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This article is devoted to the antibump switched linear parameter
varying (sLPV) controller design for morphing aircraft under delayed
scheduling variables (or parameters), which is typically caused by lag-
ging measurements of the morphing extent. Such delayed scheduling is
formulated as the control disturbance and the asynchronous control in
the sLPV scheme, according to whether the current mode governed by
scheduling variables is correctly detected or not. The persistent dwell
time (PDT) switching signals are utilized in this article to describe
inherent slow and rapid switching phenomena for steady flight and
fast morphing, respectively, which is more applicable than the con-
ventional average dwell time (DT) or DT and covers them as special
cases. By adopting the detected-mode-based Lyapunov functions and
a smooth function, the stability condition is obtained for the under-
lying system, upon which the antibump sLPV controller allowing for
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delayed scheduling is designed, in contrast to the existing studies that
simply ignore the detection lag to allow the use of overlapped partitions
and scheduling-variable-dependent Lyapunov functions for different
modes. By an aircraft with a variable-sweep wing and an aircraft with
a deformable wingspan, the effectiveness and the superiority of the
proposed approach are demonstrated via simulations.

I. INTRODUCTION

The past decades have witnessed a rapid advance in
morphing aircraft [1], [2], [3], which is mainly motivated
by its ability of adapting structural configuration to various
tasks or environments for superior flight performance and
maneuverability. The structure morphing of the aircraft
also yields the variation of its dynamic model, such as
aerodynamic parameters and center of gravity, indicating
that the flight control system of the morphing aircraft is
not only nonlinear as the conventional aircraft but also
dependent on the current structural configuration. Under
such circumstances, the admissible controller with uniform
parameters is challenging to be obtained accurately, which
motivates the control design for the morphing aircraft to
include certain scheduling variables (or parameters in some
literature) related to the deformation extent of the struc-
tural configuration, especially when the aircraft is with a
large-range variation of the structure. However, in practice,
the measurements of the deformation extent are likely to be
with a time lag due to the detection time demands of sensors,
such as piezoelectric sensors [4] or cameras [5], leading to a
problem that the corresponding scheduling variables in the
designed controllers are delayingly obtained, i.e., delayed
scheduling.

Switched linear parameter varying (sLPV) systems, as
a powerful tool capable of modeling and control design in
a linear manner for nonlinear dynamics, have been exten-
sively utilized in aircraft flight control [6], [7], [8], [9]. In the
sLPV scheme for morphing aircraft, the deformation extent
of the structure is selected as scheduling variables to obtain
the linear control system with parameter-dependent matri-
ces, and the range of scheduling variables is further split
into several partitions for the separate control design. Such
a method not only improves the solvability but also provides
the possibility of control design for various performance at
different structural configuration as compared to conven-
tional LPV schemes, especially in the field of aircraft with
large-range morphing structure. However, in the scheme of
sLPV, the practical problem of delayed scheduling caused
by lagging measurements of the deformation extent has
not been considered yet. Once the designed controller is
scheduled via delayed variables, the system obtains dete-
riorative performance, and even becomes unstable when
the detected partition for controller scheduling is different
from the actual partition of the underlying system. The
issue of how to design an sLPV scheme allowing for the
delayed scheduling and the incorrect partition detection is
significant but largely open in the field.

As a kind of switched system, each partition of sLPV
is also known as a mode, where the change of the lo-
cal partition of scheduling variables is converted to the
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mode switching. In the existing studies [6], [7], [8], [10],
the mode switching of the sLPV system is described by
dwell time (DT) or average dwell time (ADT) switching
signals. Such slow switching signals require a minimum
duration or average minimum duration in one or several
modes, respectively, which limits the morphing speed to
suppress the maneuverability when the aircraft is required
to rapidly change the current structural configuration to the
desired one. Persistent dwell time (PDT), as a more general
switching signal that covers DT/ADT as special cases [11],
has been widely utilized in modeling the system with both
slow and rapid switching [9], [12]. However, such a suitable
switching signal has not been adopted in flight control
of morphing aircraft, despite the evident feature of the
underlying system with various switching characteristics
that the modes are constant for steady flight and frequently
change in the morphing process.

Moreover, since the control gains in the designed sLPV
controller are obtained separately for each mode, they will
be smoothly scheduled in one mode like common LPV does,
but are likely to jump at switching instants of modes. Then,
a bump phenomenon arises in control commands, which
may be unacceptable and hard to be realized by actuators
of the aircraft to correspondingly deteriorate the control
performance. To obtain the antibump sLPV controller, in the
existing studies [8], [13], an overlapped region is included in
the adjacent partitions, then the gains in overlapped regions
are obtained by interpolating for a smooth transition. How-
ever, as for the case of delayed measurements of scheduling
variables, the control gains are hard to be solved via the
schemes above since they are designed by requiring the
scheduling-variable-dependent or common Lyapunov func-
tions to decrease in all modes, where each mode corresponds
to the relatively large-range partition for overlap. Therefore,
it is urgent and significant to find a suitable control design
method to alleviate the control bump of sLPV accounting
for both the aforementioned delayed scheduling and rapid
mode switching, which motivates this study.

In this article, the problem of antibump sLPV control
design for morphing aircraft with delayed scheduling is
investigated. The main contributions are in the following
aspects.

1) In the sLPV scheme, the phenomenon of delayed
scheduling is treated either as the disturbed control
inputs or as the asynchronous control of the underly-
ing system, according to whether the detected and the
actual mode are matched or not, respectively, which
has not been considered before.

2) The PDT switching signal is adopted to describe both
slow and possible rapid mode switching, which is
more applicable for steady flight and fast morphing
of the aircraft as compared to existing DT/ADT
switching signals.

3) The detected-mode-based Lyapunov functions and
a smooth function are utilized for stability analysis
and antibump sLPV controller design for delayed
scheduling, instead of adopting overlapped partition

and scheduling-variable-dependent Lyapunov func-
tions without considering the measurement lag.

The rest of this article is organized as follows. The
considered problem is given in Section II, and the sLPV
system is modeled in Section III. In Section IV, the control
design approaches are obtained, where the advantages and
the effectiveness are demonstrated in Section V. Finally,
Section VI concludes this article.

NOTATIONS The notations utilized in this article are fairly
standard. The superscript T respresents matrix transposi-
tion, 0i× j stands for the zero matrix with i rows and j
columns, || · || refers to the Euclidean vector norm, G ≺ H
indicates that the matrix G − H is negative definite, and �

at (i, j) of the matrix means that it is the transposition of
( j, i) in the matrix.

II. PRELIMINARIES AND PROBLEM FORMULATION

Consider the nonlinear dynamic model of a morphing
aircraft ẋ′(t ) = f (x′(t ), u′(t ), ξ ), where x′(t ) and u′(t ) are
the states and control inputs of the flight control system,
while the n-dimensions vector ξ contains the selected
scheduling variables, which correspond to the deforma-
tion extent of the morphing aircraft. By linearizing the
dynamic model at adequate values of ξ , and using the
mathematical fitting for each parameter in system matri-
ces, the LPV model of a typical morphing aircraft can be
obtained as

ẋ(t ) = A(ξ )x(t ) + B(ξ )u(t ) (1)

where x(t ) and u(t ) are the increments of the states and
control inputs with respect to the trim point of the aircraft
at the current scheduling variables ξ , respectively, and
A(ξ ) and B(ξ ) are the Jacobian matrices with appropriate
dimensions, which vary as functions of the scheduling
variables ξ .

For control design, the underlying system (1) can be fur-
ther described via the polytopic system approach as A(ξ ) =∑

�Ak and B(ξ ) = ∑
�Bk , where k ∈ K indicates the

kth vertexes corresponding the upper or lower bounds of
scheduling variables ξ ∈ [ξ, ξ ], Ak and Bk are the vertex
matrices of the polytopic system, while � = ∏nξ

q=1(ξ q −
ξ q )/(ξ q − ξ q ) are the weights for the convex combination
of the polytopic system and ξ q is one of scheduling variables
in the vector ξ . By solving the controller gains Kk of the
polytopic system Ak and Bk via state feedback approach,
the scheduling variables-dependent stabilizing controller
u(t ) = K (ξ )x(t ) can be obtained by the convex combina-
tion of Kk as K (ξ ) = B−1(ξ )

∑
�BkKk . However, such

an approach requires the same control performance within
one polytopic system, which deteriorates the solvability of
the controller gains if ξ ∈ [ξ, ξ ] is of great range, thus
motivates the development of sLPV-based approaches [9].

Using the sLPV, the overall range of scheduling vari-
ables is split into different partitions to separately design
the LPV controller with respect to different control per-
formance, which not only increases the solvability of the
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Fig. 1. Illustration of modes and partitions in the scheme of sLPV.
(a) Partitions. (b) Modes.

flight controller but also leaves a possibility that the mor-
phing aircraft is with various flight performance at different
deformation extent. By modeling the dynamics in each
partition as an LPV system and treating it as one mode as the
common switched systems scheme does, an sLPV system
can be obtained, where the mode evolution is described by
a switching signal that jumps when the local partition of
scheduling variables changes. A general scenario of sLPV
is shown in Fig. 1, where the range of the scheduling vari-
ables is split as four partitions, and the corresponding four
modes are obtained. Once the scheduling variable crosses
the boundary of the partitions, the local partition changes
and the mode switches. Thus, the corresponding sLPV can
be described as

ẋ(t ) = Aσ (t )(ξ )x(t ) + Bσ (t )(ξ )u(t ) (2)

where the switching signal σ (t ) ∈ S = [1, s] is a piece-
wise and right-continuous function that describes the mode
switching, s is the number of modes that equals to the one
of the divided partitions of ξ , and the scheduling variables ξ

in Aσ (t )(ξ ) and Bσ (t )(ξ ) satisfy ξ ∈ [ξ
σ (t )

, ξσ (t )]. The system
can be stabilized by the sLPV controller u(t ) = Kσ (t )(ξ )x(t )
that synchronously switches as modes, where Kσ (t )(ξ ) can
be determined by the scheduling variable, the polytopic
system of the corresponding partition, and certain switching
logic of the switching signal σ (t ).

In the aforementioned LPV or sLPV approaches, the de-
signed controller is required to be synchronously scheduled
according to the current ξ , while the practical and possible
delayed scheduling caused by lagging measurements of
the deformation extent has not been considered to date,
as shown in Fig. 2. Also, for the controller design in the
scheme of sLPV in the existing studies, the DT and ADT

Fig. 2. Illustration of delayed scheduling in the scheme of sLPV via
antibump sLPV controller.

switching signals are commonly utilized to describe the
mode evolution, which introduces a lower bound to the
duration that the scheduling variables cross a partition to
limit the morphing speed. In addition, as a common problem
in the field of switched systems, the control gains are likely
to jump at the switching instants, where the suppression
approach shall be reinvestigated in the presence of de-
layed scheduling and relatively frequent mode switching
for possible lagging measurements and rapid morphing of
the aircraft, respectively.

The objectives of this article are to formulate a gen-
eral sLPV model with the consideration of both delayed
scheduling and rapid switching, and to design an antibump
sLPV controller for morphing aircraft flight control.

III. SLPV SYSTEM FORMULATION

In this section, the sLPV model for the delayed schedul-
ing and antibump control design is first formulated, then the
utilized PDT switching signals for description of the rapid
morphing of the aircraft are discussed.

A. Antibump sLPV Modeling for Delayed Scheduling

In the sLPV scheme of morphing aircraft, once the
scheduling variables denoted by ξ d are measured with a time
lag, the detected mode denoted by σd (t ) is likely to be not
the same as the actual mode σ (t ) since they are determined
by the local partition of ξ d and ξ , respectively, indicating
that the adopted controller will be u(t ) = Kσd (t )(ξ d )x(t ).
Also, considering the requirements of the antibump sLPV
controller design, once the mode switching is detected,
a duration is required to execute the smooth transition
between various controller gains. Then, according to the
possible mismatch between the local mode of the scheduled
controller based on ξ d and the actual mode determined by
ξ , and considering the smooth transition demands, each
mode is split into three modules consisting of synchronous
module, asynchronous module, and smooth module, which
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Fig. 3. Illustration of antibump sLPV system with delayed scheduling,
where ν(t ) = 0, 1, and 2 refer to the defined synchronous module,

asynchronous module, and smooth module, respectively, and the black
dots are the actual switching instants of modes.

is denoted by υ(t ) = 0, 1, and 2, respectively, as shown in
Fig. 3.

1) Synchronous Module: Although the sLPV con-
troller is delayingly scheduled, it is still in the same mode as
the actual one, i.e.,σd (t ) = σ (t ). In the synchronous module
of the mode denoted by i, the closed-loop system is given
by

ẋ(t ) = Ai(ξ )x(t ) + Bi(ξ )Ki(ξ
d )x(t )

= Ai(ξ )x(t ) + Bi(ξ )Ki(ξ )x(t ) + Bi(ξ )wii(t )

= Ai(ξ )x(t ) + Bi(ξ )uii(t ) + Bi(ξ )wii(t ) (3)

where uii(t ) is the controller via actual scheduling vari-
ables that can be easily determined by the convex combi-
nation Ki(ξ ) = B−1

i (ξ )
∑

�iBk
i Kk

i from the polytopic sys-
tem Ak

i , Bk
i of the current mode, and wii(t ) = (Ki(ξ d ) −

Ki(ξ ))x(t ) is the stochastic disturbance acted on the control
inputs that are caused by delayed scheduling. Considering
that the scheduling variables and the flight states of the
morphing aircraft vary with a limited speed in the required
range, i.e., ||ẋ(t )|| < ||ẋ(t )||, ||x(t )|| < ||x(t )||, and ||ξ̇ || <

||ξ̇ ||, it is straightforward that ||wii(t )|| is bounded in the
morphing process.

2) Asynchronous Module: The system has already
switched into the mode denoted by j, but the used controller
is determined by the scheduling variables in the previous
mode represented by i, i.e., σd (t ) �= σ (t ), which is also
named as mode asynchronization in the field of switched
systems [14], [15]. Then, the closed-loop system can be
obtained as

ẋ(t ) = Aj (ξ )x(t ) + Bj (ξ )Ki(ξ
d )x(t ) + Bj (ξ )wa

i j (t ) (4)

where the wa
i j (t ) is the disturbance on control inputs at

asynchronous module. It is worth noting that the difference
between the desired control gains Kj (ξ ) and the actual one
Ki(ξ d ) is not used here as the synchronous module, which is
because that the control gains between different modes may
be quite large to obtain great disturbance on control inputs,
so that it is more suitable to use the asynchronous control
method to analyze the effect as the existing studies do in the

field of switched systems [14]. Also, the disturbance wa
i j (t )

is relatively close to but not zero since the control input
for flight control is an increment to the trim point, which
may introduce slight perturbations on the control inputs (see
Example 2 in simulation for more details).

3) Smooth Module: This module is included in the sys-
tem after the asynchronous module to execute the smooth
transition of controller gains between adjacent modes when
the mode switching is detected, where σd (t ) = σ (t ) and
σd (t−

0 ) �= σd (t0). In this module, a transition controller us
i j =

fs(Ki(ξ b), Kj (ξ d ), x(t )) will be used, where fs is the smooth
function to be designed and Ki(ξ b) is the gains at the detected
switching instants. The closed-loop system can be obtained
by replacing the ui j (t ) and wii(t ) in (3) with us

i j (t ) and ws
i j (t ),

respectively, where ws
i j (t ) is related to the smooth function

fs for LPV controllers in adjacent modes and the disturbance
Kj (ξ d ) − Kj (ξ ) caused by delayed scheduling.

Based on the aforementioned analysis for sLPV via
three modules for delayed scheduling and smooth transi-
tion, an observer ẋ(t ) = Cx(t ) for states and a filter u̇(t ) =
−A f u(t ) + A f uc(t ) for control inputs are introduced to pro-
ceed the further control design of the underlying system,
then the formulated sLPV system with delayed scheduling
for antibump sLPV controller design can be concluded as

ẋ(t ) = Ac
σ (t )(ξ )x(t ) + Bcuc(t ) + Bww(t )

z(t ) = Ccx(t ) (5)

where σ (t ) describes the mode evolution of the system
(also the local partition of the current time), uc(t ) is the
antibump sLPV controller governed by the detected mode
σd (t ) and the defined module υ(t ) to smoothly transition at

the detected switching instants, Ac
σ (t ) =

[
Aσ (t ) Bσ (t )

0 −A f

]
, Bc =

[0, A f ]T, Bw = Bc, and Cc = C are the system matrices for
further controller design.

REMARK 1 In (5), the scheduling variables related matrices
Bσ (t ) are converted to a constant one Bc for further controller
design via a filter, which is commonly used in recent studies
for complex sLPV system to obtain the controller that
strictly ensures the stability of the sLPV system [9], and
the dramatic change of actual control input u(t ) is relevant
to the control bump of the uc(t ) at the switching instant. In
addition, for the original sLPV systems with constant Bσ (t ),
the filter is not required for the control design.

REMARK 2 The delayed scheduling may also yield slight
perturbations on the trim points of states and control in-
puts in certain flight control systems. The perturbation on
control inputs can be also alleviated via the designed con-
troller in this article by considering the H∞ performance in
Section IV, while the one on the states is the uncertainty of
the reference, which will cause a small bound related to the
difference between the measured reference and the actual
one [16] during the morphing process and it will be rapidly
eliminated once the morphing process is completed or the
morphing extent is accurately measured.
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B. Rapid Morphing Description Via PDT Switching
Signals

As a hybrid system, the property of mode switching σ (t )
is quite significant and is widely developed in recent years
in the sLPV scheme. Considering the requirements of both
rapid morphing and steady flight of the morphing aircraft,
the PDT switching signal is utilized in this article, which
covers both frequent and slow switching by formulating
a switching stage. As shown in Fig. 3, in one switching
stage, the mode with a duration larger than a constant τ

is formulated in the τ -portion, and the modes with rapid
switching of duration less than τ can be formulated in the
T-portion with an upper bound T [14].

Then, for the general scenario of the morphing aircraft,
where the aircraft is required to change its structural con-
figuration from the current to the desired one, the morphing
process can be formulated within the T-portion since the
scheduling variables rapidly cross certain partitions, and
other long-duration flight with constant structural configu-
ration is modeled within the τ -portion since the scheduling
variables maintain local partition. By the PDT switching
signals, the morphing of structural configuration can be
executed as fast as possible, unlike the existing DT/ADT
switching signals requiring a lower bound for the duration
of modes, resulting in a limited morphing speed.

In the conventional PDT switching signal in the field
of switched systems, the T-portion contains the modes
without the lower duration, which, however, a minimum
time is practically required for the scheduling variable to
pass through a partition and is determined by the physical
design of the morphing aircraft. In this article, we assume
that the delayed time is relatively slight and less than the
actual duration of the modes in theT-portion, then the rest of
the duration in the mode can be used as the smooth module
for antibump sLPV controller design. In the pth stage, by
denoting the start time of module 2, 1, and 0 of the (k + 1)th
mode as tp,k , t a

p,k , and t s
p,k , respectively, and defining the

maximum switching times as NT + 1, the PDT switching
signal considered in this article is of the conditions in-
cluding tp+1,0 − tp,NT = Tp ≤ T ≤ NT τp, tp,1 − tp,0 = τp ≥
τ , t s

p,k − t a
p,k = Ts, and t a

p,k − tp,k ≤ Ta, where Ta and Ts are
the upper bounds of the time lag of delayed scheduling and
designed duration for control transition, respectively.

REMARK 3 This article considers the general case that the
morphing aircraft rapidly and smoothly changes its cur-
rent structural configuration to the desired one, where the
phenomenon that the scheduling variable frequently moves
back and forth at the boundary of the partition is avoided.

REMARK 4 Since there exists an upper-bounded duration
for the morphing process, the disturbance w(t ) will still be
bounded even if x(t ) increases in the extreme case that the
system is unstable caused by largely delayed scheduling.

IV. CONTROL SYNTHESIS

In this section, the stability conditions and the H∞
performance of the underlying system are first derived, upon

Fig. 4. Illustration of energy variation of the formulated antibump
sLPV scheme for delayed scheduling via detected-mode-based Lyapunov

functions.

which the antibump sLPV controller is designed for the
morphing aircraft control with delayed scheduling.

A. Stability Analysis

Let us first derive the stability conditions of the for-
mulated nominal antibump sLPV system (5) for morphing
aircraft with delayed scheduling. By splitting equally the
smooth module as ns intervals for further control design,
the following stability condition can be obtained.

LEMMA 1 For the sLPV system (5) without disturbance,
let μi j > 1, 	i > 0, εi j ≥ −	i, and ϑm

i j ≥ −	 j be given
constants. If there exist positive-definite functions Vσd (t ),
and two class K∞ functions κ1 and κ2, such that for any
mode switching occurs from mode i to j

κ1(||x(t )||) ≤ Vσd (t )(x(t )) ≤ κ2(||x(t )||) ∀t ≥ 0

V̇i(x(t )) ≤ −	iVi(x(t )), ν(t ) = 0

V̇i(x(t )) ≤ εi jVi(x(t )), ν(t ) = 1

V̇j (x(t )) ≤ ϑm
i jVj (x(t )), ν(t ) = 2, s(t ) = m

Vj (x(t )) ≤ μi jVi(x(t )), σd (t ) = j, σd (t−) = i
(6)

where s(t ) is a piecewise and right continuous function and
its value m ∈ [0, ns − 1] refers to the (m + 1)th intervals
in the smooth module. Then, the sLPV system (2) without
disturbance is said to be globally uniformly asymptotically
stable (GUAS) under any PDT switching signals satisfying

τ >
f

	
[lnμ + Ta(ε + 	) + Ts(	, ϑm, ns)] − Tas (7)

where (	, ϑm, ns) = ∑ns−1
k=0 (	 + ϑm), f = NT + 1, Tas =

NT (Ts + Ta), 	, μ, ε, and ϑm are the minimum and maxi-
mum of variables 	i, μi j , εi j , and ϑm

i j , respectively.

PROOF The main method is to ensure the system energy
described by detected-mode-based Lyapunov functions de-
creases in each stage, and the details can be found in the
Appendix.

A scenario of the energy variation of the underlying
system is shown in Fig. 4, where the detected-mode-based
Lyapunov functions Vσd (t ) are utilized for the system energy
description for the solvability of the controller gains [15] in
the case of delayed scheduling. Also, in the smooth module,
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since the gains are smoothly transitioned, the duration Ts

is split equally into ns intervals such that the converge
rate is sampled at different instants, which is beneficial for
further design of antibump controller in the continuous-time
switched systems scheme (see Theorem 1 for more details).
In addition, compared to the common asynchronous PDT
switching [14], in Lemma 1, the converge rate εi j of the
asynchronous module can be set near to −	i instead of being
strictly positive since the system matrices are also dependent
on the scheduling variables that with a relatively slight
change at the asynchronous module near the switching
instants.

Now, we turn to the H∞ performance analysis of the for-
mulated antibump sLPV system for delayed scheduling for
morphing aircraft flight control, where the H∞ performance
expressed by the L2 gain γ is defined by

∫ ∞
t0

||z(t )||2dt ≤
γ

∫ ∞
t0

||w(t )||2dt under zero initial conditions [17], then the
following Lemma can be obtained.

LEMMA 2 For the sLPV system (5), let μi j > 1, 	i > 0,
εi j ≥ −	i, and ϑm

i j ≥ −	 j be given constants. If there exist
positive-definite functions Vσd (t ), two class K∞ functions κ1

and κ2, and a scalar γ0 > 0 such that for any mode switching
from i to j

κ1(||x(t )||) ≤ Vσd (t )(x(t )) ≤ κ2(||x(t )||) ∀t ≥ 0

V̇i(x(t )) ≤ −	iVi(x(t )) − �(t ), ν(t ) = 0

V̇i(x(t )) ≤ εi jVi(x(t )) − �(t ), ν(t ) = 1

V̇j (x(t )) ≤ ϑm
i jVj (x(t )) − �(t ), ν(t ) = 2, s(t ) = m

Vj (x(t )) ≤ μi jVi(x(t )), σd (t ) = j, σd (t−) = i
(8)

where �(t ) = zT(t )z(t ) − γ0 wT(t )w(t ). Then, the sLPV
system (2) is GUAS and has an nonweighted L2-gain (non-
weighted H∞ performance) no greater than γ = cγ0 under
the PDT switching signals satisfying (7), and

c =

√√√√ 	μ f e(	+ε) f Ta+ f (	,ϑm,ns )Ts

	 − f
T

lnμ − (	 + ε) f
T

Ta − f
T
(	, ϑm, ns)Ts

(9)

where T ≥ τ + Tas is the actual minimum duration of one
switching stage.

PROOF The main method is to analyze the time integration
of the disturbance w(t ) and the observer output z(t ), and the
details can be found in the Appendix.

From Lemma 2, it is straightforward that the H∞ perfor-
mance will be deteriorated by largely delayed scheduling
and long-time control transition, i.e., increasing Ta or Ts,
while it can be improved by increasing the PDT τ .

REMARK 5 The parameter c for H∞ performance expres-
sion is always a real number since both numerator and
denominator of the fraction under the root number are
positive real numbers. The value of the numerator can be
readily checked to be greater than 0 since 	 > 0, while the
value of the denominator to be positive can be ensured by
the PDT condition (7).

B. Controller Design

This subsection is devoted to the antibump controller de-
sign for morphing aircraft allowing for delayed scheduling
based on the obtained stability condition and H∞ perfor-
mance. To facilitate the expression, the notations Ac

σ (t )(ξ ),
Bc, uc, and Cc in (5) are denoted as Aσ (t )(ξ ), B, u, and C,
respectively, in the following development. For ∀i, j ∈ S ,
let Ak

i be the vertexes of the partitionAi of mode i, Aak
i j are the

vertexes of the maximum partitions Aa
i j related to the maxi-

mum delayed time T a and morphing speed when scheduling
from i to j, and Ask

i j are the vertexes of the polytopic system
of the smooth moduleAs

i j determined by given smooth time
Ts, χ (t ) is a smooth function that monotonously increases in
the smooth module with initial value of 0 and final value of
1. Apparently, the polytopic system for the switching from
i to j satisfies Aa

i j ⊂ As
i j ⊆ A j , since As

i j should cover any

Ta ≤ T a. Then, the antibump sLPV controller for delayed
scheduling can be obtained by the following theorem.

THEOREM 1 For the sLPV system (5), let μi j > 1, 	i > 0,
εi j ≥ −	i, and ϑm

i j ≥ −	 j be given constants. If there exist
positive-definite symmetric matrices Xi, matrices W k

i , and
γ0 > 0, such that for ∀σ (t ) = i, j ∈ S, (i �= j) and ∀k, r ∈
K

H(Ak
i Xi + BW k

i + XiA
kT
i + W kT

i Bk + 	iXi, Xi ) ≺ 0

H(Aak
i j Xi + BW r

i + XiA
akT
i j + W rT

i BT − εi jXi, Xi ) ≺ 0

Xi ≺ μi jXj (10)

and exists a function χ (t ) satisfying χ (0) = 0, χ (m Ts
ns

) ≤
χ ((m + 1) Ts

ns
), χ (Ts) = 1 such that ϑm

i j = χ (m Ts
ns

)	i − (1 −
χ (m Ts

ns
))μs

i j , and μs
i j satisfies

H(Ask
i j Xj + BW r

i j + XjA
skT
i j + W rT

i j B − μs
i jXj, Xj ) ≺ 0

(11)
where W r

i j = ∑
�i(ξ b

i j )K
r
i Xj , �i(ξ b

i j ) is the weights of the
partition i on the boundary between i and j, and

H(�, Xi ) =
⎡
⎣� Bw XiCT

� −γ 2
0 I 0

� � −I

⎤
⎦ . (12)

Then, the system will be GUAS with nonweighted H∞
performance (9) under any PDT switching signals satisfying
(7). In addition, if there exist admissible solutions for the
inequalities (10) and the function χ (t ), the antibump sLPV
controller with delayed scheduling can be designed as

uσd (t ) =
⎧⎨
⎩

∑
�i(ξ d )Kk

i , ν(t ) = 0, 1

χ (t )
∑

� j (ξ d )Kk
j + (1 − χ (t ))

∑
�i(ξ b

i j )K
k
i ,

ν(t ) = 2
(13)

where Kk
i = W k

i X −1
i .

PROOF The main idea is to carry out the necessary condi-
tions in Lemmas 1 and 2 via Schur complements of (10)
and (11), where the details can be found in the Appendix.

Based on the detected-mode-based Lyapunov functions,
it is straightforward that we can readily design the control
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gains for scheduling in different modes via (11), and then
find μs

i j satisfying (13). In such a scenario, any function
χ (s(t )) that monotonously increases from 0 to 1 within
smooth time Ts can be used, then the PDT condition and
the nonweighted H∞ performance for flight stability can be
computed by Ts(	, ϑm, ns) with sampling times ns, where
the required τ tend to decrease as ns increases.

As for the case of control design for a given duration
condition of different modes in morphing process, Theorem
1 can also be used by a pregiven factor μs′

i j by virtue of
the split intervals in smooth module for computation of
Ts(	, ϑm, ns). Specifically, under such circumstances, a
pregiven μs′

i j is used and ϑm
i j = μs′

i j is considered for pa-
rameter setting for PDT conditions in controller design. If
the controller designed by (10) satisfies (11), the antibump
controller can be obtained by any monotonously increas-
ing χ (t ) between [0, 1]. Otherwise, a ϑ0 = μs

i j > μs′
i j is

obtained, then the smooth function can be determined by
increasing the sample times ns and flexibly adapting ϑm

until the total energy variation speed in the smooth module
Ts(	, ϑm, ns) be less than the predesigned Ts(	, μs′

i j, 1).

REMARK 6 By virtue of the asynchronous module consid-
ered in this article, the act on the j of controller gains Ki(ξ b

i j )
is considered. Then, μs

i j can be easily designed via the given
constant for the asynchronous module, so that the computed
μs

i j is typically smaller than pregiven μs′
i j .

REMARK 7 Consider the form of the designed antibump
sLPV controller for delayed scheduling (13), the distur-
bance on control inputs (5) in the smooth module can be
expressed as ws

i j (t ) = χ (t )(Kj (ξ d ) − Kj (ξ ))x(t ).

REMARK 8 In this article, the utilization of the detected-
mode-based Lyapunov functions in the scheme of the
polytopic system of sLPV not only reduces the difficulty
of controller solving but also covers the issue of de-
layed scheduling, unlike the existing scheduling-variables-
dependent Lyapunov functions [8], [13], where a large
number of inequalities shall be solved and the issue of
delayed scheduling is ignored.

REMARK 9 The proposed approach treats the conventional
sLPV controller design methods as special cases. The sLPV
controller considering H∞ performance can be designed
by solving the first and the third inequalities of (10) in
Theorem 1 (see [9] for more details). By ignoring
the H∞ performance, H(Ak

i Xi + BW k
i + XiAkT

i + W kT
i Bk +

	iXi, Xi ) ≺ 0 in Theorem 1 can be modified as Ak
i Xi +

BW k
i + XiAkT

i + W kT
i Bk + 	iXi ≺ 0, then the corresponding

sLPV controller can be obtained by solving the inequality
together with Xi ≺ μi jXj .

REMARK 10 In this article, the asynchronous module be-
tween adjacent modes is considered, as shown in Fig. 3 and
Theorem 1. Then, the delay of scheduling variables can be
handled when the delayed scheduling variable and the actual
scheduling variable are in the adjacent partitions. Also,
the robustness of the proposed controller is quantitatively
evaluated by the nonweighted L2-gain, which describes the

Fig. 5. Illustration of actual and detected morphing of Firebee, which is
described by actual and detected variation of scheduling variable,

respectively.

robustness to not only the delayed scheduling but also the
uncertainties on control inputs.

V. SIMULATION

In this section, two classes of typical morphing aircraft
described by the LPV model and the original dynamic
model, respectively, are considered to demonstrate the ef-
fectiveness and the advantages of the proposed antibump
sLPV controller for morphing aircraft in the presence of
delayed scheduling.

A. Example 1: LPV Model of Firebee

The LPV model of morphing aircraft named
Firebee [18] with a variable-sweep wing is adopted,
where the scheduling variable ξ = (ν − 15)/ν ∈ [0, 3] is
defined by the angle of the sweep wing ν with respect to
its range ν ∈ [15 deg, 60 deg], then the short-period LPV
model can be described as [8][

�α̇

�q̇

]
=

[
a11(ξ ) 1
a21(ξ ) a22(ξ )

] [
�α

�q

]
+

[
b11(ξ )
b21(ξ )

]
�δe (14)

where the expression of a11(ξ ), a21(ξ ), a22(ξ ), b11(ξ ), and
b21(ξ ) can be found in the Appendix; α, q, and δe are
the attack angle, angle velocity, and elevator deflection,
respectively. By the filter of control input �δ̇e = −k f �δe +
k f �δec with k f = 1, the LPV model (14) is converted to⎡

⎣�α̇

�q̇
�δ̇e

⎤
⎦ =

[
A(ξ ) B(ξ )
01×2 −k f

] ⎡
⎣�α

�q
�δe

⎤
⎦ +

[
02×1

k f

]
�δec (15)

where A(ξ ) and B(ξ ) can be derived from (14), and δec is the
virtual control input to be designed, which is also known as
the next-level actuator of the elevator [19].

Here, we consider a test scenario that the aircraft contin-
uously changes its structural configuration under nonzero
initial conditions to verify the effectiveness and advan-
tages of the developed controller on transient performance.
The angle variation of the sweep wing is governed by
ξ = 1.5 sin(t/1.8 + 1.2 − π/2) + 1.5, and the maximum
delayed time of measurements is 0.2 s, as shown in Fig. 5.
The LPV system (15) is formulated as the sLPV system
with six modes, where the range of the scheduling variable
ξ is split equally to obtain the corresponding six partitions,
i.e., ξi ∈ [0.5i − 0.5, 0.5i] in the mode i ∈ [1, 6]. Then the
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Fig. 6. State response and control inputs of the Firebee with delayed scheduling under various initial values, where the utilized controllers are
designed by the schemes include the common LPV, sLPV, and H∞ sLPV in previous studies, and d-sLPV (sLPV considering delayed scheduling) and

ad-LPV (antibump sLPV considering delayed scheduling) in this article. The subfigures (a)–(d) and subfigures (e)–(h) are obtained with the initial
conditions [−0.1, 0.05]T and [0.2, −0.05]T, respectively. (a) Attack angle. (b) Velocity of attack angle. (c) Elevator deflection. (d) Actuator input.

(e) Attack angle. (f) Velocity of attack angle. (g) Elevator deflection. (h) Actuator input.

modes 1 and 6 are with long duration while others are with
relatively short duration.

The antibump sLPV controller for delayed scheduling
denoted by ad-sLPV is designed via Theorem 1 using μi j =
1.5, [	1, 	2, 	3, 	4, 	5, 	6] = [2, 0.8, 0.8, 0.5, 0.5, 2], γ 2

0 =
0.1 that has been optimized, εi j = −	i + 0.1, smooth func-
tion χ (t ) = sin[ (t−t a

i )
Ts

· π
2 ] with Ts = 0.2 s, where the asyn-

chronous module covers 60% of the total partition to be
reached, to obtain the PDT condition τ > 2.8547 and H∞
performance γ < 2.7647 for the actual morphing process.
Three controllers in existing studies are utilized for com-
parison, including common LPV [20], sLPV [7], H∞ sLPV
developed in literature [9]. The common LPV controller
is designed via 	 = 0.5, while the utilized parameters 	i,
μi j in sLPV and 	i, μi j , γ0 in H∞ sLPV controllers design
are the same as the designed ad-sLPV controller for fair
comparison. Also, to show the effect of the smooth function
of control transition, a controller denoted by d-sLPV is
designed under the scheme formulated in this article without
the smooth module, where the parameters are identical to
the designed ad-sLPV controller.

Fig. 6 shows the state response and control input of
the flight control system of Firebee under the different
initial conditions, where subfigures (a)–(d) and subfigures
(e)–(h) correspond to the initial condition [�α, �q]T =
[−0.1, 0.05]T, [0.2, −0.05]T, respectively, which are slight
perturbations in the rapid-switching T-portion to show
the advantages of the proposed antibump sLPV controller.

Using common LPV and sLPV, peak values of 0.15 and
0.078 rad are obtained in Fig. 6(a), which implies a relatively
great overshoot as compared to the steady state. By sLPV,
the adjusting time for reaching the steady state is 3.569 s that
is shorter than the one using LPV (6.066 s). Compared with
both sLPV and LPV, the H∞ sLPV, which treats the delayed
scheduling on control inputs as disturbance, alleviates the
great overshoot and reduces the adjusting time to the steady
state since it obtains a small peak value of 0.003 rad and
adjusting time of 2.389 s. Using the modeling approach
proposed in this article, the d-sLPV controller and the ad-
sLPV controller obtain better transient-state performance
than the aforementioned controllers, where the peak values
are 0.00226 and 0.00245 rad, while the adjusting time is
2.246 and 2.316 s, respectively. Using ad-sLPV, although
the transient performance is a little lost (only as com-
pared to d-sLPV), it obtains a more smoothly transitional
control input than both d-sLPV controller and H∞ sLPV
controller, where the elevator deflection and the next-level
actuator input are shown in Fig. 6(c) and (d), respectively.
Fig. 6(e)–(h) are the state responses and control inputs under
the initial value of [0.2, −0.05]T, where the performance
of ad-sLPV is the best as compared to other controllers
in terms of smooth control inputs, small overshoot, and
little adjusting time. Hence, for the transient performance,
the effectiveness and advantages of the designed antibump
sLPV controller for delayed scheduling (i.e., ad-sLPV) are
demonstrated.
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Fig. 7. Altitute variation of Navion L-17 with delayed scheduling in the different cases of morphing speed and measurement delay, where the captions
of subfigures (a, b) stand for the morphing duration Tm = a and time lag of delayed scheduling T a = b. The adopted controllers are obtained via the
schemes include LPV, sLPV, and H∞ sLPV in pervious studies, and d-sLPV (sLPV considering delayed scheduling) and ad-sLPV (antibump sLPV

considering delayed scheduling) in this article. (a) (5, 0.05). (b) (4, 0.05). (c) (3, 0.05). (d) (2, 0.05). (e) (4, 0.02). (f) (4, 0.03). (g) (4, 0.04). (h) (4, 0.06).

Fig. 8. Flight control performance of Navion L-17 with delayed scheduling with the morphing duration Tm = 4 and time lag of delayed scheduling
T a = 0.05, where the adopted controllers are obtained via the schemes include LPV, sLPV, and H∞ sLPV in pervious studies, and d-sLPV (sLPV

considering delayed scheduling) and ad-sLPV (antibump sLPV considering delayed scheduling) in this article. (a) Morphing extent. (b) Attack angle.
(c) Angle velocity. (d) Airspeed. (e) Elevator deflection. (f) Throttle valve opening.
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B. Example 2: Dynamic Model of Navion L-17

In this example, the original dynamic model of mor-
phing aircraft with a variable wingspan named Navion
L-17 [21] is utilized. The objectives here are to verify the
control performance in a general scenario, where the aircraft
in steady flight with the current structural configuration is
required to rapidly deform to the another structural con-
figuration and to keep steady flight again. The scheduling
variable is defined as the morphing extent of the wingspan
ξ = �b/b ∈ [0, 1], where �b and b are the current and
the maximum length of the wingspan, respectively, then
the longitudinal dynamics of Navion L-17 can be described
by [22]

V̇ = Tδt δt

m
cos α − ρV 2SwCD(ξ, α)

2 m
− g sin(θ − α)

α̇ = q − Tδt δt

mV
sin α − ρV 2SwCL(ξ, α, δe)

2 mV
+ g

V
cos(θ − α)

θ̇ = q

q̇ = ρV 2SwcACM (ξ, α, δe)

2Iy

ḣ = V sin(θ − α) (16)

where V , α, θ , q, and h are the states of the flight control
system that refer to airspeed, attack angle, pitching angle,
velocity of pitching angle, and altitude, respectively; δe and
δt are the control inputs that stand for elevator deflection and
throttle valve opening, respectively;CD(ξ, α),CL(ξ, α, δe),
and CM (ξ, α, δe) are the coefficients of corresponding axes
related to the morphing extent of the wingspan; Tδt , m, Sw,
g, ρ, cA, and Iy are the constant parameters of Navion L-17
that stand for thrust coefficient, mass, aera of wing, gravity,
air density, mean aerodynamic chord, moment of inertia of
pitch, respectively (see [22] for more details). Considering
that the aircraft is in steady flight at h = 1524 m and V =
34 m/s, then the LPV model can be formulated as⎡

⎢⎢⎢⎢⎣
�V̇
�α̇

�θ̇

�q̇
�ḣ

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

a11(ξ ) a12(ξ ) −9.8 0 0
a21(ξ ) a22(ξ ) 0 1 0

0 0 0 1 0
a41(ξ ) a42(ξ ) 0 0 0

0 −34 34 0 0

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

�V
�α

�θ

�q
�h

⎤
⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎣

0 0.0331
−0.0789 0

0 0
−4.5436 0

0 0

⎤
⎥⎥⎥⎦

[
�δe

�δt

]
(17)

where the expression of ai j (ξ ) (i ∈ [1, 2, 4] and j ∈ [1, 2])
can be found in the Appendix, �q = q − 0, �h = h − 0,
�δe = δe − 0.0196ξ 3 + 0.0604ξ 2 + 0.0548ξ + 0.2532,
and �δt = δt + 7.7211ξ 3 − 22.6867ξ 2 + 28.9719ξ −
28.1335.

In the considered scenario, the aircraft keeps steady
flight at minimum or maximum wingspan, and the structural
configuration deforms rapidly between them. The range
of the scheduling variable ξ ∈ [0, 1] is split equally into

four partitions including ξ ∈ [0, 0.25], ξ ∈ [0.25, 0.5], ξ ∈
[0.5, 0.75], and ξ ∈ [0.75, 1], which indicates there are four
modes denoted by 1, 2, 3, and 4, respectively. Considering
the steady flight and rapid morphing requirements, the mode
1 and mode 4 only appear in the τ -portion, while the mode
2 and mode 3 shall be in the T-portion.

The aircraft is required to achieve the rapid morphing
via ξ = 0.5 sin( t−tm

Tm
π − π

2 ) + 0.5, where tm and Tm are the
start time and total time of wingspan morphing, respectively.
Suppose that the maximum morphing extent detection time
delay is Ta ≤ 0.06 s and the maximum morphing speed
is ξ̇max = 0.8/s, then the antibump sLPV controller for
delayed scheduling (i.e., ad-sLPV) is designed via Theo-
rem 1 with μi j = 1.2, [	1, 	2, 	3, 	4] = [0.3, 0.1, 0.2, 0.3],
γ 2

0 = 0.1 that has been optimized, εi j = −	i, smooth func-
tion χ (t ) = sin[ (t−t a

i )
Ts

· π
2 ] with Ts = 0.13 s, where the asyn-

chronous module covers 20% of the total partition to be
reached. Then, the PDT condition τ > 5.1096 and H∞ per-
formance γ < 0.8248 for the actual morphing process are
obtained, which is suitable for any total morphing time Tm

satisfying the physical constraints aforementioned. For the
case that morphing time is quite great, the PDT switching
signal will convert to the one with DT/ADT property, where
the designed controller can also be used since the intractable
rapid-switching T-portion is avoided. On the contrary, it is
difficult to use DT/ADT switching signals for controller
design since the actual duration of modes 2 and 3 is quite
small that requires relatively great 	i and small μi.

For comparison, three controllers in previous work,
including common LPV [20], sLPV [7], and H∞ sLPV [9],
and a controller obtained via Theorem 1 without smooth
module that is denoted by d-LPV in this article are utilized,
where 	 = 0.1 is used in the common LPV, and the param-
eters 	i, μi j , εi j , and γ0 in corresponding schemes are the
same as the designed ad-LPV controller for fair comparison.

The control performance is tested under differ-
ent morphing conditions, including the rapid mor-
phing duration Tm = 2, 3, 4, 5 s and the actual maxi-
mum time lag of the morphing extent detection Ta =
0.02, 0.03, 0.04, 0.05, 0.06 s. The variations of altitude of
Navion L-17 under different morphing duration Tm =
2, 3, 4, 5 s and time lag Ta = 0.05 s are shown in Fig. 7(a)–
(d), while Fig. 7(e)–(h) depict the altitude variations under
same morphing duration Tm = 4 s and various time lag
Ta = 0.02, 0.03, 0.04, 0.06 s. For the desired tracking error
�h = 0, the maximum tracking error is reduced when using
ad-sLPV and d-sLPV, where they reduce the tracking error
about 20%, 45%, and 60% as compared to H∞ sLPV, sLPV,
and LPV, respectively. It is obvious that using d-sLPV and
ad-sLPV, lower tracking error of altitude can be obtained
under any morphing speed and time lag as compared to other
controllers. Specifically, from Fig. 7(a)–(d), the tracking er-
ror increases as the morphing duration decreases, while one
can find that the tracking error decreases as the maximum
time lag of morphing extent decrease from Fig. 7(e)–(h).
The variations of the states and control inputs of Navion
L-17 under Tm = 4 s and Ta = 0.05 s are shown in Fig. 8,
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where the morphing of the aircraft is shown in Fig. 8(a).
Fig. 8(b) shows the state variation of attack angle, where
the trim value is also related to the scheduling variable,
and the designed ad-sLPV controller shows its superior
capability on both tracking error alleviation in the morphing
process and rapidly reaching the steady state when the
morphing is completed. For the angle velocity in Fig. 8(c)
and the airspeed in Fig. 8(d), a similar conclusion for steady-
state performance, as demonstrated in the above subsection
for transient-state performance, can be obtained that the
controllers designed via H∞ sLPV, d-sLPV, and ad-sLPV
schemes achieve obviously better performance as compared
to common LPV and sLPV. Also, the controllers designed
via d-sLPV and ad-sLPV in this article achieve less tracking
error than H∞ sLPV in the presence of delayed scheduling,
and ad-sLPV realizes a smooth transition as compared to
the other controllers based on sLPV schemes, as shown in
Fig. 8(e) and (f) for the elevator deflection angle and throttle
valve opening, respectively.

Based on the LPV model of Firebee and the original
dynamic model of Navion L-17, the effectiveness and the
superiority of the formulated sLPV model for delayed
scheduling via PDT switching signals and the correspond-
ing antibump sLPV controller design method are verified.

VI. CONCLUSION

The issue of antibump sLPV controller design for mor-
phing aircraft in the presence of delayed scheduling is
investigated in this article. The delayed scheduling is for-
mulated as the disturbance to control input and the asyn-
chronous control for synchronous and asynchronous mode
detection in sLPV, respectively, which has not been con-
sidered before. The mode switching is described via PDT
switching signals, which are applicable to rapid morphing
requirements and cover the conventional DT/ADT switch-
ing signals as special cases. The antibump sLPV controller
design approach for the underlying system is carried out
via a smooth function and detected-mode-based Lyapunov
functions, where the effectiveness and the superiority are
verified by simulations. The utilization of the proposed
method on the practical morphing aircraft is worthwhile
for further investigation. Also, the developed ideas and
techniques can be extended to other unmanned systems with
delayed measurements of scheduling variables of nonlinear
dynamics related to plants themselves or the surrounding
environments [23], [24], [25].

APPENDIX

A. Proof of Lemma 1

In the (k − 1)th mode of the pth stage, define the
detected-mode-based Lyapunov functions in the T-portion
as Vp,k , and denote the start time of the mth divided intervals
in the smooth module as t s,m

p,k , where m ∈ [0, ns] and t s,0
p,k =

t a
p,k , t s,ns

p,k = t s
p,k . Then, k ∈ [1, NT ] is included in the rapid-

switching T-portion, and k = 0 appears in the τ -portion. In
the T-portion of the pth stage, for ∀t ∈ [t s

p,n, tp+1), n < NT ,

we can have that

Vσ (t )(t ) ≤ Vp,n(t s
p,n)e−	p,n(t−t s

p,n )

≤ Vp,n(t s,ns−1
p,n )eϑns−1

p,n (t s
p,n−t s,ns−1

p,n )e−	p,n(t−t s
p,n )

≤ · · · ≤ Vp,n(t s,0
p,n)e

∑ns−1
k=0 ϑk

p,nTs/ns−	p,n(t−t s
p,n )

≤ μp,nVp,n−1(t a
p,n)e

∑N−1
k=0 ϑk

p,nTs/ns−	p,n(t−t s
p,n )

≤ μp,nVp,n−1(tp,n)eεp,n(t a
p,n−tp,n )

× e
∑N−1

k=0 ϑk
p,nTs/ns−	p,n(t−t s

p,n ) ≤ · · ·

≤ Vp,1(tp,1)
NT∏

k=1

μp,keεp,k (t a
p,k−tp,k )+∑ns−1

m=0 ϑm
p,kTs/ns

≤ μNT Vp,0(tp,1)eNT ·(ε·Ta+
∑ns−1

m=0 ϑmTs/ns )

≤ Vp,0(tp,1)eNT (lnμ+εTa+Ts(ϑm,ns )).

Then, in the τ -portion of p-stage with DT τp, we have

Vp,0(tp,1)

≤ μp,0Vp−1,n(tp,0)eεp,0Ta+Ts(ϑm
p,0,ns )−	p,0(tp,1−t s

p,0 )

≤ μp,0Vp−1,n(tp,0)e(εp,0+	p,0 )Ta+Ts(	p,0,ϑ
m
p,0,ns )−	p,0τp.

Thus, in the pth stage, one has

Vσ (t )(t ) ≤ μNT μp,0Vp−1,n(tp,0)e(εp,0+	p,0 )Ta+Ts(	p,0,ϑ
m
p,0,ns )

× eNT (lnμ+εTa+Ts(ϑm,ns )) × e−	p,0τp.

Let λp =NT lnμ + lnμp,0 + (εp,0+	p,0)Ta−	p,0τp+NT εTa

+ Ts(NT ϑm, 	p,0, ϑ
m
p,0, ns) ≤ f (lnμ + (ε + 	) + Ts(	,

ϑm, ns)) − 	Tas − 	τ < 0, then we have the PDT condition
(7), and the system energy variation as the stage evolution
follows that

Vσ (t )(t ) ≤ eλpVσ (tp)(tp) ≤ · · · ≤ eλp+λp−1+···+λ0Vσ (0)(t0)

which ensures the stability of the underlying system. �

B. Proof of Lemma 2

By using the same definitions of time instants as
Appendix A, for the pth stage, consider w(t ) �= 0, we have

Vσ (t )(t ) ≤ Vp,n(t s
p,n)e−	p,n(t−t s

p,n ) −
∫ t

t s
p,n

e−	p,n(t−l )�(l )dl

≤
[

Vp,n(t s,ns−1
p,n )eϑns−1

p,n Ts/ns −
∫ t s

p,n

t s,ns−1
p,n

eϑns−1
p,n (t s

p,n−l )

× �(l )dl

]
e−	p,n(t−t s

p,n ) −
∫ t

t s
p,n

e−	p,n(t−l )�(l )dl

≤ Vp,n(t s,ns−1
p,n )eϑns−1

p,n Ts/ns−	p,n(t−t s
p,n ) − e−	p,n(t−t s

p,n )

×
∫ t s

p,n

t s,ns−1
p,n

eϑns−1
p,n (t s

p,n−l )�(l )dl −
∫ t

t s
p,n

e−	p,n(t−l )�(l )dl

≤ · · · ≤ Vp,n(t s,0
p,n)e

∑ns−1
k=0 ϑk

p,n
Ts
ns

−	p,n(t−t s
p,n )

− e
∑ns−1

k=1 ϑk
p,nTs/ns−	p,n(t−t s

p,n )
∫ t s,1

p,n

t s,0
p,n

eϑ1
p,n(t s,1

p,n−l )
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× �(l )dl − · · · − e−	p,n(t−t s
p,n )

∫ t s
p,n

t s,ns−1
p,n

eϑ sn−1
p,n (t s

p,n−l )�(l )dl

−
∫ t

t s
p,n

e−	p,n(t−l )�(l )dl

≤ μp,nVp,n−1(t a
p,n)e

∑ns−1
k=0 ϑk

p,n
Ts
ns

−	p,n(t−t s
p,n ) − · · ·

−
∫ t

t s
p,n

e−	p,n(t−l )�(l )dl

≤ μp,nVp,n−1(tp,n)eεp,n(t a
p,n−tp,n )+∑ns−1

k=0 ϑk
p,n

Ts
ns

−	p,n(t−t s
p,n )

− μp,ne
∑ns−1

k=0 ϑk
p,n

Ts
ns

−	p,n(t−t s
p,n )

∫ t a
p,n

tp,n

eεp,n(t a
p,n−l )�(l )dl

− e
∑ns−1

k=0 ϑk
p,n

Ts
ns

−	p,n(t−t s
p,n )

∫ t s,1
p,n

ta
p,n

eϑ1
p,n(t s,1

p,n−l )�(l )dl

− · · · −
∫ t

t s
p,n

e−	p,n(t−l )�(l )dl.

By considering the zero initial condition and the worst case
as Lemma 1, one can conclude∫ t

t0

μN (t,l )e−	Tsyn(t,l )+εTasy(t,l )+(ϑm,ns )Tsmo(t,l )�(l )dl ≤ 0

where N (l, t ) is the switching times between l and t , while
Tsyn(l, t ), Tasy(l, t ), and Tsmo(l, t ) are the total time of the
synchronous module, asynchronous module, and smooth
module, respectively, between l and t . By denoting a factor
ι = f

T
≤ f

τ+Tas
, then, we have

0 ≤ N (t, l ) ≤ (t − l )ι + f

0 ≤ Tasy(l, t ) ≤ (t − l )ιTa + f Ta

0 ≤ Tsmo(l, t ) ≤ (t − l )ιTs + f Ts.

For �(l ) = ||z(l )||2 − γ 2
0 ||w(l )||2, one has∫ t

t0

e−	(t−l )||z(l )||2dl ≤ γ 2
0

∫ t

t0

μ(t−l )ι+ f × e−	(t−l )

× e(	+ε)[(t−l )ι+ f ]Ta+[(t−l )ι+ f ](	,ϑm,ns )Ts ||w(l )||2dl

Let c0 = μ f e(	+ε) f Ta+ f (	,ϑm,ns )Ts and c1 = ιlnμ−	 + (	 +
ε)ιTa + ι(	, ϑm, ns)Ts, then, we have∫ t

t0

e−	(t−l )||z(l )||2dl ≤ c0γ
2
0

∫ t

t0

ec1(t−l )||w(l )||2dl.

It follows that∫ ∞

0

∫ t

t0

e−	(t−l )||z(l )||2dldt ≤ c0γ
2
0

∫ ∞

0

∫ t

t0

ec1(t−l )||w(l )||2dldt

which equals to∫ ∞

t0

∫ ∞

l
e−	(t−l )||z(l )||2dldt ≤ c0γ

2
0

∫ ∞

t0

∫ ∞

l

ec1(t−l )||w(l )||2dldt

one has∫ ∞

t0

1

	
||z(t )||2dt ≤ c0γ

2
0

∫ ∞

t0

− 1

c1
||w(t )||2dt .

Thus, we have∫ ∞

t0

||z(t )||2dt ≤ −c0	

c1
γ 2

0

∫ ∞

t0

||w(t )||2dt .

Hence, the parameter c in L2 gain from γ = cγ0 =√
− c0	

c1
γ0 can be concluded as (9), which ends the proof.�

C. Proof of Theorem 1

Consider the detected-mode-based Lyapunov functions
Vi = xTPix, for the synchronous module, to satisfy (10), the
following inequality shall be ensured:

V̇i(t ) + 	iVi(t ) + zT(t )z(t ) − γ 2
0 wT(t )w(t ) = xT(t )Pi(Ai(ξ )

× x(t ) + Bww(t )) + (Ai(ξ )x(t ) + Bww(t ))TPix(t )

+ 	ix
T(t )Pix(t ) + (Cx(t ))T(Cx(t )) − γ 2

0 wT(t )w(t )

=
[

x(t )
w(t )

]T [
PiAi(ξ ) + Ai

T
(ξ )Pi + 	iPi + CTC PiBw

� −γ 2
0 I

]

×
[

x(t )
w(t )

]
< 0 (18)

which equals to[
PiAi(ξ ) + Ai

T
(ξ )Pi + 	iPi + CTC PiBw

� −γ 2
0 I

]
≺ 0

then, we have[
PiAi(ξ ) + Ai

T
(ξ )Pi + 	iPi PiBw

� −γ 2
0 I

]

−
[
CT

i (ξ )
0

]
(−I )

[
Ci(ξ ) 0

] ≺ 0.

Using the lemma of Schur complements, one has⎡
⎣PiAi(ξ ) + Ai

T
(ξ )Pi + 	iPi PiBw CT

� −γ 2
0 I 0

� � −I

⎤
⎦ ≺ 0.

By contragradient transformation via diag{P−1
i , I, I}, one

has the following inequality shall be negative-definite:⎡
⎣Ai(ξ )P−1

i + P−1
i Ai

T
(ξ ) + 	iP

−1
i Bw P−1

i CT

� −γ 2
0 I 0

� � −I

⎤
⎦ .

By considering Ai(ξ ) = Ai(ξ ) + BKi(ξ ), and letting Xi =
P−1

i , Wi(ξ ) = Ki(ξ )P−1
i , one has

H(Ai(ξ )Xi + BWi(ξ )+XiA
T
i (ξ ) + W T

i (ξ )B+	iXi, Xi ) ≺ 0.

(19)
Considering the property of polytopic system Ai(ξ ) =∑

�iAk and Wi(ξ ) = ∑
�iW k , the first inequality of (10)

can be obtained.
As for the asynchronous module, following the similar

operation as (18) to (19), and considering Aa
i j (ξ ) = Aa

i j (ξ ) +
BKi(ξ d ), V̇i(t ) − εi jVi(t ) + zT(t )z(t ) − γ 2

0 wT(t )w(t ) < 0
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equals toH(Aa
i j (ξ )Xi + BWi(ξ d ) + XiAaT

i j (ξ ) + W T
i (ξ d )B −

εi jXi, Xi ) ≺ 0. For ∀ξ in mode j, the above inequality can
be ensured via the vertex combination of ξ d in mode i if the
following condition holds:

H(Aa
i j (ξ )Xi + BW r

i + XiA
aT
i j (ξ ) + W rT

i B − εi jXi, Xi ) ≺ 0

where Wi(ξ d ) = ∑
�i(ξ d )W r

i . By further considering the
polytopic system for the asynchronous module, i.e.,
Aa

i j (ξ ) = ∑
� a

i jA
k
j , where � a

i j corresponds to the weights
� j that varies in the asynchronous module of the mode j,
then, the second inequality in (10) can be obtained.

For the smooth module, we use a smooth function
χ (t ) such that control gains transition from the final
gains: Ki(ξ b

i j ) = ∑
�i(ξ b

i j )K
k
i = ∑

�i(ξ b
i j )W

k
i X −1

i in mode
i to the detected-scheduling-variables-dependent gains:
Kj (ξ d ) = ∑

� j (ξ d )Kk
j = ∑

�i(ξ d )W k
j X −1

j in mode j.
From (11), for the scalar μs

i j , we have

H(A
s
i j (ξ )Xj + XjA

sT
i j (ξ ) − μs

i jXj, Xj ) ≺ 0

where A
s
i j (ξ ) = As

i j (ξ ) + BKi(ξ b
i j ) that reflects the effect

of Ki(ξ b
i j ) on the Aj (ξ ) in the smooth module of the

mode j. Considering H(Aj (ξ )Xj + XjA
T
j (ξ ) + 	 jXj, Xj ) ≺

0 adapted from (19) for mode j and As
i j (ξ ) ⊆ Aj (ξ ), we

have

(1 − χ (t ))H(A
s
i j (ξ )Xj + XjA

sT
i j (ξ ) − μs

i jXj, Xj )

+ χ (t )H(Aj (ξ )Xj + XjA
T
j (ξ ) + 	 jXj, Xj ) ≺ 0

which equals to

H((As
i j (ξ ) + B(χ (s(t )Kj (ξ ) + (1 − χ (t )Ki(ξ

b
i j )))Xj

+ Xj (A
s
i j (ξ ) + B(χ (s(t )Kj (ξ ) + (1 − χ (t )Ki(ξ

b
i j )))

T

+ χ (t )	 j − (1 − χ (s(t )))μs
i jXj, Xj ) ≺ 0.

For the monotonically increasing function χ (t ), we have
χ (m Ts

ns
) ≤ χ (t ) for ∀t in the (m + 1)th interval of t ∈

[m Ts
ns

, (m + 1) Ts
ns

]. Then, in the (m + 1)th interval, by letting

ϑm
i j = χ (m Ts

ns
)	i − (1 − χ (m Ts

ns
))μs

i j , one can have that (11)
can be ensured by the designed controller (13) in the smooth
module with the disturbance χ (t )(Kj (ξ d ) − Kj (ξ ))x(t ), i.e.,
V̇i − ϑm

i jVi + zT(t )z(t ) − γ 2
0 wT(t )w(t ) < 0.

Then, consider the inequality Xi ≺ μi jXj , we have Pj ≺
μi jPi, i.e.,Vj (x(t a

j )) < μi jVi(x(t a
j )) at the detected switching

instants. Hence, all the necessary conditions in Lemma 2 are
achieved, so the sLPV controller obtained in this theorem
satisfies the PDT conditions (7) and H∞ performance (9),
then the proof is completed. �

D. Parameters of LPV Models in Simulation

Parameters in LPV model of Firebee

a11(ξ ) = 0.2255ξ − 1.3967

a21(ξ ) = 0.0876ξ 2 − 0.4889ξ − 0.3775

a22(ξ ) = 0.4489ξ − 0.8229

b11(ξ ) = 0.00034ξ − 0.001638

b21(ξ ) = 0.000053ξ 2 − 0.044151ξ − 0.143984.

Parameters in LPV model of Navion L-17

a11(ξ ) = −0.0081ξ − 0.0056

a12(ξ ) = −0.7190ξ + 4.4794

a21(ξ ) = −0.0036ξ − 0.0109

a22(ξ ) = −1.4225ξ − 1.4559

a41(ξ ) = −0.0661ξ + 0.0049

a42(ξ ) = −5.9986ξ − 7.9386.
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