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A Bound on Ekman Pumping

Stephan R. de Roode1 and A. Pier Siebesma1,2

1Faculty of Civil Engineering and Geosciences, Department of Geoscience and Remote Sensing, Delft University of
Technology, Delft, Netherlands, 2KNMI, De Bilt, Netherlands

Abstract Momentum transport by boundary layer turbulence causes a weak synoptic-scale vertical
motion. The classical textbook solution for the strength of this Ekman pumping depends on the curl of the
surface momentum flux. A new solution for Ekman pumping is derived in terms of the curl of the
geostrophic wind and a term that depends in a nontrivial way on the vertical profile of the turbulent
momentum flux. The solution is confined to a boundary layer regime that is vertically well mixed and
horizontally homogeneous. The momentum flux is computed from a commonly used bulk surface drag
formula and a flux jump relation to capture the entrainment flux of momentum at the top of the boundary
layer. It is found that the strength of Ekman pumping is bounded. The weakening of Ekman pumping for
enhanced turbulent surface friction can be explained from the fact that it will reduce the magnitude of the
horizontal wind. It is demonstrated that entrainment of momentum across the top of the boundary layer
tends to diminish the large-scale divergence of the wind. As momentum transport is parameterized in
large-scale models, the analysis is relevant for the understanding and interpretation of the evolution of
synoptic-scale vertical motions as predicted by such models.

Plain Language Summary Turbulence acts as a friction to the wind. This drives a net flow of
air from high to low pressure. The resulting accumulation of mass drives an upward vertical motion in
a low-pressure system and vice versa in a high-pressure system. This study shows that the vertical velocity
caused by turbulent friction has a maximum value.

1. Introduction
Geostrophic flow is at the heart of dynamical meteorology. It elucidates why in a synoptic system of (low)
high pressure on the Northern Hemisphere the wind vector is tangent to the isobars in a (counter)clockwise
direction. However, this theoretical wind structure is fully two-dimensional with a zero vertical velocity
component. In fact, the presence of synoptic-scale vertical motion actually requires the consideration of tur-
bulent boundary layer eddies that act as a drag on the mean flow. As depicted schematically in Figure 1,
this friction effect gives rise to a net horizontal transport of air from high to low pressure. The resulting
accumulation of mass drives a large-scale upward vertical velocity in a low-pressure system and vice versa
in a high-pressure system. Because the magnitude of the turbulent friction controls the strength of the
cross-isobaric flow (Svensson & Holtslag, 2009), it impacts the evolution of (anti) cyclones at synoptic scales
(Sandu et al., 2013).

Although the characteristic synoptical-scale vertical velocity is small, typically on the order of cm s−1, its
effect on the evolution of the boundary layer cannot be neglected. Large-scale subsidence tends to advect the
boundary layer top downward (Lilly, 1968), which has a strong impact on, for example, the concentration of
air pollution in the atmospheric boundary layer (Seibert et al., 2000), the evolution of stratocumulus (Van
der Dussen et al., 2016; Zhang et al., 2009), and Arctic mixed-phase stratocumulus (Young et al., 2018). On
the other hand, convergence of air leads to an upward motion of air. Saturation of air, and subsequently
clouds, may develop as rising air cools down adiabatically. The generation of precipitation in such a system
will be strongly controlled by the large-scale convergence (Back & Bretherton, 2009) .

Various efforts have been made to assess the large-scale subsidence from field observations of horizontal
wind and with the use of the equation for conservation of mass,

𝜕U
𝜕x

+ 𝜕V
𝜕𝑦

+ 𝜕W
𝜕z

= 0, (1)
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Figure 1. A schematic representation of Ekman pumping in a synoptic
low- and high-pressure system (adapted from Marshall & Plumb, 2016).
Boundary layer eddies cause a cross-isobaric flow in which a net transport
of air from high to low pressure occurs. This leads to a convergence of air in
the low-pressure system and a subsequent large-scale ascending motion. In
the high-pressure system large-scale subsidence is induced.

with U, V , W the east-west (x), north-south (𝑦), and vertical (z) com-
ponents of the wind vector, respectively. The mean vertical velocity is
controlled by the large-scale divergence of horizontal wind,

D ≡

(
𝜕U
𝜕x

+ 𝜕V
𝜕𝑦

)
= −𝜕W

𝜕z
. (2)

This diagnostic expression proved useful to study the diurnal cycle of D
from radiosondes that were launched during the Atlantic Stratocumulus
Transition EXperiment (Ciesielski et al., 1999). Lenschow et al. (2007)
studied aircraft measurements of the horizontal wind field collected from
circular legs flown during the Second Dynamics and Chemistry of Marine
Stratocumulus experiment, and they concluded that this measurement
strategy is not suitable to diagnose D as it yields unacceptable large errors.
By contrast, from a careful analysis of observations from dropsondes that
were released from an aircraft that flew along circular patterns over the
tropical Atlantic near Barbados, Bony et al. (2017) demonstrated that this
strategy can actually be rather well used to determine D with a sufficient
accuracy.

A well-known and frequently used solution for the mean vertical motion
depends on the curl of the surface momentum flux (Beare, 2007). In this

note a new diagnostic equation for the large-scale divergence of the horizontal wind D in terms of the
strength of a nondimensional turbulent boundary layer friction factor and entrainment of momentum across
the top of the boundary layer will be derived. It will be demonstrated that this solution predicts a maximum
value for the large-scale divergence of the horizontal wind.

2. Theory
The dependency of the large-scale vertical velocity on the momentum flux profile can be readily obtained
from the conservation equations for momentum and mass. The main goal of this note is to study the effect
of boundary layer friction on Ekman pumping. To this end we will consider an idealized steady-state, hori-
zontally homogeneous and vertically well-mixed boundary layer forced by a constant geostrophic wind. The
momentum flux will be specified in terms of a bulk surface friction factor and an entrainment velocity at
the top of the boundary layer.

The mixed-layer model framework originally developed by Stevens et al. (2002) is depicted schematically
in Figure 2. The horizontal wind is constant with height in the boundary layer. This approximation holds
rather well for convectively driven atmospheric boundary layers. Further support for the use of this model
is given by Back and Bretherton (2009), who showed that it can skilfully reproduce observed surface winds
and convergence over the tropical oceans.

2.1. Governing Equations
The horizontal momentum equations read

dU
dt

= 𝑓V − 1
𝜌

𝜕P
𝜕x

− 𝜕uw
𝜕z

, (3)

dV
dt

= −𝑓U − 1
𝜌

𝜕P
𝜕𝑦

− 𝜕vw
𝜕z

, (4)

with P the pressure, 𝑓 the Coriolis parameter, and uw and vw the Reynolds averaged momentum fluxes. Due
to our assumption of horizontal homogeneity, the mean horizontal advection terms vanish. Mean vertical
advection of momentum is 0 as in the boundary layer the wind is assumed to be constant with height. Last,
we will use a constant value for the density of air 𝜌.

In the absence of turbulence a geostrophic balance is maintained by the Coriolis and the pressure gradient
forces,

U = Ug ≡ − 1
𝜌𝑓

𝜕P
𝜕𝑦

, V = Vg ≡
1
𝜌𝑓

𝜕P
𝜕x

, (5)
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Figure 2. A schematic representation of the vertical profiles of the steady-state horizontal wind components and their
vertical turbulent fluxes (thick black lines) for a forcing Ug > 0 (indicated by the black dotted vertical line) and Vg = 0.
The momentum fluxes at the surface and at the top of the boundary layer are computed with bulk formulae.

with Ug and Vg defining the geostrophic wind velocity components. The fact that a purely geostrophic flow
does not support any mean vertical motion can be derived from a substitution of the geostrophic solution
equation (5) in equation (2) which gives D = 0.

The importance of turbulence on the vertical motion becomes clear after a differentiation of equations (3)
and (4) with respect to 𝑦 and x, respectively, and the use of these expressions in equation (2),

− 𝜕

𝜕z

[
𝑓W − 𝜕uw

𝜕𝑦
+ 𝜕vw

𝜕x

]
= 0. (6)

Here we reversed the order of differentiation in the pressure and momentum flux terms. The latitudinal
variation of the Coriolis parameter 𝜕𝑓∕𝜕𝑦will be ignored. The vertical gradient of W has entered equation (6)
by the use of the continuity equation (1). A vertical integration from the surface (indicated by the subscript
“sfc”) upward to the height h+, which is just above the boundary layer where turbulence vanishes, shows
that the vertical velocity depends on the curl of the surface momentum fluxes (Beare, 2007),

W |h+ = 1
𝑓

(
𝜕uwsfc

𝜕𝑦
−

𝜕vwsfc

𝜕x

)
, (7)

with W = 0 at the ground surface. The vertical velocity that is driven by surface momentum fluxes is called
Ekman pumping after the Swedish oceanographer who was the first to derive an analytical solution for
wind-driven horizontal transport in the ocean. Ekman's solution for ocean flow is widely used as a power-
ful diagnostic tool that relates the strength of Ekman pumping in the ocean to the curl of the wind stress
exerted at the Ocean's surface. Note that equation (7) ignores the effect of entrainment fluxes at the top of the
boundary layer. To further explore the role of the momentum fluxes on Ekman pumping, we will now apply
parameterizations for their values at the surface and at the top of the boundary layer due to entrainment.

2.2. Parameterization of the Momentum Flux
The surface momentum fluxes can be expressed by the following bulk formula

(uwsfc, vwsfc) = −CdUspd(U,V), (8)

with Uspd the wind speed,

Uspd =
√

U2 + V 2. (9)

The factor Cd is turbulent drag coefficient that depends on the vertical stability and the roughness length
(Schröter et al., 2013). Because the magnitude of Uspd is controlled by the surface drag coefficient Cd, the
parameterization of the surface momentum flux has introduced a nonlinearity in the system. To avoid
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this additional complexity, the formulation of the surface momentum flux may be further simplified by
introducing a linearized friction coefficient (Back & Bretherton, 2009),

wsfc = CdUspd. (10)

This factor is sometimes referred to as a surface ventilation velocity.

The flux at the top of the boundary layer, denoted by h, can be expressed by the “flux jump” relation in a
similar fashion (Lilly, 1968),

uwh = −we(Uft − U) , vwh = −we(Vft − V), (11)

with we the entrainment velocity, and the subscript “ft” represents the value of free tropospheric value of the
wind just above the boundary layer. In the remainder we will assume that the wind in the free troposphere
is in a geostrophic balance, (Uft,Vft) = (Ug,Vg). Because both the actual and geostrophic winds are assumed
to be constant with height in the boundary layer, the condition of a steady state requires that the momentum
flux must vary linearly with height in order to balance their net force, which allows to express the vertical
change of the momentum fluxes as follows,

𝜕uw
𝜕z

=
−we(Ug − U) + wsfcU

h
,

𝜕vw
𝜕z

=
−we(Vg − V) + wsfcV

h
, (12)

to give the following momentum balance equations,

V − Vg + ktopUg − (ksfc + ktop)U = 0,

−U + Ug + ktopVg − (ksfc + ktop)V = 0.
(13)

Here we introduced the nondimensional factors,

ksfc =
wsfc

𝑓h
, ktop =

we

𝑓h
. (14)

The factor ksfc may be interpreted as a turbulent Ekman number as it compares the importance of surface
(“viscous”) friction relative to the Coriolis force.

The use of the factor wsfc enables us to solve U and V analytically from equation (13). In the next section we
will effectively apply this strategy. This is motivated by the fact that the analytical solutions for the bound-
ary layer wind, and more specifically their dependency on the nondimensional factors ksfc and ktop, will
demonstrate some important general behavior of Ekman pumping. However, in section 3.3 we will discuss
an example that is based on numerical solutions of the momentum equations for a prescribed value of the
bulk surface friction Cd.

3. Analytical Solutions for the Large-Scale Divergence and Subsidence
Here we present and discuss the analytical solutions for the large-scale flow that follow from the steady-state
linearized momentum equations (13).

3.1. Analytical Steady-State Solutions
The solutions for the horizontal wind can be expressed in terms of the geostrophic wind,

U =
1 + ktop(ksfc + ktop)

1 + (ksfc + ktop)2 Ug −
ksfc

1 + (ksfc + ktop)2 Vg,

V =
1 + ktop(ksfc + ktop)

1 + (ksfc + ktop)2 Vg +
ksfc

1 + (ksfc + ktop)2 Ug.

(15)

The divergence of the horizontal wind field can be obtained with aid of equation (2),

D = F(ksfc, ktop)
(
𝜕Ug

𝜕𝑦
−

𝜕Vg

𝜕x

)
= −F(ksfc, ktop)

∇2P
𝜌𝑓

, (16)
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Figure 3. The factor F as a function of the nondimensional surface friction (ksfc) and entrainment (ktop) factors as
defined by equation (17). The red dotted line connects the maximum values for the function F. The regime left of the
red dotted line is indicated by “strengthening,” which means that the large-scale divergence D increases for increasing
ksfc. In the weakening regime, D will decrease for increasing ksfc. The line styles are according to the legend.

where we introduced the function

F(ksfc, ktop) =
ksfc

1 + (ksfc + ktop)2 , (17)

and ∇ indicates the Laplacian operator in the horizontal directions. The function F is also present in the
solution for the large-scale vertical velocity, whose magnitude at the top of the boundary layer can be readily
obtained from a vertical integration of D,

w|h = −F(ksfc, ktop)
(
𝜕Ug

𝜕𝑦
−

𝜕Vg

𝜕x

)
h, (18)

where we assumed that the value of D is constant within the boundary layer, which is not an uncommon
assumption for vertically well-mixed boundary layers (Stevens, 2006).

3.2. Interpretation
The solutions for the mean vertical velocity (7) and (18) differ in the sense that the former depends on the
curl of the surface momentum flux, whereas the new solution equation (18) depends on the curl of the
geostrophic wind or, alternatively, on the Laplacian of the pressure field. One might be tempted to hypoth-
esize that a larger surface friction will yield a stronger Ekman pumping from the premise that more surface
friction will cause an enhancement of the surface momentum flux. We will now argue that ksfc puts a bound
on the strength of Ekman pumping, a condition that cannot be inferred directly from equation (7).
3.2.1. Surface Friction Effect, No Entrainment (ktop = 0)
Let us inspect the function F shown in Figure 3. For a frictionless flow, ksfc = ktop = 0, we recover the
solutions of a geostrophic balance (5), and consequently there will be no large-scale divergence since F =
0. For ksfc > 0 we find that V > 0, which indicates that cross-isobaric flow occurs. The presence of this
ageostrophic wind component results in the large-scale divergence (or convergence) of the flow that, in
turn, drives the large-scale vertical motions. If the surface friction goes to infinity, or equivalently, ksfc → ∞,
then F → 0. In this limit surface friction damps the horizontal wind to 0, and subsequently the large-scale
divergence D → 0. This leads to the key conclusion that the effect of surface friction on the large-scale
vertical velocity is bounded. Equation (17) predicts that the large-scale divergence is maximum with F = 1
for ksfc = 1 and zero entrainment, ktop = 0. According to equation (15) this solution corresponds to U = V =
1
2

Ug, and since the angle of the actual wind with the geostrophic wind is given by tan 𝛼 = V∕U, we find this
so-called ageostrophic angle to be equal to 𝛼 = 45◦.
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Figure 4. The wind component (a) U, (b) V , (c) wind speed Uspd, and (d) the ageostrophic angle 𝛼 as a function of the nondimensional surface friction (ksfc)
and entrainment (ktop) factors as defined by equation (17) for Ug = 10 m s−1 and Vg = 0. The line styles are according to the legend.

3.2.2. Combined Surface Friction and Entrainment
Before discussing the large-scale divergence let us first discuss the solutions for the horizontal wind accord-
ing to equation (15), which show that in the presence of turbulence the steady-state wind speed becomes

Uspd
2 =

1 + ktop
2

1 + (ksfc + ktop)2 (Ug
2 + Vg

2) ≤ |U⃗g|2. (19)

Surface friction and entrainment appear to have opposing effects on the wind speed. This can be seen from
the limit ksfc → ∞ which yields a zero wind speed. By contrast, for strong entrainment the free tropospheric
wind speed is imposed on the boundary layer, as for ktop → ∞ we find Uspd → |U⃗g|.
Figure 4 shows examples of U, V , Uspd, and the ageostrophic angle 𝛼 for a forcing Ug = 10 m s−1 and
Vg = 0. While V tends to become smaller with increasing entrainment velocity, we notice a more delicate
dependency of U on entrainment in the sense that for small (large) ksfc, U tends to decrease (increase) for
increasing entrainment velocity. This results in a wind speed Uspd that tends to diminish for increasing
entrainment in the regime ksfc < 2∕ktop. Stevens et al. (2002) explains that this is caused by an asymmetry
in the entrainment flux. Figure 5 illustrates that entrainment tends to enhance the momentum fluxes at the
top of the boundary layer which results, however, in opposing effects on the vertical gradients of uw and
vw. If the vertical slope of vw is enhanced by a larger entrainment velocity, there will be a stronger damping
acting on V by turbulent friction, which results in a smaller steady-state value of V , in accord with the results
displayed in Figure 4. As a consequence, the forcing term 𝑓V that is present in the budget equation (3) for
U is also reduced, and to achieve a steady state, the vertical slope of uw has to diminish. An increase in the
entrainment velocity can already partly support this, but if this does not yield the requested total change in
the vertical gradient of uw, a balance can be achieved only if U is decreased as well.

An important consequence of the presence of entrainment is that it tends to diminish the large-scale diver-
gence (see Figure 3). Moreover, the maximum value of F is shifted toward larger values of ksfc. This can be
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Figure 5. A schematic representation of the effect of (a) an increase in the entrainment velocity (red dashed lines) we
and (b) a decrease of the horizontal wind component U (blue dotted line) on the momentum flux profiles. The black
lines indicate the momentum flux profiles belonging to a steady-state solution for a forcing Ug > 0 and Vg = 0 as
shown in Figure 2. An increase in entrainment causes a larger slope of vw (stronger effect of turbulent friction) but a
smaller slope of uw (smaller effect of turbulent friction).

derived by setting the derivative of the function F with respect to ksfc to 0 to give

ksfc =
√

1 + ktop
2. (20)

3.3. A Numerical Example for a Case With a Prescribed Bulk Surface Drag Coefficient Cd
As a practical illustration of the theory we took the reference case of Stevens et al. (2002), with h = 500 m,
we = 1 cm s−1, Ug = 6 m s−1. Furthermore Cd is set to 0.0011 which is a typical value over the tropical oceans.
However, noting that the relevant parameters ksfc and ktop do both depend on reciprocal of the Coriolis
parameter, we have computed results up to a latitude of 90◦. The sensitivity of the results on the entrainment
is addressed by setting we to 0. Because Uspd depends on the prescribed value of Cd, the solutions shown in
Figure 6 were computed numerically, and as a consequence the bulk surface friction factor ksfc, that is now
diagnosed from the resulting wind speed according to ksfc = CdUspd∕h𝑓 , differs for the two cases shown.
Except for a narrow band near the tropics, where ksfc exceeds unity, entrainment tends to diminish the
wind speed. The wind speed tends to approach the (absolute) value of the geostrophic wind toward higher
latitudes. This can be explained from the bulk surface friction factor ksfc whose magnitude diminishes away
from the equator. The effect of entrainment on Ekman pumping is evident from the resulting shape of the
function F which in the tropical regime is diminished by more than a factor of about 2 with respect to the
case without entrainment. In conclusion, the findings suggest that maximum values for the function F are
most likely to be expected at low latitudes.

3.4. Discussion
Sandu et al. (2013) evaluated the effect of a less diffusive parameterization for turbulent transport in stably
stratified boundary layers in the European Centre for Medium-Range Weather Forecasts model and con-
firmed that the strength of turbulence diffusion affects the large-scale flow by modulating the strength of
synoptic-scale systems. Moreover, they found that the model improved the representation of high-pressure
systems, but the storm track region in the Southern Hemisphere was less well captured. Our analysis sug-
gests that the question as to which a change in the parameterization of turbulence in a large-scale weather
forecast model leads to either a strengthening or a weakening effect on the evolution of synoptic-scale
systems depends on the factors ksfc and ktop in a nontrivial way.

It should be noted that the boundary layer depth itself is controlled by the strength of turbulence. For exam-
ple, the enhancement of turbulent diffusion in stable conditions, used to improve the representation of
large-scale synoptic systems, leads not only to larger momentum fluxes but also to deeper boundary lay-
ers (Sandu et al., 2013; Svensson & Holtslag, 2009). For the case studied here, a larger entrainment rate
will cause a deeper boundary layer, which according to equation (18) will enhance Ekman pumping since
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Figure 6. Numerical solutions for the wind velocity (a) U, (b) V , (c) the wind speed Uspd, (d) the nondimensional
surface friction factor ksfc, (e) the entrainment factor ktop, and (f) the function F as a function of the latitude. The
forcing conditions were taken from Stevens et al. (2002), Cd = 0.00111, Ug = −6 m s−1, h = 500 m. The results for the
wind as obtained for an entrainment velocity of 1 cm s−1 are identical to their Figure 1, and the zero entrainment case
is added here to illustrate its impact on the wind. The line styles are according to the legend.

cross-isobaric flow will take place over a deeper layer depth h. However, entrainment has an opposing impact
on Ekman pumping via its control on the function F. In particular, if the modeled entrainment is too large,
the function F will become smaller as shown in Figure 3 . This suggests that a bias in the entrainment in
convective well-mixed boundary layers may yield only a limited impact on Ekman pumping.

4. Conclusion
The present study discusses the effect of boundary layer turbulence on the magnitude of the large-scale ver-
tical velocity. In particular, a vertically well-mixed and horizontally homogeneous structure of the boundary
layer is assumed. We confine our analysis to steady-state conditions, and we use bulk parameterizations fol-
lowing the mixed-layer model for wind as used in Stevens et al. (2002). We present new diagnostic relations
for the large-scale divergence of horizontal wind (D) and the large-scale vertical velocity.

In the absence of entrainment a maximum value for the large-scale divergence D is found if the nondimen-
sional surface friction factor ksfc is equal to unity, a value which corresponds to a situation in which the
actual wind has a cross-isobaric (ageostrophic) angle of 45◦. The factor ksfc can be thought of as an Ekman
number that weighs the importance of the turbulent surface momentum flux relative to the force due to
planetary rotation. A maximum value of Ekman pumping can be explained from the following notion. For a
purely frictionless geostrophic flow the large-scale divergence of horizontal wind D = 0, and consequently
there will be no Ekman pumping. The presence of surface friction acts as a drag on the flow that generates
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an ageostrophic flow component giving D ≠ 0, which, in turn, drives a small large-scale velocity. However,
in the limit of infinite turbulent surface friction the horizontal wind will tend to 0, and likewise D = 0. This
reasoning suggests a maximum effect of turbulent surface friction on the magnitude of D, which is quanti-
fied in this study. More precisely, D is found to depend on the curl of the geostrophic wind, in addition to
a function F that depends on the nondimensional factors related to surface friction and entrainment. It is
found that entrainment tends to diminish the large-scale divergence.

The findings reported in this note might be useful to fine-tune parameterizations in global models such as
explored in the study by Sandu et al. (2013) and including the ones which apply an explicit formulation of
turbulent form drag due to subgrid orography (Beljaars et al., 2004) or to better understand the impact of
the parameterization of the bulk drag coefficient Cd on the model outcome (Foreman & Emeis, 2010; Moon
et al., 2007). However, our study is restricted to vertically well-mixed layers, a condition that is not applicable
to the nocturnal stable boundary layer whose structure exhibits strong vertical gradients.

In the context of the present analysis it is worthwhile to mention some relevant studies on Ekman pump-
ing based on height-dependent solutions for the wind by Wu and Blumen (1982) and Tan (2001). Wu and
Blumen derived analytical solutions for the boundary layer wind profile for nonstationary conditions. They
maintained the advective transport term in the momentum equation, and they parameterized the momen-
tum flux with a downgradient diffusion approach. Their solution is a modified Ekman spiral, a solution that
closely mimics the one that is frequently observed for stable boundary layers, with the wind direction and
wind speed depending on the magnitude of the constant eddy viscosity. Tan (2001) investigated the role of
a height-dependent eddy viscosity and a baroclinic pressure field on Ekman pumping from an analysis of
an approximate solution for the wind. Tan concluded that a variable eddy viscosity and inertial accelera-
tion have an important role in the divergence in the boundary layer and the subsequent Ekman pumping
strength. A similar analysis might be performed for a clear convective boundary layer regime. For exam-
ple, Stevens et al. (2002) presented height-dependent wind profiles as obtained with a turbulent diffusion
parameterization.
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