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A B S T R A C T

Many proposals are being made for cleaner, more sustainable forms of energy production. Terrestrial solar
photovoltaic farms (SPFs) could potentially deliver large quantities of energy to the grid, although these are
limited to daytime use. The output from these SPFs could be enhanced, particularly around dawn and dusk, by
the use of orbiting solar reflectors (OSRs) in near-polar orbit. These would reflect an image of the solar disk, or
solar image (SI), onto the SPFs to augment their energy output. Pointing requirements are therefore to ensure
that reflected sunlight is delivered to the terrestrial SPF, avoiding the losses incurred by an offset of the SI and
the SPF itself. The SI would typically be of order 10 km for a reflector in a 1000 km orbit. Given the potentially
large size of the reflectors, this presents a challenge for the attitude determination and control system (ADCS)
to ensure that the maximum quantity of energy can be delivered to a SPF, typically requiring large control
moment gyro actuators. In addition, there exist numerous sources of error in the ADCS which can cause further
degradation in the quantity of energy delivered to the SPF. These errors can manifest in the resolution of the
various sensors, flexible structural modes, manufacturing inaccuracies, and misalignments due to vibration
during launch. This paper will investigate the effects of pointing error sources (PES) on the reflector ADCS
and so on the quantity of energy delivered to the SPF. With the application of a PD controller with feedforward
compensation, and the set of noise characteristics defined in this paper, numerical simulations will show the
typical losses in energy delivered to SPFs of 0.015% when the model accounts for PES in onboard sensors,
actuator uncertainty and flexible structural modes.
1. Introduction

The proposal for delivering energy from space has almost a century
of history, beginning with the work of Oberth in 1929 [1]. Further
advances in the concept came later in the 20th century when Enger
presented a feasibility study of OSRs [2], which was followed by
Ehricke [3] who detailed the potential uses of light reflected from space
to the Earth, including an analysis of the energy that could be delivered
to terrestrial SPFs. A NASA technical report [4] then followed with a
comprehensive analysis of the use of OSRs for energy delivery to the
Earth. More recently, Fraas et al. have produced a series of works on
the subject [5–7] where constellations are proposed to deliver energy
to SPFs both at night and during dawn/dusk hours. More recently,
this work was continued with a feasibility study for the MiraSolar pro-
posal [8]. The SOLSPACE project at the University of Glasgow provided
a review of the literature on OSRs [9]. Additionally, the group has been
developing OSR concepts and provided a reference architecture [10]
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which details a comprehensive study of orbits, control, structures and
economic/regulatory considerations. A study was also conducted on
actuator scaling laws for OSRs where it was found Control Moment
Gyroscopes (CMG) were the preferred control actuator for these large
structures [11]. More recently, work has investigated the enhancements
to energy delivery made possible by a constellation of OSRs [12].

With OSRs purposed for delivering solar energy to SPFs [13–15],
the objective is to deliver the maximum possible energy to the SPF.
There are a number of factors, such as the reflectivity of the OSR and
atmospheric losses, which will reduce the amount of energy which
reaches the SPF. However, an additional factor, which does not appear
to have been analysed for the OSR concept, is the effect of sensor
noise and actuator uncertainties in the energy delivered to the SPF.
Additionally, there has been a proposal for the use of displaced non-
keplerian orbits for OSRs [16], where the pointing accuracy is again
very important.
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The onboard sensors and actuators of a spacecraft can suffer from
noise and uncertainties. Often, preliminary design simulations do not
account for these uncertainties. However, their effects can be consid-
erable. Additionally, the large structure required for the SOLSPACE
project can exhibit significant flexible modes. This flexibility can result
in additional torques which must be counteracted by the active control
system.

As a related example, following the Cassini mission to Saturn, a
study was made of the pointing stability performance of the mis-
sion [17]. In this work, the sources of jitter were identified as imper-
fections in the manufacture of the reaction wheels, low-g fuel sloshing,
and sensor noise. Sensor noise with significant frequency content in
the spacecraft bandwidth can appear as commands to the attitude
controller. As the spacecraft responds to these commands, jitter results.
Pelinski and Lee also identified structural vibrations as a source of jitter,
and the residual structural vibrations after a slew manoeuvre can be
considerable. It was also noted by the authors that the time at which
the science phase begins after the slew manoeuvre is critical in jitter
considerations. As the SOLSPACE project requires immediate use of the
reflector at the end of a transitional slew manoeuvre from the idle phase
to the tracking phase, this effect is required to be considered.

As a method to simulate sensor noise, Algrain and Powers [18] pro-
vide a tutorial-type discussion on methods for simulating star trackers,
inertial measurement units (IMUs), gyroscopes, controllers and reaction
wheels. Of particular interest to this work are the methods by which the
star tracker, IMU and gyroscope noise are modelled. It is noted that the
various noise sources on the gyroscope are simply a sum of the true
value with the sources of noise.

A study was also conducted of the pointing stability for the James
Webb Space Telescope (JWST) [19]. This work took an in-depth look
at the required pointing for the JWST and consideration of the impact
of noise on the pointing stability. The JWST would use the basic
Chandra mission attitude determination and control system (ADCS)
architecture. The actuation would be performed by reaction wheels,
while gyroscopes and star trackers provided attitude determination.
The JWST had an additional Fine Guidance Sensor (FGS), which utilised
the telescope optics as an additional star tracker, able to attenuate
much of the ADCS low frequency jitter.

The problem of pointing error engineering has been standardised
in Europe, through the European Cooperation for Space Standardiza-
tion (ECSS). At the behest of the European Space Agency (ESA), the
ECSS produced the Pointing Error Engineering Handbook (ESSB-HB-E-
003) [20]. This allowed for engineers to work to a common framework,
implemented by the Pointing Error Engineering Tool (PEET) developed
by Astos Solutions [21].

Following on from the reference architecture defined for the
SOLSPACE project [10], this paper will investigate the effect of PES
on the energy delivered to the Sun Cable SPF during an orbital pass.
Section 2 will set out the different frames of reference used in this work
and Section 3 will describe the orbital dynamics model used. Following
this, the various PES will be described in Section 5. Then, Sections 6
and 7 will describe the rigid and flexible body dynamics respectively
before the methods by which the structural modes are calculated are
described in Section 8. The method by which the solar energy delivered
is calculated is then described in Section 9 before the controller and
estimation techniques are outlined in Section 10. At this point, the
results of the simulation work will be presented in Section 11.

Part of this work was presented at the 74th International Astro-
nautical Congress in Baku, Azerbaijan in October of 2023 with paper
number IAC- 23,C1,1,6,x76505. Significant revisions were made for
this publication.
564
Fig. 1. Earth-centred inertial reference frame.

Fig. 2. Body-fixed reference frame.

2. Reference frames

Throughout this paper, a number of reference frames will be utilised.
As such, this section will present those reference frames and the
required rotation matrices for their transformations. The transforma-
tions from one reference frame to another was performed using the
MATLABTM Aerospace Toolkit, which contains a full library of the
required conversions.

2.1. Earth-Centred Inertial

The Earth-Centred Inertial (𝑒𝑐𝑖) frame, shown in Fig. 1, has its origin
at the centre of the Earth but does not rotate with the Earth. The 𝑥-axis
points in the direction of the first point of Aries, while the 𝑧-axis points
along the rotation axis of the Earth, with the positive direction towards
the North pole. Finally, the 𝑦 axis completes the right-handed set.

2.2. Body-fixed frame

All of the onboard sensors and actuators are referenced to the body-
fixed (𝑏𝑓 ) reference frame, which is centred on the OSR centre-of-mass,
with the 𝑥𝑏𝑓 and 𝑦𝑏𝑓 axes in the plane of the surface of the OSR and
𝑧 normal to the surface of the OSR, as shown in Fig. 2.
𝑏𝑓
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Fig. 3. Earth-North-Up reference frame.

Rotations between the 𝑏𝑓 and the Earth-centred inertial (𝑒𝑐𝑖) frames
is achieved with the attitude matrix obtained via the attitude quater-
nion [22]:
𝐴(𝐪)1,1 = 𝑞21 − 𝑞

2
2 − 𝑞

2
3 + 𝑞

2
4

𝐴(𝐪)2,2 = −𝑞21 + 𝑞
2
2 − 𝑞

2
3 + 𝑞

2
4

𝐴(𝐪)3,3 = −𝑞21 − 𝑞
2
2 + 𝑞

2
3 + 𝑞

2
4

𝐴(𝐪)1,2 = 2(𝑞1𝑞2 + 𝑞3𝑞4)

𝐴(𝐪)1,3 = 2(𝑞1𝑞3 − 𝑞2𝑞4)

𝐴(𝐪)2,3 = 2(𝑞2𝑞3 + 𝑞1𝑞4)

(1)

and so, the matrix is given by:

𝐀(𝐪) =
⎡

⎢

⎢

⎣

𝐴(𝐪)1,1 𝐴(𝐪)1,2 𝐴(𝐪)1,3
−𝐴(𝐪)1,2 𝐴(𝐪)2,2 𝐴(𝐪)2,3
−𝐴(𝐪)1,3 −𝐴(𝐪)2,3 𝐴(𝐪)3,3

⎤

⎥

⎥

⎦

(2)

2.3. East-North-Up

For consideration of the solar image geometry on the Earth’s sur-
face, it is necessary to introduce a topocentric reference frame. In this
case, the East-North-Up frame (𝑒𝑛𝑢) is used and shown in Fig. 3, where
the frame is centred above a specified location on the Earth’s surface,
at a specified altitude, with the 𝑥 axis pointing due-East, the 𝑦 axis
pointing North and the 𝑧-axis pointing normal to the 𝑥-𝑦 plane and
radially outward from the Earth.

2.4. Azimuth-Elevation-Range

Further to the 𝑒𝑛𝑢 frame, a further topocentric frame is required in
order to establish the geometry of the solar image (SI) which is reflected
onto the Earth’s surface by the OSR. This is the Azimuth-Elevation-
Range (𝑎𝑒𝑟) frame. The elevation and range of the reflector relative to
the SPF are required to establish the SI geometry, as will be detailed
in Section 9. The azimuth angle is used to acquire the appropriate
alignment of the SI ellipse major axis.

3. Orbital dynamics

The orbital dynamics model outlined in Ref. [23] is applied here,
employing the 𝐽2 perturbed Earth model:

�̈�𝑒𝑐𝑖 = −
𝜇
𝑟3𝑒𝑐𝑖

𝑥𝑒𝑐𝑖 + 𝑝𝑥

�̈�𝑒𝑐𝑖 = −
𝜇
𝑟3𝑒𝑐𝑖

𝑦𝑒𝑐𝑖 + 𝑝𝑦

�̈�𝑒𝑐𝑖 = −
𝜇
3
𝑧𝑒𝑐𝑖 + 𝑝𝑧

(3)
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𝑟𝑒𝑐𝑖
Table 1
Keplerian elements and initial condition of the reference architecture
orbit.
Semi-major axis 7262.79 km
Eccentricity 0
Inclination 98.97◦

Right ascension of ascending node 88◦

𝜃𝑔𝑚𝑠𝑡(𝑡0) 315◦

where [𝑥𝑒𝑐𝑖, 𝑦𝑒𝑐𝑖, 𝑧𝑒𝑐𝑖]𝑇 are the Cartesian position coordinates in the 𝑒𝑐𝑖
frame, 𝜇 is the Earth’s gravitational parameter, 𝑟𝑒𝑐𝑖 =

√

𝑥2𝑒𝑐𝑖 + 𝑦
2
𝑒𝑐𝑖 + 𝑧

2
𝑒𝑐𝑖

and 𝐩 = [𝑝𝑥, 𝑝𝑦, 𝑝𝑧]𝑇 :

𝐩 = −3
2
𝐽2

𝜇
𝑟2𝑒𝑐𝑖

(

𝑅𝐸
𝑟𝑒𝑐𝑖

)2 ⎡
⎢

⎢

⎢

⎣

(1 − 5( 𝑧𝑒𝑐𝑖𝑟𝑒𝑐𝑖
)2)( 𝑥𝑒𝑐𝑖𝑟𝑒𝑐𝑖

)
(1 − 5( 𝑧𝑒𝑐𝑖𝑟𝑒𝑐𝑖

)2)( 𝑦𝑒𝑐𝑖𝑟𝑒𝑐𝑖
)

(3 − 5( 𝑧𝑒𝑐𝑖𝑟𝑒𝑐𝑖
)2)( 𝑧𝑒𝑐𝑖𝑟𝑒𝑐𝑖

)

⎤

⎥

⎥

⎥

⎦

(4)

where 𝑅𝐸 is the equatorial radius of the Earth and 𝐽2 is the second
order zonal harmonic coefficient which models the non-sphericity of
the Earth.

The initial orbit has the Keplerian elements listed in Table 1.

4. SOLSPACE ADCS architecture

As detailed in Ref. [10], the SOLSPACE ADCS actuation is performed
using a pyramid configuration of four Control Moment Gyros (CMGs),
with a common skew angle of 𝛾𝑠𝑎 = 53.13◦. Attitude determination will
be performed using the QUEST algorithm, utilising the star positions
obtained from the star-tracker.

As this work required technical details to allow the modelling of
noise, it is necessary to define which components are being used. In this
respect, this paper attempts to utilise specifications similar to commer-
cially available off-the-shelf (COTS) components. Otherwise, we aim
to apply design values from other mission studies. The specifications
chosen represent a conservative approach such that the results are not
overly optimistic.

5. Pointing error sources

There are numerous potential sources of pointing error which can
affect the pointing stability. In this paper, the sources which will be
considered are noise in the star tracker (ST), gyroscope (GY), the gimbal
angle and gimbal rates for the control moment gyros (CMGs), and static
and dynamic imbalances in the CMG rotors. Additionally, the effects of
a flexible body dynamic model (FLEX) are included.

5.1. Star-tracker

The principle attitude determination is performed using a star
tracker. The geometry of a star tracker is the same as that of a pinhole
camera [24]. If 𝑢-𝑣 represents the location on the image plane and 𝑓 is
the focal length. The unit vector from the spacecraft to a star is given
by:

�̂� = 1
√

𝑓 2 + (𝑢 − 𝑢0)2 + (𝑣 − 𝑣0)2

⎡

⎢

⎢

⎣

𝑢 − 𝑢0
𝑣 − 𝑣0

1

⎤

⎥

⎥

⎦

(5)

where [𝑢0, 𝑣0] is the origin of the image plane. See Ref. [24] (figure 4.2)
for a full description of the pinhole camera geometry. The elevation
angles, 𝛼 and 𝛽, can then be defined by 𝛼 = tan−1(�̂�𝑥∕�̂�𝑧) and 𝛽 =
tan−1(�̂�𝑦∕�̂�𝑧), and therefore:

�̂� = 1
√

1 + tan2 𝛼 + tan2 𝛽

⎡

⎢

⎢

tan 𝛼
tan 𝛽

⎤

⎥

⎥

(6)

⎣ 1 ⎦
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Table 2
Star tracker parameters.
Stars in Catalog 12 443
Maximum Trackable Stars 15
Magnitude Limit 9
FOV 6◦ × 6◦

𝜎𝑠𝑡 1.2 arc-sec

Table 3
Gyroscope parameters.
Angular Rate Walk 0.019 ’’/

√

s
Random Rate Walk 0.00001 ’’/s3∕2
Quantization 0.02 ’’
Bias 0.001 ’’/s

At this point, the Shuster noise model [25] is used to add noise to the
elevation angles, where a small angles assumption leads to 𝛼 = �̂�𝑥∕�̂�𝑧
and 𝛽 = �̂�𝑦∕�̂�𝑧. The covariance matrix for these parameters is then
defined by:

𝐑𝑐𝑜𝑣 =
𝜎2

1 + 𝛼2 + 𝛽2

[

(1 + 𝛼2)2 (𝛼𝛽)2

(𝛼𝛽)2 (1 + 𝛽2)2

]

(7)

The noise can then be obtained by:

𝐳 = 𝐞
[

𝜆1𝜙
𝜆2𝜙

]

(8)

where 𝐞 is the matrix of eigenvectors of Eq. (7), 𝜆𝑖 (𝑖 = 1, 2) are the
eigenvalues and 𝜙 is a zero-mean normally distributed random number.
Therefore, the noisy elevation angles are obtained by:
[

�̌�
𝛽

]

=
[

𝛼
𝛽

]

+ 𝐳 (9)

With this, the star location can be reconstructed using the noisy
signals. Attitude determination is then performed using the QUEST
algorithm described in Ref. [26]. The parameters for the star tracker
are taken from a number of sources. The star catalog is obtained
from Ref. [24], the maximum number of trackable stars is taken from
Ref. [27], the magnitude limit is obtained as a best case from Ref. [28],
the FOV is taken from Ref. [29] and the noise standard deviation, 𝜎𝑠𝑡,
is taken from Ref. [19]. These parameters are listed in Table 2.

5.2. Gyroscope

For the gyroscope, noise is added using normally distributed random
numbers against the standard deviation value for each component
of the sensor noise. The components of noise in the gyroscope are
considered here to be the noise due to the angular rate walk (𝐳𝑎𝑟𝑤),
random rate walk (𝐳𝑟𝑟𝑤), quantisation noise (𝐳𝑞) and gyro bias (𝐳𝑏),
the values of which are taken from a study of the ADCS requirements
for the James Webb Space Telescope (JWST). The noisy signal is then
obtained from:

�̌� = 𝝎 + 𝐳𝑎𝑟𝑤 + 𝐳𝑟𝑟𝑤 + 𝐳𝑞 + 𝐳𝑏 (10)

where 𝝎 is the true value of the spacecraft attitude angular velocity
and �̌� is the noisy value. The noise parameters for the gyroscope are
obtained from Ref. [19] and are given in Table 3.

5.3. Control Moment Gyro

The CMG uncertainties are modelled as additive white Gaussian
noise (AWGN) on the gimbal angle and the gimbal rotational velocity.
The values for the signal-to-noise ratio (SNR) for each of these was
chosen from the Honeywell M-50 CMG datasheet and the values are
listed in Table 4.

Additionally, the static and dynamic imbalances of the CMG ro-
tor are also simulated, and treated here as external torques on the
566
Table 4
CMG noise parameters.
Gimbal Angle SNR 100
Gimbal Rate SNR 100

system [24,30]. The static imbalance is the condition that the rotor
centre-of-mass is not on the axis of rotation [24]. This results from
manufacturing inaccuracies and produces a radial force from each CMG
of [30]:

𝐅𝑠,𝑖 = 𝑈𝑠,𝑖𝜔
2
𝑟 �̂�𝑖(𝑡) (11)

here subscript 𝑖 refers to the 𝑖th CMG, 𝑈𝑠 is the static imbalance
arameter, 𝜔𝑟 is the angular velocity of the rotor and �̂�(𝑡) is a time-
ependent arbitrary unit vector normal to the rotor spin axis. The
esulting torque is then obtained from:

𝑠,𝑖 = 𝐅𝑠,𝑖 × 𝐑𝑟,𝑖 (12)

where 𝐑𝑟 is the position of the rotor centroid in the 𝑏𝑓 frame is
obtained from structural analysis of the OSR central bus [10] and CMG
placement on that central bus, and is given by:

𝐑𝑟 =

⎡

⎢

⎢

⎢

⎢

⎣

6.25 10.83 7.5
−6.25 10.83 7.5
−6.25 −10.83 7.5
6.25 −10.83 7.5

⎤

⎥

⎥

⎥

⎥

⎦

𝑚 (13)

where each row provides the coordinate of the 𝑖th CMG, where 𝑖 =
1, 2, 3, 4.

The dynamic imbalance is the condition that the axis of rotation of
the rotor is not a principal axis [24], which requires a torque [30]:

𝝉𝑑 = 𝑈𝑑𝜔
2
𝑟 �̂�(𝑡) (14)

where 𝑈𝑑 is the dynamic imbalance parameter and �̂�(𝑡) is a time-
dependent arbitrary unit vector normal to the rotor spin axis.

Obtaining the static and dynamic imbalance coefficients is depen-
dent on the manufacture and installation of each individual rotor. To
obtain values to use here, those of the Honeywell M-50 datasheet are
scaled to the mass of the rotors in this paper, and have values of
𝑈𝑠 = 5.25 g-cm and 𝑈𝑑 = 131.25 g-cm2.

6. Rigid-body attitude dynamics

The quaternion representation of the rigid body dynamics and
kinematics are given, in the 𝑏𝑓 reference frame, by [24]:

𝐉𝑟𝑏�̇� + 𝝎 × 𝐉𝑟𝑏𝝎 = 𝝉𝑐𝑚𝑔 + 𝝉𝑒𝑥𝑡

�̇� = 1
2
𝜴𝐪

(15)

where 𝐉𝑟𝑏 is the rigid-body inertia tensor, 𝝉𝑐𝑚𝑔 is the torque provided
by the CMGs, 𝝉𝑒𝑥𝑡 is the external torques on the reflector, in this case
from gravity gradient, and:

𝜴 =

⎡

⎢

⎢

⎢

⎢

⎣

0 −𝜔𝑥 −𝜔𝑦 −𝜔𝑧
𝜔𝑥 0 𝜔𝑧 −𝜔𝑦
𝜔𝑦 −𝜔𝑧 0 𝜔𝑥
𝜔𝑧 𝜔𝑦 −𝜔𝑥 0

⎤

⎥

⎥

⎥

⎥

⎦

(16)

The required angular momentum rate for the commanded torques from
the controller are obtained from [10]:

�̇�𝑐𝑚𝑔 = −𝝉𝑢 − 𝝎 ×𝐇𝑐𝑚𝑔 (17)

where 𝝉𝑢 is the commanded control torque. The relationship between
the angular momentum rate and the gimbal rates is given by:

̇ ̇
𝐇𝑐𝑚𝑔 = 𝐻𝑐𝑚𝑔𝐀𝜹 (18)
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and the matrix 𝐀𝑐𝑚𝑔 is given by:

𝐀𝑐𝑚𝑔 =
⎡

⎢

⎢

⎣

𝑐𝛾𝑠𝑎𝑐𝛿𝑔,1 𝑠𝛿𝑔,2 𝑐𝛾𝑠𝑎𝑐𝛿𝑔,3 −𝑠𝛿𝑔,4
−𝑠𝛿1 −𝑐𝛾𝑠𝑎𝑐𝛿𝑔,2 𝑠𝛿𝑔,3 𝑐𝛾𝑠𝑎𝑐𝛿𝑔,4

𝑠𝛾𝑠𝑎𝑐𝛿𝑔,1 𝑠𝛾𝑠𝑎𝑐𝛿𝑔,2 𝑠𝛾𝑠𝑎𝑐𝛿𝑔,3 𝑠𝛾𝑠𝑎𝑐𝛿𝑔,4

⎤

⎥

⎥

⎦

(19)

where 𝑐 abbreviates the cos function and 𝑠 abbreviates the sin function
and 𝜹𝑔 = [𝛿𝑔,1, 𝛿𝑔,2, 𝛿𝑔,3, 𝛿𝑔,4] is a vector containing the gimbal angle for
each of the four CMGs. The gimbal rates are then obtained from:

�̇�𝑔 =
1

𝐻𝑐𝑚𝑔
𝐀∗
𝑐𝑚𝑔𝐇𝑐𝑚𝑔 (20)

and the pseudoinverse is given by:

𝐀∗
𝑐𝑚𝑔 = 𝐀𝑇𝑐𝑚𝑔(𝐀𝑐𝑚𝑔𝐀

𝑇
𝑐𝑚𝑔)

−1 (21)

7. Flexible-body attitude dynamics

As the flexible modes for a large structure, such as the proposed
reflector, can be considerable in magnitude, the coupled attitude/struc-
tural dynamics used for modelling of flexible structures are given, in the
𝑏𝑓 reference frame, by [31]:

𝐉𝑟𝑏�̇� + 𝜹𝑇𝑓 �̈� + �̃�(𝐉𝑓𝑏𝝎 + 𝜹𝑇𝑓 �̇�) = 𝝉𝑐𝑚𝑔 + 𝝉𝑒𝑥𝑡
�̈� + 𝐂�̇� +𝐊𝜼 = −𝜹𝑓 �̇�

(22)

where the flexible-body inertia tensor 𝐉𝑓𝑏 = 𝐉𝑟𝑏 + 𝜹𝑇𝑓 𝜹𝑓 , 𝜹𝑓 is an
𝑁 × 3 matrix containing the coupling coefficients of the rotational and
structural dynamics for the 𝑁 flexible modes, obtained in Section 8, 𝜼 is
the array of modal coordinates, 𝐂 = diag(2𝜁𝑖𝜔𝑛,𝑖, 𝑖 = 1,… , 𝑁) is a matrix
containing the damping for the 𝑁 flexible modes, 𝐊 = diag(𝜔2

𝑛,𝑖, 𝑖 =
1,… , 𝑁), 𝜔𝑛,𝑖 is the natural frequency of the 𝑖th mode, 𝜁𝑖 is the damping
of the 𝑖th mode and �̃� is the cross product dyad given by:

�̃� =
⎡

⎢

⎢

⎣

0 −𝜔3 𝜔2
𝜔3 0 −𝜔1
−𝜔2 𝜔1 0

⎤

⎥

⎥

⎦

(23)

Rearranging Eqs. (22) for implementation gives:

�̇� = 𝐉−1𝑟𝑏
[

−�̃�(𝐉𝑓𝑏𝝎 + 𝜹𝑇𝑓 �̇�) + 𝜹𝑇𝑓 (𝐊𝜼 + 𝐂�̇�) + 𝝉𝑐𝑚𝑔 + 𝝉𝑒𝑥𝑡
]

�̈� = −𝜹𝑓 �̇� − (𝐊𝜼 + 𝐂�̇�)
(24)

8. Structures

The structural configuration of the proposed reflector of SOLSPACE
project is described in detail in Ref. [10]. The Finite Element model
which accounts for all the mass elements present in the system is
developed using ABAQUS®. The non-structural masses are simulated as
distributed masses over the appropriate structural elements. The base of
the structure is fixed as shown in Fig. 4. The total mass of the structure
is 3051.5 kg with the inertia tensor, about the origin of the 𝑏𝑓 frame,
given by:

𝐉𝑟𝑏 =
⎡

⎢

⎢

⎣

2.33 × 107 5.00 0.00
5.00 2.32 × 107 0.00
0.00 0.00 4.53 × 107

⎤

⎥

⎥

⎦

kg m2 (25)

The based fixed natural frequency analysis is carried out to obtain
the modal parameters. The material damping of 0.002 is used for the
composite material [32].

9. Solar image and energy delivery

In this paper, the SPF is assumed to be circular in shape with a
diameter of 10 km. Given that the curvature of the Earth over 10
km is not significant, both the SPF and reflected solar image will be
considered 2-dimensional on the 𝑥𝑒𝑛𝑢-𝑦𝑒𝑛𝑢 plane. As such, the SI will
appear elliptical in shape which will reduce to a circle when directly
overhead the SPF [13]. The surface of the OSR is considered to be
perfectly flat throughout the work contained in this paper. The analysis
567
Fig. 4. OSR structure with base fixed boundary condition.

which relates to a flexible structure will only consider the torques
that this flexibility introduces to the system, and not on the effect on
reflected light. The semi-minor and semi-major axes of the SI ellipse
can be obtained from [13]:

𝑏 = 𝑟𝑠 tan
𝜈
2

(26)

𝑎 = 𝑏
sin 𝜖

(27)

where 𝑟𝑠 is the magnitude of the slant range vector, 𝜈 is the angle
subtended by the Sun, and has the value 𝜈 = 0.0093 rad at 1 AU and
𝜖 is the elevation of the OSR with respect to the SPF, measured from
local horizontal.

The area of the solar image on the ground can then be obtained by:

𝐴𝑖𝑚 = 𝜋𝑎𝑏 (28)

The area of the solar image directly influences the power density of the
solar image on the ground by [13]:

𝜎𝑀 = 𝐼0
𝐴𝑟

𝐴𝑖𝑚(𝑡)
cos

𝜓
2

(29)

where 𝐼0 is the solar constant, 𝐴𝑟 is the area of the reflector and 𝜓 is
the angle between the incident light and reflected light vectors.

The power delivered to the solar farm can then be obtained from:

𝑃𝑠𝑓 = 𝜎𝑀𝐴𝑠𝑓 (30)

where 𝐴𝑠𝑓 is the fixed area of the solar farm. However, in order to
understand the energy delivery, it is necessary to consider instead the
time-varying effective area of the solar farm, 𝐴𝑠𝑓 (𝑡), which is the area
where the solar image and the solar farm overlap, as shown in Fig. 5.

This process of calculating 𝐴𝑠𝑓 (𝑡) was previously approached in both
an analytical [13,14] and numerical way [33]. However, in this paper,
we fix a square grid which encloses the SPF. The length of each side of
the square grid is 10% larger than the diameter of the circular SPF.
The objective is then to use the binary mask technique from image
processing to find which points lie both inside the circle of the SPF
and the ellipse of the SI. To do this, the grid is discretised into small
squares, or image pixels, of equal size. The side length of each square,
which can also be considered the resolution of the image, is chosen as
100 m, as this gave the best balance between performance, in terms of
computation time, and accuracy of the calculated area. Initially, the
entire binary mask is set as zero. Then, only those points which lie
inside both the SPF and the SI are given the value 1. It is then simply
a case of summing the area for each pixel for which the binary mask
has value 1.
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Fig. 5. Solar Image Geometry, where 𝐴𝑖𝑚(𝑡) is the time-varying area of the SI ellipse,
𝐴𝑠𝑓 is the fixed SPF area and 𝐴𝑠𝑓 (𝑡) is the time-varying area where the SI and SPF
converge.

It is also necessary to account for losses due the imperfect reflection
of the reflector as well as due to the Earth’s atmosphere. In this work,
the reflectivity coefficient is set as 𝜉𝑟 = 0.92 and the atmospheric losses
are given by [13]:

𝜉𝑎 = 0.1283 + 0.7559𝑒−0.3878 sec(
𝜋
2 −𝜖) (31)

and so the power after losses is given by:

𝑃𝑠𝑓 (𝑡) = 𝜉𝑟𝜉𝑎𝜎𝑀𝐴𝑠𝑓 (𝑡) (32)

This paper will establish the losses in power delivered to the SPF due
to various PES. As such, a new coefficient is established which is the
averaged power delivery factor, 𝜉𝑝. This then leads to:

𝑃𝑠𝑓 (𝑡) = 𝜉𝑝𝜉𝑟𝜉𝑎𝜎𝑀𝐴𝑠𝑓 (𝑡) (33)

The energy delivered is then obtained by integrating the power over
the time of the pass:

𝐸 = ∫

𝑇𝑃𝑎𝑠𝑠

0
𝑃𝑠𝑓 (𝑡)𝑑𝑡 (34)

where 𝑇𝑃𝑎𝑠𝑠 is the time at the end of the pass, where the OSR passes
below the local horizon.

10. Control and estimation design

10.1. Proportional-derivative control

The controller applied in this paper follows that of Ref. [10], where
the control torque is calculated using PD control logic with feedforward
compensation:

𝝉𝑢 = −𝐊𝑝𝐪𝑒 −𝐊𝑑𝝎𝑒 + 𝝎 × 𝐉𝑟𝑏𝝎 + 𝐉𝑟𝑏�̇�𝑡 (35)

where 𝝎𝑡 is the angular velocity of the SPF, 𝝎𝑒 = 𝝎 − 𝝎𝑡, 𝐊𝑝 − 2𝑘𝐉𝑟𝑏 is
the proportional gain matrix with 𝑘 = 𝜔2

𝑏 + (2𝜁𝜔𝑏)∕𝑇 , and 𝐊𝑑 = 𝑐𝐉𝑟𝑏
is the derivative gain matrix with 𝑐 = 2𝜁𝜔𝑏 + 1∕𝑇 , and 𝐪𝑒 is the error
quaternion, given by:

𝐪𝑒 = �̄�𝑡 ⊗ 𝐪 (36)

where �̄�𝑡 is the conjugate of the target, or reference, quaternion for the
desired pointing, which in the tracking phase is the quaternion which
allows reflected light to reach the SPF. In this work, as with Ref. [10],
the controller bandwidth, 𝜔𝑏 = 3, damping ratio, 𝜁 = 0.9 and time
constant,𝑇 = 10 s.
568
Table 5
Orbit and attitude initial conditions.
𝐫0,𝑒𝑐𝑖 [−1034.50, 1828.20, 6952.39]𝑇 km
𝐯0,𝑒𝑐𝑖 [0.54, 7.16, 1.81]𝑇 km/s
𝐪0 [0.50, 0.50, 0.50, 0.50]𝑇

𝝎0,𝑏𝑓 [0.00, 0.00, 0.00]𝑇 rad/s

10.2. The Quaternion Estimator

The Quaternion Estimator (QUEST) algorithm [26] is used here to
estimate the spacecraft attitude from the noisy ST data, as obtained
from the method presented in Section 5.

The objective of the QUEST algorithm is to find an orthogonal
matrix 𝐴𝑜𝑝𝑡 which minimises the loss function:

𝐿(𝐴) = 1
2

𝑛𝑞
∑

𝑖=1
𝑎𝑖|�̄� 𝑖 − 𝐴�̄� 𝑖|

2 (37)

where 𝑎𝑖(𝑖 = 1,… , 𝑛𝑞) are a set of non-negative weights, �̄� are the
observed star positions and �̄� are the reference star positions. The gain
function is then defined as:

𝑔(𝐴) = 𝑎𝑖�̄�
𝑇
𝑖 𝐴�̄� 𝑖 (38)

𝐿(𝐴) will be minimum where 𝑔(𝐴) is maximum, and so the objective
is to find 𝐴𝑜𝑝𝑡 which maximises 𝑔(𝐴). This work will implement the
QUEST function developed by Lourakis in Ref. [34]. Full details of the
algorithm can be found in Refs. [26,35].

11. Results

The example SPF for this paper is set at the proposed Sun Cable
location in Australia, which is proposed to be situated at −17.29◦ N,
133.50◦ E. In an effort to relate the work contained here to the work of
Çelik and McInnes [13], the SPF is considered to be circular in shape
and of 10 km in diameter.

11.1. Pointing error terminology

There are two pointing error terms used in this work, and set out by
the European Cooperation on Space Standardization (ECSS). These are
the Pointing Error Source(PES), Absolute Performance Error (APE) and
the Relative Performance Error (RPE). APE gives the angular difference
between the desired attitude and the actual attitude, and the RPE gives
the difference between the APE at a specific point in time and the
mean value of APE over a defined window of time, during which that
instantaneous APE has been measured, and is defined by [20]:

𝑒𝑅𝑃𝐸 (𝑡, 𝛥𝑡) = 𝑒𝐴𝑃𝐸 (𝑡) − 𝑒𝐴𝑃𝐸 (𝑡, 𝛥𝑡) (39)

where 𝑒𝐴𝑃𝐸 (𝑡, 𝛥𝑡) is the mean value of the instantaneous error 𝑒𝐴𝑃𝐸 (𝑡)
over a defined window of time. In this work, the window time for all
simulations is 10 s.

11.2. Numerical simulation parameters

The dynamical equations contained in Eqs. (15) and (22) are inte-
grated here using a fixed-step 4th order Runge Kutta integration, with
step size of 𝛥𝑡 = 0.1 s. A fixed-step integrator was chosen as, when using
variable-step methods, the step size is prone to become very small in
the presence of noise and the integration times become unmanageable.

Additionally, the orbit and attitude initial conditions are set as
given in Table 5, where 𝐫0 and 𝐯0 are the initial position and velocity
respectively, given in the 𝑒𝑐𝑖 reference frame, 𝐪0 is the initial attitude
quaternion, which gives the OSR facing the Sun and is the initial
condition imposed in Ref. [10] of which this work follows on, and 𝝎0
is the initial angular velocity of the OSR given in the 𝑏𝑓 frame.
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Fig. 6. Torque due to noise in star-tracker and gyroscope.

For simulation of the flexible-body system, the initial modal coor-
inates, 𝜼0, and modal coordinate velocities, �̇�0, are all set to zero.

As the values of pointing error in degrees can be very small, the
rc-second unit is introduced, where 1 arc-hour = 1◦. The arc-second is
enoted by the symbol (") and so, 1" = 1

3600
◦
.

1.3. Torque generated due to noise in each PES

In order to establish the torque which is generated by the noise/un-
ertainties around each sensor/actuator or dynamical model, the root
ean square error (RMSE) is used. The RMSE is defined by:

𝑀𝑆𝐸 =

√

√

√

√

1
𝑛𝑠

𝑛𝑠
∑

𝑖=1
|𝐴𝑖 − 𝐹𝑖| (40)

here 𝑛𝑠 is the number of sample points, 𝐴𝑖 is the actual value at the
th sample point and 𝐹𝑖 is the expected value at the 𝑖th sample point.

At each time point along the OSR trajectory, the RMSE of the
𝑥, 𝑦, 𝑧]𝑏𝑓 components of the torque for the noisy signal to the clean
ignal is obtained. Fig. 6 shows the RMSE for the gyroscope (GY) and
he star-tracker (ST) along with the number of stars visible to the ST.

For the GY, the torque due to noise is found to follow the track
f the elevation, 𝜖(𝑡). This means that the highest torque due to noise
ccurs at the zenith point, where the angular rates of the OSR during
racking are highest.

It is clear that the attitude estimation produced by the QUEST
lgorithm is dependent on the number of stars visible (𝑛𝑠𝑡𝑎𝑟𝑠). In fact,
ttitude estimation in the cross-boresight is known to be improved for
ncreasing 𝑛𝑠𝑡𝑎𝑟𝑠 by a factor of 1∕

√

𝑛𝑠𝑡𝑎𝑟𝑠 [29]. The highest RMSE for the
ST occurs at the points where 𝑛𝑠𝑡𝑎𝑟𝑠 is lowest. In contrast, a larger 𝑛𝑠𝑡𝑎𝑟𝑠
ives a better attitude estimation, and so the RMSE of torque due to ST
oise is lowest at these points.

Following this, Fig. 7 shows the RMSE of torques produced due to
oise in the control moment gyro (CMG) and from the flexible body
ynamics (FLEX). The torque produced due to noise is largely constant
or the CMGs, and the FLEX RMSE trend follows 𝜖(𝑡), with the maximum
ffect of this PES coming at the point of maximum 𝜖(𝑡). However,

the magnitude of the FLEX RMSE shows that the effect of this PES is
569

comparatively small.
Fig. 7. Torque due to noise in control moment gyro and flexible body.

Fig. 8. Total torque due to sensor/actuator noise and flexible body dynamics.

Finally, the RMSE of the total torque of the clean system compared
with the noisy system is shown in Fig. 8 along with 𝜖(𝑡) and 𝑛𝑠𝑡𝑎𝑟𝑠. What
is immediately noticeable is the profile of this noise generated torque is
similar to the profile of the ST RMSE of Fig. 6. This shows that the ST
dominates in terms of the torques generated due to noise in that PES.

11.4. Absolute and relative pointing errors

The APE for each PES in isolation is simulated to understand the
magnitude of the pointing error related to that PES. Fig. 9 shows
the APE resulting from noise in the CMGs remains largely constant
throughout the pass over the Sun Cable SPF. The APE for the GY is
also largely constant though with a small magnitude increase due to
the GY drift. The magnitude of the APE for the ST is similar to that
of the CMG, though with maximum values higher, showing that this is
the dominant PES in the proposed system. Finally, the APE for the FLEX
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Fig. 9. APE for each PES simulated in isolation.

Fig. 10. APE and RPE for cumulative PES.

ES shows what appears to be a partially captured periodic behaviour.
s the pass time at Sun Cable is approximately 17 min, the full periodic
ehaviour is not captured.

Having looked at each PES in isolation, the cumulative APE and RPE
re shown in Fig. 10. For the noisy system, there is a small increase
n both APE and RPE between 9 and 10 min. This coincides with the
oorer attitude estimation from the ST due to a low number of visible
tars, which was shown in Fig. 6. The cumulative effect of each PES
s shown to produce a several orders magnitude increase in RPE and
ne to two orders magnitude increase in APE. However, both APE and
PE remain well within the tolerances to maintain the SI within the
oundary of the SPF at high 𝜖(𝑡).

11.5. Solar energy delivery losses

The objective of this work is to show the effect on delivered energy
from the OSR to the SPF when various PES are implemented in the
system resulting in the increased APE and RPE shown in Fig. 10.

Fig. 11 shows the energy accumulation over time, the instantaneous
570

power being delivered and the power loss factor, 𝜉𝑝, which is defined f
Fig. 11. Energy and power delivery to SPF.

n Section 9. Due to the relatively small APE, the energy delivery is
ot largely affected. In fact, the loss in total energy delivered is only
.015% for the noisy system as compared with the clean system.

Upon inspection of the 𝜉𝑝 plot in Fig. 11, as the OSR approaches
igher 𝜖(𝑡) relative to the SPF, there is a small increase in delivered
ower for the noisy system compared with the clean system. On this
pproach to zenith, Fig. 12 shows that the total reflected image area,
𝑖𝑚(𝑡), of the noisy system is smaller than that of the clean system. This

s shown by the difference, defined by:

𝐴𝑖𝑚(𝑡) = 𝐴𝑖𝑚,𝑛(𝑡) − 𝐴𝑖𝑚,𝑐 (𝑡) (41)

here 𝐴𝑖𝑚,𝑛(𝑡) is the SI image area for the noisy system and 𝐴𝑖𝑚,𝑐 (𝑡) is
he SI image area for the clean system. This difference is due to the
itter in the noisy system varying the dimensions of the SI ellipse. For
𝑖𝑚,𝑛(𝑡) < 𝐴𝑖𝑚,𝑐 (𝑡), the power density, 𝜎𝑀 , is higher for the noisy system,

esulting in a net power gain during this period for the noisy system,
s shown by the positive 𝛥𝜎𝑀 in Fig. 12, where:

𝜎𝑀 (𝑡) = 𝛥𝜎𝑀,𝑛(𝑡) − 𝛥𝜎𝑀,𝑐 (𝑡) (42)

nce the SI image boundary crosses the SPF boundary, there are also
ifferences in the effective SPF area:

𝐴𝑠𝑓 (𝑡) = 𝐴𝑠𝑓 ,𝑛(𝑡) − 𝐴𝑠𝑓 ,𝑐 (𝑡) (43)

After the zenith point is passed, the value of 𝜉𝑝 reduces such that
ower losses are experienced at the SPF. Overall, more power is lost
han gained during the pass, resulting in a lower value of delivered
nergy for the noisy system.

For future work, a value of 𝜉𝑝 which can be applied to account for
osses due to the cumulative effect of numerous PES on the system is
ought. For this, the mean value, 𝜉𝑝, is taken and is 𝜉𝑝 = 0.9978

2. Conclusions

This paper has addressed the real-world problem of an imperfect
ointing system onboard Orbiting Solar Reflectors (OSRs). It has been
hown that the noise in the system leads to jitter as well as an increased
bsolute performance error (APE). When all sources of pointing error
PES) are considered, there is a 0.015% loss in energy delivered to the
olar photovoltaic farm (SPF). When looking at the contribution from
ndividual components, noise in the star-tracker and control moment
yroscopes contribute most to pointing errors and energy delivery
osses. A power loss factor of 𝜉𝑝 = 0.9978 will be carried forward to

uture work to account for losses due to noise in the system.
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Fig. 12. Components of power delivery over time.
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