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Abstract

We analyze several types of Galerkin approximations of a Gaussian random field
%: 9 x 2 — Rindexed by a Euclidean domain 2 C R? whose covariance structure
is determined by a negative fractional power L~ of a second-order elliptic differential
operator L := —V - (AV) 4 «2. Under minimal assumptions on the domain Z, the
coefficients A: 9 — RY*? k. 9 — R, and the fractional exponent 8 > 0, we prove
convergencein L, (£2; H? (2)) andin L, (£2; C 8 (@)) at (essentially) optimal rates for
(1) spectral Galerkin methods and (2) finite element approximations. Specifically, our
analysis is solely based on H!T%(2)-regularity of the differential operator L, where
0 < a < 1. For this setting, we furthermore provide rigorous estimates for the error
in the covariance function of these approximations in Lo (Z x &) and in the mixed
Sobolev space H? (2 x &), showing convergence which is more than twice as fast
compared to the corresponding L, (£2; H° (Z))-rate. We perform several numerical
experiments which validate our theoretical results for (a) the original Whittle-Matérn
class, where A = Idps and k = const., and (b) an example of anisotropic, non-
stationary Gaussian random fields in d = 2 dimensions, where A: 2 — R2>2 and
k: 9 — R are spatially varying.
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1 Introduction
1.1 Motivation and background

By virtue of their practicality owing to the full characterization by their mean and
covariance structure, Gaussian random fields (GRFs for short) are popular mod-
els for many applications in spatial statistics and uncertainty quantification, e.g.,
[4,7,19,32,39,41]. As a result, several methodologies in these disciplines require the
efficient simulation of GRFs at unstructured locations in various possibly non-convex
Euclidean domains, and this topic has been intensively discussed in both areas, spatial
statistics and computational mathematics, see, e.g., [3,8,14,18,21,28,31,36]. In par-
ticular, sampling from non-stationary GRFs, for which methods based on circulant
embedding are inapplicable, has become a central topic of current research, see, e.g.,
[3.9,18].

In order to capture both stationary and non-stationary GRFs, a new class of random
fields has been introduced in [32], which is based on the following observation made
by Whittle [46]: A GRF 2 on 2 := R with covariance function of Matérn type
solves the fractional-order stochastic partial differential equation (SPDE for short)

P —=dW in9, L:=—A+«2, (D

where A denotes the Laplacian, d% is white noise on RY, and k > 0, B > d/4 are
constants which determine the practical correlation length and the smoothness of the
field. In [32] this relation has been exploited to formulate generalizations of Matérn
fields, the generalized Whittle—Matérn fields, by considering the SPDE (1) for non-
stationary differential operators L (e.g., by allowing for a spatially varying coefficient
k: 2 — R) on bounded domains 2 C R?, d € {1, 2, 3}. Note that the covariance
structure of a GRF is uniquely determined by its covariance operator, in this case
given by the negative fractional-order differential operator L~2#. Furthermore, for
the case 28 € N, approximations based on a finite element discretization have been
proposed in [32]. Subsequently, a computational approach which allows for arbitrary
fractional exponents 8 > d/4 has been suggested in [2,3]. To this end, a sinc quadrature
combined with a Galerkin discretization of the differential operator L is applied to the
Balakrishnan integral representation of the fractional-order inverse L~#.

In this work, the Sobolev and Holder regularity of generalized Whittle—Matérn
fields is investigated, and a rigorous error analysis in these norms is performed for
several Galerkin approximations, including the sinc-Galerkin approximations of [2,3].
Specifically, we consider a GRF Z#: 2 x £ — R, indexed by a Euclidean domain
9 c R?, whose covariance operator is given by the negative fractional power L~/
of a second-order elliptic differential operator L: Z(L) C L2(%) — L2(2) in
divergence form with Dirichlet boundary conditions, formally given by

Lu=—V-(AVu) +«%u, ue 2(L)C< L(D). )

Here, we solely assume that 2 C R has a Lipschitz boundary, k € Lo (2), and that
A € Loo(2; R9*4) is symmetric and uniformly positive definite.
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Whittle-Matérn fields: regularity and approximation 821

For a sequence (f‘fl\’? ) ney ©f Galerkin approximations for 2 P (namely, spec-
tral Galerkin approximations in Sect. 5 and sinc-Galerkin approximations in
Sects. 7 and 8) defined with respect to a family (V) nyen of subspaces Viy C H(; (2)
of finite dimension dim(Vy) = N < oo, we prove convergence at (essentially) opti-
mal rates. More precisely, under minimal regularity conditions on the operator L in
(2)and for0 <o < 28 —d/2,5 € (0, o), within a suitable parameter range we show
that for all €, ¢ > O there exists a constant C > 0 such that, for all N € N,

4
Blg — /g (2B—0 —d/2—
(]E[||ffﬂ_gN ||HU(%]) < CN-VHCB—o—dp-e), 3)
q B o
(E[127 - 205 ]) " = oneermemime, @)
B g (48—20 —d/2—
lo” _QN”HM(@X% < CN~H@p=2e=iRme), Q)
sup 0P (x, y) — oy (x. y)| < CN Ve (B=d=e), (6)
x,ye9

Here, Q’3 , Qg : 92 x 92 — R denote the covariance functions of the Whittle—-Matérn

field 27 and of the Galerkin approximation % b , respectively. For details, see
Corollaries 2—4 for spectral Galerkin approximations, and Theorems 2, 3 for the sinc-
Galerkin approach. “Suitable parameter range” refers to the observations that (a) if a
finite element method of polynomial degree p € N is used to define the sinc-Galerkin
approximation or (b) if L in (2) is H'**(2)-regular for 0 < o < 1 maximal (see
Definition 4), then the convergence rates of the sinc-Galerkin approximation cannot
exceed p+ 1 — o ormin{l + a — 0, 2a}, where 0 <o < 1.

We point out that due to the low regularity of white noise, d# € H~"*~¢(2),
which holds P-almost surely and in L, (£2) (cf. [3, Proposition 2.3]) the conver-
gence results (3)—(6) are (essentially, up to ¢ > 0) optimal and they are also
reflected in our numerical experiments, see Sect. 9 and the discussion in Sect. 10.
Note furthermore that the convergence rates in (4), (6) of the field with respect
to Ly(82;C 8 (@)) and of the covariance function in the C(Z x %)-norm, which
we obtain via a Kolmogorov—Chentsov argument, are by ¢/2 better than combin-
ing the results (3), (5) with the Sobolev embeddings H*2(9) — C%(P) and
HEH2 6429 x @) — C(Z x D), respectively. We remark that strong conver-
gence of the sinc-Galerkin approximation with respect to the L,(§2; L2(Z))-norm,
i.e., (3) for o = 0, at the rate 28 — 4/2 has already been proven in [3, Theorem 2.10].
However, the assumptions made in [3, Assumption 2.6 and Equation (2.19)] require
the differential operator L to be at least H*(Z)-regular. Thus, our results do not only
generalize the analysis of [3] for the strong error to different norms, but also to less
regular differential operators. This is of relevance for several practical applications,
since the spatial domain, where the GRF is simulated, may be non-convex or the coef-
ficient A may have jumps. For this reason, in Sect. 8.2 we work under the assumption
that L is H'*%(2)-regular for some 0 < « < 1 (for instance, & < 7/ if 7 is a
non-convex domain with largest interior angle @ > ).

As an interim result while deriving the error bounds (3)—(6) for the sinc-Galerkin
approximation, we prove a non-trivial extension of one of the main results in [5].
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822 S. G. Cox, K. Kirchner

Namely, we show that for all

B>0, 0<o <min{l,28}, —1<8<l+a, §#1)

with
26+86—0 >0,

and for all ¢ > 0, there exists a constant C > 0 such that, for N € Nand g € H § (92),

||L"3g _ Z;ﬂg” e () < C N~ /dmin{2p+s—0—e, I+a—o, 1+a+a,2a}”g”H8(%_ %)

Here, Z;,l : H Y (92) > Vyisthe approximation of the (non-fractional) data-to-solu-
tion map L~ H7'(2) — HO1 (2) with respect to the Galerkin space
VN C Hol(@). For details see Sect. 6. This error estimate was proven in [5, The-
orem 4.3, Remark 4.1] only for g € (0, 1), 0 = 0,and § > 0, see also the comparison
in Remark 9.

1.2 Outline

After specifying our notation in Sect. 1.3, we rigorously define the second-order ellip-
tic differential operator L from (2) under minimal assumptions on the coefficients A, x
and the domain 2 C RY in Sect. 2; thereby collecting several auxiliary results for
this type of operators. Section 3 is devoted to the regularity analysis of a GRF colored
by a linear operator 7' which is bounded on L,(2). These results are subsequently
applied in Sect. 4 to the class of generalized Whittle—Matérn fields, where T := L~#
with L defined as in Sect. 2 and 8 > d/4. In Sect. 5 we derive the convergence results
(3)—(6) for spectral Galerkin approximations where the finite-dimensional subspace
Vy is generated by the eigenvectors of the operator L corresponding to the N smallest
eigenvalues. We then turn to general Galerkin approximations: Section 6 focuses on
establishing estimate (7). In Sect. 7 we provide error estimates for the fully discrete
sinc-Galerkin approximations of generalized Whittle-Matérn fields, where we first
assume that Vy is an abstract Galerkin space satisfying certain approximation proper-
ties. Subsequently, in Sect. 8§ we show that these approximation properties are indeed
satisfied if the Galerkin spaces originate from a quasi-uniform family of finite element
discretizations of polynomial degree p € N, and we discuss the convergence behavior
for two cases in detail: (i) the coefficients A, « and the domain Z in (2) are smooth,
and (ii) A, k, Z are such that the differential operator L in (2) is only H'T%(2)-
regular for some 0 < o < 1. In Sect. 9 we perform several numerical experiments
for (a) the model example (1), d = 1, using sinc-Galerkin approximations generated
with a conforming finite element method of polynomial degree p € {1, 2}, and (b)
anisotropic, non-stationary generalized Whittle-Matérn fields in d = 2 dimensions,
where the coefficients A: 2 — R?>*?and k : 2 — R of the differential operator L in
(2) depend on the spatial location. For the latter, we employ conforming finite elements
with bilinear basis functions. In Sect. 10 we reflect on our outcomes.
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Whittle-Matérn fields: regularity and approximation 823

1.3 Notation

Throughout this article, (§2, .%, IP) is a complete probability space with expectation
operator E, and Z denotes a bounded, connected and open subset of R, d € N, with
closure 2. Moreover, # is an Lo (2)-isonormal Gaussian process, see Definition 1.

For B C R?, %(B) denotes the Borel o-algebra on B (i.e., the o-algebra generated
by the sets that are relatively open in B). For two o-algebras .% and ¢, .7 ® ¢ is the
o -algebra generated by .# x 4.

If (E, || - ||g) is a Banach space, then (E*, || - ||g+) denotes its dual, (-, - )gxxE
the duality pairing on E* x E, Idg the identity on E, and .Z(E; F) the space of
bounded linear operators from (E, || - ||g) to another Banach space (F, | - ||F).

For T € Z(E; F) we write T* € Z(F*; E*) for the adjointof T. If E, F C V
for some vector space V and if, in addition, Idy | € Z(E; F), then we write
(E, Il - lg) <= (F, |l - lIr). The notation (E, || - llg) = (F,| - |lr) indicates
that (E, || - [lg) = (F, |l - llF) = (E. || - lE).

If not specified otherwise, (-, -)y is the inner product on a Hilbert space H
and A (H; U) € £ (H; U) denotes the Hilbert space of Hilbert-Schmidt opera-
tors between two Hilbert spaces H and U. The adjoint of T € .Z(H; U) is identified
with T* € Z(U; H) (viathe Rieszmaps on H and on U). We write Z(E) and 4> (H)
whenever E = F and H = U. The domain of a possibly unbounded operator L is
denoted by Z(L).

For 1 < g < o0, Ly(Z; E) is the space of equivalence classes of E-valued,
Bochner measurable, g-integrable functions on & and L, (§2; E) denotes the space of
equivalence classes of E-valued random variables with finite g-th moment, and

1/q
1 fllL,2:E) = ([@ If N dx) . feLly(Z;E),

Xz, 25 == E[IXIE]) ™ X € Ly(2; E).

The space Lo (Z; E) consists of all equivalence classes of E-valued, Bochner mea-
surable functions which are essentially bounded on Z, and

I fLoo(z:E) :=esssup [ f(X)le, [ € Loo(Z; E).
xeg

For y € (0, 1), we furthermore define the mappings

| : |CV(§;E)’ ” . ||Cy(§;E): C(@, E) - [07 OO]

on the Banach space

(€T BN Ne@p) 1/ le@r = swp 1D,
X9
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824 S. G. Cox, K. Kirchner

of continuous functions from Z to (E, || - |lg) via
If)— e
|f| - = sup —MMMMX——, (8)
CY(Z;E) v.yeD X —y|”
xF#y
1fller @y = s9p IFONE +1fler @y ©)
xeg

Note that the norm | - renders the subspace

ler @)
'@ E) = {1 € CT:E): Wflewpy < o0} CC@E)  (10)

of y-Holder continuous functions a Banach space. Whenever the functions or random
variables are real-valued, we omit the image space and write C (D), CY (D), Ly (2),
and L, (£2), respectively. For o > 0, the (integer- or fractional-order) Sobolev space
is denoted by H% (2) (see [13, Sect. 2], [47, Sects. 1.11.4/5]), and Hj (2) C H'(2)
is the closure of the vector space C°(Z) of compactly supported smooth functions
in (H'(D), Il - w1 2))-

We mark equations which hold almost everywhere or P-almost surely with a.e. and
P-a.s., respectively. For two random variables X, Y, we write X 4 Y whenever X
and Y have the same probability distribution. The Dirac measure at x € Z is denoted
by 8,. Given a parameter set &2 and mappings A, B: &2 — R, we let A(p) < B(p)
denote the relation that there exists a constant C > 0, independent of p € 2, such that
A(p) < CB(p)forall p € &.For afurther parameter set 2 and A, B: x 2 — R,
we write A(p, q) Sq B(p, q) if, for all ¢ € 2, there exists a constant Cy > 0,
independent of p € &, such that A(p,q) < C4B(p,q) forall p € Z andq € 2.
Finally, A(p) = B(p) indicates that both relations, A(p) < B(p) and B(p) < A(p),
hold simultaneously; and similarly for A(p, ) ~; B(p, q).

2 Auxiliary results on second-order elliptic differential operators

As outlined in Sect. 1.1, the overall objective of this article is to study (generalized)
Whittle-Matérn fields and Galerkin approximations for them. Here, we call a Gaussian
random field a generalized Whittle—Matérn field if its covariance operator is given by a
negative fractional power of a second-order elliptic differential operator. The purpose
of this section is to present preliminary results on second-order differential operators
which will be of importance for the regularity and error analysis of these fields.

Firstly, we specify the class of differential operators that we consider. We start by
formulating assumptions on the coefficients of the operator. Recall from Sect. 1.3 that
2 C R4 is bounded, connected and open.

Assumption 1 (on the coefficients A and «) Throughout this article we assume:

@ Springer



Whittle-Matérn fields: regularity and approximation 825

I. Ae Ly (@; R‘b‘d) is symmetric and uniformly positive definite, i.e.,
Jag > 0: essinf £ A(x)E > aplé|> VE € RY; (11)
xX€9

II. Kk € Loo(2).
Where explicitly specified, we require in addition:

II. A: 2 — R¥*4 is Lipschitz continuous on the closure Z, i.e.,
Japp > 0 |A;j(x) — Ajj(0)| < aviplx —y| Yx,y € 2,

foralli, j e {l,...,d}.

Under Assumptions 1.I-Il we let L: Z(L) C L2(2) — L>(2) denote the max-
imal accretive operator on L,(%) associated with A and «2 with domain 2 (L) C
Hé (2). By this we mean that (L) consists of precisely those u € HO1 (2) for which
there exists a constant C > 0 such that

V@[(A(x)vu(x), Vo)) ge + k2 ux)v)]dx| < Cllvli,g) Yv e HY (D),

and, for u € Z(L), Lu is the unique element of L,(Z) which, for all v € HO1 (2),
satisfies

/@[(A(X)Vu(x), Vu(x))pa + /cz(x)u(x)v(x)] dx = (Lu, v)1,(9)- (12)

It is well-known that the operator L: Z(L) — Ly(2) defined via (12) is densely
defined and self-adjoint (e.g., [37, Propositions 1.22 and 1.24]). Furthermore, by the
Lax—Milgram lemma, its inverse exists and extends to a bounded linear operator
L1 HO1 (D)* — Hé (2) (e.g., [37, Lemma 1.3]). By the Kondrachov compact-
ness theorem L~!: Lr(2) — L2(9D) is compact (e.g., [20, Theorem 7.22]). For this
reason, the spectrum of L consists of a system of only positive eigenvalues (A ) jen
with no accumulation point, whence we can assume them to be in nondecreasing
order. The following asymptotic spectral behavior, known as Weyl’s law (see, e.g.,
[12, Theorem 6.3.1]), will be exploited several times in our analysis.

Lemma 1 Let L be the second-order differential operator in (12), defined with respect

to the bounded open domain 9 C RY, and with coefficients A and « fulfilling Assump-
tions 1.I-11. Then, the eigenvalues of L (in nondecreasing order) satisfy

hj ~aweg) i EN. 3)

We let & := {e;};en denote a system of eigenvectors of the operator L in (12)
which corresponds to the eigenvalues (A ;) jen and which is orthonormal in Ly (2).

@ Springer



826 S. G. Cox, K. Kirchner

Note that, for o > 0, the fractional power operator L : Z(L°) C L2(Z) — L2(9)
is well-defined. Indeed, on the domain

D(L) = {vf € La(D): ) AT (Whe)iyg) < oo}

jeN
the action of L? is given via the spectral representation
LY =Y AW ep) e, V€ DLO).
jeN
The subspace
(Hf, (-, o), HY :=2(L?) C L2(2), (14)

is itself a Hilbert space with respect to the inner product

(@ Vo = (LG, L) = D25 €)1y (Vs e Ly@)s

jeN

and the corresponding induced norm || - ||,. In what follows, we let Hg = L2(9D)
and, foro > 0, H I ? denotes the dual space (Hg)* after identification via the inner
product (-, -)z,(2) on L2(Z) which is continuously extended to a duality pairing.

In order to derive regularity and convergence results with respect to the Sobolev
space H? (2) and the space C Y(2) of y-Holder continuous functions in (10), we
relate the norms involved by employing the Sobolev embeddings and well-known
results from interpolation theory. To this end, we need to consider various assumptions
on the spatial domain 2, specified below.

Assumption 2 (on the domain &) Throughout this article, we assume that
I. 2 has a Lipschitz continuous boundary 9.
Where explicitly specified, we additionally suppose one or both of the following:

II. 2 is convex;
1. 2 is a polytope.

Note that II. implies L. (see, e.g., [25, Corollary 1.2.2.3]).

In the following lemma we specify the relationship between the spaces Hg in (14)
and the Sobolev space H? (2), under two sets of assumptions on the spatial domain &
and on the coefficients A, « of the differential operator L in (12). We recall that [E, F'],
denotes the complex interpolation space between (E, || - ||g) and (F, || - ||F) with
parameter o € [0, 1], see, e.g., [33, Ch. 2].

Lemma 2 Let Assumptions 1.1-1I and 2.1 be satisfied. Then
(H7. - llo) = ([L2(D). HyD)], N - Nizyoy.myon,)s 00 <1 (15)
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Whittle-Matérn fields: regularity and approximation 827

holds for the space (Hg, I - ||g) from (14). Furthermore,
(HZ - llo) = (HO D), | - o)), 0<o <1, (16)

and the norms || - |lo, || - o (2) are equivalent on Hg forO0 <o <lando #1)2.
If, in addition, Assumptions 1.1II and 2.1I hold, then

(HY - o) = (HO D NHYD), | - o), 1 <0 <2. (17)

Proof First, note that [47, Corollary 2.4] implies (15).

I, - llg), (F, Il - IlF), (G, | - llg) are Banach spaces such that the relation
(F,|l - llF) = (G, | - llg) holds, then by definition of complex interpolation we have
(IE, Flo Il - ltg,F1,) = (IE.Gls. |l - lli£,G1,)- This observation in connection
with [47, Theorem 1.35] (which collects several results from [45]) shows (16).
Equivalence of || - llg, | - [|go(z) on Hl‘f for 0 < o < 1,0 # l/2, is proven in
[24, Theorem 8.1].

By combining (15) for o = 1, [33, Theorem4.36] and [26, Lemma A2] (recalling
Assumption 2.II) we find that (17) for o € (1, 2) follows once (17) is established for
the case o = 2.

It thus remains to prove (17) for o = 2. To this end, we first observe that,
for a vanishing coefficient k = 0 of the operator L in (12), we have, e.g., by [25,
Theorem 3.2.1.2] the regularity result

fely?2) = u:=L"'feH*2)NH (D). (18)

Ifk # 0, thenu € H(} (2) satisfies the equality —V - (AVu) = f — k%u in the weak
sense so that [25, Theorem 3.2.1.2] appliedto f := f—k?u € L,(2) againyields (18).
This shows that H? € H*(2) N H}(2). Since H*(2) N H}(2) < L»(2) and
H} < Ly(2), continuity of (H}, || - [l2) < (H*(2)NH} (D), || - | 2(%)) follows
from the closed graph theorem.

We now establish the reverse embedding. By Assumption 1.IIT and, e.g., [17, The-
orem 4 in Ch. 5.8] (note that the assumptions on the boundary posed therein can be
circumvented by exploiting an extension argument as, e.g., in [42, Sect. V1.2.3 Theo-
rem 3], see also the remark below [17, Theorem 4 in Ch. 5.8]), A;; is differentiable a.e.
in 2 with essentially bounded weak derivatives 9y, A;; € Loo(2), 1 <i,j,k < d.
Thus (by first approximating A;; in H 1(2) with a sequence in C*°(Z) to obtain
that A,~j8xju is weakly differentiable with 9y, (A,~.,~8xju) = Oy Ajj 8xju + A8xkxju),
we conclude that AVu € H'(2)? whenever u € H*(2) N H(} (2). This shows that
HX(2)NHJ(2) C H?. Again by the closed graph theorem, we obtain the continuous
embedding (H*(2) N HY(D). | - lly22) < (H7. |l - 12). o

3 General results on Gaussian random fields

In this section we address different notions of regularity (Holder and Sobolev) for
Gaussian random fields (GRFs) and their covariance functions. We first recall the
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828 S. G. Cox, K. Kirchner

definition of an L,(%)-isonormal Gaussian process from [35, Definiton 1.1.1]. We
then provide the definition of a GRF on the complete probability space (£2, .%, P) and
specify what we mean by a colored GRF.

Definition 1 We say that a stochastic process # = {# (h): h € Ly(2)} defined
on (2, %#,P) is an Ly(D)-isonormal Gaussian process if # is a family of centered
R-valued Gaussian random variables such that

E[7 (W (@)= (h,8)1,2) Yh.g € LrD). (19)

Recall from [35, Remark 1 on p. 4] that # is linear in h € Ly(2).

Definition2 Let B € R?. A family of .%#-measurable R-valued random variables
(Z(x))xep is called a random field (indexed by B). It is called Gaussian if the random
vector (Z(x1), ..., Z(x,))" is Gaussian for all finite sets {xi, ..., x,} C B.Itis
called continuous if the mapping x — 2(x)(w) is continuous for all w € £2.

Definition3 Let 7 € £ (L2(2)). Wecall Z: I x 2 — R a Gaussian random field
(GRF) colored by T if itis a GRF, a #(2) ® % -measurable mapping, and

(Z. V)10 =V (T*Y) Pas. Vi€ Ly(2). (20)
The covariance operator ¢ € .2 (L,(2)) of a measurable GRF 2 is defined through
(€D, V) 1y ) = E[(Z —BLZ), §) 1y ) (Z —BLZ), V)1, 2)] Y.V € La(D).

This and (19) imply that a GRF colored by T has covariance operator ¢ = TT*.

Remark 1 Tt is well-known that there exists a square-integrable GRF 2 colored by T
ifandonly if T € £ (L2(9)), see also Proposition 3. In this case, the covariance oper-

ator ¢ of the GRF Z has a finite trace on L2(2), tr(%) = t(TT*) = E[|| f'z:”ll%z(%].

3.1 Holder regularity of GRFs

We now provide an abstract result on the construction and Holder regularity of a GRF
assuming that the color and, thus, the covariance structure of the field is given.

Proposition 1 Assume that T € £ (L2(9); CV(§))for some y € (0, 1). Then, also
T € L(L2(2)) and there exists a continuous GRF % colored by T such that

P(x)=#(T*S,) P-as. Yxe D. (21)

Furthermore, for q € (0, 00) and 6 € (0, y), we have

g
q _
E[21%5]) " Swres 1T swmme @) (22)
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Proof Note that T € £ (L2(2)) as CY (D) — L1(2D). We first define the random
field Zo: 7 x 2 — Rby Z4(x) := W (T*5;) forallx € Z.By (19) and the linearity
of # we find, for x, y € 2,

]/2 ]/2
(E[1260) = Z6)P]) " = (B[ (T* G = 8,)P]) " = IT* G = )l

=< ” r* ”f(CV (@)*;Lz(.@)*) ”‘Sx - 8)’ ”CV (@)*
— — Y
= ”T”g(Lz(@);cy(@)ﬂx —y". (23)

Since Z¢(x) — Zo(y) = # (T*(8x —8y)) is a Gaussian random variable, we can apply
the Kahane—Khintchine inequalities (see, e.g., [30, Theorem 6.2.6]) and conclude
with (23) that, for all g € (0, 00), the estimate
29\ /2
X, ye€9 j|)
x#y

= G2y cr @) 24

20|~y 5 <C
[20ler @1 000 = Ca SUP_ x—

(E[ Zo(x) — Zo(y)

holds, with a constant C; > 0 depending only on g.

Thus, by the Kolmogorov—Chentsov continuity theorem (e.g., [40, Theorem 1.2.1],
combined with an extension argument as discussed in the proof of [34, Theorem 2.1],
see also [10, Ch. 3]), there exists a continuous random field < : 9 x 2 — R such
that 2 (x) = Zy(x) P-a.s. for all x € 2, and furthermore, for every 6 € (0, y) and
every finite ¢ > (y — 60)~!, we can find a constant Cy.y.0,2 > 0, depending only on
q,y,0,as well as the dimension and the diameter of ¥ C R4, such that

1/q
(]ED‘@F'(&@)]) = C‘I’%f’@'%'CV@:Lq(Q))' (&)

Next, again by the Kahane—Khintchine inequalities, we have, for every x € Z and
every g € (0, 00),

E[Z 1) = B[ 20"
= ¢, (B[wasr])”

= ClITN 21, 9y:0r @y (26)
From (8)—(9) we deduce, for every 6 € (0, 1) and all f € C ?(9), the relation
1flleazy < 1/ (1+ [ diam(@) | fleo iz, V€ T

@ Springer



830 S. G. Cox, K. Kirchner

We combine this observation with (24), (25), and (26) to derive, for all 8 € (0, y) and
all finite ¢ > (y — 0)~!, the bound

(E[”g”ch@)])‘/q

1/q
: 0 F

< Cy(1+Cyy0.9(1 +1diam(DNIT N 41y 0y, ) 27)

Note that Holder’s inequality and (27) ensure that (22) holds for every 6 € (0, y)
and every ¢ € (0, co). Furthermore, for every ¥ € L2(%), one readily verifies the
identity E[|(Z, ) 1,2 — # (T*y)[*] = 0, i.e., Z is colored by T o

If Assumption 2.1 is fulfilled, the Sobolev embedding theorem (see, e.g., [13, The-
orem 5.4 and Theorem 8.2]) is applicable and we obtain y-Holder continuity (10) for
elements in the fractional-order Sobolev space HY /(%) for every y € (0, 1). This
continuous embedding, H vHi2(g) — C V(@), combined with Proposition 1 leads
to the following result.

Corollary 1 Let Assumption 2.I, y € (0,1), and T € £(L2(2); H'**(9)) be

satisfied. Then there exists a continuous GRF 2 2 x §2 — Rcolored by T, cf. (20),
such that % (x) = W (T*8y) P-a.s. for all x € 9. Moreover, the stability estimate

q
q
E20 5 ) Swroo 1T g(1,0y0020) (28)

for the q-th moment of % with respect to the 6-Holder norm (9) holds for every
6 € (0,y) and q € (0, 00).

We close this subsection with a brief discussion on (i) the continuity of covariance
functions of colored GRFs, and (ii) the L~ (Z x Z)-distance between two covariance
functions of GRFs colored by different operators.

We recall that the covariance function o € L2(Z x ) of a square-integrable
random field & € Ly(Z x £2) is defined by

o(x,y) =E[(Z(x) —E[Z()IN(Z(y) —E[Z()D] ae.inZ xZ. (29)
In the next lemma, this relation and (19) are exploited to characterize continuity of

the covariance function g in terms of the color T of the GRF %

Proposition2 Let &, % be GRFs colored by T and T, respectively, see (20), with
covariance functions denoted by ¢ and 9, cf. (29). Then,

(i) © has a continuous representative on 4 x 9 (again denoted by o) if and only if
T € L(L2(D); C(D)). In this case,

x,yeP
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(ii) if T, T e L(Ly(D); C(D)), then 0,0 € C(Z x D) satisfy

sup [o(x.y) — 0. y)| < |TT* - T | 2cc@yic@y - @D
x,ye9

Proof By (19), (20) and (29), the covariance function ¢ of a GRF Z colored by T is
given by

0(x, y) = (T*8,, T*8y) 1,z ae.in D x J. (32)

First, let T € Z(L2(2); C(2)). Then, we have T* € .Z(C(2)*; Ly(2)*) and
continuity of o: Z x 2 — R follows from (32).
Assume now that o € C(Z x 2). Then, again by (32), we obtain || 7%y ||L2(%* =

o(x,x) < ooforall x € Z and

||T¢”C(§) = SUP <5Xv T¢>C(9)*XC(9) =< sup ”T SXHLz(])* < o0
xe9g xeg

holds for all ¢ € Lo(2) with ||¢ll,z) < 1. Thus, T € L (L2(D); C(2)) if o is
continuous. Furthermore, by identifying L>(2)* = L2(%) via the Riesz map, the
covariance operator ¢ of 2 satisfies ¢ = TT* € L(C(D)*; C(2)), and we can
deduce (30) from (32) since, for all x, y € @,

|Q(x’ }’)| = |<3X7 TT*(Sy)C(@)*XC(§)| < ”TT*S}"'C(@) = “TT*||$(C(§)*,C(§))
Finally, the estimate (31) can be shown similarly since, for all x, y € 9,

l00x, y) = B8, I = (80, (TT* = TT*)8,) e 5w @) -

3.2 Sobolev regularity of GRFs and their covariances

After having characterized

(a) the Holder regularity (in L, (£2)-sense) of a GRF 2, and
(b) continuity of the covariance function g in (29),

in terms of the color of 2, we now proceed with this discussion for Sobolev spaces.
Specifically, we investigate the regularity of 2 in L, (£2; H° (%)) and of the covari-
ance function o with respect to the norm on the mixed Sobolev space

H°% (2 x 9):= H° (2)® H° (2), o €R. (33)
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Here, ® denotes the tensor product of Hilbert spaces. Thus, the inner product on
H*° (2 x ) inducing the norm || - || go.o (9« ) is uniquely defined via

(@@ X,V @)oo @x2) = (D V) Ho () (X Doy Yo, ¥, x. 0 € H (D).

In Proposition 3 below we first quantify the Hg -regularity (in L, (§2)-sense) of a
colored GRF in terms of its color, cf. (14) and Definition 3. In addition, we specify
the regularity of the covariance function (29) in the Hilbert tensor product space

(H N - Now), Hy® :=Hf ®Hf, o €R, (34)

cf. (33). Finally, we characterize the distance between two GRFs which are colored by
different operators with respect to these norms. Combining Proposition 3 and Remark 2
below results in the announced Sobolov regularity results.

For brevity of notation we also introduce the following Hilbert—Schmidt space,

(L0 - | goio) 1= (A(HL:HD) - Ngig gy 00 €R - (39)

Proposition3 Let Z: 2 x 2 — R be a GRF colored by T € £ (L2(2)), cf. (20).
Then & is square-integrable, i.e., & € Ly(Z x 2), if and only if its covariance
operator € = TT* has a finite trace on Ly(2). More generally, for all c > 0 and
q € (0, 00), we have

E[IZ15] = e(TT*L%) = IT 10, (36)
ELIZ18])" =g Va@TL) = IT ] 400 (37)
lellog = 161 yoo = ITT* Il - (38)

Here, tr(+) is the trace on Lo(2), L is the differential operator in (12) with coefficients

A, k satisfying Assumptions 1.1-11, and ¢ is the covariance function of Z, see (29).
Ifff € Lo(Z x $2) is another GRF colored by T e ZL(L2(2D)), with covariance
function @ and covariance operator ¢ = TT*, we have, foro > 0andq € (0, 00),

E[lz - #1])" = I - o (39)

lo —38llow = ||€ — %7||$;g;a = |77 =TT yroo.  40)

Proof Assume first that 2 € L,(Z x £2). Since £ has mean zero and since it is
colored by T € £ (L2(2)), weobtain ¢ = TT*, i.e.,

E[(Z, D)1y (Z. V) 1| = TT 0. V) 1,2 Y. ¥ € La(D).
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By choosing ¢ = ¢ := k;/ ‘e j» summing these equalities over j € N, and exchanging
the order of summation and expectation via Fubini’s theorem, we obtain the identity

E[IZ13] =) 2 (TT*;. )1, = e(TT*L?) = HL“/zTH:Zzo;o =Tl oo
jeN

and the first part of the proposition as well as (36) are proven. The estimate (37)
follows from (36) by the Kahane—Khintchine inequalities and the Karhunen—Loeve
expansion, since 2 is an HZ -valued zero-mean Gaussian random variable.

Assume now that & € L2(2 x £2) is another GRF colored by T e ZL(L2(9D)).
Then we obtain (39) from (37), since 2 — & is again a GRF, colored by T — T,
see (20) and Definition 3. Furthermore, we find

lo =312, =Y. > 202 ((TT* = TT)ei. ¢));, )

ieN jeN
= YT - )L e = 17 L
ieN
This proves (40) and (38) follows from this result for Z =0. O

Remark 2 Note that if Assumptions 1.I-1I, 2.1and 0 < o < 1 (or Assumptions 1.I-III,
21 and 0 < o < 2) are satisfied and o # 1/2, it follows from Lemma 2 that all
assertions of Proposition 3 remain true if we replace the equalities with equivalences
and the norms || - |ls, || - llo.c (cf. the spaces in (14), (34)) with the Sobolev norm
| - lae(2) and with the norm || - ||goo(gx2) on the mixed Sobolev space (33),
respectively. Furthermore, by (16) Proposition 3 provides upper bounds for these
quantities if o = 1/2.

4 Regularity of Whittle-Matérn fields
In this section we focus on the regularity of (generalized) Whittle—Matérn fields, i.e.,

of GRFs colored (cf. Definition 3) by a negative fractional power of the differential
operator L as provided in (12). Specifically, we consider

2P 9x 2R, (2P, V)10 = W (LPy) Pas. Vi € La(2), (41)
for
Bi=ng+ P, ngelNy, 0=<p. <1 (42)
We emphasize the dependence of the covariance structure of 2# on the fractional
exponent 8 > 0 by the index and write of for the covariance function (29) of Z77.

The first aim of this section is to apply Proposmon 3 for specifying the regularity
of % in (41) and of its covariance function o with respect to the spaces H 7 and
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HZU in (14), (34). As already pointed out in Remark 2, provided that the assumptions
of Lemma 2 are satisfied, this implies regularity in the Sobolev space H? (Z) and in
the mixed Sobolev space H>? (2 x ) in (33), respectively.

Besides this regularity result with respect to the spaces HZ and H? (2), we obtain
a stability estimate with respect to the Holder norm from Corollary 1 and continuity
of the covariance function from Proposition 2. Although we believe that, at least in
some specific cases, these results are well-known, for the sake of completeness, we
derive them here in our general framework.

Lemma 3 Let Assumptions 1.I-11 be fulfilled, B, q < (0, 00), o > 0, and %P be the
Whittle-Matérn field in (41), with covariance function oP. Then,

(i) E[HQ‘”ﬂ ||Z] < oo ifandonly if 28 > o +d/2, and
(ii) ”QﬂH(m < oo ifandonly if 28 > o + d/a.

1If, in addition, Assumption 2.1 and 0 < o < 1 (or Assumptions 1.I-11I, 2.1, and
0 <o <2)hold and o # 1/2, then the assertions (i)—(ii) remain true if we formulate
them with respect to the Sobolev norms || - | go (), | - | goo(@x2)-

Proof By Proposition 3 we have, for any 8, g € (0, 00) and o > 0,

(E[” b sz% < (L) = Y, 43)
jeN
2 — 2 — —
e e T D LT (44)
jeN

Combining the spectral behavior (13) of L from Lemma 1 with (43)/(44) proves
assertions (1)/(ii) for || - |ls, || - |lo.o- If the assumptions stated in the second part of
the lemma are satisfied, then applying Lemma 2 completes the proof. O

Remark 3 We note that the regularity result for the covariance function in Lemma 3
holds in greater generality: o# € H92(2 x 9) := H°'(2) & H(2) if and only if
48 > o1+ 02+4/2,provided that 0 < o1, 02 < 2 and Assumptions 1.I-IIT and 2.1T are
satisfied. In particular, we have 0P e HY(2 x 2)N H*° (2 x 9) = H° (2 x 9)
forall 0 < o <2 witho < 48 — d/2, where H° (2 x 2) is the standard Sobolev
space on Z x 2. The proof in the general case proceeds analogously.

Lemma 4 Suppose that

(1) Assumptions 1.I-1I are satisfied, 0 <2y < 1,andd =1, or
(i) Assumptions 1.1-IIl and 2.1I are fulfilled, d € {1,2,3} and y € (0, 1) are such
thaty <2 —d)2.

In either of these cases and if 28 > y + d/2, there exists a continuous Whittle—
Matérnﬁeld_ﬁfﬂ : P x 2 — Rsatisfying (41) such that 2P (x) = # (L~Ps,), P-a.s.
forall x € 9, and, for every 6 € (0, y) and q € (0, 00), the bound

1q _
({1271 Saras 157 iy <20 @
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for the q-th moment of %P with respect to the 0-Hélder norm, cf. (9), holds.

Proof Note that by definition of HC, see (14), for any B > 0, the operator
L™ 1y(2) = H) - H,”

is an isometric isomorphism. For this reason, LB Ly(9) — H Z +i2 is bounded
provided that 28 > y + d/2. For d and y as specified in (i) or (ii) above, we have
(HI T yap) = (HY (D)1 - Nl gyaangp) by the relations (16)~(17) from
Lemma 2 and we conclude that L=# € Z(Lz(@); H7’+d/2(@)). The proof is then
completed by applying Corollary 1 in both cases (i)/(ii). O

Lemma5 Let Assumptions 1.I-1I be satisfied and B > d/4. Suppose furthermore that
a system of Ly(2)-orthonormal eigenvectors & = {ej}jeN corresponding to the

eigenvalues 0 < A < Ay < ... of L in (12) is uniformly bounded in C(@), ie.,

3Cs >0: sup suple;(x)| < Cg. (46)
JeN xe9

Then the covariance function, cf. (29), of the Whittle—-Matérn field %P in (41) has
a continuous representative 0P : 9 x 9 — R and

suIL|Qﬁ(x, y)| < Cé» tr(L_m),
x,ye€9D

where tr(-) denotes the trace on Ly(9D).

Proof By Proposition 2(i) we have to show boundedness of L. L,(2) - C(2)
to infer that o# € C(Z x 2), with

sull}eﬂ(x7 »| = ||L72ﬂ ||:/(c@>*;c@)>' “7
x,ye9

For ¢ € L»(2), the spectral representation L™y = ZjeN A;ﬂ(w, €)1, () €ej
shows that, for all x € @,

1/2

(L~ Py) )| < Co Y277 | ey 11l

jeN

Z 4

jeN

Sax2) Ce

is finite, provided that 8 > d/4. Here, we have used the Cauchy—Schwarz inequality
and the spectral behavior (13) from Lemma 1 in the last estimate. Similarly,

(L)) = Co D077 [0 i@y ne
jeN

< C2 u(L7) ¢l oz (48)

for all ¢ € C(@)*. Combining (47) and (48) completes the proof. O
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Remark 4 Note thatif y € (0, 1) andd € {1, 2, 3} are such that Assumption (i) or (ii)
of Lemma 4 is satisfied, then the Sobolev embedding H?*/*(2) — C?(2) and
Lemma 2 are applicable for any 0 < 6 < y. Thus, if 28 > 6 + d/2, we find

L™P: 1y(2) = B — B — BT = 0O+ (9) — (D) — C(D),
ie., L. L,(2) > C (@) is bounded. Thus, by Proposition 2(i) the covariance

function 0#: 2 x 2 — R of the Whittle-Matérn field 2°# in (41) is a continuous
kernel and I-'Iz'3 is the corresponding reproducing kernel Hilbert space, see also [43].

5 Spectral Galerkin approximations

In this section we investigate convergence of spectral Galerkin approximations for the
Whittle-Matérn field 2 in (41). Recall that the covariance structure of the GRF 2°#
is uniquely determined via its color (20) given by the negative fractional power L~
of the second-order differential operator L in (12) which is defined with respect to the
bounded spatial domain 2 c R¢.

For N € N, the spectral Galerkin approximation %, 15 of %P is (P-a.s.) defined by

(Z8.9) i =7 (L¥) Pas. Yy € L), (49)

i.e., it is a GRF colored by the finite-rank operator
N
L Ly2) — Vy C Ly(@), Ly = Zx;ﬂ(w, ey, (50)
j=1

mapping to the finite-dimensional subspace Vyy := span{ey, ..., ey} generated by the
first N eigenvectors of L corresponding to the eigenvalues 0 < A1 < ... < Ap.

The following three corollaries, which provide explicit convergence rates of these
approximations and their covariance functions with respect to the truncation parame-
ter N, are consequences of the Propositions 1, 2 and 3. We first formulate the results
in the Sobolev norms.

Corollary 2 Suppose Assumptions 1.I-1I and thatd € N, 0 > 0, and B, q € (0, 00).
Let P be the Whittle-Matérn field in (41) and, for N € N, let %, 16 be the spectral
Galerkin approximation in (49). If 28 — o > d/2, then the following bounds hold:

1q _ o
(B[22 = 2012]) " Sqopans N7, (51)

e = &N llo.0 Siep.an.cy N7H =207, (52)

where oF QZ denote the covariance functions of % and %, b , respectively, cf. (29).
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If, in addition, Assumption 2.1 and 0 < o < 1 (or Assumptions 1.I-1Il, 2.1I, and
0 < o < 2) are satisfied, then the assertions (51)—(52) remain true if we formulate
them with respect to the Sobolev norms || - o2y, || + | Hoo (2% 2)-

Proof The estimates (51)/(52) follow from (39)/(40) of Proposition 3 with & := ZF,
Z =% 15’ T:=L P andT := Lx,ﬁ by exploiting the spectral behavior (13) from
Lemma 1. Finally, applying Lemma 2 proves the last claim of this proposition. O

Remark 5 We note that the L,-estimate for the error of the covariance function ((52)
for o = 0) can essentially be derived from [22, Theorem 3.5] or [23, Theorem 3.3,
Corollary 3.4]. There the convergence rate of the truncation error for spectral approx-
imations of a general kernel f € H*(2) x %) is quantified. Specifically, recalling
from Remark 3 that o € H°(Z x 2) forall ¢ < 48 — d/2, [22, Theorem 3.5] or
[23, Theorem 3.3, Corollary 3.4] yield the L,-convergence rate 1/a(48 — d/2 — ¢), for
any ¢ > 0, in line with (52).

By Proposition 2 we furthermore obtain the following convergence result in the

Lo (2 x 2)-norm for the covariance function Qf, as N — oo.

Corollary 3 Suppose Assumptions 1.I-1I and that the system & = {e;}jeN of L2(2)-
orthonormal eigenvectors of the operator L in (12) is uniformly bounded in C(Z) as
in (46). Then, for B > d/4, the covariance functions of 2P in (41) and of %, 15 in (49)

have continuous representatives o, QZ: 2 x 9 — R, and

sup [0f (x. y) — ol (v, )| Sy oAy N7HED, (53)
x,y€P

Proof By Lemma 5, Q‘3 and Qg have continuous representatives. In addition, the
estimate (31) from Proposition 2 proves (53) since, for all x € 9, pecC (2)*,

— -2 _2
<5x, (L - Ly ﬂ)¢’>c@)*xc@) = Cé" lellc ) Z A ’
j>N

Finally, for 8 > d/4, the spectral behavior (13) of L from Lemma 1 yields

) 28 L —1/d (4B—d)
HL ﬁ_LN ”3(0(@)*;0(9)) Sccs poaen N J@p=0,

m}

Provided that Assumption (i) or (ii) of Lemma 4 is satisfied, we obtain not only
Sobolev regularity of the GRF .2 P in (L4 ($2)-sense), but also Holder continuity. The
next proposition shows that in this case the sequence of spectral Galerkin approxima-

tions (Qf A’? ) nen converges also with respect to these norms.

Corollary 4 Suppose that d € {1,2,3}, y € (0, 1) satisfy Assumption (i) or (ii) of
Lemma 4. Let L and L;,ﬂ be the operators in (12) and (50). Then, for every N € N
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and for 2B > y + d/2, there exist continuous random fields %P, %, 15 7 x 2 > R
colored by LB and L;ﬁ , respectively, such that

1/q
B4 —1/d 2B—y—d
(E[”fﬂ—fﬂce@)]) S@ro.paxg N7, (54)

forevery 8 € (0, y) and g € (0, 00).

Proof By Lemma 4 there exist continuous random fields 27, Q‘”Aé I x 2 >R
colored by L=# and L;ﬂ , respectively. Their difference 2 — %, }\;‘]3 is then a continuous
random field colored by Ty := L~F — L;,’S = (L — Ly)~# and we obtain the
convergence result in (54) from the stability estimate (45) of Lemma 4 applied to
. 3’,"]5, since, for every ¥ € L(9),

2 _ —2B+y+d/2 2 —2B+y+d/2 2
TNV ap = D % V. e)7, ) =<y > Wepi o
L j>N j>N

—2/d 2B—y—d/2 2
Swpawgy NP g7 o).

Here, we have used the spectral behavior (13) from Lemma 1 for Ay . O

6 Estimates for fractional powers of general Galerkin approximations

The aim of this section is to quantify the effect that a finite-dimensional Galerkin dis-
cretization of the differential operator L in (12) has on the approximation of solutions
to fractional-order equations of the form LPu = g, with a deterministic right-hand
side g. Specifically, Theorem 1 below provides a bound for the deterministic Galerkin
error in the fractional case, i.e., we consider the distance between L7 gand L;ﬁ g,
where Ly, is a Galerkin approximation of L and I7j, is the orthogonal projection onto
the Galerkin space (for details see below). This theorem is one of our main results and
it will be a crucial ingredient when analyzing general Galerkin approximations of the
Whittle-Matérn field 2°# from (41) in Sect. 7.2.

To this end, we assume that we are given a family (V},);,~¢ of subspaces of HO1 (9),
with dimension Ny, := dim(V},) < oo. We let ITj,: Ly(2) — V), denote the L, (9)-
orthogonal projection onto Vj. Since V), C H& (92) = H Ll, IT;, can be uniquely
extended to a bounded linear operator 7}, : H I LN Vy. Let Ly: Vy, — Vj, be the
Galerkin discretization of the differential operator L in (12) with respect to Vp,, i.e.,

(Lndn, Y 1oy = ALn Vi) g1, g1 ¥ o ¥n € Vi (55)
We arrange the eigenvalues of L, in nondecreasing order,
O<Aiip=<tpn=...ZAn,h
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and let {e j’h}j.vi | be a set of corresponding eigenvectors, orthonormal in L»(%2).
The operator R, : H(} (2) = H Ll — Vj, is the Rayleigh—Ritz projection, defined by
Ry = L,:lﬂhL and, for all ¢ € H},

(Rnr, o)1 = (V. w1 Vi € Vi (56)

All further assumptions on the finite-dimensional subspaces (V},)x~0 are summa-
rized below and explicitly referred to, when needed in our error analysis.

Assumption 3 (on the Galerkin discretization)

I. There exist 8; > 6y > 0 and a linear operator .#, : H o (9) — Vj, such that, for
allfy < 6 < 6y, .7,: H?(2) — V), is a continuous extension, and

v = Il e (@) Siwo.2) B~ Iollgosy Vo e H (P) (57)
holds for 0 < o0 < min{1, 8} and sufficiently small 2 > 0.

II. Forall & > 0 sufficiently small and all 0 < o < 1 the following inverse inequality
holds:

10l o2y So.2) BNl 2y Yo € Vi (58)

I dim(V},) = Nj, =g h~? for sufficiently small 2 > 0.
IV. There exist r, sg, t, Co, C). > 0 such that for all &z > 0 sufficiently small and for

all j € {1, ..., N} the following error estimates hold:
Aj<Ajn<Xij+ C)\hr)»tj, (59)
llej — ejnllZ, g < Coh™2, (60)

where {(A}, e;)}jen are the eigenpairs of the operator L in (12).

We refer to Sect. 8 for explicit examples of finite element spaces (V},)p~0, which
satisfy these assumptions.

Remark 6 The first ineqpality in (589), i.e., Aj < A j, is satisfied for all conforming
Galerkin spaces V, C H Ll due to the min-max principle.

Theorem 1 Let L be as in (12) and, for h > 0, let Ly, be as in (55). Suppose Assump-
tions 1.1-11, 2.1, 3.11. In addition, assume that I}, is Hl(.@)-stable, i.e., that there
exists a constant Cry > 0 such that

1 Tnll 212y < Cn (61)
for all sufficiently small h > 0. Let 0 < a < 1 be such that

(HP - lhes) = (H TP @) N Hy D). - gissg), 0<8<a,  (62)
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where H F“S is defined as in (14). Let Assumption 3.1 be satisfied with parameters
0o € (0, 1)and0; > 1+a. Assume furtherthatfp > 0,0 <o < l,and—1 <6 < 14+«
are such that2f + 6 —o > 0and 2 — o > 0.

Then, for all g € I-'I‘S, we have

hmin{2ﬁ+8—o—s, 1+a—o, 1+a+34, 20{} “g“ﬁ

(63)

HL_ﬁg - L;ﬂnhg”g Se.8,0.0.8, A, D)

for arbitrary ¢ > 0 and all h > 0 sufficiently small.
The proof of Theorem 1 is deferred to the end of this section.

Remark 7 (H?*(2)-regularity) Note that if Assumptions 1.I-III and 2.II are satisfied,
i.e., if the coefficient A of the operator L in (12) is Lipschitz continuous and the domain
9 is convex, then the equivalence (62) for « = 1 is part of Lemma 2, see (17).

Remark 8 (Sobolev bounds) By (16) of Lemma 2 and under the assumption given
by (62), the result (63) implies an error bound with respect to the Sobolev norms, for
all0 <o <land -1 <§ <1+ «a,§ # 1/2. Namely, forall g € H‘g(_@),

||L7ﬂg - L;ﬂﬂhgll Ho (D)

hmin{2ﬂ+8—a—s, 14a—o, 1+a+6, 2a

Ste,8.0,0.8,A.6,9) Mgl gs )

for any ¢ > 0 and all & > O sufficiently small.

Remark 9 (Comparison with [5]) For the specific case 8 € (0,1),0 = 0,and § > 0
the error in (63) has already been investigated in [5], where (V},)~0 are chosen as finite
element spaces with continuous piecewise affine basis functions, defined with respect
to a quasi-uniform family of triangulations (73)p~0 of 2. If g € H?, 8 > 0 and
a < B, the results of [5, Theorem 4.3] show convergence at the rate 2, in accordance
with (63). For @ > B and g € H?, by [5, Theorem 4.3 & Remark 4.1]

_ Cln(1/h)h?Pts if0 <8 <2(a—p),
”L,ﬁg_Lhﬂth”L < r21( /h) llglls 1 <8§=2(a—p)
2=\ Ch*iglls if§ > 2(c — B),

i.e., compared to (63), one obtains a log-term In(1/k) instead of 2~¢ in the first case.
We point out that the purpose of Theorem 1 is to allow for all 8 > 0 and, in addition,
for the wider range of parameters: 0 <o < land —1 <48 <1+ «.

Remark 10 (p-FEM) Due to the term 2« and 0 < o < 1, (63) will be sharp for finite
elements of first order, but not for finite elements of polynomial degree p > 2 when

B > 1 and the problem is “smooth” such that (62) holds for some o > 1.

For the derivation of Theorem 1, we need the following two lemmata.
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Lemma 6 Let L beasin(12)and, forh > 0, let Ly, Ry, be asin (55) and (56). Suppose
Assumptions 1.1-1l and 2.1. Let 0 < o < 1 be such that (62) holds. Furthermore, let
Assumption 3.1 be satisfied with parameters 6y € (0, 1) and 01 > 1 + «.
Then, for every) <n <9 <a,
lu = Rpulioy  Seroawo B Mullivo,  we T (64)

|27 — L, g\, Sevawa B glor, g€ BTN (65)

for sufficiently small h > 0.

Proof Since Rju € V), is the best approximation of u € H Ll with respectto || - |1, we
find by Assumption 3.1 and the assumed equivalence (62) that, for e := u — Rju and
any0 < ¥ <,

9 9
lellh Saw.2) lu — Jnullgray S.aca b lullgivo gy So.ae2) B lullits,

i.e., (64) for n = 0 follows. Furthermore, if we let  := L™%¢ € Hi“ﬁ, the estimate

above and the orthogonality of e to Vj, in H}, combined with (16), Assumption 3.1
and (62) yield

lelli_y = (@, &)1 = (W — Ty, o)1 < [ — Avlhllel

29
Sw.awez) P Nulligs 19 s

which proves (64) for n = ¥ since || ||1+9 = |le||1—g. For n € (0, 9¥), the result (64)
holds by interpolation.

Now let g € I-'IZ_1 be given. Then, (65) follows from (64) for u := L lge HL1+19,
since [lulli+9 = lIglly—1. mi

Lemma 7 Suppose Assumptions 1.1-1I and 2.1. Let L be as in (12) and, for h > 0, let
Ly, be as in (55). Then, for each 0 <y < 1/2, we have

-y
|2y L, H,S,”(Lz(@)) SRS (66)
Furthermore, if the Ly(2)-orthogonal projection Iy, is H'(2)-stable, i.e., if there

exists a constant Cry > 0 such that (61) holds for all sufficiently small h > 0, then,
forsuchh > Q0andall0 <y <1/2,

|LE L™ | o1y 0y Srawo) 1- (67)

If additionally Assumption 3.11 is satisfied and if 0 < a < 1 is as in (62), then (67)
holds for 0 < y < (1+a)/2,

Proof For g € L,(9) = 1:12, we find by the Definition (55) of Lj, that

i 2 _1 1
HL1/2Lh /znthO = <LLh /zl'lhg, L, /Znhg>H[1xHLl = ||th||(2) = ||g||(2).
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842 S. G. Cox, K. Kirchner

Thus, (66) holds for y € {0, 1/2}. In other words, the canonical embedding 7 of Vj
into L,(2) is a continuous mapping from FI2V to sz for v € {0, 1/2}, where I-'Ify
denotes the space V), equipped with the norm || - || 52, := ||L “ l,(2)- Thus,

h

-y _ 1-2y
”Lth Iy ”ff(Lz(@)) = ”Ih”af(thy»sz> Sy ”Ih”f(HO HO)”Ih”g(H' )

<1
follows by interpolation for all 0 < y < 1/2, which completes the proof of (66).
If IT), is H'(2)-stable, by Lemma 2 we have ||}, ||$(H£) Sax.2) Crr, and

o _ .
|Li L™ g g = (LalTu L™ g, ThL™"g) = (LITAL ™", L™ g) 1

= mL ™|} Sawa CHIL 8]} = CHlgl3

follows, i.e., (67) holds for y € {0, 1/2}. By interpreting this result as continuity of
IT;, as a mapping from I:Izy to Hf ¥, again by interpolation, we obtain (67) for all
0 < y < 1/2. Finally, if y = (14+9)/2 for some 0 < ¥ < «, we use the identity

(|+19)/2

Lh L_(1+19)/2 L—(l /2

(I+z?)/2

Iy L2 4 L, 0, (1d o —Ry) L™,
L

where R;, = L;IH;,L is the Rayleigh—Ritz projection (56). Since 0 < ¥ < o < 1,
we obtain for the first term by (66) that

—(1-0)

1Ly, m,L"" |,y = |22, | 2y ¥ 1

To estimate the second term, we write E ,f =1d i+ — R Then,
L

(1 ), — e
|2y P ER L™ R o
— ! B
< LI oy o WL PLP IR ER LR oy .

Here, ||LZ/2HhL_l’/2||g(L2(@)) Sz Lsince 0 <@ =2y — 1 < 1, and we can
use Assumption 3.11, (61), and (64) to conclude for &+ # 1/2 (i.e., y # 3/4) as follows,

|2 mER| 2 S WL T ES

HZ+I?;HE) ||$(HL'+";H2)
< R\ ER| s
~(y, Ak, D) ” htp Hg(Hiw;HLl)
0 || pR
S(y,A,K,@) Cnh ” Eh ||$<HL1+19;HL1) g(y,A,K,fQ) L.
A slight modification for y = 3/4 (and, thus, ¥ = 1/2) completes the proof of (67) for
the whole parameter range 0 < y < (I+a)/2. O
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Proof (of Theorem 1) Case I: § > 0. We first prove (63) for 0 < § < 1 + «. To this
end,let 8 > 0and 0 < o < min{28, 1} satisfying 28 + § > o be given. Without loss
of generality we may assume thate € (0,28 +8 — 0 — alg1s—0—a=0})-

We write [ := 1d;, (%) and split as follows,

1277 = 13 T s gy = 1L (L7 = L T L™ 1
|L77P (1 = )L™
L (A) + (B).

LR — L) m L

IA

Hj(Lz(Q)) ”Z(Lz(Q))

CaseI, term (A). In order to estimate term (A), we first note that by Assumption 3.1,
with & = 1 4+ «, and by (62) the following holds, for # > 0 sufficiently small,

+a

1
1 — Hh”y(HL‘”;HQ) Sax2) 1 = il 2(gve @y 1,2)) S@a2) b,

since IT,g € Vj, is the Ly(2)-best approximation of g € H?(2). Furthermore, we
have ||I — IT,|| #(1,(2)) = 1, and by interpolation

I = Thll (30, 19) S0.ane B 0<6 <1+a.
By exploiting the identity
(L1 = I L 9. 0)y = (1 = ML=, (1 = T)LFP ),
which holds for all ¢, ¥ € L(2), we thus obtain, for all 7 > 0 sufficiently small,

1 o/2— —38/2
(A)=  sup sup s (LT (1 = M) L™, v),
SELDNO) YeLa(PI\(O)

=17 =l gy 17 = T gy Sis.pmzy 070 200D,

where we set 0 := min{28 — o, 1 + «} and, hence, 0 < 6,5 < 1 + «.
Case I, term (B). For bounding term (B), we first note that by (67) of Lemma 7

=B\ =92
B) S6.4.6.2) ||L ( - L, )Lh 11, ”x(Lz(@))'
Next, we fix w € (0, ) and r := *1/2, and define the contour
C .= {te_iw:r§t<oo}u{rei9:66(—w,w)}u{teiw:r§t<oo}.
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844 S. G. Cox, K. Kirchner

By, e.g., [38, Ch. 2.6, Equation (6.3)] we have, with C defined as above,

1
L= P = i P —-zn""dz
c

1. o0 N
- —.e‘“"(l‘f’)/ tF (L - e_”"tl> dt
2mi -

1-8 , RN |
d o (1=P)0 (L—re’el) a0

27 J_o

1 o0 .
+ —,e’“’(l—ﬁ)/ P (L — e’wtl> dr.
2mi -

From the limit @ — 7, we then obtain the representation

i o0 1= -l
¢ = Snh) / Pl + D)7 dr + r—/ 100 (L—reé1) " do.
b4 - 2 J_,

(68)

Next, observe that the spectrum of Lj, is also encircled by the contour C, see Remark 6.
This implies that we can apply the same arguments as above to obtain representa-
tion (68) with L replaced by L. Combining both representations we obtain

(L~ 1)

_ Sln(”lg) (t] + L)~ L (t1+ Lp)~ )Hh dr

- pr . -1 . -1
r 61(175)9 ((L—Velel) — (Lh —relgl) >Hh do.
27 J_n

We exploit this integral representation as well as the identity

(=27 =@wp—zn7) 1
—(L—zD7'L (L’l - L;lnh) Ly(Ly — z)"' 1Ty,
which holds for any z € C, and bound term (B) as follows

(B) <((3 A, D) (sm(nﬁ) + ) “L(l n)/z(L 1 _ —I)L(l ﬁ)/z

h”ﬂLz(@))
o

x (/ PN+ DT i o [ LR+ L™ Tn| g ) 4t
r

T . —1 . —1
+ f (L=rer) L Ly (Lw=re1) ”
—TT
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where p := (I4+n+0)/2, v := (1+9-8)/2and 0 < n < ¥ < « are chosen as follows

n:=0, V:=28+86—0 —¢, if 2648 —0 € (0, «],
n:=min{28+6 —uo —e¢, 1} —o0, Y =a, if 26468 —0 € (o, 2c],
n = min{a, 1 — o}, Y=, if 26468 —0 > 2a.

By (67) and (65), we find for the term outside of the integral,

|22 = L ) o

<7t —r;'m, L=l ",

”x(ﬁg—l;ﬁg—") ||$(Lz(@))

p2pti—o—e if0<28+686—0 <a,
Ses.owpax g §hmnEAHI—o—elta=o)  ify <2848 —0 < 2a,

hmin{Za, l4+a—o} if Zﬁ +8—0 > 20[,

for h > 0 sufficiently small, where these three cases can be summarized as in (63),
since2+8—0c—e<a<l4+a—ocforall0 <o <1if28+5—0 <« and
20 < 2B + 6 — o — ¢ for ¢ > O sufficiently small if 28 + 6 — o > 2. It remains to
show that the two integrals in (69) converge, uniformly in /4. To this end, we first note
that 0 < u < 1 and, thus, for any ¢ > 0,

T
ler+0)7"'L ||$(L2(@))

A xH

< sup < sup < sup (¢ +x)* < L

reo) T A T xeppoo) I HX T xefrg00)

By the same argument we find that ||L;“l(tl + L)', ”3’(@(@)) <"1 forr > 0,
since also 0 < v < 1. Thus, we can bound the first integral arising in (69) by

o
(Hv=2-F q; — 2l+B—p—v
/2 (1B—p—v)a P

Here, we have used thatr = 212, u4+v—-2—- 8 = —14+ +9+0-86-28))0 < —1 —¢/2
if264+8—0 <20,andu+v—-2—-88<-1—-—(B+32—02—a) < —1if
2848 —o > 2a. To estimate the second integral in (69), we note that, for any z € C
with |z| = *1/2,

xH x —|zD* + |z|* -
(e Z])_lLM”,sﬂ(Lz(@)) = sup = Gkl = ZT—Z’
xel.o0) X — 121 T xeny.o00) x —z| A

since (x + y)* <x* 4+ y*if 0 < pu < landx,y > 0. Similarly, for0 < v <1,

v v 227‘)

< .
= A%ﬂ,

LV(L, —zD)~ 1 < su < su
it ) h”“s’ﬂ(“(%) N xe[kl_hp,oo) x—lz| — xe[kll,)oo) x —|z]
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With these observations, we finally can bound the second integral in (69),

T . -1
/ H (L - relel) L*
—TT

which completes the proof of (63) for the case that0 < § < 1 4 «. ]
Case II: § < 0. Assume now that § = —& for some 0 < & < 1. Then, for g € HS,

. -1 S5—p—v
L (L —relel) I H do < T2
H h\"h "ewaay ™ =

L (Lr(D))

|L7Ps — 1, g, < |L7° WP = L, TOLT] 1, 0 185
After rewriting,

LW — L, my L = L7 (L= — T ) L, L
LR P ) L

we may exploit (63), which has already been proven for 0 < § < 1 + «, as follows,

_(B—7F —(B=5/2 i 5 — — _
”L (B=3/2) _ Lh B /)Hh ”f(H?HZ) g(s,ﬁ,o,a,ﬁ,A,K,@) pmin{2p—G -0 —e, 1+a—0, 2a}

)

|~ = 1,7 m, | (5.) See7.00p.00.2 prinCAE e e e 2al,

where 3 := min{2f — & — 0,1+ a} = min{28 4+ 8 — 0, 1 +a} > 0 by assump-
tion. Furthermore, by (66) of Lemma 7 we have HL;G/ZHhLm”g(LZ(_@)) <z 1. We
conclude that

B n in{2f+8—0—s, l+a—0, 1+a+3, 2
|2* _Lhﬁnh ”.,s,ﬂ(Hg;Hg) Stesoap.A.g) hmnZATo—o—¢ Ita—o, I+atsd, 2o}

for the whole range of parameters o, § as stated in the theorem. O

7 General sinc-Galerkin approximations for generalized
Whittle-Matérn fields

After having discussed spectral Galerkin approximations for generalized Whittle—
Matérn fields as given by 2°# in (41) in Sect. 5, we now consider a family of general
Galerkin approximations which, for the case 8 € (0, 1), has been proposed in [2,3].
These approximations are based on two components: (a) a Galerkin method for the
(spatial) discretization Lj of L, see (55), and (b) a sinc quadrature for an integral
representation of the resulting discrete fractional inverse L;ﬁ . We recall the approach
of [2,3]in Sect. 7.1, thereby extending it to all admissible values of § > 0. Furthermore,
we formulate all assumptions and auxiliary results which are needed for the subsequent
error analysis of the fully discrete scheme in Sect. 7.2.
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7.1 Sinc quadrature and the fully discrete scheme

As proposed in [3] we introduce, for B € (0,1) and k > 0, the sinc quadrature
approximation of L;ﬂ from [5],

2ksin(rp) & !

S -

Qi V= Vi Qf == Y0 P (1dy, ML) L 0)
=—K~

where K~ := [%1, Kt = [ﬁ] We also formally define this operator for

the case § = 0 by setting Qg’k =1Idy,.
For a general B = ng + B« > 0 as in (42), we then consider the approxima-

tions 2, #F : 7 x 2 — R of the Whittle-Matérn field 2 in (41) which are
(P-a.s.) defined by

(zhv)
(é’;fk’ ‘/f>

L2(2) W<(Q£jkL’:nﬁHh)*w) P-as. Vi € Ly(2), (71)

v (O L, ) ) Pas. Vo elad),  (72)

La2(2)

ie., ,,%Phﬁk and ,@iﬂk are GRFs colored by Qﬁ*kL;n’S T, and Qf*kL;nﬁ IT),, respectively,
cf. Definition 3. Here, the finite-rank operator Iy is given by

Ny
[y: Lo(P) = Vi C Lo(D), T =) (¥, e))Ly@)ejn- (73)
j=1

For 8 € (0, 1), the construction (72) of Qiﬂ « gives the same approximation as

considered in [2,3]. Note furthermore that, in contrast to /1, the operator ﬁh in (73)
is neither a projection nor self-adjoint, and its definition depends on the particular
choice of the eigenbases {¢;}jen C L2(Z) and {ej,h};vil C Vp. The reason why we

consider both approximations ffhﬁ o Q};lﬂ « Will become apparent in the error analysis
of Sect. 7.2. Although, in general, they do not coincide in L, (£2; L2(Z))-sense, i.e.,

B B |14
Bl 2k~ 21,00 ] #0.
they have the same Gaussian distribution as shown in the following lemma.

Lemma 8 Suppose Assumptions 1.1-1l and 2.1. Let ITj, denote the L,(%)-orthogonal
projection onto Vy, and ITy, be the operator in (73). Then, if Ty, € £ (Vy),

(TWIT)* ¢, (T I V) Loy = (TadTn) "¢ (ThlTh) ™) 1, o) (74)

@ Springer



848 S. G. Cox, K. Kirchner

holds for all ¢, € Lo(2D). In particular, ffhﬁk 4 fg}lﬁk as Ly(2)-valued random
variables, where thﬁ  and fé?f i are as defined in (71)—~(72).

Proof Note that (T;,IT;)* (resp. (Thﬁh)*) denotes the adjoint of T}, IT;, (resp. of T, ﬁh)
when interpreted as an operator in .2 (L2(2)). This means, we are identifying 7}, T,
with I, T, Iy, (resp. Ty, ﬁh with 1, Thﬁh) where I denotes the canonical embedding
of Vj into L»(2). Since I = ITy, we therefore conclude that (TypITp)* = T I, and
(Th Hh) = H*T IT},, which combined with HhH = Idy, proves (74).

By definition of th o Q’}, « I (7D)=(72), for M € Nand 1, ..., ¥y € L2(9D),

~ . . _ B . . _ (B .
the random vectors z, Z W1th'entF1es 7j= (ffhk I/IJ)LZ(.@) and?; = (%l,k’ wf)L,z(gz)’
where 1 < j < M, are multivariate Gaussian distributed. Furt}Lermore, both vanish in
expectation and their covariance matrices, C := Cov(z) and C := Cov(i), coincide

due to (74) applied to Ty, := Qf*kL;nﬁ . This shows that Q’}lﬂk 4 &;’ng as Ly (9)-valued
random variables. O

Remark 11 (Simulation in practice) To simulate samples of the in (71)—(72) abstractly
defined (PP-a.s.) Vj-valued Gaussian random variables D@‘;lﬁ & OF ffhﬁ « in practice, in both
cases, one first has to generate a sample of a multivariate Gaussian random vector b
with mean 0 and covariance matrix M, where M is the Gramian with respect to any
fixed basis @, = {¢j,h}j-vil of Vj,ie., M;j :=~(¢i,h, D)Ly (D) Th~is follows from
the identical distribution of the GRFs 2, 0 and Z, 0 colored by ITj, and T, respectively.
Since ff}fk 4 Qf‘ e QPO d Q’S L, A QFO Q?}lﬁk are also equal in distribution,

the random vector Zf , given by

L' (ML) "'b, if. =0,

Q(ML~1)"bp, if B, € (0, 1), (73)

B._
zZ) =

is then the vector of coefficients when expressing the Vj,-valued sample of D@'Zﬂ i (or

of D@”h ) with respect to the basis @,. Here, L € RN:*Ni represents the action of the
Galerkin operator Ly in (55), i.e., Lij := (Lpn®j n, $i,n)1,(2)»> and, for B, € (0, 1),

Q,’?* RN *Ni is the matrix analog of the operator Qﬁ,k from (70), i.e.,

. Kt
., 2k sin(mr By) -1
Q= = Yo Pk <M+ew<L) . (76)

t=—K-

For a detailed discussion of preconditioning techniques to efficiently simulate Z,’f
in (75), including a complete complexity analysis, we refer to [29].
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7.2 Error analysis

The errors 2P — QFhﬁ . and & B _ Q?}lﬂ . of the approximations in (71)—(72) compared

to the true Whittle-Matérn field 2°? from (41) are GRFs colored (see Definition 3)
by

Ej i=LF—0L,m, and Ej :=L7F— 0L, " M

respectively. In order to perform the error analysis for Q’}lﬁ © and Q;;lﬁ ©» We split these
operators as follows

E} =Ej +Ej and Ej =E} +Ej +Eb,

where Ef,} = LB — L;,;g is a dimension truncation error (recall the finite-rank

operator L;,f from (50)) which can be estimated with the results from Sect. 5 on
spectral Galerkin approximations. Furthermore, we shall refer to

E’3 =17 -1."m, ~€}' L f‘—L;ﬁﬁh, (77)

= (L,” - oL, ), = (L; 7 = 0P L") Ty, (78)

as the Galerkin errors and as the quadrature errors, respectively.
In the following we provide error estimates for both approximations, fff ¢ and

Qiﬁ « i (71)~(72), with respect to the norm on L, (§2; H?(2)) as well as for its
covariance functions ny = 55 « in the mixed Sobolev norm, cf. (33). By exploiting

Theorem 1 the bounds for Q’}f ¢ and Qf’ ¢ in Proposition 4 below will be sharp if
a conforming finite element method with piecewise affine basis functions is used.
However, to derive optimal rates for the case of finite elements of higher polynomial
degree, a different approach will be necessary, cf. Remark 10. To this end, we perform
an error analysis for Qf 1. and QS « based on spectral expansions, see Proposition 5.
Since these arguments work only if the differential operator L in (12) is at least
H?(2)-regular, both approaches and results are needed for a complete discussion of
smooth vs. H'*%(%)-regular problems in Sect. 8. Finally, in Proposition 6, we use
the approximation D@’},ﬁ ¢ from (71) to formulate convergence results with respect to
the Holder norm (9) in L, (£2)-sense and with respect to the Lo (Z x Z)-norm for

its covariance function Qf k-

We note that, at the cost of other assumptions on the parameters involved (such as,
e.g.,a > 1/2), it is possible to circumvent the additional condition 8 > 1 (instead of
B > 3/4) needed in the next proposition for the L, (£2; H° (Z))-estimate if d = 3.

Proposition 4 Suppose Assumptions 1.I-1I, 2.1, 3.1I-11l, and let Assumption 3.1 be

satisfied with parameters 6y € (0, 1) and 61 > 1 + o, where 0 < a < 1 is as in (62).
Assume furthermore that I, is HY(D)-stable, see (61), and that d € {1,2,3}, >0
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and 0 < o < 1 are such that 2 — o > d/2. Let %P be the Whittle-Matérn field
in (41) and, for h,k > 0, let ff}f i be the sinc-Galerkin approximation in (71), with

covariance functions of and in o Tespectively. Then, for all q, ¢ > 0 and sufficiently
small h > 0,

CIEZE AN

. 2 o
5((1,8,0,0{,/3,14,1(,@) (hm1n{2/5—tr—d/2—s,1+a—tr,2a}_;’_e— /(2k)h o d/21l{ﬂ<l)), (79)

- Qf,k ” HO9 (D% D)

pmin{4p—20—d/2—¢, I+a—o, 2a) +e—”z/(Zk)h—ZU—d/2ﬂ(ﬂ<l)> (80)

le

g(s,o,a,ﬂ,A,K,@) (

where, if d = 3, for (79) to hold, we also suppose that B > 1 and o > 1/2 — o.

Proof Part I: estimate (79). We split the error with respect to the Hg -norm (14),

(=[12? - 2202)" < (&[12? - 2/12]))" + (&[12f - 2202]) "
t(Ay) + By),

which by (16) of Lemma 2 bounds the error (79) in the Sobolev norm.
Here fff denotes a GRF colored by L;ﬂ ITy,, with covariance function Qf . Further-
more, we note the following: For m > 0, we have

Np Np
—m 2 _ —2m —2m
1Ly Tl = D 2t < D ks
/=1 =1

where the observation of Remark 6 was used in the last step. Thus, by the spectral
asymptotics from Lemma 1 and by Assumption 3.IIT we have for m > 0, m # d/4,

Ly, Tl 5 (1)) S, e, 2y max{h?™ = 1}, (81)

For the terms (A ) and (B ), recalling the definition of 92”2() * from (35) and

the Galerkin and quadrature errors E eh, Eg from (77)—(78), we obtain by (39) of
Proposition 3 that

B B
(M) Sy [, | o and B2) 5y |ED] oo
Part Ia: the term (A &). Let y € (0, 8) and rewrite E 6;, from (77) as follows,
B —(B— —(B=v) -y —(B— - -y
Ep =L — L, P m) L Ty + L7 (L — LT ). (82)
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PartIa, cased € {1, 2}. We first bound (A o) ford € {1, 2}. To thisend, leteg > 0
be chosen sufficiently small such that 28 — o — d/2 > 4¢q and choose y := d/4 + g
in (82). We obtain thus (Az) Sy (A'y) + (A”,), where

(A/SZ’) — ||L‘T/2(L—(/3—d/4—so) _ L;(ﬁ_d/4_80)Hh)L;(d/4+80)Hh “520;0’

(Aly) o= || L Bolmtfimeo) (L= Ceeer) — 0 ) |,

For (A’y), we find by (63) of Theorem 1 and by (81), applied for the parameters
B =B —d/la—gp, 0 :=0,8 :=0,and m = d/4 + g, respectively,

(A/EZ) < HL—(/S—‘1/4—80) _ L;(ﬁ*dﬂfeo)nh Hj’( L;(d/4+eo)nh HPZ’;:O

i) |

min{2f—o—d/2—2ep—¢’, 1+a—0, 2a
5(80,5’,0,11,5,14,/(,@) h 2 / 0 }v

for any ¢ > 0 and sufficiently small 2 > 0.

After rewriting term (A/péf) we again apply (63) of Theorem 1, this time for the
parameters 8" :=d/a + ¢y > 0,0” := 0, and §" := min{28 — o0 —d — 4eo, | + a}.
Note that, due to the choice of &9 > 0 and since d € {1, 2}, we have §” > —1 and

28" —o” + 68" =min{2B — o —d/2 — 29, | +a +d/2 4+ 259} > 2g9 > 0.
We thus find that, for any ¢” > 0 and sufficiently small 2 > 0,

(Aly) < (L0 — 1 P50 1) L= B0 i [LT OO g

min{2B—o —d/2—2ep—¢", 1+a+38", 2a —(d/a+e
g(so,s”,o,a,ﬁ,A,m@) pmint2p /20 }”L (@0 “320:0'

The Hilbert—-Schmidt norm ||L_(d/ “+eo) | 00 converges for any &g > 0 due to the

spectral asymptotics (13) of Lemma 1. In azddition, since | +« > d/2ford € {1, 2},
we find that 1 + o + 8” > min{28 — o — d/2 — 45¢, 1 + a}, and we conclude that

(Ag’) ,S(g,o',a,ﬂ,A,K,_@) hmin{Zﬁ—o—d/z—s, 1+a—o, 20{}’ (83)

for sufficiently small 2z > 0 and any ¢ > 0 (by adjusting &g, &', " > 0).
Part Ia, case d = 3. Let 9 > 0 be such that 2¢g < min{28 —o —3/2, 8 — 1}, and
choose y :=3/4 — /24 g9 € (0, B) in (82). We thus need to bound the terms

(ATQ") — ”L"/2 (L*(ﬂ+0/273/4—eo) N L;(ﬂ+”/2—3/4—80)nh)L2/2—(3/4+80)Hh ||‘%0;o,
(AZ’CZ‘) — HL—(ﬂ—3/4—80)(L—(3/4—“/2+£0) _ L;(3/4_G/2+80)17h) ”220;0'
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This can be achieved similarly as for d € {1, 2} by picking the parameters

B =B +0/2—3/a— g, o =0, 8 = —o,
B :=3/4a — /2 + g, o’ =0, § :=min{28 —3 —4ey, 1 +a},

(recall that B > 1 if d = 3 and, thus, 8" > —1). These choices result, for sufficiently
small 2 > 0, in the estimates

Ap) S L7 = 1,7 0, | 2i7:g) |2y, [ o

min{28—o0 —3/2—2g9—¢', 1+a—0, 20
5(60,8’,0,a,ﬂ,A,K,% pminzp f2m2e0 }’

A = |(L7F = 1P m) Lm0 LG |

min{2B—o—3/2—2¢0—¢", 1+a+38", 2a
5(50,3”,0,04,13,/4,:«,@) Pt / }’

for all &', ¢” > 0, where we also have used (67) and (81) for (A:gf). Finally, since
a > 12 —oifd =3, we again have 1 +« + 68" > min{28 — o —d/2 — 4¢p, 1 + a}.
Thus, (83) also holds for d = 3.

Part Ib: the term (B o). To estimate (B o), we recall the convergence result of the
sinc quadrature from [5, Lemma 3.4, Remark 3.1 & Theorem 3.5]. For a sufficiently
small step size k > 0 in the sinc quadrature, we have

|ESY 10 S0 e L, M| ) YV € La(D).

Next, by equivalence of the norms || - ||, || - [|[go(g) foro € {0, 1}, see Lemma 2,
and by the inverse inequality (58) from Assumption 3.1I, we find, for o € {0, 1},
(B2) Sq |EQll g0 = [L7MhER] yo0 Swan.n h™7 | Eg] 4o
~a 1Foll.z 0l g0 (oA, ol #
7T2/(2k)h—a'—d/2]l{ﬂ<1)

(84)

— 72 /0Ky 5 — —ng _
Sqopaxz) € ONT LI g0 Sk €

where we have applied (81) withm = ng € No, m # d/a ford € {1, 2, 3} in the last
step. If o € (0, 1), a respective bound for (B &) follows by intergolation.
Part II: estimate (80). We split the error with respect to the HZ’U—norm (34):

lo” = 0 illo.e = 0" = &h 1o + e = ekl = (A0) + Bo),

which by (16) of Lemma 2 bounds the error (80) in the Sobolev norm. By (40) of
Proposition 3 we obtain

_ - _ =2 X
(Ag) = ”L - L, 2ﬁnh ”_zz—“’ (By) = H L, 2ﬂnh - Qh,kLh " Qf,knh ng—“*”'
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Part I1a: the term (A,). We let &g > 0 be such that 28 — o —d/2 > 2g( and write

1728 _ L;2ﬂ I, = ( [~ QB—o/2—dja—eq) _ L;(Zﬁ—"/Z—d/4—ao) Hh) L;(ﬂ/2+d/4+so) 1,
+ [~ @B—o/2=ds—z0) ( [~ (/2+d/ateq) _ L;(ﬂ/2+d/4+so) Hh),

and find therefore that (Ap) < (A,) + (Ay), where

(A’ o ” (L (2B—0/2—d/4—gp) _ ;(2ﬁ—n/2—d/4—so)Hh)L;(a/z+d/4+ao)nh sz_m,

o 28—0/2—d 0/2+4d/4+ 7(0/2+d/4+s )
(A” HL (2f—c/2—dj4— 80)(L (o/2+d[a+e0) _ L, 0 Hh)”gz—”i"'
For term (A’Q), we apply (63) of Theorem 1, for 8’ := 28 —0/2—d/4—¢p, 0’ := 0,
and 8’ := 0. We thus obtain that, for any ¢’ > 0 and sufficiently small z > 0,
|74 1)

(A/) < ||L B’ — L Hh ”f HO Hg ZZ();()

420 —d/2—2¢p—¢', 1+a—0, 2 —(9/2+4d/4+¢0)
5(50,8’,o,a,ﬂ,A,K,,@) pmin{4p—20—d/2-2e0—¢', I+a—0 a}”Lh /244 OHhHDgOU

Here, the arising Hilbert—Schmidt norm is bounded by a constant, since

—(d/a+¢0) Hh

” L;(o/2+d/4+80)nh ”%0; ” 121 a/znh ||$(L2(_@)) H L

PATRENY

and boundedness follows from (66) and (81). For the term (Ag), we choose the
parameters in (63) of Theorem 1 as follows: B” := ¢/2 4+ d/a + gy, 6" := o, and
8" := min{4B8 —20 —d —4eg, | +«} > 0. This gives, for any ¢” > 0 and sufficiently
small & > 0,

(A" o ”La/z (L (0/2+dfa+e0) _ ;(“/2+d/4+80)nh)L—(zﬂ—a—d/4—so) Hgo 0
=< HL_/S” — L;ﬂ 11, ”.i”(Hﬁ”Hf) HL_‘I/4_80 ”goo

min{48—20 —d/2—2g9—¢", 14+a—0, 20
5(80,8”,0,%/3,/4,16,% pmine /220 }

s

since ||L_d/4_"30 I 00 is bounded due to the spectral asymptotics (13) of Lemma 1.
We conclude that

4B —20 —d/r—s. 14a—0.2
(Ao) Steoa.p.A.gy hMnAP—20 =02 Ita—o. 20}

for every ¢ > 0 and sufficiently small 7 > 0.
Part IIb: the term (B,). We use the estimate

|77 =TT yoo = [T+ TN T = T)" + 3(T =TT + T)"| oo
< [T+ )T =T)] yo0 (85)
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with T = L;ﬁ IT, and T = fokL;nﬁ ITy, as well as the inverse inequality (58) to
conclude for term (B,) for o € {0, 1} that

Bo) Swaxa2) h™° ” (L;ﬂ + ngkL;nﬁ)nh ”,‘Z(Lz(.@)) ” (EZ)*H,%*“O

5(0,A,K,21) h=° (”L/;ﬂnh Hz(Lz(@)) + H Qg,*kL/:nﬁHh ”zm(%)) ” Eé “.fzo?"'

Combining the above estimate with (84) and stability of the operators

L2 0rs Vil @) = (Ve Il o) (86)
which is uniform in % and k for sufficiently small %, k > 0, shows that

72 ) 7 — _
(Bo) Stopaway € [OnT2 T i,

Interpolation for o € (0, 1) completes the proof of (80). O

Due to the similarity in the derivation with the proof of [3, Theorem 2.10], we have
moved the proof of the following proposition to “Appendix A”.

Proposition 5 Suppose Assumptions 1.I-II, 2.1, and 3.II-1II. Let Assumption 3.1V be
satisfied with parameters r, so,t > 0 such that r/2 >t — 1 and so > t. Letd € N,
B>0and0 <o <1 besuchthat2ff — o > d/2. For Tt > 0, set

vo(r) :=min{r, so, 28+t —4/2}, t1(r) :=min{7/2, so, 28 — 1+t —4d/2}.
(87)

Furthermore, define, for 0 <o <1,
ty(0) = —0)t(0) +0ot1(0), t(0) =1 —0)2B) +ot1(28 —1). (88)

Let %P be the Whittle—Matérn field in (41) and, for h, k > 0, let é’;ﬁ i denote the sinc-

Galerkin approximation in (72), with covariance functions o? and Eg o respectively.
Then, for all g > 0,

(E[” 2P - 25 a(@)])l/q S Chn (ht‘of @ + 6_”2/(2")’1_0_[1/“{‘3(”),
(89)

~ _712 — —
HQﬁ _ Qﬁ,k ” Hoo (D% D) 532 C/g,h (htg(cr) +e /(2k)h 20 d/ZIL(,s<1)) (90)
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hold for sufficiently small h, k > 0, where

1 otherwise,

o7 _ {Jlna/h) if2Be2(t— D) +y+do t+y+da:y 0,1},
B =

1 otherwise,

oo [Fln(l/h‘) FAB € 24— D)4y +dp t+y+dpty €0,1,2)],
B

and & .= {Cy, C,,0,B, A, k, D}.

Proposition 6 Suppose Assumptions 1.1-11, 3.1I-11I, and let Assumption 3.1 be satisfied
with parameters 6y € (0,1) and 61 > 1 + «, where 0 < o < 1 is as in (62).
Assume furthermore that Iy, is H'(2)-stable, see (61), and that d = 1, B > 0 and
0 <y < l2are such that 2 > y + 1/2 Then, the Whittle-Matérn field 2P in (41)
and the sinc-Galerkin approximation ff i in (71) can be taken as continuous random
fields. Moreover, for every § € (0, y), all e, q > 0 and sufficiently small h > 0, we
have

E[12? - 205 )"

g(q,y,&s,oz,ﬂ,A,K,.@)

sup 0P (x, y) — o (x. y)]
X, y€9

pmin2B—y—1/2—¢, 1/2+ot—y,2(x}+e—7T2/(2k)h—y—1/2 1)

. 1 _ ) 1
g(a,a,ﬁ,A,x,@) hmm{4ﬁ 1—¢, 124« 5,2a}+e /(2k)h 1 € (92)

Here, 0”, Qf’ « denote the covariance functions of 2 B and thﬂ © respectively.

Proof Clearly, Q) L,"" Iy € £(La(2); HY (D)), since Q) L, Ty is a
finite-rank operator and V;, C Hj(%2) C H?T/*(Z) by assumption. Thus, by
Corollary 1 EZZS « can be taken as a continuous GRF; and the same is true for the
Whittle-Matérn field 2° by Corollary 4. Then, 2# — 9’}1'3 « 1s a continuous random

field, colored by Ej . = Ef, + EJ. see (77)~(78). Furthermore, by (28) and by
Lemma 2, sinced = l and /2 < y+41/2 < 1,wehave, foré € (0, y) and g € (0, 00),

B Ya B B
(E[H ffﬂ "%’}1 k Hcé(g)]) S(q,}/,S,A,K,@) H EV}, + EQ || (HO Hy+1/2)
By (63) of Theorem 1 we then find, for any ¢ > 0 and sufficiently small 2 > 0,
hmin{Zﬂ—y—l/z—s, 124a—y, 2a}

| Eéh I z(gg;ﬁg“ﬂ) St.ecpAkD)
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For E g € Z(Vy) we use the inverse inequality (58) as well as the quadrature error
estimate from [5, Lemma 3.4, Remark 3.1 & Theorem 3.5] and obtain

|26 H_Z(HB;HZ“/Z) Soptwegy € ORI, 93)

for sufficiently small 42 > 0, which completes the proof of (91).

For the Lo (2 x 2)-estimate (92) of the covariance function, fix ¢ € (0, 2). First,
we recall the Sobolev embedding H/**'2(2) < C**(2) as well as the equivalence
of the spaces H/**'2(2) ZAx.2) HZ/4+ 1/2, see Lemma 2. We then conclude with (31)
of Proposition 2(ii) that, for o := 1/2 + ¢/4 € (1/2, 1),

sup [of (x.y) — 0, (x. y)]
x,ye9

= ||L72ﬁ - Qh,*kLh " Hh(Qf,*kL;nﬁ Hh)*Hz(c@)*;c@))

_ - - . 2 X
Seana (L7 =122 ) + (L, = 0Ly, ™" Q) ) | 217 519
By (63) of Theorem 1 we have

2p _ 28 infdf—1—c, 1o+a—e/s, 2
1272 = Ly || o gy Steanpoa,gy WM ez,

Furthermore, we find, similarly as in (85), that

- * -2 *
|3 = oLy, ™" Q) | sz

—p Be 1 =18y cp P Be =18
< [ @y" 4+ Qi Ly LT = QL )*thg(ﬂga;ﬁg)

Seawa - PE(LP + Qﬁ?kL;nﬁ)nh ||:/(L2(@)) [ (Eg)*H;f(g;a;gg)’

where we have used the inverse inequality (58) in the last step. The proof is completed
by observing that || (EQ) ”.,?(HL‘“;HE) = ||EQ ”wf(Hfin)’ recalling (93), and using

the uniform stability (86) of L;ﬂ and fok. O

8 Application to finite element approximations of Gaussian random
fields

In this section we apply the abstract convergence results of the previous section (see
Propositions 4, 5, and 6) for the sinc-Galerkin approximations .,%”h’s o é’;ﬁ ¢ in (TH—(72)
to derive explicit rates of convergence when the Galerkin spaces (V)0 are generated
with a quasi-uniform, conforming finite element (FE) method of polynomial degree
p € N. We thereby consider different scenarios of

(a) regularity of the second-order differential L in (12),
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(b) finite element (FE) discretizations satisfying Assumptions 3.I-IV for specific val-
ues of 0 < 6y < 6y and of r, 50, t > O.

Assumption 4 (FE discretization) Throughout this section, we suppose:

I. the (minimal) Assumptions 1.I-II on the coefficients A, k of the operator L;
II. Assumptions 2.1, i.e., ¥ C R4 is a bounded Lipschitz domain;
Il (9})n>0 is a quasi-uniform family of triangulations on 2, indexed by the mesh
width & > 0;
IV. the basis functions of the finite-dimensional space V}, C H(} (2) are continuous

on 2 and piecewise polynomial with respect to .7, of degree at most p € N.

All further assumptions on the operator L, on the domain &, and on the FE spaces
are explicitly specified for each case. Note that quasi-uniformity of (.7,);,-¢ already
guarantees that Assumptions 3.1T and 3.IIT are satisfied (3.1I is obvious, for the inverse
inequality 3.1 see, e.g., [16, Corollary 1.141]).

In Sect. 8.1 we briefly comment on the situation of smooth coefficients and apply
Proposition 5 to derive optimal convergence rates when p > 1. Afterwards, in Sect. 8.2
we focus on less regular problems and p = 1 by using the results from Propositions 4
and 6.

8.1 The smooth case

The remaining crucial ingredient in order to derive explicit rates of convergence from
Proposition 5 is to prove validity of Assumption 3.IV for the finite element spaces
(Vi)n>o- For the case of a second-order elliptic differential operator L with smooth
coefficients, these results are well-known and we summarize them below.

Assumption 5 (smooth case) The domain & has a smooth C*°-boundary 92, and
the coefficients of L in (12) are smooth, i.e., A € C®(2)?*? and k € C®(2P).
Furthermore, the Rayleigh—Ritz projection Ry, : HO1 (2) — Vj in (56) satisfies the
a-priori estimates

v = Ruvll g2y Sp.ave,2) W INVI ppt1 ),
v = RuvllLa@) Sr.anm B 011 ()

Lemma 9 Suppose Assumptions 4.1-1V and 5. In this case, Assumption 3.1V is satisfied
forr =2pandso =t =p+ 1.

Proof See, e.g., [44, Theorem 6.1 & Theorem 6.2]. O

Theorem 2 Suppose Assumptions 4.1-1V and 5. Letd € N, B > 0, and 0 < o < 1 be
such that 28 — o > d/2, let %P be the Whittle—Matérn field in (41) and, for h, k > 0,

let Q”Zﬂ « be the sinc-Galerkin approximation in (72), and let oP, 55 i denote their
covariance functions. Then we have, for sufficiently small h > 0, sufficiently small
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k =k(h) > 0, and all g € (0, 00),

El 28 ggﬁ q 1/‘1< CZ pmin{2f—0—d/2, p+l-o}
( || - h,k” o(@)) ~(q,2) “B.h )

of 0 1 (1—0)min{4p—d/2, p+1}+o min{4f—2—d/2, p}
”Qﬂ_Qh,k”H”-“(,@x@) S Cgpht =70 p=d/2, p+1i+o min{4f—2—df2, p}

where Cg e CB%;! and & are as in Proposition 5.

Proof By Lemma 9 we have r = 2p and s9o = t = p + 1. Thus, for y € {0, 1}, we
obtain from (87) thatt, (z) = min{p + 1 — y, 28 + v — y — d/2}. Finally,

ty (o) =min {28 —4d/2, p+ 1} — o,
to(0) = —o)min{4f —d/2, p+ 1} +omin{4p — 2 —d/2, p}

in (88), for any 0 < o < 1, and the assertion holds by Proposition 5. O

Remark 12 The convergence rates with respect to the Ly (Z)-norms (o = 0)
min{28 —d/2, p+ 1} and min{4g8 —d/2, p + 1}

of the sinc-Galerkin FE approximation Q’iﬂ « and its covariance function 55 « reflect
the higher regularity of the Whittle—Matérn field 2 in (41) for large g > 0 in (42).
In particular, when the integer part does not vanish, ng € N, a polynomial degree
p > 1 is meaningful, since thus higher order convergence rates can be achieved, see
also the numerical experiments in Sect. 9.

Remark 13 Certain error estimates for FE approximations of (not necessarily Gaus-
sian) random fields have already been derived in [28].

Specifically, for a random field a: 2 x §£2 — R, the approximation [Tja
is shown to converge to a in Ly(£2; Lo(2)) at the rate min{o, p} provided that
a € Ly($2; H°(2)), see [28, Theorem 2.4 & Corollary 2.5]. Combining this
with the regularity result for the Whittle-Matérn field from Lemma 3, namely that
P e Ly(R2; H?(2)) for all 0 < 2B — d/2, would give the Ly(£2; L2(2))-
convergence rate min{Z,B —d/2 — ¢, p}, e > 0, for the approximation IT, 2°?. The
convergence result for Q‘;l « in the Lo(82; L>(2))-norm derived in Theorem 2 above
improves this by taking the minimum of 2B — d/2 with p + 1 instead of with p. Note
that this improvement is, in essence, a result of the Aubin—Nitsche trick.

8.2 Less regularity

We now discuss convergence of FE discretizations when the operator L in (12) has
a coefficient A which is not necessarily Lipschitz continuous or the domain Z is
not convex, i.e., the general case that L is only H'*%(2)-regular. In the following
definition we specify what we mean by this.
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Definition 4 Suppose Assumptions 1.I-1I, 2.1, let 0 < o < 1 and L be the second-
order differential operator in (12). We say that the elliptic problem associated with L is
H'"(9)-regular if the restriction of L: H}(Z) — HJ(2)* to Hj(2) N H'T*(2)
is a continuous map to H . e — (g Llf‘)‘)*, see (14), and if additionally the data-
to-solution map L~!: f > L~!f is a bounded linear operator as a mapping from
H; "% t0 H}(2) N H'*(9).

Below we quote an extension of the equivalence in (15), see Lemma 2, to values
1 < o <1+ «, which holds provided that the elliptic problem associated with L is
H'*%(9)-regular. The result of the next lemma is taken from [5, Proposition 4.1].

Lemma 10 Let the elliptic problem associated with L be H't%(2)-regular, see Defi-
nition 4. Then the equivalence in (62) holds for this parameter 0 < o < 1.

Lemma 11 Suppose Assumptions 4.1-1V and 2.1l (i.e., 9 is a Lipschitz polytope), and
let p = 1. Then, Assumption 3.1 is satisfied for 0y = 1/2 and 61 = 2.

Proof The operator .%,: H?(2) — Vj, in Assumption 3.I can be taken as the Scott—
Zhang interpolant, see, e.g., [16, Lemma 1.130]. O

Theorem 3 In addition to Assumptions 4.1-1V, 2111, suppose that the elliptic problem
associated with L is H'7* (D)-regular for some 0 < a < 1 (see Definition 4) and
let p = 1. Assume further that d € {1,2,3}, B > 0and 0 < o < 1 are such that
2B — o > df2. Let P be the Whittle-Matérn field in (41) and, for h, k > 0, let ffhﬂk

be the sinc-Galerkin approximation in (71), with covariance functions o? and Q}’?, o
Then, for every q, ¢ > 0 and sufficiently small h > 0, k = k(h) > 0,

1 .
(]E[|| ‘Qpﬂ - gfhﬂk ”q “(@):I) " S(q &,0,a,8,A,k,9) hmm{Zﬁ—a—d/z—s, Ita=o. 20(}’

B min{4p—20 —d/2—¢, 1+a—o, 2a}
“Qﬂ Ok ”H"v"(?]x@) Ste.oapaey h pro=d e,

where, if d = 3, for (79) to hold, we also suppose that B > 1 and @ > 1/2 — 0.
In addition, ifd = 1 and 0 < y < 1)2is such that 2 > y + 1/2, then

l/q .
B B 114 min{2B—y—1/2—¢, 1)24a—y,2
(EI:HQP %L,k||c6(§)i|> SJ(‘LV,(S,S,O!,/S,A,K,@) h in{2f=y —t/2=e. /2ty a},

SUIL|Q'S(X, y) — Qf,k(x, V| See.apoan.2) pmintap=i=e. lora—e 2}

x,ye€9
for sufficiently small h > 0, k = k(h) > 0, every 6 € (0, y) and ¢, q > 0.

Proof By Lemma 10 the equivalence in (62) holds. Furthermore, by Lemma 11
Assumption 3.1 is satisfied for §p = 1/2 < 1 and 61 = 2 > 1 + «. Finally, since
we assume that the family of triangulations (7,) ;-0 of 2 cR%is quasi-uniform, the
Ly (2)-orthogonal projection [T, is H'(2)-stable, see [11] for d € {1, 2} and [6] for
arbitrary d € N. Thus, Propositions 4 and 6 are applicable and yield the assertions of
this theorem. O
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9 Numerical experiments
9.1 The original Whittle-Matérn class ford = 1

In the following numerical experiment we consider the original Whittle-Matérn field
from (1) in Sect. 1.1, i.e., L := —A 4«2, on the unit interval 2 = (0, 1), augmented
with homogeneous Dirichlet boundary conditions. We choose « := 0.5 and apply a
finite element discretization with continuous, piecewise polynomial basis functions of
degree at most p € {1, 2} to compute the sinc-Galerkin approximation ff}f i (or 370;1‘3 ©)
in (71)/(72). More precisely, we investigate

(1.) the empirical convergence to the Whittle-Matérn field 2 B, see (41), with respect
to the norms on Ly ($2; L2(2)), L1(82; Loo(2)), and Ly (£2; H(} (2)) for the frac-
tional exponents 8 € {0.5,0.8, 1.1, 1.4, 1.7};

(2.) the empirical convergence of the covariance function with respect to the norms on
Ly(Z x P) and Loo(Z x ) for B € {0.5,0.6,0.7,0.8,0.9, 1}.

To this end, we generate an equidistant initial mesh on 9 = [0, 1] with Ny := 9
nodes (resp. No := 17 for the Loo-studies), of mesh size kg := 2-3 (resp. hg := 2_4).
This initial mesh is four times uniformly refined, so that on level £ € {0, ..., 4} the
mesh is of width 4, = h02’€. For p € {1, 2}, we use the MATLAB-based package
ppfem [1] to assemble the matrices M and L in (75) and (76) with respect to the
BabuSka—Shen nodal basis {¢; I/Vi 1- On level £, the step size k = k¢ > 0 of the sinc
quadrature is calibrated with the finite element mesh width via ky = —1/(8 In hy).

The reference solutions for the field and the covariance function are generated based
on an overkill Karhunen—Logve expansion of 2 B with Nkr1, = 1000 terms,

TR S p S
2= Zéjkj ej and Q. (x,y) = Z)Lj ej(x)e;(y),
Jj=1 Jj=1

where A; = 2?4+ k2 and ej(x) = V2 sin(jm x) are the eigenvalues and eigenfunc-
tions of L = —A 4«2 on 2 = (0, 1). Here, for each of 100 Monte Carlo runs, the
same realization of the set of random variables {£1, ..., &ny, } is used to generate ,,”Z;ff
and the load vector b ~ .47(0, M) via

.
b:=R(&.....6n,) . where Rij = (din.€jn)i2)-

For d = 1, the operator L does not have multiple eigenvalues and we can assemble

the matrix R, for each h € {ho, ..., hsa}, by computing the discrete eigenfunc-
tions {e;, h}j.vi | and by adjusting their signs so that e; ; indeed approximates e; for
each j € {1,..., Ni}. Note that we only have to assemble this matrix R to have

comparable samples of the sinc-Galerkin approximation and the reference solution
needed for the strong error studies. For the simulation practice, one could compute
the Cholesky factor of the Gramian M or approximate the matrix square root ~/M,
as proposed in [27] and employed in [29] for the fast simulation of GRFs in a gen-
eral setting, in order to sample from b. Since furthermore the dimension of the finite
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Table 1 Expected rates of convergence for the experiment of Sect. 9.1, cf. Theorems 2 and 3

Ly Loo H}
thf?k min {28 — 1/2, p+ 1} min {28 — 1/2, p + 1} min {28 — 3/2, p}
Qf,k min {48 —1/2, p + 1} min {48 — 1, p + 1} min {48 — 5/2, p}

element spaces, even at the highest level £ = 4, is relatively small, we can assemble
the covariance matrices of the sinc-Galerkin approximation directly, without Monte
Carlo sampling, as

s LMLy T ML) T IL if g, =0,
COV(Zk) = & —1\"8 —1\"8 ~Bx .

Q; (ML ) M(ML ) ’SQk , if B € (0, 1),
cf. (75)—(76).

Note that the operator L := — A+-0.25 has constant (and, thus, smooth) coefficients.
Therefore, Theorem 2 provides (essentially) optimal convergence rates for the error
of Z in Ly(2; La(2)), La(2: HY(2)) and of 3}, in Ly(Z x Z). Furthermore,
the convergence results of Theorem 3 on the L1(£2; Lo (Z))-error are (essentially)
sharpif B € (1/4, 1) (resp. if B € (1/4, 5/8) for the L -error of the covariance). For this
smooth case, we have « > p + 1 in (62). For this reason, we expect the convergence
rates listed in Table 1. The expected rates corresponding to the values of 8 > 1/4 used
in our experiments are shown in parentheses in Table 2.

For every of the 100 Monte Carlo samples, we approximate the integrals needed
for computing the L,(2) and H(} (2)-errors by using MATLAB’s built-in function
integral with tolerance le-6. For the L -studies we consider the largest error with
respect to an equidistant mesh on on 9 = [0, 1] with Nox = 1001 nodes, i.e.,

sup| 2/, (0) — Zg ()|~ sup | Zf() — Zg(x))

xe9g 1<j=<Nok

’

sup [of (6. ) — ohe (e )|~ sup o (xi. xj) — ohy(xi. x))].

)C,yE@ 1<i,j<Nok

where x; := (j —1) 1073, Furthermore, to compute the L;(Z x Z)-error, we approx-
imate the distance of the covariances by a function which is piecewise constant on a
regular lattice with Ngk nodes. Finally, the empirical convergence rates, also shown
in Table 2, are obtained via a least-squares affine fit with respect to the data set
{(nhg,Inerry) : 2 < € < 4}. Here, erry denotes the error on level £ with respect
to the norm used in the study and for the respective value of 8 and p.

The resulting observed errors are displayed in Fig. 1 for the fields and in Fig. 2
for the covariances. Overall, the empirical results validate our theoretical outcomes
fairly well, with a slight deviation for the L »-studies which may be caused by a larger
pre-asymptotic range.

@ Springer



862 S. G. Cox, K. Kirchner

Table2 Observed (resp. theoretical) rates of convergence for the errors of the field shown in Fig. 1 and for
the errors of the covariance function shown in Fig. 2

B for field error studies

p 0.5 0.8 1.1 1.4 1.7
Ly 1 0.54 (0.5) 1.10 (1.1) 1.67 (1.7) 1.94 (2) 1.96 (2)
2 0.56 (0.5) 1.10 (1.1) 1.68 (1.7) 227 (2.3) 2.85(2.9)
Lo 1 0.55(0.5) 1.05 (1.1) 1.60 (1.7) 1.93 (2) 1.99 (2)
2 0.68 (0.5) 1.14 (1.1) 1.67 (1.7) 2.25(2.3) 2.79 (2.9)
H(; 1 - 0.22 (0.1) 0.70 (0.7) 1.00 (1) 1.05 (1)
2 - 0.27 (0.1) 0.73 (0.7) 1.30(1.3) 1.87 (1.9)
B for covariance error studies
p 0.5 0.6 0.7 0.8 0.9 1
Ly 1 1.53 (1.5) 1.85(1.9) 1.98 (2) 2.00 (2) 2.00 (2) 2.00 (2)
2 1.57 (1.5) 1.94 (1.9) 2.32(2.3) 2.69 (2.7) 2.94 (3) 3.00 (3)
Lo 1 1.07 (1) 141 (1.4) 1.72 (1.8) 1.91(2) 1.98 (2) 1.99 (2)
2 1.23 (1) 1.52(1.4) 1.86 (1.8) 2.23(2.2) 2.61 (2.6) 2.99 (3)

9.2 Anisotropic, non-stationary generalized Whittle-Matérn fields and d = 2

The results of this work apply to a considerably wider class of models than the original
Whittle-Matérn class. Namely, the differential operator L defined as in (12) may have
spatially varying coefficients A: 2 — R*? and k: 2 — R. We will illustrate
this in the following numerical experiment by considering the Whittle-Matérn field
from (41) on the unit square 2 = (0, 1)2. In order to model GRFs (Z?) p>d/4 With
non-stationary and anisotropic covariance structures, we proceed as follows:

e Following [19, Sect. 3.2] we define A: Z = [0, 11> — R2*2 by
A(x,y) == cldpe +v(x, Yo(x,y)|, 0<x,y<l. (94)

Here, ¢ > 0 is constant and v : 9 —> R?isa periodic vector field on 9. We set
¢ = 2 and define v(x, y) := (—2cos(2my), cos(2wx)) forall0 < x,y < 1.

e The coefficient k¥ determines the correlation length of the random field. We let
k € Loo(2) be piecewise constant, with a jump along the vertical axis at x = 1/2:

14 if0 <x <1/,

2 .
=N <1,

corresponding to a longer correlation length for x € (0, 1/2) than for x € (1/2, 1).

A realization of the Whittle—-Matérn defined via (41) for this choice of coefficients is
shown in Fig. 3, together with the vector field v used to generate A via (94). Both
the influence of the vector field v on the non-stationary behavior as well as a spatial
difference in the correlation length are apparent.
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o
o

Q; Ly(D))-error
3
S

L.

oo ‘ Toos 001 005
h h
Fig. 1 Observed errors of the field in Ly (£2; L2(2)) (top), L1(£2; Loo(2)) (middle) and L, (£2; H(; (2))
(bottom) for polynomial degree p € {1, 2} (left, right), and different values of 8, shown in a log-log scale
as a function of the mesh width 4. Here, 2 = (0, 1) and the GRF £ B is of the original Whittle-Matérn
class as described in Sect. 9.1. The corresponding observed convergence rates are given in Table 2

For the numerical approximation (71), we employ bilinear finite elements of first
order, i.e., we use the piecewise affine basis functions of the previous example for the
discretization in each direction. We then proceed similarly as in Sect. 9.1: We generate
a regular initial lattice on 9 = [0, 1]% with Ny = (hy 4 1)2 nodes and refine this
lattice €max := 3 times uniformly, resulting in a mesh which on level £ € {0, 1, 2, 3}
has Ny = (ha12Z + 1)? nodes and is of width hy = ho2~¢. The step size of the
sinc quadrature is chosen as in Sect. 9.1. We again use the MATLAB-based package
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Ly (D x D)-error
Ly(D x D)-error

L(D x D)-error

h h

Fig. 2 Observed L, (2 x 9)-error of the covariance function for ¢ € {2, oo} (top, bottom), polynomial
degree p € {1, 2} (left, right), and different values of 8, shown in a log-log scale as a function of the mesh
width h. Here, 2 = (0, 1) and the GRF 2P considered is of the original Whittle-Matérn class as described
in Sect. 9.1. The corresponding observed rates of convergence are given in Table 2

" One realization of the GRF for 8 = 0.75 Vector field v used to generate the anisotropy A
0.25 ™ T -
02 1 T :
08 0.15 T :
0.8
0.1
0.6 0.05 06 i Gl
= e : = - e = - "
0 PR SES "
04 04 ™ il
0.05
-0.1 0.2
0.2 h ~ - - ~
0.15 - - -
. B - - =
0.2 = - £
0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T

Fig.3 Left: One realization of the generalized Whittle-Matérn field 2’ B on 2 = (0, 1)? as considered in
Sect. 9.2. Right: The vector field v: 7 — R? employed in A(x, y) = cIdg + v(x, Yv(x, y) | € R¥*2,
for x, y € [0, 1], to generate the anisotropic coefficient A of the differential operator L in (12)

ppfem to assemble the (weighted) stiffness and mass matrices in each direction and
obtain the matrices M and L in (75) and (76) for this example as Kronecker products.

In absence of an analytical solution, we take the numerical approximation computed
on amesh of size et = ho2~¢maxt2) g5 reference solution. Since ind > 2 dimensions
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Table 3 Observed (resp. theoretical) rates of convergence for the errors shown in Fig. 4

B for field error study
Error 0.75 1 1.25 1.5 1.75
Ly($2; Ly(2)) 0.63 (0.5) 1.07 (1) 1.51 (1.5) 1.84 (2) 1.97 (2)
B for covariance error study
0.6 0.7 0.8 0.9 1
Ly (2 x D) 1.40 (1.4) 1.68 (1.8) 1.85(2) 1.93 (2) 1.96 (2)
Non-stationary coefficients A and x, d =2 Non-stationary coefficients A and x, d =2

h

Fig.4 Observed error of the field in L (§2; L(2)) (left) as well as the Ly (Z x Z)-error of the covariance
function (right) for different values of 8, shown in a log-log scale as a function of the mesh width /. Here,
2 = (0, 1), p = 1, and the generalized Whittle-Matérn field 2 B has non-stationary coefficients as
described in Sect. 9.2. The corresponding observed rates of convergence are shown in Table 3

our results on FE approximations from Sect. 8 do not provide L.-estimates, we focus
on the Lj-errors for this example. More precisely, we consider the error of the field
Q’},ﬁ  inthe Ly(£2; L2(2))-norm (approximated with 100 Monte Carlo samples) for
B € {0.75,1,1.25,1.5,1.75} and hy = 273, as well as the L,(2 x @)-error of its
covariance function Q{ik for B € {0.6,0.7,0.8,0.9, 1} and hy = 272, The observed
errors are presented in Fig. 4. The data set used in the least-squares affine fit to compute
the empirical convergence rates is {(In/,, Inerry) : 1 < £ < 3} for this example,
resulting in the observed convergence rates presented in Table 3.

Since A is Lipschitz continuous, Theorem 3 is applicable with « = 1, yielding the
expected convergence rates min{28 — 1 — ¢, 2} for the L (£2; L2(2))-error of the
field Q‘o K and min{48 — 1 — ¢, 2} for the error of the covariance function Qf « in the
L2(2 x Z)-norm, shown in parentheses in Table 3. Again, the empirical results can
be seen to validate our theoretical findings.

10 Conclusion and discussion
We have identified necessary and sufficient conditions for square-integrability, Sobo-

lev regularity, and Holder continuity (in L, (£2)-sense) for GRFs in terms of their
color, as well as square-integrability, mixed Sobolev regularity, and continuity of their
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covariance functions, see Propositions 1, 2 and 3. Subsequently, we have applied
these findings to generalized Whittle—Matérn fields, see 2P in (41), where these
conditions become assumptions on the smoothness parameter 8 > 0, corresponding
to the fractional exponent of the color L7, see Lemmata 3-5.

While these regularity results readily implied convergence of spectral Galerkin
approximations, see Corollaries 2—4, significantly more work was needed to derive
convergence for general Galerkin (such as finite element) approximations, for the
following reason: It was unknown, how the deterministic fractional Galerkin error
L_’gg — L;ﬂﬂhg behaves in the Sobolev space H? (2), for 0 < o < 1, all possible
exponents 8 > 0, and sources g € H°(2) of possibly negative regularity § < 0. We
have identified this behavior in Theorem 1 for the general situation that the second-
order elliptic differential operator L is H'1%(2)-regular for some 0 < o < 1. This
result could be exploited to show convergence of the sinc-Galerkin approximations and
their covariances to the Whittle—Matérn field 2°# and to its covariance function o,
respectively, see Theorems 2 and 3.

The fact that the Rayleigh—Ritz projection and, thus, the deterministic Galerkin error
L’lg — L;lﬂhg converges at the rate min{l + « — o, 2o} in H°(%),0 <o <1,
if Lis H le‘)‘(@)-regular, cf. Lemma 6, and at the rate p + 1 — o if the problem is
“smooth” and a conforming finite element discretization with piecewise polynomial
basis functions of degree at most p € N is used, combined with the low regularity
of white noise in H ; o 278, show that the Sobolev convergence rates of Theorems 2
and 3 are (essentially, up to € > 0) optimal. In addition, we believe that our results on
Holder convergence of the field and on L.,-convergence of the covariance function
for d = 1 in Theorem 3 are optimal in the following cases:

(a) if the problem is only H'*%(2)-regular for o € (0, !/2) maximal, or
(b) if the problem is smooth and 8 € (1/4, 1) (resp. B € (1/4, 5/8) for the covariance).

However, the deterministic p-FEM L -rate for d = 1 is known to be p + 1 if the
problem is smooth, see [15]. Hence, our results will not be sharp in this case, see also
the numerical experiments in Sect. 9.1.

Since the approach on deriving optimal L,-rates involves non-Hilbertian regularity
of the solution in W»*+1:%°(9), such a discussion was beyond the scope of this article
and we leave this problem as well as the C (D)1 Loo(Z x D) error analysis of sinc-
Galerkin approximations in dimension d € {2, 3} as topics for future research.
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A Proof of Proposition 5
The following lemma will be the main tool for the derivation of Proposition 5.

Lemma 12 Suppose Assumptions 1.I-1l and 3.111, and let Assumption 3.1V be fulfilled
with parameters r, so,t > 0 such thatr/2 >t — 1l and so > t. Letd € N, B > 0, and
to(-), t1(+) be as in (87), i.e.,

vo(r) :=min{r, so, 28+t —4/2}, v1(r) :=min{r/2, so, 28 — 1 + v —4d/2},

and define the exception set
& =2t —-1)—-284+0+4d2,t—28+0+4d2:0 €{0,1}}.

Then, for o € {0, 1}, the Galerkin error E eh in (77) satisfies

T 2
ij | Eehej 15 Scco.crot.8.40.9) Coph®™@ V>0, 95)
jeN

Sfor sufficiently small h > 0. Here, {(X}, e;)}jen are the Ly(Z)-orthonormal, ordered
eigenpairs of L in (12) and we set Cr , := 1ift ¢ & and Crp :=1In(1/h) ift € &

Proof Fix t > 0. The definitions of E"g,h in (77) and of ﬁh in (73) yield

Np
2o h B eslg =30 a | e = 2 feinll;
JjeN j=1
N, Ny,
<Y =P a5 P e — ejnl2. 96)
Jj=1 j=1

By the mean value theorem, )L;ﬁ — AJ_’Z = ﬂx;ﬁ_l()»j,h — X;) holds for some

x j € (Aj, Aj.n). Thus, we can use (59) from Assumption 3.IV and the spectral behav-
ior (13) from Lemma 1 combined with Assumption 3.I1I to bound the first sum in (96),

Np Ny,

—t+40 |y —B -B2 242r —2B—t+0o+2(t—1)
Do = = cint Yy a
j=1 j=1

i — —d
S(C)“o',r,ﬁ,A,K,@) Cr,hh2mm{r,2ﬁ o+t /2} (97)

where we also have used that » > 2(+ — 1) by assumption. For the second sum in
(96) we distinguish the cases 0 = 0 and 0 = 1. If 0 = 0, we can apply (60) of

@ Springer



868 S. G. Cox, K. Kirchner

Assumption 3.IV and obtain

Ny Np
) y —2B—1+
> a7 lley —ejalld < Coh®0 Y 2T
j=1 j=1
Z(Cowot.pn. gy Coph?mintso 2BFT=002) = (9g)

since so > t. For 0 = 1, we first note that (59)—(60) of Assumption 3.IV imply the
following estimate with respect to the norm on H},

. T . o2 . . 2504 t+1 rat
le; —ejnlli =2jlle; —ejnllg+Arjn—A; < Coh )”j + Cyh )‘j'

Here, we have used the identity (e, e; )1 = Aj(ej, ej n)o. Thus,if o = 1, we can
bound the second sum in (96) as follows,

Np Np N
1,2 —28— 1 —28—
YA ey —ejullt < Coh™ Y a T gy T
j=1 j=1 j=1
S(Co.Crot. B,y Coph® ™30 2671472021 ()
since so > t and /2 > t — 1 by assumption. Combining (96), (97), (98) and (99)
completes the proof. O

Proof (of Proposition 5) Part I: estimate (89). We start with splitting the error in the
norm || - |l on H, cf. (14), which by (16) of Lemma 2 implies an upper bound for
the Sobolev norm:

=1z - 220])" < (&[1z7 - 25 12) " + (=[1 22 - 2712) "

+(&[127 - 2200])" = A2+ B2+ €.

Here, Z, Af,}h is the spectral Galerkin approximation from (49) and é’;ﬂ denotes a GRF

colored by L;ﬁ . We readily obtain a bound for (A #) from (51) of Corollary 2,
combined with Assumption 3.I1I. This gives

1/ @p-o—df2) <

Sigopoaw.y) WP,

(Ag) /S(qaﬁAK/) N
Note that it suffices to estimate the terms (B &), (C ) foro € {0, 1}. The respective

bounds for o € (0, 1) then follow by interpolation. By definition of the Galerkin and
the quadrature error, E 6 , E EP , in (77)—(78) and by Proposition 3,

B2) 54 | EY, szo” and (Cz) 5 ”EQ”gzO?“’
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where the Hilbert—Schmidt space 329 *? is defined as in (35). Since we have to consider
these terms only for o € {0, 1}, the first term can be bounded by (95) of Lemma 12
(with T := 0),

(Bg)z 4 ”EV;, “_2”00 - Z”EV;,EJ “o ~(Co,Cy,0.8.A,4,9) (Clg ) th(T(O)_
jeN

where C égh > 0 is defined as in the statement of Proposition 5. To estimate (C ), we
first apply the convergence result of the sinc quadrature from [5, Lemma 3.4, Remark
3.1, Theorem 3.5]. Thus, for sufficiently small k > Oand all 1 < j < Np,

” Ej 0¢ij ”Lz(@) = ”( L™ Qf,*k)Lh nﬁej:hHLz(% SB.AKD) €

_n2 —ng

1o
Again by equivalence of the norms || - |5, || - |go(g) for o € {0, 1}, see Lemma 2,
and by the inverse inequality (58) from Assumption 3.II, we then find

Np

(C2)* 54 | Ef ||f°“ = Z“Eﬂel 12 Soawey B > | Efe; ||L2(%
Jj=1 j=1
S(q,a,ﬂ,A,x,Oj) e—nZ/kh—Za Zk;inﬂ S(L],O',,B,A,K,_@) e_nz/kh_zg_dﬂ(ﬁd)’

j=1

where we have used the spectral behavior (13) and Assumptions 3.III-1V in the last
step. This completes the proof of (89).

Part II: estimate (90). We consider the error with respect to the norm || - 5.5,
see (34), since the embedding in (16) implies that HZ’“ — H?° (2 x 2). We again
partition the error in three terms,

“Qﬁ - Qg}, ||a,a + “Qgh - Qh Haa + “Qh - Qh k”a,o
1 (Ag) + (By) + (Cp),

Hgﬂ - Eg,k ”a,a

where Ef denotes the covariance function of the above-introduced GRF ﬁ?hﬁ colored
by L;ﬂ I, A bound for the truncation error is given by (52) in Proposition 2,

l/d (4p—20—d)2) -

(0B AKD) ],14/‘5—2z7—d/27

(Ap) S(o.p.4,6,9) Ny
where we also used Assumption 3.11I.
We bound the remaining terms (B, ) and (C,) foro € {0, 1}. Since [HL , H ] =

HZ “, see [47, Theorem 16.1], we may again interpolate these results for o € (0, 1).
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To this end, we first exploit (40) from Proposition 3 and (85) to derive for (B,) that

Bo) = L3 — L P By )| oo = 1B, (Lf + L7 F00) o

< BV, L) | oo + N EY, (L 1) oo =2 (B) + (BY).

By Lemma 12 (for t := 28 — o > d/2 > 0 in (95)) we have, for ¢ € {0, 1} and for
Cg, ;, > 0 defined as in the statement of Proposition 5,

B> =) 1, e ||E ej ||(r ScoCropana) (Chp) 2p2eo@P=0),
JjeN

Next, we use the identity (L;ﬁﬁh)*ej = Qﬁl k;f (ej. et.n)L,(2) e, the orthogo-
nality (ex.n, e¢.n)o = Skﬂ»; ;, (here, 8y denotes the Kronecker delta), which holds for
o € {0, 1}, and the relation A; < A; ; from Assumption 3.IV. We obtain then, again
by (95) of Lemma 12 (with t := 28 — o), a bound for (Bg),

N Nj
2 ol ol
(By)” = ZZZ% ihe, ontej e @) (e e iy (Ey,eis Ey, e,
jeNi=1 (=1
Ni Nj
@p—0) | 7B
=Y A hrihtein een)o (EY,ei B, er), Zk |ES e
i=1¢=1
—Q2B—0)| 8 2ty (28—
=D |5 eel; Sico.coopan (Ch )h“’S .
teN
In conclusion, || %, —& |, , < (B))+BY) S(co.Cruopawe.z) (C54) h 2~ for
o € {0, 1}. For (CQ) we derive W1th the equ1valence of the norms || - [|lo, || - | 5o (2),

the inverse inequality (58) from Assumption 3.1I, and the convergence result for the
sinc quadrature [5, Lemma 3.4, Remark 3.1, Theorem 3.5] the following, if o € {0, 1},

(Cg)z SJ((T,A,K‘Q) h—2¢7 Z)‘j ” EZ(L;ﬂﬁh + QngL;nﬁﬁh)*ej Hiz(ﬂ)

jeN
_x2 _ —Nng 5 5 —n —Px * 2
Sepaway e Y AL, AT, (L, + ) e
jeN
Since L;nﬁﬁhﬁ;(L;n‘g)*eg’h = )»Zinﬁeg,h forall £ € {1, ..., Ny}, this shows that

72k, — —4n .,
(Co)* Swpanay e Fh2 ZZXU Pej. (L™ + Qh Wet, h)Lz(_@)
(=1 jeN

@ Springer



Whittle-Matérn fields: regularity and approximation 871

Next, again by the inverse inequality (58) we find

Np
(Cg)2 5(0,/3,/4,&% e_nz/kh_éw Zkﬁ"ﬂ ” (L;ﬂ* + Q/f,*k)eﬁh Hiz(@)
(=1

Np
2 _d4n 2
- 5 72 kg —do—d Ljp-
Sepaca e h JZM Sopaxg e pio—dlis<,
=1

Here, we have used the uniform stability of L=, fok with respect to & and k, see
(86), as well as (13) from Lemma 1 and Assumption 3.I. Combining the bounds for

(A), (Bp) and (C,) completes the proof. O
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