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A B S T R A C T

Aligning lattice infills with the principal stress directions in loaded objects is crucial for
improving stiffness. However, this principle only works for a single loading condition, where
the stress field in 2D is described by two orthogonal principal stress directions. In this paper,
we introduce a novel approach for designing and optimizing triangular lattice structures to
accommodate multiple loading conditions, i.e., multiple stress fields need to be considered. Our
method comprises two main steps: homogenization-based topology optimization and geometry-
based de-homogenization. To ensure geometric regularity of the triangular lattices, we propose
a simplified version of the general rank-3 laminate and parameterize the design domain using
equilateral triangles with unique edge thickness. During optimization, edge thicknesses and
orientations are adjusted based on the homogenized properties of the lattice. Our numerical
findings demonstrate that this simplification introduces only a slight decrease in stiffness of
less than 5% compared to using the general rank-3 laminate, and results in lattice structures
with compelling geometric regularity. For geometry-based de-homogenization, we adopt a
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field-aligned triangulation approach to generate a globally consistent triangle mesh in which
each triangle is oriented according to the optimized orientation field. Our approach for
handling multiple loading conditions, akin to de-homogenization techniques for single loading
conditions, yields highly detailed, optimized and spatially varying lattice structures. The method
is computationally efficient, as simulations and optimizations are conducted at a low-resolution
discretization of the design domain. Furthermore, since our approach is geometry-based,
obtained structures are encoded into a compact geometric format that facilitates downstream
operations such as editing and fabrication.

1. Introduction

Topology optimization and lattice infill are primary strategies for designing lightweight structures. The integration of these two
trategies has been a topic of intensive research in the past decade [1]. Topology optimization transforms structural design into an
ptimization problem of determining where to place material, while lattice infill can be considered as a metamaterial. Topology
ptimization with lattice infill results in multi-scale structures that are lightweight and robust [2,3]. For an overview of topology
ptimization methods for designing multi-scale structures, please refer to the recent review article by Wu et al. [4].

For designing load-bearing structures, tailoring the layout of lattice infill based on the stress distribution is key to achieving
xceptional structural performance. By aligning the lattice with the principal stress directions, the structural rigidity can be
ignificantly increased [5]. This principle has been well explored and several approaches have been developed [6,7]. Among them,
n effective and efficient approach is de-homogenization [8–10]. Firstly, homogenization-based topology optimization is used to
pecify the optimal lattice infill configuration at each location in the design domain [11]. Secondly, de-homogenization transforms
he optimized specifications into a globally consistent structure.

Depending on the representation of the optimized designs, de-homogenization approaches can be classified into image-based
and geometry-based. Image-based approaches represent the structural layout using binary density fields, whereas geometry-based
approaches represent this layout using a compact geometric format. For example, a truss-like structure can be represented by a mesh
where each edge represents a truss. Geometry-based approaches offer direct control of geometric features, which is beneficial in,
e.g., addressing manufacturing constraints [12]. The geometric format also offers a compact parameter space for subsequent editing
operations on the optimized structures [10,13]. From a computational perspective, image-based approaches center on computing a
fine-grid scalar field, whose gradients are aligned with the orientation of optimized lattice infill from homogenization-based topology
optimization, e.g., the projection-based methods [8]. Geometric approaches, in contrast, involve directly computing a set of field-
aligned geometric primitives to represent the optimized lattice infill, e.g., the conforming lattice structure [10]. De-homogenization
for a single loading condition has been extensively studied in recent years. The projection-based approach proposed by Pantz
and Trabelsi [8] was simplified by Groen and Sigmund [9] and further developed by Allaire et al. [14]. It has been extended
to design shell-infill structures [15], and to work in 3D [16,17]. Different approaches for the projection have been proposed, from
related research fields such as visualization and computer graphics, using stream surfaces [18], convolutional neural networks [19],
and phasor noises [20]. Geometric approaches include those based on field-aligned hex-dominant meshing [10] and streamline
tracing [13]. The singularity issue in 2D has been investigated respectively in the image- and geometry-based routines by Stutz
et al. [21] and Wang et al. [13].

Current de-homogenization approaches consider almost exclusively a single loading condition, i.e., constant external loads. In
many engineering applications, however, multiple loading conditions are omnipresent. For instance, in airplane design, the major
loads acting on the aircraft wing vary at different stages during the flight, including lift and drag, gravitational forces (particularly
when the fuel tanks are fully loaded), propulsion forces from the forward engines, and opposing thrust from thrust reversers. All
these loads exert on the airplane during the flight, thus requiring to incorporate them into the structural design and optimization
process.

De-homogenization under multiple loading conditions, however, is challenging. Firstly, the optimized metamaterial properties
can be realized by different lattice configurations, i.e., the optimal lattice configurations are not uniquely defined. Furthermore,
the optimized lattice configuration exhibits severe discontinuities. This further complicates the de-homogenization of a consistent
structural layout. An image-based approach addressing these challenges was recently proposed by Jensen et al. [22], by extending the
projection approach by Groen et al. [9] from single to multiple loading conditions. The rank-3 laminate was used as the lattice infill
for homogenization. It describes a composite material composed of three differently oriented material layers, where each material
layer is described by an orientation variable and a width variable. I.e., a rank-3 laminate involves three independent width variables
and three orientation variables. The resulting structural designs achieve similar mechanical performance (i.e., stiffness) than those
obtained from conventional density-based topology optimization, while the latter incurs a significantly larger computational burden.
The image-based projection method inherently requires the integrability of the optimized specifications, making it necessary to
ensure the smoothness of the optimized orientation field. This, however, becomes difficult due to the non-uniqueness of the optimal
solutions of the homogenization model. In addition, as the three orientation fields are de-homogenized independently, the sub-
structures aligning with different orientation fields can come very close to each other, leaving small void regions in the final
designs. While this feature does not necessarily impact mechanical performance, it may not be the preferred choice in certain
2
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Fig. 1. Method overview. (a) The optimization problem: Two loading conditions 𝐹1 (orange) and 𝐹2 (green) are applied, and the bottom is fixed. (b) The optimized
density layout (background) and orientations (streamlines) generated by homogenization-based topology optimization. (c) The triangular parametrization with
edges aligned to the tangents of the optimized rank-3 layers. The entire design domain and the optimized density layout are partitioned into sub-domains by
this field-aligned mesh. (d) The triangular lattice design obtained via de-homogenization. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

irregular intersections of three orientation fields. In this paper, we present a novel method to generate functionally-graded triangular
lattice structures that are resilient to multiple loading conditions. Our method follows the established de-homogenization pipeline,
consisting of two steps: (i) performing homogenization-based topology optimization to obtain a set of optimized specifications; (ii)
converting the optimized specifications into a graded triangular lattice structure. Fig. 1 shows an overview of the proposed method.

Our technical contributions are two-fold. Firstly, we propose a simple and effective infill model for multiple loading conditions
— triangular lattices. It can be viewed as a simplified version of the general rank-3 laminate. In triangular lattices, the width of
each edge is allowed to change independently, creating a large range of attainable metamaterial properties. More importantly, the
triangles are rotatable, allowing local alignment of their anisotropy with preferred directions. Secondly, we develop a geometric
approach for translating the optimized specifications into a globally conforming triangular lattice structure, whose edges align with
the three optimized orientation fields. The edge thicknesses convey the mechanical anisotropy. Our de-homogenization approach
is based on field-aligned triangulation [23]. Since it is based on local smoothing operations, it does not require the integrability
of the optimized specifications. Thus, a global parametrization can be avoided. In addition, compared to alternative designs
exhibiting randomly intersecting substructures, our de-homogenization using equilateral triangles restricts the geometric complexity
by carefully placing the intersections. This results in triangular lattices with equal spacing, as shown in the close-up views in Fig. 1c
and d.

The remainder of this paper is organized as follows. In Section 2 we first present the triangular lattices by simplifying the general
rank-3 laminate, and we introduce the corresponding equation of homogenization-based topology optimization. The construction of
de-homogenization is presented in Section 3. In Section 4, we perform numerical experiments and use them to discuss and compare
the proposed method. Finally, Section 5 concludes the paper with a summary and an outlook.

2. Topology optimization with triangular lattices

2.1. Triangular lattices

Our triangular infill model is a simplified version of the general rank-3 laminate. Stiffness-optimal structures can be described
by a set of spatially varying rank-𝑁 laminates with local periodicity [11]. Rank-𝑁 describes a composite material composed of
𝑁 differently oriented layers. For a single loading condition, the optimal laminate can be described by two orthogonally oriented
layers, i.e., rank-2 laminate, simplified as a square cell with a rectangular hole in homogenization-based topology optimization [11].
Orienting the rank-2 laminate according to the principal stress directions resulting from the single loading would create a stiff
structure. However, under multiple loading conditions, there are principal stress directions associated with each of the loading
conditions. Intuitively, multiple rank-2 laminates shall be superimposed, each accounting for the principal stress directions from
one of the loading conditions. Instead of superimposing multiple rank-2 laminates, one needs to resort to laminates with a higher
rank. It has been shown that rank-3 laminates are a good option for multiple loading conditions in 2D. They provide the needed
design freedom to account for multiple loading conditions, while avoiding the increased computational complexity and numerical
instability during optimization when laminates with an even higher rank are used [22]. Fig. 2 visually compares the structures
optimized for single loading conditions using rank-2 laminates (b and d), and the structure optimized for multiple loading conditions
using rank-3 laminates (e).

The rank-3 laminate is constructed by piling up three layers of materials that orient differently, yet assuming perfect bound
condition among different layers [22,24,25]. On each layer, two phases of material are considered, i.e., stiff material (+) and
3
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Fig. 2. (a) and (c): the principal stress lines in the object under two different loading conditions, 𝐹1 (orange) and 𝐹2 (green). (b) and (d): the correspondingly
optimized structures based on rank-2 laminates, obtained using a de-homogenization approach for a single loading condition [13]. (e) Optimized structures for
both loading conditions, obtained using our proposed approach based on rank-3 laminates. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Fig. 3. Illustration of the composition of a rank-3 laminate and its geometric interpretation. (a) The design domain and boundary conditions, where each
simulation cell is depicted by a set of specifications of a rank-3 laminate. (b) The multi-scale rank-3 laminate in a selected simulation cell. The material is
composed of three differently oriented layers, shown in (c), (d), and (e), respectively. 𝛼 is the relative width of each layer. 𝒏 and 𝒕 refer to the normal and
tangent direction of a layer, respectively. (f) The proposed single-scale geometric interpretation of the rank-3 laminate as an equilateral triangle, with a unique
thickness per edge.

compliant material (−). The stiff material indicates an isotropic solid material deposition, while the compliant material varies among
the different layers.

Fig. 3 illustrates the composition of a rank-3 laminate, assuming given boundary conditions Fig. 3a and a unit-size macro-cell
with multi-scale rank-3 laminate Fig. 3b. The base layer is layer 3, i.e., the rank-3 laminate is constructed by starting from layer 3
(Fig. 3c). The solid material deposition (𝜌3) on layer 3 is then described by the width variable 𝛼3 and the compliant material 1− 𝛼3.
The compliant material is rank-2. Sequentially on layer 2 with width variable 𝛼2 for the solid material (Fig. 3d), the remaining region
to fill is 1 − 𝛼3. The actual consumption of solid material (𝜌2) on layer 2 is (1 − 𝛼3)𝛼2. Correspondingly, the compliant material on
layer 2 is rank-1, and its volume fraction is (1−𝛼3)(1−𝛼2). On layer 1 with width variable 𝛼1 (Fig. 3e), the solid material consumption
(𝜌1) is (1−𝛼3)(1−𝛼2)𝛼1, and the corresponding compliant material is ‘void’, with a ratio of (1−𝛼3)(1−𝛼2)(1−𝛼1). The ‘void’ material
is assigned a small Young’s modulus 𝐸− to avoid numerical instabilities, yet which is negligible compared to the Young’s modulus
𝐸+ of the solid material (i.e., 𝐸− = 10−6𝐸+). The Poisson’s ratio 𝑣0 of void material is the same as that of the solid material. The
orientation of layer 𝑛 is described by its normal 𝒏𝑛 and tangent 𝒕𝑛, as depicted in Fig. 3. Through this process, the volume fraction
of a rank-3 cell with unit size can be described by

𝜌 = 1 −
3
∏

𝑛=1
(1 − 𝛼𝑛). (1)

Alternatively, the volume fraction can be described by

𝜌 = 𝜌1 + 𝜌2 + 𝜌3. (2)

Here, 𝜌 = (1 − 𝛼 )(1 − 𝛼 )𝛼 , 𝜌 = (1 − 𝛼 )𝛼 , and 𝜌 = 𝛼 .
4
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Fig. 4. Flowchart of homogenization-based topology optimization using a triangular interpretation of rank-3 laminates.

An interpretation of a rank-3 laminate as a triangular structure is illustrated in Fig. 3f. A general rank-3 laminate can be described
by six parameters, i.e., three width variables (𝛼1, 𝛼2, 𝛼3) and three orientation variables (𝜃1, 𝜃2, 𝜃3). However, allowing the orientation
variables to change independently of each other may result in triangles with bad aspect ratio (i.e., sliver triangles). To improve the
geometric regularity of the de-homogenized triangular lattice, we propose to reduce the design space by allowing only equilateral
triangles, i.e., by letting 𝜃2 = 𝜃3 + 𝜋

3 and 𝜃1 = 𝜃3 + 2𝜋
3 . Consequently, the independent design variables become 𝛼1, 𝛼2, 𝛼3 and

𝜃3. The restriction of possible edge orientations has a consequence on the mechanical performance of the optimized structures.
Our experiments demonstrate a rather weak stiffness decrease, i.e., less than 5% in various tests, yet the geometric regularity is
significantly improved. Furthermore, this restriction positively affects the numerical convergence of the optimization process, as it
reduces the discontinuities in the optimized laminate configurations.

2.2. Homogenization-based topology optimization

In topology optimization, the objective function quantifies the design target with respect to the corresponding design variables.
The optimization process minimizes the objective function by iteratively adjusting the design variables. For designing stiff structures,
the objective function usually considers the strain energy, also known as compliance. For multiple loading conditions, the
contributions from different loads need to be taken into consideration concurrently. Thus, a weighted summation of the strain
energy subject to each loading condition is used as a compliance metric (𝐶):

𝐶 =
𝑀
∑

𝑞=1
𝑤𝑞𝑭 𝑇

𝑞 𝑼 𝑞 . (3)

Here, 𝑀 is the number of loading conditions, 𝑭 𝒒 is the nodal force vector of the 𝑞−th loading condition and 𝑼𝒒 is the corresponding
displacement vector obtained by solving the static equilibrium equation using finite element analysis. 𝑤𝑞 is the weighting factor of
the 𝑞−th loading condition, with 𝑤𝑞 =

1
𝑀 , 𝑞 = 1 ∶ 𝑀 in our implementation.

Let 𝑂 be the objective function considering the compliance metric 𝐶. By taking triangular lattices as design parameters,
homogenization-based topology optimization can be formulated as

min
𝜶1 ,𝜶2 ,𝜶3 ,𝜽𝟑

𝑂(𝜶1,𝜶2,𝜶3,𝜽𝟑), (4)

subject to 𝑲(𝜶1,𝜶2,𝜶3,𝜽𝟑)𝑼 𝑞 = 𝑭 𝑞 , 𝑞 = 1 ∶ 𝑀, (5)
1
𝑁𝑒

∑

𝑒
𝝆𝑒 − 𝑉𝐹 ≤ 0, (6)

𝐿𝑚𝑖𝑛 ⩽ 𝜶1,𝜶2,𝜶3 ⩽ 𝐿𝑚𝑎𝑥, (7)

− 4𝜋 ⩽ 𝜃3 ⩽ 4𝜋. (8)

Here, 𝑲 is the global stiffness matrix assembled from the element stiffness matrices 𝑲𝑒. 𝑲𝑒 = ∫𝛺𝑒
𝑩𝑇𝑺𝑩 d𝑥, with 𝑩 being the element

strain matrix and 𝑺 the elasticity tensor of the rank-3 laminate. The elasticity tensor of the rank-n laminate can be determined
analytically [24–26]. In Appendix, we derive 𝑺 for the rank-3 laminate. 𝑁𝑒 is the number of simulation cells, 𝝆𝑒 corresponds to the
relative density value of each cell (Eq. (1)). 𝑉𝐹 is the threshold of the volume fraction to control the material budget. 𝐿𝑚𝑖𝑛 and 𝐿𝑚𝑎𝑥
describe the lower and upper bounds of the layer widths during optimization, respectively, with 0 < 𝐿𝑚𝑖𝑛 < 𝐿𝑚𝑎𝑥 < 1. The lower
bound 𝐿𝑚𝑖𝑛 is introduced to avoid the appearance of large regions that are fully empty in the design domain, and the upper bound
𝐿𝑚𝑎𝑥 is used to avoid fully solid regions. We set the range of 𝜽𝟑 according to Krog et al. [24].

We utilize a hybrid scheme for solving the optimization problem (see Fig. 4 for an overview of the optimization process). The
three width variables 𝛼1, 𝛼2, 𝛼3 are updated by a standard optimality criteria [27], and the orientation variable 𝜃3 is updated by the
Method of Moving Asymptotes (MMA) [28]. We found that a moving step size of 0.01 for the layer widths and 𝜋

180 for their orientations
resulted in a good balance between convergence speed and quality. A standard convolution filter [29,30] is applied to the width
and orientation variables for improved numerical robustness.
5
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Fig. 5. (a) Streamlines in the initial orientation field. (b) Compliance and orientation regularization over the scope of the optimization process.

2.2.1. Orientation regularization
As mentioned in Section 2.1, when using an anisotropic rank-3 laminate the optimal solution is not unique. I.e., while the design

variables of each cell can locally converge to the optimum, they might not form a continuous design specification globally. Since this
prevents the generation of a consistent structure in de-homogenization, regularization is needed to counteract or at least mitigate
this non-uniqueness issue.

We adapt a regularization method for orientations [22] to alleviate the potential discontinuity of the optimized orientation 𝜽3.
Specifically, we include a per-edge penalty term in the objective function, i.e., for two adjacent elements 𝑒𝑖 and 𝑒𝑗 with shared edge
𝑒𝑖𝑗

𝑃 𝜃
𝑒𝑖𝑗

= 1
2
− 1

2
cos

(

ℎ0 ⋅ (𝜃3(𝑒𝑖) − 𝜃3(𝑒𝑗 ))
)

. (9)

For each cell 𝑒𝑖, its adjacent cells are defined as the cells sharing an element edge with 𝑒𝑖. 𝑃 𝜃
𝑒𝑖𝑗

with values between 0 and 1 quantifies
the orientation deviation between two adjacent cells. Considering only the orientation variable, a rotation of an equilateral triangle
by 𝜋

3 is invariant. Thus we set ℎ0 = 6. The orientation deviation between adjacent cells becomes zero if 𝜃3(𝑒𝑖) − 𝜃3(𝑒𝑗 ) = 𝑘 𝜋
3 (𝑘 is an

integer). Accordingly, the largest deviation occurs when 𝜃3(𝑒𝑖) − 𝜃3(𝑒𝑗 ) = 𝑘 𝜋
3 + 𝜋

6 , leading to 𝑃 𝜃
𝑒𝑖𝑗

= 1.
Let 𝑁 𝑖

𝑒 be the number of cells adjacent to the considered cell 𝑒𝑖, and 𝑃 𝜃
𝑒𝑖𝑗

the orientation deviation of a cell 𝑒𝑖 to its 𝑗−th adjacent
cell. Then, a global measure of the orientation deviation across the design domain is given by

𝑃 (𝜃) =
𝑁𝑒
∑

𝑖=1

𝑁 𝑖
𝑒

∑

𝑗=1
𝑃 𝜃
𝑒𝑖𝑗
. (10)

Now the objective function becomes a weighted summation of the compliance and the orientation regularization

𝑂(𝜶1,𝜶2,𝜶3,𝜽𝟑) = 𝑊 𝐶
𝐶∗ + (1 −𝑊 ) 𝑃

𝑃 ∗ . (11)

The weighting factor 𝑊 takes on values in (0, 1]. 𝐶∗ and 𝑃 ∗, respectively, refer to the compliance and the orientation regularization
corresponding to the initial values of the design variables. Orientation regularization can be disabled by setting 𝑊 = 1. In all of our
experiments, we have set 𝑊 = 0.5.

2.2.2. Initialization
The outcome of the non-convex optimization depends on the initial values of the width and orientation variables. Different

initializations may lead to different density layouts and also affect the convergence behavior of the optimization process. In previous
works, these dependencies have been demonstrated for single [31,32] and multiple [22] loading conditions. The initialization is
particularly important since the optimal solution of a rank-3 laminate is not unique, i.e., different values of the width and orientation
variables may lead to the same elasticity tensor [33].

We take inspiration from the work by Jensen et al. [22], where the initial principal stress directions are used to construct the
initialization. We adapt it for our triangular infill model. This adaptation considers that only the orientation of layer 3 is considered
independently in our framework, i.e., only a single direction field is involved. Specifically, we first compute the principal stress
fields of the fully solid domain subject to the 𝑀 loading conditions respectively, resulting in 2 ×𝑀 principal stress values and the
corresponding principal stress directions for each simulation cell. For each simulation cell, we choose the principal stress direction
𝜽𝑝 with largest magnitude as the initial orientation of layer 3.

It is worth noting that the orientation variable in rank-3 is represented by the normals of each layer, while the ‘dominant’
principal stress direction is supposed to indicate the layering orientation, i.e., the layer tangent. Thus, 𝜽𝑝 +

𝜋
2 is used as the initial

value of 𝜽3 in the optimization. For the initialization of the width variable, we simply let 𝜶𝑛 = 𝑉𝐹
3 , 𝑛 = 1 ∶ 3. Fig. 5a shows

the principal stress-based initialization 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 via streamlines in the direction field 𝜽𝑝 +
𝜋
2 . The variation of the compliance 𝐶 and

orientation regularization 𝑃 are shown in Fig. 5b. The optimized design is shown in Fig. 1. For comparison, Fig. 5b also shows the
6
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Fig. 6. (a) The domain discretization (background) and streamlines in the three different orientation fields of an optimized 6-RoSy field. (b) The randomly
distributed positions (and respective directions) used for position optimization. The distribution is generated by considering a pre-defined edge length of the
output mesh and the resolution of the input grid. (c) The position field after optimization and the representative positions (black dots) used to construct the
output mesh. (d) The output mesh whose edges align with the optimized orientation field. Orientations are indicated by arrows, and edge colors distinguish
corresponding layer orientations. To reduce visual clutter, only three of the six pairwise bidirectional 6-RoSy field directions are illustrated. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

optimization history of the compliance when a uniform initialization 𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚 is used, where 𝜃3 = 𝜋
2 . Here, to release more design

space, orientation regularization is omitted. It is seen that the optimization process converges to a smaller compliance value when
using 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 instead of 𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚.

Fig. 5a shows that the proposed initialization does not necessarily yield a globally continuous direction field. This, however, does
not pose a problem for our approach. On the one hand, due to the use of orientation regularization, the direction field is smoothed
to the maximum extent during optimization. On the other hand, the proposed geometry-based de-homogenization is less sensitive
to the potential local discontinuity.

3. De-homogenization using field-aligned triangulation

Our proposed de-homogenization process converts the optimized spatially varying specifications (𝛼1, 𝛼2, 𝛼3, 𝜃3) into a structural
design. The conversion includes three steps. Firstly, we create an equilateral triangle mesh with its edges following the layer
orientations. Secondly, we assign a thickness to each edge – determined from the optimized layer widths (𝛼1, 𝛼2, 𝛼3) – to create a
spatially graded triangular lattice structure. Lastly, we create a globally consistent lattice structure by adjusting the edge thicknesses
at the vertices where multiple edges meet.

3.1. Field-aligned triangulation

In the first step, we use field-aligned triangulation [23] to generate an equilateral triangle mesh whose edges are aligned with the
rank-3 layer orientations. In the following, we give a brief overview of the used triangulation and its adaptation to our application
scenario. The triangulation is performed in three subsequent steps:

• Orientation field optimization. We compute an orientation field comprising a set of directions to which the edges of the output
mesh should be aligned. The smoothness of this field is achieved by a Gauss–Seidel process.

• Position field optimization. A local parametrization (vertex positions) is computed so that the edges between vertices are
aligned with the optimized orientation field.

• Mesh extraction. The computed orientation and position fields are turned into a graph structure from which a triangular mesh
is constructed.

In the original field-aligned triangulation [23], the direction field is a smooth 6-RoSy field.1 This field aligns with the features
on the boundary domain and is obtained by optimizing from a set of randomly distributed orientations. In the context of de-
homogenization, the direction field represents the optimized layer orientations. Thus, the original method is adjusted to take
the optimized layer orientations as input, and then perform position field optimization and mesh extraction sequentially. This is
illustrated in Fig. 6. Given a discretization of the domain by a grid, guided by our generated orientation field that is visualized by
streamlines, we apply the triangulation method to convert the orientation field into a triangle mesh with its edges following the
orientation field.

1 The 6-RoSy field refers to a 6-rotational symmetric field, which intuitively represents phenomena that are invariant under rotations of an integer multiple
2𝜋 [34,35].
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Fig. 7. Lattice element de-homogenization. (a) A field-aligned triangular element with its covered cells. 𝜃𝑗𝑖 refer to the tangents of layers 𝑖 ∈ 1, 2, 3 in element 𝑗.
For each cell, three arrow glyphs indicate the tangents. Corresponding width variables 𝛼𝑗

𝑖 are encoded into the arrow lengths. (b) Widths and orientations at a
single cell. (c) Relation between representative layer orientations and corresponding edges of the triangular element, determined via their orientation deviations.
(d) The de-homogenized triangular lattice element whose unique edge thicknesses reflect the representative values of widths. The solid regions correspond to
the deposition ratio indicated in (a).

3.2. Anisotropic triangle mesh

De-homogenization is performed on a per-triangle basis. As shown in Fig. 7a, each triangular element covers a certain region in
the domain. The target deposition ratio 𝑣∗𝑘 of the 𝑘th triangular element is measured by 𝜌𝑘

𝑀𝑘
, where 𝑀𝑘 is the number of cells located

in the region covered by the triangular element, and 𝜌𝑘 is the sum of the density values over all these cells. The available material
in each triangular region should be re-distributed so that (i) a binary material layout is generated, (ii) a continuous transition at the
element boundaries is obtained, and (iii) the specific depositions (layer widths optimized with respect to the object’s compliance)
on each oriented layer of the cells is reflected in the binary material layout. I.e., the underlying anisotropy of the optimized cells
should be preserved in the de-homogenized lattice elements. In cases where the triangular mesh has a similar or higher resolution
than the rank-3 simulation cells, the specifications of the cells are resampled using bilinear interpolation so that each triangular
element covers at least a certain number of cells, (e.g., ≥ 10).

De-homogenization requires that the de-homogenized triangular elements maintain their deposition ratios, i.e.,

𝜌𝑘
𝑀𝑘

=
𝐴 − 𝐴𝑣𝑜𝑖𝑑 (𝑡)

𝐴
(12)

Here, 𝐴 is the area of the triangular element, and 𝐴𝑣𝑜𝑖𝑑 is the area of the void region left in the triangular element after de-
homogenization (Fig. 7d). 𝑡 is the thickness parameter that needs to be determined to satisfy the equation. The void area 𝐴𝑣𝑜𝑖𝑑
is up to the edge thicknesses of the triangular element. To convey the anisotropy via the edge thickness, for each edge, respectively,
𝑡 is scaled by the scaling factors 𝛼𝑎1 , 𝛼𝑎2 and 𝛼𝑎3 (Fig. 7b), which are determined by the representative values of the actual material
deposition on each layer.

For each cell 𝑗 covered by a triangular element, the material depositions of each layer are evaluated according to Eq. (2), i.e.,

𝛼̂𝑗1 = (1 − 𝛼𝑗3)(1 − 𝛼𝑗2)𝛼
𝑗
1

𝛼̂𝑗2 = (1 − 𝛼𝑗3)𝛼
𝑗
2

𝛼̂𝑗3 = 𝛼𝑗3.

(13)

𝛼𝑗1, 𝛼
𝑗
2, and 𝛼𝑗3 are the corresponding width variables of layer 1, 2, and 3 of the 𝑗th cell, respectively. From Eq. (13), the representative

values (𝛼𝑎1 , 𝛼𝑎2 and 𝛼𝑎3) of the actual material deposition along each layering orientation in a triangular element are given by
𝛼𝑎1 =

∑𝑀𝑘
𝑗=1 𝛼̂

𝑗
1, 𝛼

𝑎
2 =

∑𝑀𝑘
𝑗=1 𝛼̂

𝑗
2, and 𝛼𝑎3 =

∑𝑀𝑘
𝑗=1 𝛼̂

𝑗
3, respectively. In practice, 𝛼𝑎1 , 𝛼𝑎2 and 𝛼𝑎3 are normalized by max (𝛼𝑎1 , 𝛼

𝑎
2 , 𝛼

𝑎
3 ).

Relating each edge of the triangular element to the corresponding layer orientation is required to convey the anisotropy of
the underlying cells. However, since the orientations vary across the cells, in general, representative orientations first need to be
computed. Here, we make use of a weighted average strategy, i.e., the actual material deposition on each layer is used to weight
the corresponding orientation. With 𝜃𝑗𝑖 referring to the tangent of layer 𝑖 of the 𝑗th cell within the triangular element, the weighted
average is computed as

𝜃𝑎𝑖 =

𝑀𝑘
∑

𝑗=1
𝜃𝑗𝑖 𝛼̂

𝑗
𝑖

𝑀𝑘
∑

𝑗=1
𝛼̂𝑗𝑖

, 𝑖 = 1 ∶ 3. (14)

We let the mesh edges correspond to 𝜃𝑎, 𝜃𝑎 or 𝜃𝑎, depending on which edge they have the least directional deviation (see Fig. 7c).
8
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Fig. 8. (a) The structural design after de-homogenization. (b) Gaps are filled with additional triangles.

3.3. Lattice structure

When considering triangular elements, per-lattice de-homogenization does not necessarily produce a well-posed structural design.
This is because gaps are introduced at shared mesh vertices where edges with different thicknesses meet, see Fig. 8a. To avoid this
issue, we use additional triangular elements to fill these gaps.

In particular, we first determine those triangular lattice elements that need to be fixed. At the vertex 𝑝1 where the gap occurs, a
filling triangle is inserted. Firstly, for each of the two edges leaving 𝑝1, the two vertices of the empty triangles on either side of this
edge are considered, i.e., 𝑝2 and 𝑝3 in Fig. 8b. Then, it is checked whether the corresponding vertex of the internal empty triangle
of the considered lattice 𝑝̂1 is within the triangle 𝑆𝑝1𝑝2𝑝3 . If 𝑝̂1 is outside of 𝑆𝑝1𝑝2𝑝3 , no gap needs to be filled. Otherwise, a solid
triangle 𝑆𝑝̂1 𝑝̂2 𝑝̂3 is placed, where 𝑝̂2 and 𝑝̂2 are the intersection points of 𝑝2𝑝3 and the corresponding edges of the empty triangle
in the considered lattice. In this way it is ensured that there is no material overlap in the final structural design (see Fig. 8b).
The additional material consumption of the gap-filling triangles is compensated by down-scaling the deposition ratio in Eq. (12)
accordingly.

4. Results

In the following, we perform a number of experiments to assess the quality of our proposed method. Firstly, we perform a
parameter study to analyze the behavior of our method with respect to different settings. This includes the different initialization
strategies with and without orientation regularization, and the different resolutions of the triangular parametrization. Secondly, we
compare our results to those of alternative approaches, including the uniform triangular lattice structure, the porous infill structure
produced by density-based topology optimization under a local volume constraint [3], and the alternative de-homogenization
approach [22]. We then consider two practical use cases to further verify the practicability of our method. Finally, the adaptivity
to situations with concurrently varying loading and constraint conditions is demonstrated via a specific test case. To differentiate
our approach from alternative approaches, our generated structural design is presented by a density layout in black together with
the corresponding triangular mesh in green. This highlights both the structural design and an explicit geometric format produced
by our approach.

In all examples, the design domains are discretized by Cartesian grids with unit size. Young’s modulus and Poisson’s ratio are
set to 1.0 and 0.3, respectively. Except for field-aligned triangular meshing, which is performed with the open source software
Instant-meshes2 provided by Jakob et al. [23], all other approaches, including homogenization-based topology optimization and de-
homogenization, are implemented in MatLab. We let the optimization process terminate after 300 iterations. The lower and upper
bounds of the relative width of each cell are set to 𝐿𝑚𝑖𝑛 = 0.1 and 𝐿𝑚𝑎𝑥 = 0.5, if not said otherwise. Correspondingly, the relative
density value varies from 0.271 to 0.875 according to Eq. (1). All experiments have been carried out on a desktop PC with an Intel
Xeon CPU at 3.60 GHz.

Performance statistics for all examples are given in Table 1. We also provide the resulting compliance 𝐶∗ of homogenization-based
topology optimization without restricting the layer orientations, i.e., all three orientation variables (𝜃1∶3) can be adjusted arbitrarily
during optimization. All other settings are kept the same as for generating 𝐶0. By comparing 𝐶0 to the corresponding 𝐶∗, we observe
an increase in compliance due to the additional orientation constraint, i.e., within 5% (measured by 𝐶0−𝐶∗

𝐶∗ ) in all of the experiments
using the proposed 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 and orientation regularization.

Our method first performs homogenization-based topology optimization on a simulation mesh (ℜ𝑠𝑖𝑚) with low resolution to
obtain the optimized specification. Then, the de-homogenized structural design is generated in the form of a triangular mesh with
edges of load dependent thickness. To evaluate and compare the obtained designs, we also use a high-resolution validation mesh
(ℜ𝑓𝑖𝑛𝑒). This is because the obtained structural design can be composed of very fine geometric details, which can only be captured

2 https://github.com/wjakob/instant-meshes.
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t
t

Table 1
Performance statistics for homogenization-based topology optimization and field-aligned triangulation-guided de-homogenization. 𝐶0 and 𝑉0, respectively, are
he compliance and volume fraction of the optimal layout resulting from homogenization-based topology optimization. Accordingly, 𝐶 and 𝑉 correspond to
he de-homogenized result. The design deviation of the de-homogenized result from the optimal layout is evaluated by 𝜉 = 𝐶⋅𝑉 −𝐶0 ⋅𝑉0

𝐶0 ⋅𝑉0
. 𝑡0 and 𝑡 are the time

consumptions of homogenization-based topology optimization and de-homogenization, respectively. Provided the same volume fraction, 𝐶∗ is the resulting
compliance of homogenization-based topology optimization without restricting the layer orientations.

Examples Homogenization-based Opti. De-homogenization 𝜉

𝐶∗ 𝐶0 𝑉0 𝑡0 (s) 𝐶 𝑉 𝑡 (s)

Femur

Fig. 1d 73.34 76.86 0.50 366 84.37 0.50 25 9.78%
Fig. 9c 75.26 83.25 0.50 356 92.17 0.50 27 10.93%
Fig. 9f 71.25 73.30 0.50 354 84.19 0.50 30 14.86%
Fig. 9i 73.34 76.86 0.50 366 85.01 0.50 29 10.60%

Wheel Fig. 11b 7.78 8.03 0.50 280 8.30 0.50 27 3.29%

Beam Fig. 12b 2.61 2.66 0.30 212 2.78 0.31 21 8.00%

Bracket 1 Fig. 13c 19.46 19.92 0.50 326 20.45 0.50 28 2.67%

Bracket 2 Fig. 13f 26.67 27.45 0.50 641 29.50 0.50 37 7.47%

Triangle Fig. 14b 11.05 11.07 0.50 539 12.12 0.50 33 10.15%

Table 2
Statistics for the validation meshes (ℜ𝑓𝑖𝑛𝑒) used to evaluate the final structural designs, the simulation meshes (ℜ𝑠𝑖𝑚) used for homogenization-based topology
optimization, and the triangular lattice elements (#Lattice) used for de-homogenization.

Examples ℜ𝑓𝑖𝑛𝑒 ℜ𝑠𝑖𝑚 #Lattice

#𝑅𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 #𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠 #𝑅𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 #𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠

Femur Fig. 1a 920 × 1200 632,468 116 × 150 10,118 684 (Fig. 1f)
Wheel Fig. 11a 1600 × 1600 1,930,188 100 × 100 7,740 1637 (Fig. 11b)
Beam Fig. 12a 1600 × 800 1,280,000 100 × 50 5,000 699 (Fig. 12b)
Bracket 1 Fig. 13a 2296 × 1328 2,181,496 144 × 84 8,749 2101 (Fig. 13c)
Bracket 2 Fig. 13d 2332 × 1000 1,144,564 292 × 126 18,271 1167 (Fig. 13f)
Triangle Fig. 14a 1360 × 1184 790,132 170 × 148 12,652 1065 (Fig. 14b)

by a sufficiently high resolution in compliance evaluation using finite element analysis. To enforce consistent boundary conditions
independent of the resolution of the design, the design domain is first discretized into a fine Cartesian mesh as ℜ𝑓𝑖𝑛𝑒. From this
mesh a coarse resolution grid (ℜ𝑠𝑖𝑚) and corresponding boundary conditions are constructed for homogenization-based topology
optimization and subsequent de-homogenization. When evaluating the compliance of the obtained design, the triangular lattice
structure is discretized according to ℜ𝑓𝑖𝑛𝑒, by identifying the cells of ℜ𝑓𝑖𝑛𝑒 that are located on the obtained triangular lattice edges.
To ensure consistent boundary conditions and discretization when comparing 𝐶0 and 𝐶, 𝐶0 is re-evaluated after optimization by
projecting the optimized specifications onto ℜ𝑓𝑖𝑛𝑒 through bilinear interpolation. For density-based topology optimization, ℜ𝑓𝑖𝑛𝑒 is
directly used in the simulation to provide sufficient design space. Table 2 provides information regarding the resolution and number
of elements of ℜ𝑓𝑖𝑛𝑒 and ℜ𝑠𝑖𝑚, as well as the number of triangular lattices involved in de-homogenization. The number of triangular
lattices is determined as follows: First, a reference length for the triangular lattice edges is specified. This reference considers the
preferred fineness of the structural design and a possible size limitation stemming from a downstream manufacturing task. Since
the triangular lattices are from a set of approximately equilateral triangular elements, a reference area of the triangular lattices can
then be derived from the reference length. Finally, the number of triangular lattices is computed by dividing the total area of the
design domain by the reference area.

Design verification. With the ‘Femur’ model shown in Fig. 1 as an example, de-homogenization is performed using several
test settings to verify our design decisions. Specifically, the results when using a uniform initialization 𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚 and of original
homogenization-based topology optimization, i.e., no orientation regularization is used, are given Fig. 9a–c. Fig. 9d–f shows the
results the principal stress-guided initialization 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 is used without orientation regularization. In Fig. 9g–i, the settings in
homogenization-based topology optimization remain the same as in Fig. 1, i.e., the initialization 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 and orientation regularization
is used, but a higher resolution of the triangular parametrization is chosen. Fig. 9(c), (f), and (i) use the consistent resolution for
creating the field-aligned triangular mesh.

The test results in Figs. 9 and 1, and the statistics in Table 1 demonstrate that the design deviation between homogenization-based
topology optimization and de-homogenization results do not exceed 15%, and most are around at 10%, regardless of whether the
optimized orientation field is continuous or not. This demonstrates that the proposed de-homogenization has relaxed requirements
on the optimized specifications.

In terms of design quality measured by compliance and geometric regularity, however, different design decisions lead to different
results. Compared to homogenization-based topology optimization using 𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚 (Fig. 9a, b), 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 improves the convergence
behavior (Fig. 9d, e). The compliance is reduced from 83.25 to 73.30 (Fig. 9b, e). However, 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 incurs more discontinuities in
the optimized orientation field. Though the de-homogenized lattice structure corresponding to 𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚 (Fig. 9c) is less stiff than the
one obtained with 𝛷 (Fig. 9f), the former design gives better geometric regularity. The difference in the setting for Fig. 9d, e and
10
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Fig. 9. The homogenization-based results (optimized orientations and density layout) and the corresponding de-homogenization results of three different settings
are demonstrated in each box. In the left box (a–c), the homogenization-based topology optimization is conducted with the uniform initialization (𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚). In
the middle one (d–f), 𝛷𝑢𝑛𝑖𝑓𝑜𝑟𝑚 is replaced with the proposed initialization 𝛷𝑠𝑡𝑟𝑒𝑠𝑠, whereas other settings are kept the same. In the right box, both the 𝛷𝑠𝑡𝑟𝑒𝑠𝑠
and orientation regularization are considered in the homogenization-based topology optimization. Among (c), (f), and (i), the resolution of the used triangular
meshes is consistent.

Fig. 10. Comparison of two optimization strategies and different triangulation-based interpretations. (a) A lattice structure consisting of regular triangles with
uniform edge thickness across the domain. In (b–e), the optimized density field is interpreted using different triangulations. This density field is obtained using
isotropic material properties in a SIMP-like topology optimization. (b) A triangular lattice with uniform edge thickness across the domain, but varying sparsity
according to the density field. (c) A triangular lattice with an almost uniform edge length, but varying edge thickness according to the density field. (d) A
regular triangular lattice with varying edge thickness according to the density field. In (e, f, g), the triangle mesh is interpreted using different density fields.
The triangle mesh is obtained using field-aligned triangulation, from the frame field obtained using the proposed approach. (e) With varying edge thickness
according to the density field from the SIMP-like topology optimization, as in (b, c, d). (f) With varying edge thickness according to the proposed approach, but
constant edge thickness in each triangle cell. (g) The proposed approach.

g, h is that the latter considers orientation regularization. As a result, Fig. 9g behaves more continuously than (Fig. 9d), yet (Fig. 9e)
is slightly stiffer than Fig. 9h. This is because orientation regularization acts like an additional constraint in the optimization process.
The same phenomenon is kept in the de-homogenized results. Interestingly, the corresponding de-homogenization result Fig. 9f is
only slightly stiffer than the result in Fig. 9i, regardless of the introduced geometric regularity. This behavior is interesting due
to the severe discontinuity of the optimized orientation field (Fig. 9d) that still hurts the precision of de-homogenization, though
it does not necessarily lead to failure in the de-homogenization process. From Figs. 9i and 1f, we further see that the proposed
11
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Fig. 11. (a) A circular design domain with 2 different loading cases, the normal force 𝐹𝑛 and shear force 𝐹𝑡. (b) Result by our method. (c) Uniform triangular
lattice structure. (d) Porous infill structure.

Fig. 12. (a) Rectangular design domain with 5 different loads (downward pointing arrows) and fixation areas at the bottom left and right (indicated by red dots).
The inset shape is the design obtained with classic topology optimization. (b) The streamline-guided de-homogenization result using rank-2 as the micro-structure
during optimization [13]. (c) The corresponding result with image-based de-homogenization [22]. (d) De-homogenized structural design by our method. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 13. (a), (d) Problem descriptions of bracket 1 and bracket 2, respectively. (b), (e) The corresponding density layouts generated by homogenization-based
topology optimization. (c), (f) The resulting de-homogenized structural designs.

de-homogenization is stable with respect to changes of the triangular mesh resolution. By comparing Fig. 9c, f, and i, one can
observe that the proposed homogenization-based topology optimization considering 𝛷𝑠𝑡𝑟𝑒𝑠𝑠 and orientation regularization achieves
improved stiffness and geometric regularity concurrently. Thus, this setting is used in the following experiments.
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Fig. 14. (a) The equilateral triangular design domain and the corresponding boundary conditions. Here the thick lines in black indicate the fixation positions.
The loads are shown in different colors, each load is outward of the design domain and perpendicular to the corresponding domain boundary. (b) The optimized
density layout and the corresponding layer orientations shown by streamlines. (c) The de-homogenized triangular lattice structure. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Comparative analysis. We compare different triangulation-based interpretations and two optimization strategies. We modify our
method to perform SIMP-like topology optimization, by fixing the orientation field (𝜃) and taking the layer width as an optimization
variable. Furthermore, isotropic triangles are simulated by keeping the three width variables per cell the same, i.e., 𝛼1 = 𝛼2 = 𝛼3.
The second optimization strategy is our proposed approach, which optimizes the triangle orientations and layer widths.

Fig. 10(a) shows a regular triangular lattice with uniform edge thickness across the domain. In (b), a density field is derived
from the optimized per-triangle width and used to inform a Delaunay-based isotropic triangulation. The triangle elements are smaller
where the density is higher. In (c) and (d), the optimized per-triangle width is mapped to a Delaunay-based isotropic triangulation
and a regular triangular grid, respectively. Graded triangular lattices similar to (b, c, d) have been reported, for example, by Liu
et al. [36]. In (e, f, g), the triangle mesh is obtained using field-aligned triangulation, using our proposed approach, yet the triangles
are thickened differently. In (e), by the per-triangle constant width from the first optimization strategy, in (f) by the averaged per-
triangle width from the proposed optimization strategy, and in (g), by the per edge thickness obtained by the proposed optimization
strategy. The triangular lattices all have the same volume fraction of 0.50, except for (a) which is 0.51. The proposed optimization
creates anisotropic triangular lattices with a compliance of 84.37, which is 6.49% smaller than the smallest from the SIMP-based
optimization (b, c, d, e).

Fig. 11 shows another comparison, using a circular design domain with two loading conditions (a). The de-homogenized
triangular lattice (b) is compared to a regular triangular lattice (c) and a porous infill using local volume constraints (d). The
regular triangular lattice structure gives rise to the highest compliance. The de-homogenized triangular lattice structure from our
method is slightly stiffer than the porous infill structure using density-based topology optimization. However, the latter requires a
sufficiently high simulation resolution to obtain a fine structural design. This significantly increases the computational cost.

While our method is primarily developed to generate infill structures that spread across the entire design domain, it can be
adapted to generate lattice structures that cover only parts of the design domain, by setting 𝐿𝑚𝑖𝑛 = 1.0 × 10−6, 𝐿𝑚𝑎𝑥 = 1.0. The
obtained structural layout is a subset of the initial design domain. With this adaptation, we further compare our method to classic
topology optimization and the existing de-homogenization approaches, confirming validity and evaluating the trade-off between the
structural performance and regularity of the lattice.

The design domain and load conditions are illustrated in Fig. 12a, where the classic topology optimization result using SIMP is
superimposed on the domain. In Fig. 12b, we conduct the rank-2-based homogenization-based topology optimization and utilize the
streamline-guided de-homogenization to generate the structural design [13]. To counteract the non-uniqueness issue of principal
stress directions in determining the optimal layer orientations of rank-2, we directly optimize the layer orientation via a gradient-
based optimizer. The results from the image-based approach [22] and our method are shown in Fig. 12c and d, respectively.
The structure generated by our method consists of equilateral triangles with varying thicknesses, while the image-based approach
generates a large number of intersections of differently oriented beam-like substructures. Improved regularity of the lattice structures
is achieved by compromising stiffness. The difference in stiffness is 8.2%, measured by 𝐶𝑜𝑢𝑟𝑠−𝐶𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒

𝐶𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒
, for the same volume fraction,

with 𝐶𝑜𝑢𝑟𝑠 = 2.78 and 𝐶𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒 = 2.57. Besides this, our result exhibit stiffnesses en par with the classic topology optimization result
and is stiffer than the rank-2-based de-homogenization results.

Mechanical parts. With ‘Bracket-1’ and ‘Bracket-2’ we consider two mechanical parts for emphasizing the basic features of the
proposed de-homogenization scheme (see Fig. 13). In particular, the results are in line with those obtained for ‘femur’ concerning
compliance and geometric regularity.

Multiple boundary conditions. We further demonstrate the adaptivity of the proposed method to the optimization problems with
totally different boundary conditions, i.e., the fixations and loads vary concurrently. Here we consider an equilateral triangular
design domain for infill optimization (Fig. 14a).
13
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Fig. 15. Sketch of a single-scale approximation of a rank-6 laminate in 3D. 𝒏𝑛 is the normal vector of layer-𝑛, 𝒕𝑛,1 and 𝒕𝑛,2 are two corresponding tangent vectors.

In Fig. 14, we show the optimization and de-homogenization results, where the design deviation between the de-homogenized
result and the corresponding homogenization-based topology optimization result is at 𝜉 = 10.15% and close to other examples. In
addition, the triangular lattice structure exhibits good regularity.

5. Conclusion and future work

In this paper, we have introduced an innovative geometry-based de-homogenization technique for designing and optimiz-
ing functionally graded triangular lattices capable of withstanding various loading conditions. By conducting simulations and
optimizations at a low-resolution discretization of the design domain, our de-homogenization approach, akin to other methods
in this domain, generates highly detailed structures with significantly reduced computational demands compared to traditional
density-based topology optimization methods.

Unique to our approach is its ability to explicitly represent the resulting structural design in a concise geometric format, i.e., a
global triangular mesh where each edge is assigned a distinct thickness. This explicit geometric representation facilitates downstream
processes such as editing and additive manufacturing. In terms of mechanical performance, the de-homogenized structure exhibits
stiffness comparable to that of the optimal design achieved through homogenization-based topology optimization. Additionally,
when compared to porous infill generated using local volume constraints, our de-homogenized structure consistently demonstrates
higher stiffness.

In the future, we aim to extend geometry-based de-homogenization towards 3D problems, i.e., to generate a stiffness-optimal
structural design of sound geometric regularity and described in a compact geometric format. According to Ref. [25,37], in 3D
a rank-6 laminate is needed to approach the theoretically optimal stiffness subject to multiple loading conditions. Just as we
simplified a general rank-3 laminate to an equilateral triangle, we speculate that a general rank-6 laminate in 3D could potentially
be approximated by an equilateral tetrahedron. We plan to verify this hypothesis and devise geometric techniques for the de-
homogenization process. Fig. 15 shows a single-scale approximation of a rank-6 laminate. Here, we need three design variables
to fully describe a single layer of a rank-6 laminate: one variable for the layer thickness and two independent variables for the
layer orientation (normal vector). In total this amounts to 18 design variables. Although it is possible to reduce the number of
independent design variables to 15 via a transformation process [38], finding a compatible field-aligned geometric parametrization
is still challenging. To ease the construction of a field-aligned parametrization, suitable simplifications and their consequences need
to be investigated.
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ppendix. Elasticity tensor of rank-𝟑

In a variety of related works [22,24,25], the general description of the elasticity tensor (𝑺) of rank-3 is given as below

𝑆𝑖𝑗𝑘𝑙 = 𝑆+
𝑖𝑗𝑘𝑙 − (1 − 𝜌)

[

(𝑆+
𝑖𝑗𝑘𝑙 − 𝑆−

𝑖𝑗𝑘𝑙)
−1 −

𝜌(1 − 𝑣20)
𝐸+

( 3
∑

𝑛=1
𝑃𝑛𝛬

𝑛
𝑖𝑗𝑘𝑙

)]−1

(15)

ere, same as the elasticity tensor of the plane problem, 𝑆𝑖𝑗𝑘𝑙 is a fourth-order tensor. 𝑆+
𝑖𝑗𝑘𝑙 and 𝑆−

𝑖𝑗𝑘𝑙 are the elasticity tensors of the
sotropic solid and ‘void’ materials and are given by Hooke’s law

⎡

⎢

⎢

⎢

⎢

⎣

𝑆+∕−
1111 𝑆+∕−

1122 𝑆+∕−
1112

𝑆+∕−
2222 𝑆+∕−

2212

𝑠𝑦𝑚 𝑆+∕−
1212

⎤

⎥

⎥

⎥

⎥

⎦

= 𝐸+∕−

1 − 𝑣20

⎡

⎢

⎢

⎢

⎣

1 𝑣 0

1 0
𝑠𝑦𝑚 2(1 − 𝑣0)

⎤

⎥

⎥

⎥

⎦

(16)

𝐸+ and 𝑣0 are Young’s modulus and Poisson’s ratio of the isotropic solid material. 𝑃𝑛 > 0 depicts the relative contribution of layer
𝑛 to the stiffness, which subjects to ∑3

𝑛=1 𝑃𝑛 = 1, and 𝑃𝑛 =
𝜌𝑛
𝜌 . Combining 𝑃𝑛 and 𝛬𝑛

𝑖𝑗𝑘𝑙, the item ∑3
𝑛=1 𝑃𝑛𝛬𝑛

𝑖𝑗𝑘𝑙 parametrizes all of the
possible properties of rank-3 laminate in the entire design space with a fixed volume fraction. 𝛬 is defined as

𝛬𝑛
𝑖𝑗𝑘𝑙 = 𝑛𝑛𝑖 𝑛

𝑛
𝑗𝑛

𝑛
𝑘𝑛

𝑛
𝑙 +

𝑡𝑛𝑖 𝑛
𝑛
𝑗 𝑡
𝑛
𝑘𝑛

𝑛
𝑙 + 𝑛𝑛𝑖 𝑡

𝑛
𝑗 𝑡
𝑛
𝑘𝑛

𝑛
𝑙 + 𝑡𝑛𝑖 𝑛

𝑛
𝑗𝑛

𝑛
𝑘𝑡

𝑛
𝑙 + 𝑛𝑛𝑖 𝑡

𝑛
𝑗𝑛

𝑛
𝑘𝑡

𝑛
𝑙

2
(

1 − 𝑣0
) (17)

Here, 𝒏𝑛 and 𝒕𝑛 are the components of normal and tangent of layer 𝑛. Let 𝒏𝑛 = [cos 𝜃𝑛 sin 𝜃𝑛] and 𝒕𝑛 = [− sin 𝜃𝑛 cos 𝜃𝑛], here 𝜃𝑛 is the
orientation angle of the normal of layer 𝑛 to the 𝑥-axis in a standard coordinate system, all the components of 𝛬𝑛

𝑖𝑗𝑘𝑙 are respectively
expressed by

𝛬𝑛
1111 =

cos(4𝜃𝑛)+4 cos(2𝜃𝑛)+3
8 + 1−cos(4𝜃𝑛)

4(1−𝑣0)
;

𝛬𝑛
2222 =

cos(4𝜃𝑛)−4 cos(2𝜃𝑛)+3
8 + 1−cos(4𝜃𝑛)

4(1−𝑣0)
;

𝛬𝑛
1122 = 𝛬𝑛

2211 =
1−cos(4𝜃𝑛)

8 − 1−cos(4𝜃𝑛)
4(1−𝑣0)

;

𝛬𝑛
1112 = 𝛬𝑛

1121 = 𝛬𝑛
2111 =

2 sin(2𝜃𝑛)+sin(4𝜃𝑛)
8 − sin(4𝜃𝑛)

4(1−𝑣0)
;

𝛬𝑛
1222 = 𝛬𝑛

2221 = 𝛬𝑛
2122 = 𝛬𝑛

2212 =
2 sin(2𝜃𝑛)−sin(4𝜃𝑛)

8 + sin(4𝜃𝑛)
4(1−𝑣0)

;

𝛬𝑛
1212 = 𝛬𝑛

1221 = 𝛬𝑛
2112 = 𝛬𝑛

2121 =
1−cos(4𝜃𝑛)

8 + 1+cos(4𝜃𝑛)
4(1−𝑣0)

.

(18)

In practical computation, Eq. (15) is usually given in a convenient matrix form [24]

𝑺[2] = 𝑺+ − (1 − 𝜌)

[

(𝑺+ − 𝑺−)−1 −
𝜌(1 − 𝑣20)

𝐸+ 

]−1

(19)

Here,  =
∑3

𝑛=1 𝑃𝑛𝜦𝑛, and the matrices 𝑺+, 𝑺− and 𝜦𝑛 are obtained from the corresponding fourth-order tensor components through
he transformation below

𝑨 =

⎡

⎢

⎢

⎢

⎣

1
2 (𝐴1111 + 𝐴2222) − 𝐴1122 𝐴1112 − 𝐴2221

1
2 (𝐴1111 − 𝐴2222)

2𝐴1212 𝐴1112 + 𝐴2221
𝑠𝑦𝑚 1

2 (𝐴1111 + 𝐴2222) + 𝐴1122

⎤

⎥

⎥

⎥

⎦

(20)

Let

𝑚1 =
3
∑

𝑛=1
𝑝𝑛 cos(2𝜃𝑛), 𝑚2 =

3
∑

𝑛=1
𝑝𝑛 sin(2𝜃𝑛),

𝑚3 =
3
∑

𝑝𝑛 cos(4𝜃𝑛), 𝑚4 =
3
∑

𝑝𝑛 sin(4𝜃𝑛).

(21)
15

𝑛=1 𝑛=1
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Then, the matrix  is rearranged into a simpler form

 =

⎡

⎢

⎢

⎢

⎢

⎣

3−𝑣0−(1+𝑣0)𝑚3
4(1−𝑣0)

− (1+𝑣0)𝑚4
4(1−𝑣0)

𝑚1
2

3−𝑣0+(1+𝑣0)𝑚3
4(1−𝑣0)

𝑚2
2

𝑠𝑦𝑚 1
2

⎤

⎥

⎥

⎥

⎥

⎦

(22)

Upon obtaining 𝑺, one can get the components of 𝑆𝑖𝑗𝑘𝑙 in the following way

𝑺 =

⎡

⎢

⎢

⎢

⎣

𝑆1111 𝑆1122 𝑆1112

𝑆2222 𝑆2221

𝑠𝑦𝑚 𝑆1212

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

1
2 (𝑆

[2]
11 + 𝑆[2]

33 ) + 𝑆[2]
13 − 1

2 (𝑆
[2]
11 − 𝑆[2]

33 )
1
2 (𝑆

[2]
12 + 𝑆[2]

23 )
1
2 (𝑆

[2]
11 + 𝑆[2]

33 ) − 𝑆[2]
13 − 1

2 (𝑆
[2]
12 − 𝑆[2]

23 )

𝑠𝑦𝑚 1
2𝑆

[2]
22

⎤

⎥

⎥

⎥

⎥

⎦

(23)

For details of the derivation process above, we refer to [24].
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