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Abstract

This thesis treats the thin-film equation which models the film height h for a viscous film in
the complete wetting regime. We show existence and uniqueness to the thin-film equation
with mobility m(h) = k™ and mobility exponent n € (1,3)U(3,3). The thin-film equation
is rewritten as an abstract Cauchy problem and usage of semi-group theory yields maximal
LP-regularity for the linearized problem. With a fixed point argument, analogous to the
one used by Giacomelli, Gnann, Kniipfer and Otto in [16], the nonlinear problem is treated.
Under a smallness condition on the initial value to a suitably transformed version of the
thin-film equation, we obtain a solution in LP(0, oo; Hk—Q,a—%) N Whe(0, oo; Hk+2’a+%),
where the H-spaces denote weighted Sobolev spaces. The novelty of this work lies in the
usage of LP-spaces in time, where the existing literature only deals with L?-spaces. It is

found that the L? setting allows for treatment of all n € (1,3) U (3, 3).
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Chapter 1

Introduction

We consider the following thin-film equation

hi + (h"hzzz). =0 fort >0, z > Z(1), (1.0.1a)

h=h,=0 fort >0, z=2Z(1), (1.0.1b)
Hm A" theo, = Zy(t). 1.0.1c
Jim, () (101¢)

This partial differential equation (PDE) describes the change of the height h(t,z) of a
viscous thin film over time on a one dimensional substrate, as visualized in figure [I.1
Here, t is the time variable and z is the lateral variable. The fluid covers the interval
(Z(t),00), where Z(t) is called the triple junction or contact line, this is the place where
gas, liquid and solid meet. Hence, the fluid has a free boundary at z = Z(t). The
thin-film equation can be derived from the Navier-Stokes equations using a lubrication
approximation, which is worked out in section [1.1

h

gas _—

solid

Figure 1.1: Example of a thin film as described by (|1.0.1))

The power n in is called the mobility exponent with values in (0,3). The
value of this exponent is related to the boundary condition on the solid-liquid interface
in the original Navier-Stokes problem, which is also called the slip condition. We will
focus on the cases n € (1,3) and n € (2,3). This is because in the case that n > 3,
the boundary of the film is unable to move [22]. If n < 0 the propagation speed is in-
finite and if 0 < n < 1 the height of the film can become negative [§]. In the case of
n = 2, this slip condition is called the linear Navier-slip condition [33, 34]. The case n = 3

is not considered, since this case the analysis becomes more involved due to resonances [5].

The boundary condition h = 0 at z = Z(t) in (1.0.1b|) states that the height of the
film at the contact line is equal to zero. The following condition, h, = 0 at z = Z(t)
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tells us that the angle between the solid and the liquid at the triple junction equals zero.
This means that over time the fluid will cover the entire solid. This is evident from the
following relation

Ygs = Vs + COS(O)’Vgla (1'0'2)

called Young’s law [38]. The surface tensions 4, vis and g1 describe the tensions respec-
tively between the gas and solid, liquid and solid and gas and liquid interfaces. This is
visualized in figure When 7,45 < 715 + 741, the contact angle has to be strictly positive.
In this case, an equilibrium can be obtained, hence after some time the liquid stops to
spread further. This is called the partial wetting regime. In the other case, v4s > Vs +7gi;
the contact angle must be equal to zero, and an equilibrium cannot be obtained. Hence,
the liquid will continue to spread. We consider the last setting, which is also called the
complete wetting regime.

gas

Ves

solid

Figure 1.2: Surface tensions acting on a liquid at the triple junction.

In [16] it is shown that in the case n = 2, under a smallness condition for the inital value
for a suitably transformed version of ((1.0.1), the problem has a unique classical solution.
Furthermore, for a range of n € (:£(15—+/21), 2 (7+/5)) it is described in remark 3.4 of
[16] how the same result can be obtained. The novelty of this thesis is that a semigroup
approach is used to obtain the necessary maximal regularity condition. A benefit of using
this method is that it is immediately clear that we get maximal LP-regularity in time, and
hence LP-integrability in time, for 1 < p < oo. In the spatial variables still Hilbertian
weighted Sobolev spaces are used, as is also the case in existing literature. The methods
used in [16] yield maximal L?-regularity (L?-integrability in time), which is enough to show
their results. The added bonus from the fact that we get maximal LP-regularity is that we
will be able to choose p in such a way that existence and uniqueness of a solution to
can be shown for all values of n € (1,3) U (3,3). Different settings where the thin-film
equation has been studied include, but are not limited to, [6l 17, [18, 25| 27 28] [35].

1.1 Lubrication Approximation

In this section, the thin-film equation will be derived, following [9], 24, 26]. For a more
physical derivation, see for instance [34]. The thin-film equation ((1.0.1)) can be derived
from the Navier-Stokes equations for the movement of fluids by means of a lubrication
approximation. This means that we make use of the fact that the length scale in one
direction is much larger compared to the length scale in another direction to simplify the
Navier-Stokes equations. Consider a fluid with a free surface y = h(¢, z) that lies on a flat
substrate. We assume that the fluid is uniform in the direction perpendicular to the plane
(z,y), see figure The governing equations for the velocity u, v in the z and y direction,
respectively, and for the pressure p (normalized by the density) are the incompressible
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Navier-Stokes equations

Opu + ud,u + voyu — v(0iu + aju) +0.p =0, (1.1.1a)
v + ud,v + vy — V(02 + 852}) + dyp =0, (1.1.1b)
0.u + Oyv =0, (1.1.1c)

where v is the kinematic viscosity. Equations — follow from the conservation
of momentum and is derived from the conservation of mass under the assumption
that the fluid is Newtonian and has constant density in space and time. For a complete
derivation of these equations see e.g. [3, 10, 30, 32]. In addition we need to specify bound-
ary conditions on the solid-liquid and liquid-gas interface. On the solid-liquid interface we
require first of all that the fluid cannot penetrate into the solid, i.e.,

v=0 fory=0. (1.1.2)

Furthermore, imposing a standard no-slip boundary condition (i.e., u = 0) gives infinite
energy dissipation near the moving contact, see [12, 22]. There are multiple methods to
overcome this problem, see for a review of the possibilities [7, 14} [34]. We will focus on
replacing the no-slip condition by a more general condition, where a non-zero velocity is
allowed on the boundary which is proportional to the normal derivative

u—k(h)Oyu=0 fory=0. (1.1.3)

Here, k(h) is taken to be A3~"h"~2 as was proposed in [19], where ) is the slip length and
n € (0,3) is, as before, the mobility exponent.

On the liquid-gas interface it is required that the tangential component of the shear
stress is continuous across the interface. This leads to the condition

Oyu =0 fory=h. (1.1.4)

The surface tension vy, (see equation ((1.0.2))) causes a jump in the pressure across the
liquid-gas interface known as the Young/Laplace pressure [15]

p—po = —yadih fory=nh, (1.1.5)

where pg is the atmospheric pressure.

To derive the thin-film equation we assume that the typical thickness of the fluid H
in the y-direction is small compared to the typical length scale along the solid surface L.
Applying the transformations

zw— Lz, y— Hy, u~—Uu, v+~ Uv, pl—)Wp

to the Navier-Stokes equations (|1.1.1)) and using that H < L gives the lubrication ap-
proximation

O.p = V@ju for 0 < y < h, (1.1.6a)
Oyp =0 for 0 <y < h. (1.1.6b)

Integrating ([1.1.6b)) over (y, h) and using the boundary condition (|1.1.5)) gives that

V@ZU =0.,p = —vu0°h for 0 <y < h. (1.1.7)

3



Chapter 1. Introduction

Integrating this equation again first over (y,h) and subsequently over (0,y) and incorpo-

rating the boundary conditions (1.1.2]) and (|1.1.3)) gives

Vgl
u= Tg(hy — %y2)6§h + k(h)(ﬁyu)‘yzo. (1.1.8)
Then writing (c?yu)|y:0 = dyu — [ B2udy and using (1.1.7) gives
Vgl
k(h)(0yu)|,_o = j"hk(h)aih,
so that ([1.1.8) reduces to
u = %(hy — %yz + hk(h))@g’h. (1.1.9)
From this we obtain that the averaged horizontal velocity
1 h
= h/o udy
is given by
@ = 29 (1p3 4 h2k(h))0Ph. (1.1.10)
v

Combining the incompressibility condition (1.1.1¢c)) and the kinematic boundary condition
O¢h + u0,h = v (which ensures that the fluid stays on the free surface) gives

Oth + 0;(uh) = 0.
Substituting into this equation leads to
Bih + %az((ém + A3 A3h) = 0,
where we used the assumption k(h) = A3~"h"~2 for the slip model. By a rescaling of the

variables, the constants can be eliminated. Moreover, for n € (0, 3) the term A" dominates
over the h3 term, and therefore we arrive at the thin-film equation

Oh + 0. (R"92h) = 0.

1.2 Overview of this Thesis

The rest of this thesis consists of the following four chapters:

In chapter [2| the prerequisite knowledge needed in this thesis is presented. This chap-
ter is subdivided in the sections on functional analysis in section [2.1] semi-group theory
in section and interpolation theory in section

In chapter [3] the setting and main result are explained. First, we derive the nonlinear
Cauchy problem in section Next, in section [3.2] the functional-analytic setting is dis-
cussed, and in section [3.3] the main result obtained in this thesis is stated.

Chapter [] discusses maximal regularity for the linear abstract Cauchy problem. This
is divided in the following sections: in section the inhomogeneous equation of the
abstract Cauchy problem is treated. Then, in section [£.2] the homogeneous equation of
the abstract Cauchy problem is discussed. Sections and [£.4] discuss parabolic maximal
LP-regularity and elliptic regularity, respectively.

Lastly, in chapter [5| the nonlinear problem is treated. This is concluded in section 5.1
where the proof of the main result is given.



Chapter 2

Prerequisites

This chapter gives an overview of the theory necessary for the analysis of the thin-film
equation ([1.0.1]). This is divided in the sections on functional analysis in section semi-
group theory in section and interpolation theory in section [2.3] Most of these results
can also be found in the literature, an example of a book or article where it can be found
is then mentioned. When the proofs may be insightful, or the statement as is is not found
in the literature, the proofs are added. In other cases, the proofs can be found in the
literature as mentioned and are not worked out for conciseness.

Notation

We write a <p b if there exists a constant C' > 1 only depending on the parameters in the
set P such that a < Cb. Similarly, we write a ~p b if both a <p b and b <p a. If P is the
empty set, the subscript P is left out.

2.1 Functional Analysis

We start with defining a couple of useful spaces. We use that €2 is a domain in R™ and
denote by £(X) the bounded linear operators mapping from X to itself.

Definition 2.1.1. (LP-spaces) For 1 < p < oo, LP is defined as the set of all measurable
functions u defined on 2 which satisfy

[ullfpqy = [ lu(z)[Pdz < oo.
Q
For p =00, L*™(Q) is the set of all measurable functions u which satisfy

|1l oo () := esssup |u(z)] < oo.
e

The LP-spaces, with 1 < p < oo are Banach spaces with respect to the norms as defined
above. For p =2, L*(Q) is a Hilbert space, with inner product

(u,v)r2(0) = /Qu(:n)v(:n)dm for u,v € L*(Q).

Definition 2.1.2. (Sobolev spaces) Let o = (o, ..., a,) € N§ be a multi-index of order
la] = a1 + -+ + an. Define for 1 < p < oo and m € Ny the Sobolev space

WmP(Q) :={u e LP(Q) : 0% € LP(Q) for 0 < |a| < m},
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where 0%u is the weak derivative. This space is a Banach space with the norm
HuHme(Q) = Z ||aau||Lp(Q
0<|a|<m
Similarly as for the LP-spaces, it holds that for p = 2, W™2(Q) is a Hilbert space with

mnner product

(u, w)yym2(q) = Z (0%, 0%) 2y for u,v € Wm2(Q).
0<a|<k

Definition 2.1.3. (Bochner spaces LP(0,T; X))[235, definition 1.2.15] For 1 < p < oo and
T € [0,00] define LP(0,T; X) as the space of all measurable functions f : RT — R such

that
T
A|m&ﬁ<w

where X s a Banach space. Endowed with the norm

T 1
P
wmmmmk(lum@@,

the spaces LP(0,T;X), 1 < p < oo are Banach spaces.

Theorem 2.1.4 (Lax-Milgram (complex version)). [2, Thm 6.2] Let X be a Hilbert space
over C and let a : X x X — C be a sesquilinear mapping. Assume that there exist constants
co and Cy with 0 < ¢y < Cy < oo such that for all x,y € X

o |a(z,y)| < Collz|lxllyllx, (Continuity/Boundedness)
o Ra(z,x) > col|z||?, (Coercivity)
Then there exists a unique map B : X — X such that
a(y,z) = (y,Bx)x forall z,y € X.

In addition, B € L(X) is an invertible operator with

1
IB| < Co and ||B7Y| < —.
<o

For showing some of the results we will need to use the Fourier transform, which is
defined as follows:

Definition 2.1.5. For functions in the Schwartz space

S(R) := {f € C*°(R;C) : Vk,l € Ny, sup |z"d. f(z)| < oo},
z€eR
we define the Fourier transform as:

<£mo:@mééﬂ@eMM for € € R,

The inverse Fourier transform is given by

v{mmzum%/ﬂ&m@ forz € R.
R

On the Schwartz space, the Fourier transform is a bijection. By density of the Schwartz
space in LP(R;C), we can also define the Fourier transform on LP(R;C).

Theorem 2.1.6. (Plancherel) For f,g € L*(R,C),
(FfiF)ewe) = (f, 92 wrio)-
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2.2 Semi-group Theory

In the treatment of , we will often make use of the theory of semi-groups. More
precisely, we will use the theory of analytic semi-groups. As such, the necessary theory is
presented here. Note that both T(¢) and e*# are used to denote the semi-group, where A
is the generator which will be defined below. We start with introducing the notion of a
semi-group:

Definition 2.2.1. (C°-semigroup)[13, definition I, 5.1; definition II, 1.2] A family (T(t))t>0

of bounded linear operators on a Banach space X is called a strongly continuous, or C°-
semigroup if

o T(t+s)=T()T(s) forallt,s >0,
o ¢ — T(t) is continuous from R to X, i.e., limy)o ||T(t)x — z|[x =0 for all z € X.
The generator of T is the linear operator A with domain D(A), defined by
D(A)={zreX: ltijg(T(t)x — x) exists},

1
Az = lim = (T(t)z — D(A).
v=lim (T (t)x —z), forz e D(4)

From this definition, we can see that the notation e’ for the semigroup is a natural
one. This is because the first two properties show that the semigroup ‘behaves in the same
way’ as the matrix exponential would if A where a matrix.

Definition 2.2.2. (Analytic semigroup)[31, Def 2.0.2] Let A : X D D(A) — X be a
sectorial operator, i.e., the resolvent set of A contains a sector

S={AeC: N#w,|arg(A—w)| <6},
with w € R, 0 > 5 and there exists an 0 < M < oo such that
IARN,A)|| <M, XeS (resolvent estimate).

Here, X and D(A) are Banach spaces. The family {t* : t > 0}, with

1
et = RN, A)dN, t >0, (2.2.1)

2mi wWHYr,n

where 7.y is the curve {A € C : |argA| =n, [A\| >r}U{A e C : |argA| <, |\ =7},
oriented counterclockwise as in figure is said to be the analytic semigroup generated
by A in X. In figure the spectrum is on the left of the blue lines, and the oriented
contour is given by the red line.
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Im

N

Figure 2.1: Curve around the spectrum

From this definition, we see that to show A generates an analytic semigroup, it is
required that A is sectorial and that the resolvent estimate is satisfied. In the following
proposition, an equivalent statement for the sectoriality property is formulated.

Proposition 2.2.3. [31, Prop 2.1.11] Let A : X D D(A) — X be a linear operator such
that p(A) contains a half plane {\ € C : R\ > w}, and

INR(X,A)|| < M, for RA > w,
with w € R and 0 < M < oo. Then A is a sectorial operator.
Next, we collect some standard results for analytic semigroups.

Proposition 2.2.4. [31], proposition 2.1.1] Let A be the generator of the analytic semi-
group T'(t). Then, T has the following properties:

o LT(t) = AFT(t) fort > 0 and k € Ny,
e There are constants My, My, ..., M such that
HetAHE(X) < Moe*"t  fort >0, (2.2.2
[t*(A — wI)ketAHE(X) < Mype*t  fort >0, (2.2.3)
where w is as in definition [2.2.2

Now define the notion of intermediate spaces between the Banach spaces X and D(A),
which we need for the following lemma.

Definition 2.2.5. [31] Let A: D(A) D X — X be the generator of an analytic semigroup.
Define for 0 < a <1, 1 < p < oo and (a, p) = (1,00) the following notion of intermediate
spaces between X and D(A):

{DA(a,p) —{re Xt o(t) = |t Aetdz|| € LP(0,1))}
12 Da(ap) = 121 + [l DAy = 2l + [0l Le(0,1)-

Lemma 2.2.6. Let A : D(A) D X — X generate an analytic semigroup, with p(A) D
{AeC: X#0,|arg(N)| < 0}, where X and D(A) are Banach spaces. For

Ou — Au =0, (2.2.4)
u(0) = u(®), (2.2.5)
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with u(®) € Dy (1 — %,p), the following estimate holds:

(0)]

10 2 (g iy So O, -1y + 16O < I, Ly (2.2.6)

Here, Da(1 — E,p) is defined as in definition .

Proof. Equation (2.2.4) has the mild solution u(t) = T'(t)u(?). Hence, we can rewrite the
equation as
dyu(t) = AT()u'® for t > 0,

using the fact that A generates an analytic semigroup. We see in writing

0y = IATOUO )
= HAT(t) © HLp 0,1,X) + HAT(t)u(O)Hip(LOO;X)a

that the first term in the right-hand side corresponds to [u(o)]%A (11, For the second
p’

term we obtain

o EZ3 w0 o
JAT @O 1 oy = / JAT(yu® [edt < / (™)@t <, 0O

and the statement follows. O

2.2.1 Maximal Regularity

We define the notion of maximal LP-regularity for an operator which is the generator of a
bounded analytic semigroup. If an operator has this property, then we get an estimate on
the unknown function of a corresponding differential equation. This estimate will be very
useful in proving existence and uniqueness for solutions to a suitably transformed version

of (L1

Definition 2.2.7. [29] Consider the equation

ou — Au = f, (2.2.7)
f—o = u(®. (2.2.8)

Let A be the generator of a bounded analytic semigroup on a Banach space X. The
operator A has mazximal LP-regularity for p € (1,00) and time in [0,00) if for ug =0 and
f € LP(]0,00); X), the solution of is differentiable almost everywhere, takes its
values in D(A) almost everywhere, and Oy and Au belong to LP([0,00); X). Then, by the
closed graph theorem we have the following estimate

10ku]| Lo (10,00);x) F 1A% Lo (j0,00):x) Sp 1 F1] L ([0,00): )

The next result that we state will be very helpful, because from this we get a condition
on A from which it directly follows that A has maximal LP-regularity. This condition is
that A should generate a bounded analytic semigroup. We will show later on that indeed
our operator A satisfies this. The original result can be found in [I1] (in Italian), and this
English translation is taken from [29] corollary 1.7].

Corollary 2.2.8. [11, [29] Every generator of a bounded analytic semigroup on a Hilbert
space X has maximal LP-reqularity for 1 < p < oo.
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For showing this result, we need the following theorem:

Theorem 2.2.9. [29, theorem 1.6] Let X be a Hilbert space. Assume that for m €
CHR\ {0}, L(X)) the sets

{m(u) :u € R\ {0}} and {um'(u):uecR\{0}}
are bounded in L(X). Then the Fourier multiplier operator
Tnf=F ' mO)f(), feSRX),
extends to a bounded operator T,, on LP(R, X).

Proof of corollary[2.2.8. This proof is taken from from [29, section 1.5]. Consider

ou — Au = f,

u|t=0 = 07

and let f € CX®(R',D(A)). Note that this space is dense in LP(R', X). The above
problem has a solution that is given by the mild solution formula

ult) = /0 T(t — 5)(f(s))ds.

Because A generates an analytic semigroup, we have %T(t) = AT(t) and hence

t
pult) = / AT(t — ) f(s)ds + F(1).
0
This implies that A has maximal LP-regularity if and only if
t
Kf(t) = / AT(t = s)f(s)ds, | € C2(R*, D(A)) (2.2.9)
0

extends to a bounded operator K : LP(RT,X) — LP(R',X). Applying the Fourier
transform to (2.2.9) gives

Kf(w) = (AT()(w) [fw)], wer
Using that (see e.g. [31, lemma 2.1.6])
R\ A) = / h e MT(t)dt, for R(\) > 0,
0

gives

~

m(u) = (AT (t))(u) = AR(iu, A) = iuR(iu, A) — I.

Because A generates a bounded analytic semigroup, m(u) is bounded on R\ {0}. The
same holds for

um/(u) = —iuAR(iu, A)? = [uR(iu, A)]* + iuR(iu, A).

Applying theorem [2.2.9 gives the result.

10
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2.2.2 Hardy’s inequality

The following lemma is a corollary of the famous weighted Hardy inequalities (see e.g.
[21]). The result can also be proved using these inequalities, but the proof given below is
slightly shorter. This lemma is a technical result that is needed later on when obtaining
the maximal regularity estimate.

Lemma 2.2.10. For g € C°((0,00)) and w # 0 we have the following inequality

o dx 1 [ dz
2w 27 < 2w ., 27‘ 291
A 3 At (2:2.10)
Proof. Consider
o d o d o d
/ 22 (20,92 = / (20, — w) 2292~ = / (202§)? — 20§00,G + W’ = =i T,
0 x 0 \,:/ X 0 X

Noting that
00 ~ dzx 00 Y
2wGr0,G— = w0y g dx
0 xr 0

and using that § € C2°((0,00)) shows that this integral vanishes. Hence, we are left with

e d e d
I :/ (20,4)? +w2§2£ > wz/ :Ungz—x.
0 T 0 z

Dividing by w? gives the result. O

2.3 Interpolation Theory

Below we will outline several methods to construct interpolation spaces and show that
their corresponding norms are equivalent.

Definition 2.3.1. [31], Def 1.2.1] Let X and Y be Banach spaces such that X C Y. For
everyx € X andt > 0, set

K(t,z, X)Y) = (lallx +#[l6fly)-

inf
r=a+b,ac X ,beY
If there is no danger of confusion, we shall write K(t,z) instead of K(t,x,X,Y).

Definition 2.3.2. (The K-method for interpolation) [31, Def 1.2.2] Let X and Y be
Banach spaces such that X CY. Let 0 < 0 <1, 1 <p <00, and set

(X, Y)gp={reX :t—>tVPK(t 2 X,Y) e LP(0,00)},
20l (x.v),, = IE707PE(t 2, X, Y) || Lr(0,00)-

Here, the LP norms are in the time variable.

Definition 2.3.3. (The trace method for interpolation)[31, Def 1.2.8] For 0 <0 < 1 and
1 <p<oo set

V(p,0,Y, X) ={u:R* = X : t s ug(t) =" vult) € LP(0,00,Y),
ts () = ' P Au(t) € LP(0, 00, X)}
with

HUHV(p,e,Y,X) = ||u9HLP(O,oo;Y) + ||U9HLP(O,<>0;X)-

11



Chapter 2. Prerequisites

The following corollary is necessary for showing that interpolation via the K-method
and the trace method are equivalent.

Corollary 2.3.4. [31, Corollary 1.2.9] Let u be a function such thatt — ug(t) = t*=/Pu(t)
belongs to LP(0,a; X), with 0 < a <00, 0 <0 <1 and 1 <p < oco. Then also the mean

value
1

u(t) = t/o u(s)ds, t>0

has the same property, and setting vg(yy = te_l/pv(t) we have

1
vl Lr(0,0,x) < - 9\|U9|!Lp(o,a;X)~

Proposition 2.3.5. (Equivalence of K-method and trace method)[31l, Proposition 1.2.10]
For (0,p) € (0,1) x [1,00]U{(1,00)}, (X,Y)g, is the set of traces at t = 0 of the functions
inV(p,1—-0,Y,X), and the norm

‘|‘T|’g:p = inf{|ullv(p,1-9,y,x) : 2 =u(0),u € V(p,1-0,Y, X)}
is an equivalent norm in (X,Y )qp.

Proof. This proof has the same structure as the proof of [31, Proposition 1.2.10]. First,
we show that for € (X,Y)p, it holds that z is the trace at t = 0 of a function v €
V(p,1 —0,Y,X). For this, let € (X,Y)p,. For all n € N, let a,, and b, be so that
an + by, = x and additionally

1
lanllx + —lbally < 2K (5, ).

For ¢ > 0, define

o0 o0
u(t) = anﬂ]l(ﬁ,%)(t) = Z(fﬂ - an+1)]l(%+l,%)(t)7 (2.3.1)
n=1 n=1
and
1 t
u(t) = t/ u(s)ds. (2.3.2)
0

Because (X,Y)g, C (X,Y ), it follows that lim;_o K (¢,2) = 0. Then, it is in particular
also true that x = limy,_, by, and hence z = lim;_,¢ u(t) = lim;_,o v(¢). Furthermore,

y(H)2(n + DK(%,2) < 47K (t, ).

1 1
n+l’'n

[eS)
[ Cue)ly < #7031
n=1

From this, it follows that ¢ — tl_g_%u(t) € LP(0,00;Y). From corollary it then
1
follows that also t — tl_e_?v(t) € LP(0,00;Y) and

1 0l 0oy < 467 felo,:
From and we see that
1 [T&
v(t) =x — 7/ Z]l(ﬁl 1)(8)an+1ds,
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hence v is differentiable a.e. with values in X. Noting that

V() =5 [ a(s)ds = 1a(0),

where g(t) = 3277 11 1(t)ani satisfies

ntli’n

(02K (——,2) < 2K (¢, ),

o
Hlx <t 7?3 1
lg@®)lx < nzl (L e

11
n+l’n
it follows that

[0 )] <=7 sup flg(s)]| + [t "9 (0)]| < 467K (¢, ).
0<s<t

0—

From this, it follows that ¢ — ¢'~ %v’(t) € LP(0,00; X) and

1-6-1
||t pUIHLP(Opo;X) < 4|z[lo,p-

Hence, there exists a function v € V(p,1—6,Y, X) such that x is the trace of this function
at t = 0. Additionally,

Iz[15, < 22+ 3)llzllo,p.

Now, we show the opposite direction: assuming x is the trace of a function v € V(p,1 —
0,Y,X) we can prove that x € (X,Y)g,. For this, let x be the trace of a function
u € V(p,1—0,Y,X). Then, we have that

t
r=x—u(t)+u(t) = —/ u'(s)ds +u(t) for all t > 0.
0
This implies that

1 t
CUR () <07 [l 2

From corollary [2.3.4 it follows that ¢ — t_e_%K(t,x) € LP(0,00). Hence, z € (X,Y)g,
and
Lo
Jollop < ghelE,

O]

Now we will see that there is a connection between interpolation between X and
D(A), where D(A) is the domain of an analytic semigroup A : X D D(A) — X and the
intermediate spaces of X and D(A) as defined in

Proposition 2.3.6. [31, Prop 2.2.2] For 0 < a <1 and 1 < p < oo, and for (a,p) =
(1,00) we have

D (o, p) = (X, D(A))aps

with equivalence of the respective norms.

Proof. This proof is taken from [31), proposition 2.2.2]. We first show that D4(«,p) C
(X,D(A))ap. Let z € Dy(a,p) and let ¢ : [0,00) — R be a smooth cut-off function,

13
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where ¢(t) = 1 for t < 1 and ¢ = 0 for t > 1. Take u(t) = ¢(t)e''z, it then follows that
x =u(0), u(t) =0 for t > 0, and for 0 < ¢t < 1 we have that

1= u() [ peay < 6170 Aeta]| + ||t~ ],
[’ ()] x < [t Ae ] + [[¢]| L o,1) [[E' e ]

So, we see that u € V(p,1 —«, D(A), X). Additionally, we see from proposition that
z € (X,D(A))qp, and
I2(15,p < 2[2] D s (ap) + 3epllll; (2.3.3)

where ¢, is a constant.
Conversely, we show that (X, D(A))ap C Da(a,p). Let z € (X, D(A))q,p. Then x = u(0),
where u € V(p,1 — a, D(A), X), and it follows that

t
1= Aet A < 110 ActAu(t) | + [ AetA / o (5)ds|
0

< GOl Au(t)| + Ca [t / o (5)ds|.
0

1
Here, Cy and C; are constants. From corollary we know that ¢ — [|t'7% 5 AetAz||
is in LP(0,1), so

1

l—a—1 l—a—1 _ l—a—1
(2 ”AetA33||Lp(o,1) < Collt "7 Au(t) | r0,1) + oyt ru!(t)|| Lo (0,1)

< HlaX(Co,Oé_lcl)Hng,p'

This estimate also holds for p = oo when using the convention 1/00 = 0. Hence, D 4(«, p)
is continuously embedded in (X, D(A))ap, 1 <p < oo. O

Furthermore, we state two technical results for interpolation spaces.

Theorem 2.3.7. [20, Thm 1.1] Let X andY be two Banach spaces that are continuously
embedded in the same linear Hausdorff space and let 0 < 8 <1 and 1 < p < oco. Then the

following identity holds:
(X, XNY)gp=(X,Y)g,NX.

Theorem 2.3.8. [36] Let X and Y be two Banach spaces. If X <Y, then for 0 < 0 <
0 <1andl<gq,q<oo it holds that

(X’ Y)Q,q — (Xv Y)é,cj'

Finally, we introduce the notion of Besov spaces. These spaces are related to certain
interpolation spaces, and we will need them in later chapters.

Definition 2.3.9. [1, 7.532] Let 1 <p <00, 1 <qg<o00,0<0<1and0<k<s<m,
where s = (1 — 0)k + m. We define the Besov space B, () on the domain §) as follows

B; ,(2) = (WHP(Q), WP (2))g .5 ~ (WHP(Q), W™P(2))g q.

Here, the J denotes interpolation with respect to the J-method (see e.g. [4, section 3.2]),
which is equivalent to interpolation with the K-method (see e.qg. [4, theorem 3.53.1]).

14



Chapter 3

Setting and Main Result

3.1 Derivation of the Nonlinear Cauchy Problem

In this chapter the free-boundary problem

hi + (h"hzzz)> =0 fort >0, z > Z(t), (3.1.1a)

h=h,=0 fort >0, z = Z(t), (3.1.1b)
lim A" th,,, = Z(t for t > 0, 3.1.1c
Jim, 10 (31.10)

is rewritten as a nonlinear Cauchy problem which will be studied in the later chapters. By
means of the von Mises transform and several rescalings we will reformulate the thin-film
equation with general mobility. We treat the cases of the mobility exponent n € (1, %)
and n € (%, 3) separately. The value n = % is excluded, because treating this case is more

delicate due to resonances that occur [5].

3.1.1 Reformulation for n € (1, 3)

For the mobility exponent n € (1, %) the generic solution of the free boundary value
problem has up to rescaling and translation a quadratic profile h ~ z2. We will linearise
around such a profile using the von Mises transform. The idea of this transform is to
change the role of the dependent and independent variables, i.e., instead of considering h
as a function of ¢ and 2z we will view ¢ and z to be dependent on y = h. We set

h(t, Z(t,y)) = y* fort,y > 0. (3.1.2)

Note that the profile 42 is strictly monotone for y > 0 so that the transform is well-defined.
Differentiating equation ({3.1.2)) with respect to t gives by the chain rule

he+haZe =0 8222 _(hPh,), +hoZ =0 for t,y > 0. (3.1.3)

On the other hand, differentiating h(t, Z(t,y)) with respect to y, we see using z = Z(t,y),
that

hy(t, Z(t,y)) = ha(t, Z(t,y)) Zy(t,y) (3.1.4)
and thus .
0, = ?8@/. (3.1.5)

Y
Using (3.1.2) and (3.1.5) in (3.1.3) we deduce that

2 1 1.1, 1
22— a0, 0y —
Zy

— 2y=0 fort,y>0

15
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which is equivalent to

1. on1 .11

Zy — =0yt —0y, =0,y =0 fort,y>0. 3.1.6
y Y Zy yZy yZy ( )
We now introduce the new variable H := Zly and note that Z;, = Z,; = —H2H,. Tt

should also be noted that the quadratic profile h = 2% corresponds to H = 1. Using the
definition of H and differentiating (3.1.6|) with respect to y we get

1 1
— i - 8y§8yy2nH8yHayHy =0 ty>0,

or equivalently
1
Hy+ H?0,~0,y*"HO,HO,Hy =0 t,y > 0. (3.1.7)
Yy
Note that

H28y;8yy2"H8yH8yyH = " H?(yd, + 2n — 3)(y9y + 2n — 1)H (y0,)H (y0, + 1)H,

and this can be used to rewrite (3.1.7) as

y I Hy A+ H? (y0, + 2n — 3)(y0y + 2n — 1) H (yd,)H(y0y +1)H =0 for t,y > 0. (3.1.8)

4—2n

Finally, we apply one more change of variables x := (43/_7)4. It holds that y9, = (4—2n)D,

with D = 20,. Rewriting (3.1.8)) and dividing by (4 — 2n)* (which is allowed since n # 2
for n € (1,3)) gives the equation

xH, + M, (H,H,H,H,H) =0,

where

2n — 3 2n — 1 1
M (H1, Ha, H3, Hy, Hs) = Hy Hy <D + 4 — 2n> <D + 4 — 2n> HsDHy (D + 4 — 2n> Hs.

Linearising around the quadratic profile v := H — 1 now gives us the following nonlinear
Cauchy problem

ug + 7 pp(D)u = Ny (u) t,x >0, (3.1.9a)
uli—o = u(® t=0, x>0, (3.1.9b)

with the linear operator

pn(D)u = Mp(u,1,...,1) + -+ Mp(1,...,1,u) (3.1.10)
3—2n 1—-2n —2
-D(D- D D-
( 4—2n>( 4—2n>< 4—2n>u’
and the nonlinear part
No(w) = =27 " Myu(u+1,...,u+ 1) + 27 p,(D)u. (3.1.11)

Hence, p, is a fourth order polynomial and for n € (1, %) the zeros are, in increasing order,

equal to
=2 _1—2n 0 _3-2n
71 = 4_ 27l’ Y2 = 4 _ 2717 Y3 =Y, Y4 = 4 271-
Finally, we note that that we do not have to impose boundary conditions on the Cauchy

problem since the boundary conditions (3.1.1b]) and (3.1.1c]) are implicitly fulfilled by the
von Mises transform (3.1.2)).

(3.1.12)

16



3.1. Derivation of the Nonlinear Cauchy Problem

3.1.2 Reformulation for n € (3,3)

For the mobility exponent n & (%, 3) the generic solution of the free-boundary problem is
a travelling wave h(t,z) = Hpw(z) where x = z — Vit with Z;(t) = V < 0 the constant
velocity of the film. This change of coordinates implies

d d
8zh == fHTW and ath == —VfHTW (3.1.13)
dx dx

and this turns (3.1.1al) into the ODE

dHrw  d d3Hrpw
~V — (Hp—Y ) =0 0 3.1.14
dx +daz<TW dx3 =0 ( 2)
dH
Hrw = —2 =9 z =0, (3.1.14b)
dx
d*H
n—1 ™ -
Hiy =~ =V x=0, (3.1.14c)

where we assumed Z(0) = 0 by translation invariance. Integrating this ODE and appealing
the boundary conditions gives

43I
g;&Trgw =V x>0, (3.1.15a)
dH
Hrw = diw =0 x=0. (3.1.15b)

By a rescaling of z we may assume without loss of generality that the velocity V' of the
travelling wave is only depending on n. In particular, we may assume that3this velocity is
V= % (% — 1) (% — 2). This particular choice of V' ensures that Hrw = x» is a travelling

wave solution of the ODE (3.1.15)). Note that this choice reduces for the Navier-slip case
(n = 2) to the velocity V = —% of the travelling wave.

The next step is to linearise the free boundary around the travelling wave zn with the
von Mises transform. This has been proposed for instance in [I6] and has been worked
out there for n = 2. We set
3
h(t,Z(t,x)) :=xn. (3.1.16)
Then

3 s,

h,Z, = 0h = —xn and hs+ h,Z; =0.
n

Using this in (3.1.16|) together with (3.1.1al), we obtain

n q_s3 1 1 1 3

We again introduce the variable H := % and thus O;H = —H?Z,;. It should also be

noted that the travelling wave corresponés to the constant solution H = 1. By writing
D = 29, and using the commutation relation

Dz" =27(D + ) (3.1.18)
we finally obtain the equation

OH+ 2 'M,(H,H H H H) =0,

17
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where
3 3 3
M, (Hy, Ho, Hs, Hy, Hs) = HiHyD D+E Hs D+ﬁ_2 Hy D—i-ﬁ—l Hs.

Linearising around u := H — 1 gives the following nonlinear Cauchy problem
ug + 7 pp(D)u = Ny (u) t,x >0, (3.1.19a)
ufp—g = u® t=0, >0, (3.1.19D)
with the linear operator

pu(D)u = Mp(u,1,.... 1)+ + Mn(L,..., 1) (3.1.20)

:D<D+2> (D —w1) (D — ws)u,

where
9 27 9 9 27 9
=—— 42 /- 4+Z_2 and = 24—+ 22
w1 2n + 4n? + n and. w2 2n et 4n? + n
and the nonlinear part
No(u) = =2 "Myu(u+1,...,u+ 1) + 27 p(D)u. (3.1.21)

Hence, p,, is a fourth order polynomial and for n € (%, 3) the zeros are ordered as follows
(from small to large)

3
R R . B 0, v4:=ws. (3.1.22)

3.1.3 The Nonlinear Cauchy Problem

The resulting nonlinear Cauchy problem is thus

ug + x 'p(D)u = N (u) t,x >0, (3.1.23a)
ulp—g = u® t=0, >0, (3.1.23h)
where
p(D) :=pn(D) = (D =) (D = 72)(D = 73)(D — 71) (3.1.24)
with for n € (1, 3)
=2 - 3-2n
71_4—2??,’ 72_4_271’ 3=V, 74—4_271
and for n € (3,3)
3 9 27 9 9 27 9
=-= SR, MY S =0 SR NI S S )
ga! o 2 2n+ an? + e B=EUm o + 2

The fact that in both the case n € (1, %) and n € (%, 3) one of the roots equals zero agrees
with the divergence form of (1.0.1)). The nonlinear right-hand side is given by

N(u) :=Np(u) = =2 "Mp(u+1,...,u+1) + 2 p,(D)u, (3.1.25)
where
M (Hy, Hay Hy, Hy, Hs) = (3.1.26)
HiHy (D+253) (D+ 258 ) HsDHy (D + 55 ) Hs forne (1,9)
{HngD(D+§)H3(D+§—2)H4(D+;°;—1)H5 forn e (3,3)

In what follows, the subscripts n will usually be left out.

18
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3.2 The Functional-Analytic Setting

We use the inner products

oo —d
(6)a= [ oo, (321)
ko oo g
(o =Y [ a2 DIoDIG, (322)
=0

where ¢,1 € C°((0,00);C). In (3.2.2)), the weight is given by x72% we will call « the
weight exponent. In space, we will use the weighted Sobolev spaces, which are defined as
follows:

Definition 3.2.1. Let k € Ng, o € R. The space Hy, . is defined as follows:

Hk;,a — Cgo((07 OO))””k,a

Here, || - ||k,a is the norm induced by the (-,-)y.q inner product.
The space i, o, is defined as

jﬁc@ = Hk,a N Hk+2 o+l
The space H,, is defined as Hyq.

Note that in many of the proofs later on we use functions in C2°((0, 00)) which with a
density argument extends to functions in the Hy , spaces. Also, for a = 0 it follows that
the space Hy.((0,00)) = Wk2((0,00)). For k = a = 0, Hy,((0,00)) reduces to L%(0, c0).

For treating the nonlinear problem in chapter 5] certain norms for the solution u, the
right hand side function f and the initial value ©(®) are necessary. For completeness, we
gather the definitions of these norms below.

Definition 3.2.2. Let 8 be the largest zero of p(D), as defined in (3.1.12) and (3.1.22)
forn € (1, %) and n € (%,3), respectively. Define for 6 < min{%,ﬁ —1}, 1 < p < oo the
norm

p._ p — P - z
H|U’H| _igg Hu”k+977%+%f§,p + HU U0Hk+9,7%+%+57p + ”U u0|’];+6’_%+ﬁ_57p (323)
o0
+ [lu u0||]}+6,—é+ﬁ+6,p} +/o Hatu||k+7,—1—5+% - Hatu”’f”’—““%
P p b
Hl0wlz, g gy T 1O i ysyp T Ile— U0||k+117%_5 324
+ [lu— u0||z+117%+5 llu = wollf g 55 + llw = o uﬁxﬂ”g%,/ﬂd

We define the following norms for the initial value and the right hand side function:

+ [[u® — w7 + [[u® —

ug' ”k+6 L4B—6p
(3.2.5)

— p
’Hu ‘Ho = [l Hk+9,*%+%f&p k+9,— 5+ +6p

(0)
+u uO Hk+6 $+8+6.p’

p._ p p p p
I = [ s+ U0 s s I g s Iyt
(3.2.6)

o0
11 = /O O PR 4 O . (3.2.7)
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Here,

k+1 forp>4,

k for2 <p<4,

k—1 for%§p<2,
4

k=2 forl<p<sg.

The || - ||k,a,p norm is defined in definition [§.2.9

Remark. Note that (3.2.6) and (3.2.7)) are related by a shift in weight in all of the norms
with 1.

ENE
Il

3.3 The Main Result

The following theorem is the main result of this thesis:

Theorem 3.3.1. Suppose k € Ny, and let B be the largest zero of p(D) (see (3.1.12) and
(3.1.22) ). For every n € (1, %) U (%,3), choose p such that % < B and choose § such that

0 <6 < min{p —1, %} Then there exists an € > 0 such that for all locally integrable
u® : (0,00) = R with ‘”“(O)Mo <e,

ug + 7 p(D)u = N (u) t,x >0,
Ulp=o = ul® t=0, x>0,

has a unique solution u : (0,00)? — R that is locally integrable with ||ul|| < co.

Note that this theorem is the analogue of [16, theorem 3.1]. The main differences
between this theorem and the one of [16] is that here, a larger range of mobility exponents
is covered. Also, in the definitions of the norms (equations (3.2.3)) and (3.2.5))) it can be
seen that we use L in time, in comparison with L? in time in [16]. Since close to %, B
is small and from the fact that we need to choose ¥ < 3, we see that the value p = 2
is not good enough to treat all values of n. Hence, we really need to be able to choose
larger and smaller values of p to get existence and uniqueness of solutions to for

alln e (1,3) U (3,3).
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Chapter 4

Maximal Regularity for the Linear
Problem

First, the linear inhomogeneous Cauchy problem

Ou—Au=f t,x >0, (4.0.1a)
ulimg =u®  t=0, >0, (4.0.1b)
is studied, where A = —2~!p(D) and where p(D) is the fourth order polynomial as

introduced in section W Here, A : X D D(A) —» X with X = Hk_an_% and

D(A) := Hk+27a+% N Hk72,af%' It is well known that this Cauchy problem has the mild

solution (see e.g. [13, Def 7.2])

t
u(t) = e4u(® —i—/ =947 (s)ds,
0

which suggests that the problem can be rewritten as the sum of the following two problems:
Oyup — Auqp =0, (4.0.2a)
u1(0) = u(?, (4.0.2b)

with mild solution u1(t) = e"*u(?), and
Orug — Aug = f, (4.0.3a)
u2(0) =0, (4.0.3Db)

with mild solution wus(t) = fg e(t=9)A f(s)ds.

The goal is to prove a maximal regularity estimate for the linear problem (4.0.1). To
achieve this, the two problems will be dealt with separately. The corresponding resolvent

problem of (4.0.3) will be treated in section [4.1| and problem (4.0.2) is treated in section
with standard semi-group and interpolation theory. Finally, in section the results

will be combined to obtain the maximal LP-regularity estimate.

4.1 Inhomogeneous Equation

After applying the Laplace transform in time to problem (4.0.3)), we obtain (after dropping
the subscript, for convenience) the resolvent equation

A — Au = f, (4.1.1)
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with A € {z € C | Rz > 0} and A = —z~!p(D) with the fourth order polynomial p. We
test (4.1.1)) with the test function

k
0= ¢j(-D+2a)'Dip,  ¢;>0, (4.1.2)
§=0

where ¢ € C°((0,00)) in (+,-)o. We define the bilinear form for which we will construct
solutions as follows

Bk,Oc((bv ’LL) = (907 Au — Au)a
k
=> GAM(-D+20)Dig,u) + > c;((—D +20) D¢, —Au),,
: pard

where By o : o X H; o — C. Our goal in this section is to show that the resolvent
equation has a unique classical solution. Moreover, we will show that A := —x~1p(D)
generates an analytic semigroup. We start by showing that the resolvent equation
has a unique weak solution by using the Lax-Milgram theorem .

Proposition 4.1.1. Let w € H, 1. (w,p(D)w),, 1 is coercive with respect to || - ||, 1
2 2 2

(where this is the norm induced by (-,")a ), i.€., (w,p(D)w)aJr% > Hw||a+%, if the following
conditions hold:

1
a+ 5 € (=00,m) U (72,73) U (74, 00); (4.1.3a)

a5 = m()| € o). (4.1.3b)

Here, m() denotes the algebraic mean of the zeros v, of p(D), i.e.,
4
1
= 1 Z Vs
=1
and o(7y) the nonnegative root of the variance

1 1<
=2t M=) (-

=1

Proof. See [16], Prop 5.3]. Noting that p(—i + o + %) =1L (—i& — (v — (o + %))) and
that the prefactors of odd powers of £ are imaginary, we see that

%(p(—zf +a+ %)) = k% — 2ak + b,

where
k=€
1
a=5 Y, (m-(a+3)(n—(a+3y),
1<j<i<4
bi=(n—(a+3) (= (a+3) (s —(a+3)(n-(a+3)
From [16, lemma 5.2] coercivity follows for (w,p(D)w)(H% with respect to || - Ha+§ if and

only if either
a<0andb>0 (4.1.4)
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or
a>0and b > a?

holds true. Using (4.1.4)), we will be able to express the condition for coercivity only in
terms of o + 3. It is obvious that the condition b > 0 is equivalent to (£.1.3a). We now
show that the condition that a < 0 is equivalent to (4.1.3b|). For this, rewrite as follows

4
2a:6(a+§)2—3<27j>(a+5)+ Z Vi
j=1

1<j<i<4
1 1< 2 373 2
“o(ramidn) H(E) ¢+ T
7j=1 j=1 1<5<1<4

The first term on the right hand side resembles the left hand side of (4.1.3b)). We will
rewrite the other two terms as:

3/ 2 1< 1
8(2%) -y w=52ﬁ—§ > v
j=1 j=1

1<5<i<4 1<5,I<4
= = 2
=228 (52)
Jj=1 J=1
This implies
1
2a =6(a+ 5 m(v))2 —20%(7).

Combining this with the fact that a > 0 gives the condition (4.1.3b]). O

The above proposition amounts in our case to:

Corollary 4.1.2. Let w € H, 1. It holds that (w,p(D)w), 1 is coercive if
2

+3

4—2n>

catbe(-L+2- /- E+2-20)n(=2- ety L) forne (39).

We will refer to these intervals as the coercivity range of p(D).

13 2 13 2
- —3n+n - —3n+n
1 1—2n 1—2n 1 V1 1—2n , 1 V1 3
e atj; € < O)ﬂ (8—4n 3 dom s T3 A ) forne (1,3),

Proof. We first consider the case n € (1,2). The zeros of p(D) (3.1.12) are given by

— 4_22n, }1:32, 0, 2:32’ ordered from smallest to largest. So, condition (4.1.3a]) gives

+1€( 2 )U(l—QnO)U<3—2n )
o+ = — 00, — —\ 0.
2 " 4—-2n 4—2n’ 4—2n’

Furthermore, an elementary calculation shows

_1—2n

2 —
=3~ and o*(y) =

m(y)

To satisfy (4.1.3b)), there is the requirement that

13 2

1 1-2n| 1 y73 —3ntn
- < — . A1,
“HQ 8§—dn| =3 (4—2n) (4.15)
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Chapter 4. Maximal Regularity for the Linear Problem

By combining the above criteria, we obtain the coercivity range

13 13
1 /1-2n 1—92n 1 V75 —3n+n? 1_9, 1 4/% —3n+n?

— ﬂ -
O‘+2€<4—2n’> 8—dn /3 4—2n '8S—dn 3 4-2n ’

see figure

For the case n € (%, 3) we have the zeros ([3.1.22)

3 9 27 9 9 27 9
== =42 /-2 422 =0 S AR F Y L
71 o Y2 2n+ in? +n , 3 , V4 2n+ + in? +n

ordered from smallest to largest. Hence, to satisfy (4.1.3al) we get the condition

1
a+ =€ (—o00,—2)U(72,0) U (ya,00).

2
and
n — 3
= d 2(7) = —
m(y)=—— and o°(y) =~
which gives the second condition (4.1.3b))
1 n—-3 1
- < —. 4.1.6
-+ 5 " ‘ = s ( )

We thus need to take

+1€ 9+2 27+9 20N n—3 1 n—3+ 1
ot = _ 7 et 7 _
2 2n in? n ’ n Von on V2n

to fulfill both conditions, see figure

Y4
V3

Coercivity range
Coercivity range
S
o

M

15 2 25 3
n n

(a) ne (12) (b) ne (2,3)

Figure 4.1: For the two different cases of n the zeros 71,...,74 of p(D) (blue) and the
upper and lower bound in (4.1.5) and (4.1.6) (red) are shown. The coercivity range for
o+ % is the shaded area.
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4.1. Inhomogeneous Equation

Theorem 4.1.3. There exist constants co > c¢1 > co > -+ > ¢ such that the bilinear form
By, o is coercive and bounded for o + % in the coercivity range. Moreover, the following
estimate holds:

RNl o+ el s S Iy (4.1.7)
The following lemma is needed for proving this result:
Lemma 4.1.4.
|(@™H(D = a)(D = b)u, (D = ¢)(D = d))ral Sk ltllpsz,as1 10/lir,a041s (4.1.8)
k
> (D + a)u, DIv) (4.1.9)
j=0
and
k .
STID + aYw)lla| Se lullka (4.1.10)
§=0

hold for a,b,c,d € R constant, k € Ng and u,v € .

Proof. For readability, (4.1.8) will only be proven for b = ¢ = d = 0. The proof works in
a similar way when a, b, c and d are all nonzero. First note that

k
[ullf o = > ID7ull2 > |D7ul)? (4.1.11)
7=0

holds for all j € {0,...,k}. This will be used in deriving (4.1.8):

d
|(z7Y(D — a)Du, D*v).q| = Z/ ~20=1[DI(D — a)Du] [DI D] ;”
e dx o d
< —2a le+2 HD]—i—Q € +Z|a| / x_2a_1[Dj+1u][Dj+2v]—$
< HDJ”uHM% D720 s+ 3 lalll D a4 D720
j= §=0
:
< ||u’|k+2,a+%||v||k+2,a+% + |al Z ||u||k+2,a+%||v‘|k+2,a+%
=0
=1+ (k+ Dlal)l[ully s ar1llvllr2,041-
Now for proving (4.1.9)):
k A ' k k g-1 -1\ .
Z((D—i—a)]u,DJz})a < ZD]u D) | + Z (< I >a3 = pDly, Dv)
j=0 j=0 j=0 1=0
k j—1 j '
< fulalolea+ 303 (77 )l D o D70
j=0 1=0
4.1.11

Sk ullkallvllk,a-

25



Chapter 4. Maximal Regularity for the Linear Problem

Showing (4.1.10) is similar to showing (4.1.9):

k k k j—1 .
. . . 1\ . ,
S0+ D+ ] < 300 D 4[5S (F et i,
=0 =0 7=0 1=0
k j—1 '
+ ZZ(DJU, (J )ajllDlu)a
7=01=0
k j—1j-1 1 ‘ 1 ' )
+ Z ((‘7 ; >aj_1_lDlu, <J )aj_l_iju)a
§=0 1=0 m=0 m

The first three terms can be bounded by ||lu||? , in the same way as before. For the last

term, note that
Boizlizl o N N ‘
Z ((] )GJIZDIU, (] >ajliju)a
= l m

J =0 m=0
1

k -1 J—1J-
<> g O 1) 3 S LN

=0 m=0

Using (4.1.11]) we can also bound this by ||u[|% . Taking the square root gives ({.1.10). [
Proof of theorem [[.1.3, Assume that ¢,u € C2°((0,00);C).

Boundedness
We want to show that

k k
|Bra(¢,u)| =Y ¢;M(—=D +20) DI, u)e + Y (=D +20) DV, —Au)a| < 6|l 1l g
=0 §=0

We have for the first part of the bilinear form

k o k ()
> ¢ M(=D +2a)'Dig, u)a <maxc]]/\] > (DPg, (D + 20 u)a| S
=0 =0

Now consider the second part of the bilinear form, using that p(D) = (D — v )(D —
12)(D = 3)(D —):

k
13" ei((=D +20) D¢, 2~ ' p(D)u)a|
7=0

< maxc Z (=D = +20)(=D =72 = 1+ 20)D7¢, (D = 3)(D — 1)(D = 1)u) 1],

where we used integration by parts and moved the factor ~! into the weight. Using

(4.1.8)), we can rewrite this as

k
13" ¢i((—D +20) D¢, 2~ p(Dyu)al Si Z 1D7 @l 1 (D = 1)l g1
7=0 Jj=0

26



4.1. Inhomogeneous Equation

Using (4.1.11f), we see that we can bound HngbHZaJr% by H¢Hk—|—2,o¢+%' Applying (4.1.10))

to [[(D — l)ju||2’a+% gives us that we can bound this by ||u||k+2’a+%. Hence,

M»

C] —D + 2« DJQZ)’»T p(D)u)a| = H¢||k+2,a+%Hu||k+2,a+%'
7=0

Now, we have that
| Br.a(u, )| Sk 19llk.allvlliea + 10lkro01 2 lulliioars S 11 0 lull 20

Coercivity
We want to show that

k
R(Bp,a(u,u) Z R —D +2a) Diu,u)q + Z ¢j((=D +2a)! Dlu, — Au),
=0

2 IIUII%’;m =0O( + el z041)*

First consider the part of the bilinear form with the operator —A:
k

Z ¢j(—D +2a) Diu, 2~ 'p(D)u

Jj=0 a

. k
:/0 2 ch(—D + 2a)’ Dlu [xilp(D)u] dx

- T
Jj=0

k 00
B3 e, [ pr o] o

mz / =20 [Diy] 7 [p(D)(D — 1)%4] df

k
:ch D]up )(D —1)u )a+l'
Jj=0 ?

We would like to apply proposition [4.1.1] so we rewrite further. For this, use the identity

j-1 .
(D -1y DJ+ZZ;<Z>D( 1)7 -,

and Young’s inequality

2 b2
ab<—+%, a,b> 0.

We will choose the ¢; iteratively. Start with ¢, = 1. Define A(j) := ¢;(D?u, p(D)Du),,, 1
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Chapter 4. Maximal Regularity for the Linear Problem

and B(j) := ¢;(Diu,p(D) Y123 (1)1 () D), 1

2

k
> ¢ (DIu,p(D)(D — 1)),
j=0

1

<.
I

k k .
= Z Cj(Dj’LL, p(D)DjU)aJr% + Z Cj(Djua p(D) (_1)j_l (?) Dlu)aJr%

=0 Jj=0 =0
k—1 k k—1
(D1 pDID )y + (00D S (-1 () Dy + X AG) + B
1=0 j=0
k k k—1
> KM = D ()00 Dty |+ 3 AG) + BU) = B
=0 7=0

where K is the coercivity constant that follows from the coercivity of (D*u, p(D)D*u),, 41

For the second term on the right hand side, we see by using the Cauchy-Schwarz inequality
and Young’s inequality that

(D", D'u)y 1| < 5 IIDkU||2a+1+*||Dl

2,a+ U’HQ a+

Defining Sj, := k %) (lk,) and choosing € = 5 K gives that we can write

k—1

k
Az KIDE ey = Y () [S10 00y + o ID o | + 4
=0

7=0
k— k-1
= Iy~ 53 (1) + S a0) + By = B

Jj=0

Taking out the k — 1 term out of the sum over A(j) and B(j) gives

E
[\

_ _ _ (k-1
By = (D D)D)y + e (D) -0 (0 ) Dl

k—1 k—2
Dkl - Z( )+Z<Ay LB

Jj=0

N
Il
o

Using coercivity on the first term and Young’s inequality with ¢ = % on the second

term gives:

k2
k-1 Cl— 1K k-1, Cl—15k—1 k— .
N R e ol (i (LT
s k-2
Sk . .
”Dku”Q atd 2K <l> +Z(A(J) + B(j)).
i=0

We need the constant in front of HD’“_luﬂgaJrl term to be positive, hence we need to
AT

choose cpy1 > %(kﬁ 1). Iteratively taking more terms out of the sum over A(j) and

B(j), we can get constraints for the other cg. From the prefactor % in front of

HDlqu ws 1o We see that the choice of ¢z will depend on ¢j—. Terms like this will occur
XT3
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4.1. Inhomogeneous Equation

when iteratively rewriting the terms in Z?;é B(j), hence the choice of ¢, for 0 < m < k—1
will depend on ¢;,4+1. We then get

K
> ¢j (DIu,p(D)(D — 112 kj(Dlu, Dlu )2.004 1>
: =0

l\.’)

where r; are positive constants. Define m = min;{s;} (m is positive, since «; is positive
for all j), then
k

ch (Dju,p(D)(D — 1)ju)a+% > m(u,u)k+27a+%.
§=0

Now for the other part:

A) ( Zk: ¢j(=D +2a)! Diu, u>a =

J=0

(=D +2a)! Diu,u)q

dx

7201
DJ
) X

k
%(A)Z
k [e's)
Z / 7204 D—I—ZO[)]DJ ) dz
dx a j
/ D0 =R D el Dl
=0

Taking M := R(\) min; ¢; gives that

k

)\) < Z Cj(—D + 205)ij“7 u> > MH“H%,&'
=0 “

So, we get that

R(Br,a(u,u)) > M(u,u)kq +m(u, u)k+2,a+%.

Taking the minimum over m and M and using Young’s inequality now gives
R(Bra(u,w) 2 [lull3, -
From the above coercivity estimates it also follows that

R(Bra(u,u)) > RA|ullf o + mHUHiHM%- (4.1.12)

Furthermore, using integration by parts and the resolvent equation (4.1.1)) we get the
following estimate:

eK
R(Br.alu,u)) < K| fll—ga-1lluliroart < Qg\lfllk 2a-it 5 Hqu+2 arts (4113)

for £ > 0. Combining the estimates (#.1.12)), (4.1.13)) and choosing ¢ such that m— & > 0
gives the desired estimate (4.1.7)). O

Corollary 4.1.5. Let a + % be in the coercivity range. Then the equation
k . . k . . k . .
> GAM(=D+20)' DI, u)a+ Y ¢;((~D+20)/DIg, —Au)e = > ¢;((~D+2a)' DI, f)q
§=0 §=0 §=0
has a unique solution u € 74, o for every f € e%’jg”a and for all ¢ € C((0,00)).
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Chapter 4. Maximal Regularity for the Linear Problem

Proof. The statement follows from theorem and the Lax-Milgram theorem (theorem
9.1.4). 0

Remark. Note that we do not characterize %”,;w as we will prove a stronger result for
the resolvent equation later. Hence, we do not need details on this space.

For showing this result, we need the following lemma.

Lemma 4.1.6. The test functions

k
Y ci(=D+20) Dig| ¢ € CX(RT)
j=0

are dense in LQ(RJF,:C*M%) for cog > c1 > -+ > ¢y suitably chosen.

Proof. Note that by the commutation relation (3.1.18]) the assertion of the proposition is
equivalent to

k
> (=D (D+2a) a7 |peCPRY)
— SN——"
=0 =geC (RT)

being dense in L?(R., d%) After applying the coordinate transformation ¢(z) = (e)

with s = log x this is equivalent to

k

S i (~0,) (9 + 2a)9| ¢ € S(R)

J=0

being dense in L2(R) by density of the compactly supported functions in the Schwartz
space. It is more convenient to shift to the Schwartz space here, since the Fourier transform
is a bijection on the Schwartz space. By applying Plancherel it is thus sufficient to show

that
k

S e (—ig) (i€ + 20)4] v € S(R)

j=0
is dense in L?(R). Therefore we show that the mapping

k

Y > e (—ig) (i€ + 20)7y (4.1.14)

§=0
is a surjective mapping from the Schwartz space onto itself. Let
(&) = ci(—i&) (i€ + 20) 9 (€) (4.1.15)
j=0

and assume that J) is a Schwartz function. We have to find a Schwartz function 1 such

that (4.1.15) is satisfied. Rewriting (4.1.15]) as

v (E)

Y S iyt 2y
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4.1. Inhomogeneous Equation

we see that we have to show that Z?:o cj(—i€)7 (i€ + 2a)? has no real zeros. Rewriting
the real part of this polynomial gives

k k
R i (i) (i€ + 20) =) ¢;R(E* - 2iag)
=0 =0
k 14] ;
_ ) 2(5—21 1621 21421
=Sy (5 )€y ae
7=0 =0
T
_ ch (§l> 62(]‘—1)(_1)[22[&%

j=0 1=0
=do+ d1€ + dp€* + - + di".

We have that dj, = c¢;. We can now iteratively choose the other d;, such that they are all
positive. Consider the coefficient corresponding to £2:

d.e2 — .2 m _1)ym—ig2(m—j) 2(m—j)
€ = e+ Y cm<2(mj) (1) o
j<m<k
If we want this to be positive, we see that we get the condition
S m< m )<_1)m—j22<m—j>a2<m—j>.

. 2(m — j)

j<m<k
By doing this iteratively we get lower bounds on all ¢j. Then, it follows that

do + di1€% 4+ do&? + - + dp.£% > 0

for ¢ € R. It now follows that 1 is a Schwartz function. O

Remark. From the proofs of both theorem [{.1.3 and lemma lower bounds for the
constants c; follow. Taking the maximum of % forall j =0,1,...,k — 1 yields a value
for these constants that works for both of the proofs.

Proposition 4.1.7. The resolvent equation Au — Au = f has a classical solution.

Proof. Theorem in combination with theorem gives us that the equation has a
weak solution. By lemma [£.1.6] it follows that this solution is also a classical solution. [

The next proposition will give us the tools to later on obtain maximal LP-regularity
for A.

Proposition 4.1.8. A:= —z~!p(D) is the generator of a bounded analytic semigroup.

Proof. The resolvent set p(A) contains the half plane {\ € C | R\ > 0}. We will show
an equivalent statement to the resolvent estimate in proposition which is in general
true:

M
IR A < By =

M
]]R()\,A)f]\k_za_% < WHfHk—Za—% A

M
a0y < 1 Fhzay <=

Mlully—2,0-1 < M fllpg 01 (4.1.16)

1
2
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Chapter 4. Maximal Regularity for the Linear Problem

To show (4.1.16)), we start with rewriting (4.1.1) to Au = f + Au. Then
’)‘|||u”k72,afl < HfHk‘*Z,&*% + ||AU||k72,a—%

2
S Hf”k—2,a7% + C||“”k+2,a+§

BT
S Hf”k—Z,oz—%'

Hence, the resolvent estimate holds for A € {A € C|RA > 0}. By proposition we
know that this now also holds in a sector. Then, by definition we know that A
generates an analytic semigroup. The semigroup is bounded by ([2.2.2]). O

Proposition 4.1.9. A:= —2!'p(D): X D D(A) = X with X := H,_, 1 and D(A) :=
A3
Hy, 5o 1NH, 5, 1 has mazimal LP-regularity. Moreover, the following estimate holds
bl b 2

for (ED3):

HatuZHLP(O,oo;H 1) S ||f||LP(O,oo;H

%) + HAUZ ||Lp(0,oo;Hk_27a_§

Proof. By proposition A generates a bounded analytic semigroup. From corollary
2.2.8| it then follows that A has maximal LP-regularity, where it is used that the initial
value of the associated Cauchy problem equals zero. The estimate follows from definition

227 O

4.2 Homogeneous Equation

In this section we will show estimates for (4.0.2]). For this we will often use the fact that
A= —27'p(D) : X 5 D(4) = X, with X == Hy_,, 1 and D(A) = Hy_,, 1N
Hy,

+2,0+1> generates an analytic semigroup.

Lemma 4.2.1. For (4.0.2)), the following estimate holds:

10y (1) S WOy WO SO, e (@2)

p
HLP(O’OO;H Da(1—-2, —5p)

k—2,0—%

1 . . ..
Here, Dy(1 — E,p) is defined as in definition .

Proof. The inequality follows from lemma using A = —27'p(D) + H_,, 1N
H, 1204) H k201> where by proposition A generates an analytic semigroup. [

Remark. Note that the space D 4(1— %,p) depends on k and o, which can be seen more ex-

plicitly from the fact that this space is equivalent to the interpolation space (X, D(A));_1 »

p
with X = Hk72,a7% and D(A) = Hk72,a7% N Hk+2,a+%’ see proposition . If it is
necessary to characterize how D (1 — %,p) depends on the choice of k and o, we write
Dakall = 3.p).

In the next lemma, we find a characterization for the D (1 — %, p) space in terms of a

Besov space. Additionally, we get a lower bound of the D4(1 — %, p)-norm. For this, first
define the following norm:

Definition 4.2.2. Define for v € (H, H 1, the following norm

—2,0—27 k+2,a+%)1fp

ol = Nl gty

Here, (H, Hk+2’a+%)17%’p is the interpolation space as defined in definition|2.3.4

1
—2,a—3"

32



4.2. Homogeneous Equation

Lemma 4.2.3. (Characterization of the interpolation space) It holds that

lullkop =l . e a1, ™ HwIIB;c:Q_%, (4.2.2)

where w(s) = e_(O‘Jr%_%)Su(eS), x = e°. Additionally, the following inequalities hold true
ol s s + Tl g0y < el (123

el as -1 S lullkap, (4.2.4)

for a+ % in the coercivity range. Here,

k+1 forp>4,

k for2 <p<4,
k—1 f0r§§p<2,
k—2 f0r1<p<%.

e
I

(4.2.5)

Proof. To find a lower bound for the D4 (1 — %, p) norm, we want to find an equivalent
statement for the interpolation space (H)_, , 1, k2,04l NH,_, o )1 L Note that
)

by theorem for any pair of Banach spaces Y7, Y3 it holds that ’
(YP17Y2)1_%7me1 = (Yl,YQ OY1)1—%,p‘ (4.2.6)

Hence, it suffices to find an upper bound for the norm of (H,_, al Hk+2 atl 1)y 1 - We
p?
get that

[[ullf R (Hulll 1+ tflus] l)p a
(kaz, k+2 a+1) 7% » 0 u=u +us k—2,a—3 k42,045 +

[e%e] . f <t7p+1 _f_tl >p dt

g P P _

0 u:}g-i-uz ||U1Hk72’0‘7% ”u2||k+2’o‘+% t

o0 nf - 942 . p/2 dt
Lt (P )

and using the definition of the norms and substituting ¢ — xt we obtain

< —242_—2a-1+2 ~20-1+2 2 oda | di
:/ inf / t E D]ul —I—tpx g DJUQ —
0 u=uituz 0 = s x t

k—2 k+2
> x o2 - 2 . dx dt
~ inf N (D)2 10 Y (D)= | —
/0 v:g}er /; ’ ( ’Ul) i ( ’1)2) x t’

j=0 7=0

Ca_l41 a1yl . .
where vy ;= 2~ @ 2+Pu1 and vg = 2 & 2+Pu2 and we have used the commutation relation

in ((3.1.18)). This expression is the same as writing

< pdt
; _inf (& o o2 2o+tpHU2||k+2o)

v=v1+v2 t
o0 p
B : _oy2 9 2 9 3 dt
_/0 Wil (T a7 ealsna) 7
gyl 1 pdt
| e lwesay + e lwalwienaw)” = Nollsag wsnsa,
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Chapter 4. Maximal Regularity for the Linear Problem

where v1(e®) = wi(s), x = e°, and the same relation holds for ve and ws. Combining this
1 1
with the rescaling from u to v, it follows that w(s) = e_(a+§_5)su(es). By definition of
the Besov spaces (see definition [2.3.9)) we see that now (4.2.2)) holds true. By the fact that
Wk+2.2(R) — W*=22(R) and theorem it follows that
(WE22(R), WH22(R), 1, > (WF22(R), WEP22(R)) 1, o,
P’ p
for € > 0 to be determined later. Note that the same embedding also follows from em-

beddings using the Besov space representation ([37, Section 3.3.1]). From standard in-

terpolation theory (working out the minimization in the definition of the K-method, see
definition [2.3.2)) it is known that

(WF22(R), WIHZ’Q(R)M—%Q = WH(R),

with k =k +2— % — 4e. From this, we see that indeed we can choose ¢ such that (4.2.5))
is true. Hence,

|| : ||W’~9v2(R) 5 H : H(W’f*?v?(R),W’H?v?(R))

1—=.p

D=

Undoing the rescalings, we now find that

S lwllwr—2@ wrez2my),

ol gy

Sl

1
P
Since by (E2.0)

(Hk—Q,a—% ) Hk+2,a+% A Hk—2,a—%)1—%,p = (Hk—Q,a—%’ Hk+2,o¢+%)l—%,p N Hk—2,a—%’

holds true, the lower bound (4.2.3)) follows.

Remark. From lemma |4.2.5 it follows that the norms || - |[p,q_1, and || -
P’

k,ap T

I| - ||k72,a7% are equivalent.

O

4.3 Parabolic Maximal L’-Regularity Estimate

The goal of this section is to show a maximal regularity estimate for (4.0.1)). For this, we
use the estimates derived in sections 1] and

Corollary 4.3.1. Let f € LP(0,00; H,_, ,_1), then equation (4.0.3)) has a solution which
)
is differentiable almost everywhere and takes its values in D(A).

Proof. This follows by definition from the fact that A := —z~!'p(D) has maximal LP-
regularity O

The next proposition contains a technical result needed to obtain the maximal regu-
larity estimate.

Proposition 4.3.2. For A = —x~'p(D), where v;, i = 1,...,4 are the zeros of p(D), we
have that if o + % lies in the coercivity range and 2v; — 2 # 1 for i = 1,...,4, then the
following estimate holds

Al oy 2 Nl s s (43.1)

foru e Hy 90 1 N Hpgat1
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4.3. Parabolic Maximal LP-Regularity Estimate

Proof. We prove this by applying Hardy’s inequality (see lemma iteratively for
u € C°(0,00). By density of C2°(0,00) in Hk727a7% N Hk+2,a+% we also get the result
for u in this space. Note that p(D) is a fourth order polynomial which we will rewrite as
p(D) = (D —~)p(D), where ~ is one of the zeros of p(D) and p(D) is the remaining third
order polynomial. By application of Hardy’s inequality we get that for 2y — 2o — 1 £ O:

—a—

1
2P(D)U”%—z,o

—_a—1 o~
= |27 "2 D27 p(D)ullz 0

4wy, s =l

k—2 00 ‘ de
= Z/ 27207 (20, DIz p(D)u)? =
=070 v
k—2 00 ' dr
2y [ 0o
j=0"0
k—2 00 A de
=3 [ e D =YD D) .
=0

> CHﬁ(D)qu_Z(H% for some constant C. We also have

|Aull 0 s = 1D~ DED) g0 2 IDHDYully s es — WDl 501

and combining the two inequalities gives

1+ 2|y ~ 5
(1 +—5 ) 1 4uly 01 > IDBD)ully g0z + 1+ DIAD)ully g0

2 P(D)ulle—y a1

Repeating this argument three times gives the desired estimate, and by a density argument
this extends to u € Hk_27a_% ﬂHk+2’a+%. O
We are now in a position to prove a maximal regularity estimate.

Proposition 4.3.3. For equation ([£0.1), with f € LP(0,00;H, ,, 1) and ul® €
XT3
D4(1 - %,p), the following estimate holds:

oo
b el +/0 HatuHZ—Q,a—% + ||u||i+27a+1dt S ”u(o)”i,a,p + HU(O)HZ—Q,a—% (43.2)

2
[e.e]
p
+ [Tyt

Proof. From proposition we get the following maximal regularity estimate for uo:

HatUQHLP(O,oo;H %) + ||Au2||LP(0,oo;H ) S ||f||LP(O,oo;H

1 1)
k—2,a— k=2,0—5 k=2,a—%

We will bound the norms of d;u and Au using this estimate and the estimates of lemma

42T

HatUHLP(O,OO;Hk,Q,a, k72,a7%)

o= 10T @) 00 ( [ 705195 ) s

< |01l Lr (0,001 1) T 10wzl 2o (0,00,
2

k—2,a— k72,a7%)

S Ml

k,op ||u(0)||k72,a7% + |’fHLP(0,oo;Hk_27a_%)‘
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Chapter 4. Maximal Regularity for the Linear Problem

Similarly

lAullLro,00imr, , 1) < 1AwllLr00m, rap) T HAUQHLP(O,OO;Hk_Q’a_%)

5 ||atu1||LP(0,oo;Hk %) + Hf‘|LP(0,oo;Hk72’a7%)

—2,a—
S HU(O)H’%O&P + HU(O)Hk—Q,a—% + Hf|’LP(0,oo;Hk_27a_%)v

where we use that Au; = Jy;u; holds true since A generates an analytic semigroup. Com-
bining these estimates with (4.3.1]) from proposition m gives

o0
/0 196l oy + I o S TN 2, o+ / FCEE)

Using (4.2.2)) of lemma [4.2.3[ and the fact that the D4(1 — %, p) and interpolation norms
are equivalent (see proposition [2.3.6| and [2.3.5]), we see that

ullkop S HUHDA 1—2.p)
From this it follows, using theorem [2.3.7] that
||qu,o¢,p 5 ||u||LP(O,oo;H + ||atfu’HLP(O,oo;H/,C

k+2,a+%) 72,a7%)'

Taking the supremum gives
[e.9]
sup [0l 0 < [T 0y N0

and combining this estimate with (4.3.3)) gives the estimate (4.3.2)). O

Using a scaling argument, we can improve the estimate found in proposition [£.3.3]

Corollary 4.3.4. For equation (4.0.1), with f € LP(0,00;H, o, 1) and u® e
)
Ds(1— %,p), the following mazimal reqularity estimate holds:

oo
p p
sup [l [ 10y S O e

Proof. We use the scaling u(t,x) = a(A~1, A\~1x), with A > 0. This gives
Ou(t,z) = XL o)A, A ), (Au)(t, ) = A HAa) (A A ),
Inserting this into (| gives
Yo — Au) (AT N e) = f(t2),
which can be rewritten as
(Bt — A@)AH, A7) = Af(t, @) = fFONTH, A ).

Note that writing u(t,z) = (A A A ) s equivalent to writing w(At, A\z) = u(t, ).
Similarly, f(A\~', A"1z) = Af(t,z) is equivalent to f(¢,z) = Af(Mt,  \z). This gives the
scaled equation
Oru(At, A\x) — Au(At, Ax) = A f(AE, Az),
u(0, 2z) = u¥(Az).
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4.3. Parabolic Maximal LP-Regularity Estimate

Consider the second term in the integral, using the change of variables y = Az and 7 = At:

p

k+2

o0 . d
/ lux A2} 7, s / Z/ 20+3) | DIy, M) 2 EE | at
0 xr

[S14S)

k42

o0 at3) d
— / E / 2 | D7 u(r, y)|2—y A ldr
0 Yy

e T

The same reasoning applies in a similar fashion for the other terms in the estimate, except
from the || - ||5,a,p norm. For the |- [|5,q,p norm, we note that letting Ae® = " is equivalent
to s = log(A™!) + r. This gives

e*(aJr%*%)Su()\GS) (a+***)(10g( )+7")u(€7‘) _ )\a+§*;e*( atz—)r u(e").
Using lemma we see that
at+i_1 1
(AL, Az)[[k,ap ~ A Hw”Bk+2 4~ ARl y)])

2,p

1 1
where w(s) = e_(a+§_5)su(es) and y = e”. This gives the following estimate

1 [o.¢]
Sup)\p(aJr%)_lHqu,a,er/\p(a+2)_1/ 10eull} 2a—l+”“Hk+2 +1dt
t>0 0
+H-1y. (02 0 +3)=1y1 £112
(Ap(a 212, + AP O 2 - +Ap(“ 2) Hf“L?(O,oo;HkQ’a%))'

Dividing by AP@F2)=1 and letting A — oo, using that p > 1, gives the result. O

Remark. From the inequality (4.2.4) it follows that we also have the estimate
[e.e]
P P
suplf )y [yt S IO, ¢ J .

where k is defined as in (4.2.5)).
Formulating an existence and uniqueness statement for the linear problem is possible:

Lemma 4.3.5. Let u(®) € Dy(1 — %,p) and [ € Lp((),oo;Hk_Za_%). Then, equation
[@.0.1) has a unique solution u € WP (0, co; Hk_27a_%) N LP(0, 0o; Hk+2’a+%).

Proof. We have existence of a solution to (4.0.3) from corollary We have existence
of a solution to (4.0.2) from [I3, Comment 3.9.iii]. Since (4.0.1) is the sum of (4.0.3)

and -, we now also have a solution to (4.0.1). The fact that this solution is in
WP (0, 00; H k 2.0 ) N LP(0,00; Hy 5 ., 1) follows directly from the maximal regularity
AT

estimate . Umqueness of the solution follows from the fact that

Orw — Aw = 0,
w(0) =0,
has the unique solution w = 0 [I3, Comment 3.9.iii] O
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Chapter 4. Maximal Regularity for the Linear Problem

Corollary 4.3.6. For finitely many (k;, o), i = 1,...,n, where «; lies in the coercivity
range, it holds that if u® € M, Day, o, and f € ﬂ 1 LP(0,005Hy, 5. ) there is a

unique solution
n
u € m (I/Vl’p(O7 00; Hki—z,ai—%) N LP(0, oo; Hk¢+2,a¢+%)>
i=1
to (4.0.1)) which satisfies

oo
igg HuHiivaiﬁD +/0 Hatu”iiflaifé T Hu‘|ii+2,ai+%dt S HU(O)Hzivaiap +/0 ||f||k —2,0— 3 dt

foralli=1,...,n

Proof. The existence of a solution for all of the weights individually, including the esti-
mates, follows from lemma Since all these solutions share the same initial value and
right hand side function f, from the uniqueness of solutions it follows that all of these
solutions must be equal. O

4.4 Elliptic Regularity

In this section we derive the setting which will be used in treating the nonlinear equation
later on.

Lemma 4.4.1. It holds, for x > 0, that
ker(A) = span{z7| v zero of p(D)}.
Proof. Tt is easy to see that AzY = 0 if and only if v € {71,72,73,7v4}. This shows that
{z7| 7y zero of p(D)} C ker(A).

We still need to determine for which u it holds that Au = 0. This is a fourth order
linear ordinary differential equation. Since we know that on taking u equal to 7 with
v € {71,72,73,71}, Au = 0 holds and because 71, . ..,74 are distinct, we have four linearly
independent solutions to the differential equation Au = 0. Hence,

ker(A) = span {z”| v zero of p(D)}.
U

Proposition 4.4.2. Letn € (1, %) U (%, 3) and suppose that v € ﬂ?zl Hy; o, is the unique
solution to

o — Av =g,

U|t:0 = U(0)7

where g € (;_; LP(0, 00; Hy o, ), 00 = Mj=1 Dakja; (1= %,p). Then

1
2

Au=v, Af=g, Au® =yO
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4.4. Elliptic Regularity

have a unique solutions u, f and u'®, respectively. Under the assumption that AP aj+1
) 2

for all j and HU(O)Hk+4,aj+1,p < oo for aj +1 < 0 there exist uy, u(()o), ug and u(ﬂo) such

that

0
u € ﬂ Hpva,05+15 u® e ﬂ Dakj+4,0,+15
Y2<a;+1<0 a;+1<0
n
0 (0)
uU—ug € ﬂ Hk]-+4,aj+1, u® — Uy~ € ﬂ DA,k]-+4,aj+1,
j=1,0<a;+1<8 0<a;+1<8

n
0 0 0
U — Uy — u5x5 S ﬂ ij+47aj+1, ul® — ug ) _ u,(é,)mﬁ S m DA,k:j+4,aj+1,
j=1,8<a;+1 B<aj+1

n
fe ﬂ ij+270¢j+%'
j=1

(4.4.1)
The coefficients ug and ug are defined in (4.4.12)) and (4.4.13). Additionally, for (u,ug,ug),

(u(o),u(()o),ug))) and f, the following equivalences hold true:

ullk;+4,0;41 ~ [[Vllkj,0;  for o +1 <0,
lu = wollk;+4,0;41 ~ [[Vllkj,0;  for 0 <a;+1<8,
lu— o — upa” ||k ra0;41 ~ [0llky0y  for B> a;+1,
w40, 41 ~ [0llky0,  for a;+1 <0, (4.4.2)
[u©® — u((]o)||kj+4,aj+1 ~ollkya;  for 0 <a;+1<8,
[0 =l = uD ek, 100,01 ~ [0llkga;  for B> aj+1,
||f||k+2,aj+% ~ ||9||k72,ajf%'

Before starting with the proof, let us first look at the idea on which it is based. Say
that we have a solution u of (4.0.1). Formally applying the operator A to the Cauchy

problem gives
Oi(Au) — A(Au) = Af, (4.4.3a)
(Au)|i—o = Au'®. (4.4.3b)
Then Au solves and we can find u from this solution by inverting A. In the proof
we will argue in the opposite direction, by finding a solution to
Ov—Av =g (4.4.4a)

| = v, (4.4.4b)
satisfying v(9) € D (1— %,p) and g € LP(0, 00; Hk—?,a—%) where g := Af and v(9) := Au©)

and then inverting A to find w.

Proof. Consider (4.4.4). By lemma we know that (4.4.4) has a solution v €
Wl’p(O,oo;Hk_Za_%) N LP(O,oo;HkJrQ’a_F%). Because Au = v, we can find u from the
solution v by inverting A and similarly for finding «(°) and f. Note that by doing this, the
solution u found will depend on the weight. This fact will be used to define the coefficients
up and ug later on in the proof. We can see this dependence in the following way: Note

that the operator A is given by

A:=—z"'p(D) = =2 (D = )(D = 72)(D — ) (D — ),
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Chapter 4. Maximal Regularity for the Linear Problem

where 71,...,74 are the zeros of the fourth order polynomial p(D) (see and
(3.1.22)). To invert this expression we proceed in steps, inverting each factor of the
polynomial one by one. For illustration only the first part is worked out in detail, the
other steps work in a similar fashion. First, define u") := (D —~3)(D —~3)(D — 44)u and
7 := —v, so that we need to find vV from

2™ HD —y)uV) = 5. (4.4.5)
Note that this is equivalent to
e D (™M) = . (4.4.6)

We need the solution v (or equivalently ¢) to be finite in some norm, say with weight w
and [ derivatives, i.e., ||v||;. < co. This also holds for v, so ||9]|; < co. This gives that
also || Aul|y,, < oo and that [l (D — y1)uV||;, < co. By writing out the norms, we see
that we get a condition on v, namely that v = o(z¥) as = | 0 (and the same condition for
all derivatives of v up to and including the [*" derivative) for the norm to be finite. Here
the dependence on the weight appears. Continuing the rewriting from gives

D(xfwu(l)) — g (= o(gg“’"““) as z |} 0).
This gives

for w >~y — 1,

x_%u(l) _ {C—}—fx-i"lerl ( ax

ok
c— [PEanHG(E) L forw <y — L.

It follows that

W — {caj71 +am [ I o(E ) for w > — 1, (4.4.7)

z
cxl — g™ [ nHG(E) 2 for w < yp — 1.

Hence, we have that u(!) depends on the choice of the weight exponent. We show that the
constants ¢ vanish. Consider w > v; — 1. Then,

x
™ / PG (3) = = o(a* ) asx | 0.
0

Hence, u (z) = ¢(1 4 o(1))z" as = | 0. Now consider the norm of u(!) with weight
exponent w + 1 (but only the part close to zero). Then

/ S (@))2a 2D L g o) / 2 9T
0 € 0 €T
This integral diverges if and only if ¢ # 0. So finiteness of the norm therefore entails ¢ = 0.

In the case that w < ~y; — 1, a similar argument shows that also ¢ = 0 in that case.

Now for the second step of inverting A: define u(® := (D — ~3)(D — 74)u. We now
have to solve
(D — ~3)u® =M,

Note that u") = o(2**1!), which can be seen from ([£.4.7). Using similar steps as before,

this results in
u® = {3672 Jo & ruV(@)

&

for w+ 1> 79,

. 4.4.8
)‘% for w+1 < 72. ( )

SIS

_:E’YQ fxoo j_FYQ u(l) (
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4.4. Elliptic Regularity

For the third step, let u(3) := (D — ~4)u. Solving
(D~ 5 =

gives
V3 [T 5732 (5)4E
NORDE 3 fo 3; ~3u (2x) ; ~for w+1> s, (4.4.9)
—a [ 37 (2) L for w+ 1 < 3.
Finally, in the last step we solve
(D —y4)u = ul®,
which gives
v x4 fox 77 74q,3) (j;)%w ~for w+ 1>, (4.4.10)
—x [ F7(3) (:Z‘)dgc%E for w+ 1 < 4.
Choosing specific values of w, we can now find an w-dependent solution to Au = v.
We get a maximal regularity result for equation (4.4.3)):
o 0 oo
e L oy A 2P e A=) il ey (P
(4.4.11)
where a + % lies in the coercivity range. We choose the weight exponents a = —% +
}D + 46 and a = —% + B £ 6. These choices will allow us to define up and ug. First
consider the weight exponents a = —% + ;1) + 6. The supremum term in the maximum

regularity estimate becomes HUH]; and the term of v in the LP integral in time

3.1
77§+;i67p

becomes ]|U||fn N From this first term we will be able to define ug as follows; give

2,~ 14144
the solution u found using the steps from above ((4.4.10)), and all integrals from before
substituted) using the weight exponent —1 + ¢ and —1 — § the name u(ys5) and u_s),
respectively. It holds that

u(_s) — U(+s) € ker(A) = span {z7|y zero of p(D)}.

By looking at the order of w5 — u(_s), we can conclude that this can only contain terms
that are constant in x. Hence, define

Uug ‘= U(_(g) - u(+5)' (4.4.12)

For the choice of these weight exponents to make sense, it is needed that —1 + % + 9 lies
in the coercivity range, or equivalently, that % + ¢ lies in the coercivity range shifted up
by one, see figure This follows from the fact that the weight of the norm of v in the
LP integral in time always needs to lie in the coercivity range for the maximal regularity
result to hold. This is possible for all values of p.

Now, consider the weight exponents o = —% + B £ 4. Using these weight exponents,
the term of v in the L” integral in time becomes HU||£1+27_1+§¢5- We can define ug from

this as follows; let the solution found using the weight exponent —1 4+ 5 + § and using
—1+ 8 — 4 be called u(g4s) and ug_g), respectively. Note that uz_s) and us) are the
same, since the weight exponents 5 —d and 5+ ¢ both lie between ~3 and 4 = 8. Similar
to before, the difference between u(g5) and u(g_s) has to lie in ker(A). Again by looking
at the order of this solution, we see that

upa’ = u(s_s) — w(g1e),
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Chapter 4. Maximal Regularity for the Linear Problem

and we can define ug by dividing by 2% on both sides

W(p—6) ~ U(B+9)

= 4.4.13

ug B ( )

For these weight exponents we need that —1 + § £+ § lies in the coercivity range, or

equivalently, that 5 + ¢ lies in the coercivity range shifted up by one. Looking at figure
we see that this is possible for all n € (1,3) U (3, 3).

Call the inversion operator as defined above with weight exponent w = —4& — 1 the

name A(__lé). We check that applying this operator to (4.4.4) gives (4.0.1). We use this
weight exponent, since w4+ 1 = § lies in the coercivity range, and hence this is the solution
we are looking for (note that taking any weight that lies between ~, and ~y3 yields the
same result). We have that
-1
A(_ 5
where the inverse and the time derivative commute since the inverse only contains spatial
contributions. Because we have defined u as the inverse of A applied to v, the last equality
follows. Similarly, since by definition f is equal to the inverse of A applied to g it follows
that

)8751) = 8tA(fé)v = 8tu,

71 _
Acp9 =1
Now for the last term we need to show that

A7l Av = Au.

(=9)
Writing out the left hand side gives

© _ 0 _ T2 _ T3 _ d$4 d.%’g daj‘Q d$1
A( )Av—x / xlv“x?‘?’/ x273x;72/0 z3 P gl/o a e p(D)o () — — =21
x xT

1 T4 X3 T2 X1
The inner most integral, additionally considering the z3' in front, can be rewritten as

o [ dy m [ Mg 1+1 -7 day
T e 0r |27 (D = 12)(D —)(D — o] T,

using that 0, — v = 2719,277. Further rewriting gives,

3
Al Av =] /0 o {JUZW(D —72)(D —3)(D — 74)”} dxy = (D —72)(D —73)(D — 7a)v-
Repeating these arguments another three times then gives

A( )Av—v—Au

since by definition v = Au. So, applylng the inverse operator A~} 5 to indeed gives
(4.0.1). The equivalences from can be seen from how the deﬁnltlons of ug and ug
follow from inversion of v with the weight exponents as chosen above. Note that for values
of the weight a; + 1 that lie below 1 or between 7 and <2 no additional terms have to
be added or subtracted (like in the case when we are above zero) because we have that

sp [l et 10, I, e S IO gt Iy

since we assumed that the right-hand side is finite.
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Y4
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Figure 4.2: For the two different cases of n the zeros 7i,...,74 of p(D) (blue) and the
upper and lower bound in (4.1.5) and (4.1.6) (red) are shown. The coercivity range for
o+ % is the shaded area. The coercivity range shifted up by 1 is shown in green.

O

Lemma 4.4.3. For u,u”) and f as defined in proposition@ we have the estimate

lell S [, + 1510, (4.4.14)

where these norms are defined in definition and k +8 > 8.

Proof. Using the maximal regularity estimate for v in (4.4.11) with o = —% + ]13 +4

(m=k+5) and a = —% +08+d (m= k+2 kasin (4.2.5))), and the equivalences in
(4.4.2) we get estimates for u for all these weight exponents individually. Adding these
inequalities gives the desired result. O

Lemma 4.4.4. We have the following for the coefficients ug and ug of proposition [§.4.%
up € BCU(0,00)), s € LP([0, ).
Additionally, the following inequality holds true

o0
sup |ugl? —i—/ lug|Pdt < |lull?. (4.4.15)
>0 0

Proof. We have

2 2 2
B dx dx
up()P = / uo(H)Pdz <5 / 2y — g 4 / 2™ < o — w2+
1 1 x 1 X
(4.4.16)

< Jlu = wolly 4 5+ llull

p p
k+9,0 k+9,—6’

with & defined by (4.2.5) Taking the supremum gives

P < — p p
iglgluo(t)l Nstgg(Hu uollf g5+ lullf g _s)-

By (4.4.14]), we know that this is bounded. Using (4.2.4) and Au = v, this can be rewritten
as

sup |up(t) P < sup(||v||? + ||v]|? < sup(||v||P
sup uo(t) S sup(oll_;+ 01, ) S supol?_y

p
polp T Ioll,

—%—M%m)'
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Chapter 4. Maximal Regularity for the Linear Problem

Using the trace method for interpolation (see definition [2.3.3|) then gives

oo
p p p p p
iglg [uo(®)” S /0 ”atv||k72,72+6+% ™ Hatv”kq,fzfﬁ% T Hv”k+2,71+5+% t ||ka+2,7175+§dt‘

Applying an even reflection in time yields
o
igﬂg [up () S /_Oo Hatvr“272,72+5+%+H8tvr”272,72—&%+HUTH£+2,71+¢S+%+HUTH§+2,7176+%dt'

Take a test function ¢ with fR ¢dr = 1 and mollify the left and right hand side with
¢ (t) := % (£). We can then approximate the right hand side with smooth functions in
time. As ¢ — oo, the difference between the mollified right hand side and the original
right hand side goes to zero. Hence, this should also happen to the left hand side. It
follows that ug is continuous in time.

For ug, we have

2 2 2
luglP < / luga?|Pdz < / |u — uo|Pdz + / lu —up — upx®Pdx (4.4.17)
1 1 1
* d o d
<s / 2280y — P2 1 / 2289 |y g — uﬁxﬁ]”—x
0 x 0 x
< flu— w0l = o —uga?2

Integrating both sides over t gives the result. Equation (4.4.15)) follows from adding
(4.4.16) and (4.4.17), using (4.2.4)) and the definition of ||ul| (see (3.2.3)). O
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Chapter 5

The Nonlinear Problem

In this chapter, the nonlinear problem ({3.1.23) will be treated. Subsequently, the main
result of [3.3 will be proven in section Before this can be done, we need to show a few
preliminary estimates.

Lemma 5.0.1. For u and ug defined in proposition [{.4.4 it holds that

l l
max D" (u — o)l S [lu— UO”;}+775 and l éna>£+6 | D" ul(1,00) S ”quc+7,—5’

where |w|; := sup,e; |w(x)| for an interval I C (0,00) and k is as defined in ([E2.5).

Proof. The analogue of this proof can be found in the proof of [I6, lemma 8.1, prelimi-
naries]. We will show that these estimates hold for all necessary numbers of derivatives of
u — ug or u respectively. Define n; : (0,00) — R and 72 : (0,00) — R to be smooth cut-off
functions, where n;(x) = 1 for x < 1 and n;(x) = 0 for x > 2. Similarly, let ma(z) =1
for x > 1 and n9(x) = 0 for x < % Applying the change of coordinates x = e®, we define
u(s) == u(e®), m(s) = n(e®) and n2(s) = n2(e®). We then have

sup [u—ug|* < sup | (x)(u—ug)” = Sup 71 (s) (@ — uo)
z€(0,1] z€R+

< Z/ al (71 (8) (T — ug)))?ds < Z/ 26, 725 UO))Qd?x
2
< Z( sup 1‘25)/0 (Dl( — 0 N5 Z/ UO))Q%

1—o €(0,2]

= |lu— ol < llu—wuoll? ;5

Replacing v by D'u and ug by Dlu~0 shows that these arguments also hold for terms of
the type D!(u — ug) for I = 0,...,k + 6. Hence, for all [ = 0,...,k + 6, the inequality
SUPge(0,1] D' (u — wp)| < |lu — uo||j47 ¢ holds, thus it also holds for the maximum in

leAo,... k+ 6}. The second estimate follows similarly, in this case using 7s:

sup [uf? < sup [np(a)ul® = sup (o) 12<Z / (Ol (s
xz€[1,00) z€RT

So llullf =5 < llullf ;-

As before, from this calculation it follows that sup,¢, ]D u| < [lul[z,; 5 holds for all
1=0,...,k+6, hence it also holds for the maximum in l € {0,...,k+6}. O
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Corollary 5.0.2. For u, ug and ug defined in proposition [{.4.3,

sup max sup |Dl(u —ug) P < flulll? (5.0.1)
>0 1=0,...,k+6 >0
and ~
sup(|ugl’ + max sup |D'(u — ug)|?) +/ luglPdt < luf” (5.0.2)
>0 1=0,....k+6 >0 0
hold.

Proof. The analogue of this proof can be found in the proof of [16, lemma 8.1, preliminar-
ies]. It holds that

t>0 1=0,....k+6 >0 >0 1=0,...,k4+6 | z€(0,1] z€[1,00)
(4.4.15)), lemma (4.2.4),(3.2.3)
< <

sup max sup |D'(u —u)|P <sup max [ sup |D'(u —ug)[P + sup |DulP + |ugl?

_ D P P P
sup [l = woll?, ,, + Nl ] + Il [pilie

This shows (5.0.1]). Inequality (5.0.2) can be shown by combining (5.0.1)) and (4.4.15). O
Define, for N as in (3.1.25))

N(u) :== 2N (u).

Lemma 5.0.3. Let 0 < § < min{f—1, %} and k € Ng. For u,uy,us : (0,00)2 — R smooth
the following estimates hold for the nonlinearity (see (3.1.11)), (3.1.21]))

IVl = (|4, Ses mas el (5.03)

I () = N )l ~ [|[ A7) = M) S el ]+ a1 s = sl (5.0.4)

Jj=1,

Proof. This is the analogue of [16, lemma 8.1]. We start with deriving ([5.0.3)). For both
1<n<3and 2 <n<3, N(u) has the form

Nw) = -z "Mu+1,...,u+1) + 2z p(D)u,
and additionally, B
Nw)=Mu+1,...,u+1) + p(D)u,

where p(D) and M are defined as in (3.1.24)) and (3.1.26)), respectively. Hence, ./V(u) con-
sists of the nonlinear terms of M(u+1,...,u+1). To show ([5.0.3)), we will describe the

terms of which A consists. This will be done in terms of M sym, Which is the symmetriza-
tion of M. Note that we now have that Mgy, is multi-linear in all of its arguments.
Because of this, N can be written as a linear combination of terms of the form

Msym (U, w, w3, wa, ws), with ws, wys,ws € {u,1}. (5.0.5)

By use of the multi-linearity of Mgy, we can write each of the terms described above in
the form

Mgym (w1, wo, w3, wa,ws), with wy, ws € {u —ug,up} and ws, wa, ws € {u — g, ug, 1}.

(5.0.6)
This is done since, for instance in corollary we have computed bounds on differences
u — ug. We can see this for example by considering the term

Msym(“» u, 1,1, 1) :Msym(u — ug,u — up, 1, 1, 1) + Msym(”Oa u —up, 1,1, 1)
+ Msym(u — up, uo, 1, 1, 1) + Mng(“Oa uo, 1,1, 1)7
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which exactly consists of terms of the form described in (5.0.6) (also, the second and third
term are the same, since Mgy, is symmetric). This works similarly for general terms of

the form (5.0.5)). Noting that evaluating My, for constants in all arguments yields zero,

since 1
Msym (1o, uo, uo, uo, uo) = gp(D)UO =0.
Hence, we see that only terms that consist of at least one non constant argument of My,

remain. Therefore, can be simplified to

Mgym (U — ug, wo, w3, wa,ws), with wy € {u —up,up} and w3, ws, ws € {u — up, ug, 1}.

(5.0.7)
u) HL and this consists of norms of A’ with weights % +4§,8+0 and k+2
derivatives. First consider the ‘subcritical” case, which consists of the parts of the norm
with weights 117 + 6 and f — 6. We will see of which terms DN, | < k+ 7 or | < k + 4,

consists. Note that M, distributes four derivatives onto its arguments. Hence, D'N
can be written as a product of terms v1 X vo X v3 X v4 X v5, where

We consider

vy = DM (u — ug), L <l+4

1 -
’U2€{Dl2(u—uO),U0}, ls < §(l+4)§k+8

I

1
vg,v4,v5G{Dl3(u—u0),uo,1}, I3 < f(l—|—4)§ + 8.

From equation (5.0.2), we note that the supremum over time vy, vs,vs and vs can be
bounded by ||u||. Hence, for the part of ‘H/\N/(u)w2 consisting of the norms with weights
% + 9, 5 — § the following estimate holds

/0 NI s s+ NIy + IV @I, (5.0.8)

[o¢]
N /o lu— uOHiJrll,%fé +llu - uOHz+11,%+6 +llu— uo”%wﬁ—adt

x (sup( max sup|D'(u — uo)|” + |uo["))(1+ (sup( max sup|[D'(u — uo)|” + uo|"))*)
>0 1=0,...,k+6 2>0 £>0 1=0,....k+6 2>0

- E.02)
2 3
llwlll™ (1 [l ll™)-

Here, after the first inequality sign, the LP in time integral corresponds to v; and the
supremum bounds correspond to ve until vs.

Now, consider the ‘supercritical’ case, which consists of the part of the norm m/\~f (u) W
with weight 5 4 d. In this case, (5.0.7]) turns into one of the following

Mgym(u — ug — u53:5,w2, w3, Wy, ws), wy € {u—ug,up}, ws,ws,ws € {u — ug, up, 1},

(5.0.9)
Msym(u5$5,w2,w3,w4,w5), we € {u — ug,up}, w3, wy, ws € {u — ug, ug, 1}.
(5.0.10)
Noting that
My (27 10, w0, ug, ug) = ?p(D):rﬁ =0, (5.0.11)
since (3 is a root of p(D), can be simplified to
Msym(uB:EB,u — U, W3, Wy, Ws5), W3, W4, ws € {u — ug, ug, 1}. (5.0.12)
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We will argue similarly to before in finding bounds on the part of H‘/\Nf (u)m2 with weight

B + 0, which consist of an LP in time norm of ||J§V/’(u)||,~€+4 515 In both cases we use that
again M distributes four derivatives onto its arguments. First, considering the form as
given in equation (5.0.9)). In this case, D'A, | < k +4, is a linear combination of terms of
the form vy X - -+ X v given by
1 :Dll(u—uo—u5$6), Lh<l+4<k+s8,
'UQE{DZQ(U—U[)),UO}, l2§l+4§/;3+8,

1 3
vs,v4,v5 € {DB(u— ug),up, 1} I3 < §(l+4) <k+38.

This gives
v X - X us|B s Sllu— ug — ugal || max  sup |D'(u — ug)|P + |uol?
[[v1 5ll51s S 0 = upZ" 7 g 5y (z:o,...,k+ez>%| ( 0)[” =+ [uol”)
(5.0.13)
x (14 ( max sup|D'(u—ug)P + |uglP)?), (5.0.14)

1=0,...,k+6 >0

where the first factor in the right hand side corresponds to v; and the rest of the factors
correspond to ve until vs.

Secondly, considering (5.0.12) we see that DN .1 < k+4, is a linear combination of
terms of the form vy X - - X v given by

V1 = Ug,
vgzxﬁDll(u—uo), Lh<l+4<k+s8,
1 .
v3, 04,05 € {D2(u —ug),up, 1}, lo < 5([ +4)<k+8,
since D'zf = BlzP. This gives, using that |27 - ||ges = | - ||s,

14 ( max sup|D(u— ug)l’ + |uol”)?).

P <
V1 X X Vs
| [5+5 1=0,...k+6 >0

~

Pl — w2,

(5.0.15)
Here, the first factor in the right hand side corresponds to v;, the second to vo and the

rest to v3, v4 and vs. Combining (5.0.13)) and ([5.0.15)) gives, using LP bounds in time for
the first term and supremum bounds in time for the rest of the terms

oo _ oo
/0 HN(u)HgHﬂMdt < /0 lu —uo — uﬁxﬁ”%%,ﬁ% + |ug|Pdt (5.0.16)

X sup [(HU —ugllh o5+ max  sup|D'(u—ug)” + |uol?)
>0 1=0,....k+6 >0

x(14( max sup|D(u— u)l’ + |ug[")?)
1=0,...,k+6 >0

£23.609
2 3
< Ml ).

Equation (5.0.3) now follows by adding (5.0.8)) and (5.0.16)) and taking the p'" root.
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We will derive ((5.0.4). This will need similar techniques as before. Because My, is
multi-linear, it holds that N (u1) — AN (ug2) is a linear combination of terms of the form

/\/lsym(ul — uQ,wg,wg,w4,w5), Wy € {ul,ug},wg,w4,w5 S {’U,l,UQ, 1}.

For the subcritical part of the norm ’H/\Nf(ul) — N (ug)

H , which consists of norms with
2

weight % + 6 and B — ¢, the terms from above are rewritten as

Mgym (w1, w2, w3, wa,ws), with  wy € {ug —ug,1 — (ug — up2), uo,1 — vo2},
wy € {u1 — up,1, U2 — U2, Uo,1,U0,2}
w3, Wy, w5 € {u1 — Uo,1, U2 — Up,2,Uo,1,U0,2, 1}-
Note that before we could argue that the w; had to be non constant, but this reasoning does
not hold here. Hence, we have to work with both the non constant and constant options for
wiy. The arguments for finding bounds for H‘/\Nf(ul) - /\7(u2)m2 work in exactly the same

way as before. Hence, we only give the details in the case that wy = u; —ug1 — (u2 —ug,2)
and the part of the norm with weight %—5. In this case, D'(N (u1) =N (ug)) is for I < k+7

orl < k + 4 a linear combination of terms of the form v1 X - X v5 with
v = D" (uy —up1 — (u2 — uo2)), h<l+4,

vy € {Dlz’(u1 — 1), D2 (ug — ug2), Uo,l,uo,z} , lo <144,

1 B
3, V4, U5 € {Dlg(ul —ug,1), D' (u2 — ug2), uo 1, uo 2, 1} , 13 < 5(1 +4) <k+8.
Then, we see that
[ee} (oo}
/0 Hm X oo X U5H§—6dt S /(; ”U1 —up,1 — (UQ — “0,2)”z+11’%,5dtx (5.0.17)
sup ( max  sup(| D (u1 — uo1)|P + | D' (ug — up2)|P) + |uo1 [P + |uo,2|p>] X
| 20 \1=0,...k+6 2>0
(5.0.18)
- 3
sup ( max  sup(|D'(uy — ug1)[P + D' (ug — u2)[P) + |uo. |’ + IuO,2|p> +1
|20 \1=0,...k+6 2>0
(5.0.19)
< Ml — w2 lP (Ml + ez l)P llea [+ Mzl + 1), (5.0.20)

where the v; factor in the norm will be bounded by ||u1 — uz|| using (3.2.3)) and the other
factors can be bounded by ||u1]|| + [||uz]]| using (5.0.2).

In the case that w; = up1 — up,2, Dl(ﬁ(ul) —J\~/(u2)) isforl <k+T7orl<k+4a
linear combination of terms of the form vy x --- X vs5 with

V1 = Up,1 — U0,2,

vy € {Dlz (w1 — uo,1), D (ua — ug2), UO,17U0,2} ;o <144,

(1+4) <k+8.

N |

! !
V3,04, 05 € {D $(ur — uo,1), D™ (u2 — uo,2), uo,1, o2, 1} , 13 <

In this case, we take the v; factor out of the integral when considering H N(uy) — N(ug) ‘H
This factor can be bounded by |||u; — uz]|| using (5.0.2)). The other factors can be bounded
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~ . p
by [[|w1 |||+ w2]]| also using (5.0.2)). From this, we can obtain the same bound on ‘H/\/’(ul) — N(ug) ‘H
as is constructed in (5.0.17)).

For the super-critical part of the norm, the part with weight 8 + §, we decompose

Mgym(uo,1 — uo 2, w2, w3, wy, ws), wy € {ur —up1,u2 — g2},

w3, wa, ws € {u; —up1,u2 —up2, 1}

as
Msym(um — u072,w2,w3,w4,w5), with (5.0.21)
wy € {ur —up1 — U,B,llﬁﬂ@ —Uup,2 — uﬁ,lxﬁ}a
w3, W, ws € {ur — up,1, Uz — Uo,2, Uo,1,U0,2, 1},
and

Msym(’UJQJ — 'LLO,Q, w2, W3, Wy, w5), With (5.0.22)
wy € {ug12”, ug 90},
wsz € {ur —ug;1,u2 — up2},

wa, ws € {u1 — uo,1, U2 — U2, Uo,1, Uo,2, 1},

where in the last case w3 is nonconstant because of (5.0.11)). For (5.0.21) it holds that

DN (u1) — N(u2)), I < k +4, is a linear combination of terms of the form vy X -+ - X vs
with
V1 = Uug,1 — Uo,2,
vg € {D" (uy —ug1 —ug 2”), D' (ug —uga —ug12”)}y I <1+4<k+8,
U3, U4, V5 € {Dl2 (u1 — u071), Z)l2 (UQ — U(LQ), 0,1, U0,2, 1} o <l+4< ]~f + 8.

If one bounds this in the norm, the v; factor will be bounded by ||u; — uzl| and the other
factors by |[us | + [[Juz]-

For (5.0.22), DY (N (u1) — N(ug)), | < k +4, is a linear combination of terms of the
form v1 X - -+ X vs with

V1 = Up,1 — Uo,2,

vg € {ug1,ug2},

v3 € {mﬂDll(ul —up,1), xﬂDll(uQ —up2)} Lh<l+4<k+8,
Vg4, V5 € {DlQ(ul —ug1), Dl2(u2 —up2),u0,1,u02,1} lo<l+4< k+ 8.

If one bounds this in the norm, the v; factor will be bounded by |||u; — uz|| and the other
factors by [|uy| + [|uz||. Combining all of these estimates and taking the p*® root gives
603,

O

5.1 Proof of the main result

In this section, we will prove theorem [3.3.1] where we will make use of the results from

lemma [(£.0.3]
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5.1. Proof of the main result

Proof of theorem[3.3.1 In the proof, all estimates depend on k and 4.

Existence

Let € > 0. Later on in the proof an additional condition for & will be determined. Let
u(® : (0,00) — R be locally integrable with ’Hu(o)mo < ¢ and define the space

S = {u : (0, oo)2 — R locally integrable |||ul| < n,u|i=0 = U(O)}

for n > 0. We will find a constraint for 7 later on. We want to use Banach’s fixed
point theorem to show existence of a solution that is locally integrable where additionally
[|u| < co. For this, let T' be the solution operator of proposition With the use of
this operator we can rewrite (3.1.23)) in the equivalent formulation as the following fixed
point equation:

u="T(u) :=TN(u).

To be able to use the fixed point theorem, we need to show that 7 : S — S is a contraction
for ¢ > 0 sufficiently small. First, we show that indeed 7 maps S into itself. Let u € S,
then by the maximal regularity estimate (4.4.14) and the estimate (5.0.3) it follows that

T )l = IITN ()|

@z
@, + v, = H) O, + malhull? < e+
(5.1.1)
for n < 1. If we take n < 1 and € < 7, (5.1.1)) tells us that 7 maps S into itself. Now we
want to show that 7 is a contraction. Let uj,us € S. Now using (4.4.14)) and (5.0.4)), it
follows that

@4.14)
7 (u1) = T (u2)l| = H!T(N(M) Nl < IV (u1) = N(u2)lly
S ]méiwgl(lllmlll + ) flur = walll < nlllus — el

for n < 1. Hence, 7 is a contraction for n < 1. Now applying Banach’s fixed point
theorem gives existence of a solution to (3.1.23]).

Uniqueness

Let v and w denote two solutions to (3.1.23)), where u is the solution as constructed above
and w is a different solution. We assume that there exists a time ¢ > 0 such that u(t) and
w(t) are different. The analogue of [16, lemma B.4] gives us continuity in time, and from
this it follows that there exists a maximal time T > 0 such that

e u(t,x) =w(t,x) for all t € (0,7] and = > 0,
o u(t,z) and w(t, x) differ for t > T sufficiently small and = > 0.
Using u(T') = w(T) as initial data, we get for [ := (T, T+ 1), 7 >0

~Y

e = wllfp = ([T (u) = T (w)]ll; max (llufl; + el Yl = wlly- (5.1.2)

-

From the analogue of [16, Lemma B.4], we obtain that ||ul|; — [|u(T)|, and [|w]|, —

[lu(T) o as 1 0. Additionally, [Ju(T)ly < [lull < n. So (B-1.2) gives that [Ju— wi; < 0
for r < 1 and n < 1. Hence, u =w for t € I = (T, T+ 7) and T cannot be maximal. [
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