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combustion-chamber exit is an important cause of combustion instability in solid rocket motors.
Moreover, it is believed to be an issue in electrical-power generation turbines and aero-engines. If
these flow inhomogeneities are essentially characterized by the fluid having a locally appreciably-
different thermodynamic state, the acoustic response engendered by its interaction with the
combustion-chamber exit is commonly referred to as entropy noise. In this paper, dedicated
numerical-simulation results of entropy-patch choked-nozzle interactions are presented. Two
types of entropy patches were considered: rectangular slugs and circular spots. Moreover,
analytical-model-based analysis, of said simulation results, is presented. Based on said analysis,
the authors posit the existence of three modeling regimes: the quasi-steady-modeling regime,

the blended-physical-effects regime, and the inertial-modeling regime.

I. Introduction

Engineering systems employing turbulent combustion usually have high levels of noise production, due both to
direct and indirect combustion-noise sources. Direct sources, due to unsteady gas expansion in flames, have been
widely studied [[1H3]]. Indirect sources include entropy noise and vorticity noise. In particular, both entropy patches
and vortices produce sound waves as they exit the combustion chamber through a nozzle or turbine. Some of these
sound waves are radiated into the environment, and some are reflected back into the combustion chamber. The latter
can produce new entropy patches and vortices, which in turn produce new sound waves as they exit the combustion
chamber. Under unfavorable circumstances, this results in a feedback loop which promotes combustion instability or
self-sustained pressure pulsations. Thermo-acoustic combustion-chamber instabilities driven by indirect combustion
noise are a potential issue in aero-engines and electrical-power generation turbines [2, [3]]. In large solid rocket motors:
vorticity-noise-driven self-sustained pressure pulsations are an established issue [4-9].

In order to cultivate fundamental understanding of complex phenomena such as indirect combustion noise, it
is standard practice to perform order-reduction by designing experiments in which only one effect is dominant—or
on occasion, when the former has been done, in which: only a couple effects are dominant [6l [I0-H17]. A prime
example of this approach are Anthoine’s et al. [6] cold-gas—viz. without combustion—scale-model experiments,
which were used to investigate self-sustained pressure pulsations in solid rocket motors. Indeed, these demonstrated
the importance of the integrated nozzle’s nozzle-cavity volume on indirect noise produced by essentially nonlinear
azimuthal-vortex-nozzle (or ring-vortex-nozzle) interaction. Other examples are Bake’s et al. [[10] canonical entropy-
noise experiment, De Domenico’s et al. experiment [14], Noiray & Wellemann’s experiment [[15]], and Hirschberg’s et
al. entropy and normal-component-vorticity noise experiments [13} 16, [17]. Moreover, the practice of studying indirect
combustion-noise sources in isolation has also been successfully used for the development of analytical and numerical

indirect combustion-noise models [9, [18-21]].
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Of the two indirect combustion-noise sources, entropy noise has been the most widely studied, as evidenced by
the high number of citations of two seminal articles by Marble & Candel [18] and Ffowcs Williams & Howe [19]].
Marble & Candel’s one-dimensional (1D) modeling approach [18| [19], based on the notion of plane entropy-wave
interaction with a nozzle, appears to be the most widely applied. In contrast, Ffowcs Williams & Howe’s method
considers: three-dimensional patches of the fluid—with relative-excess density—convected by the flow [19].

Ffowcs Williams & Howe seem to have argued that “fo elicit in detail the physical mechanisms responsible for the
generation of sound” [19] the inclusion of acceleration/unsteadiness is an ineluctable ingredient for a model. Whereas,
Marble & Candel astutely pointed out: “When the scale of the disturbance impinging upon the nozzle is large in
comparison with the nozzle length ... the response of the nozzle is well approximated by a quasi-steady analysis. Though
limited in the range of frequency over which it is applicable, the results which follow from this approximation are simple
and extremely useful. The idea is simply that, to disturbances of very long wave length [sic], the nozzle appears as a
discontinuity in the state of the medium supporting the propagation; the state gradients ... become discontinuities. The
nozzle then provides matching conditions, between uniform upstream and downstream states, which may be derived
from conservation laws and the geometric description of the nozzle.”

For the case of choked-nozzle-flow experiments, Hirschberg et al. [17] used Marble & Candel’s above-quoted
observation, to formulate a bare-bones—essentially quasi-steady—model. Said model was validated by comparison
with Leyko’s et al. [20] simulation results [[17]. Moreover, Hirschberg et al. [17] pointed out that in the cases where
quasi-steady modeling is applicable: sound production is due to a temporary axial mass-flow rate change caused by the
passage of an entropy patch through the nozzle throat.

Given that Ffowcs Williams & Howe’s method is not limited to one-dimensionality, it allows for the investigation of
the entropy patch’s shape on sound production. Using their approach, Ffowcs Williams & Howe investigated the influence
of the entropy patch’s size on sound generation, which they termed “acoustic bremsstrahlung” or “bremsstrahlung”
[19]. In particular, they used their model to compare sound generation of a duct-sized entropy “slug” to a much smaller
spherical “pellet,” as these pass through a duct contraction or a nozzle [19]]. One should note that Ffowcs Williams &
Howe only considered low-Mach-number flow; viz., they did not consider choked-nozzle flows.

In the presently-reported study, inspired by Ffowcs Williams & Howe’s work, but with a focus on choked-nozzle-flow
cases, the authors investigated the influence of an entropy patch’s shape and more importantly its size on: the
upstream-traveling acoustic response due to the passage of an entropy patch. In particular, they sought to identify the

limits of the quasi-steady-modeling regime and elucidate the role of the entropy patch’s size and shape.
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II. Theory

A. Quasi-steady one-dimensional model

In the following: a model for the upstream observed acoustic pressure response p!,, due to the interaction of an entropy
patch of relative excess density p./p = (p — p)/p with a choked nozzle is derived. Here p and g are the density
with and without the presence of an entropy patch, respectively. The (unperturbed) base flow carrying the entropy
patch is taken to be steady. One assumes that p,/p is small enough, such that the entropy patch is carried by the base
flow without affecting it. Upstream from the nozzle, the flow is taken to be one-dimensional (1D); viz., the local flow
variables vary only in the axial direction and are taken to be locally uniform over a cross section at any particular axial
position x. Furthermore, it is assumed that the interaction-time scale of the entropy patch with the nozzle is significantly
larger than the travel time of a material element through the nozzle.

The local base flow Mach number M is defined as:

M ey

1l
o=

where u and c are the local axial velocity and speed of sound, respectively. For a choked nozzle M at the nozzle inlet is
fixed by its geometry. Hence, for the perturbations of the base flow velocity u” and speed of sound ¢’, at the nozzle inlet

one has:

== @

Assuming formation of an entropy patch of relative excess density p./p at constant pressure (isobaric process), for a

perfect gas, one finds

Pe_ o< 3)
p c
and after some algebra
’ _ 1 Pe
u'=-=|—|Mc 4)
2\p

Taking the positive flow direction to be from upstream to downstream, and assuming an infinitely long uniform duct

upstream from the nozzle, the acoustic pressure perturbation p;, observed upstream is

P s _ 1 {pe
Pu =Py =—pcu =3 (T) ypM 5
D

where p = pc?/y is the static pressure of the flow at the nozzle inlet. This result will be referred to as the quasi-steady
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Fig. 1 Fluctuating pressure discontinuity Ap at x = x,, in a uniform 1D ducted flow. Plane acoustic pressure
waves: p, and p’, emanate from Ap in the up- and downstream direction, respectively.

1D model or quasi-steady model, in the remainder of the text.

B. Quasi-one-dimensional point-mass model
Consider a sound source in the form of a fluctuating pressure discontinuity Ap at position x = x; in a duct of uniform
cross-section with a uniform 1D flow with Mach number M. The amplitudes of plane acoustic pressure p* and density

waves p*, are related as follows:

p*=cp* (6)

where the superscripts + or — indicate a plane wave traveling in the positive or negative direction with respect to the
uniform 1D base flow. For the acoustic velocity waves u*, one has
e

u =ip . @)

[

As sketched in Fig. [1} two plane waves are generated on either side of the pressure discontinuity: pj; and p, where
the subscripts # and d stand for up- and downstream, respectively. Assuming anechoic duct terminations, one can

express Ap in terms of the acoustic pressure waves emanating from it:

Ap=py—pa. ®)

Across the pressure discontinuity the mass flux pu is conserved, so that

Pyl + puy = py U+ pu, ©)

Using Egs. (6) and (7)), one finds the following expressions:
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Fig. 2 Acoustic pressure waves emanating from a fluctuating pressure discontinuity Ap located at x = x; in the
converging part of a choked nozzle. As the nozzle is choked and the flow is 1D, one has sonic line at x = xy,, viz.,
in the throat.

1-M
Py = —5Ap (10)
_ 1+M
Py = 5 —Ap (11)

where M is the Mach number at the sound source position x;.
Moving forward it will be assumed that the above result obtained for a uniform cross-section duct can be applied in
the subsonic parts of a choked nozzle with varying cross-sectional area A = A(x). In this quasi-1D approximation A

varies slowly in the flow direction, viz.,

Lnozzle %

—\/Z ™ << 1. (12)

where Lyozz1e 1S the length of the nozzle.
The acoustic wave p7, is partially reflected by the nozzle. Assuming quasi-steady behavior for this process, one can

apply Eq. () to an adiabatic pressure perturbation and after some algebra one finds:

Py—Pg _y—1Pg+p,

= 13
pcu 2y  pc? (13
which, when solving for the reflection coefficient R = p, /p¥, yields
1- XM
R= yf —. (14)
1+ TM;

The pressure fluctuation p;, moving upstream from Ap is
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Py =D, +RpY. (15)

Using Egs. and (TT), one finds

p==2L 1+ M)~ R (1= M) (16)

u

where M is the Mach number at x = x,;. The acoustic power emitted upstream is

— AS ’
(@51 = 2Pl (1= My (17)
s

s

At an upstream (observer) position x = x,,, the observed acoustic-power flow |<1>gb|, is

Aob
PobCob

N IpL1? (1= Mgp)?. (18)

Taking the energy transport to x = xop to be lossless, viz., that |®_, | = |®(|, one finds

, {pobcob Ay 1-M\ Ap
=4|——((1+M,)-R(1-M _— | = 19
|P0b| 05Cs Agp ((1+ M) ( s) (1 — Mob) 3 (19)

Assuming an entropy “point particle,” the excess mass is

Me E/ped3x, (20)

Ve
where the volume integral is taken over the volume of the entropy patch V.. By virtue of Newton’s second law, one has

that the walls of the nozzle have to exert a force Fx on the flow to provide the acceleration of the “point particle”

Fy=m, (u%) 21)

From Curle’s [22] analogy or Gutin’s [23] principle, one knows that an unsteady force of a wall on the fluid is a source

of sound. In this case, represents this dipolar sound source as the pressure discontinuity:

Fy
Ap = = 22
Ay @2)

Substituting Eq. (22) in Eq. (19), yields

’ PobCob 1 1-M; \ m, du
=B © (14 M) -R(1-M Me [, 2] 23
il =222 (1) RO M) () 5 o )
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Fig.3 S; and Sy, are the upstream half-duct height and the half height in the throat, respectively.

Using Bernoulli’s principle and isentropic perfect gas relations, one finds

y+l1

[PobCob 1+ YT_IMvz o (24)
pses \1+ yT_lMozb

and

el
2—; = Mis (1 + ;—:(Mf - 1))2(“) (25)
where Ay, = 451 Sn with Sy and Sy, the upstream half-duct height and the half height in the throat as defined in Fig. [3]
The convective acceleration, udu /dx in Eqs. (ZI)) and (22)), can be estimated from two-dimensional (plane) numerical
simulations of the stationary base flow (Appendix [A). When such estimations are used in Eq. (22) the results will be
said to have been obtained using the hybrid point-mass model or hybrid model.
In Fig. 4] results of this hybrid point-mass model are shown. Speciffically, the dimensionless upstream observed
acoustic response | pgble/ (meUlz) is shown as a function of the dimensionless source position (x; — x¢)/S; in the

convergent part of the nozzle upstream from the throat position xy,. The hybrid point-mass model results demonstrate

that |p, | is primarily generated close to the throat, at around (x5 — xi)/S1 = —0.1.

IT1. Numerical simulations: methodology
Systematic studies of entropy-spot-choked-nozzle interaction were carried out using Hulshoff’s state-of-the-art two-
dimensional (plane) Euler Internal Aeroacoustics code (EIA) [24H26], which solves the compressible frictionless

governing (Euler) equations:
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of 1
S
154 *
£
~
%
— i !
~_0
&
0.5¢ —— Hybrid point-mass model |
----- Nozzle inlet at = = xj,
= =Nozzle throat at x = x,
0 ‘

-0.5 -0.4 -0.3 -0.2 -0.1 0
(zs — xn)/S1
Fig. 4 Dimensionless upstream observed acoustic response |p/, [S ? /(m U 12) as a function of the dimensionless

source position (x; — x¢) /S| in the convergent part of the nozzle. The finely dotted and dashed vertical lines
indicate the position of the nozzle inlet and throat, respectively.

ap

LAV (pw = 0 (26)
ag;tu +V-(puu+pl) = pFg (27
OFE

ZLiV-((Er+pm) = Of (28)

ot

where Er = p(e + [u|?/2) is the total energy density, pFg is an external momentum source density and Qf is an
external energy source. The energy source term O was used to generate entropy patches. In conjunction with the heat
capacity ratio y = 1.4, the ideal gas law was used as an equation of state. The authors note that the external momentum
source Fr can be used to generate vortices, as was done by Hulshoff et al. [25] and Hirschberg et al. [7H9]]. Moreover,
the methodology applied here is essentially the same as was reported by Hirschberg et al. 8} 27]; viz.:

1) Computational meshes were generated.

2) A steady choked-nozzle base flow was established.

3) Unsteady entropy-spot-choked-nozzle-interaction simulations were performed, with the steady choked-nozzle
base flow as an initial condition (IC). Namely, entropy patches (circular spots or rectangular slugs) were generated
atop the IC.

In this section, the above steps are briefly expanded upon in §IIT.A] §IIL.B] and [TT.C| respectively.




Downloaded by Technische Universiteit Delft on July 17, 2024 | http://arc.aiaa.org | DOI: 10.2514/6.2024-3113

Block 3

Fig. 5 Geometry of the computational domain, with S; /Sy, = 3, used for the presently-presented study.

A. Computational mesh generation and information re numerical accuracy

In this subsection, details regarding mesh generation for the convergent-divergent-nozzle configuration used for
the present study are provided. In Fig.[5] the computational domain’s geometry for the configuration is shown. The
domain consists, from left to right, of: blocks 1 (green), 2 (red), 3 (yellow) and 4 (blue). Blocks 3 and 4 form a
convergent-divergent nozzle with a contraction ratio: S;/Sy = 3 (wWhere 25| is upstream channel height and 2S5y, is the
height at the nozzle throat), which for a choked-nozzle flows, corresponds to an upstream Mach number of M = 0.20.

To perform entropy-patch choked-nozzle interaction simulations: entropy patches were generated on block 1, in
which it was ensured that cells produced during mesh-generation: had a square shape—to minimize small asymmetries.
The entropy patches were generated by application of a non-uniform external energy source Qg (consult §III.C.2]for
details) on this block. Block 2 served as a transition from the generation block to block 3. This was done to gradually
change the mesh geometry whilst keeping the cells as square as possible. Block 3 contained the contraction part of the
convergent-divergent nozzle (its inlet). The lower wall of the contraction in block 3 was generated using the Henrici
transformation [28]] for the analytical model (with contraction length Leongaction/S1 = 1/2, for more info the reader is
invited to consult Ref. [29]). Finally, one had, downstream from the contraction, block 4: the diverging part of said
convergent-divergent nozzle (diffusor).

The number of points on each mesh was chosen to have a sufficient number of points per spot radius R; or half
slug width W, /2 of the entropy patch to ensure grid-independent solutions. The spatial discretization used for the
entropy-patch-nozzle-interaction simulations was based on a second-order total-variation-diminishing (TVD) Roe
approximate Riemann solver with a van Leer limiter [30]. A five-stage Runge-Kutta time marching method was used for
time integration. Using three meshes with 36, 54 and 81 points per R;/S; = 0.3, Hirschberg et al. determined:
the estimated order-of-accuracy to be 1.8 with a discretization error of approximately 1%. Ergo, for the purposes of
the presently-reported study meshes: were generated with at least 36 points per length-scale of the entropy patch used to
perform unsteady simulations.

The same number of points on the left-hand (inlet) boundary of block 1 were used on the right-hand boundary of

block 1 as well as the left- and right-hand boundaries of block 2. Furthermore, the number of points on the upper and

10
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lower channel walls of block 1 were chosen, such that the resulting cells were to a satisfactory degree square. The
change of a cell-surface area from cell to cell was kept as small as possible. Moreover, the number of points on the sides
of the individual blocks was kept divisible by four to allow a three-level explicit multi-grid (EMG) method to be used to
establish the base flow [24]. The initialization procedure of the choked-nozzle base flow is briefly described in the

following subsection.

B. Establishment of a steady choked-nozzle base flow
Before unsteady entropy-patch choked-nozzle interaction could be studied, a steady choked-nozzle base flow had to
be established on the computational domain (Fig.[5). Subsequently, this flow was used as an initial condition, atop
which entropy patches were generated to investigate: sound production due to entropy-patch choked-nozzle interaction.
Generation of entropy patches and the applied boundary conditions for the unsteady simulations are discussed in
In this subsection, the establishment of the base flow is described.
The boundary conditions [24], which were imposed to establish said base flow where:
* A “usoft” boundary condition on the upstream wall (on the left-hand-side of Fig.[5)). This boundary condition
imposes:
— adesired normal time averaged inflow velocity Uges,
— the local sound speed (which was set to one),
— the local density (which is set to one).
» Wall boundary conditions on the lower and upper walls of the channel (vanishing normal velocity).
* Connection boundary conditions on all the interfaces connecting the constituent blocks of the channel.
* A non-reflective boundary condition on the downstream domain boundary.

To determine the upstream inlet velocity, Uges, for a choked nozzle, the isentropic quasi-one-dimensional relation:

y+1 %
) (29)

was used [32]. The equation was solved numerically to determine: which inlet Mach number needs to be imposed to
ensure the establishment of a steady choked-nozzle base flow.

All the individual blocks of the mesh were assigned initial values of: the density, pinitial, the velocity Winiia = (1, v)
and the pressure pipiia- On blocks 1, 2 and 3 the following values were imposed: pinitial = 1, Winitial = (Uges, 0) and
Pinitial = €2 Pinitial/Y> Where y = 1.4 is the heat capacity for diatomic gas and c is the sound speed. ¢ was setto I m - s~
in the upstream blocks 1 and 2, by means of the “usoft” boundary condition [24]. On the downstream section of the mesh

(block 4): pinitial = 1, Winitia1 = (1,0) and pinitial = ¢ Pinitial/ (2y) were imposed. Consequently, the pressure in block 4

was lower by a factor two compared to the upstream blocks 1, 2, and 3. This ensured that no shock-wave was formed

11
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MachNumber
2.87%9e-03 0.48 095 1.42 1.8692e+00

(4.5,0.99),

(@)

3 2 1 0 1 2 3 4 5 6 7
x/S;
(b)

Fig. 6 Steady choked-nozzle base flow established for S| /Sy, = 3.

downstream from the sonic line in the contraction, and that the ultimately-reached flow remained supersonic in block 4.

The initial condition base flow (IC) to be used for unsteady entropy-patch choked-nozzle interaction simulations
was established using a three-level explicit multi-grid relaxation scheme. Spatial integration was performed using a
second-order total-variation-diminishing (TVD) Roe approximate Riemann solver with a van Leer limiter [24} [30].
Time marching was done using: a (5,2) Runge-Kutta scheme with a Courant number Co = 2 [24]]. The simulation was
run for more than a hundred-thousand time steps, with the aim of eliminating all transients. The resulting IC for the

contraction ratio S /Sy = 3 and an upstream inlet Mach number M = 0.20 is shown in Fig. @

C. Entropy-patch-nozzle-interaction simulations: boundary conditions and entropy-patch generation

In this subsection, the boundary conditions applied to carry out: unsteady entropy-patch choked-nozzle interaction

simulations are reported (§III.C.1J). Moreover, entropy-patch generation is succinctly covered in §III.C.2|

1. Boundary conditions, pressure-probe positions and emission time
The boundary conditions [24] applied for the unsteady entropy-patch-nozzle-interaction simulations, were:

* An acoustically non-reflective condition on the upstream wall (left-hand-side boundary on Fig. [5)—it:

12
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€T Optional probes used to verify a plane wave is recorded

o/

[ ]
o

Probe at (—2.75,0.5)S; (z,y) = (4.5,0)5

Fig.7 Probe positions

— mimics a connection to an infinite upstream channel,
— maintains the local average inflow velocity, density and sound speed imposed by the base flow as an initial
condition.
* A symmetry condition was applied on the dash-dotted boundary in Fig. 5]
» Connection boundary conditions on all the interfaces connecting the constituent blocks of the channel.
* Non-reflective boundary condition on the downstream end boundary (right-hand-side Fig. [5). The authors
note: because a choked-nozzle flow was considered, the choice of outflow boundary condition was not critical

(information cannot travel back upstream through a sonic line).

Wall boundary conditions on the walls of the channel.

The acoustically non-reflective boundary conditions imposed on the upstream boundary of the computational domain
allow one to record the upstream-traveling acoustic response due to entropy-patch-nozzle interaction, without: the
interference of downstream-traveling spurious acoustic reflections. Indeed, if one had imposed boundary conditions
which reflect acoustic waves, it would have significantly more difficult to separate the upstream-traveling acoustic wave
due to entropy-patch-nozzle interaction (the quantity of interest) downstream traveling acoustic waves. The latter are
due to reflections and engendered during the entropy-patch-generation phase. This methodology allows one to neatly
separate the different events in time. Ergo, cogently separating the quantity of interest, in terms of time signal, from
signals which are not pertinent.

To record the quantity of interest, the upstream acoustic response, p’, a probe was placed at Xprope = (—2.75,0.5)51
close to the computational domain’s upstream boundary (Fig. [7) to record: the pressure pprobe = Pprobe (#). The acoustic
response was determined using p’ = Pprobe (f) — Pprobe (fend)- The simulations were run for a time sufficiently long, to
ensure that when 7 = f¢pq: one could assume that the flow field had returned to its stationary base-flow state. The acoustic
response was determined to be a plane wave, by means of two additional probes, which were placed at (-2.75,0.52)S
and (-2.75,0.75)8 (indicated with the open circles in Fig. [7).

The travel time, t,, the time the acoustic wave took to reach the probe coming from the nozzle, was estimated as

follows:

13
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(a) Fully-mature entropy slug generated with Wy /(2S;) = 1.0

(b) Fully-mature entropy spot generated with Rg /S| = 1.0

(c) Fully-mature entropy slug generated with W /(2S1) = 3.0

|
i

(d) Fully-mature entropy spot generated with Rg /S| = 3.0

Fig. 8 Fully-mature entropy patches.

|Xpr0be — X
' 2 (30)
where [Xprobe — Xi| = 7.258] is the distance from the nozzle inlet (xjne; = 4.551) to the probe (Xprope = —2.75). Using

t;, the retarded time is defined as follows:

t,=t—t (31)

The upstream-recorded acoustic response signals, obtained from entropy-patch-nozzle-interaction simulations, will be

presented as a function of #, in §[V]

2. Entropy-patch generation

To generate a fully mature entropy patch—i.e., a slug or spot like the ones shown in Fig. [8}—the energy-source term Qf
in Eq.[28] was used. The entropy patch was generated by means of localized energy injection around a point, which
was convected with the base flow. The energy source Qg was chosen to be the following a function of the user-set

characteristic length of the to-be-generated entropy patch Lg—i.e., the spot radius Ry or half the slug width W, /2.
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Fig. 9 The upstream acoustic response scaled by the quasi-steady-model prediction vs. retarded time, for four
patch sizes: (a) Ry/S| = 3.0 and W,/(2S;) =3.0 & (b) R,/S; = 1.0 and W, /(2S;) = 1.0.

0, - ATE (1+cos (né)) if0< <L )
0if £ > Ly

where £ is the distance from the source center, which moves with the flow. The amplitude Ag is the following function
of time:

1 —cos (%’[) if 0 <t < Tgart

2AE 214f Tgtart <t < Totart + Tmax

= (33)

1+ cos 7 (t— (Tstart+ Tmax) )
Tend

) if Totart + Tmax < I < Totart + Tmax + Tend

0 for Tstart + Tmax + Tend < ! < fend

where the following parameters were user-set:
* Amax, the maximum amplitude.
* Tyart, the lapse of time during which generation is initiated and smoothly ramped up.
* Tmax, the lapse of time during which entropy-patch generation is done with the maximum global amplitude.
* Tend, the time during which the generation process is smoothly ramped down.
* fend, the time at which entropy-patch generation ends.

Le., entropy-patch generation comprises three phases, each of duration: Tgrt, Tmax and Tend.

IV. Numerical-simulation results and comparison to theory
In Fig. [9] the upstream acoustic response p’, scaled by the quasi-steady-model prediction (Eq. (3)), is plotted as a
function of time. To calculate the quasi-steady-model prediction: the relative excess density (p./p) was approximated

by its amplitude |p./p|max- Given that the entropy patches, which were generated, had negative excess density:
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Fig. 10 The upstream acoustic response amplitude vs. the entropy patch’s normalized characteristic length.

(Pe/P) = —|pe/Plmax Was used. Moreover, in Fig. [0} results obtained with two entropy-patch shapes—viz., an entropy
slug (solid line) and spot (dashed line)—are compared. The results shown in Fig.were obtained with W /(25) = 3.0
(Fig. and R,/S; = 3.0 ((Fig.[8(d))). Whereas the results in Figs. where acquired W /(2S;) = 1.0 (Fig.[8(a))
and R,/S; = 1.0 ((Fig.[8(b))). One observes that for R;/S; = W,/(2S;) = 3.0 and W/(2S;) = 1.0 the quasi-steady
model yields: a remarkably good prediction (especially for W /(2S) = 3.0) for the amplitude py,,,, which is the local
extremum in p’.

That said, in Fig. one observes a marked deviation from the quasi-steady-model prediction for the Ry /S| = 1.0
case. What’s more, in Fig. one observes a slight deviation of ca. 5%, between the quasi-steady-model predictions
for the slug and the spot, respectively. The authors note that the quasi-steady model is also quasi-1D in nature (§IL.A), to
wit, it cannot capture the effect of even subtle rounding of an entropy patch’s edges. This leads the authors to reason that
the shape and the size of the entropy patch: affect sound production due to entropy-patch-nozzle interaction.

To confirm the authors’ reasoning: a series of cetris paribus simulations were carried out with various entropy-slug
and -spot sizes; viz., Ry/S1 and W,/(2S) were varied. The results are shown in Figs.[I0(a)|and [[0(b)|for entropy slugs
and spots, respectively. From data in Fig. [I0]one gleans: quasi-steady modeling clearly captures the essence of sound
production due to entropy patch nozzle interaction—provided that the characteristic length of the patch Ly, be it Ry or
W, is about the same as or larger than the upstream-channel height. Ergo, in the case of a choked-nozzle flow for which
Ls/S1 = 2: entropy-patch-nozzle interaction is dominated by quasi-steady effects—going forward, this will be referred
to as the quasi-steady-modeling regime.

For Ly/S| < 2, the data in Fig. indicate that quasi-steady effects no longer dominate. With that in mind, the
authors reasoned that outside of said quasi-steady-modeling regime: inertial effects start to play a non-negligible role.
Moreover, the authors hypothesized that there is an inertial-modeling regime. To wit, a regime where acceleration of the
entropy patch through the choked nozzle plays an essential role in the establishment of the upstream acoustic response.

Furthermore, the authors reasoned that the said inertial regime would be most likely be attained when one considers
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Fig. 11 Comparison of the simulation’s upstream acoustic-response amplitude p,, to the associated hybrid-
model predictions pflybri 4 Vs. the estimated excess mass |m,| carried by the entropy patch.

entropy patches of very small extent. In other words, the authors reasoned that if the entropy patch is quite small—viz.,
point-particle like or in Ffowcs-Williams & Howe’s words: a “pellet’—the establishment of an upstream acoustic
response would be dominated by inertial effects. In particular, the authors reasoned that in said inertial-modeling
regime: convective acceleration would be the most consequential modeling ingredient.

To test the authors’ hypothesis re the existence of an inertial-modeling regime: the simulation results were compared
to the quasi-one-dimensional point-mass model (or the hybrid model) proposed in To do so the authors needed to
estimate the excess mass m, carried by the entropy patch—the reader is referred to appendix [B| for more information on
how this was done—in an unsteady entropy-patch-nozzle simulation.

In Fig. the simulation’s upstream acoustic-response amplitude p;,, is compared to its associated hybrid-model

prediction p;ybri ¢ In particular, pf,./ pflybri 4 1s shown as a function of the estimated excess mass |m.|/ (S? p) carried by
the entropy patch.
One observes that as |m.| becomes smaller—i.e., the size of the patch becomes smaller—p/ . / p},1ybri 4 becomes

order one; Viz., pp../ Phybria = O (1). This indicates, in the authors’ view, that there is indeed an inertial regime, and
that it is reached, when: sufficiently small entropy patches—i.e., for spots |m.|/ (S?ﬁ) < 1072, which corresponds to
Rs/S1 = 0.2 & for slugs Imel/(S?,E)) < 5% 1072, which corresponds Wy /(2S) = 0.2—engender the upstream acoustic
response as they are ingested by the choked nozzle.

The corollary to the data reflecting the existence of two clearly-distinct modeling regimes— viz., an inertial-modeling
regime for small enough entropy patches (Lg/S| < 0.2) and a quasi-steady-modeling regime for large enough patches
(Ls/S1 = 2)—is, that there is a regime between the aforementioned two regimes. Moreover, the authors posit: in said
connecting regime a blend of quasi-steady and inertial effects play a role in the generation of an upstream acoustic

response due to entropy-patch-nozzle interaction. Going forward, this posited regime will be referred to as: the
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blended-physical-effects regime.

This leads the authors to conclude: in the case of entropy-patch choked-nozzle interaction size and shape do matter.

V. Conclusion
Analysis of dedicated numerical simulations presented in this paper shows that, in the case choked-nozzle flows when
the characteristic length of the entropy patch L is roughly the same as or larger than the upstream channel height: sound
production due to entropy-patch-nozzle interaction is clearly dominated by quasi-steady effects. Ergo, if Ly/S; > 2
entropy-patch-nozzle interaction is said to be in the quasi-steady-modeling regime. Sound production due to the passage
of two types of entropy patches moving through a nozzle atop a steady-choked-nozzle flow were investigated; viz.,
rectangular slugs and circular spots. All the slugs had a height equal to that of the channel upstream from the choked
nozzle. In both cases, the size of the patches was varied by changing its characteristic length, to wit, the width of
the slug Wy or the radius of the spot R;. The presented analysis indicates that for small enough entropy patches,
Ls/S1 < 0.2, inertial effects govern the production of the upstream acoustic response. The authors propose that this
regime be referred to as the inertial-modeling regime. In addition, the data reflect that the aforementioned regimes
are clearly-distinct. Ergo, the authors posit: there is a regime between said two regimes, which they move be called:
the blended-physical-effects regime. In the later regime, the authors hypothesize: a blend of quasi-steady and inertial

effects play a role in the generation of an upstream acoustic response due to entropy-patch-nozzle interaction.

A. Hybrid point-mass model: convective acceleration estimation

As was alluded to in section one can estimate the convective acceleration term udu/dx in Eq. (23] from the
stationary base flow simulation result. To do this the Paraview functions “plot over line” and “spreadsheet view” were
used to extract the velocity data along the line between points (xi,, 0.9951) and (xy, 0.9951) as sketched in Fig.
The extraction line is sketched in Fig. [I2] as a black arrow in the streamwise direction. The spatial coordinates and
velocity data are exported as comma separated value files using the “export spreadsheet” functionality in Paraview’s
“spreadsheet view.” The values were extracted form a hundred equidistant points each separated by a distance AX. The
data were loaded into Matlab with the “readscv” function, and two arrays X and U with horizontal coordinates and
velocity were defined. The convective acceleration array A, was then estimated, as follows:

Ui-Ui

A= U 4
e = Ui T (34)

where the subscript i represent the i array element.
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Fig. 12 Sketch of line over which coordinates and velocity data were extracted with Paraview.

B. Excess-mass estimation
In this appendix an estimation of the the excess mass m, carried by the entropy patch is provided. Said excess mass

defined, as follows:

me = /ped3x (35)

Ve

in §B.A]and §B.B]this a relation used to estimate m, for circular spots and rectangular slug are derived, respectively.

A. Excess mass circular spot
Based on the density distribution in a mature spot, it is the authors judgment that a Gaussian distribution for p, can be
assumed. Thus, one has:

x2 + y2 r

2
Pe = Pe,ext EXP (_ R2 ) = Pe,ext €XP (_F) (36)

N N

Defining the upstream-channel width W, = ;. Moreover, assuming an unbounded space—i.e., not taking into account
spots with a radius larger than half the upstream-channel height. One can estimate the excess mass in a circular spot, as

follows:

me =~ W, / /pedxdy 37
which can obviously be rewritten as
Me = Wc/peZHrdr (38)
0
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Substituting Eq. [36] one finds:

¢ 2
me = che,ex[/exp (—%)2ﬂrdr 39)
0 N
s 2 2
r r
= che,extﬂRz/eXp (__) d(_) (40)
RY) \R}
0
which yields
Me = che,extﬂRz = Slpe,extﬂRz (41)

B. Excess mass rectangular slug
Based on the density distribution in a mature slug, it is the authors judgment that a Gaussian distribution for p, can be

assumed. Ergo, one has:

2
Pe = Peext EXP (‘(WXW) (42)

Taking upstream-channel height H. = 25 and its width is W, = Sy, the excess mass can be estimated as follows:

me = W.H. / podr (43)
= Wchpe,ext_/ eXP(—W)dX 44)
= Wchpe,extIint (45)
where
T = SEL. PR 46
/ e"p((ws/zﬁ) o

Taking the square of Ijn, one has
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int

x2
P (‘(Ws/zﬂ) &

(e8]

)C2 y2
(_ (WS/Z)Z) & / P (_ (Ws/2>2) @

a
>
o

x2 +y?

B (Ws/2)2) dedy

exp (

P~

r? Wy 2
exXp (—W) 27rdr=77(7) (47)

S 8 g t—p

Taking the square-root of this result, yields:

W
Ini = V7 (7) (48)

Substituting this result in Eq. (43]), one finds:
WS )
me = WeHeNm 7 Pe.ext = Sl Vﬂwspe,ext (49)
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