (8v — v?) sin(4Ag,)
-2 sin(6Agy)),

((32 — 32v — 4v2)Agh,

(A.14)
and for the positive edge FR source
Se (Ad’e) _ 1
o 32(vcos (3v+2A¢e>—2>2sin2(A¢e>
—(16 — 19v?) sin(2A¢,) + (8v — 7Tv?) sin(4A,)
—v2sin(6A¢,)).

((32-32v — 4v%) Ad,

(A.15)

Equations (A.14) and (A.15) are equivalent to the swept areas
Cash and Cai [14] obtained apart from different definitions of difference
angle. The area swept S(A¢) is given in Fig. A.13. For the ease of com-
parison with Figs. 3a and 3b, the swept areas, which correspond to line
stresses 7, /7. = 7._/7.=1/10, 9/10 and 1 are indicated with (coloured)
triangle, square, circle and gradient symbols as well in Fig. A.13.

Appendix B. Taylor factor

Using the principle of virtual work, we require that the rate of ex-
ternal anelastic work is equivalent to the rate of internal anelastic work
across k slip systems, i.e.

dedn
ot :Zk:

where 7., and y2] are the shear stress and anelastic shear strain, re-
spectively, and their magnitudes may vary between slip systems. It is
convenient to express the rate of external anelastic work in terms of the
principal deformation rates by

e
Txz ot

. s (B.1)

aean
1
== (o1 + Aoy + (1 = Do3)

owan
ot

, (B.2a)
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with contraction ratio A = 9e" /de?" and conservation of volume during
dislocation glide, i.e.

aean aean aean
2 2 2
=0, B.2b
ot ot ot ( )

0ed" o€ 0e" L. .
where |7| > |T| > |T| are the absolute principal strain rates. In a
virtual tensile test, there is a single principal stress component and we
rewrite Eq. (B.1) as a function of the normal stress

_ o
zk: T

Xz at :

0edn
o2

or (B.3a)

Following Van Liempt and Sietsma [8] and using the Taylor factor M,
we relate the normal stress to the resolved shear stress 7 in each grain

(B.3b)

Furthermore, we assume: (1) each grain is subjected to a normal
stress parallel to the tensile axis [45]; (2) all orientations are equally
likely [45]; (3) the resolved shear stress 7 is the same in each grain [8];
and (4), each grain extends by the same amount along the ten-
sile axis [44]. Integrating the right-hand side of Eq. (B.3b) with the
boundary condition y2(0) = 0 for no applied principal strain, we obtain

=%zk‘,r§5~

and e (B.4)

Supplementary material

Supplementary material associated with this article can be found, in
the online version, at doi:10.1016/j.mtla.2021.101178.
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