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PREFACE

This thesis is the outcome of four years of research on "Dynamics and Control of Atomic
Force Microscopy" which was supported by Early Research Program (ERP) on 3D Nano-
manufacturing of the Dutch National Organization for Applied Scientfic Research TNO
(Nederlandse Organisatie voor Toegepast Natuurwetenschappelijk Onderzoek). The the-
sis contains nine chapter and four appendices. Since the chapters two till eight are pre-
pared to be published in scientific journals individually, there are some repetitions in
the beginning of the introduction of these chapters. Moreover, the order of the chapters
does not follow a chronological pattern. Therefore, sometimes upcoming chapters are
cited in a previous ones. In this regards, I apologize for any inconvenience reading the
introductions or non-chronological cross-referencing.

Aliasghar Keyvani Janbahan
Delft, June 2017

vii





CONTENTS

Preface vii

Summary xiii

Samenvatting xvii

1 Introduction 1
1.1 Background to atomic force microscopy . . . . . . . . . . . . . . . . . . 1

1.1.1 A short history of AFM . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.2 Working principle of AFM . . . . . . . . . . . . . . . . . . . . . . 2

1.1.3 AFM Operation modes . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.4 TIP-sample interaction forces . . . . . . . . . . . . . . . . . . . . 5

1.2 Challenges in AFM and scope of this thesis . . . . . . . . . . . . . . . . . 6

1.2.1 Challenges in surface topography measurement . . . . . . . . . . . 7

1.2.2 Scope of this thesis. . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Contributions of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.1 Understanding the tip-sample interactions in TM-AFM . . . . . . . 10

1.3.2 Dynamics and control of cantilever in TM-AFM . . . . . . . . . . . 11

1.3.3 Multi-harmonic AFM . . . . . . . . . . . . . . . . . . . . . . . . 12

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Tip-Sample Interactions in High-Speed Tapping Mode Atomic Force Microscopy
19

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2 Tip-sample interactions in tapping mode AFM . . . . . . . . . . . . . . . 21

2.2.1 One DOF Assumption . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.2 Sudden Changes in Topography . . . . . . . . . . . . . . . . . . . 23

2.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3 The Origin of Amplitude Reduction in Tapping Mode Atomic Force Microscopy
31

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 Theory and discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

ix



x CONTENTS

4 Modulated Model of Tapping Mode AFM for Transient Conditions 41
4.1 introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2 Mathematical Modeling. . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3 Numerical and experimental results . . . . . . . . . . . . . . . . . . . . 48

4.3.1 Linear steady-state response . . . . . . . . . . . . . . . . . . . . . 48

4.3.2 Nonlinear steady-state response . . . . . . . . . . . . . . . . . . . 48

4.3.3 Transient response in the time domain . . . . . . . . . . . . . . . 50

4.3.4 Nonlinear transient response in the frequency domain . . . . . . . 52

4.4 Practical implications of transient behavior of cantilevers . . . . . . . . . 56

4.4.1 Nonlinear closed-loop behavior of the TM-AFM . . . . . . . . . . . 56

4.4.2 Chaotic Behavior. . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.5 Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5 Chaos: The Speed Limiting Phenomenon in Dynamic Atomic Force Microscopy
63

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.2 experimental observations . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.3 Mathematical modelling . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.4 closed-loop response of AFM . . . . . . . . . . . . . . . . . . . . . . . . 70

5.5 Chaos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.6 conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6 Control of Tapping Mode Atomic Force Microscopy with Estimated Average
Forces 81
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.2 Real-time estimation of the TSI force . . . . . . . . . . . . . . . . . . . . 85

6.3 Control problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.4 Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

7 Minimizing Tip-Sample Forces and Enhancing Sensitivity in Atomic Force
Microscopy with Dynamically Compliant Cantilevers 95
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

7.2 Tuning the dynamics of cantilevers . . . . . . . . . . . . . . . . . . . . . 99

7.3 Tip-sample interactions for tuned cantilevers. . . . . . . . . . . . . . . . 100

7.4 Experimental results and discussion . . . . . . . . . . . . . . . . . . . . 102

7.4.1 Imaging performance . . . . . . . . . . . . . . . . . . . . . . . . 102

7.4.2 Force Measurement . . . . . . . . . . . . . . . . . . . . . . . . . 106

7.4.3 Apparent height image of DNA. . . . . . . . . . . . . . . . . . . . 107

7.5 conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109



CONTENTS xi

8 Real-Time Estimation of the Tip-Sample Interactions in Tapping Mode Atomic
Force Microscopy with a Regularized Kalman Filter 113
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
8.2 regularized Kalman filter . . . . . . . . . . . . . . . . . . . . . . . . . . 118

8.2.1 Transforming the input estimation to state estimation . . . . . . . . 119
8.2.2 Regularization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
8.2.3 Step-by-step implementation . . . . . . . . . . . . . . . . . . . . 123

8.3 results and discussion. . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
8.3.1 Case study 1: Force sensing setup . . . . . . . . . . . . . . . . . . 124
8.3.2 Arbitrary force-distance relationship. . . . . . . . . . . . . . . . . 126
8.3.3 Case study 2: Dynamically tuned cantilevers. . . . . . . . . . . . . 128

8.4 conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

9 Conclusions, Discussion and Recommendations 133
9.1 Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

9.1.1 Understanding the tip-sample interactions . . . . . . . . . . . . . 133
9.1.2 Dynamics and control of the AFM cantilever based on a modulated

transient model . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
9.1.3 Multi-harmonic probes and methods . . . . . . . . . . . . . . . . 136

9.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
9.2.1 Force-controlled parallel AFM . . . . . . . . . . . . . . . . . . . . 137
9.2.2 Cantilevers with mode-multiplicity . . . . . . . . . . . . . . . . . 137
9.2.3 Smart AFMs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

A Multi-Modal analysis of cantilever for Impulse Input 139
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

B Simultaneous AFM Nano-Patterning and Imaging 143
B.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
B.2 Method and experimental demonstration . . . . . . . . . . . . . . . . . 144
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

C Periodic average of Tip-Sample Interaction force 149
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

D Calculation of the nonlinear frequency response curve using demodulated
formulation 153

List of Publications 155

Acknowledgements 159





SUMMARY

The technique of Atomic Force Microscopy (AFM) is one of the major inventions of the
twentieth century which substantially contributed to our understanding of the nanoscale
world. In contrast to other microscopy techniques, the AFM does not operate based on
the electromagnetic waves, but nano-mechanical interactions between the sample sur-
face and a sharp probe. Therefore, its resolution is not fundamentally limited to the
diffraction limit of light, but the sharpness of the probe tip which can be as small as
a few atoms. The images and data obtained by AFM have had crucial importance for
the scientists in the fields of biology, material science, and experimental physics. How-
ever, AFM experiments have always involved some challenges. Particularly, the limited
imaging speed, and the probability of damaging the samples hinder scientists from ex-
tracting the necessary information on the samples. Besides its applications as a research
tool, the AFM could potentially solve some of the challenges in semiconductor industry
as a metrology and inspection tool, however, the aforementioned limitations are even
more restrictive for any industrial use. Therefore, it is imperative to develop appara-
tus and methods which can increase the speed and reliability of AFM. In this thesis, we
try to understand the physics of AFM and contribute to its development towards a po-
tential industrial and clinical tool, from the perspective of dynamics and control of its
cantilever.

The particular AFM technique that we have studied in this thesis is the Tapping Mode
(TM) AFM (also known as amplitude modulation AFM) which is renowned among other
modes for its stability and lower probability of damaging the samples. Studying the dy-
namics of TM-AFM, we realized that the tip-sample interaction (TSI) force is the heart of
an AFM, and the performance of the AFM can only be improved by better understanding,
quantifying, and controlling the TSI force. Despite its importance, however, quantifying
the TSI force has remained an elusive practice over the period of past two decades. The
TSI force can not be directly measured in experiments, and its simulations rely on highly
uncertain models. Only for steady-state conditions, there exist some theoretical mod-
els that predict the TSI forces but they are not confirmed with experiments neither well
understood from physical point of view.

Therefore, a major effort in this project was spent on understanding the forces in TM-
AFM and more specifically in transient conditions. In Chapter 2, the TSI force is studied
in transient conditions via numerical simulations and specially designed experiments.
From this study, it has been found that the existing theories do not represent the real-
ity in transient conditions. Namely, the TSI forces can be orders of magnitude higher
than expected, which makes the transient studies crucial from a destructiveness point
of view. Chapter 3 which is an starting point for the upcoming three chapters, is devoted
to a new basic explanation for the working concept of the TM-AFM. The TM-AFM works
based on the reduction of the vibration amplitude of the cantilever while it interacts with
the sample surface. The reduction of the amplitude itself is typically explained by a shift

xiii
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of the resonance frequency of the cantilever due to the non-linearities of TSI force. How-
ever, this does not explain some of the recent experimental and numerical observations
on the frequency dependency of the TSI force. The proposed approach attributes the
reduction of the amplitude to the interference between the first Fourier component of
the TSI force and the excitation force. This model is in full agreement with the previous
models, moreover, it is much simpler and also clearly explains the recent observations
such as frequency dependency of the TSI force and inconsistent topography images of
heterogeneous samples.

The model in Chapter 3 is originally devised for the steady-state conditions. How-
ever, it forms a basis for the transient analysis of the AFM cantilever in a modulated form.
Chapter 4 reports a transient analysis of the AFM cantilever in a modulated form. The
transient studies that are enabled with the new model could not be achieved with the
existing models. The model presented in Chapter 4 has been verified with experiments
and used as a basis to study some of the counter-intuitive experimental observations (in
Chapter 4 and 5), and design a new controller in Chapter 6.

In Chapter 5, the model from Chapter 4 is used to study the closed-loop AFM, and
the effects of the controller gains on its stability. Both the experimental and numerical
studies in Chapter 5 show that imaging with controllers faster than a certain limit takes
the system to chaos. Studying the bifurcation diagrams, Poincaré sections and Lyapunov
exponents using the new model, it has been confirmed that the deterministic chaos phe-
nomenon forms a upper bound for the imaging speed of TM-AFM.

The reason behind the chaos phenomenon reported in Chapter 5 was found to be
a wrong-direction response of the amplitude signal in transient situations. This wrong
direction initial reaction which was also reported in Chapter 4 resembles a nonlinear
version of the non-minimum-phase (NMP) problem in control theory. It was concluded
that to break the bandwidth barrier of the closed loop AFM, one has to use both the
amplitude and the phase signals in the control loop. A configuration that uses both the
amplitude and phase signal in the control loop is presented in Chapter 6. The controller
presented in Chapter 6 is just an integral action applied to a new error signal which is an
“approximate delayed equivalent” of the TSI force and is obtained using a Dual Kalman
filter. The TM-AFM architecture with the new controller does not suffer from the wrong
direction initial response, but a delay which is less problematic than the original NMP
problem. In Chapter 6 it has been shown that a substantial improvement in the imaging
speed of AFM is possible.

In Chapter 6 we used an “approximate delayed equivalent” of the TSI force, because
estimating the accurate real-time TSI force is impossible, yet, even such a rough approx-
imation can increase the total bandwidth of AFM by an order of magnitude. In Chap-
ters 7 and 8 we try to improve the force estimation by i) improving the dynamic response
of the cantilever (Chapter 7), and ii) developing an optimal signal processing algorithm
(Chapter 8).

One fundamental limitation for the TSI force estimation is that the output of the
probe is an extremely narrow-band signal. In Chapter 7, we present a new cantilever de-
sign (dynamically tuned cantilever) which has a wider output bandwidth. Moreover, nu-
merical and experimental results show that the cantilever presented in Chapter 7 applies
much less TSI force on the sample surface in comparison to conventional cantilevers,
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consequently reducing the probability of damaging the surface. The third advantage of
the cantilever presented in Chapter 7 is that it exhibits a significantly higher sensitivity to
the material properties of the sample which is useful in mapping the material properties
of the sample. Similar cantilevers to the one presented in Chapter 7 have been reported
in literature and are typically used for material properties mapping or detection of dif-
ferent active sites on the biological samples.

The second challenge in estimating the TSI force is the signal processing itself. Es-
timating the forces in dynamic systems is an input estimation problem which does not
have a generic solution in control theory. In Chapter 8 we develop a new type of Kalman
filter which makes it possible to estimate the effective force in a large class of dynamic
systems; namely, any discrete-time linear time invariant system which goes through a
semi-periodic process. Using the Kalman filter presented in Chapter 8 together with
any of the wide-band cantilevers, one can estimate the TSI force with a remarkable ro-
bustness and accuracy. If used in control loop, such a force estimation can substantially
increase the speed of the AFM, while reducing the chance of damaging the samples.





SAMENVATTING

Een van de belangrijkste uitvindingen van de twintigste eeuw die in hoge mate heeft bij-
gedragen aan ons begrip van de wereld op nanoschaal is die van de atoomkrachtmicro-
scopie of Atom Force Microscopy (AFM). In tegenstelling tot andere micsoscopietech-
nieken, werkt de AFM niet op basis van elektromagnetische golven, maar op basis van
nanomechanische interacties tussen het sample oppervlak en een zeer scherpe naald.
Daarom wordt de resolutie niet beperkt door de diffractielimiet van het licht, maar door
de scherpte van de tip van de naald die soms maar uit een paar atomen bestaat. De AFM-
plaatjes en AFM-data zijn van cruciaal belang voor wetenschappers op het gebied van de
biologie, materiaalwetenschappen en experimentele natuurkunde. AFM-experimenten
stellen ons echter voor een aantal uitdagingen. Door de beperkte beeldsnelheid en de
kans op beschadiging van de samples, kunnen wetenschappers niet de benodigde in-
formatie uit de samples halen. De AFM kan, behalve bij onderzoek, ook worden in-
gezet bij de oplossing van enkele uitdagingen in de halfgeleidersindustrie, hoewel de
zojuist genoemde beperkingen misschien nog wel meer gelden bij industriële toepas-
singen. Daarom is het noodzakelijk om apparaten en methoden te ontwikkelen die de
snelheid en betrouwbaarheid van de AFM kunnen verhogen. In dit proefschrift probe-
ren we de AFM vanuit het perspectief van de dynamica en regeltechniek te bestuderen
en bij te dragen aan de ontwikkeling ervan naar een potentieel industriël en/of klinisch
instrument.

De AFM-techniek waar we ons in dit proefschrift op hebben toegelegd is de Tapping
Mode (TM) AFM (ook bekend als de amplitude modulatie AFM) die vermaard is om zijn
stabiliteit en de kleinere kans op beschadiging van de samples. Bij het bestuderen van
de dynamica van de TM-AFM, realiseerden wij ons dat de Tip-Sample Interaction (TSI)
kracht de kern vormt van een AFM, en de werking van een AFM kan alleen verbeterd wor-
den door de TSI-kracht beter te begrijpen, te kwantificeren en te beheersen. Ondanks
het belang ervan, is het kwantificeren van de TSI-kracht de afgelopen twintig jaar moei-
lijk gebleken. De TSI-kracht kan niet rechtstreeks gemeten worden in experimenten en
simulaties zijn gebaseerd op zeer onzekere modellen. Alleen onder niet-transiënte om-
standigheden, bestaan er wat theoretische modellen die de TSI-krachten voorspellen,
maar deze worden niet bevestigd door de experimenten, en vanuit een fysiek oogpunt
worden zij ook niet goed begrepen.

Daarom is er in dit project veel aandacht besteed aan de bestudering van de krach-
ten in TM-AFM en meer specifiek aan de krachten onder transiënte omstandigheden.
In Hoofdstuk 2 wordt de TSI-kracht bestudeerd onder transiënte omstandigheden met
behulp van numerieke simulaties en speciaal hiervoor ontworpen experimenten. Uit
deze studie kwam naar voren dat de bestaande theorieën de realiteit onder wisselende
condities niet goed weergeven. De TSI-krachten kunnen namelijk vele ordes van grootte
hoger zijn dan verwacht en dit maakt de bestudering van de TSI-krachten onder tran-
siënte omstandigheden cruciaal met het oog op beschadigingen. Hoofdstuk 3 vormt de
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startpunt voor de volgende drie Hoofdstukken en is gewijd aan een nieuwe toelichting
op het TM-AFM concept. De werking van de TM-AFM is gebaseerd op een reducering
van de vibratie amplitude van de cantilever tijdens de interactie met het sample opper-
vlak. Het is kenmerkend dat de reducering van de amplitude wordt verklaard door een
verschuiving in de resonantie frequentie van de cantilever door de niet-lineariteiten van
de TSI-kracht. Dit is echter geen verklaring voor de recente experimentele en nume-
rieke constateringen voor wat betreft de frequentie-afhankelijkheid van de TSI-kracht.
De voorgestelde aanpak schrijft de reducering van de amplitude toe aan de interferentie
tussen de eerste Fourier component van de TSI-kracht en de excitatiekracht. Dit mo-
del stemt volledig overeen met de voorgaande modellen. Het is zelfs veel eenvoudiger
en verklaart ook duidelijk de recent geconstateerde frequentie-afhankelijkheid van de
TSI-kracht en de inconsistente topografische beelden van heterogene samples.

Het model in Hoofdstuk 3 is oorspronkelijk ontworpen voor steady-state omstandig-
heden. Maar het vormt ook een basis voor de transiënte analyse van de AFM-cantilever
in een gemoduleerde vorm. Hoofdstuk 4 geeft een transiënte analyse van de AFM-cantilever
in een gemoduleerde vorm. De transiënte studies van het nieuwe model waren niet
mogelijk geweest met de bestaande modellen. Het model dat gepresenteerd wordt in
Hoofdstuk 4 is geverifieerd met experimenten en gebruikt als basis om enkele contra-
intuïtieve experimentele waarnemingen te bestuderen (in Hoofdstuk 4 en 5). Het model
in Hoofdstuk 4 was ook de basis voor ontwerpen van een nieuwe regelaar in Hoofdstuk
6 die kan de snelheid en betrouwbaarheid van AFM vergroten.

In Hoofdstuk 5 wordt het model uit Hoofdstuk 4 gebruikt om de gesloten-lus AFM
te bestuderen en de effecten van de ‘controller gains’ op de stabiliteit ervan te analise-
ren. Zowel de experimentele als de numerieke studies in Hoofdstuk 5 tonen aan dat ge-
bruik maken van regelaars die sneller zijn dan een bepaalde limiet brengt het systeem tot
een chaotisch toestand. Het bestuderen van bifurcatiediagrammen, Poincaré secties en
Lyapunov-exponenten die gebruik maken van het nieuwe model hebben bevestigd dat
het deterministische chaos verschijnsel een bovengrens vormt voor de beeldvormings-
snelheid van TM-AFM.

De reden achter het chaosverschijnsel en de bovengrens in snelheid van AFM die
was gerapporteerd in Hoofdstuk 5 bleek een verkeerde richting reactie van het ampli-
tudesignaal in transiënte omstandigheden te zijn. Deze initiële reactie in de verkeerde
richting, waar ook al sprake van was in Hoofdstuk 4, lijkt op een niet-lineaire versie van
het non-minimum-phase (NMP) probleem in de regeltechniektheorie. Het werd gecon-
cludeerd dat om de bandbreedtebarriére van de gesloten-lus AFM door te braken, men
zowel de amplitude als het fasesignaal in de regelkring moet gebruiken. In Hoofdstuk
6 wordt een configuratie gepresenteerd die zowel de amplitude als het fasesignaal in
de regelkring gebruikt. De regelaar die in Hoofdstuk 6 gepresenteerd wordt is slechts
een integrale actie toegepast op een nieuw foutsignaal. Dit is een “geschatte vertraagde
equivalent” van de TSI-kracht, verkregen door gebruik te maken van een Dual Kalman
filter. De TM-AFM architectuur heeft niet te lijden van de initiële respons in de verkeerde
richting, maar van een vertraging die minder problematisch is dan het oorspronkelijke
NMP-probleem. In Hoofdstuk 6 wordt aangetoond dat er een aanzienlijke verbetering
mogelijk is in de beeldvormingssnelheid van de AFM.

In Hoofdstuk 6 hebben we een “geschatte vertraagde equivalent” van de TSI-kracht
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gebruikt, omdat het onmogelijk is om een juiste schatting te maken van de real-time TSI-
kracht. Toch kan een ruwe benadering de totale bandbreedte van een AFM met een orde
van grootte verhogen. In de Hoofdstukken 7 en 8 proberen we de krachtsinschatting te
verbeteren door i) de dynamische respons van de cantilever te verbeteren (Hoofdstuk 7),
en ii) een optimaal signaalverwerkingsalgoritme te ontwikkelen (Hoofdstuk 8).

Een fundamentele beperking bij het inschatten van de TSI-kracht is dat de band-
breedte van het uitgangssignaal extreem smal is in vergelijken met de bandbreedte van
de TSI kracht. In Hoofdstuk 7 presenteren we een nieuw ontwerp voor een cantilever
(een dynamisch afgestelde cantilever) die een grotere bandbreedte heeft. Bovendien to-
nen de numerieke en experimentele resultaten aan dat de cantilever uit Hoofdstuk 7 veel
minder TSI-kracht uitoefent op het sample-oppervlak in vergelijking met conventionele
cantilevers en dat dientengevolge de kans op beschadiging van het oppervlak vermin-
derd wordt. Het derde voordeel van de cantilever uit Hoofdstuk 7 is dat deze cantilever
aanzienlijk gevoeliger is voor de materiaaleigenschappen van het sample, hetgeen nuttig
is bij het zogenamde ‘mapping’ van de materiaaleigenschappen van heterogeen sam-
ples. Vergelijkbare cantilevers zijn terug te vinden in de literatuur en worden gebruikt
voor het mapping van materiaaleigenschappen of het detecteren van verschillende ac-
tieve plaatsen op de biologische hetrogene specimens.

De tweede uitdaging bij het schatten van de TSI-kracht is de signaalverwerking zelf.
Het schatten van krachten in dynamische systemen is een probleem van het inschatten
van de input en hiervoor is er geen algemene oplossing in de regeltechniek literatuur. In
Hoofdstuk 8 ontwikkelen we een nieuw type Kalman-filter dat het mogelijk maakt om
de effectieve kracht in een grote groep van dynamische systemen te schatten, name-
lijk voor elk lineair tijdinvariant systeem dat een semi-periodiek proces doorloopt. Met
behulp van het Kalman-filter gepresenteerd in Hoofdstuk 8 samen met een breedband
cantilever (zoals degene uit Hoofdstuk 7), kan men de TSI-kracht met een opmerkelijke
robuustheid en nauwkeurigheid schatten. Bij gebruik in een regelkring, kan zo’n kracht-
schatting de snelheid van de AFM aanzienlijk verhogen en tegelijkertijd de kans op be-
schadiging van de samples verminderen.





1
INTRODUCTION

Nanotechnology has created a wealth of new products that can profoundly contribute to
the well-being of societies. Matter at nanoscale behaves ultimately different than at the
macroscopic scale. Understanding and employing these differences for the development
of new tools and products has lately been one of the major endeavors of the science and
engineering communities. With no doubt, the invention of the Atomic Force Microscopy
(AFM) was a major step in understanding the nano-world. Further development of AFM,
not only as a research tool, but also for industrial and clinical applications can enhance
nanotechnology in fulfilling the ever-increasing demands of the society.

1.1. BACKGROUND TO ATOMIC FORCE MICROSCOPY

1.1.1. A SHORT HISTORY OF AFM

T HANKS to the famous formula of Dr. Ernst Karl Abbe (1840-1905), scientists already
knew that resolution of the optical microscope is limited by the diffraction limit of

light [1, 2]. However, the diffraction barrier could not stop them from trying to see mat-
ter with a better resolution. The dream of visualizing matter with a resolution beyond
Abbe’s diffraction barrier came true in the second half of the nineteenth century when
techniques such as Scanning Electron Microscope (SEM) and Scanning Tunneling Mi-
croscope (STM) were invented. In 1986, "The Nobel Prize in Physics was divided; one-
half awarded to Ernst Ruska (1906-1988) for his fundamental work in electron optics, and
for the design of the first electron microscope, the other half jointly to Gerd Binnig and
Heinrich Rohrer for their design of the Scanning Tunneling Microscope (STM)" [3].

The invention of the STM started with an experiment to test a result of the Schroedinger’s
equation which suggests that electrons behave like a wave at nanometer scales. Accord-
ing to this equation, in a metal-vacuum-metal interface, the electrons have the proba-
bility of being present in both of the metals, and as soon as the presence of the electron
in one metal is checked, the probability colapses. Meaning that the electrons can pass
through the vacuum gap. This wave-like behavior of electrons, which leads to the quan-
tum tunneling effect, has a negative exponential relationship with the distance between

1
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the metal surfaces [4]. In 1982, Binnig et al. experimentally tested this relationship using
an externally adjustable gap which gave them reproducible results. This experiment al-
lowed them to measure and control the distance between two conductors with nanome-
tre resolution. Later, in 1986, the same group scientists reported that by scanning the
surface of a conductive sample with another sharp metal tip (tungsten) and keeping the
distance constant, they could measure a topographical image of two different samples
(gold and CaIrSn4) [5].

The STM could image conductive samples with nanometer resolution, however, for
the non-conductive ones there was no solution, yet. To be able to image the topography
of non-conductive samples, Binnig et al. introduced the concept of the AFM [6]. The
AFM was an extension of the STM in which a gold leaf-spring (cantilever) with a sharp
diamond tip was placed between the sample and the tungsten tip. In this way, the to-
pography of the non-conductive sample could be measured through the deflection of
the cantilever, which itself was measured by the tunneling current method.

Ever since, there has been a significant amount of research which used AFM to study
the nature at nanoscale. Researchers have developed more and more precise AFMs and
used them to visualize the nanostructural composition of material [7], understand the
nature of physical phenomena such as friction and wear [8], and reveal the secrets of
life in molecular level through monitoring the activities of biomolecules [9]. Thanks to
further developments in the field of microsystems technology and measurement tech-
niques, researchers demonstrated that they could ultimately capture the image of indi-
vidual atoms on the sample surface [7]. With these results, scientists managed to visu-
alize matter (both conductive and non-conductive) with a resolution of three orders of
magnitude smaller than Abbe’s diffraction limit.

The main advantage of first generation AFM over the STM was its ability to image
non-conductive as well as conductive materials. Nowadays, AFMs are also suitable for
the applications that go beyond topography imaging, such as, mapping the mechanical
[10], or electrical [11] properties of samples, measuring the intermolecular forces in bi-
ology [12], and even manipulation of the surface of samples with nanometer accuracy
[13]. Moreover, because of their simple mechanical concept, AFMs could image samples
in vacuum [14], ambient conditions, or fluidic environment [15], low or high tempera-
tures [16], which made them a universal imaging tool.

These days, the word AFM is referred to a family of nanomechanical devices that
are gaining ever-increasing scientific and industrial interest in all kinds of applications,
from physics to biology and from food research to space explorations [17–20]. Besides
its applications in experimental research, the AFM is entering the industrial world as
well [21, 22]. It is predicted that the AFM technology will play a crucial role in the semi-
conductor industry as an inspection, metrology, and nano-manipulation tool [23, 24].
However, there are still many challenges on the road map of the AFM towards large-scale
applications, which motivate the research in this thesis.

1.1.2. WORKING PRINCIPLE OF AFM
The working concept of the AFM, as schematically shown in Fig. 1.1, lies in touching the
samples using a probe that includes an atomically sharp tip and a microcantilever beam.
The probe can maneuver nanometrically precise with respect to the sample. When the
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Figure 1.1: Schematic view of an AFM. The probe consist of a cantilever beam which has a sharp tip at its free
end that mechanically interacts with the sample surface. The deflection of the sample is measured using a
laser beam. The topographic image of the sample is captured by scanning the sample in planner directions.

cantilever is brought in a proximity of the sample surface, the atoms on the surface and
the tip start to interact with each other. The so-called Tip-Sample Interaction (TSI) forces
influence the mechanics of the cantilever. This effect is either the deflection of the can-
tilever (in static AFM) or a change in dynamic properties of the cantilever (in dynamic
mode AFM). By monitoring any of these effects, one can estimate the distance between
the cantilever and the sample and possibly some other characteristics of the sample.
Scanning the sample surface using the x-y scanner, while keeping the effects of TSI force
on the cantilever constant, a topographical image of the sample is obtained.

The AFM should at least consist of a mechanical transducer that converts the TSI
force into a measurable deflection (normally a cantilever beam) a sharp tip that limits the
TSI force to a small area, a deflection sensor for the cantilever/transducer, a z stage actu-
ator, an x-y scanner, a Digital Signal Processing (DSP) unit, a controller, and a computer.
Although in its original embodiment the deflection of the gold cantilever cantilever was
measured by the tunneling current concept, these days, there exist many different types
and materials of cantilever and their deflection is typically measured by the optical beam
deflection (OBD) technique as shown in Fig. 1.1 [25]. Other popular methods for sensing
the deflection of the cantilever include interferometry, capacitive, magnetic, piezoresis-
tive and piezoelectric [26–28]. Conventionally, the x-y scanning and also actuation in z
direction is done using a piezoelectric tube, but there exist also other types of actuators
that will be discussed in the following sections. The x-y scanner usually moves the sam-
ple surface with respect to the probe or vice versa in a saw-tooth pattern which is either
mounted under the sample, or is connected to the probe 1.

1The first one is called the sample scanning system, whereas the latter is called probe scanning system. Each
one has its own advantages and disadvantages.
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1.1.3. AFM OPERATION MODES
The experimental method which is used in measuring the probe-sample distance is con-
ventionally referred to as the "operation mode". In the early stage of its invention, the
AFM was operated in a static mode, in which the tip was continuously in contact with
the sample surface. In this mode, which is also called the contact mode, the TSI force
bends the cantilever in the vertical direction. Comparing the deflection of the cantilever
with a user-defined set-point value, an error signal is generated. A feedback controller
adjusts the distance between the cantilever and the surface so that the error signal is
kept at zero [6]. In this manner, the topographic image of the sample represents 3D map
of every point that provides the same deflection.

Soon after the invention of AFM, scientist introduced the dynamic AFM techniques
where the cantilever is excited with a frequency around its resonance frequency [29, 30].
Since the cantilever is highly sensitive to the forces at its resonance frequency, it is also
very susceptible to the changes of these force. Hence, any perturbation caused by the
TSI force has a large effect on the amplitude and phase of the vibration of the cantilever.
Measuring the motion of the cantilever, one can trace the effects of the TSI force on the
cantilever.

In practice, the dynamic AFM measurements are performed through two different
modulation methods. Either the resonance frequency of the cantilever is measured us-
ing a Phase Lock Loop (PLL), or the cantilever is excited with a constant frequency, and
the amplitude of its motion is tracked using a Lock in Amplifier (LIA). The first method
is referred to as "Frequency Modulation (FM)" AFM, and the latter is called "Amplitude
Modulation (AM)" AFM. Typically, the FM-AFM is used in a vacuum environment and
mainly to probe the attractive forces between the sample and the tip, hence, it is also
called the non-contact AFM. Whereas the AM-AFM is employed in the ambient or liq-
uid environments, and probes both the attractive and repulsive forces, and therefore, is
called "intermittent contact" or the "Tapping Mode (TM)" AFM.

Since the cantilever is a high-quality-factor resonator (typically the quality factor is
in the order of 100-10000 in air), the dynamic operation modes are substantially more
sensitive than the static mode. Especially in vacuum experiments, for which the quality
factor of the cantilever is the highest, any small change in the resonance frequency of the
cantilever can easily be detected. Researchers used this extreme sensitivity to visualize
the individual atoms on the sample surface [7, 29].

Besides the static and dynamic modes, researchers have developed the quasi-static
modes [31–33]. In quasi-static modes, i.e., "peak force tapping mode" or "jumping mode",
the cantilever operates in the static regime so that the deflection of the cantilever can be
traced back to the TSI force. However, the tip is not always in contact with the sample.
In these modes, the cantilever is brought to contact with the sample and retracted in a
periodic manner. Advantageously, either a force-distance relationship can be measured
during each cycle, or the frequency spectrum of the deflection signal can be analyzed
[34] which enables mapping of material properties of the samples, simultaneously with
the topography imaging.

Among all the different operation modes of the AFM, the TM-AFM is probably the
most popular one.2 This is because: 1) it applies minute forces on the surface and does

2 "This tapping mode approach has proven to be a significant blessing to biological researchers, as it has al-
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not damage the samples. 2) in contrast to the FM-AFM, it does not require a vacuum
environment and is also suitable for fluidic environments. These unique properties of
TM-AFM not only make it very promising for biological experiments but also for indus-
trial applications [23] in which damaging the sample is unacceptable.

1.1.4. TIP-SAMPLE INTERACTION FORCES
To complete the explanation of the basic principle of the AFM, here we present a short
description for the origin of the TSI forces from a physical point of view. More thorough
explanations of the origin of TSI forces can be found in [36, 37]

When two atoms are positioned at a distance of a few nanometers from each other,
they attract each other with (at least) the van der Waals force. Even if the two atoms are
electrically neutral, the electron clouds of the atoms vibrate with a small amplitude due
to their thermal energy. This vibration of the electron clouds with respect to the nucleus
causes a temporal polarization of the atom. This temporal polarization would have a
random direction for an individual atom, however, when two atoms are close to each
other, an electromagnetic interaction happens. Considering all the possible random
states, the total energy of the two atoms is at its lowest when the polarization vectors
are aligned. Consequently, it is slightly more likely for the two atoms to have an aligned
polarization vector, than opposite vectors. Therefore, the two atoms spend more time
in an aligned state, in average (Fig. 1.2.A). From an electromechanical point of view, the
two particles attract each other when their polarization vectors are aligned, and repel ea-
chother when their polarization vector is oppoisite to eachother. Hence, stochastically
two atoms attract eachother even if they are totally uncharged. This is called the van
der Waals (vdW) attraction. For a detailed derivation of the vdW forces see [38, 39]. By
further decreasing the distance between the two atoms (Fig. 1.2.B), their electron clouds
start to repel each other with a much stronger force, i.e., the so-called Pauli repulsion
force [37].

When the tip of the AFM probe approaches the surface of a sample, the atoms at the
tip of the cantilever individually interact with the atoms on the surface of the sample
(Fig. 1.2.C), and a collective effect of all these atoms create the Tip-Sample Interaction
(TSI) force. Since both the attractive and repulsive forces are effective only at a short
distance, a rather low number of atoms on the surface participate in the generation of
the TSI force. Thanks to this fact, the AFM tip only "feels" the forces from a very localized
region on the sample surface. Therefore the AFM has a distinctly high lateral and vertical
resolution.

Scientists have calculated the overall effect of the atomic forces and presented dif-
ferent models that can explain the relationship between the TSI force and the distance
between the tip and the sample surface (e.g., Fig. 1.2.D). Unfortunately, these models
are not universal, because of two reasons: 1) The geometry of the tip is not well defined
(see for example, the difference between the Tatara model and the Hertz model [40]). 2)
The TSI forces are not limited to the vdW and Pauli repulsion forces. Depending on the
physical and environmental situations, other types of forces can also be present in the
TSI force. For example, the tip or the sample can be electrostatically charged or polar-

lowed the characterization of samples that would otherwise be too soft or too fragile to withstand contact mode
examination" describes Kuznetsov et al. in [35].
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Figure 1.2: Schematic view of tip-sample interactions; A) the two atoms attract each other due to the van der
Waals forces when they are closed to each other and their polarization vectors are aligned. B) the two atoms
repel each other when the distance gets smaller than the atomic distance (Pauli repulsion) C) the individual
atoms on the surface and the tip interact D) collectively the sum of all individual interactions generate the
tip-sample interaction forces.

ized which obviously adds to the attractive forces, or there can be humidity in the envi-
ronment that causes a local capillary effect [41, 42]. Needless to say that depending on
the properties of the sample and the tip, many other kinds of forces such as viscoelastic
forces [43], chemical bonds [44], etc. might affect the tip [36]. In this thesis, we shall only
use the Derjaguin–Muller–Toporov (DMT) model [40] which is valid for a vast majority
of physical experiments and is commonly adopted for theoretical studies. This model
considers the attractive vdW force and a macroscopic Hertzian contact model between
a perfectly flat surface and a spherical tip. We also add an extra viscoelastic term to the
DMT model to account for non-conservative forces, when needed.

1.2. CHALLENGES IN AFM AND SCOPE OF THIS THESIS
Over the past 30 years, the AFM has been one of the primary tools for experimental re-
search, especially in material science and biology. However, the end-use application of
AFM as a standard tool in clinical or industrial environments is still limited. In many
cases, the AFM offers the necessary functionality with the desired resolution, whereas, it
suffers from the lack of speed and throughput. In some other cases, where the measure-
ment time is not a limiting factor, the uncertainties, difficulty of the experiments, and the
reliability of the results are hindering. For example, the AFM meets the metrology and
inspection requirements of the semiconductor fabrication industry from a resolution
point of view. However, its throughput is substantially lower than required. Moreover, it
does not guarantee a completely non-destructive inspection [45]. As on other example,
researchers have shown that it is possible to detect the status of viruses through their
mechanical stiffness, 3 though for this technique to be used in the clinical examinations,

3For example, the stiffnesses of a mature and an immature Human Immunodeficiency Virus (HIV) are signifi-
cantly different and can be measured using an AFM [46].
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the AFM should maintain a high level of reliability and repeatability.
In this thesis, we aim to contribute to the development of the AFM towards a high-

throughput device for future clinical and industrial applications.

1.2.1. CHALLENGES IN SURFACE TOPOGRAPHY MEASUREMENT
As mentioned previously, the AFM has a much wider range of applications these days,
however, the topographic measurement can still be considered as the primary task of the
AFM, especially for the industrial use case. Hence, in this thesis, we focus on this appli-
cation. The requirements for the AFM as a topography measurement tool can be split
into two main parts; performing a precise and fast raster scanning, i.e. providing a lat-
eral resolution, and measuring the local height of the sample in the z direction with high
speed and resolution. The latter also determines the maximum speed allowed for the
raster scanning. That is, scanning too fast without performing an accurate z measure-
ment is meaningless. Each one of these tasks has been improved during the past three
decades through design of high-performance components and development of efficient
operation methods for the existing elements. Some of these challenges are discussed in
the following subsections.

LATERAL RESOLUTION

The lateral resolution of the AFM is limited by the sharpness of the tip as well as the
precision and bandwidth of the x-y scanner. On the one hand, researchers have been
improving the sharpness of the tip using etching techniques [47] or attaching Carbon
Nano-Tube (CNT) pillars to the AFM tip [48]. On the other hand, many researchers have
developed different x-y scanners and scanning techniques to increase its precision and
bandwidth.

The main difficulties regarding the x-y scanner can be split into two main issues; i)
creep and hysteresis of the piezoelectric material, ii) mechanical resonance of the scan-
ner. The creep and hysteresis are inherent to the piezoelectric actuators and are usually
controlled by feedback techniques [49, 50], whereas the resonance problem occurs due
to the saw-tooth motion pattern of the scanner and has been resolved with different ap-
proaches as follows.

In the majority of the commercial AFM systems the x-y scanning is done using a
tubular piezoelectric actuator [51]. However, researchers have developed scanners with
stack piezoelectric actuators which can operate with higher bandwidth without getting
in resonance [52]. Also, researchers proposed alternative scanning patterns such as si-
nusoidal [53] or circular [54], instead of the saw-tooth pattern to eliminate the sharp
changes in the direction of the motion. In a different approach, Andersson and Pao de-
veloped a compressed measurement method in which they scan only 10% of the sample
area, and a computer algorithm estimates the height of the other 90% of the sample
to generate the full image [55]. In this way, they could virtually increase the scanning
throughput of the AFM.

VERTICAL RESOLUTION

The AFM measures the height of the samples through a strongly nonlinear contact-
mechanics effect which concerns the dynamics of the cantilever, z-axis actuator, the
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feed-back controller, and the electronic circuits. Hence, each and every component of
the z-stage unit should provide a high level of accuracy and reliability. Some of the chal-
lenges regarding the vertical distance measurement can be described as follows:

1. Parachuting effect: In high-speed AFM if the distance between the sample sur-
face and the cantilever suddenly increase, the cantilever can lose the contact with
the surface. In these situations, the error signal saturates to its maximum, and the
z-stage actuator approaches the sample with a constant speed. Consequently, the
cantilever hovers above the surface without measuring the correct topography of
the sample [56]. There exist methods to estimate the surface loss from the observ-
able data, however, its prevention is not guaranteed in high-speed AFM.

2. Resonance of the z-stage actuator: Similar to the x-y scanner, the z-stage actuator
can also experience mechanical resonances which limit the scanning speed of the
AFM. To overcome this issue, researchers proposed different approaches such as,
designing counterbalanced actuators with higher bandwidth [22, 57], and actively
damped z-stage actuators [58]. To retain long stroke of actuation together with a
high bandwidth, the use of dual z-stage actuators is suggested [59, 60]. In this ap-
praoch, one of the actuators provides a long stroke with low bandwidth, and the
other one provides a high bandwidth with a shorter stroke. It has also been pro-
posed to integrate a short range actuator on the cantilever itself, which improves
the bandwidth even further [61].

3. Damage and deformation: Considering that the contact area between the tip and
the sample is subtle, even a small amount of the force applied to the contact area
results in significant stresses. Consequently, it is possible to damage the sample
or the tip 4. Especially for transient situations, (for example during the coarse ap-
proach of the cantilever towards the sample,) these forces might be too high for the
sample or the tip to survive [62]. The probability of damage exists even in dynamic
AFM (which is the least damaging method).

The other issue with excessive force is the deformation of the samples under the
tip [63, 64]. For specimens with low elasticity, it is very plausible that different
experimental conditions give different topography images. In these situations, the
samples are compressed under the tip, and their height image is captured with rel-
atively large errors. To minimize the errors in measuring the height of samples in
AFM, researchers have proposed more optimized elements such as ultra-sensitive
cantilevers [27], or faster electronic parts [65], as well as the different operation
and control algorithms [66, 67] which ease the problem up to a certain extent.

Besides the samples, it is also possible that the tip can break or wear and lose its
sharpness after a certain amount of measurements [68]. This issue might not be
very critical for biological AFM, or the AFM as a research tool. However, it reduces
the lifetime of the probe and hinders industrial AFM applications.

4A macro-scale analogous problem for imaging biological samples (e.g. DNA) with a tapping mode AFM,
would be to try to measure the height of a baby elephant using the summit of the Mount Everest which is
vibrating with 100 meters of amplitude.
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4. Instability, bi-stability and chaos: Due to the nonlinearity of the nanomechanical
forces, there exists many different types of instabilities, bifurcations, and chaotic
patterns that the cantilever can fall into. These nonlinearities can cause imaging
artifacts such as snap-in phenomenon, in which the tip sticks to the sample, or
chaotic fluctuations of the signals [69, 70]. In some studies, researchers have re-
ported the presence of chaos in AFM as a result of attractive nonlinear van der
Waals forces [71, 72], or excessive adhesion[73]. All these effects degrade the re-
liability of the AFM imaging. Especially for industrial and clinical applications,
these effects should be completely avoided. Reducing or eliminating these insta-
bilities demands for increasing the stiffness and/or damping of the cantilever, ei-
ther physically or artificially 5 [75]. However, adding additional damping or stiff-
ness to the cantilever comes with the cost of reducing the sensitivity, increasing
the TSI force and ,consequently, increasing the probability of damage.

Needless to mention that, all these challenges are even more predominant for higher
imaging speeds, which is a crucial requirement for industrial and clinical applications.

1.2.2. SCOPE OF THIS THESIS
The primary goal of this thesis is to improve the functionality of AFM considering its
vertical resolution to enable its potential industrial and clinical applications. For this, we
focus on tip-sample interaction forces, the dynamics of the AFM cantilever, and design
of new signal processing and control techniques for tapping mode AFM.

Resolving the challenges regarding the dynamics of TM-AFM and the TSI forces can
prosper the speed, reliability, and ease of use of AFM in the following manner: 1) Further
reducing the TSI forces in TM-AFM can broaden its window of application for more frag-
ile samples in biological sciences as well as more sensitive samples in industrial applica-
tions. 2) Increasing the stability of the AFM system can improve the reliability of data. 3)
Having more control over the TSI forces can enable new applications such as modifica-
tions of the sample surface at the nanoscale. 4) Measuring and controlling the TSI force
can also increase the speed, and guarantee non-destructive tests using the AFM.

One major challenge of the AFM is that it does not directly measure the TSI force,
but the deflection of the cantilever. In static modes, the deflection of the cantilever can
be translated to the TSI force by scaling with the spring constant of the cantilever. How-
ever, in dynamic modes, the TSI forces is an input for the cantilever, and the input of
dynamic systems are not necessarily measurable [76, 77]. To further explain this issue,
the TSI force and the displacement of the cantilever in TM-AFM is schematically shown
in Fig. 1.3. As it can be seen, the deflection of the cantilever (in most of the experimental
conditions) is a single harmonic signal which can be represented by three parameters,
i.e. the frequency, amplitude, and phase. However, the TSI force is a more complicated
signal in time domain, which contains multiple harmonic components. Many of the
details of the TSI force are contained in its higher harmonic components which do not
propagate to the displacement signal. This makes it very challenging to measure, esti-
mate or control the force. That is why, quantifying the TSI force has always remained

5Using the so-called Q-control method artificially increases the damping (and stiffness) by adding an extra
excitation force which is in phase with damping (and elastic) force of the cantilever [74].
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Figure 1.3: Tip-sample interaction forces and motion of the tip in tapping mode AFM.

as an important, yet elusive goal for the scientists. Considering that the height profile
of the surface only affects the cantilever via the TSI force, measurement of the height is
also constrained by the measurement of the TSI force. Therefore to design high speed
and reliable AFMs, it is essential to have a full understanding of the TSI force.

1.3. CONTRIBUTIONS OF THIS THESIS
In the following chapters of this thesis we aim to understand the tip-sample interaction
force in tapping mode AFM and improve the performance of AFM via mechanical and
control designs based on a knowledge on TSI force. The contributions of this thesis can
be divided into three sets of studies: i) Studying the TSI forces in conventional single
harmonic TM-AFM, ii) Dynamics and control of the single-harmonic TM-AFM, iii) De-
sign of cantilevers and signal processing techniques for multi-harmonic TM-AFM as an
alternative solution.

1.3.1. UNDERSTANDING THE TIP-SAMPLE INTERACTIONS IN TM-AFM
One important aspect of the TSI force in tapping mode AFM is the maximum amount
of repulsive force which is applied to the surface during each cycle of vibration. The
so-called peak repulsive force (PRF) plays a critical role in destructiveness of the mea-
surements, as well as lifetime of the tip. So far, many of the investigations have focused
on PRF in tapping mode AFM. However, both the theoretical [78] and experimental [79]
studies only considered the steady-state conditions in which the cantilever is settled to
a harmonic motion pattern. To account for the transient conditions, we have analyzed a
scenario in which the sample surface suddenly displaces and causes a transient motion
of the cantilever. Our numerical and experimental results show that the cantilever ap-
plies orders of magnitude stronger forces on the surface during its transient motion (See
Chapter 2 and [62]). Hence, the design of AFM should encounter transient conditions to
prevent damage.
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Other important factors which have significant effects on the TSI force are the oper-
ation parameters. The amplitude of vibration while the cantilever is far away from the
sample, the set point amplitude, and the excitation frequency of the cantilever deter-
mine the TSI force up to a large extent. While the effect of the amplitude is well described
in the literature [40, 78–80], the effects of the excitation frequency are often dismissed.
We have numerically and experimentally shown that the excitation frequency is actu-
ally by far the most important parameter for the TSI force. Choosing a slightly wrong
excitation frequency can easily cause a severe damage on the sample or the tip. While
this is not favorable for imaging, it could bring a new application. We used this sensitiv-
ity of the TSI to excitation frequency for deliberately increasing and decreasing the TSI
forces to devise a nano-patterning technique for semiconductor industry [24] (see also
Appendix B).

We could show the effects of the excitation frequency on the TSI force using experi-
ments and numerical simulations. However, this sensitivity could not be easily explained
with the existing theories. Therefore, we have presented a new theory to understand the
working mechanism of the TM-AFM, which could also explain the new observations.
While the origin of amplitude reduction in AFM was previously explained based on the
changes in the resonance frequency of the cantilever, our explanation attributed the am-
plitude reduction to an interference between the excitation force and the TSI force (see
Chapter 3). This new explanation forms a basis for the control design for the TM-AFM
which is explained next.

1.3.2. DYNAMICS AND CONTROL OF CANTILEVER IN TM-AFM
To design high-performance model-based controllers for the TM-AFM in the vertical di-
rection, it is crucial to have an appropriate dynamic model of the AFM cantilever. Al-
though the existing models can accurately explain the behavior of the AFM cantilever,
these models are not suitable for control design because of two main issues: 1) nonlin-
earity and uncertainty of the tip-sample interaction model. 2) Presence of multiple time
scales in the dynamics of the system. In TM-AFM, there is a significant gap between the
time scales of the cantilever and the controller. The controller should be designed with
a bandwidth in the order of bandwidth of changes in the amplitude of the motion of
the cantilever, which by definition is much smaller than the resonance frequency of the
cantilever. In order to derive a dynamics model of the cantilever in the time scale of the
controller, we have extended the model in Chapter 3) for transient conditions (see Chap-
ter 4). In this model, only the slowly changing amplitude and phase signals are tracked
and the fast vibration of the cantilever is averaged out. The model derived in Chapter
4 has been confirmed with experiments and numerical results and could describe the
dynamic evolution of the amplitude and phase due to tip-sample interaction forces. The
results of this model in steady-state conditions fall back to the existing theories for the
TM-AFM, while its transient solution is not achievable with the existing models.

Using the dynamics model from Chapter 4, we have studied the closed-loop dynam-
ics of the AFM in z- direction. Based on this analysis, we found that the speed of the
TM-AFM is strictly limited by chaos. In chapter 5, we have shown that in the conven-
tional configuration of the AFM, if the controller is tuned to be faster than a certain limit,
the closed loop AFM shows a chaotic behavior. Unlike the previously detected chaos and
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bi-stability which could be easily concurred with simple changes in operation parame-
ters [71, 72], the newly detected chaos is unavoidable. These results show that in the
current configuration of the TM-AFM, the chaos phenomenon imposes an upper bound
for the closed loop bandwidth. We concluded that the control algorithm of TM-AFM
should be revised to avoid the chaotic behavior and increase the closed-loop bandwidth
of the system.

The chaotic behavior of the TM-AFM that was reported in Chapter 5 is, in fact, a
result of the controller which only receives the amplitude signal as the input. To im-
prove the closed loop performance of the AFM, in Chapter 6, we present a new control
algorithm which uses both the amplitude and the phase signal. In this controller, first,
an approximation for the average of the TSI force is estimated from the amplitude and
phase of the cantilever, then the control action is taken based on the estimated average
force. Using the new controller, the amplitude and phase of the cantilever remain free
to fluctuate while the height profile of the sample surface is measured from the control
signals. These results show that the total closed-loop bandwidth of the system can be
increased up to an order of magnitude, by adding a Kalman filtr to the loop. The more
accurate the estimate of the force, the better can the behavior of the closed-loop system
be.

1.3.3. MULTI-HARMONIC AFM
From the results in the previous chapters, we achieve two key findings. First, the tip-
sample interactions in dynamic AFM depend on many mechanical and control parame-
ters of the system. Secondly, estimating the TSI force and using it in the control loop can
considerably increase the bandwidth. However, estimating the tip-sample interactions
from a single harmonic motion of the cantilever is non-complete, uncertain and has
large delays. Not fully observing the TSI force, and being restricted to a single harmonic
motion pattern, it is possible to damage the surface or the tip by applying an excessive
mechanical load.

In Chapter 7 we aim to increase the sensitivity of the motion of the cantilever to the
TSI forces by activating the second bending mode of the cantilever. Adjusting the dy-
namic characteristics of the cantilever through its geometric design, we show that one
can reduce the TSI force, and at the same time enhance its sensitivity to the TSI force.
This type of cantilevers provide a non-harmonic motion signal which contain more in-
formation on the TSI force. Yet, accurately estimating the TSI force from the enhanced
output signal remain as a challenge.

In Chapter 8, we develop a new signal processing technique based on Kalman filter-
ing for estimation of the TSI force in multi-harmonic cantilevers. As mentioned previ-
ously, the input of the dynamic physical systems is not necessarily measurable. However,
a delayed and approximated value for the force input can be estimated. For the single
harmonic AFM, the delay and uncertainty do not allow for any conclusion about the
details of the TSI force. However, for multi-harmonic AFM, since the deflection signal
contains multiple frequency components, the TSI force could be measured accurately.
The results from Chapters 4 till 8 show that optimizing the cantilever and the controller
at the same time can increase the imaging performance in the sense of speed, accuracy,
and reliability in vertical direction. Moreover, the extra information that can be retrieved
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based on the results of the Chapters 7 and 8 can be used in local detection of the material
properties of the samples.
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2
TIP-SAMPLE INTERACTIONS IN

HIGH-SPEED TAPPING MODE

ATOMIC FORCE MICROSCOPY

The maximum amount of repulsive force applied to the surface plays a critical role in
sample damage and tip wear in Tapping Mode Atomic Force Microscopy (TM-AFM). So
far, many investigations have focused on the tip-sample forces in TM-AFM in steady-state
conditions. However, it is known that AFM can be more damaging in transient conditions.
This chapter investigates the effects of transient motion of the cantilever on the tip-sample
interactions via numerical and experimental studies. It is observed that, in high-speed
scanning, where the changes in surface topography appear at time intervals shorter than
the response time of the cantilever, the tip may crash into the sample and exert one or
two orders of magnitude higher forces than in steady situations. An analytic expression
has been presented to predict the forces in the worst case scenario which can be used for
selection of scanning parameters in high speed TM-AFM.

2.1. INTRODUCTION
Atomic Force Microscopy has already been suggested as one of the promising technolo-
gies for metrology and inspection of nanostructures for future semiconductor applica-
tions [1, 2]. However, being a member of scanning probe techniques, it suffers from the
lack of speed and throughput. One of the significant concerns in increasing the imaging
rate with AFM is that the probability of damaging the tip or the sample increases with
the scanning speed. Depending on the mechanical properties of the tip and the sam-
ple surface, excessive interaction forces can result in either tip wear and fracture [3], or
deformation and damage the sample [4] (hereafter shortly referred to as damage).

The damage at the nanoscale can be attributed to different mechanisms such as

Parts of this chapter have been published in Proc. SPIE Advanced Lithography 9424-100, (2015).
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fracture, plastic deformation or chemical processes[5]. Though, the stresss level in con-
tact region plays a crutial role in all these processes [5–7]. Hence a damage estimation
method in AFM would be to compare the stresses in the contact area with the maximum
allowable stress of the tip/sample material [3]. Using the maximum repulsive force in
each cycle and considering a contact mechanics model, (e.g., Hertz, Tatara, Sneddon
or a finite element model [8–10],) the maximum equivalent stress in the contact region
can be estimated. Herewith, the nanoscale damage problem could be simplified to the
calculation of the Tip-Sample Interaction (TSI) force.

The form of the TSI forces in AFM mainly depend on the operation mode. e.g., while
non-contact AFM works with weak attractive forces, contact mode AFM exerts strong
repulsive and lateral forces. Among different operation modes, the Tapping Mode (TM-
AFM) is probably the most popular one, due to its reasonable speed, stability, and low
damage. It has originally been devised to reduce the damage by avoiding constant con-
tact and shear (as in contact mode AFM). However, even in tapping mode, there exists
the risk of damage when imaging soft samples (e.g. biological samples) or in high-speed
scanning.

Unfortunately, the TSI forces in tapping mode is not directly accessible from mea-
surements [11]. Therefore, researchers have investigated the TSI forces and specially
the Peak Repulsive Force (PRF), through modeling techniques. For example, Guzman et
al. [9] numerically analyzed the PRF in an immersed AFM and studied differences be-
tween Tatara’s and Hertzian models for contact and also effects of material properties,
e.g., viscoelasticity and fluid damping on the peak repulsive force. Wang [12] used the
Krylov-Bogolubov-Mitropolsky asymptotic method to solve for the nonlinear dynamic
motion of a cantilever under the influence of tip-sample interactions. Based on Wang’s
approach, Hu and Raman[11] extracted an analytic solution for repulsive and attractive
peak forces using the periodic averaging method. Based on these models, researchers
proposed that to reduced the damage, the probe and the scanning parameters should
match the sample properties[7]. The studies mentioned above provide comprehensive
and practically applicable information on tip-sample interactions in steady-state condi-
tions. However, choosing proper probes and operation parameters dos not necessarily
guarantee a non-destructive imaging.

In literature, it is often assumed that the cantilever is vibrating in steady-state con-
ditions with a certain fixed amplitude while being engaged to the surface. However, it is
well known that failure usually occurs while engaging to the surface or in fast scanning
conditions where the system is in a transient situation. Especially in high-speed oper-
ation, abrupt changes in topography of the sample can induce a transient response of
the cantilever which leads to large TSI force on the contact region. For example, in the
presence of steep steps in topography, e.g. 3D structures (e.g., see Fig. 2.1), the tip hits
the structure more abruptly, and the applied repulsive forces are much higher than the
steady state conditions.

Based on the requirements of the semiconductor industry and demand for high-
speed AFM, a thorough model is needed to investigate and control the damage in tran-
sient conditions. To address this issue, here, we study the tip-sample interaction when
a sudden change in topography appears. The present paper is organized as follows: The
next section presents theoretical and experimental investigation of tip-sample interac-
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Figure 2.1: Schematic view of a tip, a) in steady conditions where the tip follows the topography, b) in transient
conditions caused by a sharp step in topography, c) A FinFET as an example of a 3D nano structure that can
cause transient conditions in AFM.

tion forces both in steady-state and transient situations. Section 2.3 presents a simple
analytic expression for the PRF which is based on an apparent impedance model, and
verified with numerical results. Conclusions are presented in the last section. A detailed
description of the method used in Section 2.3 is presented in the A.

2.2. TIP-SAMPLE INTERACTIONS IN TAPPING MODE AFM
In TM-AFM, the cantilever is excited with a frequency (ω) closed to its fundamental res-
onance frequency (ωn) using a dithering piezo actuator to reach a free air amplitude of
Ai . The cantilever is brought close to the sample surface using a Z positioning actuator.
Due to the tip-sample interactions, the vibration amplitude of the cantilever reduces by a
factor Ar (so-called amplitude ratio) to an engaged amplitude A, i.e. A = Ar Ai . The role
of the controller is to keep the engaged amplitude constant by adjusting the position of
the cantilever or the surface. The height image of the sample is captured by recording
the activity of the Z actuator, while scanning in x-y direction.

Using the linear Euler-Bernoulli beam theory, the motion of a cantilever (as a func-
tion of time t and longitudinal coordinate x) can be approximated with a lumped n-

DOF coupled oscillators model as w(x, t ) ≈
n∑

i=1
qi (t )ϕi (x), in which each vibration mode

(ϕi (x)) has a contribution qi (t ).
Considering the Derjaguin-Muller-Toporov (DMT) model[13] for the contact area,

the governing equation for dynamic motion of the tip can be expressed as:

M q̈ +C q̇ +K q = (
HaR

6(g0 −wt )2
− 4

3
Ee f f

p
Rδ3/2)Ft + f0si n(ωt )Fb (2.1)

where wt (t ) = w(l , t ) represents the displacement of the tip where l is the length of
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Figure 2.2: Tip-sample interaction and tip displacement for a cantilever with a spring constant of 6 N /m Q
factor 50, tip radius of 10 nm, free air amplitude of 50 nm, resonance and working frequency of 100 kH z, and
amplitude ratio of 90%.

the cantilever beam. Coefficients K ,C , M ∈Rn×n , Ft ,Fb ∈Rn×1, R, Ha f0 are stiffness ma-
trix, damping matrix, mass matrix, forcing vector from tip, and forcing vector from base
of cantilever (dithering force), tip radius, Hamaker constant, and equivalent dithering
force, respectively. The distance between undeflected position of tip and sample sur-
face is defined as g0 and the indentation δ is defined as δ= (a0 + xt − g0)H(a0 + xt − g0).
The Heaviside function (H(a0 + xt − g0)) is utilized to indicate that indentation is zero
when the tip is not in contact with the sample and a0 is the atomic separation distance.

The effective stiffness of the surface, Ee f f is given as 1
Ee f f

= 1−ν2
t

Et
+ 1−ν2

s
Es

, where E and ν

are young’s modulus and poisson’s ratio and subscripts t and s refer to tip and sample,
respectively[9].

To calculate the tip-sample interaction forces first, a 6-DOF version of Eq(2.1) was
solved using a 4th-order Runge-Kutta integration scheme, its convergence has been con-
firmed and its accuracy has been verified with previously achieved analytically results.
We shall use this model for simulating the transient situations as well in the following
sections. Fig. 2.2 shows the steady-state motion of the tip in time domain and accompa-
nying tip-sample force for a cantilever which properties are given in the caption.

As it can be seen in Fig. 2.2, in steady state situations, the motion of the cantilever
is harmonic. It means only the first mode of the cantilever is active, and Eq(2.1) can
be truncated to a one DOF mass-spring model (as it is widely in use in the literature
[9, 11, 14, 15]). However, for transient situations, because of participation of the higher
modes the motion of the cantilever is more complicated than the steady state situations.
In the next subsection, we experimentally demonstrate that the one DOF model does
not necessarily represent the dynamics of the cantilever in transient situations.
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Figure 2.3: Motion spectra of the cantilever while engaged with the surface. Blue: In steady condition. Ma-
genta curve: The cantilever engaged to a sample surface which is randomly fluctuating up and down. Free
air amplitude is 1 V , amplitude ratio is 30% and the cantilever is only excited at its first resonance frequency
(≈ 41 kH z).

2.2.1. ONE DOF ASSUMPTION

As mentioned previously, mainly in the literature, the AFM cantilever is approximated
with a single DOF oscillator model. However, this assumption only holds for single fre-
quency Amplitude Modulation (AM) mode imaging with normal probes in air. For ex-
ample, it does not hold for some special cantilevers [16], or for multi-modal AFM[17].
Also, it is not necessarily valid while the cantilever experiences transient conditions. For
example, we use a commercially available rectangular cantilever (MPP-22120 Bruker)
and engage with a silicon surface in tapping mode. To keep an ongoing transient mo-
tion of cantilever, we increase the controller gains and reduce the set point amplitude.
These parameters generate an instability in the control loop. Thus, the Z-stage randomly
vibrates around the set-point and prevents the cantilever from reaching the steady sit-
uations. Fig. 2.3 shows the frequency spectrum of motion of the cantilever while it is in
transient conditions as described above. In Fig. 2.3 the peaks on frequencies 280, 550,
840 kHz correspond to second bending mode, torsion mode and third bending mode
of the cantilever, respectively. Considering that higher modes of the cantilever are also
excited in transient situations, it can be concluded that one DOF oscillator assumption
for the cantilever would result in large errors, i.e. the tip-sample interactions in transient
situations can not be calculated via present analytic formulas or any one-DOF model.

2.2.2. SUDDEN CHANGES IN TOPOGRAPHY

There can be different stimuli to initiate a transient situation in TM-AFM. In this section,
we consider a steep upward step in topography to investigate its effects on the tip-sample
interactions. In high-speed scanning of 3D nanostructures, for downward steps the tip
disengages and parachutes over the surface[18], while for upward steps it suddenly hits
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Figure 2.4: Effects of sudden change in topography on the forces and the motion of a cantilever with a reso-
nance frequency of 49.1 kH z spring constant of 9.7 N /m, Q factor 295, free air amplitude 466 nm, and ampli-
tude ratio 0.75%. A sudden voltage is applied to the Z piezo actuator to generate a virtual step function with an
approximate height of 45 nm in topography(black dashed line).

the surface and can cause damage.
Since the forces in tapping mode cannot be (fully) reconstructed from observable

signals, the applied force in a transient situation is impossible to measure while imaging
on real samples. On the other hand, as it is described in Section 2.2.1 these forces can not
be calculated with present analytic formulas, nor from any other one-DOF model. Thus,
the forces can only be estimated via an individual experiment, or a numerical solution
of the full nonlinear differential equation of the cantilever, Eq(2.1).

To experimentally investigate the effects of steep upward changes in topography, we
adopt the method presented by Tamer et al[19, 20]. With this approach, it is possible to
measure the tip-sample interactions in tapping mode AFM up to a limited bandwidth
(in this case about 1 MHz). In this method, a much smaller (and higher frequency) can-
tilever is used as the force sensor and its deflection is measured via a separate optical
beam deflection setup[21]. By applying a sudden voltage to the Z piezo actuator of the
system in [20], an unexpected upward step in topography is simulated. Fig. 2.4 shows the
motion of the cantilever and the tip-sample interactions filtered with a 1 MHz low pass
filter. As it can be seen from Fig. 2.4, when a sudden upward step is applied to the Z-stage
(time 0.8 ms), the motion of the cantilever becomes transient. In this case, the tip applies
approximately 14 times higher forces on the surface, then its amplitude drops and loses
the sample surface for 2 ms then it reaches the new steady state conditions with a lower
amplitude.

Fig. 2.5 shows the interaction forces and tip position which is found via a numerical
solution of the Eq(2.1) for the cantilever which is used in the experiments of Fig. 2.4,
where the Quality factor has been reduced to 50 for better visualization of the phe-
nomenon.

The transient situations are not only important from a damage point of view, but
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Figure 2.5: Numerical solution of the cantilever described in Fig. 2.4.

also from the control perspective. As shown in the Fig. 2.4 and 2.5, the amplitude of the
cantilever does not recover uniformly after the sharp impact. The overshooting of the
amplitude which occurs after encountering the steep upward step can cause instability
in the closed loop system. In case the response time of the PID controller is chosen to
be shorter than rise time of the amplitude (e.g., ≈ 3 ms for Fig. 2.4), it can react to the
overshooting of the cantilever that generates a control signal in opposite direction(i.e.,
further retract when the tip is disengaged). Thus, to avoid instability, the controller has to
be slower than the rise time of the cantilever. This effect limits the operation speed of the
AFM. It worth to mention that we used this effect to destabilize the system deliberately
to generate Fig. 2.3.

Due to the wast involvement of non-deterministic surface conditions, it is not possi-
ble to calculate the tip-sample interactions for every type of transient situations. How-
ever, even a rough approximation would be helpful to avoid (or reduce the probability
of) damage in high-speed scanning. For this aim, Section 2.3 presents a closed form
solution based on energy conservation law to estimate the amount of maximum force
regarding size of the upward step, material properties of the sample, mechanical charac-
teristics of the cantilever and operation parameters.

2.3. ENERGY ANALYSIS
To analytically quantify the effects of steep upward steps on the repulsive forces, we ap-
ply the energy conservation law to the time sequences right before, and at the impact
time where the nano indentation reaches its maximum value.

PE 1
cant +K E 1 +WvdW = PE 2

cant +K E 2 +PEcont act +Eloss (2.2)

Eq(2.2) states that during the nanoindentation process, the difference between initial (.1)
and secondary (.2) potential (PE) and kinetic energy (K E) of the cantilever is enhanced
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Figure 2.6: a) Schematic of deflection of cantilever, b) velocity profile along longitudinal axis of cantilever
before and after the contact with steep step.

with work of vdW forces (WvdW ) and is transferred to an elastic energy in contact re-
gion (PEcont act ). Also, some of the energy is dissipated because of the non-conservative
behavior of the material during the nanoindentation process(Eloss ).

Assuming that the nano-indentation is minuscule in comparison to the amplitude of
the cantilever, it is appropriate to conclude that the changes in potential energy of the
cantilever are negligible(PE 1

cant = PE 2
cant ). Also, since ignoring the non-conservative

terms gives an overestimate of the applied force, it is reasonable to consider a conser-
vative collision as a worst case scenario(El oss ≈ 0). Therefore, we can assume that the
change in the kinetic energy, together with the work of the van der Waals forces is trans-
formed to the strain energy in contact area(K E 1 −K E 2 +WvdW ≈ PEcont act ).

To calculate the changes in kinetic energy, the velocity profile of the cantilever dur-
ing the contact is considered. As shown in Fig. 2.6 when the tip hits the sample surface,
suddenly some part of the cantilever (areas close to tip) stop moving, but the other parts
(far from the tip) will not stop at the same time as the tip. The equivalent inertia of the
parts of the cantilever that cease moving at the same time with the tip is called the ap-
parent mass of the cantilever at the tip. Depending on the apparent mass of the tip, a
portion of the kinetic energy of the cantilever, plus the work of vdW forces should trans-
form to strain energy in contact. For the case of before the contact (when the cantilever is
moving harmonically in steady situations), the velocity profile has the same shape as the
first bending mode, yet during the indentation, it changes to a different configuration
that can be considered as a combination of first few vibration modes. Fig. 2.6 describes
the reasoning behind excitation of higher modes of the cantilever that was presented in
Section 2.2.1.

A very relevant reference on how an elastic structure behaves due to mechanical im-
pacts can be found in the research of Lin and Ho [22].

Considering the Hertz model, the strain energy of contact area in Eq(2.2)can be found
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as:

PEcont act =
∫ δ

0

4

3
Ee f f

p
Rr 3/2dr = 8

15
Ee f f

p
Rδ5/2, (2.3)

where δ is the maximum indentation, and r is a dummy variable. The work of vdW force
in Eq(2.2) is:

WvdW =
∫ ∞

a0

HaR

6r 2 dr = HaR

6a0
, (2.4)

and the changes in kinetic energy of the cantilever is

K E 1 −K E 2 = 1

2
mt i p v2. (2.5)

where v is the velocity of the tip while it is approaching the surface and mt i p = 1
4nρAL

is the apparent mass of the tip considering the nth mode of vibrations. See A for more
detailed description of the apparent mass. Substituting Eq(2.3) and Eq(2.5) into conser-
vation law (Eq(2.2)), the indentation in contact area can be found as Eq(2.6):

δmax = 0.9745
2.5

√√√√mt i p v2 + HR
3a0

Ee f f
p

R
. (2.6)

The maximum stress in Hertz model is calculated from the forces as[3]:

σmax =
3

√
6F E 2

e f f

π3R2 . (2.7)

Considering Eqs(2-7), the maximum stress can be found from the velocity of the tip ap-
proaching the surface. Since the motion of cantilever before the contact is harmonic, the
tip speed before contact can be obtained as:

v = Aω

√
h

A
(2− h

A
). (2.8)

where h is the height of upward change in topography.
Considering Eq(2.6) and the Hertz model, the maximum repulsive force as a function

of size of sudden step in topography is:

F (h) = 1.2827E
2
5

e f f R
1
5 (Akmrω

2
r h(2− h

A
)+ HR

3a0
)

3
5 (2.9)

where mr = mT i p

M11
is the ratio between apparent mass of the tip and equivalent mass of

the first mode of vibration. Consequently, the contact stress can be found by substituting
Eq(2.9) in Eq(2.7) as:

σmax (h) = 0.6285E
4
5

e f f R− 3
5 (Akmrω

2
r h(2− h

A
)+ HR

3a0
)

1
5 (2.10)

Since the tip has its maximum kinetic energy while it is in the middle the stroke, the
worst case scenario (maximum possible force) happens if the height of the sudden step
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Figure 2.7: Peak repulsive forces in steady state and transient situations considering the worst case scenario
where the size of step is equal to the amplitude for the cantilever described in Fig. 2.4 with free air amplitude
100 nm.

is equal to the set-point amplitude (A). To verify the analytical formula we compare the
peak repulsive force in transient situations from Eq(2.9) with already validated numeri-
cal method solution of Eq(2.1). In Fig. 2.7 the blue line and the red squares are calculated
considering the size of sudden changes equal to set-point amplitude, (i.e. the worst case
scenario), and black line and purple circles show the steady-state situations. It should be
mentioned that both the analytic formula and the numerical methods consider 4 DOF
model of the cantilever.

The presented analytic formula in Eq(2.9) can be useful in selection of the scanning
parameters to avoid the damage in high-speed imaging of 3D nano structures[23].

2.4. CONCLUSION
In this paper, the tip-sample interactions in tapping mode AFM were studied in transient
situations. The contact forces and stresses were calculated analytically for the case of
sudden upward step in topography which represents a transient situation. The analytic
formula for stresses and forces was in good agreement with already verified numerical
results. It has bean observed that in transient situations, the cantilever cannot be con-
sidered as one DOF oscillator, and it can apply order(s) of magnitude higher repulsive
forces on the surface. Also, it has been found that in transient situations, the forces also
scale with the apparent mass of the tip besides the spring constant of the cantilever.
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3
THE ORIGIN OF AMPLITUDE

REDUCTION IN TAPPING MODE

ATOMIC FORCE MICROSCOPY

The origin of amplitude reduction in Tapping Mode Atomic Force Microscopy (TM-AFM)
is typically attributed to the shift in resonance frequency of the cantilever due to the non-
linear tip-sample interactions. However, this does not explain some of the recent numeri-
cal and experimental observations on the tip-sample interaction forces. In this paper, we
present a new approach to understand the origin of amplitude reduction in TM-AFM. The
proposed approach is based on interference between the tip-sample and dither force, and
clearly explains the recent observations. Results obtained with the proposed formulation
agree with experimental results and numerical solutions of the full nonlinear model.

3.1. INTRODUCTION
Tapping Mode Atomic Force Microscopy (TM-AFM) is a widely used microscopy tech-
nique in experimental research and industrial applications [2]. In this method, a micro-
cantilever probe with a sharp tip at its end is excited with a frequency around its funda-
mental resonance frequency. Bringing the cantilever to a nanometric approximity of the
sample surface, the tip intermittently interacts with the sample surface. Due to the inter-
mittant interactions of the tip and the sample, the vibration amplitude of the cantilever
reduces to a user-defined fraction of its value when it was far from the sample (the free
air amplitude). A feedback controller keeps the reduced amplitude constant by adjust-
ing the distance between the cantilever and the sample. While scanning sample surface,
the AFM cantilever follows the topography of the sample surface, and a so-called height
and phase images are captured via recording control signal and the phase of the motion
of the cantilever, respectively [3].

Parts of this chapter have been published in Applied Physics Letters 112, 163104 (2018).
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Figure 3.1: Graphical explanation of amplitude reduction based on resonance frequency shift (see e.g.,[4, 5] ).

The research question in this paper is: why does the amplitude reduce when the tip
starts to interact with the sample? This question was a fundamental research question
in the late 1990’s, and was already answered then [4]. Briefly: “The amplitude reduces
because the resonance frequency of the system changes.” This explanation is graphically
demonstrated in Fig. 3.1, and more details can be found in [5]. While many aspects of
the TM-AFM are well described with this explanation, there are still several recent obser-
vations about Tip-Sample Interaction (TSI) force which are not well understood. In this
paper we present a new description for the origin of amplitude reduction in AFM that
also explains the recent observations.

It must be acknowledged that, the explanation based on resonance frequency shift is
mathematically precise, and is arisen from a nonlinear dynamics study of the cantilever
in the presence of the Derjaguin-Muller-Toporov (DMT) force model. The DMT model
describes a conservative TSI model which consists of repulsive Hertzian, and attractive
van der Waals (vdW) forces. The two simplifications which has been used in the formu-
lations of the existing theory which are: First, the dynamics of the cantilever is assumed
to be a one degree of freedom (DOF) resonator model. Second, the motion of the can-
tilever is assumed to harmonic even in the presence of strongly non-linear TSI forces. In
fact, experiments and numerical simulations show that none of these assumptions are
restricting. The TSI force can be considered as a conservative force whereas the non-
conservative effects can be added later. The motion of the cantiver is mainly harmonic,
and hence, it is a legitimate choice to consider the cantilever as a one DOF resonator [6].
There are exceptional cases for which these assumptions are restricting (such as multi-
frequency AFM, transient situations, and aqua medium measurements [7–9]). Yet, for
the single harmonic TM-AFM in air, the existing theory—based on the frequency shift—
is precise. However, with this theory, the relationship between the operation parame-
ters and the TSI force is not easily explained. For example, the maximum interaction
force during each cycle, i.e., the Peak Repulsive Force (PRF), is commonly considered
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Figure 3.2: a) Peak repulsive force versus amplitude ratio and normalized excitation frequency. b) An example
of nanopatterning using TM-AFM by tuning the TSI force via changing the excitation frequency [10].

to be a function of the amplitude and stiffness of the cantilever. Nonetheless, some re-
cent observations show that the excitation frequency is much more important than the
amplitude [10]. Not considering the excitation frequency, Xue et al. [11] reported a con-
tradiction between their experimental results and the ones from Su et al [12]. One set of
experiments showed an ascending relationship between the force and amplitude ratio,
while the other tests show a descending relationship [11]. In fact, depending on the exci-
tation frequency, both could be valid. If the excitation frequency is chosen slightly lower
than the resonance frequency of the cantilever, the trend of the TSI force resembles the
ones reported in [12], and if higher, the trend resembles reference [11].

To demonstrate the effect of excitation frequency, Fig. 3.2.a shows the PRF versus
the amplitude ratio and excitation frequecy which is calculated from numerical solution
of the full nonlinear multi-DOF model of the cantilever. As it can be seen, the PRF has
a saddle-shape trend with respect to the amplitude ratio and the excitation frequency,
which shows that amplitue-force relationship can be ascending or discending. Using
this trend, we have previously demonstrated a new nano-patterning technique with AFM
(Fig. 3.2.b), in which, the TSI force was controlled via the excitation frequency, without
changing the amplitude or the excitation power [10]. In this manner, desired patterns
could be transferred to the surface, without causing any interruption in the imaging
process. However, it was not possible to explain the results in Fig. 3.2 with the shift in
resonance frequency. Therefore, this paper presents a different explanation for the ori-
gin of amplitude reduction in TM-AFM, which also covers the frequency dependency of
the TSI force.

3.2. THEORY AND DISCUSSIONS

Consider the cantilever as a linear one DOF resonator which is excited by a dithering
force and interacts with the surface through the TSI force. A normalized governing dif-
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ferential equation for this cantilever can be written as:

ẍ +ξẋ +x = fdℜ(e jωt )+ ft s (x, . . . ), (3.1)

where x, ξ,ω, fd , and ft s ∈R represent the normalized displacement of the tip, the damp-
ing coefficient, normalized excitation frequency, the nondimensional dither force, and
the tip-sample interaction force. A dot represents the time derivation, ℜ is the real oper-
ator, and j ∈C is the imaginary value

p−1.
The TSI force is nonlinearly associated with the tip displacement and other physical

and geometric parameters. Nonetheless, without any loss of generality, it can be con-
sidered as an unknown signal in the time domain. By keeping the TSI force unknown
during the derivation of the model, we aim to present a formulation which explains the
amplitude reduction in TM-AFM, independent of the interaction models. In steady state
conditions, both the displacement and the TSI force are periodic in time. Hence, they
both have a Fourier decomposition, with a first component at the same frequency as
the excitation signal. The Fourier decomposition of the (unknown) TSI force and the
displacement can be written as:

ft s (t ) =
∞∑

n=0
ℜ(F (n)

t s en jωt ) (3.2a)

x(t ) =
∞∑

n=0
ℜ(X (n)en jωt ) (3.2b)

where F (n)
t s = |F (n)

t s |e− jϕ(n)
t s , and X (n) = |X (n)|e− jϕ(n)

x ∈C represent the amplitude (|F (n)
t s |,|X |(n))

and the phase (ϕ(n)
t s , ϕ(n)

x ) of the nth (n ∈N) Fourier component of the TSI force and dis-
placement, respectively. Note that the capital letters are used for the Fourier compo-
nents of the functions. Considering Eq(3.2), the system represented by Eq(3.1) has an
analytic solution for each of its frequency components as:

X (n) = e− j tan−1( nξω
1−n2ω2 )√

(1−n2ω2)2 +n2ξ2ω2
ΣF (n) (3.3)

where ΣF (n) ∈ C represents the nth Fourier component of the total force acting on the
cantilever. ΣF (1) = f d +F (1)

t s and ΣF (n) = F (n)
t s n = 2,3, ... .

In conventional TM-AFM configuration, only the amplitude and phase of the first
harmonic motion (i.e., X (1)) can be reliably measured and used in the control loop.
Fig. 3.3 depicts a normalized version of Eq(3.3) for n = 1 as a phasor plot, in which, the
amplitude and phase of the forces and displacements are represented, each with a vec-
tor (for ω = 1). As it can be seen, when there is no TSI force, the displacement has an
amplitude equal to one, and a phase delay of π/2 radian. However, in presence of the
TSI force, the amplitude of total force |ΣF (1)| (solid blue) is less than the dither force per
sé. This is because the TSI force (purple) is more than π/2 radian out of phase with re-
spect to the dither force (solid green). Accordingly, the amplitude of the motion in the
engaged situation (dashed blue) is lower than the free air amplitude (dashed green).

The reasoning behind the phase difference between the dither and TSI forces can be
explained with the TSI model. Assuming that the contact between the tip and the sample
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Figure 3.3: Phasor plot of the forces and displacement in TM-AFM: The explanation of amplitude reduction.

is conservative (Ft s = Ft s (x(t ))), any of the Fourier components of the TSI force can be
either 0 or π radian out of phase with the displacement x. In repulsive regime, which
is the case for the majority of the experimental settings, this phase delay is π radian,
whereas for attractive regime, it is 0. Rewriting Eq(3.3) with and without presence of
the TSI force, one can conclude that the amplitude ratio (Ar ) should be equal to force
reduction ratio at the frequency of interest (| fd +F (1)

t s | = Ar fd ). Accordingly, the phase

and amplitude of the first Fourier component of the force (|F (1)
t s |,ϕ(1)

t s ) can be detrmined
from the following equation:

fd Ar exp j (ϕ(1)
t s −θt s

X − tan−1( ξω

1−ω2 )) = |F (1)
t s |exp j (ϕ(1)

t s )+ fd (3.4)

where θt s
X = 0, or π, is the phase between the displacement and the TSI force. Eq(3.4)

physically means that the first Fourier component of TSI force interferes with the dither
force to generate the total harmonic force. Thus, the amplitude of the total force de-
pends on the TSI force, dither force, and more importantly, the phase delay between
them. Therefore, the origin of the amplitude reduction in TM-AFM can be explained
as a destructive interference, i.e., cancellation of the dither force and the first Fourier
component of TSI force. Note that the other Fourier components of the TSI force may
or may not induce a motion at their frequencies, but certainly, do not contribute to the
amplitude at the frequency of interest because of the orthogonality condition.

The phase difference between total force and the motion of the cantilever is dictated
by the phase delay of the cantilever, i.e., tan−1( ξω

1−ω2 ), and the phase between the TSI
force and the motion (θt s

X ) is governed by the force-distance relationship. If the contact
is not conservative, the θt s

X will be slightly different than π, or zero.

The phase delay of the cantilever (tan−1( ξω

1−ω2 )) also determines the sensitivity of the
amplitude to the TSI force. Fig. 3.4 shows the phasor plot of the forces for two differ-
ent excitation frequencies. Both frequencies have equal dither force, free air amplitude
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Figure 3.4: Phasor plan of the forces in TM-AFM; Explanation of frequency sensitivity of TSI force. Green:
dither force, Blue: excitation frequency lower than resonance, Red: excitation frequency higher than resonance
frequency.

and amplitude set-point. However, to reduce the total force (dashed arrows), the one
with higher excitation frequency (red arrows) requires stronger TSI force than the one
with lower excitation frequency (blue arrows). This observation explains the reasoning
behind the frequency dependency of the TSI force shown in Fig. 3.2.

Fig. 3.5 shows the magnitude of the first Fourier component of the force versus the
amplitude ratio and the excitation frequency, obtained from Eq(3.4). To verify the re-
sults from the new formulation, we compared the F (1)

t s calculated from Eq(3.4) with the
numerical solution of the nonlinear problem (using DMT model). We found that the first
Fourier component of the TSI force obtained by this method agrees with the nonlinear
model up to a numerical roundoff error, regardless of the parameters of the DMT model.
Fig. 3.6 compares the average of the forces achieved with the presented linear model and
numerical solution of the nonlinear model for different amplitude ratios, while the exci-
tation frequency is equal to resonance frequency (ω = 1).Fig. 3.7 shows the same curve
as Fig. 3.6 for different excitation frequencies while keeping the amplitude ratio constant
(Ar = 0.7 ).

The presented model in Eq(3.4) does not require the parameters of the force model,
and it cannot provide the PRF, however, at the frequency of interest (excitation and mea-
surement frequency), there is no difference between this method and the full nonlinear
model. Hence, It can be concluded that the DMT modulus of the sample, (i.e. elas-
ticity, tip radius, Hamaker constant), and the distance between the cantilever and the
sample surface, do not individually have any effect on the amplitude and phase of the
cantilever at the frequency of interest. Consequently, they cannot be measured with con-
ventional single frequency TM-AFM. This explains why the height image of soft samples
is often not equal to their true value [13], and often depends on the operation parame-
ters etc. The same reasoning holds for calculating the peak repulsive force or any other
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Figure 3.5: Magnitude of first Fourier component of the tip-sample interaction Force vs. amplitude ratio (hor-
izontal) and excitation frequency (vertical); Explanation of frequency sensitivity of TSI force.

Figure 3.6: Peak Repulsive Force and first Fourier component of the force vs. amplitude ratio (w=1) (validation
of a horizontal line in Fig. 3.5)
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Figure 3.7: Peak Repulsive Force and first Fourier component of the force vs. amplitude ratio (Ar = 0.7) (vali-
dation of a vertical line in Fig. 3.5)

detail of the TSI force. Since the amplitude and phase (the only observable signals) do
not depend on the details of the tip-sample interaction force, it is impossible to extract
the force distance curve in TM-AFM without assuming its shape, or performing a sweep
measurement.

3.3. CONCLUSIONS
Besides the shift in resonance frequency of the cantilever, the origin of amplitude reduc-
tion in TM-AFM can be attributed to an interference between the excitation force and
the tip-sample interaction force. This analogy explains the relationship between the ex-
citation frequency, amplitude ratio, and the applied force much clearly. Moreover, with
this explanation, it is evident that the single harmonic TM-AFM does not measure the
true height profile of the samples but a geometric locus of all the points on the sample
that apply the same average force on the cantilever.
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4
MODULATED MODEL OF TAPPING

MODE AFM FOR TRANSIENT

CONDITIONS

Many investigations have focused on steady-state nonlinear dynamics of cantilevers in
Tapping Mode Atomic Force Microscopy (TM-AFM). However, a transient dynamic model
—which is essential for a model-based control design— is still missing. In this paper, we
derive a mathematical model which covers both the transient and steady-state behavior.
The steady-state response of the proposed model has been validated with existing theo-
ries. Its transient response, however, which is not covered with existing theories, has been
successfully verified with experiments. Besides enabling model-based control design for
TM-AFM, this model can explain the high-end aspects of AFM such as speed limitation,
image quality, and eventual chaotic behavior.

4.1. INTRODUCTION
Atomic Force Microscopy (AFM) is a powerful tool for imaging the surface of samples
with a sub-nanometer resolution which has many different applications in experimen-
tal sciences such as physics and biology[1–4]. Nowadays, AFM is also attracting more
and more attention in the semiconductor industry as an inspection and metrology tool.
The latter applications demand much stricter requirements regarding throughput, accu-
racy, reliability, and non-destructiveness [5–8]. To improve the imaging throughput and
reliability of AFM, it is essential to understand its physics and optimize its mechanical
parts and controllers.

A popular and promissing AFM-based measurement technique, both for research
and industrial applications, is the Amplitude Modulation (AM-AFM) or the Tapping Mode
AFM (TM-AFM). TM-AFM is mainly popular because it applies very small forces on the

Parts of this chapter have been published in Nonlinear Dynamics 97:1601–1617 (2019).
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sample surface and, consequenctly, has lower probability of damaging the sample. The
nondestructiveness of TM-AFM can be so important that, e.g., researchers in the field of
biology refer to it as a blessing [9].

The TM-AFM works as follows: A cantilever with a sharp tip attached to its free end is
excited at a frequency around its fundamental resonance frequency, and brought close
to the surface of the sample. At a certain distance from the sample surface, the tip starts
to interact with the sample via different forces such as van der Waals (vdW) interaction,
Pauli repulsion, squeezed film damping, hydro-capilarity, electrostatic forces, etc [10].
As a result of the Tip-Sample Interaction (TSI) forces, the amplitude of the motion of the
cantilever reduces [11, 12]. A feedback control loop adjusts the distance between the
cantilever and the sample surface using a piezoelectric (z-stage) actuator, such that the
amplitude of the cantilever is kept constant at a user-defined fraction of its free air am-
plitude. While raster scanning the sample surface, and keeping the amplitude constant,
the output signal of the controller is recorded and interpreted as the height profile of the
sample.

In case the amplitude of the cantilever has a one-to-one relationship with its dis-
tance to the surface, keeping the amplitude constant would mean keeping the distance
constant. Therefore, any fluctuation in the height profile of the sample is compensated
with the z-stage control unit, and the height profile of the sample can be measured via
the control signal. However, as schematically shown in Fig. 4.1, the relationship between
the amplitude and the distance is not always one-to-one, and consequently, the height
measurement is not always trivial. For example, at the far right-hand side of Fig. 4.1,
where the sample is far from the cantilever, obviously there is no interaction and the
amplitude is independent of the distance. If this situation happens during imaging, the
error signal saturates and a so-called parachuting-type artifacts appear on the image
[4, 13]. Similarly, at the far left-hand side of the curve in Fig. 4.1, where the attractive
forces exceed a certain value, the tip snaps onto the surface and sticks to it; the so-called
snap-in phenomena. Thus, independent of small variations of the distance, the ampli-
tude remains zero [14]. Another situation where amplitude and height do not have a
one-to-one relationship is the coexistence of the attractive and repulsive regimes [15].
At two different distances from the surface, the TSI force can reduce the amplitude of
the cantilever to the same value. In one regime the average force is attractive and in the
other, it is repulsive. In Fig. 4.1, if the distance between the cantilever and the sample is
h1, the vibration amplitude could be either A1 or A2. Similarly, if the measured ampli-
tude is equal to A2, the distance could be either h1 or h2. In this case, a certain amplitude
may corresponds to two different height values and vice versa. Hence the controller fluc-
tuates between the two height values which causes artifacts on the image. Researchers
have studied these nonlinear effects, their consequences, and the related problems, ex-
tensively [15–17]. However, all these studies consider a steady-state condition and the
transient response of the cantilever is neglected.

The nonlinearities are not the only cause for distortion of the amplitude-distance
relationship, also transient behavior of the cantilever can distort this one-to-one rela-
tionship. The amplitude-distance relationship in Fig. 4.1 is only valid for steady-state
situations, i.e. where the amplitude signal is settled to a constant value. For example,
suppose that the system is initially settled to Point A in Fig. 4.1, then, suddenly, the sur-
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Figure 4.1: Schematic representation of relationship between amplitude and distance, depicting the reasoning
for parachuting effect, coexistence of attractive-repulsive regimes, snap-in phenomenon and transient behav-
ior.

face is retracted up to a distance corresponding to Point B . Obviously, the amplitude of
the cantilever can not adapt suddenly. Therefore, it might follow a different trajectory
than the linear steady-state one. How fast the amplitude can adjust itself to the varia-
tions in the height totally depends on its dynamic trajectory. This problem is crucial for
high-speed AFM, where the changes of the distance happen in time intervals that are
comparable or shorter than the cantilevers response time. Note that, the transient re-
sponse of the cantilever is not taken in account in control design for AFM. Hence, such
a transient behavior of the cantilever may cause a closed-loop chaotic behavior in pres-
ences of non-linear tip-sample interactions [18]. It has been previously reported that
this chaotic behavior strictly limits the speed of the TM-AFM and can only be avoided by
reducing the control gains and imaging speed [18].

To understand and improve the speed limit of AFM, an in depth investigation of the
transient response of the cantilever is crucial. However, the transient dynamics of the
cantilever, which governs the overall performance of AFM, is often ignored or purely dis-
cussed from a tip-sample interactions point of view [19]. Therefore, here we try to answer
the following research question: How does the amplitude (and phase) of the motion of
the cantilever evolve in transient situations? For this, we derive a set of governing differ-
ential equations based on Fourier components of the force and displacement. Different
aspects of the proposed model are verified with experiments and compared with existing
steady-state models. The proposed model is generic in a sense that it does not contain a
certain tip-sample interaction model and enables graphical interpretations. A graphical
interpretation is helpful for understanding the effects of cantilever dynamics on high-
end aspects such as image quality and speed limit. Moreover, the proposed model can
be a first step towards designing model-based controllers for high-speed nondestructive
TM-AFM.

This paper is further organized as follows: In Section 4.2, we present a detailed deriva-
tion of the proposed mathematical model based on an averaging approach. In Sec-
tion 4.3, we present analytic, numerical, and experimental results based on the proposed
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model. This is divided into four different subsections. The first subsection shows that the
linear steady-state response of the proposed model is exactly equal to a steady-state re-
sponce of a one Degree-Of-Freedom (DOF) resonator. The second subsection compares
the nonlinear steady-state response of the proposed method with the existing theories
for TM-AFM. In the third subsection, we introduce the transient response in time do-
main and verify it with experiments. Finally, in the forth subsection, we use a specific ex-
periment to verify the transient response in frequency domain, and try to explain some
of the existing experimental results. Section 4.4 is devoted to practical implications of
the transient behavior for high-speed TM-AFM. This section consist of two subsections.
The first subsection explains the effect of cantilever dynamics on image quality based
on closed-loop non-linear simulation. The second subsection graphically explains the
reason behind chaotic behavior of TM-AFM as a consequence of high control gains as
previously reported in [18].

4.2. MATHEMATICAL MODELING
According to experiments and previously achieved numerical results, despite the strong
nonlinearities of the tip-sample interactions, the motion of the cantilever in conven-
sional TM-AFM is harmonic up to a large extent [20]. The reason behind this harmonic
motion is the extreme contrast between the sensitivity of the cantilever to different forces.
The cantilever is highly sensitive to the forces that correspond to its resonance frequency,
and almost not responsive to any other forces. Therefore, the Fourier component of
the forces which correspond to the fundamental resonance frequency of the cantilever
generate a measurable displacement, while the effects of the other forces are likely to
be obscured by the noise [20]. When this contrast is low (low Quality(Q)-factor [21] or
Multi-Harmonic cantilevers[22, 23]) or if the TSI force is so strong that it compensates
for the low sensitivity, the motion of the cantilever can contain some higher frequency
components. However, for conventional TM-AFM, and in the presence of measurement
noises, it is almost impossible to measure the higher frequency content of the motion.

Considering only a single harmonic motion, it is a legitimate choice to model the
AFM cantilever as a one DOF mass-spring-damper system. For brevity we start with a
non-dimensional form of a one DOF model of the AFM cantilever as:

ẍ +ξẋ +x = Fd cos(ωt )+ ft s , (4.1)

where x is the non-dimensional displacement of the tip, with over-dot representing the
time derivative. ξ = 1

Q is the damping ratio, with Q being the Q-factor of the cantilever.
Fd , ft s andω represent the normalized driving force, TSI force, and excitation frequency,
respectively.

Although Eq(4.1) represents the dynamics of the cantilever up to a reasonably high
precision, it is not very useful for control design purposes. As mentioned before, the
motion of the cantilever only contains one harmonic component and the controller ob-
serves its amplitude, which by definition varies much slower than the motion of the can-
tilever. In practice, a Lock-In Amplifier (LIA) demodulates the motion of the cantilever
into its amplitude and phase, and feeds them to the controller. The details of the LIA are
outside the scope of this paper, however, it is essential to note that there does not ex-
ist any transfer-function or linear approximation for the LIA. Hence, to incorporate the
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functionality of the LIA, one should either solve for the strongly nonlinear multiple-time-
scale dynamics of the cantilever which is coupled with the LIA, or derive a demodulated
model, directly. Obviously, the first would not be efficient for applications such as con-
trol design or long time-horizon simulations. Moreover, the TSI force ( ft s ) in Eq(4.1) is
normally a continuous, but non-differentiable function. Theoretically, such functions do
not have any Taylor-series approximation, which makes it even more elusive for stability
analysis in control design. To overcome these problems, we opt for deriving a demodu-
lated model for the cantilever.

Defining s1 , ẋ and s2 , x, Eq(4.1) reads in state-space format:{
ṡ1

ṡ2

}
=

{−ξs1 − s2 + ft s +Fd cos(ωt )
s1

}
. (4.2)

Since the amplitude and the phase evolve with a much slower time scale, it is useful
to define a new time coordinate τ, assuming that the signals in τ domain are constant
during one cycle of vibration of the cantilever. Thus, τ shall be used to describe any
slowly varying function. A function f (τ) is called “slow" in contrast to a rapidly varying
periodic function g (t ) with the periodicity of T , if it has the following property:

T∫
0

f (τ)g (t )d t ≈ f (τ)

T∫
0

g (t )d t (4.3)

Note that, τ by itself does not differ from t , it is only a notation which is introduced to
explicitly separate the slowly varying functions from quickly changing ones.

Assuming that each of the state variables are harmonic functions with slowly varying
amplitude and phase (hereafter referred to as semi-harmonic), one can write:

si (t ) ≈ Ai (τ)cos(ωt +ϕi (τ)) =ℜ[Ai (τ)e j (ωt+ϕi (τ))].

where i = 1,2, j = p−1, and ℜ indicates the real operator (ℑ will be used for the Imag-
inary operator). Note that the static component and all the higher harmonics of the s
signal is filtered by LIA, and bandwidth of the A and ϕ is limited to that of the LIA. By
defining Xi (τ) , Ai (τ)e jϕi (τ) ∈ C, the state variables can be written as the following ex-
plicit multiplication of a slowly varying complex function and a pure harmonic function:

si (t ) =ℜ[Xi (τ)︸ ︷︷ ︸
slow

e jωt︸︷︷︸
harmonic

]. (4.4)

Hence, the complex variable Xi (τ) represents the amplitude and phase of si (t ) corre-
sponding to frequency ω. Using the chain rule of differentiation, and since differentia-
tion is distributive for the ℜ operator, we have:

ṡi = d
d t ℜ(Xi (τ)e jωt ) =ℜ( d Xi

dτ e jωt +Xi
de jωt

d t ) =
ℜ(Ẋi e jωt + jωXi e jωt ).

(4.5)

In the same manner, the TSI force is a semi-periodic signal. Thus, it can be decomposed
into its semi-harmonic components as:

ft s (t ) =ℜ(
∞∑

n=0
F (n)

t s (τ)e j nωt ) (4.6)
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where F (n)
t s (τ) ∈ C represents the amplitude and phase of the nth harmonic component

of the tip-sample interaction force. Note that Eq(4.6) differs from the standard complex
Fourier transform only in a way that the amplitude values are not necessarily constant,
but represent slowly varying functions in time domain τ.

Substituting Eq(4.4) to Eq(4.6) in Eq(4.2) yields:

ℜ[(Ẋ1(τ)+ jωX1(τ)+ξX1(τ)+X2(τ))e jωt −
∞∑

n=0
F (n)

t s (τ)e j nωt −Fd e jωt ] = 0 (4.7a)

ℜ[(Ẋ2(τ)+ jωX2(τ)−X1(τ))e jωt ] = 0 (4.7b)

Multiplying both sides of Eq(4.7) with e jωt and integrating through a vibration cycle

(

2π
ω∫

0
(.)e jωt d t ) one can project the equations onto the space of the first harmonic compo-

nent as:

2π
ω∫

0

ℜ[(Ẋ1 + jωX1 +ξX1(τ)+X2(τ)−Fd −F (1)
t s (τ))e jωt ]e jωt d t

︸ ︷︷ ︸
Γ1

−
2π
ω∫

0

ℜ[F (0)
t s (τ)]e jωt d t

︸ ︷︷ ︸
Γ0

−
2π
ω∫

0

∞∑
n=2

ℜ[F (n)
t s (τ)e j nωt ]e jωt d t

︸ ︷︷ ︸
Γn

= 0

(4.8a)

2π
ω∫

0

ℜ[(Ẋ2 + jωX2 −X1)e jωt ]e jωt d t = 0 (4.8b)

Notice that we deliberately expanded the zeroth and first harmonics of the TSI force
(Γ0, and F (1)

t s in Γ1) out of the
∑

(sum) operator. In this way, the equations are rearranged
in frequency order where Γ0,Γ1, and Γn represent the terms with zero frequency, first
harmonic, and higher harmonics, respectively.

Moreover, from the orthogonality of harmonic functions, it is easy to check that, for
∀n ∈N,c ∈C we have:

1. If n 6= 1,⇒
2π∫
0

e jθℜ[ce j nθ]dθ = 0.

2. If
2π∫
0

e jθℜ[ce jθ]dθ = 0,⇒ c = 0.

Considering the first statement of the orthogonality above, and the definition in Eq(4.3)
the last term in Eq(4.8a) vanishes (Γn = 0). Applying the second statement of orthogonal-
ity to the remaining terms in Eq(4.8), the ℜ operator drops and the following differential
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equations are obtained:

Ẋ1 =− jωX1 −ξX1 −X2 +F (1)
t s +Fd (4.9a)

Ẋ2 =− jωX2 +X1 (4.9b)

Eq(4.9) is an ordinary differential equation with complex variables and coefficients. By
defining new state parameters as q , [q1, q2, q3, q4]T = [ℜ(X1),ℑ(X1),ℜ(X2),ℑ(X2)]T ∈
R4 and separating the real and imaginary parts of Eq(4.9), the governing differential
equations for the modulated system can be written in the standard real valued state-
space form as: 

q̇1

q̇2

q̇3

q̇4

=


−ξ ω −1 0
−ω −ξ 0 −1

1 0 0 ω

0 1 −ω 0


︸ ︷︷ ︸

Λ


q1

q2

q3

q4

+


Fd +ℜ(F (1)

t s )
ℑ(F (1)

t s )
0
0

 , (4.10a)

A2(τ) =
√

q2
3 +q2

4 ,

ϕ2(τ) = tan−1( q3
q4

),
(4.10b)

where

F (1)
t s (τ) =ℜ(F (1)

t s )+ jℑ(F (1)
t s ) =

2π
ω∫

0

ft s (t )e jωt d t ,

is the slowly varying first Fourier component of the TSI force, A2(τ) represents the am-
plitude of the motion, and ϕ2(τ) is the phase.

It might be counter intuitive to observe that the second-order system in Eq(4.1) is
converted to a fourth-order system in Eq(4.10). However, it is straightforward to check
that Eq(4.10) is a minimal realization, meaning that, four is the minimum dimensionality
of the state-space that can accurately represent the modulated system.

It is useful to summarize the physical meaning of the equations and the derivation
steps. We started with a single DOF mass-spring model of the cantilever in Eq(4.1) and
Eq(4.2). Then, assumed that the amplitude and phase of the cantilever change signifi-
cantly slower than the motion of the cantilever in Eq(4.3) and Eq(4.4). Furthermore, by
projecting the equations onto the Fourier kernel in Eq(4.8), the differential equations for
amplitude and phase at the slow time scale Eq(4.10a) have been achieved. According
to Eq(4.10a), the amplitude modulated cantilever is a 4th-order linear dynamic system,
with a non-linear sensing (amplitude and phase). The dynamic properties of this system
depend on its Q-factor and excitation frequency. The input of the modulated system only
consists of the dither force and the first harmonic of the tip-sample interaction force.

The first harmonic of the force (F (1)
t s ) has a nonlinear relationship with the state vari-

ables (qi ) and the distance of the cantilever from the sample surface. Appendix A presents
the derivation of F (1)

t s as a function of the distance and the state parameters for the well-
known Derjaguin-Muller-Toporov (DMT) force model.
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4.3. NUMERICAL AND EXPERIMENTAL RESULTS
In this section, the proposed formulation is used to study the dynamic behavior of AFM
cantilevers. First, the steady-state response of the proposed model is verified with ex-
isting models. Next, the transient behavior of the cantilever is studied in time and fre-
quency domains and verified with experiments.

4.3.1. LINEAR STEADY-STATE RESPONSE
The most simple test to check the proposed model is to evaluate it for linear steady-state
case. For this, the steady solution of Eq(4.10) can be calculated by putting the TSI force
and the left-hand side of Eq(4.10a) equal to zero (F (1)

t s = 0, q̇ss =O), thus:
−ξ ω −1 0
−ω −ξ 0 −1

1 0 0 ω

0 1 −ω 0




q1

q2

q3

q4


ss

=−


Fd

0
0
0

 . (4.11)

The subscript ss stands for steady-state. This algebraic set of equations can be solved an-
alytically as follows. The last two equations in Eq(4.11) can be solved separately as: q1 =
−ωq4 and q2 = ωq3. Substituting this results in the first two equations of the Eq(4.11)
gives: [

1−ω2 −ξω
ξω 1−ω2

]{
q3

q4

}
ss
=

{
Fd

0

}
. (4.12)

Solving the above equation analytically, the stationary state variables become:

q3 = Fd (1−ω2)

(1−ω2)2 +ξ2ω2 ,

q4 = −Fdξω

(1−ω2)2 +ξ2ω2 .

Substituting the static solution for state variables into Eq(4.10b) the following well-known
relations are obtained:

Ass = Fd√
(1−ω2)2 +ξ2ω2

, (4.13a)

ϕss = tan−1 ξω

(1−ω2)
. (4.13b)

This shows that the static response of the proposed model in linear case indeed leads
to the steady-state response of a one DOF linear resonator[24].

4.3.2. NONLINEAR STEADY-STATE RESPONSE
The proposed model eliminates the fast time scale and represents the dynamics of AFM
cantilever in slow time scale. Therefore, its static response corresponds to the steady-
state response of the AFM cantilever, whereas its dynamic response represents the tran-
sient behavior. In this subsection, the steady response of the proposed model is com-
pared to the existing theories presented in [12, 17, 25]. Similar to the previous subsec-
tion, by putting the left-hand side of Eq(4.10a) equal to zero, the steady-state response
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Figure 4.2: Nonlinear frequency response curves of cantilever in TM-AFM for different cantilever-sample sep-
arations; red represents the smallest and blue represet the largest distacne. The green-dashed curve schemati-
cally represents the amplitude-distance relationship as shown in Fig. 4.1. Simulation parameters are the same
as reference [25] and he results in this figure are in good agreement with literature, for example see reference
[25].

of the AFM cantilever can be obtained. However, in contrast to the previous section, the
TSI force is not equal to zero, but its relationship with state parameters has to be cal-
culated via a so-called “force model”. For this, we used the Derjaguin-Muller-Toporov
(DMT) model which consist of the attractive van der Waals (vdW), repulsive Hertz, and
dissipative viscoelastic forces. For details on this model please refer to Appendix A and
the references [26–28].

Using this model, the first harmonic component of the TSI force can be written as:

ℜ(F (1)
t s ) = (βA

1
2
2 I2( h

A2
, σ

A2
)− α

A3
2

I1( h
A2

, σ
A2

))q3

+γA
− 1

2
2 I3( h

A2
, σ

A2
)q1,

(4.14a)

ℑ(F (1)
t s ) = (βA

1
2
2 I2( h

A2
, σ

A2
)− α

A3
2

I1( h
A2

, σ
A2

))q4

+γA
− 1

2
2 I3( h

A2
, σ

A2
)q2,

(4.14b)

where, α= HR
6k A3

0
, β= 4EE f f

p
R A0

3k , and γ=ωη
√

R A3
0, are the coefficients of the vdW, Hertz

and viscoelstic forces, respectively. H ,R,Ee f f ,h, A0, A2, and σ are Hammaker constant,
tip-radius, effective stiffness of tip-sample contact, separation of the sample surface and
the cantilever in its undeflected configuration, free air amplitude, actual amplitude at
any time (as described in Eq(4.10b)), and the intermolecular distance, respectively. The
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integral functions (I1, I2 and I3) as a function of their arguments (ζ1,ζ2) are defined as:

I1(ζ1,ζ2) =
2π∫

0

cos(θ)dθ

(ζ1 − cos(θ))2
Dζ2

, (4.15a)

I2(ζ1,ζ2) =
2π∫

0

(cos(θ)−ζ1 +ζ2)
3
2
D0

cos(θ)dθ, (4.15b)

I3(ζ1,ζ2) =
2π∫

0

(cos(θ)−ζ1 +ζ2)
1
2
D0

cos(θ)dθ. (4.15c)

where the discontinuity function (a)Db is defined to impose the discontinuity of the

forces during the contact as: (a)Db =
{

a if a ≥ b

b if a < b
. A detailed derivation of the force

model for slow time scale and the details of DMT model is presented in Appendix A.
Typically, an arc-length continuation method is used to calculate the nonlinear fre-

quency response of a non-linear system. However, the frequency response of the system
represented by Eq(4.10) can always be transformed to a quadratic algebraic problem in
terms of excitation frequency squared (ω2), irrespective of the type of the nonlinearity.
Hence, its nonlinear frequency response can also be calculated analytically as well. The
details of calculating the nonlinear frequency response of the cantilever using the pro-
posed model are presented in Appendix B.

Fig. 4.2 shows the steady-state nonlinear frequency response of the cantilever con-
sidering different cantilever-sample separations. These results were calculated with the
same parameters as in [25] (spring constant 2 N/m, resonance frequency 52.4 kHz, qual-
ity factor 66.7, tip radius 20nm Hammaker constant 2.96×10−19 J, intermolecular dis-
tance 2.0 Å, and free air amplitude 100 nm). The nonlinear frequency responces in
Fig. 4.2 are in good agreement with the results presented by Lee et al. [25], whereas the
dashed green curve represents the amplitude-distance relationship depicted in Fig. 4.1.

These results show that the static response of the proposed model agrees with the
existing models for steady-state response of the AFM cantilever. The next sections will
study the transient behavior of the AFM cantilever which captures the dynamic transi-
tion between each of the lines in Fig. 4.2.

4.3.3. TRANSIENT RESPONSE IN THE TIME DOMAIN
To investigate the evolution of the amplitude and phase in the time domain, here the
step response of the modulated system is studied. The assumption is that the cantilever
is initially at rest (zero amplitude). Suddenly, a harmonic force with a constant ampli-
tude and frequency is applied (i.e. dither piezo turned on). Fig. 4.3 shows the dynamic
trajectory of the amplitude and phase from rest to its steady-state.

Note that the dynamic trajectory of the cantilever is a spiral of which the direction is
determined by the ratio between the excitation frequency and the resonance frequency
of the cantilever. If the excitation frequency is lower than the resonance frequency, the
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Figure 4.4: Dynamic trajectories of amplitude-phase pair with different excitation frequency. a) Experimental:
A cantilever with the Q factor ≈ 300, stiffness ≈1Nm−1 and fundamental resonance frequency ≈ 45kHz) has
been used in a commercial AFM system. While the cantilever was far from any sample surface, the excitation
power has been suddenly increased from 3V to 6V. b) Numerical: step responses of Eq(4.10). If the excitation
frequency is less than the resonance frequency of the cantilever, the dynamic trajectory is a clock-wise spiral
and vice versa.
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Figure 4.5: Schematic of the experimental setup for frequency domain analysis. LIA 1 modulates and demod-
ulates the motion of the cantilever, and the LIA 2 modulates and demodulates the amplitude signals that are
provided to and received from the LIA 1. The output amplitude and phase of LIA 2 represents the dynamic
behavior of the modulated cantilever in frequency domain.

cantilever follows a counter-clockwise spiral, and vice versa. This is illustrated via nu-
merical and experimental results in Fig. 4.4. Here, the numerical results show the step
response of linear part of Eq(4.10) and experimental results are captured using a com-
mercially available AFM and LIA , i.e. Bruker Fast-Scan and Zurich Instruments UHFLI
1.8GSa/s 600MHz. In the experiments, first the cantilever was settled to a certain am-
plitude and phase, then suddenly, we increase the excitation power to twice its steady
value. Note that the initial point in experiments start from different phase values, with
approximately identical amplitudes, because the excitation frequency was different for
the three cases. Moreover, we did not start the experiment from rest condition, because
the phase signal is defined based on the dither signal and can not be defined while the
cantilever is at rest.

The spiral shape of the trajectory is more relevant when high speed AFM controllers
are concerned. The spiral-shaped trajectory in Fig. 4.4 shows that there can be an initial
response in the wrong direction, similar to the Non-Minimum-Phase (MNP) behavior in
linear systems [29]. Meaning that, if for any reason one expects the amplitude to drop,
it might first increase and then drop, or vice versa. This wrong direction of the initial
response makes it very challenging for high-speed controllers. If the time constant of
the controller is shorter than the settling time of the cantilever, the controller might take
wrong actions based on the wrong directional response of the cantilever.

4.3.4. NONLINEAR TRANSIENT RESPONSE IN THE FREQUENCY DOMAIN
This subsection investigates the frequency domain response of the demodulated system.
In order to understand the model represented by Eq(4.10) in frequency domain, it is
assumed that the excitation force is modulated with another harmonic signal which has
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a much lower frequency than the resonance frequency of the cantilever. Considering the
linear dynamics of the modulated system, i.e. Eq(4.10a), one observes that the system
has two pairs of complex conjugate poles (eigenvalues of matrixΛ in Eq(4.10)) at:

P1−4 =− ξ± j |
p

4−ξ2±2ω|
2 ≈− ξ

2 ± j
2±2ω+ ξ2

2 +...
2

(4.16)

Normally an AFM cantilver in ambient conditions is a highly underdamped system. There-
fore one can simplify Eq(4.16) further considering thatω≈ 1 and ξ≈ 0, and ξ2 ¿ (1−ω)1.
In that case, one observes that the system has one pair of dominant and one pair of non-
dominant poles at:

P1,2 ≈− ξ
2 ±2 j

P3,4 ≈− ξ
2 ± (1−ω) j

(4.17)

The non-dominant pair of poles, with complex part 2 (P1,2), represent the up-modulation
of the resonator and are not relevant for the TM-AFM problem because, besides being
non-dominant, their response would be filtered by the LIA. The other two poles (P3,4),
which are dominant, actually determine the transient behavior of the AFM cantilever.
Eq(4.17) suggests that the imaginary part of the dominant poles of the modulated sys-
tem (P3,4) are approximately equal to the difference between the excitation frequency
and the resonance frequency of the cantilever, i.e. |ωe −ωr | (or in nondimensional form

|ω− 1|), and their real part ( ξ2 = 1
2Q ) represent the settling time of the system. In fact,

the real part of the dominant poles which determine the relaxation time of the system
is already known by AFM experts as it is a common knowledge that lower the Q-factor
higher the speed of AFM. However, the imaginary part is not well understood.

Recently, the relationship between the real part of the poles (quality factor of the
cantilever) has been experimentally confirmed by Adams et al. [30] They used differ-
ent custom-made cantilevers with various Q-factors and showed the dependancy of the
settling time to the Q-factor. In their experiments, they used a piezoelectric actuator
to modulate the surface height, artificially. In this way they measured the frequency
response of the amplitude due to height variations. A very interesting and counter-
intuitive detail in their experiments is that the magnitude of the amplitude signal could
go beyond zero decibel at certain ferquencies. This effect which was not explained, is an
evidence of the resonance in the modulated system (see Figure 4.b in [30]). Note that the
presence of a resonance can only be explained with complex conjugate poles.

To systematically investigate the resonance of the amplitude signal, we repeated the
experiment presented by Adams et al.[30] However, with the difference that, instead of
modulating the surface, we modulated the amplitude of the excitation signal. In this
way the nonlinearities regarding the TSI force are out of the equation, and the pure dy-
namics of the cantilever is measured. For this experiment, two lock-in amplifiers were
used as shown in Fig. 4.5. One of the LIAs provides the modulation/demodulation of the
cantilever with the so-called carrier frequency, i.e. the excitation frequency of the dither
(ωe ), whereas the second LIA modulates the amplitude of the carrier signal and extracts
the amplitude and phase of the amplitude of the cantilever. In this way, effects of the

1The In practice ξ is determined by physical conditions, while ω is partly the choice of the operator. However,
if the system is not overdamped, the effects of ξ2 are negligable, therefore, the imaginary part of the poles of
the system can be considered purly dependent on the choice of excitation frequency.
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Figure 4.6: Measured (dashed lines) and calculated (solid lines) response of the amplitude of the cantilever to
the fluctuations in magnitude of the total harmonic force with five different carrier frequencies. These figures
show the input-output relationship of the modulated system, where the input is amplitude of the total har-
monic force and the out put is the amplitude of the cantilever. Magnitude and phase are directly measured via
the second LIA shown in Fig. 4.5

fluctuation of harmonic force are measured depending on the frequency content of the
fluctuation.

Fig. 4.6 shows both the measured and calculated frequency response of the ampli-
tude to these fluctuations. The numerical results were achieved as follows:

The transfer function matrix for the linear part of the system (from F (ωM ) to q(ωM ))
is calculated as the first column of (sI−Λ)−1 where s is the Laplace variable and I is a (4×
4)unit matrix. Therefore, substituting a probe function as Fd = si n(ωMτ), the amplitude
and phase signals( A2 and ϕ2) can be calculated analytically. Then, the functionality
of the second LIA can be implemented by multiplying the amplitude signal (A2) by the
probe signal and inggrating as:

A A =
√

(
∫ 2π

0
A2 sin(ωMτ)dτ)2 + (

∫ 2π

0
A2 cos(ωMτ)dτ)2 (4.18a)

ϕA = tan−1

∫ 2π
0 A2 sin(ωMτ)dτ∫ 2π
0 A2 cos(ωMτ)dτ

(4.18b)

In this way amplitude and phase (A A ,ϕA) of the amplitude signal (A2) due to disturbance
in total hamrmonic force (Fd ) were calculated.

In Fig. 4.6, five different carrier frequencies were chosen around the resonance fre-
quency with an interval of 500H z. As it can be seen, there is a good agreement be-
tween the experimental and numerical results. Both experimental and numerical results
demonstrate that the peak of the amplitude occurs at a frequency equal to the difference
between the carrier and the resonance frequencies (|ωe −ωr |), which confirms Eq(4.16).
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Figure 4.7: Time domain simulation results of TM-AFM while approaching the surface. In this simulation,
the distance between the cantilever and the sample surface starts at 1.5 time the free air amplitude, while the
cantilever is at rest. At time 0, the dither force and the PI controller are turned on. See the supplementary
material for an animated version.

The experiments were done using a commercial AFM and LIAs (Bruker Fast-Scan and
Zurich Instruments UHFLI 1.8GSa/s 600MHz) with a standard cantilever which has a
resonance frequency of ωr = 319.015kH z and Q-factor Q ≈ 520. Simulations consider
the same cantilever.

An other important observation from the frequency domain analysis is the slope of
the decay line after resonance. The linear part of Eq(4.10) suggests that the system has
one pair of dominant complex conjugate poles. Hence, the system should behave like a
second-order system, and have a decay line with a slope of -40dB per decade after the
resonance. However, due to the output nonlinearity (see Eq(4.10b)), the slope of the
decay line can differ from -20 till -40 dB per decade, depending on the carrier frequency.
This observation suggests that it would be very challenging for any system identification
method to find any reliable integer-order fit for the system. This hinders the design of
model-based controllers. Obviously, this problem would not appear without the output
nonlinearity related to A and ϕ. Therefore, to design a model-based controller, one has
to either design fractional order controllers[31, 32] or use the q3 and q4 as the control
input instead of the amplitude.
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Figure 4.8: Phasor plot representation of the amplitude and phase for three different excitation frequencies.
The vectors show the steady-state forces vectors. See [11] for the explanation of the steady-state situation, and
supplementary material for an animated version.

4.4. PRACTICAL IMPLICATIONS OF TRANSIENT BEHAVIOR OF CAN-
TILEVERS

In this section, the nonlinear closed-loop behavior of the system is studied. The results
show the practical implications of the transient behavior of the TM-AFM on the final
image quality. Also the origin for previously reported chaotic behavior of the TM-AFM
[18] can be explained.

4.4.1. NONLINEAR CLOSED-LOOP BEHAVIOR OF THE TM-AFM
To investigate the nonlinear behavior of AFM in a closed-loop setting, a force model
and a model for the controller are needed, besides the model of the cantilever. For the
force, we use the slow time domain DMT model as presented in previous sub-sections
(Eq(4.14)). A detailed derivation of the slow time model is presented in Appendix A. As
the controller, an ideal Proportional-Integral (PI) controller is considered which assumes
that the z-stage actuator is fast enough not to have any effect on the closed-loop dynam-
ics of the system. In this way the distance between the cantilever and the sample (h) is
defined as:

h(τ) = kp (A(τ)− Aset )+ki

∫ τ

0
(A(s)− Aset )d s, (4.19)

where kp ,ki , and Aset are proportional gain, integral gain and set-point amplitude, re-
spectively. Eq(4.10), Eq(4.14) and Eq(4.19) representing the cantilever (and LIA), the tip-
sample interactions, and the controller are coupled with each other through shared sig-
nals A,h, and F (1)

t s . Fig. 4.7 shows the simulated amplitude, phase, and the magnitude of
the harmonic component of the TSI forces during an approach process.

As it can be seen from Fig. 4.7, every time that the cantilever engages the surface (i.e.
the distance becomes equal to the amplitude of the cantilever) the TSI force emerges
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Figure 4.9: Height image of a calibration sample (UMG02B from Anfatec Instruments) with three different
excitation frequencies, corresponding to Fig. 4.8. All three images are taken from the same spot on the sample,
using a standard tapping mode cantilever with a resonance frequency of 72 kHz, Q factor of 200, and spring
constant of 2.5 n/m. The free air amplitude, set-point amplitude, and scan rate for all three cases are 100 nm,
75 nm, and 1 Hz, respectively. The color masks are applied to exaggerate the imaging artifacts. Imaging with a
lower excitation frequency adds fewer artifacts.
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Figure 4.10: Cross-section of one of the holes in Fig. 4.9. The profiles measured with an excitation frequency
less than the resonance frequency of the cantilever show a less noisy, more stable profile.

and affects the cantilever and changes its amplitude and phase. It is important to no-
tice that during the engagement time, the TSI force causes always a considerable phase
lead, while the amplitude mildly changes. However, after disengaging the surface, the
amplitude value keeps reducing with a larger rate and then increases again. To further
investigate the transient behavior of the amplitude and the phase, Fig. 4.8 shows the dy-
namic trajectory of the system in phasor plane for three different excitation frequencies.
Using these graphs, we can study the following three questions: i) Why do the tip-sample
interactions always induce a phase lead? ii) Why does the amplitude keep reducing and
then increasing when disengaged from the surface? iii) Why is the image quality better
when we choose an excitation frequency slightly lower than the resonance frequency of
the cantilever?

Before the cantilever engages to the surface, the motion of the cantilever has a phase
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Figure 4.11: Closed-loop behavior of TM-AFM in polar coordinates. a) chaotic. b) stable. The aggressive
control action causes more than 2π radians phase lead in each engage-disengage cycle and prevents the system
from reaching a stable center point which generates a chaotic motion.

delay with respect to the dither force. Since the TSI force is opposite to the displacement,
the direction of the total harmonic force at the first moment of the contact is upwards (a
positive phase). Also because the TSI force in first engagement is much stronger than the
dither force, the total harmonic force is mainly dominated by the TSI force. In this situ-
ation, the phase increases and amplitude tries to increase by indenting the tip more and
more into the sample surface. Hence, the cantilever follows the circular arc in Fig. 4.8 in
counter-clockwise. At the moment that the phase lead does not need to increase any-
more, the cantilever looses contact with the surface and only the dither force is acting
on the cantilever. After losing the connection, the cantilever follows its free trajectory
which first reduces the amplitude and then increases. As explained in Fig. 4.4, the free
trajectory of the motion can be either a straight line or a spiral trajectory, depending
on the excitation frequency. Repeating this engaging-disengaging process for few times,
the cantilever reaches its steady-state situation. The damping needed for this process
is provided by all three elements: the cantilever, the non-conservative part of TSI force,
and the control action.

Comparing the three different cases in Fig. 4.8, for the lower excitation frequency, the
cantilever has a lower phase delay before the contact. Thus, it needs to follow a shorter
trajectory on the circular arc to lose contact. On the other hand, after losing contact,
it follows a counter-clockwise spiral to reach the surface again which is shorter than a
clock-wise trajectory to the surface. Therefore, in total the cantilever has a shorter path
to the stable steady-state situation, when it is excited with a lower frequency. That is why
the images captured with a lower excitation frequency have higher image quality, which
is intuitively known by experienced AFM users and is experimentally demonstrated in
Fig. 4.9. For this example, a calibration sample is measured with three different excita-
tion frequencies where all other parameters are exactly the same for all the three cases.
The difference in image quality can be observed more clearly in Fig. 4.10 which illustrates
the added imaging artifacts on the cross-section of one of the holes in Fig. 4.9.
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Figure 4.12: Height image of the calibration sample (UMG02B from Anfatec Instruments) with parameters
corresponding to Fig. 4.11. When the cantilever is in chaotic regime (the control gains are too high), the images
do not provide any useful information.

4.4.2. CHAOTIC BEHAVIOR

It has been reported that if the controller is tuned to be faster than a certain thresh-
old, the closed-loop system shows a chaotic behavior [18]. Although the presence of
chaos was confirmed by studying the Poincaré sections and Lyapunov exponents, the
origin of the chaos was not explained. Fig. 4.11 shows the difference between a sta-
ble and a chaotic trajectory, and Fig. 4.12 shows the images captured with conditions
corresponding to Fig. 4.11. In the scenario as explained in the previous sub-section,
if the controller acts more aggressive than a certain limit, the cantilever experiences
more than 2π radian phase lead before losing the surface and re-engaging. Therefore,
the next attempt to re-engage does not start from a better initial point. Thus, the new
initail condition is not closer to the stable point comparing the previous engaging point.
Hence, the "engage/disengage" process repeats forever in a periodic or non-periodic
manner, depending on the control gains. While the periodic "engage/disengage" gen-
erates a quasi-periodic regime, the non-periodic one represents the chaotic trajectory.
Both these regimes have been reported in [18]. All in all, the chaotic behavior can be
attributed to the wrong direction response of the amplitude signal.

4.5. CONCLUSIONS
In this paper, we presented a dynamic model for amplitude modulation (tapping mode)
AFM as the first step towards a model based control design. The model graphically ex-
plains the behavior of the AFM cantilever in a slow time scale, i.e. the changes in the
amplitude, phase and the control signals. The proposed model has been verified with
experiments and shows that the behavior of the AFM cantilever in slow time scale is pro-
foundly affected by the excitation frequency and Q-factor of the cantilever. According
to the presented model the amplitude per sé is not the best indication of the distance,
and should not be used as the error signal in the control loop. Instead, to design high-
performance controllers and avoid chaos, one should consider a modulated transient
model of the cantilever as a multi-input-multi-output system.
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5
CHAOS: THE SPEED LIMITING

PHENOMENON IN DYNAMIC

ATOMIC FORCE MICROSCOPY

This chapter investigates the closed-loop dynamics of the Tapping Mode Atomic Force Mi-
croscopy (TM-AFM) using a new mathematical model based on the averaging method in
Cartesian coordinates. Experimental and numerical observations show that the emer-
gence of chaos in conventional tapping mode AFM strictly limits the imaging speed. We
show that, if the controller of AFM is tuned to be faster than a certain threshold, the closed-
loop system exhibits a chaotic behavior. The presence of chaos in the closed-loop dynamics
is confirmed via bifurcation diagrams, Poincaré sections and Lyapunov exponents. Unlike
the previously detected chaos due to attractive forces in AFM which can be circumvented
via simple changes in operation parameters, this newly identified chaos is seemingly in-
evitable and imposes an upper limit for the closed-loop bandwidth of the AFM.

5.1. INTRODUCTION
The Atomic Force Microscope (AFM) is a versatile instrument for topography measure-
ment of samples with nanometer resolution. As shown in Fig. 5.1, the functioning of the
AFM is based on measuring the effects of the interactions between a sample surface and
a probe. The probe consists of a microcantilever beam and an atomically sharp tip. One
of the most popular operation modes is the Tapping Mode AFM (TM-AFM), also known
as amplitude modulation AFM. In this mode, the probe is excited around its fundamen-
tal resonance frequency such that its amplitude is set to a so called free air amplitude.
The motion of the cantilever is measured (typically) using an Optical Beam Deflection
(OBD) system, and its amplitude is calculated using a Lock-in Amplifier (LIA) circuit and
a Digital Signal Processing unit (DSP). A set point of the amplitude is reached by bringing

Parts of this chapter have been published in Journal of Applied Physics 122, 224306 (2017).
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Figure 5.1: Schematic view of an AFM, showing the process of imaging the sample.

the cantilever close to the sample surface. The distance between the cantilever and the
sample is adjusted using a feedback controlled piezoelectric actuator so that the ampli-
tude of the vibration remains constant. While scanning the sample in in-plane directions
(x-y, hereafter) and keeping the amplitude constant, the control signal is interpreted as
the topography of the sample. Moreover, the phase delay of the cantilever provides an-
other image which is usually interpreted as an indication of surface damping.

In general, a major issue with scanning probe microscopy techniques is their lim-
ited imaging speed, and TM-AFM is not an exception in this respect. Yet, many of the
industrial applications, such as inspection and metrology in semiconductor production
lines demand a high throughput. In fact, different components in the AFM architec-
ture including cantilever, actuators, controller, and the electronic components all have a
certain speed limit. Therefore, increasing the imaging speed necessitates increasing the
bandwidth of every single component as well as optimization of the coupled system [1].
To enhance the speed of AFM, many researchers have studied, designed, and character-
ized high-bandwidth apparatus [1–7], which has led to the improvement of high speed
AFMs. Thanks to the advances in precision engineering and fabrication technologies,
the high speed AFMs are fast enough, for example, to capture video-rate information
from biological processes [3]. However, further increase of the imaging speed, for exam-
ple, to cover larger areas and capture faster processes requires substantial improvements
of the bandwidth of the cantilever and stability of the closed loop system. To meet these
requirements, researcher have suggested to use low-quality factor cantilevers in high-
speed AFMs which has the disadvantage of increasing the TSI forces[8, 9]. In this re-
search we aim to understand the main phenomena that are limiting a high-speed AFM
from a cantilever-controller coupling point of view.

The requirements for the AFM as a topography measurement tool are twofold: 1)
performing a precise and fast raster scanning in x-y direction, 2) accurate and fast mea-
surement of the local height (h) of the sample in the Z direction. The latter also deter-
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mines the maximum speed allowed for the raster scanning i.e., scanning too fast with-
out performing an accurate Z measurement can cause crash or surface loss[10–12]. For-
tunately, linear (or weakly nonlinear) parts such as actuators, sensors, filters, and the
Proportional-Integral (PI) controller do have a cut-off frequency or relaxation time which
determines their speed. However, for the strongly nonlinear dynamics of the cantilever
interacting with the surface, determining such a limit-frequency is an elusive problem.
For example, it is well-known that imaging with excessively high scanning speeds can
cause imaging artifacts, parachuting effect, surface loss,[11] and damage[12]. Yet, the
speed limit for which the coupled cantilever-controller combination can precisely fol-
low the surface profile is not well-understood.

Another major concern in AFM which is not extraneous to the speed limit is its closed-
loop stability. Due to the coexistence of strongly nonlinear attractive and repulsive Tip-
Sample Interaction (TSI) forces, the AFM cantilever exhibits a complex behavior which
includes bi-stability and chaos[13]. In this context, Garcia and San Paulo have presented
a comprehensive study which demonstrates the coexistence of two stable regimes at the
same time using basin of attractors and experimental results[14]. Also, researchers have
reported the presence of chaos in AFM as a result of attractive nonlinear van der Waals
forces [15, 16], or excessive adhesion[17]. This bistability or chaotic behavior indeed
causes some artifacts and imaging problems, but it can be eliminated by minimizing the
relative effects of the attractive or adhesive forces. One can use stiffer cantilevers, higher
material [9] or environmental damping[8], or set a higher free air amplitude (the ampli-
tude of the cantilever far from the sample surface) so that the elastic and repulsive part
of the forces become more dominant than the attractive parts. It is also possible to in-
crease the stiffness and damping ratio virtually using a so-called Q-control technique so
that the chaotic behavior is eliminated. For example, Ashhab et al.[18] analyzed the dy-
namics of the cantilever using Melnikov’s method to detect the presence of weak chaos
and suggested to use a feedback loop to change the damping ratio. It should be noted
that in previous studies[15–17], the presence of chaos was realized by studying solely the
dynamics of the cantilever without addressing the coupled controller-cantilever dynam-
ics. However, we will demonstrate that even if there is no chaotic behavior triggered by
the cantilever per se, the controller itself can make the system chaotic, if high gains are
applied to achieve fast scanning.

From a control engineering perspective, the cantilever is a part of the Z-stage con-
trol unit which ultimately performs a local distance measurement. In steady state situa-
tions, and when the repulsive forces are more dominant, the vibration amplitude of the
cantilever is approximately equal to the distance between the cantilever and the surface
of the sample. Thus, the approximate distance is directly measured via the amplitude
signal, if the OBD is calibrated. To retain a constant distance between the cantilever and
the surface, a control engineer would intuitively increase the controller gains to force the
AFM head to follow the surface faster. However, in practice, this is not possible. From
experimental observations, it is well-known that there exists an upper bound for the con-
trol gains of the system. For higher gains, the amplitude, phase, and the height signals
vaguely fluctuate and never reach a steady state response. Consequently, it becomes
impossible to capture a relevant image of the sample surface.

In this chapter, we investigate the nature of the aforementioned upper bound via



5

66
5. CHAOS: THE SPEED LIMITING PHENOMENON IN DYNAMIC ATOMIC FORCE

MICROSCOPY

0 5 10 15 20 25 30 35 40

-0.5

0

0.5
D

is
p

la
ce

m
en

t 
[v

]

0 5 10 15 20 25 30 35 40

Time [ms]

-1

-0.5

0

0.5

1

D
is

p
la

ce
m

en
t 

[v
]

1 1.02 1.04 1.06

-0.5

0

0.5

1 1.02 1.04 1.06

Time [ms]

-0.5

0

0.5

1

c)a)

d)b)

Figure 5.2: Measured motion of the cantilever while engaged with the sample surface. a) stable with low control
gains, b) aperiodic with high control gains. c) and d) show a zoomed version of a) and b), respectively.

a new mathematical model based on an averaging method. The use of the averaging
method was essential to incorporate multiple time scales of the AFM dynamics, and also
to make the averaged TSI force differentiable for the stability analysis. The results show
that the vague fluctuations of the amplitude that appear in the experiments are a result
of deterministic chaos. The fact that high-speed (high-gain) controllers induce chaos
confirms that the imaging speed of the AFM with the conventional architecture is strictly
limited. The presence of chaos in the closed-loop system has been confirmed via the
bifurcation diagram, Poincaré sections and Lyapunov exponents.

5.2. EXPERIMENTAL OBSERVATIONS
All the experiments in this section have been performed with a commercial Bruker FastScan
AFM with a relatively low-frequency but relatively stiff cantilever (resonance frequency
60 kHz, Q factor 300 and a spring constant of 1 N/m). All other components of the AFM
system are much faster than the cantilever, and consequently, their dynamics can be ig-
nored. To avoid possible chaotic behavior due to attractive or adhesive TSI forces, their
relative effects are minimized by choosing a relatively high vibration amplitude, besides
having a stiff cantilever (free air amplitude of 150 nm and amplitude ratio 70 %).

To demonstrate the effect of control gains, the cantilever was approached to the sur-
face with integral gain ki = 1, and proportional gain kp = 5. Moreover, the scan size was
set to zero so that a single point on the sample surface is involved. In a second experi-
ment, the integral gain was increased to 5 times its previous value, without changing the
x-y position or any other setting. Fig. 5.2 compares the two cases. For the low control
gain (Fig. 5.2.a and c) the probe is engaged with the surface and is vibrating harmoni-
cally. However, for the high control gain, (Fig. 5.2.b and d) the amplitude of the vibration
is fluctuating in a non-periodic manner.

To show the effect of integral gain on imaging performance, Fig. 5.3 depicts the height
image of a silicon dioxide on silicon grating captured with the low and high integral
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Figure 5.3: AFM imaging results of a silicon dioxide on silicon grating sample in two situations. a) stable with
low control gains, b) unstable with high control gains.

gains.
It can be observed that the image obtained with the higher control gain is unstable

due to the aperiodic motion seen in Fig. 5.2.b. Hence, one can conclude that increasing
the measurement bandwidth in Z direction by increasing the control gains is not feasible.
The nature of this aperiodic motion will be determined in the next section.

5.3. MATHEMATICAL MODELLING
In this section we try to understand the chaotic behavior of the closed-loop AFM system.
Therefore, the controller and the cantilever have to be modeled as a coupled system. The
coupled system, however, involves two different time scales. A fast time scale for track-
ing the motion of the cantilever and the tip-sample interactions, and slow time scale
associated with the controller, the amplitude, and the phase signals. In TM-AFM, the
cantilever vibrates with a frequency closed to its resonance frequency, and experiences
the fast time scale TSI forces. However, within that time scale, no noticable change in
the state of the controller happens. That is, the controller is not affected by the instanta-
neous motion of the cantilever, but only by the envelope of the motion of the cantilever,
which by definition is order(s) of magnitude slower than the cantilever itself. In practice,
the Lock-In Amplifier (LIA), separates these two time scales by demodulating the motion
signal to its amplitude and phase [19]. The details of the LIA are not within the scope of
this thesis, however, it is important to note that there does not exist any transfer func-
tion or any linear approximation for the LIA. Hence, to incorporate the functionality of
LIA in the closed-loop model, one should either solve the nonlinear equations in time
domain, or alternatively, derive a demodulated model. The extreme nonlinearity of the
LIA also makes it impossible to conduct a frequency domain stability analysis, such as
those based on Nyquist or Nichols diagrams.

Although, it is theoretically possible to model the AFM system without the separation
of time scales, and including all the nonlinarities and vibaration modes of the cantilever
[20, 21], such a model would be complex and computationally inefficient. Considering
that the LIA only measures the amplitude and phase of a single harmonic component of
the signal, the higher modes of the cantilever are not visible to the LIA, and consequently,
do not affect the closed-loop dynamics. Alternatively, we use a single degree-of-freedom
(DOF) model of the AFM cantilever and derive a demodulated model for the closed-loop
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system which already incorporates the functionality of the LIA. Also, since the chaotic
behavior studied in this chapter is independent of the attractive or adhesive forces, we
limit the TSI force model to the Hertzian contact force. Similar multiple time scale prob-
lems have been solved with different techniques in the literature [22, 23], however, in
AFM research, the slow dynamic models are limited to virial theory [24], and the peri-
odic averaging method [25]. The periodic averaging method eliminates the short time
scale from the dynamics of the system by applying a Fourier operator to the governing
differential equation. However, in previously reported models[24, 25] the second-order
derivatives of the amplitude and phase have been ignored which degrades the accuracy
of the transient analysis.

A non-dimensional single-DOF model of the cantilever can be formulated as:

z̈ +ξż + z = Fd cos(ωt )+Ft s , (5.1a)

Ft s =−β(z −h)3/2
H0

, (5.1b)

where z denotes the nondimensional deflection of the cantilever and h is the nondi-
mensional distance between the tip and the sample at the zero deflection configuration,
both are normalized with respect to the free air amplitude. In Eq(5.1a) the dot denotes
differentiation with respect to dimensionless time which is defined by normalizing the
time with respect to the inverse of the eigenfrequency of the resonator. In addition, ξ is
the damping ratio, ω is the normalized excitation frequency, which is also normalized
with respect to the resonance frequency of the cantilever (ω≈ 1 for TM-AFM). Fd is the
dimensionless force equivalent to the acoustic excitation from the dither piezoelectric
actuator, and β represents the Hertzian stiffness of the contact area between the tip and
the sample. The subscript H0 represents a Heaviside function used to model the discon-
tinuity due to indentation.

Eq(5.1) can be cast into the state space representation as follows:{
q̇1

q̇2

}
=

{−ξq1 −q2 −β(q2 −h)3/2
H0

+Fd cos(ωt )
q1

}
, (5.2)

where q1 = ż and q2 = z . To separate the short and long time scales and incorporate
the functionality of the LIA, we assume that the state variables in Eq(5.2) are amplitude
modulated harmonic signals as:

q1 =ℜ(q̄1e jωt ) =ℜ((x1 + j x2)e jωt ), (5.3a)

q2 =ℜ(q̄2e jωt ) =ℜ((x3 + j x4)e jωt ), (5.3b)

in which the q̄i (i = 1,2) represents the amplitude and phase of qi in polar coordinates
and xk (k = 1, ...,4) are the Cartesian representations of q̄i , ℜ is the real operator and
j 2 =−1.

Substituting Eq(5.3) in (5.2), taking the derivatives and rearranging for ¯̇q yields:{ ¯̇q1
¯̇q2

}
e jωt =

{− jωq̄1e jωt −ξq̄1e jωt − q̄2e jωt −β(q̄2e jωt −h)3/2
H0

+Fd cos(ωt )

− jωq̄2e jωt + q̄1e jωt

}
. (5.4)
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Applying the periodic averaging method to Eq(5.4), which is, multiplying by e− jωt

and integrating over a period (< ... >= ∫ t0+ 2π
ω

t0
...e− jωt d t ), gives the demodulated govern-

ing differential equations for the cantilever as:{ ¯̇q1
¯̇q2

}
=

{− jωq̄1 −ξq̄1 − q̄2+< Ft s >+Fd

− jωq̄2 + q̄1

}
, (5.5)

in which the < Ft s >=−∫ t0+ 2π
ω

t0
β(q̄2e jωt −h)3/2

H0
e− jωt d t , is the first Fourier component of

the TSI force that can be calculated as:

< Ft s >=β
p

AI (
h

A
)q̄2, (5.6)

where

I (ζ) =
∫ 2π

0
(cos(τ)−ζ)3/2

H0
cos(τ)dτ. (5.7)

A = |q̄2| =
√

x2
3 +x2

4 is the amplitude of the cantilever, and ζ and τ are dummy variables.

The integral function I (ζ) can be calculated separately which eliminates the need for
tracking the short time scale. In this manner, instead of the TSI force which had to be
tracked in the short time scale, only the periodic average (i.e., the first Fourier compo-
nent) of the TSI force is considered, that instead varies slowly in time.

In this model, it is assumed that every other component of the AFM, such as actua-
tors and electronics are infinitely faster than the cantilever. Thus, here we only couple
an ideal PI controller to the modulated model of the cantilever given by Eq(5.5). As such,
an additional state variable is introduced which relates the amplitude error (Aset −A), to
the height signal h, with the integral and proportional actions as follows:

ẋ5 = ki (Aset − A), (5.8a)

h = x5 +kp (Aset − A), (5.8b)

where Aset is the set-point amplitude. In Eq(5.8), the integrator accumulates the error in
the internal state of the controller (x5) and the output of the controller is a weighted sum
of the instantaneous error (with proportional gain kp ) and the accumulated error (with
the integral gain ki ). Expanding the real and imaginary parts of Eq(5.4), the closed-loop
model of the AFM can be written as:

ẋ1 =−ξx1 +ωx2 −x3 −β 4
√

x2
3 +x2

4 I1(
kP (Aset−

√
x2

3+x2
4 )+x5√

x2
3+x2

4

)x3 + fd

ẋ2 =−x1ω−ξx2 −x4 −β 4
√

x2
3 +x2

4 I1(
kP (Aset−

√
x2

3+x2
4 )+x5√

x2
3+x2

4

)x4

ẋ3 = x1 +ωx4

ẋ4 = x2 −ωx3

ẋ5 = ki (Aset −
√

x2
3 +x2

4).

(5.9)

Eq(5.9) shows a dynamic relationship between amplitude, phase and height signals
in frames of the Cartesian coordinates, which evolve with the slow time scale. In the next
section, we shall use this model to simulate different TM-AFM scenarios and detect the
nonperiodic behavior observed experimentally in Section 5.2.
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Figure 5.4: Simulated approach process with three different integral gains.

5.4. CLOSED-LOOP RESPONSE OF AFM
Many parameters ranging from deflection sensitivity of the cantilever to linearity and
static gain of voltage amplifiers play a role in the total performance of the system. How-
ever, it is outside the scope of this thesis to quantitatively determine the maximum stable
PI gains. Thus, we limit ourselves to a qualitative demonstration of the chaos in the cou-
pled system, and ignore the dynamics of actuators and also dismiss the static gains and
sensitivities of the system.

Fig. 5.4 shows the amplitude and height signals during an approach scenario for
three different integral gain settings. In this scenario the dither piezo actuator and the
controller turn on at time zero. For all three cases, the proportional gain is set to kp =
0.01, the initial distance between the probe and the sample is 5 times the free air am-
plitude and the set-point amplitude is 0.5 times the free air amplitude. All numerical
results refer to a cantilever with quality factor 100, is excited at its resonance frequency
(ω = 1), and the non-dimensional Hertzian modulus of the tip-sample contact is taken
as β= 2000. These parameters roughly correspond to the realistic imaging conditions.

For all three cases, initially, the amplitude is less than the set-point, and the height
signal increases to above 5 units. Then, as soon as the amplitude reaches its set point
value, the controller starts to reduce the height. The height reduction continues until
the amplitude has decreased to its set-point. In Fig. 5.4.b, the integral gain has been
increased to ki = 0.01. In this case, the cantilever reaches the surface faster than in
Fig. 5.4.a, thus surface loss effects such as the parachuting effect [11] has been reduced.
However, the amplitude and height signals fluctuate for a longer time. Fig. 5.4.c shows
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Figure 5.5: Measured amplitude and phase of the TM-AFM with high control gain (Ki=10)

the same scenario with an even higher controller gain (ki = 0.1). Fig. 5.5 shows an exper-
imental counterpart of Fig. 5.4.c, measured using a commercially available AFM (Bruker
FastScan) and a standard tapping mode cantilever (MPP 22120 ). The spring constant,
resonance frequency and the Quality factor of the cantilever were measured using the
thermal calibration technique as 0.65n/m, 49.01kH z, and 180, respectively. The excita-
tion frequency was chosen such that the free air amplitude is 5% less than the maximum
amplitude, (default for AFM). The free air amplitude was set to 80nm and the setpoint
amplitude was set to 50nm. An AFM training sample (Fused Silica) was used as the sub-
strate, and the scanning range was set to zero to avoid any sample related deterioration
as much as possible. As it can be seen, both the numerical and experimental results sug-
gest that for high control gains, the amplitude and height signals drop and increases in a
nonpredictable manner which potentially could be due to chaos.

5.5. CHAOS
In this section, the nonlinear dynamics of the system described by Eq(5.9) will be exam-
ined to confirm that the unusual response observed experimentally is indeed determin-
istic chaos. In order to identify the peculiar characteristics of chaos, first a bifurcation
diagram of the system is obtained to study the effect of the integral gain on the behav-
ior of the system. Next, the response of the system in the phase space will be studied
which shows the attractors of the system corresponding to the different regions of the
bifurcation diagram. As another indication of chaos, the non-periodicity of the response
is studied using frequency spectrum and Poincaré sections. Finally, the sensitivity to
initial conditions is demonstrated via time histories and Lyapunov exponents.

As mentioned earlier, many parameters can affect the response of the system, yet,
here we restrict ourselves to the effects of the integral gain of the controller because of
its direct relation to the bandwidth of the closed-loop system. Fig. 5.6 shows the bifurca-
tions of the amplitude in the engaged configuration when the integral gain is increased.
For small integral gains, there exists only one amplitude value (equal to the set-point
amplitude) to which the system will eventually settle. Increasing the integral gain fur-
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Figure 5.6: Bifurcation diagram of the TM-AFM, the steady state amplitude versus the integral gain

ther, there is a region (ki = 0.018−0.02) where two values for the amplitude coexist. This
part of the bifurcation diagram implies a periodic fluctuation of the amplitude between
the two values. In practice this area is still moderately tolerable for imaging applica-
tions. This is because the two amplitudes are close to one another, thus the fluctuation
between the two does not induce a considerable error signal for the controller. However,
increasing the integral gain further, clouds of points are seen in the bifurcation diagram
(ki > 0.024) representing a chaotic motion.

To experimentally determine the upper limit of the integral gain, and verify the pres-
ence of bifurcation and chaos presented in Fig. 5.6, we repeated the same experiment
as used for Fig. 5.5, but with control gains ranging between 1 and 25. For all of the ex-
periments the proportional gain was 1. To plot the bifurcation diagram in Fig. 5.7, the
amplitude values were measured on a hypersurface in state space on which the phase
value is equal to its steady-state value (where ki = 1). As it can be seen, for intermedi-
ate integral gains (ki = 2.5− 6.5), two values for the amplitude signal coexist, whereas,
for higher control gains, a cluster of randomly distributed points were measured which
indicates ki = 6.5 as the upper limit of the control gain. Note that this limit is measured
for the specific cantilever and experimental conditions, and does not provide a universal
value by any means. Since different physical parameters of the system affect its stabil-
ity (not only the integral gain), a more thorough investigation should be conducted to
identify the chaotic and non-chaotic set of parameters.

Here, it should be noted that the theoretical results in Section 5.4 are achieved with a
completely deterministic model, even though the cluster of points in Fig. 5.6 indicate a
random-like response. In order to show the deterministic nature of the irregular fluctua-
tions in Fig. 5.4.c, and Fig. 5.6 the geometry of the attractors of the system has to be stud-
ied in the phase space. Fig. 5.8 shows the projection of the attractors onto the x3, x4, x5

space for three different integral gains within each of the sections of Fig. 5.6. As it can
be seen in Fig. 5.8.a, when the integral gain is small (e.g., ki = 0.015) the steady-state re-
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Figure 5.7: Experimental bifurcation diagram of the TM-AFM, the amplitude versus integral gain.

Figure 5.8: A projection of the attractors of the TM-AFM on amplitude, phase and height space. a) stable focus,
b) stable limit cycle, c) and d) strange attractor. All the values are normalized with respect to the free air
amplitude.
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Figure 5.9: Measured projection of the attractors of the TM-AFM on amplitude, phase and height space. a)
stable focus, b) stable limit cycle, c) and d) strange attractors.

sponse of the system approaches a stable focus (the orange point in Fig. 5.8.a) which has
the amplitude equal to the set-point amplitude and corresponding phase and height.
For the second case (ki = 0.02), as the effects of the initial conditions vanish, the states
of the system gradually approach a limit cycle, shown in orange in Fig. 5.8.b, and remain
on that closed-loop. However, for a slightly higher value of the integral gain (ki = 0.022),
the limit cycle is non-existent, and the system never repeats itself. This non-existence of
a steady-state response in Fig. 5.8.c and d is associated with the strange attractor, which
is an indication of chaos. Fig. 5.9 shows the experimental counterpart ofFig. 5.8, in which
similar behavior for all the four regimes is visible.

To further investigate the behavior of the system in the chaotic regime, we present a
Poincaré section of the state space considering two different Poincaré surfaces. Fig. 5.10.a
shows the Poincaré section of the system on a constant-height surface and it shows the
amplitude and the phase with which the cantilever leaves the surface every time that it
disengages. Fig. 5.10.b shows the amplitude and height while the phase reaches its ex-
pected value for the steady state case. The cluster of individual points in Fig. 5.10.a and
b denote the complexity of the strange attractors.

The complexity of the chaotic motion in frequency domain translates to a wide spec-
trum of frequency components that resemble the frequency spectrum of noise. Fig. 5.11
shows the Discrete Fourier Transform (DFT) of all five state variables of the system. As it
can be seen, the attractor of the system contains a wide band of frequency components.
The absence of clearly distinct peaks in the DFT (Fig. 5.11) indicates that the signal is not
periodic.

Perhaps the most important characteristic of a chaotic system is its sensitivity to ini-
tial conditions. The long-term response of a chaotic system is extremely sensitive to the
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Figure 5.11: Fourier transform of the states of closed-loop AFM in chaotic situations.
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Figure 5.12: Simulated approach process with high controller gains for two different but similar initial condi-
tions. a) amplitude, b) height.

changes in initial conditions, meaning that two trajectories with very similar initial con-
ditions might end up in very different final configurations [26]. One simple test of ini-
tial condition dependency for TM-AFM is shown in Fig. 5.12. The same approach curve
in Fig. 5.4.c is simulated with two different but close initial heights (h(0) = 5.0000 and
h(0) = 5.0001). As it can be seen in Fig. 5.12, the two trajectories are almost identical at
the beginning. However, after about 300 vibration cycles they start to deviate from each
other.

A very important and solid indicator of sensitivity to initial conditions in dynamics
systems is the Lyapunov exponents of the attractor of the system[27, 28]. Lyapunov ex-
ponents of dynamic systems show the average rate of exponential divergence of any two
trajectories along their attractors. To determine the Lyapunov exponents for the closed-
loop TM-AFM system, we adopt the method of QR decomposition presented by Geist et
al. [29] Fig. 5.13 demonstrates these Lyapunov exponents for two different cases of low
and high integral gains. As it can be seen in Fig. 5.13.a, for the case of low control gains,
all the Lyapunov exponents of the system converge to a negative value which refers to the
asymptotically stable attractor (the set-point). However, for the case with high control
gains (Fig. 5.13.b), the largest Lyapunov exponent is positive, which shows that any small
deviation from the attractor will exponentially grow in the state-space. The summation
and all the other Lyapunov exponents (except the highest one) are negative which show
that the system does not experience hyper-chaos, or a global instability.

5.6. CONCLUSIONS
Experimental results with tapping mode AFM show that it is not possible to image with
control gains higher than a certain amount. Such a limit in the control gains restricts
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the imaging speed of the AFM. To investigate the origin of this limit, a new nonlinear
dynamics model for AFM was presented using an averaging method in Cartesian coordi-
nates. The model incorporates the coupled dynamics of the cantilever and the controller
and demonstrates that tapping mode AFM will exhibit a chaotic behavior with high con-
troller gains. The corresponding attractors, Poincaré sections and Lyapunov exponents
formally confirmed the presence of chaos in TM-AFM. Unlike the previously presented
routes to chaos in AFM, the presented route of chaos does not depend on the attractive
or adhesive tip-sample forces and limits the speed of TM-AFM, even when the controller
and the actuators are selected ideally in terms of bandwidth. This phenomenon should
be taken into account in the design of high-speed AFM and to avoid it, either the can-
tilever dynamics or the architecture of the closed-loop system should be modified.
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6
CONTROL OF TAPPING MODE

ATOMIC FORCE MICROSCOPY WITH

ESTIMATED AVERAGE FORCES

It has been shown that the operation speed of Tapping Mode Atomic Force Microscopy
(TM-AFM) in current architectures is limited by chaotic behavior. In this chapter, we
demonstrate numerically that this limitation may be overcome by adding a linear observer
to the AFM control loop. For this, we use a Dual Kalman filter to estimate the periodic
average of the Tip-Sample Interaction (TSI) force and keep the average force constant in-
stead of the amplitude signal. As compared to conventional TM-AFM, which uses only the
amplitude signal to control the distance between the cantilever and the sample, the pro-
posed architecture uses both the amplitude and phase and also their dynamic trajectories.
Consequently, the controller relies on a more correct and robust estimate of the sample to-
pography at any time. Simulation results show that using the proposed filter in the control
loop suppresses the emergence of chaos and increases the effective operating speed of AFM
by order(s) of magnitude. The performance of the Kalman filter has been verified with ex-
periments, however, the real-time closed loop implementation of the controller should be
done in a future research.

6.1. INTRODUCTION
In Tapping Mode Atomic Force Microscopy (TM-AFM), a cantilever with a sharp tip os-
cillates above a sample surface such that the tip intermittently interacts with the surface
of the sample. The motion of the cantilever, which is affected by the Tip-Sample Inter-
action (TSI) force is measured typically using an optical beam deflection setup and its
amplitude is determined using a Lock-In Amplifier (LIA). The amplitude signal is pro-
vided to a feedback controller as a measure of distance so that it can be kept at a con-
stant level. Adjusting the position of the cantilever (or the surface in sample-scanning
systems), the controller attempts to keep the amplitude constant. A height profile of the
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Figure 6.1: Non-minimum-phase behavior of AFM cantilever. A) Dither voltage and displacement of a (Bruker
MPP-22100) cantilever far from the sample, i.e. free air condition. B) Measured TSI force, Cantilever-sample
distance and the motion of the cantilever (Bruker MPP-33220) while engaged to the surface of a nano-
mechanical force sensor. In both experiments, the amplitude of the motion of the cantilever shows a wrong
direction initial response which is associated with Non-minimum-phase systems. Resonance frequency and
the quality factor of the cantilevers in Experiment 1 and 2 are 44,4 kHz, 49.1 kHz, 400, and 295, respectively.

sample is measured through the control signal while the cantilever is scanned over the
sample surface [1].

A major problem of AFM is its low speed and imaging throughput, particularly for
industrial applications which demand high imaging speed and throughput[2]. The low
imaging speed of AFM can be attributed to many of the components, such as the lateral
scanner, z-stage actuator, cantilever, controller, as well as the electronic components.
To enhance the speed of AFM, many researchers have studied, designed, and character-
ized high-bandwidth apparatus [3–7]. Advances in precision engineering and fabrica-
tion technologies have led to actuators and electronics that are fast enough not to limit
the imaging speed[8], however, the cantilever itself, and its coupling with the controller
have remained as the speed limiting elements. There exist ultra high frequency can-
tilevers [9] which can ease this problem up to a certain extent. However, the coupling of
the cantilever and the controller is still a major challenge. It has been shown previously
that closed-loop TM-AFM (the cantilever coupled with controller) exhibits a chaotic be-
havior above a certain bandwidth[10].

As the cantilever-controller coupling is the main limiting factor in increasing the
scanning speed, this chapter is focused on design of a new controller.

In conventional TM-AFM, the motion of the cantilever does not contain enough in-
formation to calculate the TSI force, or the cantilever-sample distance. Hence, the am-
plitude signal is seemingly the only indication of the distance that can be used in the
control loop. If the AFM operates in the repulsive regime, and the cantilever has reached
its steady state, then the amplitude of the motion is almost equal to the distance. In
fact, the error between the amplitude signal and the distance is negligible and a com-
parison between the two is used as a method for calibrating the deflection sensitivity
of the cantilever. Hence, the difference between the amplitude signal and its set-point
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Figure 6.2: Simulated sample approach in TM-AFM. A) Time history of amplitude, distance and phase signal.
B) Phase space representation of the amplitude and the phase. Points a, b and c show the first intersection
of the amplitude signal with its setpoint, the first tip-sample contact, and the first disengagement, respec-
tively. The wrong direction action of the controller, which stems from the amplitude drop shown in A, can be
explained with the phase behavior in B.

value provides a good error signal for the controller. Although, this works well for low-
speed TM-AFM, for high-speed AFM, where the transient behavior can not be ignored,
the amplitude signal does not have a one-to-one relationship with the distance between
the cantilever and the sample [11].

In fact, there is a dynamic relationship between the distance and the amplitude sig-
nal which, unfortunately, is Non-Minimum Phase (NMP). That is, the cantilever shows a
wrong direction initial response for fast disturbances. For example, if the distance sud-
denly increases, the amplitude might first reduce and then increase instead of directly
starting to increase, and vice versa.

To demonstrate the NMP behavior of the AFM cantilever, we performed two experi-
ments. In the first experiment, the AFM cantilever is vibrating far from the sample, when
suddenly we reduce the excitation force to half of its initial value. In the second experi-
ment, the cantilever is engaged with the sample surface and is vibrating in a steady-state
condition, where we suddenly bring the sample closer to the cantilever. The sample
surface in the second experiment is a nanomechanical force sensor, which allows us to
measure the TSI forces at the same time. More detailed explanation of the experimental
setup for the second experiment can be found in [12, 13]. Fig. 6.1.A) and Fig. 6.1.B) show
the results of the first and second experiments, respectively. In both cases, the ampli-
tude of the motion of the cantilever shows a wrong-direction initial response which is
associated with NMP systems in control theory.

This NMP behavior of the cantilever in the presence of the strong nonlinearity of the
TSI force causes chaos in the closed-loop system, if the control gains are above a certain
limit [10]. Such a limit on the control gains restricts the imaging speed of the AFM.

To explain the chaos caused by the NMP behavior, we present a simulation of the
transient behavior of the closed-loop TM-AFM during the sample approach. Consider
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that the cantilever is positioned three units of distance above the sample, and is not vi-
brating. At time zero, we start to excite the cantilever with an excitation force which
would give a free amplitude of one unit of distance. At the same time, we turn on the
PI controller which manipulates the distance to keep the measured amplitude equal to
a desired set-point amplitude (taken as 0.7 units). Fig. 6.2.A shows the distance, ampli-
tude, and phase delay of the cantilever in this simulation where the excitation frequency
is 1.01 times the fundamental resonance frequency of the cantilever. Fig. 6.2.B shows
the same curve in polar coordinates (phasor space). First, when the amplitude of the
cantilever is below the set-point amplitude, the PI controller increases the distance be-
tween the cantilever and the surface. As soon as the amplitude signal becomes larger
than the set-point amplitude (Point a in Fig. 6.2), the PI controller starts to decrease the
distance. At a certain moment (Point b in Fig. 6.2) the distance becomes equal to the
amplitude, and the cantilever engages the surface, i.e. taps on the surface in each cycle
of vibration. During the short engaging period (from Point b to c in Fig. 6.2), the phase
of the cantilever experiences a large change due to the TSI force, whereas, the change
in the amplitude signal is minute. The circular arc in Fig. 6.2.B shows this process in
phasor space. After disengaging the surface (Point c in Fig. 6.2), the cantilever follows its
free path which includes first a reduction and then an increase in the amplitude (simi-
lar to NMP systems). The consequence of the reduction and increase of the amplitude
after Point c in Fig. 6.2 is that the controller first increases and then decreases the dis-
tance. Considering that the final value for distance should be equal to the set-point am-
plitude, the controller is taking action in the wrong direction during the first half of the
process. The magnitude of this wrong direction action is directly proportional to the
control gains. Reducing the control gains reduces the speed of the AFM, and increasing
the control gains increases the amount of the wrong action of the controller. In case the
control gains are tuned to be higher than a certain threshold, this wrong-direction action
is so large that the distance exceeds the initial distance, and the engage-disengage pro-
cess does not converge to a stable focus point, but instead, leads the system to a chaotic
trajectory [10]. From Fig. 6.2 it is evident that the phase signal also provides genuine in-
formation on the engage-disengage process, however, the controller is not using it. From
Fig. 6.2 one can conclude that the amplitude signal alone does not provide the best error
signal to the controller.

This chapter studies theoretically and numerically the possibility of breaking the
speed limit of AFM by suppressing the emergence of chaos even when accompanied
with high band-width controllers. To suppress chaotic behavior, we suggest defining a
measure of error which is not NMP and can be calculated from the amplitude and the
phase signals, so that the controller can keep the cantilever engaged. Ideally, one would
try to keep the maximum TSI force constant, which would also guarantee a nondestruc-
tive imaging. However, it is impossible to measure or estimate the peak force[14]. In
fact, it has been shown that only the First Fourier Component (hereafter, FFC) of the TSI
force has a significant effect on the motion of the cantilever, and hence, can be reliably
estimated[14]. Therefore, it would be a logical choice to construct an error signal from
the FFC of the TSI force. An approximation of the FFC of the TSI force can be estimated
in real time from amplitude and phase signals using a dual Kalman filter. In a similar
approach, De et al. detected the contact loss in real time[15]. Here we first present a
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method for real-time calculation of the FFC of the TSI force and then we shall use it in
closed-loop AFM control.

6.2. REAL-TIME ESTIMATION OF THE TSI FORCE
To estimate the FFC of the TSI force in real time, we use the modulated dynamic model of
the AFM cantilever which is presented in [11, 14]. In this model, the relationship between
the FFC of TSI force and the transient response of the amplitude and the phase signal can
be represented with the following non-dimensional state-space formulation:

q̇ = Aq+B1 fd +B2ft s , (6.1)

The capital letters are used for matrices, bold small letters for vectors, and normal small
letters for scalars. In Eq(6.1),

A =


−ξ ω −1 0
−ω −ξ 0 −1

1 0 0 ω

0 1 −ω 0

 ,B1 =


1
0
0
0

 ,B2 =


1 0
0 1
0 0
0 0

 ,

represent the process (A) and input (B1,B2) matrices of the system. q = [q1, q2, q3, q4]T ∈
R4×1 represents a dynamic state vector of the demodulated system, ξ,ω, fd ∈ R are the
damping ratio of the cantilever, normalized excitation frequency and the normalized
driving force, respectively. ft s = [ℜ( f (1)

t s ),ℑ( f (1)
t s )]T ∈R2×1 contains the real and imaginary

parts of the FFC of the TSI force. The real part refers to the in-phase component with
the driving force and the imaginary part is 90 degrees out-of-phase. A lock-in amplifier
(digitally) calculates the amplitude (a) and the phase (ϕ) of the motion of the cantilever
as

a =
√

q2
3 +q2

4 , (6.2a)

ϕ= tan−1(
q3

q4
), (6.2b)

respectively. q3 = a cos(ϕ) and q4 = a sin(ϕ) are called the “in-phase (or x)” and “quadra-
ture (y)” components in commercial LIAs. Eq(6.1) can be derived by taking a Fourier
transform of equation of the motion of the cantilever.

Obviously, the TSI force, and hence also its FFC have a nonlinear relationship with
the state variables, the cantilever-surface distance, and the mechanical properties of the
tip and the sample. However, we ignore this relationship and treat the FFC of the TSI
force as an unknown input and try to estimate it using a dual Kalman filter. For a more
detailed explanation of dual Kalman filtering see for example [16, 17]. Since there is no
information on the dynamics of the TSI force available, we only assume that the FFC of
the TSI force changes very slowly in comparison to the motion of the cantilever, i.e., the
TSI force follows a zero-dynamics rule. With this assumption one can augment the state
variables and the FFC of TSI force in the following set of equations:{

q̇
˙ft s

}
=

[
A B2

O2×4 O2×2

]{
q

ft s

}
+

[
1

O5×1

]
fd (6.3)
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Figure 6.3: Simulated and estimated values for the first Fourier component of TSI force. The estimated force
has lower bandwidth and can only be estimated with some delay that stem from zero-dynamics assumption.

Considering that the in-phase and quadrature signals (q3 and q4) are available in the
experiments, it is easy to check that Eq(6.3) is fully observable (but not controllable).
Hence, a Kalman filter (or a linear observer) can estimate the augmented state variables,
i.e the state variables of the cantilever and the FFC of the TSI force).

Fig. 6.3 shows the simulated and estimated absolute value of FFC of TSI force. The
FFC of the TSI force is observed with some delay and phase distortion, which is inher-
ent to the difficulty of the input-estimation problem and stems from the zero-dynamics
assumption in Eq(6.3). Note that due to causality, the exact and real-time estimation
of the input of a physical system is impossible [18, 19]. Consequently, the observed TSI
force is never going to be exact, nor fully real-time. However, if the observer is prop-
erly designed, the expected value of the error vanishes with time, and the covariance of
the error depends on the measurement noise, sampling frequency and resolution of the
digital signal processing unit.

In order to experimentally verify the performance of the proposed dual Kalman filter,
we use the force measurement technique presented in [12, 13, 20]. In this method, a very
high bandwidth force sensor is placed under the AFM cantilever instead of the sample
surface. In the experiments, in one hand, we measured the TSI force using the high
bandwidth sensor and calculated its FFC. On the other hand, ran the proposed Kalman
filter on the amplitude and phase signals from the AFM head itself. Fig. 6.4 compares the
FFC of the TSI force measured by the force sensor with the output of the dual Kalman
filter.

As it can be seen from Fig. 6.4 and Fig. 6.3, the proposed dual Kalman filter can pro-
vide an estimate of the FFC of the TSI force with a small delay and inaccuracy. It is not
within the scope of the present chapter to try to minimize these errors; here we only
focus on using this estimated force in the control loop to prevent chaotic behavior, in-
crease imaging speed, and, if possible, minimize the TSI force. In the following section,
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calibrated.
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Figure 6.5: Block-diagram of the A) conventional Tapping Mode AFM, B) the proposed control algorithm. The
blue dashed box can be approximated as a delay element. A logarithm function is used as a rough approxima-
tion of force-distance relationship.

we will study how the estimate FFC of the TSI force can help improving the stability of
TM-AFM.

6.3. CONTROL PROBLEM

Besides the severe non-linearity of the tip-sample interaction models, a significant limi-
tation of model-based control of TM-AFM is the high uncertainty of such relationships.
In practice, our knowledge on the relationship between the TSI force and the tip-sample
distance is highly uncertain; any contamination, humidity, electrostatic charge, unknown
materiel properties of sample, as well as geometric factors such as irregular tip shape
and surface roughness may affect the relationship between the TSI force and the dis-
tance. To be robust to the uncertainties, we suggest to design the simplest controller
which requires minimum knowledge on the behavior of the model. Hence, we propose
the control structure presented in Fig. 6.5.B. The uncertain TSI force which is depicted
as the blue rectangle in the control block diagram hinders model-based control. How-
ever, considering that an approximate and delayed estimate of the TSI force is available
through the proposed Kalman filter, we can consider the subsystem shown in the dashed
rectangle as a delay (f̂t s ≈ e−τs ft s , where ˆft s is the estimate of the FFC of the TSI force,
τ is the delay in the Kalman filter, and s is the Laplace variable). Then, we can assume
that the magnitude of the TSI force has an exponential relationship with the distance
between the cantilever and the sample (|ft s | ≈ ked , k and d being an uncertain scaling
factor and non-dimensional cantilever-sample distance, respectively). Finally, an ap-
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Figure 6.6: Simulated time history of amplitude, distance and the error signal in an approach process with the
proposed control algorithm.

proximate model of the subsystem in Fig. 6.5.B can be written as:

|f̂t s | ≈ ke−τs ed . (6.4)

It is maybe possible to design an optimal controller for the model in Eq(6.4) (e.g.,
using Cohen-Coon method), however, considering that the model is nonlinear and un-
certain, and for the sake of simplicity, we propose to use a single integral action which is
small enough not to have higher bandwidth than the delay.

z = ki

s
(log( fdes )− log(|f̂t s |+ε)), (6.5)

where ki and fdes are the integral gain and the desired force, and ε is an arbitrary very
small value which has been introduced to overcome the singularity of the logarithm
function while the force is zero. Higher values of ε reduces the speed of the approach
while the lower values makes the system more sensitive to noise. Therefore, it is recom-
mended to choose ε slightly bigger than the noise of the estimated force to eliminate the
effects of the noise in the force estimation in the closed-loop AFM. Fig. 6.6 shows a simu-
lation of the approach process using the proposed algorithm, and the same settings as in
Fig. 6.2. Initially, when the cantilever and the surface are not interacting, the error signal
is a constant value (log( fdes )−log(ε)). As soon as the distance between the cantilever and
the surface becomes equal to the amplitude of the cantilever, i.e. the cantilever engages
the surface, the error signal suddenly drops. The controller attempts to keep the loga-
rithm of the TSI force constant, without any consideration about the amplitude or the
phase. Hence, the cantilever remains engaged to the sample surface and the distance
between the cantilever and the surface is equal to the amplitude at any time.

To compare the imaging performance of the proposed control algorithm with con-
ventional TM-AFM, we consider a chirp signal as the surface topography in the simula-
tions. Fig. 6.7 shows the reference surface topography, amplitude of the cantilever, the



6

90
6. CONTROL OF TAPPING MODE ATOMIC FORCE MICROSCOPY WITH ESTIMATED AVERAGE

FORCES

0 4000 8000 12000 16000

Time[cycles]

-0.5

0

0.5

1

1.5

A
m

pl
itu

de
 / 

H
ei

gh
t [

no
rm

al
iz

ed
]

A) Convensional TM-AFM

0 4000 8000 12000 16000

Time[cycles]

-0.5

0

0.5

1

1.5

B) Proposed control algorithm

Surface topography
Control signal
Amplitude
Topography image

Figure 6.7: Simulation of imaging with AFM in A) conventional tapping mode configuration, B) with the pro-
posed estimated force control. To check the maximum frequency content of the surface that the AFM can
follow, the solid black line represents the surface topography, and the green dashed signal shows the image
that the AFM would capture from the surface.

output of the controller, and the TM-AFM image of the surface using standard controller
(Fig. 6.7.A) and the proposed control architecture (Fig. 6.7.B). With this, we aim to deter-
mine the maximum frequency content of the surface (latest time in chirp) that the AFM
can still image without crashing or losing the surface. As it can be seen, the standard
TM-AFM shows a chaotic behavior when the frequency content of the surface exceeds a
certain amount, which is not the case for the proposed algorithm.

The conventional TM-AFM interprets the output of the control as the surface topog-
raphy, which is either calculated from the applied voltage on the z-stage actuator, or
measured with an additional height sensor attached to the actuator. This interpretation
is only correct if the cantilever is engaged with the surface and the amplitude is constant.
Hence, as it can be seen, the surface image deviates significantly from the reference sur-
face topography, if the frequency content of the surface topography exceeds a certain
limit.

However, in the proposed method, keeping the cantilever engaged to the surface,
with the cost of not having a constant amplitude is the objective of the controller. In this
way, the distance is measured as the summation of the amplitude signal and the con-
trol action. Hence, to measure the surface profile, it is not needed for the amplitude to
remain constant and the controller is also not attempting to fix the amplitude. Conse-
quently, the proposed method surpasses the speed limit of conventional TM-AFM. The
speed of the proposed method is not limited with the relaxation time of the cantilever,
instead, it is limited by the delay in estimating the FFC of the TSI force.

From a control engineering perspective, both the delay and the NMP elements im-
pose fundamental limitations on the maximum achievable bandwidth. For AFM can-
tilevers, only measuring the amplitude shows a NMP behavior, however, if using a Kalman
filter to combine the amplitude and phase information, one can eliminate the NMP be-
havior and replace it with the estimation delay. Since the estimation delay can be much



6.4. CONCLUSIONS

6

91

  0.2   0.4   0.6   0.8   1

30

210

60

240

90

270

120

300

150

330

180 0

Motion trajectory in TM-AFM

Motion trajectory in proposed method

Figure 6.8: Phasor plot of the proposed method (magneta) compared to the conventional TM-AFM (blue).
Use of the phase information in Kalman filter directs the system towards the stable point and prevents the
fluctuations in phasor space.

smaller, (depending on the accuracy of the model and noise levels) the use of a Kalman
filter can increase the maximum achievable bandwidth.

A phase space demonstration of working principle of the proposed control architec-
ture is shown in Fig. 6.8. As compared to Fig. 6.2.B (standard TM-AFM), the proposed
controller is not blind to the fluctuations of phase signal. Therefore, the controller can
suppress these fluctuations leading the system to the stable focus point via a shorter
path and, consequently, with a much higher bandwidth. Note that, both the standard
TM-AFM and the proposed method have have been simulated with the same cantilever
and the same excitation frequency (ξ= 0.01,ω= 0.995).

Using the estimated FFC of the TSI as the error signal also affects the actual TSI
force applied to the surface. Fig. 6.9 shows the the FFC of the TSI force in the pro-
posed method, compared to the TM-AFM. The main observation in this graph is that
the TSI force with the proposed controller experience a shorter transient condition in
comparison to the TM-AFM, and the cantilever does not bounce back from the surface.
It is known that AFM is more damaging in the transient conditions [21]. The proposed
method could minimize the sample damage and increase the lifetime of the tip.

6.4. CONCLUSIONS
In this chapter, a new control algorithm for tapping mode AFM has been proposed that
can improve the imaging speed and stability. The new TM-AFM controller attempts to
keep the first Fourier component of the tip-sample interaction force constant. It has
been shown experimentally and numerically that the first Fourier component of the
tip-sample interaction force can be reliably estimated using a dual Kalman filter. The
simulation results show that using the new error signal can suppress the fluctuations of
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the phase signal and prevent the AFM from showing chaotic behavior even in very high
imaging speeds. Further, this technique should be implemented in a real-time system to
improve the imaging speed of AFM.

REFERENCES
[1] N. Jalili and K. Laxminarayana, A review of atomic force microscopy imaging systems:

application to molecular metrology and biological sciences, Mechatronics 14, 907
(2004).

[2] H. Sadeghian, R. Herfst, J. Winters, W. Crowcombe, G. Kramer, T. van den Dool, and
M. H. van Es, Development of a detachable high speed miniature scanning probe
microscope for large area substrates inspection, Review of Scientific Instruments 86,
113706 (2015).

[3] A. Fleming, B. Kenton, and K. K. Leang, Bridging the gap between conventional and
video-speed scanning probe microscopes, Ultramicroscopy 110, 1205 (2010).

[4] T. Ando, T. Uchihashi, and T. Fukuma, High-speed atomic force microscopy for nano-
visualization of dynamic biomolecular processes, Progress in Surface Science 83, 337
(2008).

[5] Y. Wang, X. Hu, L. Xu, and X. Hu, Improving the scanning speed of atomic force
microscopy at the scanning range of several tens of micrometers, Ultramicroscopy
124, 102 (2013).

[6] G. Schitter, Improving the speed of afm by mechatronic design and modern con-
trol methodsgeschwindigkeitsverbesserung beim afm mittels mechatronischem de-
sign und modernen regelmethoden, tm-Technisches Messen Plattform für Metho-
den, Systeme und Anwendungen der Messtechnik 76, 266 (2009).

http://www.sciencedirect.com/science/article/pii/S0957415804000455
http://www.sciencedirect.com/science/article/pii/S0957415804000455
http://aip.scitation.org/doi/abs/10.1063/1.4936270?journalCode=rsi
http://aip.scitation.org/doi/abs/10.1063/1.4936270?journalCode=rsi
http://www.sciencedirect.com/science/article/pii/S0304399110001245
http://www.sciencedirect.com/science/article/pii/S0079681608000464
http://www.sciencedirect.com/science/article/pii/S0079681608000464
http://www.sciencedirect.com/science/article/pii/S0304399112002057
http://www.sciencedirect.com/science/article/pii/S0304399112002057
https://www.degruyter.com/view/j/teme.2009.76.issue-5/teme.2009.0967/teme.2009.0967.xml
https://www.degruyter.com/view/j/teme.2009.76.issue-5/teme.2009.0967/teme.2009.0967.xml


REFERENCES

6

93

[7] L. Picco, L. Bozec, A. Ulcinas, D. Engledew, M. Antognozzi, M. Horton, and M. Miles,
Breaking the speed limit with atomic force microscopy, Nanotechnology 18, 044030
(2006).

[8] R. Herfst, B. Dekker, G. Witvoet, W. Crowcombe, D. de Lange, and H. Sadeghian,
A miniaturized, high frequency mechanical scanner for high speed atomic force mi-
croscope using suspension on dynamically determined points, Review of Scientific
Instruments 86, 113703 (2015).

[9] M. Li, H. X. Tang, and M. L. Roukes, Ultra-sensitive nems-based cantilevers for sens-
ing, scanned probe and very high-frequency applications, Nature nanotechnology 2,
114 (2007).

[10] A. Keyvani, F. Alijani, H. Sadeghian, K. Maturova, H. Goosen, and F. van Keulen,
Chaos: The speed limiting phenomenon in dynamic atomic force microscopy, Journal
of Applied Physics 122, 224306 (2017).

[11] A. Keyvani, M. S. Tamer, J.-W. van Wingerden, H. Goosen, and F. van Keulen, A com-
prehensive model for transient behavior of tapping mode atomic force microscope,
Submitted to the journal Nonlinear Dynamics .

[12] M. S. Tamer, H. Sadeghian, A. Keyvani, H. Goosen, and F. van Keulen, Quanti-
tative measurement of tip-sample interaction forces in tapping mode atomic force
microscopy, Proceedings of the 13th International Workshop on Nanomechanical
Sensing , 199 (2016).

[13] A. Keyvani, H. Sadeghian, M. S. Tamer, J. F. L. Goosen, and F. van Keulen, Mini-
mizing tip-sample forces and enhancing sensitivity in atomic force microscopy with
dynamically compliant cantilevers, Journal of Applied Physics 121, 244505 (2017).

[14] A. Keyvani, H. Sadeghian, H. Goosen, and F. Van Keulen, On the origin of amplitude
reduction mechanism in tapping mode atomic force microscopy, Applied Physics
Letters 112, 163104 (2018).

[15] T. De, P. Agarwal, D. R. Sahoo, and M. V. Salapaka, Real-time detection of probe loss
in atomic force microscopy, Applied physics letters 89, 133119 (2006).

[16] S. S. Haykin et al., Kalman filtering and neural networks (Wiley Online Library,
2001).

[17] A. Alasty and R. Shabani, Nonlinear parametric identification of magnetic bearings,
Mechatronics 16, 451 (2006).

[18] S. Devasia, Should model-based inverse inputs be used as feedforward under plant
uncertainty? IEEE Transactions on Automatic Control 47, 1865 (2002).

[19] S. Sundaram and C. N. Hadjicostis, Delayed observers for linear systems with un-
known inputs, IEEE Transactions on Automatic Control 52, 334 (2007).

[20] H. Sadeghian and M. S. Tamer, European Patent 15181449.8 .

http://iopscience.iop.org/article/10.1088/0957-4484/18/4/044030/meta
http://iopscience.iop.org/article/10.1088/0957-4484/18/4/044030/meta
http://aip.scitation.org/doi/abs/10.1063/1.4935584
http://aip.scitation.org/doi/abs/10.1063/1.4935584
http://www.nature.com/nnano/journal/v2/n2/abs/nnano.2006.208.html
http://www.nature.com/nnano/journal/v2/n2/abs/nnano.2006.208.html
http://www.nmc-2016.org/wp-content/uploads/2016/06/NMC-2016-Delft-Proceedings-1.pdf
http://www.nmc-2016.org/wp-content/uploads/2016/06/NMC-2016-Delft-Proceedings-1.pdf
http://aip.scitation.org/doi/abs/10.1063/1.2357876
http://onlinelibrary.wiley.com/doi/10.1002/0471221546.fmatter_indsub/summary
http://ieeexplore.ieee.org/abstract/document/1047012/
http://ieeexplore.ieee.org/abstract/document/4099537/


6

94 REFERENCES

[21] A. Keyvani, H. Sadeghian, H. Goosen, and F. van Keulen, Transient tip-sample inter-
actions in high-speed afm imaging of 3d nano structures, in Metrology, Inspection,
and Process Control for Microlithography, Vol. 9424 (International Society for Optics
and Photonics, 2015) p. 94242Q.



7
MINIMIZING TIP-SAMPLE FORCES

AND ENHANCING SENSITIVITY IN

ATOMIC FORCE MICROSCOPY WITH

DYNAMICALLY COMPLIANT

CANTILEVERS

In previous chapters, we show that in order to increase the control bandwidth of the AFM,
it is useful to estimate the tip sample interaction forces. However, due to the harmonic
motion of the cantilever in TM-AFM, it is seemingly impossible to estimate the tip-sample
interactions from the motion of the cantilever. Not directly observing the interaction force,
it is possible to damage the surface or the tip by applying an excessive mechanical load.
The tip-sample interactions scale with the effective stiffness of the probe. Thus, reduc-
tion of the mechanical load is usually limited by the manufacturability of low stiffness
probes. However, the one-to-one relationship between spring constant and applied force
only holds when higher modes of the cantilever are not excited. In this chapter, it is shown
that, by passively tuning higher modes of the cantilever, it is possible to reduce the peak re-
pulsive force. These tuned probes can be dynamically more compliant than conventional
probes with the same static spring constant. Both theoretical and experimental results
show that a proper tuning of dynamic modes of cantilevers reduces the contact load and
increases the sensitivity considerably. Moreover, due to the contribution of higher modes,
the tuned cantilevers provide more information on the tip-sample interaction. This extra
information from the higher harmonics can be used for mapping, and possibly identifica-
tion of material properties of samples.

Parts of this chapter has been published in Journal of Applied Physics 121, 244505 (2017).
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MICROSCOPY WITH DYNAMICALLY COMPLIANT CANTILEVERS

7.1. INTRODUCTION
An Atomic Force Microscope (AFM) is a versatile instrument that enables measurement
and manipulation of samples at the nanoscale. Recent advances in AFM technology al-
ready carried its application beyond topography imaging, such as subsurface elastic-
ity measurements[1], unfolding force measurements of biomolecules [2], thermal con-
ductivity measurements [3, 4], surface chemical composition mapping[5], and mechan-
ical properties mapping[6]. Nonetheless, topography imaging with Tapping Mode AFM
(TM-AFM) can still be considered the most common application.

In TM-AFM, the cantilever is excited by a dithering signal with constant amplitude
and a frequency near the fundamental resonance frequency of the cantilever. To pre-
pare for scanning, the cantilever is brought in the vicinity of the sample surface until its
amplitude decreases to a user-defined set-point amplitude. While scanning the surface,
the amplitude is kept constant by adjusting the distance between the cantilever and the
sample. The control signal which adjusts the distance is interpreted as the topography
image. The phase delay between the motion of the cantilever and excitation signal is
recorded as a measure of energy dissipation and can be related to adhesion, viscoelas-
ticity or hysteresis in surface energy level[7, 8].

As shown in Fig. 7.1, in TM-AFM the tip hits the sample surface in every cycle, expe-
riencing both attractive and repulsive Tip-Sample Interaction (TSI) forces. Since these
forces occur only during a fraction of a cycle, they affect the motion of the cantilever in
a weakly nonlinear manner. Consequently, the motion of the cantilever remains har-
monic.

Although some theoretical studies suggest that the motion of the cantilever should
include effects of higher modes, [9, 10] experiments show that effects of higher modes
are negligible and most likely below the noise level [11]. Only in specific conditions, such
as for extremely low Q factors (in the order of 1), the effects of higher modes could be ex-
perimentally detected. Even for low-Q measurements, the presence or detectability of
the second harmonic is not guaranteed[6]. Thus, depending on the sample properties,
noise level, operation parameters, etc., the higher harmonics may or may not be de-
tected. Nonetheless, for the tapping mode AFM in air, the motion of the cantilever can be
considered as purely harmonic as the higher harmonics are undetectable. Since a con-
siderable amount of information on the TSI forces is modulated via the higher Fourier
components, and the cantilever only vibrates with a single frequency, most of the infor-
mation on the TSI force is lost in the noise.

The reason for a harmonic motion of the cantilever is well explained in the frequency
domain [12]. Because of the large quality factor of the cantilever, its frequency response
function (FRF) has orders of magnitude lower gain at frequencies other than the reso-
nance frequency. Thus, similar to a sharp band pass filter, the cantilever only passes the
frequency content of the TSI force which corresponds to its resonance frequency and
attenuates the higher frequency content. Consequently, the output, i.e. the cantilever’s
motion, can only have one dominant frequency component, and higher harmonics are
likely to be obscured by the noise.

Since the motion of the cantilever remains harmonic, the TSI force affects the can-
tilever as a weak nonlinearity and the amplitude and phase of the cantilever motion only
evolve with the periodic average of the TSI force [13–16]. Therefore, only the informa-
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Figure 7.1: a) Tip-sample interactions, b) Dynamic motion of cantilever while touching the sample surface in
TM-AFM (schematic).

tion on the periodic average of the tip-sample interaction can be extracted. On the other
hand, damage does not occur due to the average of the TSI force but due to the maximum
repulsive force, referred to as Peak Repulsive Force (PRF)[17]. Since it is not possible to
directly measure the PRF or extract it from the periodic average of the TSI force, it is not
possible to directly control it. Consequently, there is always a probability of damage in
TM-AFM. In industrial applications of AFM such as metrology [18–20], it is important to
avoid any damage to the sample.

To reduce the damage probability, it is wise to use the most compliant cantilever
available and choose proper operation parameters, i.e. amplitude and frequency set
points[17]. However, reduction of the TSI force via these methods is limited because of
other practical issues, such as fabrication limits or high noise in compliant cantilevers.
To capture more information on the TSI force, the motion of a cantilever should contain
multiple frequency components. For this reason either the input (dither signal) or the
system (cantilever and environment) have to be altered. Both options have already been
explored. The first method is to introduce an auxiliary excitation signal with a different
frequency which is called the “multi-modal” operation mode[21]. The second method
is based on adjusting the system using multi-harmonic cantilevers[22] or operating in
a fluid environment[6]. Next, some researchers utilized the sub-harmonic (static) mo-
tion to map binding sites of biological samples, known as Topography and RECognition
(TREC) mode [23]. It must be mentioned that the TREC mode is not a general imaging
technique, but rather a particular method to detect chemical binding sites of biological
samples and without the presence of the binding forces, the sub-harmonic motion of the
cantilever is negligible or below the noise level.

As mentioned, the Multi-modal AFM[21, 24] introduces an auxiliary excitation signal
to excite one or more higher modes of the cantilever simultaneously. Multiple lock-in
amplifiers are utilized to measure the amplitude and phase of the different modes (typ-
ically first and second bending mode). Consequently, two images per mode are avail-
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able, i.e., amplitude and phase. The images gathered with the multimode AFM tech-
nique demonstrate that some information is modulated on higher modes which could
not be extracted with standard tapping mode AFM [21]. However, the external excita-
tion of higher modes introduces both super and sub-harmonic frequency contents. The
extra energy in the second mode reciprocally increases and decreases the nanoindenta-
tion in different cycles. Thus, even a subtle amplitude of the second mode can cause a
fluctuating TSI force on the sample surface which might be damaging.

The second option to acquire more information is to change the system. This can
be done either by decreasing the Q factor[11] (via operating in liquid) or by increasing
the response of the higher modes of the cantilever by introducing additional resonat-
ing parts to the cantilever, so-called harmonic cantilevers or force sensing cantilevers
[22, 25, 26]. Since the TSI force contains peaks at integer multiples of the excitation
frequency[9], the secondary resonator, can capture some of the higher frequency con-
tent of the TSI force. For example, Sahin et al. introduced a cantilever that has a cutout in
its neck to tailor the ratio between the first and third mode [25]. They demonstrated that
when the resonance frequency of the third mode is exactly 16 times the first resonance
frequency, more information on the sample elasticity is modulated in the third mode.
Sahin et al. utilized the first torsional mode of the cantilever to measure the interaction
force[22]. Sarioglu et al. patterned comb-like trenches on the cantilever to realize the
second resonator and acquire more information using an interferometer [26]. For the
same purpose Li et al. suggested to attach a lumped mass particle to the cantilever[27]
to adjust its dynamic properties. Felts and King introduced gaps inside the cantilever
and showed that the ratio between the first and second resonance could be changed
considerably [28]. Xia et al. utilized a level set optimization method to optimize the
cantilever for bi-harmonic methods.[29] Lately, Loganathan and Bristow designed a bi-
harmonic probe for which the second resonance frequency is two times the fundamental
one. Their design consists of two cantilevers, one inside the other, and presents consid-
erably higher force sensitivity in comparison to normal cantilevers[30].

The approaches as mentioned above, indeed gather more information on the sam-
ple. However, these designs are geometrically complex which limits their feasibility re-
garding fabrication of smaller cantilevers. It is well-known that in order to decrease the
tip-sample forces, increase the force sensitivity, and increase the imaging speed, it is
necessary to scale down the dimensions of cantilevers as much as possible[31] which re-
quires a simple design. Moreover, it is not entirely understood how the multi-harmonic
cantilevers affect the TSI force. For example, some of them might increase and others
might reduce the PRF.

In this paper, we aim to reduce the TSI force with a easily scalable minimalistic change
in the geometry of the cantilever. For this purpose, we propose to tune the second vibra-
tion mode of the cantilever with respect to its first mode. As a result, the second mode
of the cantilever gets excited by one of the super-harmonic components of the TSI force
and provides more information on the mechanical properties of the sample. Also, by
choosing an even number (6) as the frequency ratio, the first and the second modes of the
cantilever get self-synchronized which considerably reduces the PRF, and consequently,
the probability of damaging the surface or the tip.

This paper is organized as follows: Section 7.2 presents the design of dynamically
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Figure 7.2: Schematic view of the cantilever with variable width.

tuned cantilevers, Section 7.3 describes the TSI force and the working principle of the
proposed probe. Section 7.4 demonstrates the performance of the cantilever via experi-
mental results. The conclusions are presented in the last section.

7.2. TUNING THE DYNAMICS OF CANTILEVERS
As mentioned in the Introduction, the TSI force in the time domain contains periodic
impulse-like functions. In the frequency domain, such a periodic impulse-like function
includes a large number of super-harmonic components with integer multiples of the
excitation frequency. As long as none of these components coincides with any resonance
frequencies of the cantilever, their effect is usually undetectable and the motion of the
cantilever is nearly harmonic. In this section we propose to change the geometry of the
cantilever such that its second bending mode coincides with the 6th super-harmonic
component of the force. Consequently, the second bending mode will also be excited by
the TSI force.

For prismatic cantilevers —provided that the Euler-Bernoulli beam theory holds—
the resonance frequency of the second bending mode is approximately 6.267 times the
first resonance frequency. Considering that the ratio between the first and second reso-
nance frequencies of a prismatic cantilever is close to 6, a relatively small adjustment in
shape can change this ratio to exactly 6. To tune the cantilever, we propose a trapezoidal
geometry for which the width is a linear function of the axial coordinate.

Considering a homogeneous isotropic material, and the Euler-Bernoulli beam the-
ory, the free vibration of the cantilever can be described with the following non-dimensional
eigenvalue problem:

[
∂2

∂x2 (b(x)
∂2

∂x2 )−b(x)λ2
i ]φi (x) = 0, (7.1)

where x, λi , and φi (x) represent the non-dimensional axial coordinate, i th eigen fre-
quency, and i th bending mode, respectively. The width of the cantilever (b(x)) is nor-
malized with respect to the width at the clamping. A linear variation of the width b(x) =
1+αx is chosen, in which α is a design parameter. The eigenvalue problem Eq(7.1) has
been solved using the well-known Galerkin method. Fig. 7.3 shows the frequency ratio as
a function of the design parameterα, along with the corresponding mode shapes. As can
be seen in Fig. 7.3, if α=−0.18, i.e. the cantilever is slightly trapezoidal, the frequency of
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Figure 7.3: Frequency ratio of first two modes of the cantilever versus the design parameter α (i.e., the ratio of
obliqueness of the cantilever).

the second mode is 6 times the frequency of the first mode. It must be mentioned that
in Eq(7.1), the torsional modes, in-plane modes, bending modes in lateral direction and
effects of tip mass are completely ignored. Although, the torsional modes are not excited
and in-plane modes have much higher frequency, a 3D finite element method was used
to validate the method and correct for the tip mass by fine-tuning the design parameter.

7.3. TIP-SAMPLE INTERACTIONS FOR TUNED CANTILEVERS
In this section, we shall discuss the dynamic behavior of the tuned cantilever in compar-
ison with a standard cantilever. Fig. 7.4.a and 4.c show the TSI force and tip motion in the
frequency domain, calculated from a full nonlinear simulation. The point frequency re-
sponse functions (FRF) for the cantilever’s tip (Red) are also included to demonstrate the
effects of dynamic tuning. Fig. 7.4.b and 4.d show the SEM images of the corresponding
cantilevers.

Since the frequency of the forced vibration only depends on the excitation frequency
(and not on the eigenfrequencies of the cantilever), irrespective of the tuning, the motion
of the cantilever can contain only the frequencies that are exact integer multiples of the
excitation frequency (so-called harmonic and super-harmonic components). In theory,
any cantilever is vibrating with all the integer multiples of the excitation frequency. But,
if the vibration modes are not tuned, the amplitude of super-harmonic components are
negligibly small. The proposed tuning shifts the second bending mode of the cantilever
(second peak of FRF) to the frequency of the 6th Fourier component of the TSI force,
thereby increasing the amplitude of the 6th super-harmonic motion.

To demonstrate only the effect of shape, Fig. 7.5 compares the simulated TSI force for
rectangular and trapezoidal cantilevers while both cantilevers have the same spring con-
stant(5 Nm−1), same first resonance frequency (100 kHz) and same quality factor(100).
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Figure 7.4: a) Simulated tip-sample interaction, FRF of the cantilever, and motion of the tip in the frequency
domain for rectangular cantilever, b) SEM image of the commercially available MPP-22120 cantilever used in
simulations and experiments, c) simulated tip-sample interaction, FRF of the cantilever, and motion of the tip
in the frequency domain for the tuned cantilever, d) SEM image of the custom made tuned cantilever.

The motion of the proposed cantilever is not harmonic, but a superposition of two har-
monic components, as shown in Fig. 7.5. The phase of the motion of the first and the
second modes are synchronized in a way that the speed of the tip is reduced right before
touching the sample surface. Hence, the proposed cantilever indents the sample less
and consequently, applies a lower TSI force.

The reduction in approach velocity and TSI force is caused by self-synchronization
of the two modes of the cantilevers. The frequency ratio of the cantilevers motion is
an exact integer number, therefore the motion of the cantilever remains periodic. In
other words, since the second mode is purely excited with the TSI force, its phase with
respect to the first mode in steady state conditions does not change from one cycle to
an other. This phase synchronization happens such that the contribution of the second
mode reduces the indentation.

Notice that the effects of long-range nonlinear forces such as electrostatic attraction
and squeeze film effects can influence the resonance frequencies and degrade the per-
formance of the cantilever. However, these effects are negligible in comparison to the TSI
force. Thus, to avoid unnecessary complications, it is reasonable to ignore them while
tuning the cantilever for TM-AFM in air or vacuum.

To quantify the force reduction for tuned cantilevers, we calculate the peak repulsive
forces using a multi-harmonic extension of the periodic averaging method. Since the
mathematical details of the periodic averaging method are not in the scope of this paper,
we only present the final results. More information on the periodic averaging method
for AFM cantilevers is available in [15]. Fig. 7.6 shows the peak repulsive forces versus
the amplitude set-point for a test case with dynamic characteristics as indicated in the
caption. As can be seen, the peak repulsive force for the tuned cantilever is on average
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Figure 7.5: a) Tip-sample interactions in single period for rectangular and trapezoidal cantilevers. b) Tip-
motion and mode participation of first and second modes for tuned cantilevers. c) Schematic explanation
for reduction of indentation with tuned cantilevers. The second mode of the cantilever retracts the tip during
the indentation. In the simulation, the free air amplitude was 50 nm, and the amplitude set-point was 40 nm
(amplitude ratio 80%).

70% less than for a conventional cantilever.

7.4. EXPERIMENTAL RESULTS AND DISCUSSION
To fabricate and test a tuned cantilever as a proof of concept, a commercially available
probe (Veeco MPP-22120, Fig. 7.4b) was patterned with a Gallium Focused Ion Beam
(Ga-FIB) to the desired shape (Fig. 7.4d). The dynamic properties of the cantilever were
measured before and after the patterning using the thermal calibration method[33] and
are presented in Table 7.1. Here we shall first present the imaging performance of the
proposed cantilever and verify the feasibility of extracting information from higher har-
monics. Secondly, we demonstrate the reduction in the TSI force via a force measure-
ment experiment, and an apparent height test.

Table 7.1: Dynamic properties of the cantilever before and after patterning

k[N /m] ω1[kH z] ω2[kH z] Q1 Q2
ω2
ω1

Before patterning 1.19 40.86 281.77 136 278 6.89
After patterning 0.87 50.50 307.28 142 274 6.08

7.4.1. IMAGING PERFORMANCE
To evaluate the imaging performance of the proposed cantilever, Fig. 7.7 shows the AFM
images of a commercially available two-phase polymer sample (PS-LDPE, Bruker). The
images are captured with the two cantilevers under the same imaging conditions and
set-points using a Bruker Dimension Fastscan AFM. For both cantilevers the peak ampli-
tude was set to ≈240 nm, the excitation frequency and the free air amplitude was chosen
to be 7% below the resonance, the set point amplitude was ≈150 nm, and the scanning
speed for both cases was 38.8µm/s. For a fair comparison, the image processing is lim-
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Figure 7.6: Calculated peak repulsive force versus amplitude ratio for a free air amplitude of 50 nm and tip
radius 10 nm, spring constant 1 N/m and quality factor Q1=100 and Q2=150, considering Derjaguin-Muller-
Toporov [32] modulus of silicon tip and silicon sample.

ited to a first order offset elimination in the height images, and zero-shifting the color
bar relative to the minimum of the data (i.e., the color bars all start at zero). As shown in
Fig. 7.7 the phase image with the tuned cantilever has considerably higher contrast while
there is hardly any difference between the amplitude images. Since the stiffness of the
two probes is in the same order, the extreme increase in phase sensitivity can only be ex-
plained by the dynamically increased force sensitivity. The ratio between viscoelasticity
and elasticity of the sample surface affects the phase of the TSI. Since the tuned can-
tilever is dynamically more sensitive to the TSI force, it responds more aggressively to
changes in the phase of the force as well. Consequently, the phase image captured with
the dynamically tuned cantilever has more contrast in comparison to the one obtained
with the standard cantilever.

As mentioned in Section 7.3, the second mode is purely excited by the TSI force. Since
different frequency components contain different information on the TSI force, the mo-
tion of the second mode provides additional information on the sample which is not
available from the first mode. This additional information can be extracted using an
auxiliary lock-in amplifier. Fig. 7.8 shows the images gathered from the second bending
mode of the cantilever. Clearly, for the tuned cantilever, the amplitude and phase of the
second mode also provide information on the mechanical properties of the sample. Yet,
a general mathematical calculation is needed to estimate the material properties from
amplitude and phase signals. In this context, Raman et al., have shown that an approx-
imate stiffness measurement is possible using the harmonic balancing method[6]. The
extra information provided by the second mode of the cantilever can also be useful in de-
termining a more accurate height of sub-manometer structures[34]. In our experiments,
we only excite the first mode of the cantilever to allow for the self-synchronization to re-
duce the force. However, it is also possible to use the proposed cantilever in a bi-modal
AFM configuration, while preserving the periodicity of the motion. It is known that the
periodicity simplifies the theoretical analysis and improves the accuracy of quantitative
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Figure 7.7: Topography (measured via height sensors), amplitude error, and phase images of a PS-LDPE sample
gathered with the MPP22120 cantilever and the tuned cantilever.
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Figure 7.8: AFM images of PS-LDPE sample gathered with the MPP22120 cantilever and the tuned cantilever
captured from the second mode of vibration using an auxiliary lock-in amplifier.
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Figure 7.9: Schematic of the force sensing technique, and the image of the tip of the sensing cantilever which
is captured with the imaging cantilever.

measurements.[35]

7.4.2. FORCE MEASUREMENT

To verify the reduction of the forces with tuned cantilevers, we perform the experiment
as suggested by Tamer et al. [36, 37] in which, a force sensor is placed under the can-
tilever instead of the sample surface, as shown in Fig. 7.9. The force sensor itself is also
a micro-cantilever with its own optical readout system. The force sensing cantilever has
a much higher resonance frequency in comparison to the imaging cantilever (1.29 MHz
and 50 kHz, respectively). Hence, the first few frequency components of the TSI force fall
into the static regime of the sensing cantilever and can be measured. We aim to compare
those frequency components in the motion of the sensing cantilever, if the two different
cantilevers tap on the sensor. To make a correct comparison, we ensured that the sensi-
tivity of the force sensor is the same in both experiments by first, tapping exactly on the
same specific spot on the sensing cantilever (the sensing spot in Fig. 7.9), and secondly,
measuring the thermal noise of the force sensor before and after every experiment and
check for any possible drift in the optical sensitivity.

For all of the experiments in this section, we chose a peak amplitude of 80 nm. The
excitation frequency is chosen such that the free air amplitude is 4 percent less than the
peak amplitude (76.8 nm). Fig. 7.10 shows the deflection of the imaging cantilever (in
this case the tuned cantilever), in frequency and time domain, while the imaging can-
tilever is tapping on the sensing spot (with amplitude ratio of 60%). The inherent noise
of the force sensing cantilever is measured while the two cantilevers are disengaged.

As can be seen, the deflection of the tuned cantilever contains the first and sixth har-
monic of the excitation frequency, together with some other small peaks at the integer
multiples of the excitation frequency. The signal from the force sensing cantilever con-
tains first few (23 in this case) of the super-harmonic contents of the TSI force. Since the
deflection of the force sensing cantilever exhibits its own noise and there exist a large
amount of phase distortion between different frequency contents of the motion, the TSI
force itself can not be resolved in the time domain. Therefore, to compare the forces
applied with a tuned and a conventional cantilever, we only measure the peaks in the
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Figure 7.10: Measured signal of the optical sensor from the imaging and the sensing cantilevers, a) in time
domain, b) in frequency domain.
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Figure 7.11: L2 norm of the force sensor signal, as a measure of the TSI force, measured from the cantilevers in
Table 7.1. Dashed lines show a quadratic data fit.

frequency domain of the sensing cantilever, and calculate their L2 norm. The L2 norm
of a signal is the same in both time and frequency domains and represents a measure
of power transmitted with the signal. Fig. 7.11 shows the results of this experiment with
the two cantilevers mentioned in Table 7.1 at different amplitude set points. As can be
seen, the power transmitted to the force sensing cantilever is much lower when a tuned
cantilever is used. Although no calibrated TSI forces could be measured in real-time, the
results in Fig. 7.11 consistently with the results in Fig. 7.6, confirm the reduction of the
TSI forces with tuned cantilevers.

7.4.3. APPARENT HEIGHT IMAGE OF DNA
As mentioned previously, the forces in TM-AFM are not directly accessible from experi-
ments. However, the apparent height of soft nanoscale samples can give an estimate of
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Figure 7.12: a) Height image of DNA on a mica surface captured with a tuned cantilever in tapping mode in
air. Free air amplitude and working amplitude were ≈ 30 nm and ≈ 25 nm, respectively, b) Height histogram of
the DNA on a mica sample, a comparison of TM AFM with normal cantilevers, shear mode AFM and TM AFM
with tuned cantilever.

the average repulsive forces. In tapping mode AFM, the repulsive forces compress the
samples. Consequently, the apparent height of samples is commonly lower than their
real values. Antognozzi et al.[38] presented a height histogram of a double-stranded
DNA which was captured with TM-AFM and compared it with shear-mode AFM. Since
the shear-mode AFM reduces the repulsive forces, a higher average height was observed
in comparison to TM-AFM (1 nm for shear AFM and 0.6 nm for TM-AFM[39]). We use
the same method to compare the average of TSI force for dynamically tuned and stan-
dard cantilevers. Fig. 7.12 a) shows the height image of a double-stranded DNA imaged
in TM-AFM using a tuned probe in air. Fig. 7.12 a) compares the height histogram mea-
sured with the tuned cantilever with those measured by Antognozzi et al.[38] in shear
mode AFM and TM AFM. As shown in Fig. 7.12, using the tuned cantilevers in TM-AFM,
even a higher average height could be observed (1.2 nm) which is closer to its actual
value (theoretical value 2.2 nm and X-ray measurement 2.0nm [40]). Consistently, the
increased average apparent height, suggests that the tuning of the second mode reduces
the repulsive forces.

7.5. CONCLUSION
In this paper, a minor adjustment of the AFM cantilever geometry has been suggested
to tune its vibration modes. Such a cantilever utilizes its second mode to enhance imag-
ing performance by capturing the 6th super-harmonic force component. Theoretical
and experimental results demonstrate that it benefits from reduced tip-sample interac-
tion forces and increased sensitivity in tapping mode AFM. At the same time, the pro-
posed cantilever provides additional information modulated via the second bending
mode which can be used to extract mechanical properties of the samples. The tapered
cantilever is an easily scaled design which enables more sensitive imaging with higher
contrast in material properties mapping while applying lower TSI forces, and thus, re-
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ducing tip damage or sample distortion.
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8
REAL-TIME ESTIMATION OF THE

TIP-SAMPLE INTERACTIONS IN

TAPPING MODE ATOMIC FORCE

MICROSCOPY WITH A

REGULARIZED KALMAN FILTER

The real-time and accurate measurement of tip-sample interaction forces in Tapping Mode
Atomic Force Microscopy (TM-AFM) is impossible. This obstruction fundamentally stems
from the causality of the physical systems. Since i) the input of the dynamic systems prop-
agate to the output with some delay, and ii), multiple inputs can generate the same out-
put, there exist no measurement or estimation technique that can accurately estimate the
force input of the systems in real-time. However, an approximate and delayed estimation
can still be possible. This paper presents a general-purpose algorithm which aims to es-
timate a delayed approximation of the force input of TM-AFM with minimum delay and
error. For this reason, first, the input estimation problem is converted to an ill-posed state
observation problem. Then, a Tikhonov-like regularization technique is applied to elim-
inate the ill-conditioning and estimate the force input using a linear Kalman filter. The
proposed input observer is remarkably robust, real-time in the order of the sampling fre-
quency, and applicable for any Linear Time Invariant (LTI) system with a (semi-) periodic
process. Simulation and experimental results show that using the proposed algorithm
with a wide-band AFM probe; one can determine the TSI forces with only a few percent
error and a delay in the order of sampling time. Unlike the existing force estimation tech-
niques for AFM, this algorithm does not require any prior knowledge of the force-distance
relationship which can be very beneficial in the closed-loop control of AFM.
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8.1. INTRODUCTION
One of the most popular Atomic Force Microscopy (AFM) techniques is the Tapping
Mode AFM (TM-AFM). In TM-AFM, a cantilever with a sharp tip attached to its free end
is excited at a frequency near its fundamental resonance frequency to reach a specified
free air amplitude. Then, using a piezoelectric actuator, it is brought into proximity of the
sample surface. Due to the intermittent interactions of the tip and sample surface, the
vibration amplitude reduces which provides an indication of the distance between the
sample surface and the zero deflection configuration of the cantilever (hereafter refered
to as overall distance). Scanning the sample surface while adjusting the overall distance
to keep the amplitude constant, a topographic profile of the sample is recorded. At the
same time, the phase of the motion of the cantilever is recorded which can provide in-
formation on the non-conservative interactions of the tip and sample [1].

During each interaction cycle, a combination of attractive, repulsive, and dissipa-
tive forces affect the tip. However, since these loads occur only during a short fraction
of the vibration cycle, the cantilever only responds to a periodic average, i.e., the first
Fourier component of the force, which is also referred to as the virial and dissipation
pair [1, 2]. 1 Since infinitely many different forces can have the same periodic average,
one can conclude that full estimation of the TSI forces from TM-AFM signals is almost
impossible [3]. The above argument in frequency domain reads as: the Tip-Sample Inter-
action (TSI) force has many frequency components, but only one of them corresponds
to the fundamental resonance frequency of the cantilever. The other frequency compo-
nents of the force, however, appear at frequencies for which the cantilever is relatively
insensitive, and therefore, weakly appear in the output signal. Hence, the motion of the
cantilever remains harmonic up to a large extent while the higher frequency content of
the motion are entirely inconsiderable and indistinguishable from noise [4]. In a sense,
the cantilever filters out all the information that is modulated by the higher frequency
components of the TSI force and, thus, makes it extremely elusive to measure the TSI
force.

To recover the TSI force in dynamic AFM, researchers have developed different meth-
ods that can be classified roughly into three sets of approaches. The first is to assume
a force-distance relationship and fit the average TSI force calculated from the experi-
ments to its counterpart from the considered model. For example, Hu and Raman [5]
estimated the peak repulsive and attractive forces in AFM by assuming the Derjaguin-
Muller-Toporov (DMT) force model. The second approach which is also known as force
spectroscopy applies a sweeping of a parameter, such as the overall distance or vibra-
tion amplitude, and records the displacement signal as a function of that parameter. As
a result, one can calculate the force-distance curve, but not in real-time [6–8]. In this
context, a very useful interpretation is presented by Sader et al. [9]. The third set of
techniques assume that the TSI force is a periodic impulse function (similar to the first
approach) and estimate the amplitude of this functions using linear observers [10–12].
With this method, one can estimate an equivalent TSI force in real-time. However, the
error between the real force and its estimate remains ambiguous because the TSI force
is not a periodic impulse function. In general, standard cantilevers provide only a nar-

1Virial and dissipation refer to the period average of the conservative and non-conservative forces, respectively.
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rowband output signal, and tip-sample interactions are extensively wideband. Conse-
quently, it is not possible to extract the full information on the TSI force in real-time with
a single frequency AFM.
To overcome the problem of the narrowband output of the cantilever, researchers have
introduced new types of probes and different experiments which provide sub- and su-
perharmonic frequency components (hereafter referred to as wideband probes) [13–15].
The wideband probes have different embodiments and provide different output signals.
However, they share a common dynamic peculiarity. That is, they have one or more addi-
tional resonator(s) which are sensitive to other frequency components of the tip-sample
interaction. For example, Sahin et al. [14] activated the torsion mode of the cantilever
as the auxiliary resonator by relocating the tip (known as Torsional Harmonic probe or
HMX). Sarioglu et al. [15] etched a smaller cantilever near the tip of the cantilever, Shaik
et al. [16] etched a small structure near the tip as an extra acceleration sensor, Tamer et
al.[17] used a secondary cantilever instead of the sample, and Keyvani et al. [3] tuned the
second bending mode of the cantilever to capture the 6th superharmonic of the forces.
Table 8.1 shows a list of some of the wide band probes in the literature.

Table 8.1: An overview of some of the wideband AFM probes

Figure (SEM image or schematic) Name and characteristic information

Torsionally harmonic probes [14].
The torsion mode of the cantilever
is excited due to the first 17 fre-
quency components of the TSI
force.

Interferometric force sensing
probes [15]. The high frequency
content of the TSI force are cap-
tured via the small structure at the
end of the cantilever and transmit-
ted to the detector via interference
pattern.
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A harmonic cantilever [18]. The
third bending mode of the can-
tilever is tuned to capture the 16th

frequency component of the TSI
force.

Dynamically tuned cantilevers [3].
The second bending mode of the
cantilever is tuned to capture the
6th frequency content of the TSI
force.

Bi-harmonic probes [13]. The sec-
ond mode of the cantilever cap-
tures the second frequency compo-
nent of the TSI force.

Cantilever with internal paddles
[19]. The paddles introduced in
the cantilever form the additional
resonator(s) needed for wideband
probe.

The wideband characteristics of the aforementioned probes in TM-AFM can also be
replicated using normal probes, but in sub-resonance modes. The concept of wide-
band AFM is to be able to sense more than one frequency component of the TSI force
at the output of the cantilever. This can be achieved either by introducing auxiliary res-
onators (as in wideband probes), or actuating the single resonator below its resonance
frequency. The sub-resonance modes with conventional probes, namely the jumping
mode, pulsed force mode, or the peak force tapping mode [20, 21] can be considered as
the same dynamics concept as the tapping mode with wideband probes because their
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output is also wideband. In these modes, the cantilever probe is slowly brought into
contact with the sample surface and retracted periodically. Since the periodicity of the
cycle is much lower than the resonance frequency of the cantilever, a considerable num-
ber of frequency components of the forces pass from the static band of the cantilever and
provide a non-harmonic deflection signal. In these modes, if the actuation signal is sig-
nificantly slower than the resonance frequency of the cantilever, it is possible to consider
the cantilever as a spring and calculate the forces directly from the displacement. How-
ever, if the actuation frequency exceeds a certain amount, the cantilever resonates, and
the deflection signal is not proportional to the TSI force. This limitation usually restricts
the imaging speed in these modes.

The deflection signals of the wideband probes (or any probe in sub-resonance mode)
contain more information on the TSI force in comparison to single frequency TM-AFM.
This information can be recovered either as additional contrast source or as an estima-
tion of the TSI force. For example, Sarioglu et al. [15] used the amplitude and phase of
the superharmonic components to generate more images providing information on the
material properties of the samples. Belianinov et al. [22] presented a method based on
post-processing the time resolved data in jumping mode AFM. They saved the deflection
signal in a large matrix (4 or 8 GB file) and performed an eigenvalue analysis of the data
which mimics an unlimited number of lock-in amplifiers (as many as necessary). The
latter method is computationally expensive and unfeasible for real-time applications,
but guarantees that all statistically relevant information is captured.
Researchers also used different filtering techniques to estimate the TSI force in real-
time using wideband probes. For example, Sahin et al. [23] used a harmonic balancing
method to determine the TSI force, however, this approach requires an averaging step
to reduce the noise. Tamer et al. [17] used a band stop filter to remove the vibration of
the sensing cantilever from the signal. The outcome of these techniques resembles the
tip-sample interactions in shape. However, whether the estimated TSI force achieved by
this methods is actually "the TSI force" is still a question. For example, usually contact
time and adhesion force are overestimated, while the peak repulsive force is underesti-
mated. Besides, the estimated TSI force considerably depends on the choice of the filter
parameters [17]. In these techniques, a force estimate is calculated by filtering out the
vague vibrations from the displacement signal and scaling it with the spring constant of
the cantilever. Nonetheless, filtering out the oscillations from the deflection signal can
not simplify a dynamic problem to a static one. For a vibrating cantilever, the spring
constant multiplied by the filtered deflection signal is not necessarily equal to or even
proportional to the TSI force.
To calculate the TSI force, one has to consider the dynamics of the cantilever and solve
an input estimation problem. Besides, the estimation algorithm should guarantee an
unbiased estimate of the forces. In other words, the expected error between the esti-
mated force ( f̄t s ) and the real forces ( ft s ), defined as ε = ft s − f̄t s , should exponentially
decay with time, and its variance should only depend on the measurement noise and
model uncertainties.
This paper presents a new type of Kalman filter as an input observer, which gives a gen-
eral solution for the real-time force estimation problem in wideband AFM. The esti-
mated force achieved by the Kalman filter is optimum, in the sense that the expected
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value for the error exponentially vanishes with time and uncertainty of the assessed
value is less than the uncertainty of any of the information provided to the algorithm.
The estimation method presented here does not require any prior knowledge on the
tip-sample interaction model, it is computationally inexpensive, easily real-time imple-
mented, robust and captures all the statistically relevant information. Depending on the
embodiment of the wideband probe and relative noise levels, the estimated force con-
sistently approaches the actual TSI force.

The next section describes the mathematical formulation of the input observer which
consist of discrete time model of the wideband probe, converting the input observa-
tion to an ill-conditioned state observation, regularization of the ill-conditioning, and
step-by-step implementation of the regularized Kalman filter. The performance of the
proposed filter is evaluated using two case studies in Section 8.3, followed by the Con-
clusions.

8.2. REGULARIZED KALMAN FILTER

Unfortunately, the input estimation problem does not have a general solution in control
theory because of two main challenges. First, if the system is nonminimum phase, its in-
verse is unstable, [24]. Secondly and more importantly, the inverse of a causal system is
noncausal [25]. In other words, because the output of the system at any time depends on
its input at previous times, the estimate of the input should be calculated using the fu-
ture output data. These two problems impose fundamental limitations on real-time and
exact input estimation. Hence, researchers have proposed different techniques to design
stable and causal approximate inverse systems [26, 27]. Naturally, all these techniques
estimate the input with some error and delay [28] for which an optimum approximation
is achieved based on a tradeoff between delay and error.
The non-causality in estimating the TSI force in AFM translates to the following analogy:
Since the quality factor of the AFM cantilever is in the order of 100, the effects of the TSI
force at a particular time, remain relevant for the output of the cantilever for hundreds
of tapping cycles. Hence, to estimate the force input at any moment, one has to wait
and measure the motion of the cantilever for hundreds of cycles later. Obviously, such a
delay is not acceptable. However, if a wideband probe is used, one can benefit from the
other measurable frequency components of the motion to minimize the delay and the
uncertainty.
Here, we suggest a new method by first transforming the unknown input estimation
problem to an ill-conditioned state observation problem, and subsequently, resolving
the ill-conditioning by assuming that the tip-sample interaction forces are nearly, but
not exactly, periodic. We begin with a state-space representation of the cantilever as a
linear dynamic system. Any of the wideband probes (or the conventional cantilevers in
sub-resonance AFM) can be described with an n degrees of freedom discrete-time linear
model as:

xk+1 = Axk +B1 f t s
k +B2 f d

k +ωk ,
yk =C xk +D1 f t s

k +D2 f d
k +νk .

(8.1)
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Figure 8.1: Schematic view of proposed input observer. The Kalman filter is designed based on the dynamics
of the augmented system in the dashed box which does not have any unknown input. The fictional system is
designed to impose the assumptions and sandwich the unknown input f t s between two known system.

where xk ∈ Rn×1 represents the dynamic states of the cantilever in discrete time step
k. Considering that only few vibration modes of the cantilever contribute to its dy-
namic motion, and each mode has two state variables, n is twice the number of vibra-
tion modes. A ∈Rn×n is the dynamic process matrix of the system, B1 and B2 ∈Rn×1 are
the input matrices that transfer the effects of tip-sample interactions ( f t s ) and dithering
force ( f d ) to the state vector, respectively. The output signals are gathered in yk ∈ Rr×1,
which is a linear combination of the states with weight of C ∈ Rr×n . r is the number of
the output channels. For example, for the HMX probes [14] r = 2, i.e. the vertical and
torsional signals, and for dynamically tuned cantilevers [3] r = 1. The tip-sample inter-
actions and dither signals are fed through to the output via weights D1 and D2 ∈ Rr×1,
respectively. The noise ωk ∈ Rn×1 and νk ∈ Rr×1 represent the process noise (or model
uncertainty) and measurement noise (or error), respectively, and are assumed to be zero-
mean Gaussian processes. The measurement and process noise are assumed to be un-
correlated with respect to each other (E(ω,ν) =O).
Note that, in Eq(8.1) only the outputs (yk ) and one of the inputs ( f d

k ) can be measured.
The state variables (xk ), and the unknown inputs ( f t s

k ) are to be estimated. This will be
discussed in the next subsection.

8.2.1. TRANSFORMING THE INPUT ESTIMATION TO STATE ESTIMATION
As explained above, there is no general solution for the input estimation problem in con-
trol theory. Hence, we propose to convert the input estimation problem to a standard
state estimation based on the architecture shown in Fig. 8.1. The objective of having
an fictional system next to the real system (cantilever) is to exploit the semi-periodicity
assumption, and sandwich the unknown input between the two systems.

The fictional system in Fig. 8.1 can be written as:

pk+1 = Âpk + ω̂k , (8.2a)

f t s
k = Ĉ pk . (8.2b)
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ŷk = Ĉ (2)pk + ν̂k (8.2c)

where Eq(8.2a) represents the dynamic process in which only the random noise input
ω̂k affects the fictional state variables p. The fictional system has two outputs. The first
output generates the unknown TSI force via a measurement matrix Ĉ as in Eq(8.2b).
The second output which is represented by Eq(8.2c) gives a measurable indication of the
semi-periodicity assumptions. If all the system matrices are known and time-independent,
the unknown input estimation problem is transformed to observation of the augmented
states ([xT

k pT
k ]T ) of the following Linear Time-Invariant (LTI) system, which can be done

using a Kalman filter, or any linear observer.(
xk+1

pk+1

)
=

[
A B1Ĉ
O Â

](
xk

pk

)
+

[
B2

O

]
f d

k +
(
ωk

ω̂k

)
,

yk = [C D1Ĉ ]

(
xk

pk

)
+D2 f d

k +νk .

(8.3)

The following section presents a method to calculate a time independent set of sys-
tem matrices for the fictional system, which implements the semi-periodicity assump-
tion.

8.2.2. REGULARIZATION
Both the sub-resonance and TM-AFM are semi-periodic processes, i.e., any event that
happens in each cycle is plausible, but not guaranteed, to happen again in the next cy-
cle. On the other hand, the Fourier transform of any periodic function can only contain
harmonic signals with frequencies that are integer multiples of the periodicity of the
function. Therefore, a semi-periodic signal ( f t s

k e.g.,) can be considered as a summation

of semi-harmonic signals f t s
k =∑

s(i )
k , s(i ) being the i th frequency component of the f t s .

Generally, if s is a harmonic signal with frequency Ω, it should satisfy the following
equation:

s̈ +Ω2s = ε, ε= 0.

Yet, if the signal s deviates from being harmonic, ε would not vanish, instead would pro-
vide a linear measure of this deviation.

In a discrete time notation, the above equation can be written as:

Ω2
f (sk −2sk−1 + sk−2)+Ω2sk = εk , (8.4)

where Ω f is the sampling frequency. Apart from finite difference truncation and a
round-off error, εk provides a measure for any deviation from a harmonic signals with
the frequency Ω. For multiple frequencies, Eq(8.4) can be written in matrix form as fol-
lows: [

1 Ω2

Ω2
f
−2 1

] sk

sk−1

sk−2

= εk

Ω2
f

. (8.5)

Eq(8.5) shows that a signal has to be sampled at three time instances so that one can
construct a linear measure of its deviation from being harmonic. Therefore, we suggest
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Figure 8.2: Schematic signal view of the fictional system in Fig. 8.1. The TSI force ( f t s
k ) is a summation of N

semi-harmonic signals, whereas their deviation from being harmonic is measured individually by multiplying
to Ĉ (2) and assembled in ŷk . Three time instances of each harmonic signal is defined as the state vector of the
system.

the architecture represented by Fig. 8.2 to design the Â and Ĉ matrices which were intro-
duced in the previous section.

Suppose that the motion of the wideband probe consists of N frequency components
that are above the noise floor. Then in the best scenario, N frequency component of the
estimated TSI force can be accurate. Therefore, the TSI force has to be a summation of
maximum N semi-harmonic signals. For such a configuration, the states variables for
the fictional system can be defined as follows:

pk =
[

s(1)
k−2 s(1)

k−1 s(1)
k s(2)

k−2 s(2)
k−1 s(2)

k . . . s(N )
k−2 s(N )

k−1 s(N )
k

]T
, (8.6)

where s(i ) represents the i th harmonic component of the TSI force. By defining the state
variables as in Eq(8.6), the process matrix (Â) has to implement a shift register, and the
first output matrix (Ĉ ) only implements the summation. In matrix notation, this reads:

Â = IN×N ⊗
1 0 0

1 0 0
0 1 0

 , Ĉ = 11×N ⊗ [
1 0 0

]
, (8.7)

where ⊗ is the Kronecker product operator.
Without the fictional measurement (ŷ), the state observation problem of the total

system is ill-conditioned, because the poles of the Â matrix are all either zero or one.
In other words, the fictional system represented by Eq(8.2) is marginally stable. Phys-
ically, this means that there can be infinitely many different state values ([x p]T ) that
would show exactly the same input ( f d ) and output signals (y). To eliminate the ill-
conditioning, the periodicity assumption in Eq(8.5) is implemented as an extra fictional
output of the system. Note that the signal ŷ does not exists and we can not measure it.
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Nonetheless, by assuming that it was measured to be always zero, we eliminate all the
infinity different possibilities for state variables ([x p]T ) and retain the only the semi-
periodic one:

ŷk = Ĉ (2)pk + ν̂k , (8.8)

where ŷk = 0, ∀k > 0 and the fictional noise ν̂k represents the uncertainty of the period-
icity assumption. Note that Eq(8.8) does not enforce any deterministic assumption on
the structure of the input (TSI force) as it contains the stochastic noise and uncertainty
represented by ν̂ 6= 0. Similar to the Tikhonov regularization method which compro-
mises between the uncertainty and the error, Eq(8.8) compromises between the uncer-
tainty and the ability to estimate the input in non-periodic conditions.

In the same way, the dynamic model of the cantilever and the measurement signals
are assumed to be known, but uncertain (ω 6= 0, ν 6= 0). Considering Eq(8.5) and Eq(8.6)
the Ĉ (2) matrix in Eq(8.8) is defined as:

Ĉ (2) =



1, Ω2

Ω2
f
−2, 1, O1×3(N−1)

O1×3, 1, (2Ω)2

Ω2
f

−2, 1, O1×3(N−2)

O1×6, 1, (3Ω)2

Ω2
f

−2, 1, O1×3(N−3)

. . .

O1×3(N−1), 1, (NΩ)2

Ω2
f

−2, 1


. (8.9)

Finally, the problem of estimation of the tip-sample interactions in TM-AFM is con-
verted to the standard linear state observation problem of the following augmented sys-
tem: (

xk+1

pk+1

)
=

[
A B1Ĉ
O Â

]
︸ ︷︷ ︸

Ā

(
xk

pk

)
+

[
B2

O

]
︸ ︷︷ ︸

B̄

f d
k +

(
ωk

ω̂k

)
, (8.10a)

(
yk

ON×1

)
=

[
C D1Ĉ
O Ĉ (2)

]
︸ ︷︷ ︸

C̄

(
xk

pk

)
+

[
D2

O

]
︸ ︷︷ ︸

D̄

f d
k +

(
νk

ν̂k

)
, (8.10b)

f t s
k = [

O1×n Ĉ
](

xk

pk

)
. (8.10c)

It is straightforward to verify that the system in Eq(8.10) is always fully observable and
well-posed. Thus, considering a known expected values for the noise covariance matri-
ces as: Q = E{[ωT ω̂T ]T [ωT ω̂T ]} and R = E{[νT ν̂T ]T [νT ν̂T ]}, a Kalman filter can be imple-
mented to estimate its states, and consequently, the TSI force. Although the noise co-
variance matrices are not completely known, each part of them can be tuned to achieve
an optimum performance as follows.

• The measurement noise covariance (E{ν νT }) represents the noise in the deflection
sensor, and the electronic parts.
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• The process noise (E{ω ωT }) covers the thermal noise and any uncertainty in the
dynamic model of the cantilever.

• The uncertainty in the periodicity assumption which is represented by (E{ν̂ ν̂T })
can be tuned considering a trade-off between uncertainty and error in non-periodic
conditions.

• The process noise of fictional part of the system (E{ω̂ ω̂T }), represents the step size
of the random walk search which can be tuned considering a trade-off between
noise in the output and coverage speed.

Note that choosing wrong noise statistics for the Kalman filter does not lead to wrong
estimations, but only can increase the noise or reduce the convergence speed. Therefore,
in this paper, all the noise covariance matrices are assumed to be identity matrices scaled
with a small numbers.

8.2.3. STEP-BY-STEP IMPLEMENTATION
All the calculation steps of the regularized Kalman filter for any of the wideband probes
can be expressed as follows:

Ï Only once:

Step1: Either construct a model, or identify the dynamic model of the probe in state-
space and transform it to a discrete-time format to find the coefficient matrices
in Eq(8.3).

Step2: Based on the frequency spectrum of the measurement signal, the number of fre-
quency components that are above the noise level N. This number determines the
maximum reachable accuracy and bandwidth in TSI force estimation.

Step3: Calculate the coefficient matrices Â, Ĉ , and 2Ĉ from Eq(8.7) and Eq(8.9).

Step4: Construct the augmented system model as in Eq(8.10), Ā, B̄ ,C̄ ,D̄ .

Step5: Choose a set of noise covariance matrices Q and R, initial value x̄0|0 and initial
covariance Σ0|0.

Ï In every sampling time k:

Step1: Calculate the priory estimate as:

x̄k+1|k = Āx̄k|k + B̄ f d
k ,

Step2: Calculate the priory error convenience matrix as:

Σk+1|k = ĀΣk|k ĀT +Q,

Step3: Calculate the Kalman gain as:

Kk =Σk+1|kC̄ T (C̄Σk+1|kC̄ T +R)−1



8

124
8. REAL-TIME ESTIMATION OF THE TIP-SAMPLE INTERACTIONS IN TAPPING MODE

ATOMIC FORCE MICROSCOPY WITH A REGULARIZED KALMAN FILTER

Figure 8.3: Schematic architecture of the nanomechanical force sensing setup [17]. The small cantilever simu-
lates the sample surface at the same time as a force sensor, while the forces exerted by the large cantilever can
be measured via the deflection of the small cantilever.

Step4: Calculate the posterior state estimate as:

x̄k+1|k+1 = x̄k+1|k +Kk (ȳ − C̄ xk+1|k − D̄ f d
k )

Step5: Calculate the posterior error convenience matrix as:

Σk+1|k+1 = (I −KkC̄ )Σk+1|k

Step6: Calculate the TSI force as:

f̄ t s
k = [O1×nĈ ]xk+1|k+1;

8.3. RESULTS AND DISCUSSION
Theoretically, the estimated state variables in a linear observer approach the real state
variable with exponential speed. Using a Kalman filter in observation ensures an op-
timum estimation speed and accuracy if the uncertainties are known. Thus, using the
proposed method the estimated value of the forces ( f̄t s ) should approach the actual tip-
sample interactions in TM-AFM. To verify this statement and study the performance of
the method, we apply the method to the following cases.

8.3.1. CASE STUDY 1: FORCE SENSING SETUP
To measure the TSI force in TM-AFM, Tamer et al. [17] presented a measurement tech-
nique that uses a small and high-frequency cantilever as a force sensor and puts it under
the imaging cantilever instead of the sample surface. The schematic view of the force
sensing setup is presented in Fig. 8.3.

Since the sensing cantilever has a much higher resonance frequency in comparison
to the tapping cantilever, most of the frequency components of the forces are below the
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Figure 8.4: Measured deflection of sensing cantilever in force sensing setup in time and frequency domain

resonance of the sensing cantilever. Thus, the sensing cantilever can act as a wideband
probe which has a non-harmonic output. This configuration mimics the sub-resonance
modes for the sensing cantilever. Since the resonance frequency of the tapping can-
tilever is not low enough, when compared to the sensing cantilever, the sensing can-
tilever resonates due to the super-harmonic contents of the TSI force. With the Kalman
filter proposed in the previous section, we try to estimate the TSI force from the mea-
sured deflection of the force sensing cantilever.

In this case, the resonance frequency of the sensing cantilever and tapping cantilever
were measured as 1.7 M H z and 50kH z, respectively, and the quality factor of both the
cantilevers was about 250. The tapping cantilever is excited at its resonance frequency
and is engaged with the sensing cantilever using a piezoelectric stage. The piezoelec-
tric stage is controlled by a commercial AFM controller, and the motion of the sensing
cantilever is measured using a separate optical beam deflection setup (Position Sensitive
Detector PSD). More details about this experiment are provided in [17]. The motion of
the sensing cantilever and its frequency domain representation are shown in Fig. 8.4.

As it can be seen, there are about 70 frequency components that are above the noise
level, which means that the sensing cantilever can provide information on 70 frequency
components of the tip-sample interactions. Applying the steps presented in Section 8.2.3,
the forces are estimated and presented in Fig. 8.5.

As can be seen, the estimated values for deflection and force start from zero initial
conditions and within a few sampling time reach their stationary values. To check cor-
rectness and robustness of the method, we simulate the experiment using a DMT force

model [29] and add 30 dB SNR noise (20log Si g nal
Noi se ) = 30) to the simulated deflection sig-

nal. Fig. 8.6 shows a comparison between the simulated TSI force, estimated TSI force
which is achieved by applying the Kalman filter to the noisy deflection signal. The as-
sessed value of the TSI force flawlessly follows the one from the simulations. Note that,
to show the performance of the regularized Kalman filter in non-periodic situations,
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Figure 8.5: Measured deflection, estimated deflection and estimated forces from the force sensing setup. The
coefficients sd and kc are the deflection sensitivity and spring constant of the sensing cantilever.

Fig. 8.6 intentionally presents the TSI forces in transient situations. The transient cases
are more interesting than the steady state because of controller design reasons. Besides,
typically the AFM can be more damaging in transient situations [30]. As it can be seen,
the TSI force is not periodic in the transient situation and violates the assumption in Sec-
tion 8.2.2. However, the uncertainty which is introduced in Eq(8.8) allows for its violation
and estimation of the non-periodic forces.

subsectionRobustness Since a certain level of uncertainty is considered in every mea-
surement, model, or assumption, the presented method is considerably robust to the
errors in system parameters. To verify the robustness of the method, we compare the
estimated forces by deliberately using wrong parameters in the first step of Section 8.2.3,
as if the dynamic properties of the cantilever were measured with significant errors.

In Fig. 8.7, each curve shows a force estimate from a noisy output data, with wrong
prior knowledge containing all the errors from the previous curves. As it can be seen, the
performance of the Kalman filter is barely affected by the errors in the dynamic model
and measurement noises.

8.3.2. ARBITRARY FORCE-DISTANCE RELATIONSHIP

The proposed filter does not consider any prior knowledge on the force models. There-
fore, it can capture any arbitrary force-distance relationship. This aspect of the pro-
posed filter can have interesting applications in the field biological AFM. For example,
researchers measure the unfolding force of proteins using a chemically functionalized
AFM tip [31]. Due to the frequency limitations of the cantilever, these binding and un-
binding forces can only be measured up to a limited retract velocity. However, researchers
have shown that the unbinding velocity has a substantial effect on the measured forces
[32, 33]. We suggest that using the presented Kalman filter together with a wideband
probe, the unfolding and unbinding forces can be measured more accurately, robustly
and also with much higher approach-retract velocities. To simulate such a binding-
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Figure 8.6: simulated and estimated tip-sample interactions from the noisy simulated deflection signal (30db
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Figure 8.7: Simulated and estimated tip-sample interactions from the noisy simulated deflection signal (30dB
SNR) also considering wrong system dynamics. Each curve also contains all the errors from the previous curve.
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Figure 8.8: Simulated and estimated tip-sample interactions from the noisy simulated deflection signal (30db
SNR) in transient situation with a binding model

unbinding experiment, we add an elastic-perfectly-plastic model to the DMT force model.
In this example, the tip binds to the surface after each tap via a finite length elastic rope.
This rope—which mimics the protein chain— yields in a plastic regime when the stresses
exceed a certain amount.

The simulated and estimated TSI force with the above-mentioned discretionary model
are presented in Fig. 8.8 (also in a transient conditions). As it can be seen, the proposed
method provides an accurate estimate of the tip-sample interactions.

8.3.3. CASE STUDY 2: DYNAMICALLY TUNED CANTILEVERS

As another example of the wideband probes, here we shall present the force estimation
using a dynamically tuned cantilever. As discussed in Section 8.1, using the information
on the amplitude and phase of a conventional AFM probe it is possible to estimate the
periodic average of the force [34]. However, the details about the TSI force are obscured
by the noise. We have previously shown that [3] by passively tuning the resonance of
the second bending mode of the cantilever, it is possible to pass more information on
TSI force to the deflection signal. In a tuned cantilever, the 6th frequency component of
the TSI force coincides with the resonance of the second bending mode of the cantilever
and generates another harmonic motion with six times higher frequency. Although the
cantilever itself suppresses many of the frequency components of the force, still a rough
estimation of the TSI force is possible. Fig. 8.9 shows the TSI force estimation using a
tuned cantilever as the wideband probe.

In Fig. 8.9, the Kalman filter tries to estimate a signal that resembles the first and sixth
Fourier component of the tip-sample forces. Mathematically, the first and sixth complex
periodic average of the forces defined as Eq(8.11) are equal between the real force and
the estimated force. However, because the motion of the cantilever does not carry any
information on the other Fourier components of the TSI force, the estimated value does



8.4. CONCLUSIONS

8

129

1 1.2 1.4 1.6 1.8 2

Time (k) [sample] ×105

0

5

10

15

F
or

ce
 /(

 k
c A

i) 
[n

on
di

m
en

si
on

al
] Simulated tip-sample interactions

Estimation of tip-sample interactions ×(ω
2
 / ω

1
)2

Figure 8.9: Simulated and estimated tip-sample interactions from the noisy simulated deflection signal (30dB
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not match with the exact force.

Pn = Ω

2π

∫ 2π/Ω

0
Ft s (t )e j (nΩt )d t (8.11)

Although the estimated force in Fig. 8.9 does not provide any useful information
about the force-distance relationship, it provides a relatively good estimate of the peak
repulsive force in transient situations which can be of advantage for high-speed AFM
applications. One of the limiting factors in high-speed AFM is the time constant of the
cantilever which is defined as the ratio between quality factor (Q) and the resonance fre-
quency of the cantilever [35]. In practice, it means that the changes in the topography
can be detected via the amplitude signal only after a Q period of oscillation. However,
using the tuned cantilever and the proposed Kalman filter, the information on the sec-
ond mode helps to estimate the forces in each period and reduces the time constant to
τ = 1

ωe
. Note that the quality factor of traditional cantilevers in the air is in the order of

100-1000. Thus, Controlling the estimated peak repulsive force instead of the amplitude
of the first mode, one can considerably improve the speed of TM-AFM.

8.4. CONCLUSIONS
In this paper, a Tikhonov-like regularization method was applied to the Kalman filter to
transform it to an input estimator for semi-periodic processes such as force estimation
problem in AFM. The proposed algorithm uses all the statistically relevant information
on the motion of the cantilever (output) to estimate the tip-sample interaction forces
(input) in real-time, and without any prior knowledge about the force-distance relation-
ship. The proposed input observer inherits its robustness from the Kalman filter, and its
estimation latency depend on the bandwidth of the cantilever. Also the computational
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load of the proposed algorithm does not differ from that of a linear Kalman filter which
makes it a good potential option for model based control of AFM. The proposed filter
can also be used in combination with any of the wideband probes for different purposes
such as increasing the imaging speed, extracting the maximum information from the
mechanical properties of the sample, or measuring the TSI forces in biological applica-
tions.
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9
CONCLUSIONS, DISCUSSION AND

RECOMMENDATIONS

The main motivation for the research presented in this thesis was to contribute to the de-
velopment of the tapping mode atomic force microscope towards a potential industrial
and clinical tool. The challenges for AFM technology in this regard include the limited
imaging speed and throughput, possibility of damaging the samples, and the low relia-
bility of the measurements. To address some of these challenges, the present thesis has
been focused on the dynamics of AFM cantilevers, interaction forces between the sam-
ples and the tip, and controller design. The theoretical models presented in this thesis,
in line with the numerical and experimental observations show that new mechanical de-
signs and modern control strategies can indeed improve the performance of the AFM to
beyond its current speed and performance limits.

9.1. CONCLUSIONS
This chapter summarizes the main conclusions from this thesis. They can be divided in
three sub sections: i) Understanding the tip-sample interaction force (Chapters 2 and 3).
ii) Dynamics and control of the AFM cantilever based on a modulated transient model
(Chapters 4–6 ). iii) The multi-harmonic AFM cantilevers and approximation of the tip-
sample forces in multi-frequency AFM (Chapters 7 and 8).

9.1.1. UNDERSTANDING THE TIP-SAMPLE INTERACTIONS
The TSI forces in TM-AFM are not measured during the experiments. That is why it is
not clear in which circumstances the AFM might or might not damage the surface of
the samples. In the first part of this thesis, we have conducted numerical simulations
and experiments to investigate the TSI force. One important conclusion is that the TSI
force can be momentarily much higher in transient situations than in the steady-state
conditions. While the TSI force in steady-state situations is well described by previous
models, the transient situations were not studied in literature. In Chapter 3, we have pre-
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sented an explicit model for peak value of the TSI, and prevent sample and tip damage
by choosing correct cantilever and operation parameters. However, just predicting the
value of the TSI forces does not resolve the damage problem in high-speed AFM.

Besides the transient situations, we have found that the excitation frequency also
has a large effect on the TSI forces. In the literature on AFM, the TSI forces are discussed
mainly as a function of the amplitude and stiffness of the cantilever. However, the excita-
tion frequency is actually by far the most important parameter that affects the tip-sample
forces. Two different excitation frequencies for the same cantilever can apply orders of
magnitude different TSI force on the sample, even if the free air amplitude and the set-
point amplitudes are both the same. Based on these observations we propose that for
topography imaging applications, the excitation frequency should be slightly less than
the resonance frequency of the cantilever to minimize the probability of damaging the
sample or the tip.

Appendix B reports on use of the sensitivity to frequency as a mechanism of control-
ling the TSI force. We have demonstrated a technique with which we could substantially
change the TSI forces by changing the excitation frequency without changing the ampli-
tude or dither power. In this manner, we could selectively damage the surface and by
switching between the high and low force for each pixel, we could transfer any desired
pattern to the sample surface.

Although the frequency dependency of the TSI force is evident from numerical and
experimental observations, it is difficult to explain with the existing theories on the work-
ing mechanism of the TM-AFM. To explain the frequency sensitivity of the force, we pro-
posed a new perspective to the working principle of the AFM, in Chapter 3. According to
the existing theories, when the vibrating cantilever is brought closed to sample surface,
the TSI force changes the resonance frequency of the cantilever, and since we do not
change the excitation frequency accordingly, the amplitude reduces. We proposed a new
model which is based on linear analysis of the cantilever. According to the new model, a
destructive interference between the dither force and the first Fourier component of TSI
force is the reason behind the reduction of the amplitude in TM-AFM. In other words,
when the cantilever is brought close to the surface of the sample, the TSI force partially
cancels out the dither force, hence, the amplitude reduces. With this explanation, the
phase of the cantilever determines the sensitivity of the amplitude to the TSI force, and
the phase itself depends on the excitation frequency. With this model, the relationship
between the amplitude, frequency and the TSI force can be clearly explained. Moreover,
with this explanation, it was shown that the single harmonic TM-AFM does not measure
the true height profile of the samples, but only a geometric locus of all the points on the
sample that provide the same average TSI force. The main consequence of this is the
inconsistency of the topography measurements, especially in the biological AFM mea-
surements. For example, the height of a DNA stand on the mica surface is sometimes
measured as 0.6 nm and some times as 1.5 nm, while its theoretical value is 2.2 nm. The
new model presented in Chapter 3 clearly explains this discrepancy and attributes it to
the heterogeneous composition of the sample.
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9.1.2. DYNAMICS AND CONTROL OF THE AFM CANTILEVER BASED ON A

MODULATED TRANSIENT MODEL

In TM-AFM, there is a large difference between the time scale of the controller and the
time scale of the cantilever. The cantilever vibrates with its resonance frequency and
experiences the TSI forces in a fast time scale. However, within that time scale, no con-
siderable change in the states of the controller happens. That is, the controller is not
affected by the motion of the cantilever, but only by the amplitude of the motion of the
cantilever. The latter changes by definition order(s) of magnitude slower than the mo-
tion itself. In practice, a Lock-In Amplifier (LIA) circuit separates these two time scales
by demodulating the motion signal into its amplitude and phase. Therefore, if the tran-
sient behavior of the closed-loop TM-AFM is considered, one either has to solve the fully
nonlinear governing differential equations in the fast time scale, or incorporate the func-
tionality of the LIA in the equations and derive a new dynamic model at the time scale
of the controller. The latter is obviously more efficient in the sense of the computation
time. In Chapter 4 we have derived the demodulated model of the AFM which describes
the overall behavior of the AFM cantilever in the slow time scale.

The steady-state response of the new model as presented in Chapter 4, fully agrees
with the previously existing theories on TM-AFM, and its transient response has been
verified using experiments. According to this model, in transient situations, the amplitude-
phase pair moves on a spiral path in the state space. This spiral path causes a wrong-
direction initial response of the amplitude signal, which is very similar to Non-Minimum-
Phase (NMP) behavior in linear systems. Considering the NMP-like behavior of the can-
tilever, one can conclude that controlling the TM-AFM by using the amplitude as the er-
ror signal is not necessarily the best control strategy. In Chapter 5, we show that the NMP
behavior of the cantilever leads to a deterministic chaotic behavior when it is coupled
with a high speed PI controller. In fact, the presence of chaos in closed-loop AFM limits
the speed of operation in its conventional configuration. If the controller is tuned to be
faster than a certain limit, it responds to the wrong-direction changes of the amplitude
signal and eventually causes chaos. The presence of chaos in TM-AFM was confirmed
by calculating the Lyapunov exponents, bifurcation diagrams, and Poincaré sections. It
should be noted that similar chaotic behavior of AFM was previously reported in the
literature, however, those were all due to attractive or excessive adhesive TSI force and
could be circumvented via simple changes in operation parameters. However, the new
cause of chaos presented in Chapter 5 is inevitable and imposes an upper limit for the
closed loop bandwidth of the AFM in its current architecture.

Considering the conclusions from Chapter 4 and 5, we proposed a new control al-
gorithm in Chapter 6, in which the control action does not depend on the amplitude
signal, but a recursive linear combination of the amplitude and phase signal which ap-
proximates the TSI force. For this, we have used a dual Kalman observer that assumes
a zero-dynamic for the TSI force— which means that the time derivative of the force is
negligble— and tries to approximate the average of the TSI force. In this way, the Kalman
filter eliminates the NMP behavior and postpones the chaos for much higher speeds.
The simulation results in Chapter 6 show that to the cost of increasing the complexity
of the system, the imaging speed could be improved up to few orders of magnitude de-
pending on the noise levels.
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9.1.3. MULTI-HARMONIC PROBES AND METHODS

The most important conclusion from Chapters 4 to 6 is that even a rough approxima-
tion of the TSI force would work better than the amplitude signal for control purposes.
However, with normal AFM cantilevers it is impossible to fully measure the TSI forces
in real-time. This is partly a fundamental problem stemming from the causality of the
physical systems, and partly because of the narrow-band output of the cantilever. The
problem of causality can not be resolved, however, the bandwidth of the output signal
can be increased. In fact, due to the causality of the physical systems it is impossible to
measure or estimate the exact input (force) in real-time, and the AFM cantilever is not
an exception. However, depending on the output bandwidth, a delayed and approximate
value of the input can be estimated using advanced filters. Such a filter itself should be
deterministic and physically realizable, which means that its output (in this case, the es-
timate of the TSI force) can never have a higher bandwidth than its input (in this case,
the measured deflection of the cantilever). Therefore, the first step in attempting to find
the TSI forces should be increasing the output bandwidth of the cantilever.

In Chapter 7, we have proposed a change in the geometry of the cantilever, which
makes the ratio between the frequency of the first two bending modes of the cantilever
an integer number (6). In this manner, the second bending mode of the cantilever also
gets excited with the 6th super-harmonic content of the TSI force. This design has two
advantages over the conventional AFM cantilevers. First, because of its kinematic be-
havior, it applies less repulsive force on the sample. Experimental results show that the
TSI forces could be reduced with a factor eight for the same stiffness of the probe and the
same experimental conditions. Second, the output signal has a larger band-width, i.e.,
it contains more information on the TSI force. The latter can be used either in detecting
the material properties of the sample (as an additional imaging contrast source), or in
combination with an input observer to estimate the TSI forces with less delay and better
accuracy. In Chapter 7 we have used the additional information for material properties
mapping, and in Chapter 8, for estimation of the TSI force.

In Chapter 8, we present a new type of input observer to estimate the TSI force
from wide-band AFM cantilevers with minimum delay and maximum accuracy. The
input estimation problem has been transformed to an ill-conditioned state observation
problem, and the ill-conditioning was circumvented using a technique that is similar
to Tikhonov regularization. Depending on the dynamics of the AFM cantilever (band-
width of its output) and the noise levels, an optimum and almost real-time estimation of
the TSI force could be achieved, which can be used in real-time control as described in
Chapter 6.

Although the TM-AFM constitutes the main use-case for all chapters in this thesis,
the outcome of Chapters 4 and 8 is more general purpose and can be used in other fields
of science and engineering. The dynamic model presented in Chapter 4 describes the
transient behavior of an amplitude modulated one-DOF resonator, which can be useful
in modeling and control design for similar systems. Also, Chapter 8 presents an input
estimation method which can be applied to any linear time invariant system with a semi-
periodic process.
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9.2. RECOMMENDATIONS
While this thesis studies and tries to develop solutions for a number of challenges, the
AFM technology is still too immature to be considered as an effective industrial or clini-
cal tool. There are several challenges that have to be solved which suggest many oppor-
tunities for further research and development. Here, I mention a few of them which I
believe should have high priorities.

9.2.1. FORCE-CONTROLLED PARALLEL AFM
One of the methods proposed to increase the throughput of the AFM is using parallel
AFM heads, and/or parallel cantilevers in a single AFM head. Although development of
parallel heads and manipulating them with robotic arms seems promising, use of par-
allel cantilevers in a single head is crucial and still missing. According to the previous
experiments and models, connecting more than one AFM cantilever in a single chip suf-
fers from many issues regarding dynamic design and control. An important follow-up
of the Chapters 4 and 6 would be to derive the modulated model for parallel AFM can-
tilevers and design controllers based on the estimated TSI force. Control of parallel AFM
cantilevers is normally hindered by a so-called cross-talk phenomenon, in which the
motion of neighboring cantilevers affect each others phase and amplitude. When the
distance controller only receives the amplitude signal of each cantilever, and the TSI
force on one cantilever affects an other one as well, it is impossible to run a TM-AFM
experiment. However, if a Kalman filter would be used to estimate the force of each can-
tilever and adjust the hight accordingly, many of these problems would be solved. In
case of any successful result, using parallel cantilevers can enable measurement of large
areas in a reasonable time frame.

9.2.2. CANTILEVERS WITH MODE-MULTIPLICITY

In Chapter 7 we have shown the potential of utilizing multiple modes of the AFM can-
tilever to increase its sensitivity and flow of information from the sample to the output
signals. One interesting followup would be to investigate the effects of having mode mul-
tiplicity in AFM cantilevers. Since the presence of mode multiplicity would increase the
sensitivity of the cantilever to any perturbations, one can expect that the AFM cantilever
can reach even higher sensitivity and bandwidth. Also, it is highly recommended to de-
velop methods to optimize the dynamics of the AFM cantilevers using shape or topology
optimization techniques. It is expected that with these techniques one can design robust
and high performance cantilevers. Such cantilevers can enable many applications other
than height measurements.

9.2.3. SMART AFMS

Many of the clinical or industrial microscopes consist of a combination of two or more
different microscopy techniques. For example, some companies produce AFMs com-
bined with SEM or optical microscope. In general, acquiring more information on the
samples, and optimally combining the information will enhance our knowledge about
the samples. One fundamental approach in the case of AFM would be to combine a me-
chanical (or even a multi-physical) model of the sample with an AFM. The results of the
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Chapter 8 show that it is possible to measure the TSI force in (almost) real-time together
with its uncertainty. Combining such a system with a finite element model of the sam-
ple and updating the geometry and mechanical properties of the model with the AFM
measurements can substantially change the way that micro-nano imaging is done. Us-
ing artificial intelligence techniques in processing the AFM data and combining it with
the mechanical model of the sample can provide quantitative and reproducible results.
This can also be applicable to the measurement of thermal, electrical or even chemical
properties of samples.



A
MULTI-MODAL ANALYSIS OF

CANTILEVER FOR IMPULSE INPUT

When the cantilever suddenly hits the sample surface, some part of the kinetic energy
of the cantilever transfers to the potential energy in the contact area. The equivalent
inertia which would provide the same amount of energy for the same attack velocity is
called the apparent mass of the tip. To find the apparent mass of the tip, one can model
the cantilever as a serial multi-DOF system with the same point mechanical impedance
on the tip. If the point mechanical impedance of the tip is equal to that of the first mass
element of the multi-DOF model shown in Fig. A.1, the tip of the cantilever, and its multi-
DOF ladder model behaves the same way in transient situations. However, the other
generalized coordinates do not have a one to one relationship with each other[1].

To calculate the apparent mass of the cantilever, initially, the mechanical impedance
of the tip is calculated from modal governing differential equations. Then a ladder mass-
spring model which has the same impedance function as the tip is synthesized. A similar
technique is used in the synthesis of analog circuits for passive filtering applications, and
also in mechanical impact analysis[1].

Considering the motion of the cantilever in a modal setting as: w =
n∑

i=1
qi (t )ϕi (x),

similar to Eq(2.1) the dynamic motion of the beam can be described as:

Mi j q̈ j +Ci j q̇ j +Ki j q j = Fi u, (A.1)

where M ,C ,K ,F,u and q are modal mass, damping, and stiffness matrices, forcing vec-
tor, input force, and modal coordinates, respectively. Thus, the point mechanical impedance
of the tip is defined as

Zp = u(s)

sWt (s)
,

and the mechanical mobility is defined as

Yp = sWt (s)

u(s)
.
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Figure A.1: Lumped model of cantilever.

where Wt (s) is displacement of the tip in Laplace domain with s being the Laplace vari-
able. By defining

Di j = Mi j s2 +Ci j s +Ki j ,

the driving point mechanical mobility is found as:

Yp = sϕi (l )D†
i j F j . (A.2)

in which, the superscript † represents the psudo-inverse operation. To synthesize a lad-
der mass-spring model, the mechanical impedance in Eq(A.2) can be written in contin-
ued fraction form that describes the mechanical impedance of the first mass element of
the lumped model shown in Fig. A.1 as:

Yp (s) = 1

m1s + 1
s/k1+ 1

m2 s+ 1

...+ 1
s/kn

(A.3)

For rectangular cantilevers considering n modes of vibration the apparent mass at
the free end of the cantilever is mt i p = 1

4nρAL. This amount depends on the number of
modes that are considered in the analysis and converges to zero considering an infinite
amount of modes. However, not all of the modes of the cantilever should be considered.
The number of the modes considered in these type of analysis should match the ratio be-
tween stiffness of the contact area and modal stiffness. If the modal stiffness of a certain
mode is higher than the stiffness of the contact, naturally, that specific vibration mode
cannot relax the contact, thus does not contribute to apparent mass. Considering a low
number of modes will result in overestimation of the forces, and vice versa. To find the
proper number of the modes, we argue the underlying assumption in section IV (energy
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Figure A.2: Maximum repulsive force considering 2 nm sudden change in silicon surface, cantilever with spring
constant of 5 N /m Q factor 50 tip radius of 10 nm free Air amplitude of 50 nm resonance and working fre-
quency of 100 kH z.

analysis). There it was assumed that, since the indentation is small enough in compar-
ison to the amplitude of the cantilever (i.e. the stiffness of surface is much higher than
that of the cantilever), the changes in potential energy of cantilever during indentation
can be neglected. However, if we consider higher modes of the cantilever, the stiffness of
nth mode of the cantilever (kn) can be bigger than the stiffness of contact which violates
the key assumption. The most realistic n can be chosen such that it includes the high-
est mode of the cantilever which is not stiffer than the equivalent stiffness of contact:
kn < kcont act < kn+1. Physically the number n corresponds to the number of modes that
are excited during the sudden contact(see Fig. 2.3). For example for rectangular can-
tilevers one can compare k1 = kc ,k2 = 40.45kc ,k3 = 317.2kc ,... with the contact stiffness

kcont act = 2a
1
2
0 Ee f f

p
R and decide about n.

Fig. A.2 shows a comparison between the numerical results and the analytic formula
presented in Eq(2.9). Increasing the number of modes in the model the numerical results
converges to a particular value. However, the analytic method underestimates the force
when considering too much of the modes. Thus considering the contact stiffness 3-6
modes of the cantilever can be used to approximately estimate the peak repulsive forces
in transient situations.
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B
SIMULTANEOUS AFM

NANO-PATTERNING AND IMAGING

Scanning probe based nano-machining has many applications such as fabricating nano-
wires, nano-dots, single electron transistors and many other devices for physics experi-
ments [2–4]. One of the applications that require high throughput nano-machining is
repair of photomasks for optical lithography. In appendix A, we present an AFM based
nano-patterning technique that can be used for fast defect repairing of high resolution
photomasks and possibly other nano-patterning applications. The proposed method works
based on hammering the sample with tapping mode AFM followed by wet cleaning of the
residuals. On the area where a specific pattern should be written, the tip-sample inter-
action force is increased in a controlled manner by changing the excitation frequency of
the cantilever without interrupting the imaging process. Using this method several pat-
terns where transferred to different samples with imaging speed. While the pattern was
transferred to the sample in each tracing scan line, the patterned sample was imaged in
retracing scan line, hence, the outcome was immediately visible during the experiment.

B.1. INTRODUCTION

O PTICAL lithography is the main patterning technology for semiconductor industries.
Thus, production, inspection and repair of high precision photomasks remain one

of the challenges in high volume manufacturing. In this regards electron and focused ion
beam microscopy based techniques are already in use for high precision masks repair,
which each one has its own challenges and opportunities in achieving proper etching
sensitivities, resolution and speed.[5–7].

Thanks to its nanoscale resolution, the atomic force microscopy (AFM) has already
been suggested as one of the instruments for inspection and repair certain type of de-
fects in 64 and 32nm node photomasks. However, there are still some challenges regard-
ing the drift, positioning error and throughput of AFM based mask repair[8–10].

Parts of this chapter have been published in Proc. SPIE 9778,42(1906) [1]
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When the particle defect is attached to the surface with a high adhesion so that wet
cleaning fails to remove it, the AFM based cleaning is applied. The Photomask repair
with AFM is done with a so called nano-machining process, followed by a wet cleaning
process [9]. The nano-machining process consist of multiple steps namely, locating and
imaging the defect in a gentle imaging conditions, deciding about the scan direction for
removal process, and high force contact mode imaging of the particle. If the adhesion
of the particle is low enough then the AFM tip pushes it away from its original location,
so that it can be removed in the next wet cleaning process, otherwise the force set-point
is gradually increased and the contact mode imaging is performed again, while focusing
the scan area to the shape of the particle. Usually these steps require multiple times
scanning and scratching, with multiple operation set-points and multiple cantilevers,
which result in time consumption of about two hours per each defect.

An other challenge which the AFM-based photomask repair repair is facing is the po-
sitioning error and drift. It is very important to control the location of the defect during
repair process, otherwise the repair process itself introduces new defects to the mask.
The contemporary AFM-based repair systems compensate the drift by forecasting its
amount and direction via a so-called edge detection technique.

Here, we present a new method which replaces the scratching process with high force
Tapping Mode AFM (TM-AFM) imaging which can be used simultaneously for imaging
and nano-machining. For this aim, the tip-sample interactions are tuned via operation
parameters of the TM-AFM so that the AFM can be quickly switched between imaging
and hammering modes. Since the imaging and nano-machining are performed simul-
taneously, the process can probably be much faster and drift control can be done much
easier. Moreover, there is no need to determine any scratching direction or use of multi-
ple cantilevers which further reduces the time consumption.

B.2. METHOD AND EXPERIMENTAL DEMONSTRATION
In the literature, the tip-sample forces are mainly attributed to the amplitude and stiff-
ness of the cantilever which are practically very difficult to change (if not impossible)
without interrupting the image. However, As shown in Chapter 3, the excitation fre-
quency is actually by far the most important imaging parameter that affects the tip-
sample forces. Fig. B.1 shows the normalized trend of the peak repulsive force with re-
spect to the amplitude ratio and the excitation frequency, achieved via numerical simu-
lations and experiments.

According to Fig. B.1, the tip-sample interaction forces primarily depend on the ex-
citation frequency, especially for when the amplitude ratio is high. Provided that the
free-air and set-point amplitudes are kept constant, one can increase and decrease the
forces by changing the excitation frequency without interrupting the image. The same
dither voltage with two different frequency (one below and one above the resonance fre-
quency of the cantilever) which give the same free air amplitude and amplitude ratio
(the later is because of closed loop control) can apply very different peak repulsive force
on the sample. If the damage threshold of a material is between these two forces then
one of the situations would be damaging and the other one would be non-damaging.

In order to demonstrate the proof of concept for nano-machining, we first imaged a
rectangular area on the sample with the so called writing parameters (high amplitude ra-
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Figure B.1: Normalized peak repulsive forces versus normalized excitation frequency (vertical) and amplitude
set-point (horizontal). a) theoretical, b) experimental.

tio and excitation frequency higher than the resonance of cantilever), then imaged a big-
ger area with its symmetric reading parameters (same free air amplitude and amplitude
ratio but with lower excitation frequency). This experiment was repeated for different
samples and with different free air amplitudes. The frequency offset, and free air ampli-
tude of cantilever had to be calibrated depending on the tip and sample properties, and
spring constant of cantilever to make sure that the writing configuration is damaging
and reading configuration non-damaging.

Fig. B.2 shows two examples of the experiment. One square written on a thin HDMS
layer coated on silicon surface and the other one is a rectangle created on the surface
of silicon dioxide. Both using a single crystal diamond tip in writing configuration, and
immediately imaged with the same tip in reading configuration.

In order to demonstrate a semi-automatic nano-machining, we use an external computer-
programmable lock-in amplifier (Zurich instrument) and a commercial AFM system (Bruker
Fastscan) with signal access module. The AFM was operated in contact mode however,
deflection signal is isolated and sent to lock-in amplifier and the demodulated ampli-
tude signal is provided back to the AFM as deflection error. In this manner, the AFM
controller keeps the amplitude constant, by trying to keep the deflection error constant
in contact mode. This step was necessary because it was not possible to change the
operation parameters via the AFM computer itself. The two different operation param-
eters (same voltage, different frequency) are provided with Zurich Instruments Lock-in
amplifier which was controlled with a separate computer program in Labview environ-
ment. The Labview code reads the X-Y position of the AFM head, compares it with a user
provided image and decides about the excitation frequency. If the image color for ac-
companying pixel is black, the excitation frequency goes to writing mode and vice versa.
In order to visualize the results immediately while doing the nano-machining, the afore-
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Figure B.2: Nano-machining example by changing the excitation frequency using a diamond tip. a) HDMS
coated on silicon b) silicon dioxide

Figure B.3: The TU Delft logo patterned on silicon dioxide sample with diamond tip.

mentioned technique is only applied during the trace line, and retrace lines are only
imaged with in reading mode. Fig. B.3 is an example of nano-machining method where
the logo of Delft University of Technology is patterned on a silicon dioxide sample with
a diamond coated cantilever.

The cantilever which was used in this example had a spring constant of 30.3N /m
(thermally calibrated) the quality factor of 300 and fundamental resonance frequency of
199kH z, and was excited with free air amplitude of 85nm. The cantilever was engaged
to the surface with a 90% amplitude ratio.

The Nano-machining method which was suggested here offers a the possibility of
the fast and automated photomask defect repair, nonetheless there are some challenges.
First, similar to other machining methods, this method should have its own window of
operation in terms of materials that can be used, maximum depth that can be achieved,
resolution, etc. However, these limits are not known for us yet. Secondly, a better hardware-
software combination has to be developed to find the defect areas, compare the mask
with the desired pattern, identify the defect type, and perform the repairing process.
Last but not the least, we have only used diamond coated AFM probes in all the exper-
iments without any consideration about the sharpness or lifetime of the tip, which also
needs to be investigated.
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C
PERIODIC AVERAGE OF

TIP-SAMPLE INTERACTION FORCE

To derive a relationship between the modulated TSI force and the state variables of the
resonating cantilever, we use a generalized form of the well-known Derjaguin-Muller-
Toporov (DMT) model which consist of the attractive van der Waals (vdW) force, re-
pulsive Hertz, and a dissipative viscoelastic terms [1–3]. According to this model, the

physical force f ph
t s can be written as:

f ph
t s = HR

6(Z−x)2
Dσ

− 4
3 EE f f R

1
2 (x +σ−Z )

3
2
D0

−ηR
1
2 (x +σ−Z )

1
2
D0

d x
d t ,

(C.1)

where H ,R, Z , and σ are Hammaker constant, tip-radius, separation of the sample sur-
face and the cantilever in its undeflected configuration, and the intermolecular distance,

respectively. EE f f = (
1−ν2

t i p

Et i p
+ 1−ν2

sample

Esample
)−1 is the effective elasticity of the contact which is

calculated from the elasticity (E) and Poison ratio (ν) of the tip and the sample. η is the
effective viscoelasticity of the contact area. The discontinuity function (a)Db is defined

to impose the discontinuity of the forces during the contact as: (a)Db =
{

a if a ≥ b

b if a < b
.

Normalizing the model in Eq(C.1) according to the same scales as in Eq(4.1), the non-

dimensional form of the TSI force ( ft s = f
ph

t s
k A0

) can be written as:

ft s = α

(h −x)2
Dσ

−β(x +σ−h)
3
2
D0

−γ(x +σ−h)
1
2
D0

d x

d t
, (C.2)

where, h = Z
A0

, α = HR
6k A3

0
, β = 4EE f f

p
R A0

3k , and γ = ωη
√

R A3
0, are the coefficients of the

vdW, Hertz and viscoelstic forces, respectively. A0, and k represent the free air amplitude

149



C

150 C. PERIODIC AVERAGE OF TIP-SAMPLE INTERACTION FORCE

and the spring constant of the cantilever. Applying the Fourier operation as explained in
Section 4.2 , we obtain:

F (1)
t s = F (1)

vdW −F (1)
H −F (1)

vi s , (C.3)

where the first harmonic of the van der Waals force (F (1)
vdW ), Hertzian contact force (F (1)

H ),

and viscoelastic damping (F (1)
vi s ) are defined as:

F (1)
vdW =α

2π
ω∫

0

e jωt d t

(h −ℜ[X2e jωt ])2
Dσ

, (C.4a)

F (1)
H =β

2π
ω∫

0

(ℜ[X2e jωt ]+σ−h)
3
2
D0

e jωt d t , (C.4b)

F (1)
vi s = γ

2π
ω∫

0

(ℜ[X2e jωt ]+σ−h)
1
2
D0

ℜ[X1e jωt ]e jωt d t . (C.4c)

Considering the definition of Xi = Ai eϕi , i = 1,2, and defining variables θi = ωt +ϕi ,
i = 1,2, ζ1 = h

A2
, and ζ2 = σ

A2
, the integral in Eq(C.4a) can be simplified as:

2π
ω∫

0

e jωt d t

(h −ℜ[X2e jωt ])2
Dσ

=
2π+ϕ2∫
ϕ2

e(θ−ϕ2)dθ

(h − A2ℜ[e j (θ)])2
Dσ

= e−ϕ2

A2
2

2π∫
0

[cos(θ)+ j sin(θ)]dθ

( h
A2

−cos(θ))2
D( σ

A2
)

= −X2

A3
2

2π∫
0

cos(θ)dθ

(ζ1 −cos(θ))2
D(ζ2)

.

Note that:
2π∫

0

sin(θ)dθ

( h
A2

−cos(θ))2
D( σ

A2
)

= 0

because it is an odd periodic function of θ.
Repeating the same procedure for Eq(C.4b) and Eq(C.4c) we obtain:

ℜ(F (1)
t s ) = (KH −KvdW )q3 +Cvi sco q1, (C.5a)

ℑ(F (1)
t s ) = (KH −KvdW )q4 +Cvi sco q2, (C.5b)

where KvdW , KH , and Cvi s are defined as:

KvdW = α

A3 I1(
h

A
,
σ

A
), (C.6a)

KH =βA
1
2 I2(

h

A
,
σ

A
), (C.6b)
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Figure C.1: Integral functions I1 till I3 as a function their arguments ξ1 and ξ2.

Cvi s = γA− 1
2 I3(

h

A
,
σ

A
), (C.6c)

and can be considered as added negative stiffness due to the vdW force, added stiffness
by the Hertz force, and the added damping of the viscoelastic force, respectively. The
integral functions in Eq(C.6) are defined as:

I1(ζ1,ζ2) =
2π∫

0

cos(θ)dθ

(ζ1 − cos(θ))2
Dζ2

, (C.7a)

I2(ζ1,ζ2) =
2π∫

0

(cos(θ)−ζ1 +ζ2)
3
2
D0

cos(θ)dθ, (C.7b)

I3(ζ1,ζ2) =
2π∫

0

(cos(θ)−ζ1 +ζ2)
1
2
D0

cos(θ)dθ, (C.7c)

and are illustrated in Fig. C.1. Note that, the conservative part of the force ((KH−KvdW )X2)
is in the opposite direction of the modulated displacement (X2), and the dissipative force
(Cvi s X1) is in the opposite direction of the modulated tip velocity (X1). Therefore,(KH −
KvdW ), and Cvi s can be considered as the added stiffness and the damping of the TSI
force, respectively.
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D
CALCULATION OF THE NONLINEAR

FREQUENCY RESPONSE CURVE

USING DEMODULATED

FORMULATION

The steady-state frequency response of the cantilever can be calculated by substituting
Eq(4.14) into Eq(4.10) and putting the q̇i = 0.[[

1−ω2 −ξω
ξω 1−ω2

]
+

[
KH −KvdW −Cvi sω

Cvi sω KH −KvdW

]]
︸ ︷︷ ︸

Ξ

{
q3

q4

}
︸ ︷︷ ︸

X2

=
{

Fd

0

}
︸ ︷︷ ︸
Υ

(D.1)

As it can be seen from Eq(C.6), the added nonlinear stiffness and damping values do
not depend on the phase or frequency, instead they are only a function of amplitude. It is
easy to check that this is the case for any time invariant non-linearity. Therefore, one can
conclude that Eq(D.1) is always quadratic in terms of frequency square. To avoid solving
the nonlinear Eq(D.1) for amplitude and phase, we suggest to scan the amplitude, and
solve for frequency.

Therefore, we defined Π and Ξ in Eq(D.1). Considering Eq(4.10b), one can elimi-
nate the phase by multiplying the Eq(D.1) by Ξ−1, and left-multiply the transpose of the
resultant by itself:

A2 =ΥTΞ−TΞ−1Υ (D.2)

Independent of the type of the non-linearity (only if the nonlinearity is time-independent),
(ΞΞT ) is always diagonal, with both of the elements equal to eachother. Hence it leads
to:

F 2
d

A2 = (1+KH −KvdW −ω2)2 + (ξ+Cvi s )2ω2 (D.3)
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D. CALCULATION OF THE NONLINEAR FREQUENCY RESPONSE CURVE USING

DEMODULATED FORMULATION

which is a quadratic equation in terms ofω2 and has an analytic solution for any value of
the amplitude. The square root of the real and positive solutions of the Eq(D.3) show the
frequency for each amplitude. After calculating the amplitude-frequency pair, the phase
can be calculated simply by solving the Eq(D.1) for X2, which is linear.
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