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A B S T R A C T

Ride-sourcing companies have worsened congestion in numerous cities worldwide, as many
users are attracted from more sustainable modes. To reverse this trend, it is crucial to leverage
the technology of connecting users and vehicles online and use it to strengthen public transport,
which can be achieved by integrating on-demand pooled services with existing fixed-line
services. We propose an efficient and practical integration idea: namely, to complement fixed
bus lines with a fleet of smaller vehicles that follow flexible (on-demand) routes side-by-side
with the fixed routes, so that part of the demand that would have used the fixed line can
ride the flexible service instead. With this scheme, a smaller bus fleet is required, partially
compensating for the increase in operators’ costs stemming from the flexible vehicles. This
integration strategy favors mostly two types of users: those traveling in low-demand periods,
through lower waiting times, and those located far from the bus stops, because the on-demand
vehicles can reduce their access time. We develop simulations in real-world scenarios from
Santiago, Chile, and Berlin, Germany, for the cases of human-driven and automated vehicles.
Results show that when vehicles are automated: (i) A small number of on-demand vehicles can
reduce average walking times from approximately 12 to 2 min while reducing operators’ costs,
leading to a Pareto improvement, (ii) A larger number of on-demand vehicles can diminish
total costs by 13%–39%, through a reduction in users’ costs, although increasing operators’
costs. If vehicles are not automated, total costs are reduced by more than 10% in all of the
scenarios analyzed, but a Pareto improvement is not always possible. In general, this mixed
fixed/on-demand system outperforms the use of on-demand ridepooling only. Results are more
promising in Berlin, because large buses are cheaper in Santiago and run more crowded, so it
is more costly to partially replace them by smaller vehicles.

. Introduction

.1. Motivation

Several of the major challenges faced by cities around the globe relate to the increasing trends in private vehicles ownership
nd usage. Congestion, emissions, urban sprawl, allocation of public space for parking and roads, and unequal commuting times
re all related to this same cause (Baum-Snow, 2007; Gössling et al., 2016; Kenworthy, 2003; Will et al., 2020; Lucas, 2012). The
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emergence of transportation network companies (TNCs) that provide so-called ride-sourcing or ride-hailing services, in which several
passengers can board sequentially the same vehicle, once promised to help relieve these problems thanks to a more intensive use of
vehicles. However, now several studies have shown that ride-sourcing has actually increased the total Vehicles-Kilometers-Traveled
VKT because they attract users from more sustainable modes and add empty kilometers between trips (Diao et al., 2021; Henao
and Marshall, 2019; Tirachini and Gomez-Lobo, 2019; Wu and MacKenzie, 2021; Shi et al., 2021; Choi et al., 2022; Agarwal et al.,
2023), thus worsening the mentioned issues.

In order to leverage the ability of connecting a large number of users and vehicles in real-time, without worsening traffic
conditions, on-demand ridepooling (ODRP) has been proposed (Jiao and Ramezani, 2022). Specifically, ODRP is an on-demand
ystem where the vehicles are fully dedicated to the service, in which several users can share rides at the same time. However,
ts impact on reducing congestion cannot be taken for granted, as ODRP might attract more users from public transportation than
rom private modes, which could imply an increase in VKT (Ke et al., 2020; Tirachini et al., 2020; Zwick et al., 2021; Fielbaum and
udāne, 2024). This problem can be faced by not making ODRP compete against public transportation (Poinsignon et al., 2022), but
ntegrating this technology in order to offer a better public transportation service. This integration can be facilitated in the future
ith the implementation of multimodal Mobility-as-a-Service (MaaS) platforms that feature a single payment system for multiple
odes.

Designing such an integrated system is methodologically challenging. On the one hand, the optimal design of a public
transportation network is an NP-Hard problem for many different specifications (Borndörfer et al., 2007; Fielbaum et al., 2018)
even when line frequencies are not considered, let alone if some vehicles follow flexible routes. On the other hand, regarding
ODRP, deciding how to group users and how to assign them to vehicles at a city scale can become extremely complex, as the
number of feasible combinations becomes too large (Alonso-Mora et al., 2017). All of this justifies studying some specific integration
pproaches: in particular, as detailed in Section 1.2, most research has imposed that ODRP has to operate feeding fixed-line trunk

public transportation services, usually in low-demand areas. The rationale behind this imposition rests on two reasons:

1. Some authors have compared fixed against flexible lines, finding that flexibility is better when demand is low; otherwise, too
many vehicles are required and detours can get too long (Badia and Jenelius, 2020; Li and Quadrifoglio, 2010; Papanikolaou
and Basbas, 2021; Fielbaum et al., 2023; Quadrifoglio and Li, 2009).

2. Feeder services take all users to a common trunk line, where they might take another (large capacity) vehicle. Having a
shared destination eases the search of groups whose routes are compatible, making ODRP more efficient (Fielbaum, 2020).

However, this imposition also has drawbacks. A feeder-trunk scheme forces some users to make transfers, with different but
significant levels of discomfort depending on transfer conditions (Garcia-Martinez et al., 2018). Moreover, a feeder-truck system is
applicable only under specific circumstances, namely where demand is large enough to admit fixed lines, but some areas can be
better served through ODRP. Considering a simplified city representation, Fielbaum et al. (2024) show that imposing ODRP to act
as a feeder is optimal only for very particular city configurations.

Moreover, note that a feeder-trunk scheme assumes that only one of the two services (feeder-ODRP or trunk-line-based) is
available in each area or for each trip. However, the service design does not need to be black or white. It is possible that both
alternatives are available in the same place, for instance at different times. If research has shown that it is efficient to provide ODRP
in low-demand areas, it makes sense to expect that it can also be more efficient during low-demand periods: actually, in some
districts in Munich1 this idea is already taking place since 2015. Further, it is also possible to run both fleets simultaneously: as
uggested by Fielbaum et al. (2023), ODRP can be efficient during periods of high-demand, as it becomes easier to find users with

compatible routes. Moreover, if ODRP is being used during low-demand periods, why not using that same fleet during the peak
so that fewer large vehicles are needed? Actually, combining vehicles of different size in the same line can be efficient even when
considering only a fixed route but accounting for different periods (Jara-Diaz et al., 2020). When both systems are running at the
same time, ODRP can focus on those users that receive the worst service, such as those situated far from the bus stops that need to

alk the longest distances.
In this paper, we propose a way to integrate ODRP with traditional public transportation that is still arranged according to lines.

Namely, we study a system in which, for every single public transportation line, there are both small vehicles following flexible
routes, and large vehicles following fixed routes. A user will only use ODRP when it offers better quality of service for her, and if
the system is able to allocate her a vehicle, otherwise she will take a bus (we assume equal fare for everybody). The small vehicles
are the only ones in service during the low-demand periods, and continue running during the high-demand periods, when they
complement the service offered by large vehicles.

Our mixed system does not impose transfers, and it gets constantly adapted to the varying conditions of the demand during the
day, so it is more versatile than a fixed line (that does not adapt well to low-demand conditions, such as during the night) and than
the feeder-trunk models previously proposed in the literature. As ODRP becomes part of the public transportation system, some
of its users will be required to walk to optimized pick-up and drop-off locations, which is usual in public transportation and has
been shown to greatly increase the efficiency of ODRP (Fielbaum, 2021; Fielbaum et al., 2021; Wang et al., 2022; Gurumurthy and

ockelman, 2022).

1 In several towns around Munich, the public transportation agency sends private taxis to provide mobility services when demand is very low, between 17:30
and 5:45 in working days, see https://www.mvv-muenchen.de/mobilitaetsangebote/bedarfsverkehr/mvv-ruftaxi/index.html. Accessed on 15/02/2023.
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1.2. Related works

1.2.1. History of demand-responsive public transportation services
The idea of incorporating into public transportation some vehicles that do not follow fixed routes, but adapt them to the demand,

is far from being new. Already in the 1970s several on-demand public transportation services were operating in countries like the
US and Germany, and researchers were obtaining the first conclusions of which factors could make these systems succeed (Fielding,
1975; Guenther, 1976). This trend continued in the subsequent decades, discussing scheduling problems (Kikuchi, 1984), comparing
the performance of on-demand and fixed-line services (Daganzo, 1984), the relevance of technological innovations to make on-
demand systems more attractive (Teal, 1993), and the challenges to integrate them into the general public transportation network
(see Kirchhoff (1995), who focus on the German case). In the early 2000s, thanks to more powerful computational resources,
imulation studies started to become more popular, which were especially useful to account for the unknown demand patterns
hat an on-demand service would need to fulfill (Quadrifoglio et al., 2008; Li and Quadrifoglio, 2010). Papers prior to 2014, based
n agent-based simulators to study demand-responsive public transportation, were surveyed by Ronald et al. (2015).

Precisely around those years, the first app-based on-demand transportation (Uber) platform began to become widespread. This
as a game-changer, both in terms of immediacy (reducing response times), massiveness (increasing the number of passengers
nd vehicles that could be handled at the same time), and efficiency (high passenger-driver matching rates). While ride-sourcing
ompanies like Uber are mostly focused on non-shared private trips, the same technology could also be applied to shared trips,
pening many new possibilities for demand-responsive services in public transportation. We will now discuss in more detail the

most relevant studies and trends in this arena from recent years. A survey systematizing the state-of-the-art on flexible on-demand
ublic transportation has been conducted by Vansteenwegen et al. (2022).

1.2.2. ODRP as a feeder
In recent years, different types of on-demand services have been proposed as potential complements to enhance public

ransportation. This includes ride-sourcing (e.g. Ke et al. (2021) and Yan et al. (2019)), where users do not share a vehicle
simultaneously, and ridesharing (e.g. Stiglic et al. (2018)), where people driving their own vehicles can pick up other passengers if
onvenient for everybody. Here we focus on ODRP, because it is more sustainable (rides are shared), and it can be wholly integrated
nto the public transportation system (vehicles are fully dedicated to this service). Carrese et al. (2023) made a review of different
apers integrating shared automated vehicles into public transport, i.e., the automated versions of both ride-sourcing and ODRP.

To the best of our knowledge, research about public transportation systems that integrate ODRP has focused on the utilization
of ODRP to solve the so-called first-and-last-mile problem, i.e., to leverage the flexibility of ODRP to connect exact origins and
destinations with public transportation stations.2 This means that ODRP is assumed to act as a feeder, bringing the users towards
he trunk lines, that are often (but not necessarily) rail-based.3

Such feeder-trunk schemes are studied by several authors, including Bürstlein et al. (2021), Shen et al. (2018), Fielbaum (2020),
Chen et al. (2020) and Huang et al. (2022). Bürstlein et al. (2021) show that there is great potential to offer a convenient system, if
all people that use their cars to reach the public transportation stations would switch to ODRP, similar to the approach by Shen et al.
(2018) for users traveling by bus towards metro stations; Fielbaum (2020) focuses on a high-level analysis to obtain explicit equations
hat govern a feeder ODRP system; Shen et al. (2018) proposes an integrated system tailored for Singapore, considering also the

case in which the feeder vehicles are on-demand but not shared; and Huang et al. (2022) go one step further, by coordinating the
peration of the ODRP vehicles with the schedule of fixed public transportation lines. A slightly different system has been proposed

by Ma et al. (2019), where ODRP can be used either as a feeder or to make the full trips.
Still on the supply side, Calabrò et al. (2023), Maheo et al. (2019) and Pinto et al. (2020) study how to adapt a fixed public

ransportation network when ODRP is also part of the system. Calabrò et al. (2023) use a continuous-approximation scheme to show
that a system where feeder lines can switch from fixed-routes to on-demand vehicles, depending on the hourly conditions, would
utperform offering a solution that remains the same during the whole day. Pinto et al. (2020) also allows that some low-demand
ixed-lines can become on-demand, so when they design the whole public transportation network, they decide for each line whether
t will be fixed-route or on-demand; Maheo et al. (2019) follow a similar approach, where the ODRP system is not door-to-door but

based on previously defined bus stops.
All the papers above focus on the supply side, and usually report promising results regarding how efficient such a combined

transportation system can be, mostly by diminishing walking (e.g. Calabrò et al. (2023)) or waiting (e.g. Pinto et al. (2020)) times.
However, when the potential demand is also analyzed, those conclusions are disputed, as shown by recent real-world pilot projects.
Thorhauge et al. (2022) surveyed users of a real-life first-mile connector in the campus of the Technical University of Denmark,
inding that ODRP had a ‘‘limited effect on the overall choice of mode for the entire trip chain in their current form (...) The first-
nd-last-mile transport only represents a limited part of the trip and the effect it has on the entire trip chain is thereby limited’’.

Similarly, Zuniga-Garcia et al. (2022) study the results of two pilot programs in Austin, Texas, to integrate on-demand systems
for the first and last miles, finding an overall mild effect on public transportation ridership and that the pilots were ‘‘were mainly
used for intrazonal door-to-door trips and not for first-and-last-mile trips’’. A more successful example in Mexico City, reported by
Tirachini et al. (2020), has been specifically designed to cater for relatively long (mostly commuting) trips, with its demand coming
from car-based modes but also from fixed-route public transportation. All of this suggests that, in order to unleash the full potential
of ODRP as a public transportation complement, it is crucial not to restrict its use to solve the first and last mile problems.

2 In their survey, Carrese et al. (2023) also mentions only this type of integration, as well as fully replacing fixed lines with ODRP.
3 Interestingly, this situation changes when active modes are also considered (typically walking, shared bikes, or biking infrastructure), as some studies do

onsider ODRP playing a different role when integrated with, or compared to, active modes (Bruzzone et al., 2021; Ferretto et al., 2021; Ma and Jin, 2024).
3 
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1.2.3. Splitting public transportation demand
In the conventional feeder-trunk case, ODRP and the fixed lines do not coexist in the same space. In other words, it is assumed

that every stage of a trip can only be done in one mode. When both modes are operated jointly and either of them may be used for
the same trip, some users will travel via ODRP and others via fixed-line buses, a decision that might be taken either by the users
or centrally by the system.

To the best of our knowledge, no previous paper has formally analyzed the situation of co-existence and choice between
DRP and fixed-route public transportation with a theoretical and simulation model, that considers the deployment of both modes
ltogether. A related problem that has received attention in the literature is the coexistence of two conventional public transportation
odes (e.g., bus and rail services as substitutes for the same trip), which is of course a very common situation in many countries.

n this case, Hörcher and Graham (2022) have theoretically shown that coexisting modes can be beneficial if users have strong
eterogeneity (so that both modes will be preferred by some users), and if scale economies are not too strong (because scale
conomies are not fully leveraged when the demand is split). Another contribution by Gronau (2000) studies a system in which

a public transportation line is divided into two tiers of service following the same route, differentiated by price and quality. On
a related note, some authors have studied whether users perceive different public transportation modes similarly. A classic study
by Ben-Akiva and Morikawa (2002) shows that bus-based and rail-based services are perceived similarly if they have comparable
quality of service, but a bias favors rail when it is already better; their model has been extended by Varela et al. (2018), who find
that everything else being equal, users in Sweden usually prefer train over bus or metro.

1.3. Contribution and structure of the paper

The main contribution of this paper is to propose a novel way to integrate ODRP into a public transportation network. Instead
f the widely studied feeder-trunk scheme, we utilize some ODRP vehicles to run in parallel to buses that follow fixed lines. That is,
or any given fixed line, we assume that some passengers will use buses and others ODRP vehicles. To the best of our knowledge,

no previous work has studied a method in which the two modes co-exist in this way. This is particularly relevant in urban or
high-demand areas, where fixed lines still play a crucial role. As we show throughout the paper, this idea has promising results, and
might be extended in other directions to determine the best ways to use ODRP in public transportation other than in the suburbs.

We leverage the versatility of the well-known ODRP assignment method proposed by Alonso-Mora et al. (2017) and its posterior
extension by Fielbaum et al. (2021), through a methodological adaption to decide how to divide the users between buses and ODRP.
As a result, the users that would receive the worst quality of service in the fixed line have a greater chance of being assigned to
ODRP, which leads to a reduction in the fleet size of the fixed line and an improvement in the average quality of service to users. As
discussed in Section 1.2.3, the idea of splitting users among different modes has been studied before, but not when the two involved
modes are ODRP and fixed lines. Crucially, we propose a splitting method that is centrally decided, but that presents incentive
ompatibility so that users are content with their assignment. Instead of differentiating by price (like Gronau, 2000), which raises
quity issues, we prioritize users with bad quality of service.

In their literature review, Vansteenwegen et al. (2022) argue that a frequent shortcoming of recent literature about on-demand
obility applied to public transportation is their ‘‘lack of insights’’. As they argue, in most papers the main contribution is the

lgorithm itself, so that little can be learned in terms of how and when it is convenient to use ODRP integrated in a public
ransportation service. In this paper, we do provide three strategic insights that can be used for other models as well: (i) We show that
DRP can be used to complement public transportation in high-demand urban zones (without relying on a feeder-trunk rationale),

ii) operating both systems in a common area is a promising strategy, as long as there is an efficient way to split the passenger
demand, and (iii) The concrete idea we propose, of ODRP running in parallel to fixed lines, works very well under the conditions
nalyzed.

In the literature, it is common that ODRP systems are tested with data from one city only, not being possible to compare the
performance of the proposed solution across different contexts. As a second contribution, we analyze the merits of our integration
strategy in four real-life scenarios from two cities: Santiago, Chile, and Berlin, Germany, with significant differences in demand
configurations, operator costs and values of travel time savings. Our simulations do show that the local context matters when
it comes to quantifying the users’ and operators’ cost savings that are reachable when introducing ODRP. We find that: (i) The
larger bus operator costs in Berlin, relative to Santiago, and the larger crowding levels that are acceptable in Santiago, make cost
savings greater in Berlin when implementing an ODPR system that complements buses; (ii) Low-demand lines benefit more from
being complemented by ODRP; and (iii) When the demand is concentrated, the benefits of the ODRP complement are greater.
Therefore, our simulations illustrate how relevant local contexts are for the relative convenience of this type of mixed fixed-flexible
transportation strategy.

We compare scenarios with human-driven and automated vehicles (that allow to save a fraction of the operator cost). On the
one hand, if vehicles are automated, we estimate that in all cases it is possible to offer a better quality of service with reduced
operators’ costs (a reduction of both operator costs and users costs is what we call a Pareto improvement situation). On the other
hand, if vehicles are human-driven, operators’ costs likely increase with the mixed strategy, but this cost increase is more than
compensated by a reduction in users’ cost, in a way that the sum of users’ and operators’ costs still diminish significantly.

The rest of the paper is structured as follows. Section 2 explains the mixed system in detail, and the methodology to compute
its operation; Section 3 presents the real-life scenarios where we simulate the system and the corresponding results; and Section 5
summarizes our findings and presents directions for further research.
4 
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Fig. 1. Simplified representation of the mixed system where the users can perform their trips either via the traditional fixed line, or via the flexible vehicles.
Five users need to travel: users 2, 3 and 4 are served by ODRP, where user 3 needs to walk to a pick-up location different than her origin and will share the
vehicle with user 4. Users 1 and 5 walk to their closest bus stop.

2. Methodology

As our proposed mixed system is still arranged by lines, the methodological analysis can be done for each line separately as
we now do. Consider an area served by a public transportation line, represented by a directed graph 𝐺 = (𝑉 , 𝐸). Each edge 𝑒 ∈ 𝐸
requires a time 𝑡𝑣(𝑒) to be crossed in a vehicle, and 𝑡𝑤(𝑒) when walking, which can be done in either direction. We will also denote
by 𝑡𝑣(𝑢1, 𝑢2) and 𝑡𝑤(𝑢1, 𝑢2) the corresponding times to go from node 𝑢1 to node 𝑢2 when following the shortest paths between them in
a vehicle or walking, respectively. The travel demand is represented by a set of users 𝑟 ∈ 𝑅, where each 𝑟 is a triplette 𝑟 = (𝑜𝑟, 𝑑𝑟, 𝑡𝑟)
representing the origin, destination, and emerging time (i.e., the time at which the user begins her trip), respectively. The demand
is not known beforehand, so request 𝑟 becomes known to the system at time 𝑡𝑟. The origins and destinations are assumed to be
nodes in the graph. The demand is assumed to be fixed, so we can study how efficient our system is in serving it, compared to a
traditional one. Understanding whether different users would be attracted by the system would require coupling our analysis with
mode choice models, which is beyond the scope of this paper and regarded as future research.

Let us summarize the modeling assumptions we include in order to keep a tractable model. The impact of each of these
assumptions is discussed in Section 4.

(A1) We assume that the OD matrix is known, deterministic, and does not change when the service changes. In other words, the
set 𝑅 will be considered exogenous and without any noise. Moreover, when we run numerical simulations, this OD matrix
will represent what is currently served in the fixed public transportation line.

(A2) Congestion is disregarded. That is, traveling times 𝑡𝑣(𝑒) do not depend on the number of vehicles in the network or the arc.
(A3) We assume that a single (average) value of time per trip stage is representative of the demand. Below we introduce parameters

𝛼𝑊 𝑎𝑙 𝑘, 𝛼𝑊 𝑎𝑖𝑡, 𝛼𝐼 𝑉 to represent the equivalent monetary value of access, waiting and in-vehicle time savings of our travelers.

We consider a mixed model, in which there is a traditional public transportation line and a flexible system operating together.
When a user needs to travel, she will request a service and the system will allocate her to a flexible ODRP or to a fixed-route bus,
depending on the availability of ODRP vehicles, and on which one provides her with a better quality of service measured via4 the
generalized cost of access, waiting and in-vehicle time; crucially, this decision of the system (whether to allocate her to a bus or to
ODRP) is guaranteed to be aligned with the user’s interest, as detailed in Section 2.2. The monetary costs incurred by offering the
ODRP service can be partially compensated by reducing the fleet required to operate the fixed line, as it will now serve fewer users.
Implicit in the description above is the following assumption, whose relevance we also discuss in Section 4:

(A4) All users first request a trip via ODRP, as opposed to some users deciding directly to use the bus without considering ODRP.

Let us remark that nothing would prevent a user from walking to a bus stop and waiting for the bus as in traditional bus systems.
Therefore, (A4) is indeed a simplifying assumption.

The ODRP service is not necessarily door-to-door: instead, it is the system that decides where to pick up and drop off every
passenger, taking into account both the discomfort induced by walking and the savings that can be gained thanks to avoiding
unnecessary detours. This is done following the procedure by Fielbaum et al. (2021) and is described briefly below in this section.
It is noteworthy that short walks are a common feature in public transport. The whole system is represented in Fig. 1.

To illustrate the system in a more concrete way, consider the following example. Alice needs to travel from her origin 𝑢1 to her
destination 𝑢2, and she knows that the fixed-line is useful for that purpose (i.e., there are bus stops close to 𝑢1 and 𝑢2). Before leaving
her origin, she enters the public transportation app, where she might receive one of two outputs: (i) she is told that there are no
flexible vehicles available for her, meaning that she needs to take a fixed-route bus, or (ii) she is assigned to a flexible vehicle, and
she is told which are the pick-up and drop-off nodes for her trip. We now explain how these decisions are made, and how are the
two sub-systems modeled. At the beginning of the following two subsections we provide a table summarizing the notation utilized
in each of them.

4 There are other aspects that could be considered as quality of service. For instance, ODRP might be regarded as offering better quality of service because
the vehicles are more comfortable and there is no crowding (Tirachini and del Río, 2019); on the other hand, ODRP is less reliable as traveling conditions
depend on the circumstantial co-travelers (Kucharski et al., 2020; Fielbaum and Alonso-Mora, 2020; Alonso-González et al., 2020).
5 
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Table 1
Glossary of terms used in the fixed-line model.
Symbol Meaning

𝑆1 ,… , 𝑆𝑛 , 𝑇1 ,… , 𝑇𝑛 Bus stops
𝑃 𝑒𝑟𝑖 Period 𝑖
𝐹 𝑟𝑒𝑞𝑖 Bus frequency in period 𝑖
𝐷 𝑢𝑟𝑖 Duration of period 𝑖
𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟) Cost faced by user 𝑟 if traveling by bus
𝛼𝑊 𝑎𝑙 𝑘 , 𝛼𝑊 𝑎𝑖𝑡 , 𝛼𝐼 𝑉 Value of access, waiting, and in-vehicle time savings
𝑊 𝑎𝑙 𝑘(𝑟) Walking time faced by 𝑟 if traveling by bus
𝑊 𝑎𝑖𝑡(𝑟) Waiting time faced by 𝑟 if traveling by bus
𝐼 𝑉 (𝑟) In-vehicle time faced by 𝑟 if traveling by bus
𝑆𝑖𝑛(𝑟), 𝑆𝑜𝑢𝑡(𝑟) Stops where user 𝑟 boards and alights a bus
𝑄(𝑟) In-vehicle time spent by 𝑟 waiting at bus stops
𝑡𝐵 𝑂 𝐴 Time spent by the bus breaking, opening the doors, and accelerating
𝑁𝑆 𝑡𝑜𝑝𝑠(𝑟) Number of stops toured by 𝑟 while in the bus
𝓁(𝑟) In-vehicle time spent by 𝑟 waiting for other users to board or alight
𝑡0 Time needed by each user to board or alight
𝑦(𝑟) Number of users boarding or alighting while 𝑟 is in the bus
𝑂 𝐶𝐹 𝑖𝑥𝑒𝑑 Fixed-line operators’ costs
𝐹 𝑙 𝑒𝑒𝑡𝑝 Fleet used during period 𝑝
𝑄𝑂(𝑝) Av. time spent by buses at each stop during period 𝑝
𝑐 𝑦𝑐 𝑙 𝑒𝑝 Buses’ cycle time in period 𝑝
𝑐𝐵 𝐶 , 𝑐𝐾 𝐶 , 𝑐𝐵 𝑂 , 𝑐𝐾 𝑂 Parameters defining the operators’ costs
𝐾 Capacity of the vehicle

2.1. The fixed line

The fixed public transportation line is spatially represented by a set of stops 𝑆1,… , 𝑆𝑛, 𝑇1,… , 𝑇𝑛. Stops 𝑆𝑖 represent the way forth
(let us call it direction 𝑆) and 𝑇𝑖 the way back (direction 𝑇 ).5 Each stop corresponds to a node in the graph, so that the vehicle
visits them sequentially, following the shortest path between two consecutive stops, going to 𝑇1 after visiting 𝑆𝑛 and to 𝑆1 after 𝑇𝑛.
Further, the day is divided into periods 𝑃 𝑒𝑟1,… , 𝑃 𝑒𝑟𝑚 (exogenously defined), so that the frequency of service (veh/h) offered by
the public transportation agency is fixed within those periods, i.e., the number of buses touring the circuit of stops depends on the
period; for the sake of simplicity, we do not model explicitly the transition between consecutive periods. We denote 𝐹 𝑟𝑒𝑞1,… , 𝐹 𝑟𝑒𝑞𝑚
the corresponding frequencies, and 𝐷 𝑢𝑟1,… , 𝐷 𝑢𝑟𝑚 the duration of each period. Our objective is to write users’ and operators’ costs
as a function of 𝐹 𝑟𝑒𝑞1,… , 𝐹 𝑟𝑒𝑞𝑚. A summary of the notation utilized in this subsection is provided in Table 1.

Users’ costs. The costs of user 𝑟 depend on average walking, waiting, and in-vehicle times:

𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟) = 𝛼𝑊 𝑎𝑙 𝑘𝑊 𝑎𝑙 𝑘(𝑟) + 𝛼𝑊 𝑎𝑖𝑡𝑊 𝑎𝑖𝑡(𝑟) + 𝛼𝐼 𝑉 𝐼 𝑉 (𝑟), (1)

where the parameters 𝛼 represent the corresponding values of access, waiting and in-vehicle time savings. We now explain how to
calculate each of these components. Recall that we assume equal fares for everybody, which is why they can be omitted in Eq. (1).

Consider a user 𝑟 taking the fixed line, that we assume (without loss of generality) traveling in direction 𝑆. She will select the
stops 𝑆𝑖𝑛(𝑟), 𝑆𝑜𝑢𝑡(𝑟) that minimize total walk, which is then given by

𝑊 𝑎𝑙 𝑘(𝑟) = 𝑡𝑤(𝑆𝑖𝑛(𝑟), 𝑜𝑟) + 𝑡𝑤(𝑆𝑜𝑢𝑡(𝑟), 𝑑𝑟) (2)

The waiting time faced by 𝑟 depends on the frequency of the public transportation line. Defining 𝑃 𝑒𝑟(𝑟) as the period
corresponding to 𝑡𝑟, then if bus headways are constant, passengers arrive randomly at a constant rate and vehicle capacity constraints
re not binding, 𝑟 will wait half of the headway on average

𝑊 𝑎𝑖𝑡(𝑟) = 1
2𝐹 𝑟𝑒𝑞𝑃 𝑒𝑟(𝑟)

(3)

Finally, the in-vehicle time (i.e. the time spent on the vehicle) depends on the riding time between bus stops, and on the time
spent at each bus stop:

𝐼 𝑉 (𝑟) =
𝑗=𝑜𝑢𝑡−1
∑

𝑗=𝑖𝑛
𝑡𝑉 (𝑆𝑗 , 𝑆𝑗+1) +𝑄(𝑟), (4)

5 The extension to consider different number of stops per direction, or to consider a circuit instead of two directions, is straightforward, but this scheme
ases the rest of the description.
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where the first term is the time spent in-motion, and 𝑄(𝑟) is the time spent at bus stops, which depends on 𝑟 not only because longer
rips visit more bus stops, but also through 𝑃 𝑒𝑟(𝑟), as high-demand periods face a greater load per bus, inducing longer times at the
tops due to boarding and alighting of passengers. To be precise:

𝑄(𝑟) = 𝑡𝐵 𝑂 𝐴 ⋅𝑁𝑆 𝑡𝑜𝑝𝑠(𝑟) + 𝓁(𝑟) (5)

In Eq. (5), the first addend represents the time spent breaking, opening the doors, and accelerating, so 𝑡𝐵 𝑂 𝐴 is the time spent
per stop (independent of 𝑟) and 𝑁𝑆 𝑡𝑜𝑝𝑠(𝑟) is the number of stops visited by 𝑟, which depends on 𝑟 but not on the frequencies. The
second addend 𝓁(𝑟) represents the time waiting for other passengers to board and alight, calculated as

𝓁(𝑟) = 𝑡0 ⋅ 𝑦(𝑟) (6)

where 𝑡0 is the time needed for each user to board or alight, and 𝑦(𝑟) is the sum of the number of users boarding or alighting at
each of the 𝑁𝑆 𝑡𝑜𝑝𝑠 stops visited by 𝑟. The term 𝑦(𝑟) can be directly computed by dividing the period 𝑃 𝑒𝑟(𝑟), that lasts 𝐷 𝑢𝑟𝑝(𝑟), into
⌈𝐷 𝑢𝑟𝑃 𝑒𝑟(𝑟)∕𝐹 𝑟𝑒𝑞𝑃 𝑒𝑟(𝑟)⌉ sub-intervals, representing the different headways in which users accumulate at each bus stop. As we know
he time at which each passenger arrives at the bus stop, it is straightforward to determine which passengers share the same bus
ith 𝑟.

Operators’ costs. Total operators’ costs encompass fixed and usage-dependent costs. It has been estimated with data from several
countries (e.g., Sweden, Australia, Germany, Chile) that both cost components grow in an affine linear way with respect to the
size of the vehicles utilized (Jansson, 1980; Tirachini and Hensher, 2011; Tirachini and Antoniou, 2020). That is to say, some cost
items are constant regardless of the vehicle size (e.g., drivers’ salaries), and other cost components increase for larger vehicles
(e.g., energy consumption). Similarly, some costs do not depend on vehicles’ usage (e.g., capital costs) and others do (e.g., again,
energy consumption).

Let us denote by 𝑐 𝑦𝑐 𝑙 𝑒𝑝 the cycle time required to tour the whole circuit during period 𝑝, which is given by the time required to
travel between all consecutive bus stops plus 2𝑛𝑄𝑂(𝑝), corresponding to the time lost at each stop, where we denote by 𝑄𝑂(𝑝) the
average time spent per stop during period 𝑝 (the sub-index 𝑂 refers to operators). In general, frequency is given by the fleet divided
by the cycle time, thus the fleet utilized during period 𝑝 can be computed as 𝐹 𝑙 𝑒𝑒𝑡𝑝 = 𝐹 𝑟𝑒𝑞𝑝 ⋅ 𝑐 𝑦𝑐 𝑙 𝑒𝑝, leading to total operators’ costs:

𝑂 𝐶𝐹 𝑖𝑥𝑒𝑑 = max
𝑝=1,…,𝑚

𝐹 𝑙 𝑒𝑒𝑡𝑝 ⋅ (𝑐𝐵 𝐶 +𝐾 𝑐𝐾 𝐶 ) (7)

+
𝑚
∑

𝑝=1
𝐹 𝑙 𝑒𝑒𝑡𝑝 ⋅𝐷 𝑢𝑟𝑝 ⋅ (𝑐𝐵 𝑂 +𝐾 𝑐𝐾 𝑂),

where the first term corresponds to fixed costs (through the fixed parameter per bus 𝑐𝐵 𝐶 , and the slope 𝑐𝐾 𝐶 ) and the second term
to operating costs (with parameters 𝑐𝐵 𝑂 , 𝑐𝐾 𝑂). In both terms the cost grows linearly with the capacity 𝐾 of vehicles (measured in
assengers per vehicle). For a given vector of frequencies, we compute the maximum number of users that would be on the same
ehicle at the same time: this can be done straightforwardly as we know, for each user, in which stop and headway she boards the
ehicle, and where she alights. We define 𝐾 to be equal to that value.

We consider as the objective function of the system its total costs, i.e., the sum of users’ and operators’ costs. Other objectives
and performance measures could be considered (e.g. VKT, fleet size, or quality of service), but the total costs are more general as
they capture every aspect of the system (Jara-Díaz, 2007). Note that both users and operators costs depend solely on the vector of
requencies-per-period. In our modeling approach the system can be simulated with the optimized values of frequencies, or these

values can be taken as exogenous, for instance, taking into account the fleet configuration of the current public transportation system
in a city. When we run simulations (most of Section 3), we assume optimal frequencies for most of our results. We do include an
dditional case considering exogenous real-life frequencies at the end of Section 3.

2.2. ODRP designed to complement fixed lines

We now explain the operation of the ODRP sub-system. A summary of all the notation utilized in this subsection is provided in
Table 2. As in the fixed line, users’ costs are defined through Eq. (1). Operators’ costs are also the sum of fixed and usage-dependent
costs, as in Eq. (7); however, the systems operates in a completely different way, as the vehicle routes are not fixed but respond to
he demand. Whereas the usage-dependent costs in Eq. (7) depend on the number of vehicles per period, in ODRP all vehicles are

active during the whole day, but they may remain idle (thus not contributing to usage-dependent costs) for some time when they
have no requests assigned. The resulting costs for users and operators are computed through simulations that we now explain.

As this system operates on-demand, the main question is how to assign users to vehicles. To do this, we adapt the method by
Fielbaum et al. (2021), an extension of the well-known assignment technique from Alonso-Mora et al. (2017) to optimize the pick-up
and drop-off points of each passenger. Flexible vehicles are usually not enough to serve everybody, and those users that are not
served by ODRP will use the fixed lines. Hence, there are two aspects that we need to account for:

• If a user will receive a worse quality of service in ODRP than with the fixed lines, she should not be assigned to ODRP
(otherwise she might not accept the assignment and use the fixed line anyway).
7 
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Table 2
Glossary of terms used in the ODRP model.
Symbol Meaning

𝛥 t Lapse of time to accumulate a batch of requests
𝑅𝑡 Set of requests to assign at time 𝑡
𝑟𝑒𝑞(𝑇 ) Requests forming potential trip 𝑇
𝑣𝑒ℎ(𝑇 ) Vehicle serving potential trip 𝑇
𝜅 Capacity of the vehicles
 Set of trips
 Set of vehicles
𝑈 𝐶(𝑇 ) Users’ costs yielded by trip 𝑇
𝑈 𝐶𝑇 (𝑟) Cost faced by user 𝑟 if traveling through trip 𝑇
𝛥𝑈 𝐶𝑇 (𝑟) Extra cost faced by user 𝑟 if trip 𝑇 takes place
𝑃 𝑎𝑥(𝑣) Passengers currently being served by vehicle 𝑣
𝑥𝑇 Binary variable marking whether trip 𝑇 is taking place
𝑧𝑟 Binary variable marking whether request 𝑟 has to take a bus
𝜓(𝑟) Penalty of non-serving 𝑟 via ODRP

• Not all users face the same conditions in the fixed line. Therefore, when deciding whom to serve via ODRP, we aim to include
this criterion and give a greater chance to the ones receiving the worst quality of service in the fixed line.

We now briefly explain how the assignment method works, and how do we capture these two aspects. Assignments are decided
in a receding horizon fashion, i.e., requests are accumulated during 𝛥𝑡 (we use 𝛥𝑡 = 1 min) and assigned all together, which is done
iteratively.

Let us denote 𝑅𝑡 the set of requests to be assigned at time 𝑡. The assignment method consists in two steps:

1. First, the set of feasible trips is computed, where a trip 𝑇 is defined by a set of requests 𝑟𝑒𝑞(𝑇 ) ⊆ 𝑅𝑡, together with a vehicle
𝑣𝑒ℎ(𝑇 ) (that might be serving previous requests), pick-up and drop-off points for each request in 𝑟𝑒𝑞(𝑇 ), and an updated route
for 𝑣𝑒ℎ(𝑇 ). The pick-up and drop-off points, as well as the updated vehicle’s route, are decided optimally6 according to Eq. (8)
below. For a trip to be feasible, the capacity 𝜅 of the vehicle cannot be exceeded (here we use 𝜅 = 4) and hard constraints
on waiting time, walking time and total delay must be fulfilled. Let us denote by  the set of feasible trips, and  the set
of vehicles. Each trip 𝑇 imposes user costs 𝑈 𝐶(𝑇 ), affecting both the users in 𝑟𝑒𝑞(𝑇 ) and the ones previously being served
by 𝑣𝑒ℎ(𝑇 ), as their traveling times can increase due to new requests. We denote by 𝑈 𝐶𝑇 (𝑟) the costs faced by 𝑟 ∈ 𝑟𝑒𝑞(𝑇 ) if
traveling through the trip 𝑇 , and by 𝛥𝑈 𝐶𝑇 (𝑟) the extra costs faced by 𝑟 ∈ 𝑃 𝑎𝑥(𝑣𝑒ℎ(𝑇 )) if trip 𝑇 is executed, where 𝑃 𝑎𝑥(𝑣) are
the users currently being served by vehicle 𝑣, thus

𝑈 𝐶(𝑇 ) =
∑

𝑟∈𝑟𝑒𝑞(𝑇 )
𝑈 𝐶𝑇 (𝑟) +

∑

𝑟∈𝑃 𝑎𝑥(𝑣𝑒ℎ(𝑇 ))
𝛥𝑈 𝐶𝑇 (𝑟) (8)

Note that we use 𝑈 𝐶(𝑇 ), meaning that the operators’ costs are not taken into account at the assignment step. Such costs,
which are proportional to the length of the resulting route, would bias the system towards serving via ODRP those passengers
traveling short distances; doing so might make sense if ODRP was running alone (which is why Fielbaum et al., 2021 do
include operating costs when assigning), but not in this context, as then the buses would receive a higher load, increasing
their costs. Therefore, it is better not to include any bias with respect to the length of the trips. For the same reason, in-vehicle
times only consider the extra-time over the length of the shortest path between origins and destinations.7
Computing  can be computationally expensive. This is faced by leveraging the following property as explained by Alonso-
Mora et al. (2017): for 𝑇 to be feasible, a necessary condition is that (𝐻 , 𝑣𝑒ℎ(𝑇 )) is also feasible for every 𝐻 ⊂ 𝑟𝑒𝑞(𝑇 ). We
omit here, and include in the Appendix A, those details of the method that are already described by Fielbaum et al. (2021).

2. Second, the following ILP is solved:

min
𝑥,𝑧∈{0,1}

𝐶(𝑥, 𝑧) =
∑

𝑇∈
𝑥𝑇𝑈 𝐶(𝑇 ) +

∑

𝑟∈𝑅
𝑧𝑟𝜓(𝑟) (9)

s.t. 𝑧𝑟 +
∑

𝑇 ∶𝑟∈𝑟𝑒𝑞(𝑇 )
𝑥𝑇 = 1∀𝑟 ∈ 𝑅𝑡 (10)

∑

𝑇 ∶𝑣𝑒ℎ(𝑇 )=𝑣
𝑥𝑇 ≤ 1∀𝑣 ∈  (11)

where binary variables 𝑥𝑇 represent which trips are selected to be executed, whereas variables 𝑧𝑟 mark which requests are
not served by ODRP and must use the fixed line instead. Eq. (9) is the objective function, which includes the users costs for

6 As explained in the Appendix A, some heuristics might be applied if the scale of the problem is too large.
7 We remark that this is a heuristic decision, as splitting the passengers between ODRP and public transportation in a way that minimizes total costs (or

ore generally, that maximizes social welfare) is an extremely complex problem. The complexity of finding an optimal solution is actually greater because the
DRP assignment problem involves several NP-Hard problems (Fielbaum et al., 2021) and is a dynamic one, so ideally one should consider the future demand

when deciding how to assign the current demand.
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each trip and a so-called ‘‘non-service penalty’’ 𝜓(𝑟) for each unserved user 𝑟. As discussed below, this penalty will play a key
role to decide which users to serve through ODRP. Eq. (10) ensures that each request is either served by ODRP or marked
with 𝑧𝑟, and Eq. (11) means that each vehicle can be assigned to at most one trip at a time.
This ILP is solved using a state-of-the-art commercial solver (Gurobi). For all four scenarios we study in Section 3, all of them
based on real-life public transportation lines with their corresponding demand, it is possible to solve the ILP to optimality in
less than a minute for every assignment step.

In the original method (Fielbaum et al., 2021), a constant high value 𝜓(𝑟) is assumed for every request, so that there is no
rioritization among users and they are only non-served when it is unfeasible or very inefficient to serve them. Instead, here we

define the non-service penalty equal to the expected cost that would be faced by the user if taking the fixed line:

𝜓(𝑟) = 𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟) (12)

Eq. (12) modifies the assignment decisions to solve the two issues described above. First, the presence of 𝜓(𝑟) in the objective
function (Eq. (9)) means that, when assigning a vehicle 𝑣 to one of two users 𝑟1, 𝑟2 because it is not possible to serve everybody, one
criterion to decide which user to serve will be which is the one having the worst (more costly) quality of service in the alternative
fixed-line service, which encompasses all travel time stages experienced by the user, i.e., walking, waiting, and in-vehicle times.
Note that this criterion is to be combined, through 𝑈 𝐶(𝑇 ), with how efficient is 𝑣 in serving each request, namely how close is 𝑣
to 𝑟1 and 𝑟2, which is related to the resulting waiting times, and the required deviation on the current route of 𝑣, as this affects the
sers currently on-board (if any).

The other issue to be faced is that no passenger should be assigned to ODRP if it offers her a worse quality of service than the
fixed-line. The fact that this is solved is formalized in the following proposition.

Proposition 1. Let 𝑇 ∈  such that the optimal solution (𝑥, 𝑧) of the ILP has 𝑥𝑇 = 1 (i.e., that the users in 𝑟𝑒𝑞(𝑇 ) are assigned to 𝑣𝑒ℎ(𝑇 )).
Then ∀𝑟 ∈ 𝑟𝑒𝑞(𝑇 ), 𝑈 𝐶𝑇 (𝑟) ≤ 𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟).

Proof. In plain words, the proof consists of showing that, if there was an 𝑟 such that 𝑈 𝐶𝑇 (𝑟) > 𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟), then removing 𝑟 from 𝑇 ,
so that 𝑟 travels by bus and everything else remains unaffected, would be a better solution than (𝑥, 𝑧). This is true because 𝑟 would
be better (which is the exact meaning of 𝑈 𝐶𝑇 (𝑟) > 𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟)), and the other users served by the same vehicle would also improve
as they can now follow a shorter route. The mathematical formalization of this proof can be found in the Appendix A. □

The corollary of Proposition 1 is that the system’s decisions are aligned with users’ interests. In other words, a user 𝑟 has
no incentive to deviate from the system’s decision: if the system tells 𝑟 to take a bus, she has no other choice; on the other hand, if
the system assigns 𝑟 to a flexible vehicle, she could reject the assignment and take a bus instead, but this would be harmful for her
as Proposition 1 guarantees that the ODRP service is better.

This corollary highlights a relevant virtue of our system. As decisions are taken dynamically, the users do not have to make
 choice with incomplete information. In fact, if the buses and the flexible vehicles would operate in an uncoordinated fashion,

every user would need to decide a priori which of the two systems to take depending on the expected quality of service of each
f them (and, if they are risk averse, considering that ODRP is usually more unreliable, as argued by Kucharski et al., 2020;

Alonso-González et al., 2020; Fielbaum and Alonso-Mora, 2020). Instead, the assignment method we use is better for the users,
as they know the decision is aligned with their own interests and taken with more information about the ODRP system — using the
actual cost rather than the expected one; and is also better at a system-wide level, as the decisions are taken in a centralized way
(the problem of decentralized decisions is thoroughly analyzed by Bahamonde-Birke (2022), who argues that it could even lead to
Braess-paradox-type of situations).

Rebalancing. After deciding the assignment, a rebalancing step is performed. This is done exactly as proposed by Alonso-Mora et al.
(2017), namely sending idle vehicles (if any) towards the origins of the requests 𝑟 marked with 𝑧𝑟 = 1.

2.3. Adapting the fixed line

When ODRP is included, the number of passengers using the fixed-line system diminishes, so the vector of frequencies per period
can be reduced. Operators’ costs are expected to increase due to the use of a larger fleet of small vehicles and buses (operators’
osts are reduced with a small fleet of large vehicles, see Jara-Díaz and Gschwender (2009)), so we reduce the bus frequency per
eriod as much as possible, without violating the bus capacity constraint: these frequencies determine the fixed-line operator costs
hat we consider when calculating the costs of the mixed system. This has the unavoidable cost of increasing waiting times for the
sers that remain as bus riders. A corollary of the frequency reduction is that it is not fair to leave, in a given period, a very small

number of users in the traditional line, because they would face a very low frequency; to prevent this problem, we serve everybody
with ODRP in the periods where it is possible to do so.

It must be also noted that as we assume that all the users are considered as potential ODRP passengers, we need to consider that
the ones remaining in the fixed line wait to receive a notification that they are not served in ODRP. As we decide the assignments
every 𝛥𝑡, fixed-line users wait on average 𝛥𝑡∕2 (in addition to the time waiting at the bus stop). This extra waiting time shows that
our assumption that all the line’s passengers are potential ODRP users is actually pessimistic: a more sophisticated demand model,

hich is out of the scope of this paper, would probably suggest that those users that are well-served by the fixed line would not call
 flexible vehicle, because their chances of getting served by ODRP would be low. This would reduce the mentioned extra waiting

time, enhancing our results even more.
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Fig. 2. The route and bus stops of Lines 501 and 208C in Santiago, and lines 237 and M45 in Berlin. Purple nodes represent intersections with metro lines.
The blue boundary shows the areas served by the lines. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

3. Results and discussion

3.1. The scenarios and data

We study how this mixed flexible-fixed public transportation service would operate during a whole day in Santiago, Chile, in
the areas currently served by Lines 501 and 208C, and in Berlin, Germany, for Lines 237 and M45, depicted in Fig. 2. Thus, we
cover a middle-income and a high-income country, which have differences in operator cost parameters, modal shares, and values
of travel time savings. We consider lines with different demand patterns and levels as detailed below. None of these lines run in
parallel to a rail-based mode (they do intersect perpendicular metro lines), so that mode choice within the public transportation
system (bus/rail) does not play a role.

The corresponding graphs are composed by the nodes that are no further than 1 km from the bus line, and from which people
can reach a bus stop in no more than 20 walking minutes, which are realistic upper bounds for what most users do walk in public
transportation systems (Daniels and Mulley, 2013; Durán-Hormazábal and Tirachini, 2016). The boundaries of the networks are
shown in blue in Fig. 2.

For Santiago, the demand datasets are computed following the method by Munizaga and Palma (2012), which is based on
smartcard fare payment data from the city’s public transportation system. The demand per working day in Lines 501 and 208C
are 12,250 and 1242 trips/day, respectively, representing cases of high and low demand. The lines intersect some metro stations,
shown in purple in Fig. 2. Line 208C is an auxiliary line that only runs during peak periods. In the case of Berlin, the demand level
is 16,810 trips/day for Line 237 and 33,000 trips/day for Line M45, and are computed through MATSim simulations (Ziemke et al.,
2019). All datasets contain, for each passenger, the stops where she begins and finishes her trip, so we assign the exact origins and
destinations randomly within the nodes situated close to such a stop, where the closer nodes have a greater chance to be assigned,
to reflect the fact that there tend to be more origins and destinations near transit stops (Kim and Li, 2021). The method for the
estimation of trip origins and destinations is explained in detail in the Appendix A.

The edges and nodes for all areas were obtained through OpenStreetsMaps. We begin analyzing the cases with both automated
(driverless) and human-driven vehicles, which only differ in the operators costs’ parameters. We use specific operator cost parameters
for human-driven and automated vehicles for both Chile and Germany, based on the estimations for electric vehicles from Tirachini
and Antoniou (2020), and as a result, operators’ costs are larger in Germany than in Chile. Following Tirachini and Antoniou (2020),
our model also takes into account that larger crowding levels are acceptable in Santiago than in Berlin: based on observed values,
10 
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Table 3
Parameters that are different between automated and human-driven vehicles.
Parameter Value in Santiago Value in Berlin

Automated vehicles
𝑐𝐵 𝐶 30.28 [$US] 24.6 [$US]
𝑐𝐾 𝐶 1.1 [$US \pax] 2.1 [$US \pax]
Human-driven vehicles
𝑐𝐵 𝐶 78.9 [$US] 157.8 [$US]
𝑐𝐾 𝐶 1.2 [$US \pax] 2.4 [$US \pax]

bus capacity for a 12-m long bus is set as 70 passengers in Berlin and 90 passengers in Santiago, and for a 18-m long (articulated)
us capacity is set as 110 passengers in Berlin and 140 passengers in Santiago. Crucially, this difference in carrying capacity in the

two scenarios will have an effect on the cost convenience of introducing an ODRP system, as our simulations show.
Automated and human-driven vehicles only differ in the fixed costs, i.e., parameters 𝑐𝐵 𝐶 and 𝑐𝐾 𝐶 . The numerical values of these

parameters are shown and explained in Table 3. The remaining parameters are described in Table 6 in Appendix A. Note that the
largest differences between automated and human driven vehicles occur in 𝑐𝐵 𝐶 , i.e., precisely the term that contains the driver’s
salary, which can be reduced by more than half thanks to automation.8

A visualization of the system can be seen in the video attached, for Line 501 in Santiago (see Appendix B).

3.2. Results of the simulations

We simulate the operation of the mixed service during the whole day, and for different numbers of ODRP vehicles. Figs. 3–4
compare the resulting costs of the traditional system (only having the fixed line) against the mixed system that we propose, by
exhibiting the savings achieved by users and operators depending on the ODRP fleet. Note that as we are showing the savings,
eing above the 0% horizontal line means that the corresponding actor is being benefited (users, operators, or overall). Fig. 3 shows

the results for automated vehicles, and Fig. 4 for human-driven. Some remarkable conclusions emerge:

• Users are better off under the mixed system with ODRP operating in all four scenarios, regardless of whether vehicles are
automated. The only exception is when too few ODRP vehicles are operated (explained below). The superiority in quality of
service from ODRP is mainly reached due to a reduced amount of walking.

• If the vehicles are automated, there are segments when the three curves are above 0%, i.e., where both users and operators are
benefited. That is, under some circumstances our system is able to induce a Pareto improvement, in which both users
and operators are better-off. This happens partly due to the good quality of service provided by ODRP, that outweights
the extra waiting time experienced by the fixed-line users, but also because buses do not always run full during off-peak
periods (Jara-Diaz et al., 2020), so that there is room to reduce the service frequency.

• If vehicles are human driven, a (mild) Pareto-improvement is still possible in three out of the four scenarios (Santiago-501,
Santiago-208C and Berlin-237), whereas in the other case (Berlin-M45) either users or operators would end up worse-off.
Overall costs can still diminish up to about 10% in the lines we simulate.
The difference between automated and human-driven vehicles reflects that our model is particularly sensitive to the relative
value of the operators’ cost parameters. In fact, as the combined system introduces small vehicles and removes large ones,
if capacity-independent vehicle costs 𝑐𝐵 𝐶 , 𝑐𝐵 𝑂 become larger compared to the marginal costs of extra capacity 𝑐𝐾 𝐶 , 𝑐𝐾 𝑂, the
performance of our mixed system would become worse. This is exactly the case when vehicles are not automated, as drivers’
salary do not depend on the size of the vehicle 𝐾.
In all, our results show that even with human-driven vehicles, the ability of diminishing walking times can reduce total
costs by a significant share; however, this requires allocating extra monetary budget. As such, vehicles’ automation
might become a crucial enabler for the system we propose here. This finding coincides with previous papers that show that the
competitiveness of on-demand mobility strongly increases with this technology (Oke et al., 2020; Basu et al., 2018; Fielbaum
et al., 2023).

• When the number of vehicles is too low, users can become worse off. The explanation for this result comes from what was
discussed in Section 2.3: users that remain in the buses now face an average extra 30 s of waiting, namely until the system
notifies them that there is no flexible vehicle available. If there are just a few vehicles, almost every user remains in the buses
and are thus negatively affected in this way, while the number of users who benefit from the presence of ODRP is smaller.

• Total costs savings reach their maximum but then start to decrease, implying that serving all of the demand with only ODRP
would be less efficient than the mixed system. Such an outcome stems from the increased operators’ costs when operating only
ODRP for large demand levels.

8 These parameters are derived from Tirachini and Antoniou (2020), who estimate the different components of the cost function (such as maintenance,
energy, and capital) for 𝐾 = 5, 8, 50, 90, 140, in Santiago, Chile, and Munich, Germany, for human-driven and automated electric vehicles. We assume the values
in Munich to be valid for Berlin as well. We classify each of such components to be either dependent on the number of driving hours (hence contributing to
𝑐𝐾 𝑂 and 𝑐𝐵 𝑂) or not (contributing to 𝑐𝐾 𝐶 and 𝑐𝐵 𝐶 ). Numbers are normalized to account for the number of driving hours per day. After this procedure, we have
total fixed and usage-dependent costs for each 𝐾 = 5, 8, 50, 90, 140, so that a linear regression leads to the parameters shown in Tables 3 and 6.
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Fig. 3. Percentage of the costs saved thanks to utilizing the mixed system with automated vehicles, compared to the original case with no flexible vehicles.

Comparison of the four scenarios. In order to gain more insights from our model, we provide a more detailed comparison of the
four scenarios simulated, assuming an operation with automated vehicles, as this technology would yield the largest benefit. While
in all of the scenarios it is possible to find Pareto improvements if vehicles are automated (or to reduce total costs if vehicles are
human-driven), the magnitude of the changes presents significant variations. To analyze the causes of these differences, in Table 4
we present relevant characteristics of each scenario:

• The total daily demand changes from little more than a thousand (208C in Santiago) to 33,000 (M45 in Berlin). In general,
we observe that the scenarios with lower demand levels present better results. The reason behind this is that the fixed routes
provide a worse quality of service in low-demand areas, as low frequencies yield large waiting times. Therefore, shifting some
trips to ODRP is more beneficial in that context. This conclusion is reinforced by an additional analysis done on Line 237
in Berlin and presented in the Appendix A, where we show that if the demand was roughly half of its true level, the results
become significantly better.

• In Santiago, large buses are cheaper to buy and operate (Tirachini and Antoniou, 2020) and run more crowded, so replacing
them with smaller vehicles involves larger operators’ costs. This is formalized in the third and fourth columns of Table 4, that
show that the ratios 𝑐 ∕𝑐 and 𝑐 ∕𝑐 are larger in Santiago. This last aspect would be nuanced if our model accounted for
𝐵 𝐶 𝐾 𝐶 𝐵 𝑂 𝐾 𝑂

12 
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Fig. 4. Percentage of the costs saved thanks to utilizing the mixed system with human-driven vehicles, compared to the original case with no flexible vehicles.

the crowding discomfort as increasing the value of in-vehicle time savings (as Tirachini et al., 2014; Jara-Díaz and Gschwender,
2003), because every user switching from a crowded bus to ODRP would improve her quality of service even further.9

• We report the Gini index of each line. To be specific, we calculate how many trips are originated in each bus stop, and compute
the Gini index of the resulting OD vector. We remark that the Gini index has been proposed in the past as a way to measure
the concentration of trips in public transportation (Hörcher and Graham, 2021). We can observe that the two lines with the
greater Gini, i.e., where the demand is more concentrated, present better results. This makes sense, as the fixed lines need
to visit the whole circuit regardless of the demand, whereas the flexible vehicles can remain close to where trips are mostly
generated.

From a policy perspective, there are two possible objectives one might consider: either to diminish total costs as much as possible,
likely requiring more subsidies,10 or to obtain the maximum Pareto improvement  . This quantity  is defined as the minimum

9 Besides crowding, there are many directions in which we could make our bus model could be extended, such as distance-dependent fares (Jara-Diaz et al.,
2024), demand-dependent spacing (Lehe and Pandey, 2023), or considering that the time required to alight from a bus depends on its level of occupancy (Seriani
et al., 2019). We have opted for a formulation that admits a simple representation of public transportation supply while accounting for the central design elements.

10 Traditional urban public transportation is usually subsidized (Börjesson et al., 2020; Glaister, 2018).
13 
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Table 4
Main characteristics of the four scenarios.
Scenario Total demand 𝑐𝐵 𝐶∕𝑐𝐾 𝐶 𝑐𝐵 𝑂∕𝑐𝐾 𝑂 Gini

501 (Santiago) 12,250 27.5 26.7 0.44
208C (Santiago) 1242 27.5 26.7 0.66
237 (Berlin) 16,810 11.6 15.3 0.58
M45 33,000 11.6 15.3 0.45

Table 5
Detailed results for each of the four lines, considering either the objective of maximizing total savings, or maximizing the Pareto savings.

Line Objective ODRP Bus fleet Total Users Operators ODRP
Fleet reduction savings savings savings service rate

501 (Santiago) Max. savings 72 31% 24.5% 50.5% −62.1% 66.8%
Max. Pareto 6 11.1% 1.3% 0.2% 5.1% 7.6%

208C (Santiago) Max. savings 18 28.6% 17.8% 43.9% −29.2% 71.3%
Max. Pareto 6 28.6% 13.3% 16.2% 8% 36.7%

237 (Berlin) Max. savings 94 75% 39.3% 58.9% −33.7% 90.2%
Max. Pareto 20 30.6% 8% 8.6% 6.2% 23.3%

M45 (Berlin) Max. savings 96 28.2% 12.8% 15.9% 3.4% 24.6%
Max. Pareto 48 15.4% 8.8% 10.4% 4% 17.5%

Fig. 5. Comparison of service times offered by: the traditional system considering all users (blue columns), the traditional system considering the users that
would use ODRP in the mixed system (red columns), and ODRP (yellow columns). Note that the red and yellow columns refer to the same users, comparing
the traditional vs the mixed network. Results are shown for the Line 237 in Berlin with 20 flexible vehicles. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

improvement between users and operators. To be formal, let us denote by 𝑆𝑈 (𝐹 ), 𝑆𝑂(𝐹 ) the users’ and operators’ savings when a
fleet of 𝐹 on-demand vehicles is used. Then the maximum Pareto-improvement is given by

 = max
𝐹

min{𝑆𝑈 (𝐹 ), 𝑆𝑂(𝐹 )}. (13)

Intuitively speaking, we are selecting the number of vehicles that benefits both users and operators as much as possible.
In Table 5 we show detailed results regarding the resulting costs, fleets, and service rates through ODRP for both objectives.

Crucially, total savings reach from 12.8% (Line M45 in Berlin) to 39.3% (Line 237 in Berlin), while the Pareto improvement is
always larger than 4% in all of the lines but 501 (Santiago) where users’ savings are mild (0.2%) under this objective.

One scenario in detail. To better understand these results, in Fig. 5 we zoom into the Line 237-Berlin scenario, focusing on the case
with 20 vehicles, which presents the largest Pareto improvement (both users and operators improve by more than 6.2%). We analyze
the quality of service experienced by ODRP users (yellow columns in Fig. 5), and compare it with what they would have experienced
in the system without ODRP (red columns). We also add the average quality of service when there is no ODRP (the baseline — blue
columns). As in public transportation the waiting times are strongly dependent on the period, in Fig. 5(b) we depict the results
for each period. These figures provide interesting insights (that remain valid in the other scenarios, as shown by the corresponding
analogous figures for each of them that can be found in the Appendix A):

• As expected, the average walking time is much lower in ODRP than in traditional public transport, as users receive an almost
door-to-door service. The comparison between the blue and red columns for walking in Fig. 5(a) reveals that ODRP serves
users that would have had a substantially greater walking time than the average user if there was no ODRP, i.e., ODRP is
effectively considering the distance to the public transportation line as a relevant criterion when deciding whom to serve. This
finding suggests that having a significant number of users walking more than 10–15 min in total (access plus egress)
is the crucial factor for our system to be better than the traditional line.
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Fig. 6. Analysis of the advantage of the mixed system considering the 25% users situated furthest from the fixed line 237 in Berlin with 20 flexible vehicles, as
the flexible fleet grows: (a) Walking times with or without ODRP, (b) Percentage of users served via ODRP overall, and considering the furthest quartile only.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

• In-vehicle times are much smaller in the fixed-line, which happens because it runs straight through the main street. In this
line, ODRP serves mostly long trips (the corresponding red column is taller than the blue one), but the contrary happens in
other scenarios, which is consistent with the fact that the distance between origin and destination is not a relevant factor to
decide which type of vehicle to use.

• In ODRP, waiting times do not change much across periods, and are actually larger during the peak, as more users need to
board the same fleet. Therefore, regarding this metric, the users that are favored with the implementation of the mixed system
are the ones that use ODRP during the low-demand periods, where the fixed-line frequencies are low as well.
It is worth recalling that users who remain on the buses now face a greater waiting time, as frequencies are reduced. In our
model we assume all users would first request an ODRP vehicle; however, in reality, some users might go directly to bus stops,
because of individual preferences or habit, thus never benefiting from the ODRP virtues. In the case under scrutiny (Line 237
in Berlin with 20 vehicles) the average waiting time at the bus stops increases from 1.24 to 1.65 min, i.e., a significant yet
definitely tolerable difference.

As the main virtue of the mixed system is its ability to reduce the walking times for some, we now study this effect in more
detail. To do so, and still considering Line 237 in Berlin, we focus on the 25% of the passengers situated furthest from the fixed-line
(the furthest quartile), i.e., the ones that would need to walk more if the ODRP system was not available. In Fig. 6(a) we compare the
walking times they would have experienced in the traditional system with the walking times offered by the mixed system, where
the advantage of the latter becomes evident. In Fig. 6(b) we compare the percentage of total users traveling in ODRP, with the
same percentage considering only the mentioned quartile: as the fleet grows, more users are being served in general, but the ODRP
system always serves with a greater probability the ones that would need to walk more, as revealed by the fact that the yellow line
lies over the red one. This last conclusion can also be visualized in Fig. 7, where we show for each zone in the network, the fraction
of the users transported by ODRP, considering the fleet that achieves the maximum Pareto improvement. The zones are calculated
only for this visualization, and are computed following a simple method explained by Wallar et al. (2018). The results clearly show
that those zones placed further from the bus line are greener, i.e., they use ODRP more intensely.

Let us discuss these last results through the lens proposed by Hörcher and Graham (2022). They argue that splitting the demand
between two modes is efficient when there is heterogeneity among users’ preferences, and when the modes do not have great levels
of scale economies. In our case:

• The heterogeneity of the users does not come from their subjective preferences, but from their walking distance towards the
fixed line. Therefore, this condition is fulfilled.

• The fixed line does present scale economies that are partially lost because some users are shifted to ODRP. As argued above,
this barely increases waiting times (in other words, the demand levels are large enough for the Mohring Effect to be almost
exhausted). In the case of ODRP, it does present overall scale economies, but for users it presents a mixture between scale
economies and diseconomies (Fielbaum et al., 2023). All together, this suggests that there are losses of scale economies when
users are split, but they are limited.

Real-life bus frequencies: Finally, let us study a different scenario, namely comparing our approach to currently-offered real-life
(rather than optimized) bus frequencies. We show here that our results get much better. That is, here the original scenario considers
the bus frequencies per period as exogenous and equal to the actual bus frequencies set for each line by the public transportation
authorities. The whole method is applied in the same way afterwards: capacities are calculated to fit the demand, and after
15 
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Fig. 7. Fraction of the users emerging from every zone that are served by ODRP, for the Line 237 in Berlin with 20 flexible vehicles. The greener the area, the
more intense the use of ODRP. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Percentage of the costs saved thanks to utilizing the mixed system, compared to the original case with no flexible vehicles, considering real-life frequencies
for Line 237 in Berlin.

introducing ODRP the frequencies are reduced maintaining the vehicles’ capacities. The savings reported below are compared to
the total costs obtained with these frequencies.

It is worth noting that the comparison provided before is fairer than this one, as the total savings are calculated there assuming
the same cost function utilized for optimizing the frequency. Therefore, the results here are meant to show the robustness of our
approach. We show the results in Berlin, as the trends are very clear and the reasons behind them remain the same for any other
scenario.

Results are depicted in Fig. 8, and the trends are very strong. Savings increase in a very significant way for both users and
operators compared to the case with optimized frequencies, which leads to a substantial increase in total savings as well. The main
reasons for that are twofold:

• First, as stated by Jansson (1980), real-life frequencies are usually sub-optimal because ‘‘more buses should be run and buses
should be much smaller’’. In this particular case, buses need capacity of at least 102 to be able to serve everybody with real-life
frequencies, whereas the capacity becomes 29 when using optimal frequencies. This means that waiting times are much larger,
so that users are greatly benefited by the introduction of ODRP.

• The utilization of large vehicles also lead to greater idle capacity during the off-peak periods (Jara-Díaz et al., 2017). Therefore,
when we calculate the updated frequencies after introducing ODRP, the room for reducing them without violating the bus
capacity is larger than in the optimal-frequencies case, which leads to a reduction in the operators’ costs.

4. Limitations of the model and implementation challenges

In this section, we discuss the limitations of our model and simulations. We first focus on the model itself, recalling what were
the main assumptions we made and what impact they have on the results (Section 4.1). Then we focus on what challenges would
be faced to implement the proposed system in practice, and how this would relate to the rest of the public transportation system.
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4.1. Modeling limitations

In this section, we discuss the four assumptions listed when describing the model at the beginning of Section 2.

(A1) OD Matrix fixed and deterministic: The operational characteristics of our system, i.e. its fleets and frequencies, are tailored
to the specific demand of the day we are modeling. In practice, (i) public transportation systems do not know the actual
passenger demand in advance, and therefore must offer services based on forecasts that are usually estimated with historical
data, and (ii) an improved public transportation system could attract more demand. We now argue that this assumption does
not affect our overall conclusions.
Let us start with the problem of known and deterministic demand. First, this affects both the original scenario (only buses)
and ours (buses and ODRP). Therefore, if (for instance) more vehicles would be required to face random demand variations,
this would increase the costs of both scenarios. Moreover, by design ODRP is better suited to face random demand variations,
especially variability in the spatial location of demand, precisely because it is on-demand, i.e., the vehicles have more
flexibility to adjust. As such, dropping this assumption would likely lead to an increase in costs for both scenarios, but
we expect that the comparison would favor the proposed model even more than in the current setting. Second, it is worth
remarking that this is a usual assumption in models that decide frequencies and/or networks in the context of traditional
public transportation (see the survey by Durán-Micco and Vansteenwegen (2022) for a more detailed discussion). This
reinforces the arguments given above: our findings are valid from a strategic perspective, but as most public transportation
design models, a real-life implementation would require designing complementary methods to forecast the demand.
We now focus on the problem of non-reactive demand. As the proposed system offers a better quality of service than the
original one, more users would be attracted to public transportation as a whole. Moreover, most of the new users would
likely be situated far from the fixed line, as those are the ones most benefited from the presence of ODRP. This means that
the spatial distribution of the demand might change: some intrazonal trips are regarded as feasible in our model, as long as
the origin and destination are at walking distance from the fixed line. In reality, some users might avoid taking a bus for an
intrazonal trip (e.g., if the walking time is too long compared to the total duration of the trip, so that a private mode could be
much more attractive), but accept ODRP for the same purpose (Zuniga-Garcia et al., 2022). While this means that our results
should be updated to account for new users,11 doing so would only improve their travel situation: first, because attracting
more users to public transportation is usually a desirable goal, and second, because ODRP is most-likely characterized by
overall scale economies (Fielbaum et al., 2023).
Two nuances emerge: First, ODRP’s quality of service might become worse, under certain conditions, when its ridership
increases12 especially if the spatial distribution of the demand changes. Second, the emergence of some users that would
accept traveling via ODRP but not in the fixed line (the ‘‘intrazonal users’’ discussed above) imply that some passengers, if
not assigned to an ODRP vehicle, would leave the public transportation system and find a private way to travel. Both aspects
would mitigate the increase in ridership but do not affect the overall argument.
Finally, we remark that using the current public transport demand to represent the demand of a system that combines on-
demand mobility with fixed lines, as well as assuming a non-reactive demand even when the combination changes (i.e., more
ODRP or more fixed lines), are commonly observed in the literature (Leich and Bischoff, 2019; Maheo et al., 2019; Calabrò
et al., 2023; Ng et al., 2024a; Edirimanna et al., 2024; Fielbaum and Alonso-Mora, 2024). A more sophisticated (endogenous)
demand model would make our results more accurate and is regarded as a relevant direction for future research.

(A2) Congestion is disregarded: In our model we do not account for traffic congestion, which could be included by either
exogenous or endogenous factors.
Exogenous factors refer to the fact that the conditions on the streets vary during the day (for instance, if travel times are longer
during peak periods because of car traffic). This problem would affect exactly the same way both scenarios (the original and
our proposed system), and thus our conclusions are not affected.
Endogenous factors refer to the extra congestion that would be caused by the ODRP vehicles in the system. They do increase
the VKT and Vehicles-Hours-Traveled (VHT). This is relevant not only to achieve a more accurate model, but also because it
may raise environmental concerns. E.g. in the Berlin case we study in-depth in Section 3 (i.e., line 237 with 20 vehicles), VHT
increases from 442 to 655. However, this is a mild increase when compared to the overall car-dominated traffic volume,13

which would be likely overweighed by the changes in mode choice. Similarly, Line 501 in Santiago covers approximately 11
km per direction, so 22 km in total, where the streets have at least two lanes in every part of its route. In the largest ODRP
fleet scenario (80 flexible vehicles), without considering that some buses are removed, and in a pessimistic case where all of
them are concentrated in the same streets used by the buses, this would add 1.8 veh/km-lane, which is a very mild number
compared to the more than 100 veh/km-lane required to achieve a jam density14 (Knoop and Daamen, 2017).

11 We remark that no method trying to predict the demand changes can be very accurate, because there is no real-life implementation of our system to have
a data-oriented estimation. Therefore, we opt for a clear and crisp method, namely keeping the same OD matrix, where we know the direction of the bias —
isregarding potential new trips.
12 When more users share the same vehicle, each of them faces a longer detour. This is defined as the Extra Detour effect by Fielbaum et al. (2023). Similarly,

short trips would make the ODRP vehicles to stop more often.
13 Berlin has less than 200 bus lines, so a rough approximation is that this system would add less than 5000 thousands vehicles to the streets. On the other
and, cars account for 45% of the trips in Berlin, thus almost a million cars. The impact would be even milder in most other cities, as Berlin has a relatively
ow private transportation share.
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In other words, if including ODRP is able to attract car drivers as discussed in the previous bullet point, the congestion
and emissions could actually decrease (in fact, using empirical data, Tirachini et al. (2020) shows that the actual effect of
ridepooling on increasing or reducing vehicle kilometers traveled critically depends on the occupancy rate of ridepooling
trips and on ridepooling’s ability to attract car drivers).
Finally, we remark that assuming fixed traveling times is frequent among the literature dealing with ODRP and its integration
into public transport (Maheo et al., 2019; Simonetto et al., 2019; Pinto et al., 2020; Calabrò et al., 2023; Ng et al., 2024b).
Accounting for the endogenous congestion is methodologically challenging (Salazar et al., 2019), and is regarded as a relevant
direction for further research.

(A3) Single value of time is representative of the demand: The critical role played by this assumption is that we know in
advance how each user perceives the quality of service in the fixed line. This enables having Eq. (12) as a simple rule to
prioritize the users that face the worst quality of service. If the true values of time of each user was known, it is straightforward
to adapt Eq. (12) so that it still reflects the fixed line’s quality of service. However, this could raise equity issues (e.g., is it fair
to prioritize someone just because her value of time is larger, even if her objective travel time is smaller?). Moreover, knowing
the value of time for each user is typically impossible. This is why we regard using average values of time for everyone as
reasonable.
Dropping this assumption might imply that for some users our rule might no longer present incentive compatibility
(Proposition 1 may not be valid for them). To be specific, if a user enjoys walking but hates waiting, then our method
might be too optimistic regarding how she would perceive the offered ODRP alternative. However, this can be easily solved
by allowing users to reject a trip when it is offered (but not after being accepted, as discussed when analyzing users’ behavior
in Section 4.2) and the rest of the method would function almost the same.

(A4) All users first request ODRP: Some users might prefer to directly use the bus instead of requesting an ODRP first. This
can happen for at least two different reasons. First, if the fixed line works well for a user, she will know that she will not
be prioritized when assigning the flexible vehicles, so going directly to the bus stop is more convenient. Second, some users
(e.g. the elderly) might face a technological barrier that prevents them from using apps, or might prefer to continue using the
buses as a matter of habit or personal preference. The former case is not a problem, as this behavior would actually improve
our results (by deducting the extra 𝛿∕2 waiting for those users). The latter issue is more problematic, as those users would be
in a slightly worse situation than when the ODRP service does not exist. However, and as described in Section 3, the increase
on average waiting times is small (in our simulations, less than a minute), so this is far from being a major issue.

4.2. Implications for practice

The promising results of the system proposed here suggest that this is an appealing way to introduce ODRP into public
transportation networks. However, there is usually friction between these models and a potential real-life implementation, as many
aspects of reality are more complex than what we have discussed so far. Let us discuss now the most important challenges and
changes that would need to be considered for an eventual implementation of this idea:

• Users’ behavior: A frequent problem observed in shared on-demand mobility is the direct effects of users’ behavior on their
co-travelers. Concretely, if users cancel a trip, or show up late, the system is affected as a whole (Kucharski et al., 2020; Yao
and Bekhor, 2024). Private platforms usually prevent this by charging the users even if the trip does not take place, so similar
measures would need to be considered if a user assigned to ODRP, after accepting the trip, cancels or is late; with or without
these penalties, the quantitative findings of the paper would change when accounting for potential cancellations and late users.
In order to ease the visual connection between matched ODRP vehicles and passengers, it might be beneficial to limit the
number of nodes in the network that can be used as pickup or dropoff points, and provide some basic infrastructure there
(e.g. a sign). Finally, the transition towards this type of system could be difficult for the users, as they are accustomed to
knowing in advance which type of vehicle they will board: therefore, the gains in quality of service should be made very
explicit for the users to be willing to explore this new alternative.

• As discussed in the introduction, other ways to integrate ODRP have been proposed in the past, such as using ODRP to face
the last-mile problem, or to fully replace traditional buses in low-demand areas. We envision that at a whole-city level, these
different strategies can be combined depending on which of them suits each area better. In particular, our results show that
in urban areas currently served by a fixed line, i.e., where many users are traveling longitudinally, the system proposed here
can be an efficient solution. On the other hand, low-demand areas where origins and destinations are dispersed might still be
better served by ODRP only, while in suburban zones with a rail station, it might be better to use ODRP as a feeder.

14 Note that vehicles per lane are not enough to describe congestion, as these shared vehicles stop more often, and large vehicles or buses can create sight
problems. Two formal ways to deal with an increased number of stops are to assume larger equivalence factors for shared-rides vehicles in mixed-traffic operations,
because their stops to pick up and drop off passengers may delay all other vehicles (as done in Section 3.5 of Tirachini et al. (2014)), or to directly add to cars
 fraction of the time buses are stopped at bus stops (as done by Basso and Silva (2014)). However, as mild as our numbers are (1.8 veh/km-lane), we do not
odel any direct impact (positive or negative) on congestion potentially induced by our system, and leave this analysis as a line of further research.
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• Let us discuss what would happen when a user 𝑟 is currently taking the fixed line to connect with another public transportation
line. This means that our model, and specifically our OD matrix, would only capture one leg of 𝑟’s trip. From the users’
perspective, 𝑟 would need to follow exactly the same sequence of public transport lines, but in some of them she might be
assigned to a flexible vehicle instead of a bus.
In those cases, if 𝑟 is assigned to an ODRP vehicle, she would be dropped off in the correct place to board the second line. If the
latter is also a bus line and is implementing this same strategy, this could imply a transfer between two ODRP vehicles. This is
not a problem, but it does create opportunities for an improved efficiency, if the dropoff of the first vehicle can be coordinated
with the pickup of the second one. However, including transfers in on-demand mobility is a very complex mathematical
problem (Coltin and Veloso, 2014), so it is regarded as a direction for future research.

• Finally, and as discussed above, our system has better chances of being implemented when automated vehicles are available.
While total costs are still significantly diminished in the human-driven scenario, the additional monetary costs might make
the system unfeasible for now.

Besides practical challenges, our results suggest strategic insights that can be utilized when designing other types of integration
between ODRP and fixed routes. Our model performs well because we are able to identify which users are currently receiving a
low quality of service in public transportation (mostly those with large walking times), to prioritize them in the design of ODRP
ervices. This is a promising idea in areas around a fixed public transportation line, as shown by the diverse case applications in
his paper. We note that the popular idea of ODRP as a first-mile connector follows the same rationale: if with a fixed line some
sers would receive a low quality of service because of excessive access/egress times, ODRP could be useful as an access/egress
ode. A new insight of this study is that this rationale can also be applied in high-demand areas. As such, besides the idea proposed
ere of complementing one traditional fixed line, ODRP could play other roles in urban environments following the same principle,
.g., prioritizing users that need to walk too much, face long detours, and possibly also needing several transfers. This is a very
elevant direction for future research.

5. Conclusions

In this paper, we have proposed a novel way to integrate shared on-demand mobility into a public transportation system, which
leverages the current fixed-lines structure of transit networks and complements each line with a fleet of small vehicles following
flexible routes. We show how to adapt a state-of-the-art assignment algorithm for ODRP, so that it is more likely to serve the
users whose fixed-line alternative is worse due to long walking times, and ensure that the system’s decisions are aligned with
users’ interests. The fixed-line fleet can be reduced as now buses have fewer riders, compensating (at least partially) the increased
operators’ costs.

We test the efficiency of this system by simulating the daily operation of four different lines from Santiago, Chile, and Berlin,
ermany, using data that comes from real-life operations. Our results show that users’ average costs can be greatly reduced, namely
y serving passengers located far from the bus stops (preventing long walking times), and by fully replacing the fixed-line during the
owest-demand periods (preventing long waiting times). Further, if vehicles are automated, a low number of small vehicles can also
educe operators costs (i.e., this system can obtain a Pareto improvement), by preventing the utilization of large vehicles with idle
apacity during the low-demand periods. The optimal ODRP fleet reduces total costs in 13%–39%, depending on the line, compared
o using the traditional fixed-line only.

From an operational perspective, our results suggest that given a zone to be covered by public transport, some passengers are
better served through a traditional fixed route, when their origins and destinations are close to a large street, while others are better
ff in ODRP. In densely populated areas, it is possible to have a demand high enough so that both sub-systems can operate efficiently
 offering low waiting times in the fixed-line, and matching the ODRP passengers in groups with limited detours. This reinforces

hat ODRP should not be limited to operating in low-demand contexts
There are many research lines to extend our results. First, in this paper we have assumed that ODRP collaborates with the

ixed line: How much would be lost if they compete, i.e., if ODRP decides whom to serve trying to maximize its profit instead of
rioritizing the users worsely served by the fixed line? Second, it is crucial to complement this supply-based analysis with demand
odels, in order to determine if the increased quality of service would be enough to attract some car users to this mixed system.
hird, dynamic assignment methods that account for the changes in the exogenous levels of traffic and congestion would make our
esults more robust. Finally, in our model the flexible vehicles are constrained to operate in the area served by a public transportation
ine; despite the virtues discussed in the paper, there might be several other alternatives to complement the ideas discussed here. In
ther words, as we have shown that this mixed service outperforms the original fixed-line and is also better than using only ODRP,
e conclude that the main question to be investigated is not how to choose between a pure traditional system or a pure on-demand
ne, but how to combine the best of both.
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Appendix A

Details of the ODRP assignment method

Here we explain how to compute the set of feasible trips  , which is done following the method by Fielbaum et al. (2021).
Recall that this set, as well as the subsequent assignments, are computed in a receding horizon fashion. This means that every 𝛥𝑡 we
accumulate the users that emerge during that lapse of time and assign them at once, together with users that have been previously
assigned but not yet picked up, so that we allow for reassignments. We use the same rule as Fielbaum et al. (2021), where users
that have been told to walk towards a pick-up point different than their origin will not be reassigned.

We denote by 𝑅𝑡 the set of requests to be assigned at time 𝑡, and  the set of vehicles. When computing  , each 𝑣 ∈  is
characterized by its position 𝑃 𝑜𝑠(𝑣, 𝑡), its planned route 𝑟𝑜𝑢𝑡𝑒(𝑣, 𝑡), and the requests currently assigned to it 𝜁 (𝑣, 𝑡). A trip 𝑇 , that
assigns the requests 𝑟𝑒𝑞(𝑇 ) to the vehicle 𝑣𝑒ℎ(𝑇 ), is feasible if there exists pick-up and drop-off nodes for each request in 𝑟𝑒𝑞(𝑇 ),
i.e., {𝑝𝑢𝑟, 𝑑 𝑜𝑟 ∶ 𝑟 ∈ 𝑟𝑒𝑞(𝑇 )}, and an updated route 𝜋 for 𝑣𝑒ℎ(𝑇 ), such that 𝜋 visits all such pick-up and drop-off nodes and the ones
reviously assigned to the requests in 𝜁 (𝑣, 𝑡), and fulfills the feasibility constraints. We assume that the vehicle spends a fixed time
𝛿𝑠𝑡𝑜𝑝 per stop due to breaking and accelerating.

In order to define the feasibility constraints, let us denote 𝑊 𝑎𝑖𝑡(𝑟, 𝜋) and 𝐼 𝑉 (𝑟, 𝜋) the waiting time and in-vehicle time,
espectively, that would be faced by request 𝑟 when the vehicle follows the route 𝜋. Moreover, let us define 𝑐 𝑎𝑝(𝑟, 𝑇 , 𝜋) the maximum

number of users that would share the vehicle at the same time. Then, the following restrictions have to be fulfilled:

𝑡𝑊 (𝑜𝑟, 𝑝𝑢𝑟) ≤ 𝛺𝑊 𝑎𝑙 𝑘 ∀𝑟 ∈ 𝑟𝑒𝑞(𝑇 )

𝑡𝑊 (𝑑𝑟, 𝑑 𝑜𝑟) ≤ 𝛺𝑊 𝑎𝑙 𝑘 ∀𝑟 ∈ 𝑟𝑒𝑞(𝑇 )

𝑊 𝑎𝑖𝑡(𝑟, 𝜋) ≤ 𝛺𝑊 𝑎𝑖𝑡 ∀𝑟 ∈ 𝑟𝑒𝑞(𝑇 )

𝐼 𝑉 (𝑟, 𝜋) +𝑊 𝑎𝑖𝑡(𝑟) +𝑊 𝑎𝑙 𝑘(𝑟) − 𝑡𝑉 (𝑜𝑟, 𝑑𝑟) ≤ 𝛺𝐷 𝑒𝑙 𝑎𝑦 ∀𝑟 ∈ 𝑟𝑒𝑞(𝑇 )

𝑐 𝑎𝑝(𝑟, 𝑇 , 𝜋) ≤ 𝜅

where the parameters 𝛺𝑊 𝑎𝑙 𝑘, 𝛺 𝑊 𝑎𝑖𝑡, and 𝛺𝑑 𝑒𝑙 𝑎𝑦 represent the maximum admissible walking, waiting, and total delay. The first four
restrictions represent the hard time windows, while the final one implies that the capacity of the vehicle can never be exceeded.
We assume 𝛺𝑊 𝑎𝑙 𝑘 = 𝛺𝐷 𝑒𝑙 𝑎𝑦 = 20 min. Regarding waiting time, we mimic what happens in public transport: if the user belongs to
he period 𝑝, then its maximum waiting time is 1∕𝐹 (𝑝).

These time windows not only ensure a reasonable quality of service, but also restrict the number of feasible trips. Nevertheless,
finding all of them is still challenging from a combinatorial point of view, which is why we leverage the following property first
dentified (and proved) by Alonso-Mora et al. (2017): a necessary condition for the trip (𝑟𝑒𝑞(𝑇 ), 𝑣𝑒ℎ(𝑇 )) to be feasible, is that
𝐻 ⊂ 𝑟𝑒𝑞(𝑇 ), the trip (𝐻 , 𝑣𝑒ℎ(𝑇 )) is feasible as well. Using this property, we identify the feasible trips incrementally, as we now
xplain: For each 𝑣 ∈  , we first search for all the individual requests (groups of 𝑘 = 1 requests) that could be feasibly be served by
. When we know all the groups of size 𝑘 that can be transported by 𝑣, we study the groups of size 𝑘+ 1, but considering only those
uch that the subgroups of size 𝑘 are feasible.

To determine whether a given group can be feasibly served by 𝑣, we should try all the possible routes, and every possible pick-up
nd drop-off points for each request. Instead, we use an insertion heuristic for the routes, and we use a local search to determine
andidates for the pick-up and drop-off locations. Both heuristics are explained in detail by Fielbaum et al. (2021).

Putting everything together, we are able to determine all the feasible trips at time 𝑡. Once this is done, the trips that are actually
eing assigned are determine through the ILP explained in Section 2.

Proof of Proposition 1. Suppose there is 𝑟 ∈ 𝑟𝑒𝑞(𝑇 ) such that 𝑈 𝐶𝑇 (𝑟) > 𝑈 𝐶𝐹 𝑖𝑥𝑒𝑑 (𝑟). Consider the trip 𝑇 ′, with 𝑣𝑒ℎ(𝑇 ′) = 𝑣𝑒ℎ(𝑇 )
and 𝑟𝑒𝑞(𝑇 ′) = 𝑟𝑒𝑞(𝑇 ) ⧵ {𝑟}. Let us consider (𝑥′, 𝑧′) an alternative solution, where 𝑥′𝑇 = 0, 𝑥′𝑇 ′ = 1, 𝑧′𝑟 = 1, and everything else is
unmodified. We will show that (𝑥′, 𝑧′) is feasible and yields a lower value of the objective function, which is a contradiction as
the original solution was supposed to be optimal. Note that, in plain words, the proposed modification of the solution just implies
taking 𝑟 out of the itinerary of 𝑣𝑒ℎ(𝑇 ).

The new solution is feasible: This is straightforward to verify. Eq. (10) is unmodified for every request not in 𝑟𝑒𝑞(𝑇 ). Requests
in 𝑟𝑒𝑞(𝑇 ) other than 𝑟 belong to 𝑟𝑒𝑞(𝑇 ′), so that Eq. (10) is valid for them because 𝑥′𝑇 ′ = 1 and 𝑥′𝑇 = 0. As now 𝑟 is unserved, the
second addend in Eq. (10) becomes zero but 𝑧′ = 1.
𝑟
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We now analyze the vehicles and Eq. (11). Note that this equation is unmodified for all the vehicles other than 𝑣 = 𝑣𝑒ℎ(𝑇 ). In
he case of 𝑣, as 𝑥′𝑇 = 0 and 𝑥′𝑇 ′ = 1, the result of the sum does not change.

The new solution yields a lower value for the objective function: The objective function is modified by

𝛥𝐶 = 𝐶(𝑥′, 𝑧′) − 𝐶(𝑥, 𝑧) = 𝜓(𝑟) + 𝑈 𝐶(𝑇 ′) − 𝑈 𝐶(𝑇 ) (14)

We need to show that 𝛥𝐶 < 0. We do this by splitting 𝛥𝐶 into two terms, 𝛥𝐶 = 𝛥1𝐶 + 𝛥2𝐶, with

𝛥1𝐶 = 𝜓(𝑟) − 𝑈 𝐶𝑇 (𝑟), (15)

and

𝛥2𝐶 =
∑

𝑠∈𝑟𝑒𝑞(𝑇 ′)
𝑈 𝐶𝑇 ′ (𝑠) − 𝑈 𝐶𝑇 (𝑠) +

∑

𝑠∈𝑃 𝑎𝑥(𝑣)
𝛥𝑈 𝐶𝑇 ′ (𝑠) − 𝛥𝑈 𝐶𝑇 (𝑠) (16)

We know that 𝛥1𝐶 < 0, as this is exactly the hypothesis we assume to obtain a contradiction at the very beginning of this
proof. On the other hand, 𝛥2𝐶 ≤ 0 thanks to the triangular inequality, which ensures that if we are to serve a strict subset
f the passengers, we can do it in a less costly way. This can be seen by recalling that the vehicle’s route is optimized to

minimize 𝑈 𝐶(𝑇 ′) when serving 𝑇 ′; note that the route followed by 𝑣 to serve 𝑇 is also feasible to serve 𝑇 ′, meaning that the
associated cost, which is exactly ∑

𝑠∈𝑟𝑒𝑞(𝑇 ′) 𝑈 𝐶𝑇 (𝑠) +
∑

𝑠∈𝑃 𝑎𝑥(𝑣) 𝛥𝑈 𝐶𝑇 (𝑠), is an upper bound for the cost of the optimal route, which
is ∑

𝑠∈𝑟𝑒𝑞(𝑇 ′) 𝑈 𝐶𝑇 ′ (𝑠) +∑

𝑠∈𝑃 𝑎𝑥(𝑣) 𝛥𝑈 𝐶𝑇 ′ (𝑠). □

Details of the computation of the exact origins and destinations

Recall that for all the scenarios we study, the datasets reveals where users board and alight the buses, but not the exact origins
and destinations. In other words, if we assume (w.l.o.g.) that they travel in direction 𝑆, we know the stops 𝑆𝑖 and 𝑆𝑗 where the trip
egins and finish, respectively. This information is not enough to simulate the ODRP operation, so for each request 𝑟 we computed

an exact origin 𝑜𝑟 ∈ 𝑉 and an exact destination 𝑑𝑟 ∈ 𝑉 .
Let us explain how do we compute 𝑜𝑟 for a request 𝑟 that boards the bus in 𝑆𝑖, as the method for 𝑑𝑟 is exactly the same. We first

dentify the set of nodes 𝑉𝑖 ⊂ 𝑉 fulfilling 𝑉𝑖 = {𝑣 ∈ 𝑉 ∶ 𝑡𝑊 (𝑣, 𝑆𝑖) ≤ 𝑡𝑊 (𝑣, 𝑆𝑗 )∀𝑗 = 1,… , 𝑛}. In other words, the set 𝑉𝑖 contains all the
nodes that would have chosen the stop 𝑆𝑖, i.e., the nodes we consider as candidates to be 𝑜𝑟. For each 𝑣 ∈ 𝑉𝑖, define

𝜌𝑣 =
1

𝛩 + 𝑡𝑊 (𝑣, 𝑆𝑖)

After normalization, 𝜌𝑣 defines the probability that 𝑜𝑟 = 𝑣. Therefore, those nodes that are situated closer to the bus station will
have a greater probability of being selected as the origin. The parameter 𝛩 is a constant number, which is needed because otherwise
we would obtain 𝜌𝑆𝑖 = +∞. We use 𝛩 = 2 min, i.e., one tenth of the maximum admitted walking time (20 min, as explained in
Section 3).

Putting everything together, if 𝑟 would board the bus in 𝑆𝑖, the probability that the exact origin of 𝑟 is 𝑣 ∈ 𝑉𝑖 is given by:

𝑃 (𝑜𝑟 = 𝑣) = 𝜌𝑣
∑

𝑢∈𝑉𝑖 𝜌𝑢

It is worth mentioning that we regard this formula, and the chosen value of 𝛩, as realistic. As shown in Fig. 4, the average
alking time towards the fixed line that is achieved by our system is approximately 8 min. This is less than the average times

reported in the US (Besser and Dannenberg, 2005), and similar to the times reported in Munich other than in the CBD (Sarker et al.,
2020) — and we do not study any line internal to a CBD in our applications. It is worth noting that these average times depend
strongly on the city and system (Van Soest et al., 2020).

Numerical value of the parameters

In-vehicle time savings are taken from Tirachini and Antoniou (2020). Values of waiting and access time are weighted by 2 and
2.5, respectively, as done by Fielbaum et al. (2021). As discussed in the main text, the parameters related to operators’ costs are
also derived from Tirachini and Antoniou (2020), who estimate the different components of the cost function (such as maintenance,
energy, and capital) for 𝐾 = 5, 8, 50, 90, 140, in Santiago, Chile, and Munich, Germany, for human-driven and automated electric
vehicles. We assume the values in Munich to be valid for Berlin as well. We classify each of such components to be either dependent
on the number of driving hours (hence contributing to 𝑐𝐾 𝑂 and 𝑐𝐵 𝑂) or not (contributing to 𝑐𝐾 𝐶 and 𝑐𝐵 𝐶 ). Numbers are normalized
to account for the number of driving hours per day. After this procedure, we have total fixed and usage-dependent costs for each
𝐾 = 5, 8, 50, 90, 140, so that a linear regression leads to the parameters shown in Table 6. The times needed to break, accelerate, and
open doors, are computed following Roess et al. (2004) and Tirachini (2014), which consider the vehicles’ type and velocity, while
𝑡 is taken from Fielbaum et al. (2018).
0
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Table 6
Numerical value of the parameters.
Parameter Value in Santiago Value in Berlin

Users’ costs parameters
𝛼𝑊 𝑎𝑙 𝑘 7.3 [$US \h] 13 [$US \h]
𝛼𝑊 𝑎𝑖𝑡 5.8 [$US \h] 10.4 [$US \h]
𝛼𝐼 𝑉 2.9 [$US \h] 5.2 [$US \h]

Operators’ cost parameters: General
𝑐𝐵 𝑂 1.13 [$US \h] 1.13 [$US \h]
𝑐𝐾 𝑂 0.043 [$US \h-pax] 0.074 [$US \h-pax]
Automated vehicles
𝑐𝐵 𝐶 30.28 [$US] 24.6 [$US]
𝑐𝐾 𝐶 1.1 [$US \pax] 2.1 [$US \pax]
Human-driven vehicles
𝑐𝐵 𝐶 78.9 [$US] 157.8 [$US]
𝑐𝐾 𝐶 1.2 [$US \pax] 2.4 [$US \pax]

Other parameters
Time to break, accelerate, open doors 𝑡𝐵 𝑂 𝐴 (large buses) 13 [s] 13 [s]
Time to break and accelerate ODRP 5 [s] 5 [s]
𝑡0 5 [s] 5 [s]

Fig. 9. Comparison of service times in ODRP and in the system without ODRP for the Line 501 in Santiago with 6 vehicles.

Fig. 10. Comparison of service times in ODRP and in the system without ODRP for the Line 208C in Santiago with 6 vehicles.

Additional figures in the optimal-frequency scenario

Figs. 9–11 are equivalent to Fig. 5 for the three other scenarios. As explained above, the same conclusions hold, namely that the
users that are mostly benefited by this integrated system are the ones that would face a long walking time if using the traditional
line, or the ones traveling in low-demand periods. It is noteworthy that in-vehicle time does not play a major role here, and that in
the case of Line 208C, all the ODRP users are benefited through waiting time, which happens because this is a low-demand (hence
low-frequency) line.

Additional figure for a reduced sample

See Fig. 12.
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Fig. 11. Comparison of service times in ODRP and in the system without ODRP for the Line M45 in Berlin with 48 vehicles.

Fig. 12. Percentage of the costs saved thanks to utilizing the mixed system with automated vehicles in Line 237 in Berlin with half of the demand, compared
to the original case with no flexible vehicles.

Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.tra.2024.104289.
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