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Abstract This paper presents a mathematical analy-
sis of an extended model describing a sea ice-induced
frequency lock-in for vertically sided offshore struc-
tures. A simple Euler—Bernoulli beam as model for
the offshore structure is used, and a moving boundary
between an ice floe and the structure itself is introduced.
A nonlinear equation for the beam dynamics is found
by using an asymptotical approach and a Galerkin pro-
cedure. It is shown analytically that a frequency lock-
in regime occurs during ice-induced vibrations (IIV),
when the dominant ice force frequency is closed to a
natural frequency of the structure. For beams, perturbed
by small nonlinearities and a small damping, the con-
cept of quasi-modes is introduced. A quasi-mode is a
linear combination of the usual eigenmodes. The large
time behaviour of solutions at the instability onset is
determined by a single quasi-mode, which is maximally
linearly unstable.The beam model analysis leads to the
conclusion that an interaction between a moving ice
floe and a structure can lead to a “negative friction” for
particular values of the ice floe parameters. From the
analysis presented in the paper it follows that the lock-
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in regime occurs when simultaneously two phenomena
are present: a forcing resonance and a “negative fric-
tion”.

Keywords Ice induced vibration - Lock-in - Quasi-
mode - Negative friction - Moving contact

List of symbols

w = w(z,t) Transverse displacement of the
beam

Z Vertical ~ coordinate  (along
the beam axis)

X Horizontal coordinate (along the
ice rod axis)

—H Coordinate of the lower edge of
the beam

Hy Coordinate of the top of the beam

t Time

subscripts z, x, ¢ Indicating partial derivatives with

respect to z,x and ¢, respectively

D Beam bending rigidity

mo Beam mass per unit length

a>0 Viscous damping coefficient of
the beam material

7 Force acting on the beam due to
the ice rod

u=u(x,t) Longitudinal ice rod displace-
ment

E Ice Young’s modulus
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A= (A1, Ay, ...

¢ = (91,92, ...
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Ice rod cross sectional area

Ice rod damping coefficient

Ice rod mass per unit length
Force occurring in the rod due to
its side-surface contact with oth-
ers ice rods

Ice friction coefficient during its
side-surface contact

Coefficient relating the shearing
strain in the ice rod
Characterizes the rod compres-
sion which is caused by stresses
due to the ice rod compression in
the transverse direction by other
ice rods

Ice rod thickness

Coefficient determining the rate
of decrease of the displacement
u over the ice rod length
Poisson ratio

The total shift of the ice rod
Relative ice velocity

Shift of the ice rod as a result of
ice breaking

Length of an ice block that split
off the ice rod, each time it breaks
Time instants when the ice rod
crushes

Heaviside step function

Pressure in the ice

Critical pressure in the ice when
it breaks

Ice sound velocity

Small parameter

Natural frequencies of the beam
Slow time

Eigenvalues of the initial-
boundary value problem
Breaking frequency of an ice rod
Amplitude of the n-th oscillation
mode of the beam

Phase of the n-th oscillation mode
of the beam

Infinite sequences of the func-
tions A, (1)

Infinite sequences of the func-
tions ¢, (7)

Average amplitude of the beam
vibration

i Unit imaginary number

1 Introduction

Bottom fixed offshore structures subjected to dynamic
loading due to drifting ice may experience large ampli-
tude vibrations. The reason for this undesirable behav-
ior is the phenomenon of ice-induced vibrations (IIV),
and in particular its frequency lock-in (FLI) regime.
The FLI regime starts when the ice force frequency is
close to a natural frequency of the structure. The IIV
phenomenon includes 3 regimes: an intermittent crush-
ing, a continuous brittle crushing, and a FLI which is the
most dangerous from the practical point of view. The
amplitudes of vibrations during an intermittent crush-
ing and continuous brittle crushing are smaller than
those in the FLIregime. The physical mechanism of IIV
is nowadays explained by two theories: the force vibra-
tion theory, and the self-excited vibration theory. The
first theory indicates that steady IIV regimes depend
on the breaking frequency of the ice sheets [22,29,33].
The second theory explains the initiation of the steady
regimes by negative damping occurring during an ice
structure interaction [5,23]. Based on experiments and
field observations some new coupled models for ITV
were developed [1,2,9,12,14,16,21,25,33]. In these
models the structure is usually described as a one or
atwo degree of freedom oscillator with a linear or non-
linear structure rigidity. Depending on the IIV model,
a linear or nonlinear rheological model for the ice was
chosen. Only a few models exist which describe the
structure as a continuous structure. The flexibility of a
structural model is usually represented through a finite
number of assumed modes [8,11,19,27,32,37]. The
models introduced in the aforementioned papers lead
to a system of nonlinear ODE:s that usually is analyzed
and solved numerically. A semi-analytical method to
approximate the behavior of the structure during a FLI
regime is suggested in [32] based on solutions of the
ODEs. The physical mechanism of the FLI was anal-
ysed in [18] by incorporating the Van der Pol equation
into the model of IIV.

This paper proposes an analytical analysis of a new
model. The model assumes that both the structure and
the ice floe are continuous mechanical systems with
a moving contact between the beam and the ice. By
extending existing models we incorporate this moving
contact in the analysis of the beam and the ice floe
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dynamics. The novelty with respect to existing models
is that the function which describes the movement of
this contact is not prescribed but unknown, and should
be found. By considering continuous models for the
interacting structure and ice, gives us a possibility to
describe the appearance of a second oscillation mode of
the structure during their interaction. Existing models
are not providing such a possibility. A nonlinear ODE
for the beam dynamics is finally obtained and inves-
tigated with the help of an asymptotic approach. The
following results are obtained. An asymptotic formula
shows how the negative friction depends on the relative
ice velocity and other system parameters. We show that
a frequency lock-in regime is a result of a simultaneous
action of two physical mechanisms: a forced resonance
and a negative friction. First, a resonance of the struc-
ture caused by regular breaking of the ice floe occurs.
Then, for a particular value of the ice floe velocity this
resonance leads to a negative friction. As a result the
amplitude of the structure vibration becomes large.The
structure instability occurs at the two first natural fre-
quencies of the beam. We observe two pitchfork bifur-
cations, a direct one leading to the instability onset, and
an inverse one, which produces damping.

This paper is organised as follows. In Sect. 2 of this
paper the problem is formulated, and in Sects. 3 and 4
the problem is solved approximately by using asymp-
totic methods. In Sect. 5 asymptotic expressions for
the ice rod displacement are found. Stability issues and
resonances are discussed in Sect. 6, and finally in Sect.
7 some conclusions are drawn.

2 Statement of the problem

In this section of the paper an Euler—Bernoulli beam
model for an offshore structure interacting with an ice
floe is formulated. The most important symbols which
are used in this paper are the following one.

As suggested in [2,12] the ice floe is considered as
a system of ice rods. Considering only one rod follows
from the theory introduced in [35]. It is also assumed
that the ice during the FLI regime is always in contact
with the structure as suggested in [12]. A vertical beam
and a moving ice rod are shown schematically in Fig. 1.
Based on these assumptions, the equation describing
the beam dynamics is given by:

Dwgzz; + mowys + @Wyzzze = wd(2), (D

Z:Hz

ice floe

beam

Z:-Hl
Sl

Fig. 1 Dynamic beam model of the ice-structure interaction

where w = w(z, t) is the transverse displacement of the
beam, z is a vertical coordinate (along the beam axis),
z € (—Hj, H»), subscripts z, t are indicating partial
derivatives with respect to z and ¢, D is the bending
rigidity of the beam, m( is a mass of the beam per unit
length, and o« > 0O1is a viscous damping coefficient, and
the term cw,;,,; is the Kelvin—Voight damping term,
which describes a lateral structural damping. The term
18 (z) simulates the localized action (due to presence of
delta-functions) of the ice rod on the platform (beam)
at surface level z = 0, where u depends on the state of
the ice rod. For Eq. (1), the following initial conditions
are used:

w(z,0) =0, w(z,0)=0. )

The boundary conditions are as follows. We use
clamped boundary conditions at the lower edge of the
beam atz = —H;:

w(z, 1) = wy(z,1) =0 3)

and the following free end conditions at the top of the
beam ( [4]) at z = H>:

Dw . (z,1) + awzy
= Dwy;; (2, 1) + aWyzz|=H, = 0. (@]
The term p in (1) defines a force acting on the beam
due to the ice rod, and this term is given by
EF
== G+ 8oy )0 5)

where u = u(x, t) is the longitudinal ice rod displace-
ment, subscripts x, ¢ are indicating partial derivatives

@ Springer
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with respect to x and ¢, E is the ice Young’s modulus,
F is the ice rod cross sectional area, and &g is the ice
internal, structural damping coefficient. The term u,
in the right hand side of (5) defines the contribution
of linear deformations, and the term u,; is the ice vis-
cosity term. To simplify notations, let us introduce the
auxiliary quantity

dq
q(0) =0, It o =0
The boundary conditions at x = ¢(¢) (moving bound-
ary) also can be found in many other problems (see
forinstance [3,10,30,39]) where, oscillations in axially
moving cables are considered. The following equation
describes the dynamics of the ice rod, which is defined
on the semi-infinite domain I; = {x : ¢(t) < x < 00}
(see [2,35)),

q(t) =w(0,1),

FUyy — MUy + Solixxs = Q, (6)
0 =—BGsy —u) —ko(s —u), @)

where u(x,t) is the unknown ice rod displacement,
m > 0 is the ice rod mass per unit length, Q is a force
occurring in the rod due to its side-surface contact with
others ice rods in the space around the rod in the ice
floe that is considered in (6). The ice rod is drifting
along the x-axis. The parameters 8, r, 8o, and kg are
positive. The coefficient g is the ice friction coefficient
during its side-surface contact, the coefficient r is the
coefficient relating the shearing stress and the strain in
the ice rod, and thus defines “the load spreading capac-
ity of the foundation” according to [35]. The parameter
ko characterizes the rod compression which is caused
by stresses due to the ice rod compression in the trans-
verse direction by otherice rods. Note thatr = 4;/5—}-‘%1))’
where 7 is the ice rod thickness, the parameter v is the
Poisson ratio, the parameter y is a coefficient determin-
ing the rate of decrease of the displacement u over the
icerod length and can be found experimentally (see also
[35] for further details). The parameter ky = 5 (fh;;z

In other words, the ice rod behavior can be modelled
by a generalized spring and a generalized dashpot as
suggested in [20]. The function s(¢) describes the shift
of the ice rod, and we suppose that s(¢) is defined by

s(t) = —vt + p(), 3

where v > 0 is the relative ice velocity, and

pt) =) duH(t —1n). ©)

n=1

@ Springer
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Fig. 2 This plot shows a typical dependence of s(z) on time.
The parameter values are d = d,, = 1, At = t,,41 — 1, =5, and
v=02

Here, t,, are time instants when the ice rod crushes at
x = ¢q(t); d, are the lengths of ice blocks that split off,
and H (z) stands for the Heaviside step function. See
also Fig. 2 for a typical dependence of s(¢) on time.
The time instants #, are defined by the condition

p(ty) = pe, (10)

that is, when the pressure p in the ice attains a criti-
cal level p.. The pressure p can be computed by the
relation

v(t —t,)

1) = pp———, 11
p{t) = po— 0 an
where #,, is the moment of the previous break, and py =
(uxmc?))b:o is the initial pressure in the rod, where
co = +/r/m is the ice sound velocity. Therefore, the
ice rod breaks are determined by the relation
V(41 — In)
—" = p.. 12)

5 (tn1) ‘

We take the following boundary conditions for
u(x,t)

u(q(), 1) =q@) =w(,1), (13)
ux,t) >0 x - +oo. (14)

ptnt1) =p

The condition (13) is a contact relation between the ice
rod and the beam, and the condition (14) is a radiation
condition at infinity. The initial conditions for u are
given by

u(x,0) = ¢o(x), u(x,0) =p1(x),
x € (q(0), 00), (15)
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where ¢; (x) for j = 1, 2 are fast decreasing functions
in x for x — oo satisfying the compatibility conditions
with (2), that is,

$0(q(0)) =0, ¢1(g(0)) =0.
It is also assumed that
;)| < cjexp(=bjx), bj,c; >0, (16)

where b}, ¢; are arbitrary constants.

Notice that the differential equations, boundary and
initial conditions can be transformed to a dimensionless
form when we rescale the variables. For the rescaling,
the following relations are used: x = x/h, g = q/h,
§S=s/h,w=w/hi=u/hd=d/hc}=E/m,
U =v/co, I = tco/h, @ = a/mocoh?, B = hB/mco,
D = D/mo(coh)?, ko = koh®/mc}, 8o = Soco/h,
€ =ko/ c(z)F .

It is obvious that the parameter € is small. To sim-
plify notations, we omit now the bars and obtain the
equations:

Dwgzzz + wye + awy = €Uy + Soux)8(2) | x=q () (17)
where 7 € [—Hy, H>], and

Uyx — Uy — Buy — kou + oty

= —Bs; —kos, t >0, q() <x < o0, (18)

where the initial conditions are

q0) =0, ¢,0) =0, (19)
u(x,0) = ¢o(x), u(x,0) = p1(x),
q(0) < x < o0, (20)

and where the boundary conditions for w and u are
given by (3-5) and by (13), (14).

In the next sections we will approximate the solution
of the initial-boundary value problem (17-20).

3 Galerkin decomposition for w(z, t)

As a first step, in solving the initial-boundary value
problem (17-20) we apply a Galerkin decomposition
for w(x, t).

We seek the beam displacement w(z, ¢) in the form
as used in the standard Galerkin method:

w(z, 1) =Y Wa)Yu(2), 1)

n=1
where W, (¢) are unknown time-dependent coefficients
and v, (z) are eigenfunctions of the corresponding

spectral problem (see also Appendix 1):

T 22)
satisfying the boundary conditions

Vn(@le=—t = Vn (Dle=—m =0 (23)
at the bottom, and

Vn, D=t = ¥n.. (D]z=H, =0 (24)

at the top of the beam.

The linear operator (defined by those equations and
boundary conditions) is self-adjoint. So, the eigenval-
ues A, are real and positive, and the corresponding
eigenfunctions v, are orthonormal. For the coefficients
W,, one obtains from (17) the following system of ordi-
nary differential equations:

d*W,(t dW, (¢
dt’;( Lo dnt( 2+ 2, W
=uW)y,0), n=12,..., (25)

where §2,, are natural frequencies of the beam. Note
that i depends on the coefficients

W =Wy, Ws,...)

due to the boundary conditions at the beam-ice rod con-
tact (see 5, 17), and therefore Eq. (25) can be consid-
ered as an infinite system of coupled oscillators. That
coupling, as we will see in the next sections, leads to
nonlinear effects and bifurcations.

4 Asymptotic solutions for the amplitude
coefficients in w(z, 1)

The asymptotic approach to study the system of equa-
tions (25) is well known, see [6,7]. Let T = €1 be a slow
time. It is assumed that « = e, where 0 < o < C,
with C a positive constant independent of €. Further-
more, it should be observed that the right-hand side
of (17) is of order € and depends on ¢ and ¢g. For that
reason we look for solutions W,, of (17) in the form

Wy =Wyolt,t) +eW,1(t,7) +..., (26)
where

Wh,o = An(7) SIn(§2,1 + ¢u (7)),

and where the amplitude A, and the phase ¢, are

unknown slowly time-varying functions. From (26) it
follows that

0 Wn0 = (21 + €¢n) An(T) cOS(£2,1 + $u (7))
+ €An () sin(§2,1 + ¢ (7)),

@ Springer
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and

dWno = — 22 cos(2,t + ¢ (7))
+ 2682, (A cOS(2,1 + ¢y (7))
— Ap@ny SIn(2ut + ¢ (1)) + O(€2).

By substituting these relations into (25), and by taking
together terms of order €, one obtains the following
equation for W, 1:

Waty + 25 Wat = Su(A, ¢, 1, €), 27)
where
Sy =282, (—Anr cos(2t + ¢ (7))
+ Anur SNt + 0(0)) + Ra(A, §,1), (28)

and

Ry(A, ¢, 1) = n(W(A, $) ¥ (0)
— a2, A, cos(2,t + ¢n (1)), (29)

and where A = (A1, Az,...) and ¢ = (¢1, P2, ...)
denote infinite sequences of the functions A, (r) and
¢n(t) withn = 1, 2, .., respectively. Let ( f) denote the
average of a continuous uniformly bounded function f:

T

(f) = f@0)dr.

lim
T—o00 Jo

For large times t = O (e~ h Eq. (27) has bounded solu-
tions in ¢ if and only if

(Sn(A, @, 1, €)cos(2,t + ¢p)) = 0, (30)
and
(Su(A, ¢, 1, €)sin(82,t + ¢,)) = 0. (3D

Finally, it follows from (30) and (31) that the following
system of equations for the amplitude A,, and the phase
¢, are obtained:

24 Ane = (Ry(A, @, 1) cos(£2,1 + Pu)), (32)
and
25 AnPnr = —(Ru(A, @, 1) sin(82,1 + ¢n)). (33)

We investigate this system in the next section.

@ Springer

5 Asymptotic formulas for the ice rod
displacement u(x, ¢)

The ice rod displacement is studied in detail in [2]. We
repeat here the main formulas needed for the analysis
of (32-33).

5.1 Assumptions

The aim of this subsection is to express the displace-
ment u(x, t) in g, and obtain an equation involving ¢
only. We use the following assumption:

0< 21 <k, (34)

i.e., the first natural frequency of the beam is small with
respect to the cut-off frequency of the ice rod. We also
assume that all coefficients associated with friction and
damping effects are small, i.e.,

0<pB, d K $2;. (35)
It is useful to introduce two other small parameters
n=pk'* <1, A=k < 1. (36)

To find u we first define an auxiliary function V (¢)
as a solution of the following second-order ODE:

th + ﬂVl + k()V = ,Bst + kOS. (37)

We seek the solution u of (18) in the formu = V (¢)+u,
where u satisfies the following equation,

Uxy — Uy — By + Soltyxr — ko = 0, (38)
and the boundary and initial conditions:
u(gq(t),1) =q@) = V@), (39
XETmﬁ(x, 1) =-V(), (40)
u(x,0) = ¢go(x) — V(0),
ity (x,0) = ¢1(x) — V'(0), (41)

where V' = dV /dt. In the next subsections we deter-
mine the auxiliary function V/, and construct an asymp-
totic approximation for u#. To simplify the computa-
tions, let us assume that d,, = d. Then s(¢) is a periodic
function with period T = d/v, and ® = 27 /T =
2mv/d is the breaking frequency of an ice rod. For the
Fourier coefficients §,, of s one has

id
o= =L £0), So=d)2. (42)
2nn
The Fourier series for V has the form
V()= Vuexpliont) + V (1), (43)
nez
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where the function V(t) is the homogeneous solution
of (37 ) and decreases in t with an exponential rate, and
the Fourier coefficients in (43) are defined by

- §n(k0 + lﬂi’la))
Vn = 2 . ’
ko — (nw)* +ifnw

n # 0. (44)

The coefficient Vo = d /2 is the average of V. Note
that the term V (¢) is exponentially decreasing in ¢ and
therefore we leave out that term for large times ¢ >

B

5.2 Asymptotics for i

Let us introduce a new variable: y = x — ¢(¢). Then
for ii(x,t) = ii(y,t) one has i ~ i ©® + 71, where
the #® functions are defined as follows.

The complex frequencies @, are defined by

&2 = ko + ipon — n*w? (45)
and
Q22 =ko+ip2, — 22 (46)

In (46), as usual, we choose the signs of the complex
roots such that the negative real parts for &, and £2,
are obtained. Then for 22 < ko one has
. 2,
2, ~ —ko'/? — iﬂ—l/’z.
2k,

(47)

Following [2] we obtain

~+00
iy, 1)~ Y Wi ()Y (0)Re exp(£2,y)

n=l1
+oo
=Y Vuexp(@ny + inwt), (48)

n=1

where @, = @&, (1 + 89ins2,)~1/2. In this relation, we
represent the beam as a set of oscillators with frequen-
cies close to £2,,. The Fourier series in the right-hand
side of (48) converges since V,, isO(n~2)asn — o0o.
A natural approximation for (! is:

iV(y, 1) = Gi1(y, )q:(t) + Ga(y, )qu (1)
+ G3(y, Dgi (1) + O,

where
Gi(v,0) = (G0, + G + Giagr ). (49)
G2(v.1) = ¥(G20 + Gg). (50)
G3(v.1) = y(Gao + Garg). (51)
where
Gio= Y (inw+ p/2 — 8@, /2)
nez
V, exp(@ny + iont), (52)

1 _ _
Gu=—5(~ 80@”?)Re exp(@y),

G2 = —Reexp(®y), (53)
1 - - .
Gy = > Z V,exp(w,y +iwnt),
nez
1 _
Go = ERe exp(wy), (54)
1 - oA _ .
Gy = —3 Za),Z Vyexp(w,y + iont), (55)
nez
1. _ _
Gi31 = ERea) exp(wy). (56)

The relations (49-56) allow us to find the deformation
at x = ¢(¢) and further to find the amplitude coeffi-
cients W, ().

5.3 Ice floe deformation at the edge of the rod

The relations obtained in the previous subsections show
that the deformation i, at y = 0 has the form

uy(0,1) = S(t, 9,41, qu1)s (57)
where

S(t,q,9:,q1) = Rewg + Fo(t) + Fi1(t)g: + F2(t)qs
+F5(t)q? + Fa(t)qq: + Fs(1)qqu + Fe(t)qq>.(58)

where

Fo(t) = =Y _ iV expliont), (59)
nez

and

F1 =Gy, Hly=0, F2= Gy, 1)|y=0,
F3=(G12+ G30)(y, Dly=0, Fa=G11(y,0ly=0,
Fs = G1(y, Hly=0, Fe=G31(y,1)|y=0-

@ Springer
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For the coefficients Fy, F>, ..
also (52-56))

., Fg we obtain (see

802« ~
Fi(t) = Z(inw + B_ Ow")Vn exp(iont), (60)
2 2
nez
| — -
P = 5 > Vaexpliont), 61)
nez
and
1 .
P =—1- 2 Za),, V, exp(iwnt), (62)
nez
— 8oRed?
Fy = P doRew”
2
Red
Fs=—1/2, Fg=—2 63)

2

In the next section the ODE for ¢ (¢) will be studied
by using the averaging method as presented in Sect. 4
of this paper.

6 The nonlinear equations for the amplitude
functions A, (¢) in w(z, t)

6.1 Equations for the amplitudes A,, and the phases ¢,

In contrast to [1] we are dealing here with many A,
functions. Note that

o
q(t) =Y W)Y (0). (64)
n=1
The coefficients W, can be represented by asymptotic
series, and it follows from Sect. 4 of this paper that the
function ¢ (¢) can be approximated by

o0
q() = Z Vn(0) A, (7) sin($2,1 + ¢u (7)), (65)
n=1
where A, () and ¢, (7) satisfy (32) and (33), respec-
tively. To approximate A, () and ¢, () we introduce
the auxiliary function

Ry (2, T) = cos($£2,t + ¢, (1)) + 8082, Sin(82,1 + ¢ (7)).

From Sect. 4 it follows that the coefficients A, (t)
slowly evolve in time according to the following equa-
tion:

dA,
Qn dT =Dn(va¢)+D],n(Ua ¢’A)
+D2,ﬂ(vv ¢7 A) + D3,n(vv d)v A)
= Pa(v, ¢, A), (66)
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where Dy , (v, A, ¢), D2, (v, A, ¢) and D3 , (v, A, ¢)
are linear, bilinear, and trilinear operators, respectively,
while D, is independent of A. These operators and D,,
can be found as follows. By integrating by parts, and
by using expression (58) we obtain

Dy (v, ¢) = (Fo(t)Ru (1, 7)), (67)
Din(v, ¢, A) = (Red g + (Fi(t) —ahn)q;  (68)
+E (i) Ru (2, 7)), (69)
Dayn(v, ¢, A) = (F3q; + Faqqs + F5qqu)

Ry(t, 7)), (70)
D3, (v, ¢, A) = (Foqq; Ra(t, 7). (71)

By substituting the expression (65) for ¢(¢) into (68)
one obtains

o0

Din(v, ¢, A) =Y d}) Ay, (72)

ni=1

where
a3 = Yin O ((Rumy (DRt ) = thnbn, ),

where

Run, = (Red — Fy(t)$2;;) sin(2,t + )
+ F1(t)$§2,, cos(§2,,t + @),
and where §,,,,, stands for the Kronecker symbol, §,,,, =

1 for n = m, otherwise §,,;, = 0. Similarly, from (70)
and (68) it follows that

00 00
DZ,n (@,v,A) = Z digz)lnz A”lA"2’ (73)
ni=1ny=1
where
2
dl’(ln)lnz

= Yy s O) (F3 20, 20 €05t + 1)
X COS(§2y,t + ¢n,) + Fa82p, sin(82,,t + ¢p,)
% COS(2u,t + Gny) — F552 $in(2n,1 + ¢y
X SIn(2ayt + $u) | R0, D),

and from (71) and (68) it follows that

D3,n(va ¢7 A)

oo 0 o0

= Z Z Z dr(lfl)lnzmAnlAnzAny (74)

ni=1nr=1n3=1
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where

A3 ns = Vi, (O (0) Y (0) Fs 20, i
X (Sin($2,,t + ¢p;) cOS(2p,t + Pny)
X €o8(82,51 + Ppy) R, (2, T)).

For the phase ¢, it follows from (33) and (68) that an
equation similar to (66) can be obtained, that is,

don
2,Ap—— = Pu(v, A, ) (75)
dt
involving linear, quadratic and cubic terms. In the com-
ing subsection we will find asymptotics for P, (v, ¢, A).
These computations show that P,(v, ¢, A) does not
depend on the phase ¢. Therefore, Eqs. (66) and (75)
can be solved separately. As a first step we find the
amplitudes A, from (66), and then we can find the
phase ¢, from (75).

6.2 Large time behaviour of the solutions A, (t) of
equation (66)

We suppose that there are m and n such that

mow ~ 282, (76)

but there are no m and n such that

mo ~ 382, mo=~ $2,. a7

Then under the assumptions (76) and (77) it is easy
to check that D,(v) = 0 and Dy , (v, ¢, A) = 0. For
D3, (v, ¢, A) it follows from (74) that:

D3 (v, ¢, A) = —=CAy Y |2u*1AnI,
m

where C = §Re@ < 0. Taking into account these rela-
tions and (72) it follows that Eq. (66) reduces to

dA _
2, dr” = ;d,g},gAm — A,CZ, (78)
where

Z=|2nlAnl
m

is an asymptotic approximation of the kinetic energy
of the beam. By using the nonlinear Eq. (78), we are
able to estimate solutions and to check the existence
of pitchfork bifurcations. This analysis is standard and
long, but quite straightforward, and it is presented in
Appendix 2 and in Appendix 3. Here, we formulate the

main results and their physical and mechanical inter-
pretation.

Result I: Solutions of system (78) tend to equilibrium
solutions A°? for T > 1.

Result I1: Let us consider the polynomial Py (v), defined
by

Pi(v) = —a —cym v 2 + vl (79)

where v € (0, 0o) is the ice rod speed, and c; are posi-
tive constants, which depend on the problem param-
eters but are independent of v. If this polynomial
takes a positive maximum value for a certain v,, then
there exist two bifurcations. Let V. = (vy, v2) be the
interval, where P;(v) takes positive values (which are
bounded). For v ¢ V. one has

A~ 0(e),

while for v € V, one has equilibrium solutions defined
by

A~ C PL()'/?, C>0, neResl),
|AZ | = O(e), n ¢ Res(l),

where Res(1) is a finite subset of indices 7, Res(1) C N.
The number of equilibrium solutions is 2M  \where
M = Res(1) is the number of elements in the set
Res(1) (the set of possible resonances causing the
largest amplitudes).

The mathematical proofs of these results can be
found in Appendix 2 and Appendix 3. Let us discuss
their non-formal interpretations.

Two approaches were developed to explain ice
induced vibrations. The first one is based on the idea
of resonance between an elastic structure and periodic
breaking of anice rod at a frequency w. According to an
alternative approach the cause of ice induced vibration
is the self-excited oscillation due to a negative friction.

Our approach (which uses a beam model) connects
both approaches. Namely, a resonance between the ice
breaking and the structure can lead to a negative fric-
tion. It can be described by a polynomial P (see Eq.
99). In this polynomial the first term represents the
usual internal structure friction (with a minus sign).
The second term and the third term in P; are contri-
butions of the ice-structure interaction. The sum of all
terms can be positive, if « is not too large. Positive
values of P correspond to negative effective friction.

What can occur when Pj(v) is positive ? To under-
stand this we consider the sets Res(m) consisting of
indices n which correspond to resonance modes ¥,
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where mw ~ §2, (in which w is the frequency of the
periodic ice breaking, and £2,, is the n-th frequency of
the free oscillation of the structure). The main reso-
nance effect first arises when m = 1, and moreover, it
is the strongest resonance (with respecttom = 2, ...).
The instability of the structure occurs at the first natural
frequency of the beam. To simplify the statement let us
consider the case when we are dealing with a single
resonance mode only, i.e., M = 1. Then, we see from
(84) that our equation for the equilibrium amplitude A
reads (the small contributions of the order O (¢) terms
are neglected)

g)PI(v)A] — A =0, (80)

where g(v) is a positive function depending on the
ice rod speed v. Although Eq. (80) is simple, it is
fundamental in physics, where it occurs in the theory
of the second phase transitions developed by L. Lan-
dau. Mathematically this Eq. (80) describes a pitchfork
bifurcation. For negative P; we have a trivial solution
A1 = 0 while for P;(v) > O there exist two solu-
tions A; = %+/g(v)P;(v). Actually in our problem
we observe two pitchfork bifurcations, a direct one,
leading to the instability onset at v = v1, and an inverse
one, which produces damping for large oscillations (see
Fig. 3).

Maximum amplitude, mm

0 2 4 6 8 10
Ice velocity, m/s

Fig. 3 Dependence of the average magnitude || A|| on the speed
v. The dimensionless parameter values are : the frictiono = 0.01,
6 =0.1,8=1,k =0.1, kp = 0.1. The number of beam modes
which are taken into account is M = 60
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6.3 Main results

InFig. 3, whichis obtained by using the analytical equa-
tions and numerical simulations, we see the following
main effects:

(i) instability at a certain speed v leading to a sharp
amplitude increase;
(ii) then a growth of the amplitude || A]|;
(iii) breakdown to a small amplitude at a second critical
speed.

We observe here a plateau, and the results in Fig. 3
are consistent, at least qualitatively,with the results as
obtained in [22,29].

7 Discussion and conclusions

In this paper an interaction between an elastic struc-
ture and an ice floe is studied by using a new analyti-
cal approach. The analytical results describe to a great
extent the dynamic behavior of the beam. The verifi-
cation of the obtained asymptotic approximations of
the solution is performed in the same way as in [2], and
shows a good agreement with the numerical solution of
the system of equations describing the problem at times
of order 1/€. The results are also compared with some
current ITV models. The system parameters necessary
for the calculations are chosen in the following way.
The bulk viscosity is the same as in [2] using data which
can be found in [24,26,27,34]. The calculations reveal
that if we take 69 = 3- 10° Pa-s and 8 = 0.75- 10° Pa-s,
then the obtained results are in good agreement with the
results as obtained by using other IV models and exper-
imental data. Such parameters as the length and bend-
ing rigidity of the beam were taken depending on the
ITV model to which the beam model was compared. The
generalized rigidity and mass of the beam should be
equal to the rigidity and mass of the oscillator, respec-
tively. This can be accomplished by using the Rayleigh
method. In Fig. 4a the proposed model results are pre-
sented for the continuous brittle crushing regime at 0,02
m/sec. If we compare these results with the experimen-
tal data from [36] (see Fig. 4b) we can find a good
agreement in time behavior and in values for the max-
imum of the oscillation amplitude. In Fig. 5 Curve 1
depicts the beam displacements in the lock-in regime
at 0.18 msec™! as obtained by the model presented in
this paper, and Curve 2 gives the model results from
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Fig.4 The dependence of the displacement on time during con-
tinuous brittle crushing regime at a velocity of 0.02 msec™!
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Fig. 5 The dependence of the displacement on time during an
intermittent crushing at a velocity of 0.13 msec™!. Comparison
displacements as obtained in this paper (Curve 1) with the dis-
placements as obtained in [36] (Curve 2)

[28]. In Fig. 6 Curve 1 describes the displacements as
obtained by using the model proposed in this paper for
the intermittent crushing at 0.13 msec!; This curve
has the order of displacements for the same regimes,
as obtained by using the model proposed in [13,36].
In Fig. 7 Curve 1 depicts the maximal structural veloc-
ities during the steady-state vibration as obtained by
the model as described in this paper, and Curve 2 , the
ones as obtained in [15]. Also these results show a good
match with the results as obtained in [17].The differ-
ences at the down branches in Fig. 7 are due to the fact
that the values of the beam damping coefficient and the

time, s

Fig. 6 The dependence of the displacement on time during fre-
quency lock-in at an indention speed of 0,18 msec™! (Curve 1:
model results as obtained in this paper; Curve 2: experimental
data from [28]
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Fig.7 The dependence of the maximal structural velocity on the
ice velocity during the steady-state vibration. Comparison of the
results as obtained in this paper (Curve 1) to those as obtained in
[15] (Curve 2)

ice friction coefficients as used in this paper may be
different from those which were used by the author of
[15] in the test (unfortunately, the author of [15] did
not provide the data for those parameters).

The real structure is of course a 3D object for which
the spectrum of natural frequencies can be located
densely, and vibrations may occur not only in one
plane. Those features of the structure will be taken
into account in future research. In 2D beam models the
fact that eigenvalues of the operator-spectrum , which
describe the structure, can be dense, was partly used in
the analysis as presented in this paper.
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The main obtained results are:

(I) For beams, perturbed by small nonlinearities and a
small damping, the concept of quasi-mode is intro-
duced. The quasi-mode is a linear combination of
the usual eigenmodes. The large time behaviour of
solutions at the instability onset is determined by
a single quasi-mode, which is maximally linearly
unstable.

(II) As we mentioned in the introduction two theories
compete to explain the ice induced vibrations of
structures which interact with a moving ice floe.
Our analysis shows that, in a sense, both theories
are correct. The instability exists, and it is gener-
ated by a force leading to nonlinear resonances of
the beam. An instability arises as follows. The res-
onance caused by regular breaking of the ice rod
at particular values of the ice rod speed lead to a
change of sign of the polynomial Pj, and creates
an effective negative friction. As a result, the beam
vibrations grow but the amplitudes are bounded
due to the nonlinear terms which are also gener-
ated by the interaction between the beam and the
ice rod. Vibration amplitudes can be computed by
aquasi-mode approach, and we show that the mean
square of the beam displacement is proportional to
the number of resonance modes.

Author contributions AKA: Conceptualization, Methodol-
ogy, Formal analysis. SAV: Methodology, Formal analysis.
WTH: Conceptualization, Validation.

Data availability The data that support the findings of this study
are available from the corresponding author, upon reasonable
request.

Appendix 1: Eigenfunctions of the beam operator

The eigenfunctions ¥, (z) can be found as follows.
Consider the problem where the functions v, satisfy
the differential equation:

A", /dZ* = hyn, —Hi <z < Hy @1
and the boundary conditions

VUn(@l=—H, = ¥n, (D]z=—H, =0, (82)
anz(Z)|z=Hz = Iﬂnzzz(z)lz=1’-lz =0. (83)

The operator d* /dz* is self-adjoint under the bound-
ary conditions (82) and (83). By multiplying both sides
of Eq. (81) by ¥, and by integrating by parts one obtains
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that [*2 (@?y/dz®)? = 1, [T ¥ thus A, > 0. Let
k= A,ll/4 > 0. Theroots k* = A, have the form k| = k,
ky = —k, k3 = o/—1k and k4 = —+/—1k. Therefore,

the eigenfunctions v, can be represented as follows:

V¥ (z) = Cy cosh(k(z + Hy)) + Cosinh(k(z + Hy))
+ Czcos(k(z + Hy)) + Cysin(k(z + Hy)).

By using the boundary conditions (82) we obtain that
C> = —C4 and C; = —C3, and by using the boundary
conditions (83) one finally obtains that det A(k) = O,
where A is a square 2 x 2 matrix with entries

ajp = sinh(kAH) + sin(kAH),
a1y = cosh(kAH) + cos(kAH),
ay1 = cosh(kAH) + cos(kAH),
ay, = sinh(kAH) — sin(kAH),

where AH = H, + H; is the length of the beam. Then
a straightforward computation gives an equation for &:

cosh(kAH)cos(kAH) = 1.

For large k& (which corresponds to large n) we have
kAH = m/2 + nm. The eigenfunctions form a com-
plete orthonormal basis in the space Lo[Hy, Hz]. The
key observation is that since the beam (platform) is a
macroscopic object, with large sizes, the spectrum of
the beam-oscillations can be dense and the eigenvalues
can be located densely.

Appendix 2: Investigation of the nonlinear equation
(78)

To investigate system (78), let us change the variable
A, = X, /£, andletus denote B, = £2,, 1d,(,l,z.Then,
for the new unknown X,, one has

dX,

= Z BumXm — CZX,, (84)
drt
m=1,2,...
where
Z=Y |Xnl". (85)
m

The approach, followed here, is similar to the famous
theory of hypercycles developed to describe chemical
and pre-biological evolution [31], but in our case we
are dealing with another nonlinear form. Let us define
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the Hilbert space H of sequences {X,},n =1,2,..., where
ith bounded X || defined by:

with bounded norm || X || defined by h(r) = ZYn(O)Z exp(2yT) > 0.

o0

n

X017 =" 1Xal*. . o

o Equation (89) can be solved, yielding:
The space H has a clear mechanical interpretation: it h(t)
is the set of all beam states with a bounded kinetic Z(7) (©0)

energy. Let ' be eigenfunctions of the operator B
defined by the matrix with entries By, in the space
Hby BX), = Y o~ BunXm. One can show that B is
a compact operator in H, thus B has a complete system
of eigenfunctions and a countable set of eigenvalues A,
(which can have any sign). Note that in numerical sim-
ulations, we truncate the possible values of m, where
m = 1,2, ... at acertain level m < N,,p4e, and then
the space H becomes a finite dimensional Euclidean
space with standard norm. Therefore, in this case the
compactness of B is obvious. We can represent X by
the eigenvectors 0" of the operator B in the following
way:
o
Xu(1) =Y 0"V (7).
m=1

ThevectorsY = (Y1, Y2, ..., Yy, ...)arecalled quasi-
modes [31]. The quasi-modes are linear combinations
of the usual modes X. Note that the matrix B is sym-
metric. Then there is an orthogonal transformation U
such that the substitution ¥ = UX transforms B to
a diagonal matrix, which has the same eigenvalues
as B. Moreover, the orthogonality property implies
that this transformation conserves the norm, and thus
Z =32 1Y

Then, as a result of this transformation, Eq. (84)
leads to the following system for the unknown coeffi-
cients Y;,:
dy,
dt
Assuming that the function Z(¢) is given, we obtain

Yo (1) = Y, (0) exp(/\nz -C /r Z(s)ds). (87)
0

=AY, — Y, CZ(7). (86)

Let us note that according to (85)
Z= IYal%, (88)
m

because the transformation X — Y conserves the norm
Il lI. Substituting (87) into (88) we obtain the following
equation for Z:

Z(1) exp<2é / ' Z(s)ds) = h(1), (89)
0

T 142C [T h(s)ds
By substituting (90) into (87) one finally obtains

Y, (t) = Yn(O)(l +2C /r h(s)ds) exp(A,7). (91)
0

This solution describes a competition between quasi
modes Y, ([31]). Finally in the limit T — oo the main
contribution in the beam displacement is given by a
quasi-mode with the maximal Re},, = ReA,. Thus we
obtain that

Y. (t) ~ constRerl? > 1 (92)
V(O < YD), n>1, 3> 1

for Rery > 0, and

Y,(t) = O() n>1, > 1. 93)

So, in the linear instability zone the large time behaviour
of solutions of Eq. (84) is completely defined by the
most unstable quasi-mode Y., which corresponds to
Ay = Ai(v). We will investigate that critical quantity
Ax(v) in the next Appendix 3. It is important to note
that all solutions Y (¢) (and therefore all solutions A(7),
which are linear combinations of Y;) converge to an
equilibrium solution. Moreover, although only a single
quasi-mode Y, determines the large time behaviour,
we have a number of nonzero coefficients X,, (and thus
Ap).

Appendix 3: Bifurcation analysis for (84)
Existence of bifurcations

We can show the existence of bifurcations for the
dynamical system defined by (84) in two ways. The
first one is as follows. We multiply the n-th equation in
(84) by X;i, where the star denotes the complex conju-
gate of X,,. Summing up over all so-obtained equations,
yields

dzZ

=00, X) - cz%, (94)

@ Springer



696

A. K. Abramian et al.

where

Q(U» X) = Z BnmeXn-
m,n

The form Q can be estimated numerically and analyt-
ically. For small speeds v the quadratic form Q (v, X)
is negatively defined, because the friction term domi-
nates:

0@, X) < —c|X|> ¢>0.
where c is a constant. Then by (94) we obtain
IX(@I =0 (r — +00).

On the other hand, for larger speeds the quadratic form
Q(X) is positively defined:

Q(, X) = cillX|?, 1> 0.
where ¢ is a constant. Then by (94) we obtain
Xl > Xo>0 (1> +00).

So, we observe here the transition from trivial solu-
tions to non-trivial solutions. Eq. (84) can be studied
numerically. The results can be seen in Fig. 3.

Now we discuss an analytical approach, which
allows us to obtain more precise information on eigen-
functions. Instability onset at a speed level v. can
be found by an analysis of the spectrum of the lin-
ear operator, which is defined by the linear term
Di. To correctly define that linear operator, we first
introduce the space H4 of infinite sequences A =
(A1,..., Ay, ...). That space is defined by Hy = {A :
|A||> < oo} and it is equipped with the standard norm

Al = />0, |A,|2. Let DD (v) be the linear oper-

ator defined on H by
DO w) =>"dl) A,
ni

Let us denote by A, (v) the eigenvalue of this operator
with the largest real part. Note that this quantity (as well
as the operator itself) depends on the ice rod speed v.
Then the instability onset (a bifurcation) arises if at a
critical speed v, one has

ReA.(ve) =0, and ReA,(v) >0 forv > v.. (95)

One can show that there is an interval I;,5; = [ve, vs]
for the speeds v such that

Rer,(v) >0, v e . (96)

This can be shown in the following way. Let us com-
pute first the entries d,S},il. For simplicity we suppose
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that o > O is a small parameter and therefore we
neglect the terms with g in the equation for R,. Let
us introduce the quantities m (n, n1) by the resonance
conditions

Im+(n, I’l])a)—.Qn:b.Q,”| <Kk L1, 7

where k¥ > 0 is a small detuning parameter. These
conditions (97) correspond to resonances between the
ice rod breaking frequency and the natural frequencies
of the beam. Then, we obtain

PO (—aszm T %Re.én)8nn]

n,ny
+Sy(n,ny) +S—(n,ny), 98)
where
2V,
Sa(n,np) = ===

x (=124, + V=1mio + B/2))

if there is a m+ satisfying (97) with the corresponding
sign, otherwise S+ (n, n1) = 0. By using (98) one can
show that the plot of ReA*(v) as a function of v can
have a positive peak for some values of v. To see this,
first let us note that v o« w, and then consider the case
for small ky < mw and B <K kg. Then, we can use the
following asymptotic approximation for Vin:

v idkg

m%

2rmdw?’

Substituting this formula into d,(,},)ll we obtain that these
entries are defined by quadratic polynomials in z =
w ! = const /v, which have peaks at some z = z,.

These polynomials have the form
P,(v) = —a — c_11413’v_2 + c_zv_l, 99)

where ¢ and ¢; some constants which are independent
(1)
on v. For dp,,, one has

Al ~ 3" Py)8c(mo @) — 24 — 2uy).  (100)
m

where §, is an approximation of the §-function by tak-

ing into account the conditions (97), where k > 0 is a

detuning parameter. The eigenvalues A*(v) of the oper-

ator D (v) can be estimated by using the Rayleigh

principle for the maximum of quadratic forms:

Av) = max O(v, A), (101)
A, 0<|| A2 <00
where
(n
O Ay = D WA 4

1]
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In this formula for Q the numerator is a sum of contribu-
tions of dissipation and effects caused by an interaction
between the ice-rod and the beam. The denominator is
the squared average over all modes of the beam dis-
placement, i.e., ||u 2. By (100), the quadratic form can
be estimated. In fact, we see that

Q. A)~ Y Pu(v) Y. AyAy
m n,n€Res(m)

under the condition that ), |A, |2 = 1. Here Res(m)
denotes the m-th set of resonances defined by the con-
dition

Res(m) = {n,ny : 2, + 2, € [mw — k, mo + k]}.
The function P,,(v) is fast decreasing in m, and we

can take into account only the largest ( first) term with
m = 1, and then obtain

0w, A~ Pi(v) Y

n,n1€Res(m)

AnAn,.

Assume that we take into account a finite set of
modes, and that the number of elements (resonances)
in the set Res(1) is bounded. Then, one can show
that the optimal test vector A with a bounded norm
iS A = (1/Nyess 1/Nresy o ooy 1/Nypes, 0,...,0,...),
where 1/N,.s stands for the first N,.; positions, and
Nyes(v) is the number of resonances in the set Res(1)
which depends on w (and thus on v). As a result, we
have a simple formula:

As (V) = Nres (v) P1(v). (102)

Due to the special structure of our quadratic form
Q, in the resonance case one has

A~ Pi(v)'/?, neRes(l), (103)
Ayl ~ O(e) n ¢ Res(1), (104)
for P;(v) > 0, and

A ~ O(e) (105)

otherwise. Note that A,(v) is negative for small v,
because the negative term —c¢jv~2 < 0 dominates in
P1(v). This means that contact interaction induces a
positive damping. On the other hand, for very large
v the terms —¢jv 2 < 0 and —« dominate with
respect to a positive contribution ¢;v~!. This means
that both for small and large velocities 1. (v) < 0, the
friction (damping) is positive and the solution has a
small amplitude. These arguments explain the effects
(i) and (ii) of Sect. 6.3. The sharp growth of the ampli-
tude is a consequence of the fact that there are no
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Fig. 8 This plot shows a typical dependence of N,.s(v). Here
k = 0.3, the velocity v lies in the interval [0, 15] and £2,, are
uniformly distributed in the interval [3, 10] with the step-size
0.07

resonances for small v and N,.;(v) = 0. However,
for some values v it is possible that P;(v) > 0 and
S (w(v) — 82, — £2,,,) # 0. For such values the contact
interaction generates a negative friction that creates a
plateau as can be observed in Fig. 3. It is important to
note that in the beam model that plateau extends the
results with respect to the one degree of freedom oscil-
lator model, because we have a number of modes with
close frequencies £2,, (the beam is a macroscopic object
of large size). The number of resonances can be esti-
mated. One can show that this number is a piecewise
linear function of v (or w). In fact, the number N,
is proportional to the area of the planar domain £2, ,
defined by

ey ={x,y):x,y>a,|x+y—o| <k},

w = const - v,

where a = min £2,,. It is obvious that this area equals
or tends to zero for small v and increases as a linear
function of v for large v. A typical plot of N,.s(v) can
be obtained by simulations as is shown in Fig. 8.

In order to proceed with a numerical analysis, we
truncate the Galerkin series at somen = M > 1. Since
the Fourier coefficients Vm are decreasing as O (m ™),
all series converge, and so this procedure can be jus-
tified. Let us compute two important quantities: # and
Up.max. The first, u is the average of the mean square
beam displacement with respect to time ¢, and is defined
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as follows :

T
i — T—lfo G, 1) ldt,

H
||u<~,t>||2=/ ’ u(z, 1)’dz,

Hy
where 7' > 1. This quantity is a natural measure for
the beam displacement amplitude, however, it is hard
to measure u in experiments. The quantity vp max 1S the
maximal velocity of the beam at z = 0 :

Vpmax = max |u,(0,0)], T > 1,
’ te[0,T]

and this quantity was measured in experiments [15]. To
find an asymptotic approximation for u we first note
that due to the fundamental identity of Parseval, one
has

H 00
o = [ w3 A Gent
- n=1

H

According to (105) at the bifurcation point one has

D An(®)? A Nres(0) Pr (V).

Therefore

it % (Nyes(0) PL ()2, (106)
for Pi(v) > 0, and

u~ 0(e) (107)

otherwise. To compute vp max, We use the asymptotic
approximation

Upmax A Max Y 2 An(e) cos(2ut + ¢n)¥n(0) + O(€).

Taking into account that the main contributions in the
sum in this approximation are caused by the resonance
modes, we obtain that v, max(v) and u(v) are propor-
tional to the ice rod speed v functions :

Wh.max (V) & C it & C (Nyes (v) Py (0))'/2,

where the constant C does not depend on v.
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