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ABSTRACT

In [8] Kwapieri proved that every mean zero function f € L[0, 1] we can
write as f = go T — g for some g € L[0,1] and some measure preserving
transformation 7" of [0, 1]. However, as was discovered in [4] there is a gap
in the proof for the case that f is not continuous. The aim of this bachelor
thesis is filling in that gap in the proof.

We first extend Kwapieri’s proof for continuous functions to certain other
measure spaces. Thereafter, we use the method of proof suggested by
Kwapien, to proof the theorem for mean zero function f € Ly[0,1] for
which A(f~'({z})) = 0 for all z € R. Using this result we then proof
that every mean zero function f € L[0,1] can be written as a sum f =
(1 oTy —g1) + (g2 0 To — g2) where g1,92 € Lo[0,1] and where T3, T are
measure preserving transformations of [0,1]. We finish this thesis with an
application of Kwapien’s theorem in the study to singular traces.
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1. INTRODUCTION

In this Bachelor Thesis we focus on a result of Kwapien [8] that says that
we can write every mean-zero function f € Loo(92, %, 1), where (2,3, u)
is a standard measure space, as f = goT — g with g € Loo(Q,%, 1) and
with T : © — () being a measure preserving map. Kwapien first proved
the theorem only for the mean-zero functions f € Lo ([0, 1], A) that are con-
tinuous, and thereafter extended his proof to general mean-zero functions
f € Ls(]0,1],A) and he noted that the proof for standard measure spaces
follows from the proof for the interval [0, 1] with the Lebesgue measure .
However, in [4] was discovered that there is a problem in the proof for gen-
eral mean-zero functions f € Lo ([0,1],\). They also proved an alternative
result that says that we can write every mean-zero function f € L ([0, 1], )
asasum f = Zle gioT;— g; with k at most 20, and where g; € Loo([0,1], A)
and where T; is a measure preserving transformation of [0, 1]. However, at
time of this writing, the proof is not available yet.

The aim of this thesis is to investigate the proof of Kwapien and explore
how much further we can push his method of proof, in order to obtain a
result for general mean-zero functions. We prove the following theorems.

Theorem 1.1. Let f € Lo ([0, 1], B([0,1]),\) be continuous and mean zero.
Choose € > 0, then we can a find g € Loo([0,1],B([0,1]),A) with ||g||lec <
4||flloo + € and a measure preserving transformation T of [0,1] such that
f=g0T—gy.

Theorem 1.2. Let f € Ly(]0, ],B([O,l) A) be mean-zero and nowhere
essentially constant, that is, \(f "1({z})) = 0 for all z € R. Choose € > 0,
then we can a find g € Loo([0, 1], B([0, 1]), X) with ||g|lec < 4[|f]lcc + € and a
measure preserving transformation T of [0,1] such f = goT — g

Theorem 1.3. Let f € Lo([0,1],B([0,1]), ) be mean zero. Choose € > 0,
then we can ﬁnd 91,92 € LOO([07 1]78([07 1])7)‘) with HngOO < 4HfHOO +e€
and ||gz2||so < € and measure preserving transformations Th, Ty of [0,1] such
that f = (g1 0T —g1) + (g2 0 T> — g2).

We now give an overview of the structure of this thesis. In the Pre-
liminaries, section 2, we will first state our conventions on some notation
and further state some definition and theorems from measure theory and
topology that we will use throughout this thesis. In section 3 we elabo-
rate on the context around Kwapien’s theorem. In section 4 we work out
Kwapieri’s proof for continuous, mean-zero functions in more detail and in
a slightly more general setting such that the theorem holds for a larger va-
riety of measure spaces. Theorem 1.1 then follows from a special case of
this. In section 5 we consider the proof for general, not necessarily contin-
uous, mean-zero functions and try to fill in the missing gap. We succeeded
to prove Kwapien’s theorem under the extra assumption that f is nowhere
essentially constant, see Theorem 1.2. In section 6 we use the theorems 1.1
and 1.2 to obtain that we can write a general mean-zero functions f as sum
f=(g10Th —g1)+ (92012 — g2), see Theorem 1.3. In section 7, we conclude
with an application of last result in the field of singular traces.



We further note that in [2], the full result of Kwapien seems to be proven.
The proof uses a different line than Kwapien. In [1], they also obtained
a similar result that for 1 < p < oo, we can write a mean-zero function
f e Ly([0,1],)\) as f = goT — g with g € L,_1([0,1],\) and with T" a
measure preserving transformation of [0, 1].

2. PRELIMINARIES

Throughout this bachelor thesis we will use some terminology and the-
orems from measure theory as well as from topology. We will state these
theorems and definitions here for reference and to introduce our conventions
on the notation. We will first introduce our conventions on some general
notation, thereafter we will state some definitions and classical theorems
from measure theory and subsequently do this as well for definitions and
theorems for topology.

2.1. General notation. We give some quick notes on general notation we
use. We use N to denote {1,2,..} and Ny for {0,1,2,...}. Further, we will
use the notation || - ||oo exclusively for the essential supremum. Further, we
will use the notation A for the Lebesgue measure.

We will further use this extension of the notion of a cyclic permutation,
which we will use in Section 4.

Definition 2.1. We will call a function T : A — A a cyclic permutation of
the set J = {Iy,...I,} where I, C A, if for all I; € J we have for the image
T(I;) that T(I;) € J and if for the image of I; after k times applying T we
have T*(I;) # I; for 1 <k < n —1 and T"(I;) = I;. Note that we do not
require the sets in J to be disjoint neither do we require A to be the union
of the sets of J. Further note that the definition is equivalent of saying that
T(1;) = 1,4 where o is a cyclic permutation of {1,2,3,...,n} in the usual
sense.

2.2. Topics from measure theory. Throughout this thesis, we will con-
stantly be working in the space Lo, on some measure space. Hence we
include the definition.

Definition 2.2. (Essentially bounded functions) Let (2, %, 1) be a measure
space. We let L denote the set of all functions f : Q@ — R and we define
an equivalence relation ~ by f ~ g if and only if u({f # g}) = 0. For
functions f € L] ~ we set ||f||ooc = inf{x > 0: u({|f| > x}) = 0} which can
be shown to be invariant under the equivalence relation. Furthermore we now
let Loo(2,2, 1) == {f € L] ~: ||f|loc < 00} called the space of essentially
bounded functions, which we may sometimes abbreviate to Loo(2) or just
Lo when the context is clear. The space Lo, equipped with the norm || ||
becomes a Banach space.

We will further be using the following definition of a measure preserving
transformation, where we demand invertibility.

Definition 2.3. (Measure preserving transformation) Let M = (Q, %, u),
M = (X 1) be measure spaces and let T : Q@ — Q' be a bijection. We
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say that T is measure preserving transformation if T and T~ are measurable
and if (/' (T(A)) = p(A) for all measurable A € . We will also call T an
isomorphism. Further, in case such T exists, we call M and M’ isomorphic.

We will extend certain results for functions f € Lo([0, 1], A) to standard
measure spaces, which are the following.

Definition 2.4. (Standard measure space) We call a measure space M =
(Q,%, 1) a standard measure space if it is isomorphic to a finite interval
with the Lebesgue measurable sets and the Lebesque measure.

In order to show that two measures are equal, the following on 7-systems
will be helpful. Theorem 2.6 can be be found in [6, Corollary 1.6.2]

Definition 2.5. (w-system) We call a set C C P(X) a w-system on X if for
A, B € C we have AN B € C, that is, C is closed under finite intersections.

Theorem 2.6. (Equality on m-systems) Let (X,.A) be a measurable space,
and let C be a w-system on X such that A = o(C). If u and v are finite
measures on X that satisfy pu(X) = v(X) and that satisfy u(C) = v(C) for
each C in C, then pu = v.

In Section 4 we will use the conditional expectation E(f|F), of f given a
o-algebra F to approximate the function f. Furthermore, in section 7 we
will also be using the conditional expectation. We give the definition.

Definition 2.7. (Conditional expectation) Let (2, %, 1) be a measure space
and let f be a X-measurable function. Further, let F C X be a o algebra
on Q. The conditional expectation of X given F is a F-measurable function
E(f|F) for which [ E(f|F)d\ = [ fdX for all F € F.

Furthermore, in all our cases the o-algebra will be generated by a parti-
tion A of Q, in which case it is clear that E(f|F) exists and is unique, up
to a null set. Namely it is the function that is constant on each A € A and
equal to the average of f over A.

In section 5 we will use the Lusin’s theorem which will allow us to reduce
the case for general mean-zero functions to continuous mean-zero functions.
We state the theorem and a corresponding results that we will use. Theorem
2.9 can be found in [6, Proposition 1.4.1] and Theorem 2.10 in [6, Theorem
7.4.3].

Definition 2.8. (Regularity) A measure i on a topological space Q) is called
reqular if for all measurable sets A we have

pu(A) = inf{u(B) : A C Band B open and measurable}
= sup{u(B) : B C Aand B compact and measurable}

Theorem 2.9. (Lebesque measure reqular) The Lebesgue measure A on the
real line is reqular.

Theorem 2.10. (Lusin’s theorem) Let Q2 be a locally compact Hausdorff
space, let A be a o-algebra on Q that includes B(2), let p be a regular
measure on (2, A), and let f : A — R be A-measurable. If A belongs to
A and satisfies p(A) < oo, and if € is a positive number, then there is a
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compact subset K of A such that n(A\ K) < € and such that the restriction
of f to K is continuous. Moreover, there is a continuous function g with
compact support, that agrees with f at each point in K.

We can equip a Cantor space with a o-algebra and a product measure.
In this way we obtain the result for continuous functions also for Cantor
spaces. We give a definition of the product of measure spaces.

Definition 2.11. (Product of measure spaces) Let I be some index set and
for i € T let M; = (94,%;) be a measurable space. We naturally equip
the Cartesian product Q := ;7 Q; with the o-algebra ¥ := o({(B;)iez €
ez Xi - Q4 = X for all but finitely many i € I}), that is, ¥ is the small-
est o-algebra such that all projections p;j : Q — Q; that sends (a)iez to aj,
are measurable.

We need following result, which says that we can define a product measure
w on the product of measure spaces. This theorem can be found in [5,
Theorem 3.5.1].

Theorem 2.12. (Kolmogorov’s extension theorem) Let T be countable and
for i € T let (84,5, 1) be a probability space with §; being a compact
metric space. Then there exists a unique probability measure p = Q;c7 pti on
(Qicz U ez Xi) with p(A) = J[2 pi(Ai) for A € Qe; X with A; = Qs
for all but finitely many i € Z. We call the measure i, the product measure.

2.3. Topics from topology. We will state some definitions and theorems
from topology. We will use these mainly in the proof of Theorem 5.2 where
we will construct a homeomorphism between a certain subset of [0, 1] and
the Cantor set. We will first introduce the product topology, which we will
use to construct the standard Cantor space {0, 1}V,

Definition 2.13. (Product of topological spaces) Let T be some index set
and fori € T let Q; be a topological space with topology T;. We will naturally
equip the Cartesian product Q := @), Q; with the topology T := {(B;)icz €
®,cr Ti = Bi = S for all but finitely many i € T} called the product topol-
0gy.

We will use Tychonoff’s theorem to show that {1,2}" is compact. This
theorem can be found in [7, Theorem 5.13].

Theorem 2.14. (Tychonoff’s theorem) Every product Q);c7 i of compact
spaces Q; is compact. (This theorem for general index sets T is equivalent
with the axiom of choice.)

Definition 2.15. A Cantor space is a topological space homeomorphic to
the standard Cantor set {1,2}.

In Lusin’s theorem, theorem 2.10, the space €2 was required to be Haus-
dorff and locally compact. We state these definitions here.

Definition 2.16. A topological space §2 is called locally compact if every
x € Q has a compact neighbourhood, that is, for x € € there is an open set
U that contains x, and a compact set K with U C K.

Definition 2.17. A topological space Q) is called Hausdorff if for every two
points x,y € Q with x # y, there exists disjoint open sets U,V C € with
zelUandyeV.
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3. CONTEXT OF KWAPIEN’S THEOREM

In this section we will introduce some terminology on cochains and cobound-
aries, to place Kwapieni’s theorem in a bigger context. We won’t be needing
this section in the rest of the thesis, hence the reader may skip this. The
notation we use in this section is taken as in [10].

Let (G,-) be a group that acts on a set X. For n € Ny, an n-chain is
defined to be a formal linear combination of n+1 tuples (g1, g2, ..., gn, ) With
x € X and ¢g; € G. A tuple (g1, ...,9n,x) can be thought of as an oriented
simplex with the n 4+ 1 vertexes x, gnZ, gn_19nx, ..., §g192-..gnx. An n-chain
is then a formal linear combination of oriented simplexes. The space of all
n-chains is denoted by C,, (X, G). We can now define the so called boundary
maps between 6, : C,,(X,G) — C,—1(X, G) defined on n + 1-tuples as

671(917 "'7gn7$) = (glu ~~7gn—lagnx)
n—1 '
) (=D (91, 5 Gis Git19i 2 Gi48s -oor Gns T)
=1
+ (_1)71(92’ ...,gn,l’)

and this definition can be linearly extended to C,, (X, G). Now, if we think of
n-chains as oriented simplexes, then we see that this boundary map returns
the formal linear combination of the faces of the simplex. The signs +1 says
what the orientation is of those faces.

Now, for example we have

o1(g,z) =g —x

02(91, g2, ) = (91, 922) — (9192, ) + (g2, x)

Thus, the boundary of the line between x and gx is the formal sum of the
endpoints x and gz. The minus-sign is to indicate the orientation.

Now, in the algebra, a chain complex is defined to be a sequence ...
Ag < Ay < Ay < ... of abelian groups A;, with given homomorphisms
7; + A; = A;—1 such that the image Im 7,41 equals the kernel Ker 7;. This
is to say that 7, o 7,41 = 0, where 0 denotes the zero-map. Further, a
chain complex has a dual, called a co-chain complex. This is a sequence

. — By - B; — By — ..., with B; being an abelian group, with given
homomorphisms 7 : B; — Bi1 such that il o 71 = 0 is satisfied.

In our case, one can check by writing out that 4, o d,4+1 = 0, where 0
denotes the zero map. Hence, this makes the sequence .. < 0 < 0 <

Co(X,G) &y (X,G) & Ca2(X, G) & 4 chain complex, where we denote
0 for the trivial group.

Now, if we let (U, +) be some fixed abelian group, then for n € Ny we can
define n-cochains as homomorphisms in C"(X, G,U) := Hom(C, (X, G),U).
These are the dual of the n-chains. We can also define the coboundary map
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5" C(X,G,U) — C"Y(X,G,U) as 6"F = F 0 6,. Thus for example:
5 F(g,x) = Flgr) - F(x)

62 F (g1, g2, %) = F(g1,927) — F(g192,2) + F(g2, )

We have that 8" o™ = 050 that — 0 — 0 — CO(X, G, U) 2 cV(X,G,U) &
C*(X,G,U) ﬁ ... iIs a co-chain complex.

Now, in our case the group G is the set of all measure preserving trans-
formations of [0, 1] with the group operation being the convolution. This is
well-defined, namely, if T} and 75 are measure preserving transformations of
[0, 1], then so is T} o To. We also have that the inverse 77 Uis in G. Further
the identity Ijg ) is the identity in G.

Now let X = U = L([0,1],B([0,1]),A). The group G acts on X by
Tg— goT . Now, if we take FF € C"(X, G, U) the identity map, then we
obtain the so called coboundary equation S'F(T~ !, g) = F(T~1g) — F(g) =
T 'g—g=goT —g. Now the problem that we investigate is to find for
which f € U the coboundary equation can be solved, that is to say, for
which f € Lo([0,1],\) we can write f as coboundary f = goT — g for some
g € Loo([0,1],\) and measure preserving transformation 7" of [0,1]. Since
the map T" must be measure preserving, it can be shown that f[O,l] goTd\ =
f[O,I] gd\ for all g € Loo([0,1],\), and hence that any function f for which
the equation can be solved, must be mean-zero. Now, Kwapien’s theorem
says that the reverse statement is also true, that is, for every mean zero
function f € Loo([0,1],A) the coboundary equation can be solved. This
theorem we are going to investigate.

4. COBOUNDARY FOR CONTINUOUS, MEAN ZERO FUNCTIONS

In [8], Kwapienn proved that for continuous mean-zero functions f €
L+ ([0,1], A, A), where A denotes the Lebesgue measurable sets, we have
that f = goT — g for some g € Lo ([0, 1],.4,\) and some measure preserv-
ing T of [0, 1]. He also noted that his proof works evenly well if we replaced
the measure space by the Cantor space {0,1} with the Cantor measure
w, which we will discuss in Example 4.2(2). In this section we will prove
Kwapieni’s theorem for continuous functions in a slightly more general set-
ting such that the case for the measure space ([0,1],.4, ) and ({0,1}N, )
follow directly from the theorem. Our proof follows the lines of the proof
of Kwapien, though we adapted the proof to work for our case and we have
worked out the proof in more detail in order to make it better readable and
easier verifiable.

We give a small overview of changes with respect to [8]. Lemma 4.3,
Lemma 4.4 and Lemma 4.5 are very similar as what Kwapien observed,
though we worked out the proofs and adapted them to our case. This made
that in Lemma 4.3 we can just obtain convergence in Lo,. Further in Lemma
4.4 we proved an extra bound. In Lemma 4.6 we worked out the observations
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of the author. Further, Proposition 4.8 already fitted our case, hence we just
stated the proposition with the proof and a few extra details such that the
proof gets easier to read. Further we included Lemma 4.9 with a proof,
which the author left out. Finally, the proof of Lemma 4.6 we worked out
in more detail and we obtained the better bound ||gk||co < 4||hk||oo instead
of ||gk|loc < 6[|2k[co-

Theorem 4.1. Let (Q2,B(f2), 1) be a measure space and let (m;)i>1 be a
sequence of natural numbers. For n € N we set &, = @ 1{1,2,...,m;}.
Now suppose that for a € &, there exists a measurable subset 2, C Q and
for a,b € &, there exists a function ¢ : Q, — Q such that if we set
Q' =Ml Usee, Qa the following properties are fulfilled.

1) Q is a compact metric space.
2) Q is of positive finite measure.
) 1 s a non-atomic measure.

) For firted n > 1 and a,b € &, with a # b we have that Qq,Qp are
disjoint.
5) For fited n > 1 and a,b € &, the given map ¢ is an isomorphism.
For fivzed n > 1 and a,b € &, the given map ¢° is a homeomor-

(
(
(3
(4

—~
(=)
~—

phmism.

(7) Forn>1, ifa € E,41 and b € &, are such that a; = b; for 1 <i <mn,
then Qg C Q.

(8) For every chain Qqy O Qa, D ... with aj € &5 we have diam(§q;) — 0
as j — o0

(9) For x € Q) there are at most countably many chains Qg D Qgy D ...
such that € ;24 Qa;
(10) Q\ Q' is countable.
(11) For a € &, the set Q, \ Q, is countable

Then for every continuous mean zero function f € Loo(2) and €pneorem > 0,
we can find g € Loo(2) and measure preserving T of Q such that f = goT—g,
and such that moreover ||gllco < 4||f]lco + €Theorem -

Intuitively, what we demand in property (4),(5),(6),(7) and (10) is that 2
can, up to a countable set, be partitioned into disjoint sets 2, for a € £ that
are isomorphic as measure spaces and are also homeomorphic. Furthermore,
forn > 1 and a € &, the same we demand for each €),, that is, {2, can, up to
a countable set, be partitioned in disjoint sets 5 C €, with b € &,41 such
that all €2, are isomorphic as measure spaces and are also homeomorphic.
This is visualized in Figure 4. Furthermore, what property (8) says is that
the diameter of sets 2, goes to 0 as we get further in a chain. Further,
property (10) says that there are at most countably many point = € 2 such
that for some N > 1 we have z ¢ Q, for all a € Ey. Hence, by property (3)
these point can be neglected.

Before we continue with the proof of the theorem, we give some examples
of measure spaces that satisfy the conditions.

Example 4.2. Some examples of the measure spaces that satisfy the condi-
tions of Theorem 4.1.

(1) Any finite interval [a,b] with the Lebesgue measure satisfies the the-
orem. Namely take m1 = 1 and further m; = 2. Then, we can
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/ Q
Q (1,1) 1 ,m2) Q(2 1) Q(Z ma) Q(ml,l) Q(m17m2)

FIGURE 1. Visualisation of the subdivision of ) in measure
spaces. The lines mean that the lower set is included in the
upper set. The set Qq, . q4,) i, up to a countable set, the
union of the subsets 4, . 4, ) With 1 <4 <my, ;. Further,
sets in the same layer in the tree are disjoint, are isomorphic
as measure spaces and are homeomorphic.

set Q1) = [a,b) and forn > 1 and a € Epy1 set Qay as,..00,1) =

[inf Qa, mea—gsuan) and Q(al,az,...,an,Q) _ [mfﬂa—gsuan

,sup Q).
(2) We equip a discrete space {1,2,...,n} with the measure p,(A) = %.
Now for a sequence of natural number (n;)i>1 with n; > 2 consider
the set Q = @21 {1,...,n;} with the product measure pn := Q7 fin,
and the product topology. Then ) satisfies the conditions of the the
theorem with the sequence (m;)i>1 giwven by m; = n;. Namely, we

can define a metric d on Q as d(a,b) = Y 2, % - 27% which
induces the topology of €2, hence we can consider ) as a metric space.
Further, as a product of compact spaces, §2 is also a compact space by
Tychonoff’s theorem, Theorem 2.14. Hence property (1) is satisfied.
Further, property (2) and (3) are also satisfied. Now, if for a € &, we
take Qy ={r € Q: 21 =aq,...,xy = an}, then property (4) is clearly
satisfied. Furthermore for a,b € &, the isomorphisms ¢° : Q, —
can be taken as #%(c) = (b1, b2, ..., bn, Cnt1, Cni2, -...) which is also a
homeomorphism. This shows property (5) and (6). Further we have
that the diameter of chains goes to 0, which is property (8). Further,
property (7) and (10) are also satisfied, and further, property (9) and
(11) are satisfied since all sets Qq are closed. Thus, indeed Theorem
4.1 holds for the measure space (2, B(2), ). Note that € is a Cantor
space and that when n; = 2 for all i > 1, we have that Q = {1,2}N
is the standard Cantor set. The measure p we will call the Cantor
measure.

4.1. Proof of Theorem 4.1. We now turn our attention to the proof of
the theorem. Let (2, X, u), the sequence (m;), the sets Q, and the maps
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#° be such that the given properties are fulfilled. For convenience we set
& = {e} where ¢ denotes the empty string, and we set Q. = Q. We first
note some direct consequences of the given properties. First of all, since
for chains 4, D Qq, D ... with a; € & we have diam(§,;) — 0, we have
that ;2 Qq; contains at most one element. Since furthermore different sets
Qq, Qp with a,b € &; are disjoint, and since, using property (7), for every
set €, with a € £;11 there is a b € £; such that €, C {2, we have that every
element in € corresponds to a unique chain Q D Q,, D Q4, D .. of measure
spaces. Further we note that by property (7) we have | J,ce Q0 € Uyee,, Qa
for n > m and that by property (10) and by definition of ' we have
O\ Useg, Qa € Q\ Q' is countable. Therefore by property (3) we have
P\ Ugeg, ©2a) = 0 for all n € N and furthermore by property (4) for
every n > 1 we can partition 2, up to a countable set, in the subsets
Q, with a € &,. This extends also to sets € with b € &, that is, for
n > k we can partition €2, up to a countable set, into its subsets 2, C €
with a € &,. Namely, using property (7) and the ‘partition’ for Q we get
Q=N =N Uaeg a = Uaegn Q. Ny = UaGEn:Qagﬂb Q. up to
a countable set. Another consequence of the properties is that, for fixed
n >1and a,b € &, we have u(Q,) = p(£2) which follows from the fact that
Q, and € are isomorphic, property (5). Now, using property (4), for any
c € &, we have p(Q) = (2 \ Usee, Q) + Dace, #(Qa) = [En|p(2e). Thus
w(e) = ‘S—i',u(Q) for all ¢ € &, and this measure is positive by property (2).

Now let f € Loo((2,%, 1)) be continuous and mean zero. For n € Ny
let f,, be the conditional expectation f, = E(f|loc({Q : @ € &,})), that is,
frn denotes the function which on Qa, for a € &,, is constant and equal to
the average value of f on this set e.g. fQ fdX. We have the following
Lemmas:

Lemma 4.3. The sequence (f,) converges to f in Loo(£2).

Proof. Since f is continuous on the compact space 2 it is uniform continuous.
Now choose € > 0. Then there exists a 6 > 0 such that |f(z) — f(y)| < €
for all z,y € Q with |z —y| < §. Choose N € N such that diam(Q,) <
for all @ € Ey. This can be done, since otherwise we can find a chain
Qay D Quy D ... with diam(Qq;) > 0 for all j > 1, which contradicts
property (8). Now for n > N choose b € &, then for xz,y € Q, we have

|z — y| < § and hence |f(z) — f(y)| < e. Hence for y € Qy
b ’u(ll (z)dp(x) - f(y)‘
’ 1 (12 (z) — f(y)du(z)
- u(g ) / @) = ) d(a)
<e

Now, for n > N this holds for all y € (J,cg, 2o and thus for all y € Q.
Now, since A(2\ ') = 0 by property (3),(10) and since N did not depend
on y, this means that ||f, — f|lcc = 0 as n — oo, hence f, — fin L. O



16

Lemma 4.4. For e > 0, we can find a subsequence (ny) of the non negative
integers such that ng =0 and Y oo 1 || frx = fre_1lloo < |1f]loo + €

Proof. If f =0 then f,, = 0 for all n € Ny so that any sequence (ny) suffices.
Thus, suppose f # 0, we will choose a specific sequence (ny) that satisfies
the condition. Choose ¢ > 0 such that 12_‘2 < €|floo

Choose ng = 0 and for k£ > 1 choose nj such that we have ||f,, — f]loo <
|| f|loo (This can be done since || f, — f|lsc — 0 by Lemma 4.3). Note also
that, since we assumed f to be mean zero, we have ||fn, — flloo = ||flloc <

€%/|f]|oo Hence -

Z ank - fnk71”00 < Z ank - fHOO + Hf - fnk71H00
k=1 k=1

< Iflloe Y& et

k=1

€ 1
— [ flloo(— +

1—¢€ 1—€)
) < Ilflloo+e

2¢
1—¢€

= [Iflloo(1 +

O

Let (ng) be a sequence as in Lemma 4.4 such that Y27 || fn, — fre_11]oo <
I f1loo + %eThwrem and for £ € N let us put

hie = fry, = frp—s
and for k € Ny let
Jp:={Qa:a€&,}
We will prove some properties of the functions hj in the following Lemma.

Lemma 4.5. We have the following properties

(1) S el < .
(2) Zk:l hi, = f in Ly
(3) f] hgr1d\ =0 for each I € Jy, for k=1,2,...

Proof. The first claim follows directly from the choice of the sequence (1)
(see Lemma 4.4). For the second claim we note that Z]kvz1 hie = fan — frno =

fny since f is mean zero. Now from Lemma 4.3 we obtain Z,]cvzl he — f
in Leo. For the third claim, let I € Ji, and let I, ...., 15,/ € Jgq1 be the

[Jg |
subsets of I in J11. As we noted before, each set €, with b € &; can, up to

a countable set, be partitioned in its subsets Q, C € with a € &, for some
fixed n > j. Hence, since countable sets have zero measure by property (3)
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we have

/hk:-i-ld)\ = /fnk+1 - fnkd>‘
I I

:/Ifnk+1d)\—/lfd)\

[ T41l
[Jg |

— Z /fnkﬂd)\ —/fd)\
=1 7L I
[Tkt1l
[Tk

= > / fax | - / fdX
= L I

:/[fd/\—/lfd)\:o

which proves the claim. O

We now state a Lemma that we will use to construct the function g and
the measure preserving 7' as in Theorem 4.1.

Lemma 4.6. Given functions (hy)32, with the properties from Lemma 4.5,
we can construct a sequence (Tk)zozl of measure preserving transformations
of 2 and a sequence of functions (gi)7>, i Loo(S2) such that for k > 1 the
following are fullfilled.

(1) Tk is a cyclic permutation of Ji.

(2) Ty is the identiy on Q\ Uaegnk Q.

(3) Ti11 is an extension of Ty in the sense that if I € Ji, I' € Jx41 and
I - I then Tk+1(1/) - Tk(I)

(4) llgrlloo < 4Pk |loo

(5) gk is contant on each set I € Jj,

(6) by = gk o Tk — gk

If we look at this Lemma in perspective to Figure 4, we see that property
(1) says that the transformation T} is a cyclic permutation of the sets from
the ng-th layer of the tree. Further, property (3) says that this is done in
a way such that the relation of being an ancestor is preserved, that is, if
Q, Qp with a € &, and b € &, | are such that (), is an ancestor of {2, then
also T (£2) is an ancestor of Ty1(Qp).

Before we will prove this lemma, we show how this Lemma allows us to
find the requested g and 1" as in Theorem 4.1.

Lemma 4.7. Having a sequence (T},) of measure preserving transformations
of Q and a sequence (gr) in Loo(Q2) that fulfil the properties from Lemma
4.6, we can set T as the pointwise limit T := lim T}, and take g = poq G

k—o0
where we consider the convergence in Lo.. Then the following hold.

(1) The pointwise limit T := klim Ty, exists everywhere.
—00
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(2) There is a set D C Q whose complement is countable, such that T'|p
18 1njective.

3) The complement in Q of the image T'(D) is countable.

4) T is a bijection, after modification on a zero-measure set.

5) T is a measure preserving transformation.

6) g € Loo(2) with ||g]loc < 4|[fllec + €Theorem-

7) f=goT—yg

hence this proves Theorem 4.1

Proof. (1) We first prove that the limit liin T}, exists everywhere. Choose

€ > 0 and choose N such that diam(I) < e for all I € Jy which can be done
as we saw in the proof of Lemma 4.3. Now choose x € ' and for k € N
let I}} € Ji be the set with x € I. We obtain a chain I{ D I D I5.....
Now, by property (2) of Lemma 4.6 we have T1(I7) D To(15) D T5(13).....
Thus, choose n,m > N, then we have T},(x) € T,,(I7) and T, (z) € T,,(1%)
so that T, (z), Tn(z) € Tn(I). Now, since T} permutes the sets of Jj,
we have diam(Tn(I%)) < e. Hence, we have |T,,(z) — Tpn(x)| < e. Hence
(Ti(x))k>1 is a Cauchy sequence in €2, which is a complete metric space.
Therefore the limit T'(z) := klg](r)lo Ty(x) exists for all z € V.

Now, for z ¢ € we can find a N such that = & | J;. 7y 1 and hence by prop-

erty (7) of Theorem 4.1 we have x & (J;;, I for k > N. Hence for k > N

we have Ty(x) = z so that T'(z) = klim Ti(z) = x. Thus the limit exists
—00

everywhere.

(2) We let H = UpZ; Ugee, Qa \ Qa, which is countable by property (11)
of Theorem 4.1, and we set D = Q' N T~Y(Q\ H). We will show that
the complement of D is countable and that T restricted to D is injective.
Starting with injectivity, let x,y € D with x # y. Let I and Ig be the
sets in J; that contains x respectively v, these exists since z,y € Q. Now,
since x # y and the diameter of chains goes to 0, there is an N such that
I}, and IY; are different, hence disjoint. Now T'(z) € Tn(I%) C Tn(I%) UH
and likewise T'(y) € Tn(Ix) € Tn(I¥) U H. Now since by assumption
T(z),T(y) ¢ H we must have T'(z) € Tn(I};) and T'(y) € Tn(Ix;). Hence,
since these sets are disjoint we have T'(z) # T'(y). Hence T restricted to D
is injective.

We now show that the complement of D is countable, that is (\ Q') U
T~1(H) is countable. First of all \ € is countable by assumption, so
we only have to show that 77!(#) is countable. Let y € H and suppose
T(x) = y for some x € . We can assume that z € Q' since Q\ @ is
countable. Now we can for k > 1 let I} be the set in Jj that contains . We
then have T (I7) D Ta(I5) D .... by property (3) of Lemma 4.6 so that we

must have y = T'(x) = klim Tw(x) € Moy Tk(If). Now, since by assump-
—00

tion (9) of Theorem 4.1 there are only countably many chains that fulfil
this property and since different elements x1, x5 € Q correspond to different
chains, we have that T—!({y}) is countable. Therefore, since H is also count-
able by assumption (11) of Theorem 4.1 , we have that 7—1(H) is countable.
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(3) We will show that the complement of the image T'(D) is countable. Let
y € ' so that for k > 1 there exists a unique set I;Z € Ji that contains y. We
thus have the chain IV O I¥ O .... Now it follows that T, ' (I¥) > T, ' (1Y) D

. Namely if we let A} € Jj, be the set that contains the set T,;rll(lgﬂ)

then by property (3) from Lemma 4.6 we get I} | = Tpp1 (T 5 (17, )) €
Ty, (AY). Hence y € Tj,(A}) so that Ty(AY) = I¥ and thus T, (I} ;) € A} =
T;7'(I}). Thus, indeed we get the inclusions Ty *(I}) D Ty '(I§) O ... We
will now show that 7}, *(y) converges as k — oo. Namely for N and I,m >
N we have T, *(y), T, (y) € Ty (I%). Now since |7, ! (y) — Tl (y)| <
diam(Tx" (%)) gets very small for large N, the sequence (T}, ' (y)) is Cauchy
and thus converges to some z € Q. We have z € T, '(I?) for k € N and
hence x € (o2, Ty, (1Y) € o2, Ty M (1) UH.

Now, suppose ¢ H and z € D then z € (32, T}, *(I}), hence Ty(z) € I}
for k > 1. Further, we get Tj(z) € IY C IV | C ... so that Ty(z) € (i, IY.
Hence T'(x) = klim Tr(z) € N4 ij Now since furthermore ij CI/UH

—00
and since T'(z) € H since z € D, we have T'(z) € (2, I! = {y} so that we
get T'(x) =y and hence y € T(D).

We now show that 2 € H or x € D for only countably many y € V.

Namely, let y € €' and suppose that T} L(y) converges to some z € H.

Then we have z € (32, T, ' (I}). By assumption (9) of Theorem 4.1, for
fixed x there are only countably many chains with this property, hence, since
H as well as D¢ is countable, there are only countably many y € Q' such
that T} 1(y) converges to some 2 € H U D¢ as k — oo. Therefore, together
with what we just showed, all but possibly countably many elements y € €’/
have an inverse in D. Now, since furthermore Q \ €’ is also countable, we
have that the complement of T'(D) is countable.

(4) We have that T'|p is a bijection between D and T'(D) and that Q\ D
and Q \ T'(D) are both countable. Now choose a countable infinite set
S C D, so that T|p\g is a bijection between D\ S and T'(D \ S). Then
since Q\ (D\ S) and Q\T(D\ S) are both countably infinite, we can find a
bijection 7 between them. We can then define the modified transformation
T as T'(x) = T'(z) for x € D\ S and further, for z € Q\ (D \ S) we define
T" as the chosen bijection T"(x) = 7(x). In this way T becomes a bijection
after modification on a countable set. Further, since p is non-atomic, we
changed T only on a zero measure set.

(5) We now prove that 7' is measure preserving. Choose ¢ > 0 and let
A € Ji. Then since T(A)\Tk(A) C Ti(A)\ Tk (A) is of zero measure we have
w(T(A)) < u(Tk(A)) = p(A). Now, since this also holds for the complement
O\ A we have that 1(©2) = p(T(R)) = ju(T(A))+u(T(A%)) < p(A)+u(A%) =
1(Q) so that we must have equality, that is, u(T'(A4)) = u(A). Now, since

A\ A is countable and p non-atomic, we also have u(T(A)) = u(A) and
therefore also p(T(A°)) = u(A°).
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Now since Z = (Jpe {2 N Uy A° - U C Ji} is a m-system, and since
w(T(I)) = p(I) for all I € T and p(T(Y)) = p() is finite, and since
o(Z) = B(Y) we have by Theorem 2.6, that Ao T = X for all Borel measur-
able subsets of {2'. Now, since Q\ €’ is countable, this also follows for Borel
measurable subsets of €.

(6) We show that g is well defined, and that ¢ € Lo (f2). Because
gr has norm ||gk|lec < 4||hk|lec by construction as in Lemma 4.6, and
since > oo ||hklloo < || f]loo + %ETheorem by our choice of the sequence
(ng), we get that > 72 |lgkllee < 4 pe l|hklleo < o0, hence the sum
> re 1 gk converges almost everywhere, hence g is well-defined. Furthermore
HgHoo < 22021 Hngoo < 4||f”oo + €Theorem and g€ LOO(Q)

(7) We prove the last claim. Let z € Q. Let If € Jj be the set that
contains x. Then T'(z) € T(Ijy) € Ti(I}). Now, only countably many
elements are sent to Tx(I}) \ Ty.(I;}) € H, so we can assume T'(x) € Tp(I}})
Then since g is constant on the intervals of Ji, we have gy o T — g =
gk OTk—gk = hk Now we have f = 220:1 hk = 220:1 gkOT_gk = gOT—g.
This finishes the proof.

O

To construct the sequences (T) and (g), the following proposition and
lemma are needed.

Proposition 4.8. Let (a;j)nxm be a matriz of real numbers such that
la;j| < C fori=1,..,n and j =1,...,m and such that Zgnzl a;; =0 for

i = 1,...,n then there are permutations oy,...,0p of the integers {1,...,m}
such that

k

Zai,ai(j) <20

i=1

fork=1,2...nandj=1,2....m

Proof. If b = (p1, ..., Bm) is a m-dimensional vector. Let us put |[b]| =
maxi<; j<m |3 — Bj|, however, note that this is not a norm on R™. Let boo,
where o is a permutation of the set {1,2,...m}, denote the vector with the
coordinates given by boo; = 3,(;y. Since in ||boc|| = maxi<; j<m |Bo(i)—Bs(j)l
the maximum is taken over all pairs (4, j), the permutation has no influence
on the value. Hence ||bo o|| = ||b]| for all permutations. Further, if a,b
are two vectors such that the coordinates of a are non-decreasing and the
coordinates of b are non-increasing, then for ¢ < j we have a;—a; < 0 < b;—b;
so that —\ai — aj\ = (ai — aj) < (ai — aj) + (bz — bj) <b; — bj = ‘bz - bj’ and
thus |a; — a; + b; — bj| < max{|a; — a;|,|b; — bj} We thus get
la+b = max |(ai+b) = (a; +b,)

< s b
< max max{la; - a;l, b = b}

= max{ | max o — oy, max [b = b;l} = max{lall 6]}
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Now, if a,b € R™ are arbitrary, we can find permutations 7, ¢ such that aor
is non-decreasing and bo ¢ is non-increasing. Now putting o = ¢po7! gives

lla+boo||=|l(a+boo)or||=]lacT+bo¢|| <max{||a||,||b]|}. Hence,
we can always find a permutation o such that ||a 4+ bo o|| < max{||a||,||b||}
We can now define the permutations o1, ...., 0, from the proposition in-

ductively. For simplicity let us denote a; = (a;i1,a;2, ..., aim) for the i-th
row of the matrix. Define o1 = id. Further, assume o1, 09,...0; are all
chosen such that for j < k we have

llai 001 + ... + aj 0 ;|| < max{||ai]|,...., [|a;]|}
Now, as we just saw, there exists a permutation o1 such that

llai 0 o1 + ... + ag 0 ok + ag41 © Op41|| < max{||a; o o1 + ... + ai o okll, ||ar+1]|}
Hence, by the assumption on the permutations o1, ..., 0 we have

llai 0 o1 + ... + a0 o + ag41 © Ok41|| < max{|la; o o1 + ... + ag o okl ||ak+1]]}

< maX{Ha1H7 ceey HakHa Hak+l”}

Thus, inductively we can define the permutations o1, ...,0, such that for
1 <k < n wehave ||a; 001+ .... + ag o o|| < max{||a1]l,...,||ak||}. Further,
for I = 1,..,n and j = 1,..m holds |a; ;| < C so that we have ||a;|| =
maxi<ij<m a1 — @] < 2maxi<j<m ag;| < 20

Furthermore, since the sum of the coordinates of the vectors a; equals 0,
also the sum of the coordinates of the vector a; o o1 + ... + ai o o equals
0. Hence, if the value of some coordinate is greater then 0 then there is
also a coordinate with value less then 0 and also the other way around. All
together this gives us

k

Z Qioi(5)

i=1

= la1001(j) + ... + ax 0 ox(j)]

< ] ]
< @gl(alomUH + ay 0 ok (j))

—(ag001(l) + ... + ax o op(1))|
< ||CL1 o001 —I—...—l-akOO'kH

< max{||al], .., [lax[[} < 2C
for k=1,...,n and j = 1,...,m which proves the proposition.
O
Lemma 4.9. Given a vector b = (by,.....,bp) € R™ and a constant C so

that |bj] < C and by + .. + by, = 0. Then we can find a permutation o of
{1,...,m} such that for 1 =1,...,m we have

Proof. We will construct og inductively. Define og(1) = 1. Then | Z}:l boo(j)| =
|b1| < C. Now suppose that og(1), ..., 0¢(u) are defined such that ’Zé.:l bao(j)‘ <

Cforl =1,...,u. If u < m we define op(u + 1) in the following way.
If Z;”Zl boo(j) = 0 then since Z;n:l boo(j) = 0, there must be some s €
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{1,2,.. m} \00({1 ,k}) with by < 0. Hence we can define o(u + 1) = s so
that Z] 1 0'() ) = bo’o(u+1)+2?:1 bU’O(J) = bs_"z;bzl bO’O(]) S Z?:l bUO(j) S
C' Similar we have Z“H boo(j) = boo(ut1) T 2oj—1 Doy(j) = bs > —C so that

we get ‘ijl Uo(j)‘ < C. The same can be obtained when Z?:l boo(j) <0

by choosing by (y+1) = 0. Now, by induction all values oo(j) for j =1,...m
can be defined so that the property holds. O

We will now finish this section with the proof of Lemma 4.6.
4.2. Proof of Lemma 4.6.

Proof. We will inductively define the transformations T} : 2 —  and the
functions gi. We will first define Ty as Tp(x) = = so that T is a cyclic
permutation of Jy = {Q}. Now, fix £ > 0 and assume that g, and T} are
defined and that T} is a cyclic permutation of Ji. We will define Tj; and
Gr+1. Let I, g be the sets of J; enumerated in such a way that the
image Ty (1;) = Liy1 for i = 1,2,...,|Jg|, here I 5 ;1 = 1. This is possible

since T}, is cyclic. Further, set N = |J;|, M = “‘]?'1' and for i = 1,2, ..., |Jk]

let (Iz-,j)j]\/i1 be an enumeration of the sets from Jxy; which are contained
in I;. Finally let a;; denote the value of hjy; on the [; ;. Using Lemma

4.5 we have for ¢ = 1,..,N that 0 = f[ hyy1dp = j\/llflijhkﬂdu =

Zj]vil a; il ;) = IJk+1\ ZJ 1 a;; Hence we have Z 1ai; = 0. Further
for i =1,..,N and j = 1,..., M we have |a;;| < HthHOO because, by
definition, the value a;; is attained by hiy; on a set of positive mea-
sure. Now, this means that the conditions of Proposition 4.8 are satis-
fied with C = [|hgs1|loo- Let o1,...,0n be the permutations as in the
conclusion of Proposition 4.8. Now let us define 7,1 by the conditions
Tet1(16,(j)) = liv1,00¢) for 1 = 1,2,..,N —1 and j = 1,.., M. More
strictly speaking, writing €, := Il,az(y) and Qb = I141,01,,(5), then for z € €,
we define Ty, 1(z) = ¢% ().

Now, to define Ty on Iy, ;) we will use yet another permutation.
Let us put b; = El]il aq,(;) for j = 1,2,.., M. By writing out we get
Zj]vil by = Zf\;l ij‘i1 a;j = 0. Further, by the conclusion of Proposi-
tion 4.8 we have [bj| < 2||hgt1||lc. Now, applying Lemma 4.9 we ob-
tain a permutation oy of {1,..,M} such that for [ = 1,.....,M we have
|Z§-:1 boo(i)| < 2l[hk+1lloo- We can now define T y1 on Iy 4y (oo (j)) in the
following way. Define Tk-i—l (IN,UN(O'O(j))) = 11701(00(]'_’_1)) for j = 1, ,M -1
and further Ty 1(In oy (oo(M)) = L1,01(00(1))- Again, the strict definition is
taken like the definition of Ty, on the other sets, which uses the maps ¢2.
As last, we can define Tj41(z) = « for # & ;¢ , , | 1 so that we have defined
Ty+1 on the whole of Q.

First of all we will show that Ty, is a measure preserving transforma-
tion. Every I € Jiy1 can uniquely be represented as I = I; ;. (5,(;)) for
i =1,.,N and j = 1,...,M. Namely, by property (4),(7) of Theorem
4.1 there is a unique set I; € Ji such that I C I;. Hence I = I;; for
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some 1 < < M. Now, since permutations are bijective, there is a unique
j € {1,...., M} such that o;(00(j)) = [. Thus, indeed I can uniquely be
represented as I = I 5, (50(j))- Now this means that Ty, is well-defined
and values taken on different sets of Jyy1 are different since different sets
I; 5,(j) were send to different sets. Further the values taken on different el-
ements in the same set of J; are also different, since the functions (bf; are
bijective. Thus, since T}, is simply the identity on Q\ (J;¢ Jiss 1, We have
that Ty is injective. Now, again since the representation I = I; ;. (5, (;)) 18
unique and since T is the identity on Q\ (J;c Jein I, we have that Ty
is also surjective. Now for a measurable set A € B(£2) we have that A is
the union of the disjoint sets {ANTI : I € Jyp1} U{A\ Ujey,,, I} which
are all measurable, since A and I € Jii1 are measurable. Now Tyy1 on
ANT equals ¢}, for some a,b € &,,,,, so that Tj11(ANI) is measurable and
W(Te1(ANT)) = u(ANI). Further Tp1q(A\ UIEJk+1 I CTi1(2\ Q) is
countable, hence is measurable and has zero measure. Now this means that
Ti+1(A) is measurable and, since all the images Ty1(ANT) are all disjoint,
we have pu(Tj11(A)) = p(Th41(A\ UreJ,CJrl 1)+ ZreJk+1 (T (ANT)) =

>oregp, MANIT) = p(A). Thus Tj; is measure preserving.

(1) We will now show that Ty,q is a cyclic permutation of Jyii. By
consecutively applying Tj1, we see that Tli+1(11701(ao(j))) = li41,0011(00(5))
for/ =0,..,N—1and j =1,...., M. Now furthermore Tk—i-l(Iian(UO(j))) =
Ii,ai(Uo(j—i-l)) forj=1,....M —1and :=1,...,N so that Tk+1(I .04 (00(1))) =
Li 6.(00(q+1)) for ¢ =0,.., M — 1. Now for 0 S l < NM —1 write l =qN +r
with 0 <r< N —-1and 0 < ¢ < M — 1. We thus have

r N
Tli—i—l (11701(00(1))) =T (Tlg+1(11,01(00(1))))

= Tlg—i—l(Il,Ur(Uo(q-ﬁ-l)))

= “r+lory1(o0(g+1))
Now if r # 0 then T13+1 (.01 (001))) 7 11,01 (00(1))- Further if » = 0 but
g # 0 then o1(0oo(1)) # o1(o0(q + 1)) so that agam Tk "(I1 6y (00(1))) 7
11 5, (00(1))- Hence, the only possibility with 7, k+1 "(I 0y (00(1))) = T1,01(00(1))
and 0 < gN +r < NM — 1 is the case that r = ¢ = 0. Now TkH(IlUlJO )
must all be different for I = 0, ..., NM—1. Further, we see that T/~ (I 01(00(1)))

T 1(UN oy (0o(M)))) = Il,al(ao(l) Now since |Ji11| = NM we must have
that Ty41 is a cyclic permutation of Jg1.

(2) By definition of Tj11 we have that Tj 1 is the identity on Q\UIEJkJ,-l I.

(3) Now, to see that Ty, is an extension of T}, note that by definition
for any set I; ; C I; with 1 < i < N and 1 < j < M we have Tj11(1; ;) C
Liy1 = Tk(Ii). Further for IN,j C In we have Tk—i—l(IN,j) CL = Tk(IN). So,
Ty41 is indeed an extension of Tj.

We will now continue by defining gx11. For I =1,..., NM we define gg1
on the set T,iH(Il,l) by the constant value of hgy1 + hgy1 0 Tpy1 + ... +

hg41 © T,ijri on I11. Note that this is well-defined since every set I € Jjq
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can uniquely be represented as T,i +1(Il71) for some [ =1, ..., NM since Ty 1
is cyclic. Further note that \ ;¢ I is countable, hence a null set.

(4) We will prove that ||gr+1/loo < 4[|hk+1]/co- Choose 1 <1 < NM and

write [ — 1 = gN + r as before. The function

-1 q—1 N—-1 r
N N+v
S e oB = (3 b T ) + Yo )
v=0

u=0 u=0 v=0

attains on I; 1 a value A(l) with

q—1 N—-1 T
[AD] = ‘ (Z > %+1,av+1(oo<u+1>>> T GutLoui(oolatD))

u=0 v=0 v=0
q r+1
<1 ooty | D Gvoutoolatn)
u=1 v=1

< 2/l hgslloo + 2l[Mia1lloo = 4l hE11]l0o

Where we used Proposition 4.8 and Lemma 4.9 for the two bounds ZS Ay,04(00(g+1))

and | ZZ;%) by (u)| Tespectively. Now gx11 attains on T, 4.1 (I1,1) precisely the
value A(l) so that ||gr+1|lco < 4||Ak+1]|oo-
(5) By definition the value taken by gxy1 on a set I € Jiy1 is constant.
(6) We show that gxy10Tk+1 — grkr1 = hgs1 which ends the proof. To see
that gr11 0 Tht1 — g1 = hi+1 choose a set T} 1 (I1,1) € Jpqq (every set I €
Jr+1 can be written in this form since Tj41 cyclic). Now on [ = T,éH(ILl)
the function gg4+1 0 Tp+1 — gr+1 attains the constant value

G410 Tep1 (1) = grsr (1) = a1 0 Tpt 1 (111) — g1 © Thyy (T11)

! -1
= Z b1 0T 4 (1) — Z b1 0T 4 (111)
=0 =0
= g1 0 Thy (In1)
= hy11(1)

Now since this holds for any I € J;, we have that ggy10Tk+1 — g1 = hgr1
Now this completes the construction of the functions T}y and gx41 with
the stated properties. O

5. COBOUNDARY FOR NOWHERE CONSTANT, MEAN ZERO FUNCTION

In [8], Kwapien extended the result for continuous mean zero functions
f € Ls([0,1]) to general mean zero functions f € Loo(€2, X, n) where
(Q,%, 1) is a standard measure space. For f € Lo ([0,1],\) this proce-
dure was described as follows:

“If f is a bounded measurable function on [0,1] then, using the Lusin
Theorem, we can find a sequence A,,n = 1,2, ..., of disjoint subsets of [0, 1]
such that A([0,1]\U;~; An) = 0 and such that each A, fulfils the conditions
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(1) A, is a closed subset, homeomorphic to the Cantor set,
(2) f restricted to A, is a continuous function,
(3) MAy) >0and [, fdA=0

For each n, A, equipped with the measure m, there exists 1 — 1 map
from A,, onto the Cantor set which is a homeomorphism and which maps the
measure on the Cantor measure. Therefore by the first case and the above
remark fore each n there exists 7T, - a measure preserving transformation of
A, and gy, € Loo(An, A) such that f|a, = gn o T, — gn. Hence, if we denote
by T the map which for n coincides with T;, on A,, and by g the function in
Lo ([0,1], A) such that g| 4, = gy, for each n we obtain that f = goT'—g. Ob-
viously T is a measure preserving transformation and this proves Theorem.”

However, as in [4] was discovered, there is a problem in this proof. Namely,
in general there does not exist a homeomorphism between a given Cantor set
A,, and the standard Cantor set {0, 1} that also maps the scaled Lebesgue
measure o ;\1") to the Cantor measure p. We show this using following

lemma.

Lemma 5.1. Let C C [0, 1] be a set of positive measure and suppose we can

write C' = C1UCy with C1, Cy being compact, disjoint and such that %

is irrational. Then there is no homeomorphism ¢ : C — {0,1} that maps

the scaled Lebesgue measure ﬁ to the Cantor measure yu on {0, 1},

Proof. Suppose there is an homeomorphism ¢ : C — {0, 1}N. We have
that C; is compact, and also that C; is open in C. Therefore ¢(C1) is also
compact and open. Hence, since B := {Q, : a € {0,1}*" for some N € N},
where Q, = {z € {0, 1} : 21 = a1, ...,xx = an}, is a basis for the topology
for {0,1}N, we can write ¢(C) = (Je4 A for some A C B. Now, since A
is an open cover for ¢(C1), and since p(Cq) is compact we can even write
p(Cy) = Ufil A; for some N € N and some A; € A. Now, we can also write
p(Cy) = UZN:/1 B; for some N’ € N and with B; € B such that the sets B; are

furthermore disjoint. Hence we have u(p(Ch)) = % for some j,1 € N. Now,
A(Ch

since /\(TU(L) is irrational, the homeomorphism ¢ does not map the scaled

Lebesgue measure to the Cantor measure u. Now, since ¢ was arbitrary,
this holds for any homeomorphism. O

Now, we can construct such set C' homeomorphic to the Cantor set {0, 1},
that also satisfies the conditions of Lemma 5.1. Namely we can construct
two disjoint sets C1,Co C [0, 1] both homomorphic to the Cantor set {0, 1}
and both of positive measure. These sets are then automatically compact.

We can furthermore scale the set C7 such that the ratio %

tional. Now the set C' = C; U Oy is homeomorphic to {0, 1} and satisfies
the conditions of the Lemma. Hence, this shows that there does not always
exist a homeomorphism between a given Cantor set, and the standard Can-

tor set, that maps ﬁ to w.

is irra-
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In this section we will work out the construction of the sets A, with
given properties in full detail. The proof is quite tedious. For conve-
nience, our homeomorphism will be from A, to some arbitrary product
space @;2,{1,2,...,m;} as we saw in Example 4.2(2). Further, we will con-
struct A, such that we get the addition property that the homeomorphism
maps % to the Cantor measure p, as this is needed for the proof. We will
then obtain the function g and transformation 7. However, we could only
work out the construction of the sets A,, under the extra assumption that f
is nowhere essentially constant, that is, A(f~*({z})) = 0 for all z € R. We
thus prove the following theorem.

Theorem 5.2. Let (2, %, p) be a standard measure space. Let f € Loo(€2, %, 1)
be mean zero and such that N(f~'({z})) = 0 for all z € R. Choose
€Theorem > 0, then there is a g € Loo (2,3, p) with ||g]]oo < 4|[f[loot+€Theorem
and a measure preserving transformation T of Q such that f = goT — g.

As we will prove in Lemma 5.4 it is enough to consider the measure space
([0,1], B([0,1]), A). The idea behind the proof of the theorem is to first use
Lusin’s theorem, theorem 2.10, to find a suitable compact subset A C [0, 1]
so that f is continuous on A, and so that A([0,1] \ A) is small. We will
then construct a compact subset A" C A such that A([0, 1]\ A’) is still small,
and so that further [ v fdA =0 and so that there is an isomorphism ¢ be-
tween (A’, ﬁ) and some product space (Q;-;{1,2,...,m;}, 1) that is also
a homeomorphism. We can then apply Theorem 4.1 on @;°,{1,2,...,m;}
with fo¢~! and from this we can obtain the g and T so that f|4 = goT —g.
Now, this process can be repeated on [0, 1]\ A’ so that we get disjoint com-
pact sets Ai, Ao, .... and measure preserving transformations T; of A; and
essentially bounded functions g; on A; such that f|4, = ¢; 0 T; — ¢; and such
that [0, 1] is essentially equal to the union of all A;. Then the functions
g and T from the theorem can be constructed by defining g|4, = ¢; and
T|a, = T;, which then finishes the proof. The hard part in the proof of
this theorem lies in the construction of the set A’ from A. We do this by
first shrinking the set A slightly in a way such that the integral of f over A
equals 0 and such that A([0, 1]\ A) is still small. Once we have done that, we
divide A from left to right in m; pieces (m; chosen in a certain way) which
have an equal measure and which are disjoint except for their endpoints.
We then shrink those created subsets in a way that their measures get only
slightly less, that they are disjoint, that they are compact and such that the
integral of f over the pieces together is still 0. We repeat this process on
the created compact subsets so that we get chains of subsets, analogue to
the construction of the Cantor set as subset of [0, 1] using closed intervals.
This is visualized in Figure 5. We then obtain the compact set A’ with
1) w fdA = 0 and for which we can create an isomorphism, that is also a
homeomorphism, to some Cantor space (Qi-;{1,2,...,m;}, ). Further, f
is continuous on A’ as f is continuous on A. In this construction, some care
had to be taken to ensure that the diameter of chains goes to 0, as well as
ensuring continuity of the inverse of the created homeomorphism. This all
makes the proof quite tedious. We will further show that we can not do
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this construction by leaving out the assumption that A(f~*({z})) = 0 for
all z € R. This is not to say that the theorem in not true in that case.

A

F1GURE 2. This figure gives an intuitive impression of the
process to construct A’ from A. We start with a set A which
we from left to right in multiple pieces. Those pieces are
then shrunken. This forms the second layer. This process
is repeated. The final set A’ is the intersection of all the
layers. We note that in general the sets in the layers may be
much more complicated, not just unions of intervals. This
may depend on the initial set A and the function f.

Example 5.3. Choose a € (0, 1) irrational and let f € Loo([0, 1], A) be given
by [ =10 — 1251 (a,1- We then have f[071] fd\ =0. We now show that
there is no compact set A C [0,1] of positive measure on which f is contin-
Uous, fA fdX = 0 and such that there is an isomorphism between (A, ﬁ)

and a Cantor space (Q;o1{1,...,m;}, p) that is also a homeomorphism.

Choose any compact subset A C [0,1] on which f is continuous and for
which we have [, fdX = 0. Then we have A(AN[0, a]) — 2= A(AN(a, 1]) = 0.
Therefore A(A) = AN(AN[0,a]) + MAN (o, 1]) = (1 + L=29)A(AN[0,a]) and
thus AAN[0,0])

A(4)

Now, since f is not continuous at a and since A is closed we have either
(a —e,0)NA =g or (aq,a+€)NA = o for some ¢ > 0. In the case
(,a+€)NA = we set B:= AN|[0,q], so that B and its complement
A\ B = AN [a+e,1] are both compact. Furthermore, as we saw, we have
A(B)

PYC I
In the case (¢ —e,a) N A =0 we set B:= AN[0,a) = AN[0,a — €] so
that again B and A\ B = ANJa, 1] are both compact. Further, in this case

we also have % =

>

Now, in both cases B and A\ B are compact, and furthermore /\(%E?\B) =

« is irrational. Hence, applying Lemma 5.1 shows that there exists no
homeomorphism from A to {0,1}" that maps the scaled Lebesgue measure

—)\(/}4) to the product measure p. Further, the proof of Lemma 5.1 works
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evenly well for a general product space (Q;-;{1,...,m;}, ). Hence, this
finishes this proof.

1.0+

0.5 A

0.0

—1.0

—1.5

—2.0 4

—2.5

O.IO O.IZ O.I4 O.IG O.IB 1:0
FicUure 3. Example of the function f where a = %\@

5.1. Reduction for standard measure spaces. We will now proof that
it is enough to only consider the case that (£2, X, 1) is the interval [0, 1] with
the Borel measurable sets and the Lebesgue measure.

Lemma 5.4. Let M = ([0, 1], B([0,1]), \) be the measure space on [0, 1] with
the Lebesgue measure \. If Theorem 5.2 holds for M, that is, if for every e >
0 and every function in f € Loo(M) with f[O,l] fd\ =0 and \(f~1({z})) =0
for all x € R we can find a g € Log(M) with ||g||lec < 4]|f|lec + € and a
measure preserving transformation T of M such that f = goT — g, then
the same is true for any standard measure space.

Proof. Assume the theorem holds for the measure space ([0, 1], B(]0, 1]), A).
Then for f € Lo ([0, 1]B(]0,1]), A) we can find the g and measure preserving
T. Now, for any Lebesgue measurable set A C [0, 1], it follows from the regu-
larity of the Lebesgue measure, Theorem 2.9, that we can find Borel measur-
able sets B C A C By with A(B1) = A\(B2). Now T(B;1) C T(A) C T(Bs2),
and A(T(B1)) = A(B1) = A(B2) = AM(T(Bz2)). Thus also T'(A) is Lebesgue
measurable and A\(T(A4)) = A(A). The same is true for 7-1. Hence T is
also a measure preserving transformation of ([0,1],.4,\) where A denote
the Lebesgue measurable sets. Thus, the theorem holds also for the mea-
sure space ([0, 1], A, A).

Now, let M1 = (I, A1, ) be a measure space on a closed finite interval I =
[a,b] with a < b. with the Lebesgue measurable sets Aj. Let ¢ : I — [0,1]

be a bijection given by ¢(z) = {==. Since ¢ and ¢! are continuous they

are measurable functions. Now choose € > 0 and let f € Lo(I, A1, ) with
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J; fdx = 0 and A(f~*({z})) = 0 for all z € R, then fo ¢! is a function
in Loc([0,1],4,A) with [y fod7ldA = [;fodhod = gh [, fdr = 0

and A((f o ¢7") 7 ({z}) = Mo(f ' ({2})) = GEgAf " ({z}) = 0 for all
x € R. Hence, there exists a g € L([0,1],4,A) with ||g|lcc < 4||f ©
& oo e = 4HfHOO—i—e and a measure preserving T of ([0, 1], 4, A) such that
f ¢~ = goT — g. Thus, first applying ¢ to both sides gives, f = GoT — §
where 1= g © ¢ € Loo(LAvA) with (1] = llgl]o < 4l1fl] + ¢ and
further T := ¢! 0T 0 ¢ is a measure preserving transformation of (1, A1, \).
Namely, T is a bijection of I to itself, since T" and ¢ are bijections. Further
T and T~ are measurable functions since T, T~ L ¢ and ¢! are measurable
functions. And, last A\(T(A)) = AM(¢~ o T o ¢(A)) = (b— a)X\(T o ¢(A)) =
(b — a)X\(¢(A)) = A(A) where we used that T is measure preserving and
that A is translation-invariant. Thus we find that the theorem also holds
for (I, A1,\). Now if I’ were an open, or half-open interval (a,b), (a,b]
r [a,b), and if f € Loo(I’, A1, A) with [, fdXA = 0 and A(f~'(z)) = 0
for all € R then we can consider f as a function f € L (I, A1, \) with
f; fdX = 0 and A(f~(z)) = 0 for all z € R so that, for ¢ > 0 we get a
g € Loo(I, A1, \) with ||g]lec < 4||f|loc + € and measure preserving T of
(I, A1, ) such that f = go T — g. Now redefining T-!(a) and T~1(b) as
T'(a) and T'(b) respectively, makes T'|;» a measure preserving transformation
of I'. Hence, the theorem holds also for any measure space (I,.41,\) where
I is an arbitrary finite interval. Now, if My = (Q,X, ) is some standard
measure space, then it is isomorphic to some measure space (1,41, \) where
I is some finite interval and where A; are the Lebesgue measurable sets.
Now letting ¢ : 2 — I be the bijection, we can prove the theorem for Ms in
the same way as we just did for (I, .41, A). Thus this finishes the proof. [

5.2. Compensation of Integral. For the proof for (]0,1],B([0,1]),\) we
will need the following lemma that says that if we have a set D and an
essentially bounded, non-zero, function f on D, whose integral over D equals
0. Then, if we choose ¢ > 0 small enough (depending on f how small), and
if we have a compact subset E C D with A(D \ E) < € such that f is
continuous on F, then we can find a slightly smaller compact subset K C E
such that the integral of f over K equals 0.

Lemma 5.5. Let D C [0,1] and let f € Loo(D,B(D),\) with f # 0 and
such that [, fd\ = 0. Then 7% = X{f > L[|fT|l<}) > 0 and 7= =

M{f < =41F llso}) > 0. Let 0 < € < imin{ﬁ'”'{;'l'lo _H‘{fHH +. Then,
for any compact subset E C D with A\(E) > X\(D) — € and for which f|g is

continuous, there is a compact subset K C E with fK fdA =0 and \(K) >
A(D) = (14 2 flloo max{ =, i) e

Proof. Let D, E and f and e so that all conditions are fulfilled. Further,
set € = [ fdX\. Since, f # 0 and [, fd\ = 0 we have that f*, f~ # 0,
hence 71,77 > 0. We have || = | [ fd\| = \fD\Efd)\\ < AD\E)||flloo <
€| f]|oo- We will further suppose that ¢ > 0. The set f|5" (3]0, 20))

is open in E since f|g is continuous. Now, for 0 < r < 1 define the fol-
lowing measurable set, R, := f|5'((3]|f]loc,00)) N [0,7) € E. Now, let
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F :[0,1] — R be given by F(r) = [, p\R, JdA. This is a continuous func-
tion. Further we have F(0) = ¢ > 0 by assumption. Furthermore, since
A(Ry) = ( “H(GNF oo 00)) N E)2 AMD\E) 27" —e> 1T+ we
have F(1) = [ fd\ — [ fdX < €= A(R )%Hfﬂloo < é—r+i||f+||oo <

(e — ZTJ“H'{fHH"O)HfHOO < 0, hence, there must be a 7o with F'(rp) = 0. Now

set K = F\ R,, € D. Since R,, is open in E, we have that K is com-
pact. Further we have [} fd\ = F(rg) = 0. Finally, we have € = [, fd\ =

Sy, JAN 2 ARy}l s0 that A(Rry) < i < fili=e. Hence
A(K) = ME) = A(Fr) = (MD) = ) = e = MD) = (1L+ ff=)e >
A(D)— (1 + 2| floo max{m, m}) €. The case that € < 0 now follows
by replacing f by —f. This finishes the proof. O

5.3. Shrinking Lemma. What the next Lemmas say is that if we have a
compact set K and a continuous, essentially bounded function f on K with
integral 0 over K, then for 0 < ¢ < A\(K) we can find a compact subset E of
K such that A(K \ E) = ¢, the integral of f over E equals 0, and such that
E does not contain the endpoints of K.

Lemma 5.6. Let K C [0,1] be compact and of positive measure and let
f € Loo(K,)) be continuous, mean zero and such that M\(f~1({z})) =
for all x € R. Let c € (0, \(K)) then there is a compact subset E C K of
measure A\(E) = AN(K) — ¢ such that [, fdXA = 0.

Proof. Let K, f and c be given. Let v* = A({f* > 0}). We have v* > 0
since f is mean zero and not constant. For 0 <r < vt let A, = f~1((0,a,))
where a, > 0 is chosen maximally such that A(A,) = r. Furthermore, for
0<r<wv let B, = f~1((—00,b,)) where b, < 0 is chosen maximally such
that A(B,) = r. Note that we can choose a, and b, in this way because of
the assumption that A(f~'({z})) = 0 for all x € R. We have A,, C A,
and BT1 C B,, whenever r; < 7. Let Fy : [0,v%] — R* be given by
Fy(r)= [ 4, fd\ and F_ (ry=-1/ g, fdX\. These are continuous, strictly
1ncreas1ng functions with F, (0) = F_(0) =0 and F(v"T) = F_(v7) as f is
mean zero on K.

Let G : [0,v"] x [0,v7] — R be given by G(t,r) = F_(r) — F(t) so that
we have G(t,0) = F_(0) — F4(t) < 0 and G(t,v™) = F_(v") — F(t) =
Fi(vt) — Fi(t) > 0 for t € [0,07]. Hence, since G(t,-) is continuous,
there is a 0 < z < v~ with G(¢,z) = 0. Further, since G(t,-) is strictly
increasing this z is unique. Now we can define H : [0,0"] — [0,v7] by
letting H(t) € [0,v~] be the unique number so that G(t, H(t)) = 0.

For t € [0,v™] we now have F_(H(t)) — F.(t) = 0, which means [, fdA+
fBH(t) fd\ = 0. Hence, set By = K \ (A U Bp(y)), which is compact since

At, Bp(yy are open in K, then [, fd\ = 0. Now A\(E;) = A(K) — (H(t) +1).
Now, since G is continuous, strictly decreasing in ¢ and strictly increasing in
r we have that H is continuous and strictly increasing. Now, since H(0) =0
and since v + H(vT) = vT + v~ = A(K) as f is mean zero and nowhere
constant, we have that there exists a tg € (0,v") such that to + H(to) = c.
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Now we can take E = Fy, so that A(F) = A(K) — ¢ and such that f is mean
zero on E. This finishes the proof. U

Lemma 5.7. Let K C [0,1] be compact and of positive measure and let
f € Loo(K,\) be continuous, mean zero and such that \(f~*({z})) = 0
for all x € R. Let ¢ € (0, \(K)) then there is a compact subset E C K N
(inf K,sup K) of measure \(E) = \(K) — ¢ such that [ fd\ = 0.

Proof. Let K, f and ¢ be given. Let 75 = ({f* > }||f*||}) which are
positive since f is mean zero and nowhere constant. Choose ¢ > 0 with
€ < %min{TH'I{;HILZ‘),T* H‘J‘ff_l‘[f} and (1 + 2\|f]\oomax{m, m})e <c
Now choose 0 < r < A(K) such that A(KN[inf K47, sup K —7]) = A\(K) —e.
Now we can apply Lemma 5.5 on K N[inf K +7r,sup K —r] C K with f and €
to get a compact subset KCKnN inf K +r,sup K —r] with [ fd\ = 0 and
with A(K) = A(K) = (142]|f|oo max{ 7=, iz He > A(K) —c. Now let
y = AK) — A(K) so that 0 < ¢ — y < A(K). We can now apply Lemma 5.6
on K with f and (c—y) to get a compact subset E C K C KN (inf K, sup K)
with [ fd\ =0 and \(E) = A(K) — (¢ —y) = A(K) — ¢. Hence this proves
the statement. (]

5.4. Splitting Lemma. The following two lemmas we need to ensure that
the diameter of sets in the chains goes to 0. To do this, in case there is an
open interval I C [inf K,sup K] disjoint with K, we need the ratio of the
measure on the left, compared to the entire measure, to be of the form p/q
so that we can partition K in a multiple of ¢ pieces, which then, in essence,
lie either entirely at the left or entirely at the right of the interval 1.

Lemma 5.8. Let K = K1 U Ky be of positive measure, with Ky, Ko being
compact subsets of [0, 1] with A\(K1NK3) = 0. Furtherlet f € Loo(K,B(K), \)
be a continuous function with [, fd\ = 0 and such that \(f~'({z})) = 0
for all x € R. Then, for ¢ > 0 we can find a compact subset £ C K of

positive measure such that \(E) > MN(K) — € and [ fdX\ =0 and such that
A(ENK:)

B :gforsomepeNo en q € N,

Proof. Let K1, Ky, f and € be given as stated. We can assume that both
A(K1), A(K2) > 0 otherwise we can take £ = K. Write fi = f|k, and
fo = flk,. We have fi, fo # 0 since f is nowhere essentially constant. Now
let Tli = )\({fli > %HfliHoo}) and 7'2i = )\({fQi > %HfQiHoo}) We must have
7 > 0or 7; > 0 and likewise 75° > 0 or 7, > 0, since f1, fo # 0. Now if
77 > 0and 77 > 0 then we must also have 7, > 0 or 7, > 0, since f is mean
zero. Hence we can assume that 7'1+ , Ty > 0, the case that 7, 7'2+ > 0 being
similar by considering — f instead of f. For 0 < r < 7" let A, = f7*((0,a;))
where a, > 0 is chosen maximally such that A(A,) = r. Furthermore, for
0<r <7y let B, = f; '((—00,b,)) where b, <0 is chosen maximally such
that A(B,) = r. Note that we can choose a, and b, in this way because of
the assumption that A\(f~'({z})) = 0 for all x € R. We have A,, C A,
and B,, C By, whenever r; < ro. Let Fy, Fy : [0, min{r", 75 }] — R* be
given by Fi(r) = [, fd\ and Fy(r) = — [ fdX\. These are continuous,
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strictly increasing functions with F;(0) = F»(0) = 0. We look at their right-
h 2

derivatives. For A > 0 we have —ap| =

Jap a1 =arldA

< |ay4+n — ar|. Now, since a, is chosen maximally such that
AMA,) = r, we must have for e > 0 that A\(f; '(0,a, + €)) > \A4,) = r.
Henceif r <r+h < )\(fl_l((),ar + €)) we have a, < a,4p, < ar + €, so that
|ay+n — ar| — 0 as h — 0. This means that for the right derivative we have
F|(r*) = a,, which is strictly increasing.

Now, similarly for F5. For h > 0 we have

S5, o, b — FX
h

o I = 7100
- h
. Now, since b, is chosen maximally such that A(B,) = r, we must have
for € > 0 that A(fy '(—00,b, +¢€)) > A\(B,) = r. Hence if r < 7+ h <
M fy (=00, by + €)) we have b, < byyp < by + €, so that |b.ys — b| — 0
as h — 0. This means that for the right derivative we have Fj(r*) = —b,,
which is strictly decreasing.

Now fix 0 < ro < min{r;", 7, } and choose 0 < t; < min{r;", 75 } with
0 < Fi(tp) < Fy(rg), which can be done since Fj is continuous and Fi, F
are strictly increasing.

Let G : [0,to] x [0,79] — R be given by G(t,r) = Fa(r) — Fi(t) so that
we have G(t,0) = F5(0) — Fi(t) < 0 and G(t,r9) = Fa(ro) — Fi(t) > 0 for
t € [0,t0]. Hence, since G(t,-) is continuous, there is a 0 < z < ro with
G(t,x) = 0. Further, since G(t,-) is strictly increasing this x is unique.
Now define H : [0,t9] — [0,79) as the unique number H(t) € [0,rg) with
G(t,H(t)) = 0.

For r € [0, to] we now have Fy(H(r)) — Fi(r) = 0, which means [, fd\+
fBH(r) fd\ = 0. Hence, set E, = K \ (A, U By(,), which is compact since

Ay, By (ry are open in Kj, Ky respectively, then fEr fdA =0. Now A(E,) =
AMK) — (H(r) + r). Now, since G is continuous, and strictly increasing
in ¢ we have that H is continuous and strictly increasing. Hence, since
H(0) = 0, we can choose t; > 0 very small such that A(E;,) > A(K) — e,

E>(r + h) — Fx(r)
h

+ by

< |br+h - br|

that is H(t1) + 1 < e. Now let R(t) = 20K — L AL We have
R(0) = ):\((II((I)). Now, suppose that R is constant on [0, ¢1] then solving for H
we get H(t) = %t for t € [0,t1]. Further we have Fy(H (t)) = Fi(t)

so that differentiating from the right gives Fi(H(t))H'(t) = F{(t). Now,
since Fj o H is strictly decreasing and Fj strictly increasing and H' is a
positive constant, this gives a contradiction. We thus conclude that R is not
constant on [0,%;]. Hence, since R is continuous we can find a t2 € [0, ]
such that R(t2) = g for some p € Ny and ¢ € N. Now set E = E}, so that

ME) > \(K) — € and [y, fd\ = 0 and 25351 = R(ry) = £. This finishes

the proof. O
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Lemma 5.9. Let K C [0,1] be compact of positive measure. Let kM =
W, and set KX = KN [0,kM] and Kt = K N[k, 1]. Further,
let f € Loo(K,B(K),)\) be continuous with [, fdX = 0 and such that
M ft({x})) = 0 for all z € R. In case A(KT) =0 or A(K®) = 0 choose

c € (0,\(K)), otherwise choose ¢ € (0, min{\(K%),\(K®)}). Then there

L
exists a compact subset E C K N (inf K, sup K) with /\(g(rg ) — g for some

p €Ny en g eN and such that N(E) = N(K) — ¢ and [, fd\ = 0.

Proof. If \(KT) = 0 we can apply Lemma 5.7 on K7 to get the compact
subset E C KN (inf K%, sup K*) C K N (inf K, sup K) with [, fd\ =0
and A(E) = M(K®) — ¢ = M\(K) — ¢. Moreover ’\(f&g” =0 € Q so that
E satisfies the properties of this Lemma. This goes similar when A\(K %) =
0, by interchanging the roles of K* and K. We can thus assume that
ME®),A(K®) > 0. We use Lemma 5.8 on K = K* U K with f and §

to get a compact subset K C K with ff( fd\ =0 and % = % and
AMK) > MK) — §. Now set KX = KN K" and K = K N K*. Further set
y = MK) — M(K) so that we have 0 < y < ¢. Furthermore we have A\(K%) =
AMEL) = MEL (K \ K)) > MKL) — y and likewise A(KE) > MN(KE) —y.
Now 0 < (¢ —y) < min{A\(KL) — y, \(K®) — 3y} < min{\(KL),A\(KF)}.
Now set hl = f — ﬁff@ fd\ and h® = f — ﬁff@ fd\. We can
apply Lemma 5.7 on K with h” and (¢ — y)g and on K® with h® and
(c—y)(1— %) to obtain compact subsets EX C KX N (inf KX, sup KX) and
ER C K (inf K% sup K7) with A(EF) = A(K*) — (¢ —y)2 and A(ER) =
AKR) = (¢ = y)(1 = 2). and moreover [ hbdA = [gr hfdA =0,

The last assertion means that [, fd\ = /’\\((?(i)) Sz fdX and [r fdX =
i‘((gRR)) [zr fd\. Now let E = EF' U ER C K N (inf K, sup K), which is a

compact set. We have that

fE fax = i((fi)) /K far+ i((f?;)) [t (1)
“ 0wyt [ o) [ s

(2)

_a- (i(}g)) [ fan+ (- (i(};;))/m fd (3)

—(1- (i(_f(y)))/mum Fdr =0 (4)

Furthermore A\(E) = A\(K*) — (¢ — YL+ MER) = (e —y)(1 - B) = MK) -
(c—y)=ANK)—c
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AED) _ MET)

Finally, as we just saw we have NED) = NER) 5O that
MED) _ _ MEH L NKD  NEN
ANE)  MER)+MER)  NKL)+MKER)  MK) 4

O

5.5. Construction of Chains. We will now prove the following lemma,
which is used to construct a set C C K for which we will in Lemma 5.11
create an homeomorphism to a Cantor set, that is also an isomorphism.

Lemma 5.10. Let K C [0,1] compact and of positive measure. Further let
[ € Loo(K,B(K),\) continuous and with [ fdX =0 and X(f ' ({z})) =0
for all z € R. Now, if we let A\(K) > € > 0 then there exists a se-
quence of natural numbers (mp)o>, with m, > 2, such that, if we set
En = Qj_111,...;my} for n > 1, there exist families Cy, = {Kq : a € Eq} for
n € N such that if we set Cp, = U, cc, Ko and C = Mooy Cy the following
properties hold:

(1) Every K, € Cy, is a compact subset of [0, 1]

(2) For fired n > 1 we have that K,, K € C,, are disjoint if a # b.

(3) For fixzed n > 1 we have that any K., K, € C, have equal positive
measure My, := AN(K,) = MN(Kp) > 0

(4) Ifae€ &, and b € E,—1 are such that a; = b; for 1 <i<n —1, then
K, C Kp.

5) For anyn > 1 we have [, fd\ =0, and furthermore [ fd\ =0

(5)

(6) For K, € Cy, we have |E,] - A(Ky) > MK) — (1 —2"")e > ANK) —¢

(7) Forn >0 every set K, € Cy, is open in C,

(8) For every chain K., O K¢, O ... with ¢; € & we have diam(K.,) —
0 as j — oo.

(9) The set {K,NC : K, € C,, for some n > 1} is a basis for the topology
of C.

Proof. For n > 1 we will choose m,, and define families C,, = {K, : a € &,}
with given properties. We first set Cy = {K} for convenience and choose
m1 = 2. Now we will inductively define m, 2 and C,4+1 for all n > 0. Let
n > 0, we can assume that property (1) to (7) hold for 0 < j < n. Now
choose b € &,. We will consider K} € C,,.

Choose wg,x;,....x?"“ € [inf K, sup K3 such that for 1 < i < myyqq
we have A(K, N [z} 1, 7l]) = m:ﬂ)\(Kb), that is, we divide Kj in my4
pieces of equal measure. For i = 1,....,mp11, we will let KZ denote the

- . ; . . inf K¢ 7
set Ky N [z 1, 2l], let KZ’L denote the set K N [inf K7, %] and
let KZ’R denote the set K N [w,sup K}]. Furthermore set hi =

flxs KD fKi fd\ so that ng hid\ = 0. Now choose €, > 0 with

b

. €
€, < — min

g s MU RED). M) 1< < my e € EJ\(0)

Now, since by construction Kj is compact, also the sets Ké are com-
pact. Now, further f is continuous on K} so also on the subsets. Now we
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apply Lemma 5.9 on KZ with hé and €, so that we get compact subsets
f(g’L C Kg’Lﬂ (inf K}, sup K}) and f(Z’R C Ké’Rﬂ(iang,supKi), so that, if
we set Kj = K" UK)™, we have that A(K}) = A(K}) — ¢, and ff(,ﬁ hid\ =0
N

b for some pé € Ny and qZ e N.

and further N

Now let (;)32; be an enumeration of all open intervals contained in [0, 1]
with rational endpoints and let ¢} = {I[; N K} : j € N,A\(I; N K}) = 0}
Now if a = (b1,b2, ..., by, 1) with 1 < i < my41 then we define K, € Cpy1
as K, = K} \ UUeu; U. Note that we only removed a set of zero measure.

Now, to conclude the construction we set my, 12 = 2[T,ce. TTimi™ 4p-

Before we prove that our construction satisfies the stated properties (1)-
(9), we will give an intuitive idea of what we are doing.

We have divided the set Kj, from the left to the right in sets K}, all of
equal measure. Further, these sets are disjoint, except for their endpoints.
We then want to define the sets K, € C,41 as subset of the sets K| g in such a
way that the sets K, do not contain the endpoints, are of equal measure, are
still compact, and such that the integral of f over their union Uaecn+1 K,
remains zero. Further we need to make sure that the diameter of chains
goes to zero. This is not trivial since the endpoints a:é are not equidistantly
distributed, but distributed depending on the set Kj. Hence, if there is an
interval (u,v) not contained in Kj, but inf K; < uw and v < sup K, then
we might create a chain K,, D K4, D ...... such that inf (72, Ko, < w and
v <sup();2; Kq,. This we have to avoid.

To do all of this, we defined the sets Ké’L and Ké’R. These sets have
diameter at most half of the diameter of K;. Hence, if eventually sets in the
chains are either a subset of K Z’L orof K 2’R for some 7, then this ensures that
the diameter of chains goes to zero. To do this we needed Lemma 5.9. This
lemma gives us compact subsets K f; CK g that do not contain the endpoints,
and such that the functions hf) that were mean zero on K, g are also mean
Z€ro on I~(g This last property says that the average of f over Kg equals
the average of f over K, i. Now, since the removed measure (K] \ K, H=e,
is equal for all b € C,, and 1 < i < my41, this implies that the integral of
f over the union {J,eo Uin7H IN(g is zero. Now the subsets K, C K} with
a € Ey41 are essentially set equal to some set f(g Now, since the lemma
gave us that % € QQ and because of the way we choose m,, 12 we have

b

that all measure of the sets K7, with 1 < j < my, 19, are contained in either
K ;’L or K g’R for some i. Further, the construction using the enumerations
of the open intervals (I;)52; with rational endpoints is done to ensure that
we remove sets of zero measure that may keep the diameter large. After
we removed these sets, the subsets K. C K, with ¢ € £,42 are really fully
contained in either K z’L or K Z’R. In this way we ensure that the diameter
goes to zero.

We will now show the stated properties hold.
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K; }(g S e e }{Znn+1
\ \ \
K} K} m"“
IN(,}’L f{,}’R f(z?’L IN(E’R mnﬂ, mn+1,

FIGURE 4. Visualisation of the subdivision of some Kj, with
b € &,, in measure spaces. The lines mean that the lower
set is included in the upper set. The subsets K, C Kj with
a € E,41 are set equal, up to a null set, to the sets Kg. The
number Myp+2 is now chosen such that all the measure of
some set K, ¢ for some a € €n+1 with K, C Kjp, is contained
either in some Kj JL or K; J'® This ensures that the diameter
of chains Kj D K D .... goes to zero.

(1

/N NN

K1) Kag) - Kag) Kaivy  Kauto) K(1,my)

FIGURE 5. Visualisation of the subdivision of some Kj, with
b € &,, in measure spaces. The lines mean that the lower
set is included in the upper set. The subsets K, C K with
a € Epy1 are either fully contained in K(Ll) or K g). This
ensures that the diameter of chains K; D K, D .... goes to
ZEro.

(1) Fix n > 0. Assuming that all sets K; € C,, were compact, we con-
structed the compact sets K'g. Further, since the sets U € L{g are open in
K J, also K, i\ UUeug' U is compact. Thus also the sets in C, 41 are compact.
This proofs the claim by induction.



37

(2) Fix n > 0 and assume that the sets in C,, are all disjoint. Further choose
b € &, Fori # j we have that K} N Kg - {m%,...,mzn”“} by construc-
tion. Further, by the construction we have the endpoint $lb*1, mé ¢ f(,l) for
I =1,...,mpus1 so that f(g and Kg are disjoint. Hence all sets in C,41 are
disjoint. Hence we have proven the statement by induction.

(3) Fix n > 0 and assume that the sets in C,, have all equal measure. Let
K, Ke € Coyq and let K, Ky € Cp, such that K, ¢ K} and K. C K7,
for some 1 < i,j < myy1. Then, by the construction we have \(K,) =
MK —en = MBy) _ o= A )\(Kg) — €, = AM(K,). Hence all sets

. Mp+1 Mp+1
in Cp41 have equal measure.

(4) This property holds directly by the construction of the sets K.
(5) By the construction we have [, K hydX = 0 hence it follows that

MK [0
MK} Ji; /

_ _ _ _enmn—f—l
-5 = 0= SR

Therefore, since M,, = A(K}) does not depend on b € &, we have

/ fd\ = / FdA
Cnt1 U ot f({f;

fd) =
K

be€n Ui:l
Y
bEEs Uit K;
€EnMp41
= (1- ). / o fdX
My ==z JUm K
EnMnp+41
=(1- )> | fdx
Mn be&Ey, Ky
EnMn41
=(1-— d)\ =
o=ty [ gan=o

Now, furthermore, for n > 1 we have | [, fd\| = | [, fd\ — fon\o fdA| <
AMCn \ O)||f]loo- Hence, since A\(C'\ C) goes to 0 as n — oo, we have
Jo fdX=0.

(6) We have A\(K,) = A(K) for K, € Cy. Further, choose n > 1 and
assume |E,|A(Kp) > AMK) — (1 —27™)e for b € &,. Then for K, € Cpt+1
with K, C K}, we have A\(K,) = A\(K}) — ¢, > 21(51) — S
MK, > W(A(K) — (1 —27")¢) . Hence |E,4+1|\(K,) >
ME) — (1 —2- (D),

(7) By construction in the sets K, € C,41 that were created are contained
in K, C Kj C KN (inf Kj,sup K}) C K3 N (zp ', 28) for some b € &, and
1 <i¢<my41. Hence K, = Cpy1 N (xé_l,a:é) and K,NC =Cn (:ci_l,xé)
so that K, is open in C, 11 as well as in C.

(8) Let K, € Cpqo with K, C Kg C Ky C K} ¢ K. € C,. We show that we
have diam(K,) < % - diam(K.) so that for every chain K4, D Kg, D ... of

. Hence

€
on+1 \€n|mn+1
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subsets with dj, € & we have diam(Kg,) — 0 as k — oo.

j.L j
The set K} is constructed in such a way that % = ’q’—é. Now M 42

L Now if
. . . . ' Mn42
Kj € K2 or Kj C K& then diam(K,) < diam(K}) < ydiam(K,) and
we are done. Hence we can assume that K é N Kﬁ’L and K, g N Kg’R are non-

empty, so that xéfl € Kg’L and J/‘Z € Kg’R. Now for 1 <1 < mn+1 we have

=1 gl J,L i—1 4
(Kbm([z'b) me = mr}+1 so that /\(Kme;(]?b[)x‘b 7%]) is either 0 or

. i,L
is taken as multiple of g2, so that % is a multiple of

. Hence,

all measure of K g is either contained in K(J;L or in Kg B Now Ka is set equal
to a subset of Ki C K} from which either Kjn (z;7 1, 1) or Kjn (0,2}) is
removed, since it has zero measure. Hence K, C Kg’L or K, C Kg’R hence
AMKq) < ANK).
(9) The set {[0,u) N C : [0,u) C [0,1]} U{(v,1] N C : (v,1] € [0,1]} is a
subbasis for the topology of C. Now let B={LNC : L € C,, for some n >
1}. We show that B is a basis for the topology of C. Let [0,u) C [0, 1] be
an open interval. Let x € C with x < u. Then, since the diameter of sets
in the chains goes to 0, we can find an NV € N and a set K* € Cy such that
z € K¥ and sup K* < u. Now let U = U ecnjo,) K7 N C, then we have
U = [0,u) N C. Thus [0,u) N C is generated by the sets in B. This proof
goes identical for sets (v, 1] C [0, 1]. Hence B is a subbasis for the topology
of C'. Now since finite intersections of sets A, B € B are the union of sets in
B, we have that B is actually a basis for the topology of C.

O

5.6. Construction of Cantor space and homeomorphism.

Lemma 5.11. Let K C [0,1] be compact and of positive measure. Further-
more let f € Loo(K, B(K),\) such that f is continuous and [, fd\ =0 and
M f~t({x})) = 0 for all x € R. Now, choose ¢ > 0. Then there is a subset
C C K such that

(1) C is compact

(2) AM(C) > ANK)—€and A\(C) >0

(3) Jofdx=0

(4) For some sequence (n;) of natural numbers, there is a homeomorphism
¢ between C' and the product space @Q;o,{1,...,n;} from Example
4.2(2), such that ¢ maps the measure ﬁ to the product measure
L

Proof. Let K, f and € as stated. We apply Lemma 5.10 on K with f and
with 3 min{e, \(K)} to get a sequence (m;)3%, and the families C,, and the
sets Cp, = Uyee, Ko and C = Moey Cr

We will prove the stated properties.
(1) C is compact since all C), are compact, since all K, are compact.
(2)We have A(C) = lim A(C,) > A(K) — 2 min{e, \(K)}. Hence A(C) >

77,—}00

AK) —eand \(C) >
3) Follows from Lemma 5.10.

(
(4) Since A(C') > 0 we have that (C,B(C), —)) is a well-defined measure
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space. We now construct a homeomorphism ¢ between C and @;° {1, ..., m;}

%
that is also an isomorphism between the measure spaces (C,B(C), %C))

and (Q;2,{1,...,m;}, ). Let € C then there is a unique sequence a® =
(af,a3,....) with 1 < a; < m; such that, for n > 1 we have = € Ko az,...a2)-
Furthermore, since for every sequence a = (aj,as,..) with 1 < a; < m;
we have diam(K(,, . q,)) — 0 as n — oo and since for n > 1 we have
that K, . 4,) is closed, we have that the intersection Ny Ka,,....an) cOD-
tains exactly a single point. Therefore every x € C corresponds to a
unique sequence in Q := @:°,{1,...,m;} and we can define a bijection
¢ :C — Qas ¢(x) = (af,ad,...). We show that ¢ is a homeomorphism.
Fora € &, := Qi {1,....mi} set Q, = {z € Q: 1 = a1, ...,z = ap} s0
that (J721{Qq : a € &,} is a basis for the topology of Q. Then, for a € &,
we have that ¢~1(Q,) = K, N C which is open in C, hence ¢ is continuous.
Now the set B = {K,NC : K, € C, for some n > 1} is by construction
of Lemma 5.10 a basis for the topology of C. Further, for K, € C, we
have ¢(K, N C) = Q, is open in Q. Hence ¢! is continuous. Thus ¢ is a
homeomorphism.

To see that this homeomorphism is also an isomorphism between the

measure spaces we note that we have for every K, € C, that )‘(f(“g)c) =
. AKaNCj) — 1 1 _ 1 _ _ .
jlggo Xy ]lggo B E w(Qq) = pu(p(K, N C)). Now, since

Unzi{Uper KoaNC i I C E,} is a m-system, and since it generates all Borel
sets B(C'), we have by Theorem 2.6 that the measure ﬁ equals o ¢ for
all Borel measurable sets.

O

5.7. Finishing proof of Theorem 5.2. We now finish the proof of the-
orem 5.2 by constructing, for arbitrary mean zero f € Lo ([0,1], ) with
A f~t({x})) = 0 for all x € R, a measure preserving transformation 7' and
a function g € Lo([0,1],A) such that f = go T — g. We will do this by
defining measurable sets A, C [0,1] for n = 1,... such that

(1) Every set A, is compact.

(2) Different sets A,, A,, are disjoint.

(3) [o, fdA=0

(4) A0, 1]\ UpZy An) =0

(5) f is continuous on A,.

(6) There is a sequence (m;) corresponding to A, such that there is a
homeomorphism ¢y, from A,, to Q,, := Q;=,{1,...,m;} that is also an
isomorphism between the measure spaces (A, ﬁ) and (Qy,, pin)

Once we have that we can use the proof of Kwapien’s theorem for continuous
functions on Q,, with f|4, o, ! to get measure preserving T}, of ,, and g, €
LOO(QTH ,U/n) with Hgn| ‘oo < 4Hf|Ano¢;1||oo+%€Theorem = 4| ‘fAn | |+%€Theorem
and so that f|a, o ¢, = gn o T, — gn. Hence, we can set §, = g, o ¢, and
T, = é,1 0T, o ¢y, the last being a measure preserving transformation of
A,,. Further we can define the transformation 7" : [0,1] — [0,1] as T}, on
A, and T(x) = z for © ¢ A, and define g as g, on A,. Then we have
f=goT —g. Further g € Loo([0,1],\) with ||g||cc < sup{||gn|lec : 7 >
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1} < SUP{4H]£‘A"HOO + %ﬁTheorem in 2z 1} < 4HfH + €Theorem- Furthellmore,
T is a measure preserving transformation since all transformations T;, are
measure preserving and, since further the identity on [0,1] \ 72, 4; is also
measure preserving.

We thus construct the sets A,,. We define them inductively. For n > 1
set Dy, = [0, 1] \U;:ll A; which is open in [0, 1] hence locally compact. Fur-
ther, as D,, is a metric space it is also Hausdorff. Further, for D,, we have

-1
Sy FAN = [y FAN =325 [4, fdA = 0. Set 75 = A({fIp, = 51If1p,11})

and set z, = (1 + 2\|f|DnHOOmax{Hf|+l T ||f\71 T }). We can now choose
MIES Dy lloo

) ) o Moo 1+ Do oo .
€n > 0 with €, < imm{i)\(Dn),T;‘H|{f|li””|lo Th HI{f\/lilHllo }. Now, since
D,, is locally compact, Hausdorff, and since the Lebesgue measure A is reg-
ular by Theorem 2.9, we can apply Lusin’s theorem, theorem 2.10, to get

a compact set F, C D, of measure A\(E,) > A(D,) — ¢, and so that f is

: 1. . + 1t pplles —— 1f T Dy lles
continuous on E,. Now ¢, < s min{r n T n so that we
n n < g M T T s )

can then apply Lemma 5.5 on E,, C D,, with f|p_ and €, to get a compact
subset K, C E, of measure A(K,) > A(Ey) — zne, > A(E,) — $A(Dy,) such
that fKn fd\x = 0. Now, we can apply Lemma 5.11 on K, with f|g, and
1A(Dy,) to get a compact subset A, C K,, with A(A,) > A(Ky,) — 3A(Dy) >
AMEn) — 3MDy) > $A(Dp), and [, fdA = 0 and such that there is a
homeomorphism between A, and @;°,{1,...,m;} for some sequence (m;)

with m; > 2, that maps the measure ﬁ to the Cantor measure. We now
see that the stated properties hold, hence this finishes the proof.

6. REPRESENTATION OF MEAN ZERO FUNCTIONS AS SUM OF TWO
COBOUNDARIES

We will now use Theorem 4.1 and Theorem 5.2 to show that any mean zero
function f € Loo(]0,1],A) can be written as the sum of two coboundaries,
that is f = (g1 0 T1 — g1) + (g2 0 T2 — g2) with g1,92 € Loo([0,1],A) and
Ty, T, being measure preserving transformations of [0,1]. Furthermore we
can obtain a bound of ||g1]|co using || f||cc and we can get ||g2||oo arbitrary
small. We further note that the proof can, like we did in 5.4, be extended
to general standard measure spaces. Further, in Section 7 we will apply this
result in the field of singular traces.

Theorem 6.1. Let f € Ly([0,1],B([0,1]),\) be mean zero, and choose
e > 0. Then there exist gi1,92 € Loo([0,1],\) with ||g1|lcc < 4||f|loc + €
and ||g2||co < € and there exist measure preserving transformations Ty, T> of
[0,1] such that f = (g1oT1 —g1) + (g2 0 T2 — g2).

Proof. In this proof we will construct a continuous mean zero function h
such that for f — h we have A((f — h)"({c})) = 0 for all ¢ € R. In this
way we can apply Theorem 5.2 to f —h and Theorem 4.1 to h, such that we
we get f = (f—h)+h = (g10T1—g1)+(g20T2—g2) with the stated properties.
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Define the set A:={a € R: 3¢, e R: A{z € [0,1] : f(x) = ax +c}) >
0}. Now for a € A let us denote the set G, := {x € [0,1] : f(z) = ax + ¢4}
for which we thus have A\(G,) > 0.

Suppose A is uncountable. Then, since we have A = |J7 {a € A :
AMGq) > 13, there must be a § > 0 such that A\(G,) > § for uncountably
many a € A. Now choose a sequence (a;);>1 in A with a; # a; whenever
i # j and such that for ¢ > 1 we have A\(G,,) > 0. Now for a; # a; we have
that Gy, N Gaj contains at most one point, since the equation a;z + ¢4, =
a;jx + cq; has only one solution. We thus have A(U;Z; Gq,) = AMGq,) +
AMUi2 Ga) —AMU25(Ga,NGay)) = AM(Gay) +A(Us25 Ga,)- Repeating this we
get AUy Ga,) = D221 MGy,) > D 72, 6 = oo. However, this is obviously
wrong since (J;2; Gq, C [0, 1]. Hence we must have that A is countable.

Now, since A is countable, we can choose b € [0, %e) \ A. Thus, since
b & A we have for all ¢ € R that \({z € [0,1] : f(z) = bz + ¢}) = 0. Now,
define h € Loo([0,1],A) as h(z) := b(z — 3), which is continuous and mean
zero and has norm ||h|| = 3b < e. Previous statement says exactly that
we have A((f —h)"1({c})) = A{z € [0,1] : f(z) — bz — 3b=c}) =0 for all
¢ € R. Further, f — h is mean zero since f and h are mean zero. Hence,
we can apply Theorem 5.2 to the functions f — h to get a g1 € Loo([0, 1], \)
with ||g1|leo < 411 — Allos + L€ < 4(]|lloo + [1bl]oc) + L€ < 4]Lflmo + € and
a measure preserving 77 of [0,1] such that f —h = g1 o T} — g;. Further,
since h is continuous and mean zero, we can apply Theorem 4.1 to get a
function go € Loo([0, 1], A) with |[g2||sc < 4||h||c + 5€ < € and a measure
preserving transformation 75 of [0, 1] such that h = go 0 T — go. Now we
have f = (f —h)+h = (g1 oT1 — g1) + (92 © T — g2). This finishes the
proof. O

7. APPLICATION OF KWAPIEKN’S THEOREM

To empathise the importance of Kwapien’s theorem in its general form,

we now conclude with an application in singular traces. We will give a proof
of Theorem 7.1, as done in [9], which uses Kwapien’s theorem. In [9] this
theorem is then used for other applications in the field of singular traces.
We will not go deeper into this as it is quite advanced material and outside
the scope of this bachelor thesis.
We further note that, in [4] a weaker version of Kwapien’s theorem was
proved, which says that we can write a mean zero functions f on [0,1] as
sum f = Zle gi o T; — g; with k at most 20, and where g; € Loo([0, 1]) and
where T; is measure preserving. This weaker version was already sufficient
to prove Theorem 7.1.

We will introduce some notation from singular traces. The terminology
we use can be found in more detail in [9] and [3]. We consider the set
£(0,1) of measurable functions f : (0,1) — R and likewise the set £(0, c0)
of measurable functions on (0,00). We let ~ be the equivalence relation
of equality, almost everywhere. For such function f € £(0,1)/ ~ and f €
L£(0,1)/ ~ we let u(f) denote the decreasing rearrangement of | f|, that is,
w(f)(t) = inf{s > 0 : A(|f| > s) < t}. Now let S(0,1) be the set of all
measurable functions on (0, 1) and let S(0,00) be the set of all measurable
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functions f on (0,00) such that A({|f| > s}) < oo for large enough s. A
symmetric function space E on (0, 1) is a Banach space E C S(0, 1) such that
feE geS0,1) and u(g) < p(f) imply g € E and such that furthermore
for f,g € E with u(g) < p(f) we have for the norm ||g|| < |[f]|. The
definition for a symmetric function space on (0, 00) is similar, by replacing
(0,1) by (0,00). For a symmetric function space E on (0, 1) respectively
(0, 00) we define the following.
We let

Dg = Span{z € E: x = p(z)} = {p(a) — u(d) : a,b € E} (6)
and further let
Zp = Span{x; —x2:0<z1,22 € E, u(x1) = p(z2)} (7)

Now, for the case (0,00) we will furthermore define a function C' : (Lo +

t
C(z) = / x(s)ds (8)

t Jo
and for the case (0,1) we take C': L1(0,1) — S(0, 1) defined in the same way.

We now state a theorem from [9, Theorem 4.5.1 | which we will prove.

Theorem 7.1. We have the following

(1) Let E be a symmetric function space on (0,00) and let x € Dg. We
have x € Zg if and only if Cx € E.

(2) Let E be a symmetric function space on (0,1) and let x € Dg. We
have x € Zg if and only if we have Cx € E and fol xdh = 0.

The ‘only if’ part of the statements does not use Kwapieri’s theorem, its
proof can be found in [9, Theorem 4.5.1]. To prove the ‘if’ part of Theorem
7.1, we will use Theorem 6.1 and we will additionally need the following
result from [3, Theorem 5.11] about the dilation operator on symmetric
function spaces.

Theorem 7.2. Let E be a symmetric function space. Then the dilation
operator o defined by os(f)(t) = f(L) maps E to itself.

s

We give the proof of the ’if’ part of the Theorem 7.1.

Proof of the ‘if” part of Theorem 7.1. (1) Let E be a symmetric function
space on (0,00) and let * € Dg. Assume that Cz € E, we will show
that © € Zg. For n € Z let I, = (2",2"*1] and define the partition A =
{I, : n € Z} of (0,00). Further set 1 = E(z|o(A)). Since z € Dg we
can write z = p(a) — p(b) with a,b € E, and hence z1 = E(u(a)|o(A)) —
E(u(b)|o(A)). Now, since p(a) is decreasing we see that E(u(a)|o(A))(t) <
p(a)(2l0820)) < yi(a) (L) hence E(u(a)lo(A)) < o2(u(a)) where o9 is the
dilation operator. Likewise we have E(p(b)|o(A)) < o2(u(b)). Now oa(u(a))
and o2(u(b)) are in E by Theorem 7.2. Now, by the given inequalities and
by definition of E, we also have that E(u(a)|o(A)) and E(u(b)|o(A)) are in
E. Hence also 1 € E.
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Now, since u(a) > 0 and decreasing we have for ¢ € I,, that |u(a)(t) —
E(u(a)|o(A))| < max{u(a)(t), E(u(a)lo(A))} < p(a)(3) and hence by defi-
nition of the conditional expectation we have
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< 502(p(a) + p(b))

Now we have p(a),u(b) € E thus also u(a) + u(b) € E. Now, again by
theorem 7.2 this means that also o2(u(a) + w(b)) € E. Now we have
u(Clar) - C(@)) = p(Cla1) — C@)]) < boa(u(a) + p(®)). Thus, by defini-
tion of E we have that also C(z;) — C(x) € E. Now, since by assumption
C(z) € E, we also have that C(z1) € E. We now define the function:

2(t) = C(x1) (2" for t € I,, for some n € Z

We have on (2", 2" that C(z1)(t) = 7 fg T1d\ + 121 (1) = M

Now, since z; is constant on I, it follows that |C(x1)'(t)| is decreasing on
(27,271, Now, for t € I,, we either have /2t € I,, or % € I,. Suppose

V2t € I, then we get
[C(z1)(27F1) = C(a1)(t)]

[C 2@ < [Ca)(B)] + 27 — 1] -

|2n+1 —t| ‘
n |C (1) (V2t) = C(a1)(1)]
< ()] + 2 o L
= 2t V2t) — Cla1)(t
= [C(z1)(t)| + V-1t |C(z1)(V21) (z1)(t)]
1

. |C(21)(V2t) = Ca1)(1)]

Otherwise, if % € I, we have
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Clan)@H)] < [Ca)(B)] + 20+ — - 1CENE) = Ot

o1 ¢
< (Cla)(B)] + |27 — 1] ’C(xl)(jz) — C(x1)(t)]
|75 —
— GO+ 2T o) (L) - o))
TEmATRE
1 t
<|C(x1)(t)] + % : \C(«’Ul)(\ﬁ) — C(z1)(1)]

Hence we have |z| < |C(z1)|+ ﬁ’U%C(l’l) —C(x1)|+ i]aﬁC(txl) _
2

C(x1)| and this shows that z € F.
Further, we have for n € N that

Ly 220 = 02(2) (O = 27O ~ Ol (27)

2 2n+1 1 on
) (2n+1/0 xl(t)dt—zn/o w1 (t)dt)

- / E(w|or(A)) ()t
[2n 20 +1]

_ / ()t
[2nj2n+l]

Hence, for every set A € o(A) the integral of 2z — o2z over A equals the
integral of z over A. This means that z1 = E(z|0(A)) = 22 — 022.

2n+1

Set zq(t) = zn% o m(a)dxfort € I,. Nowlet D =, (2", 2"4+2"" 1)
and define the transformations 71 : D — (0,00) and 7 : D¢ — (0,00) as
T1(t) =t—2""1fort € I, and 7»(t) = t—2" for t € I,. Since both these trans-
formations are just translations on the sets I,,, they are one-sided measure
preserving transformations. We then have z,(71(t)) = 02(24)(¢) on D and
similarly z,(72(t)) = 02(24)(t) on D¢. Hence 02(z,) = z4071-Lp+2z4072 L pe.
Now, by [7, Theorem 7.2] we have that j(zq071) = p(z4072) = p1(24). There-
fore we have p(o2(z4)) = 2u(2,). Further we have z, > 0. Now, we have
that 1 = 2z — 09(2) = (224 — 02(24)) — (22, — 02(2p)). Now this means that
T € ZE.

Consider the function x1 —x on I,, We have that x1 —z is mean zero on I,
and further, since we have ||z17, ||co < ||u(a)lr, — w(b)1r, ||loo < p(a)(2) +
w(b)(2™) < oo we have that |[(x1 — )11, || < 2||21},]lcc < 00 so that
(x1—x)1], € Loo. Therefore, we can apply theorem 6.1 so that we can write
(.’L‘1 _x)]lln = (gl,nOTI,n_gl,n)+(92,noT2,n_92,n) with 91,n,92,n € Loo(Inv /\)
with [|g1.n]lec < 4||(z1 — 2)17,||cc + € and ||g2n||co < € and with T ,,T5
being measure preserving transformations of I,. If (x1 — )17, = 0 then we
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can take g1 = g2 = 0. Hence, in all cases we can take € = ||(z1 — )17, ||co-

We now define functions y; , supported on I, as y1.n, = g1,n,°T1 n+|91,n]l00s
Y20 = 910+ 191,nllocs Ys,n = 92,0 0 Ton + |[92,nl0c and Yan = g2, + [|92,n |oo-
We then have (z1 — )17, = (Yy1,n — Y2.n) + (Y3.n — Ya,) and further 0 <
Yin> Y2.ns Y3m, Yan. Further, as y1., = y2n 0 T1, and Y3, = yan 0 T, and
Ti ., >, measure preserving, we have by [7, Theorem 7.2] that u(y1,) =
w(y2,n) and pw(ysn) = pu(yan). Now for i =1,2,3,4 set y; = >, .z Yin. We
further have for ¢ € I, that |[(x1 — x)(t)| < |E(u(a)lo(A))(t) — p(a)(t)| +
[E(1u(b)|o(A)) (1) — u(b)(B)] < 2p(a)(§) + 2u(b)(5) = 202(p(a) + p(b)). Now
we thus have [|(z1 —2)1y,[|oo < [[202(p(a) + p(b)) 11, [|oo < 204(pu(a) + (b))
This means that on I, we have y; < 10[|(z1 — 2)17, ||oo < 2004(u(a) + p(b))
and hence y; € E. Now further 0 < yi1,¥y2,vy3,y4. Now since z; — x =
(y1 — y2) + (y3 — ya) we have x1 — z € Zg. Now, as we already saw that
r1 € Zg, we have that also x € Zg. This finishes the proof for this case.

(2) We now do the proof for the case that E is a symmetric function space
n (0,1). Choose z € Dg with fol xdA = 0 and such that C(z) € E. We first
define for n < —1 the interval I, = [2",2""!) and let A = {I_,, : n € N}
be our partition of (0,1). Since x € Dp we can write x = pu(a) — u(b)
with a,b € E. Now we set 1 = E(z|0(A)) = E(u(a)|o(A)) — E(u(b)|o(A)).
Again we have E(u(a)|o(A)) < oo(p(a)) and E(u(b)|o(A)) < oo(u(b)) which
means that x1 € F.
We can now do the same calculation as before to obtain that C(z;) € E.
We can now define z : E — S(0,1) as

2(t) = {C(xl)@"“) t € I, for some n < —2 )

0 tel

We again have C(x1)'(t) = M and since z; is constant on each
I, we have that |C'(z1)’| is decreasing on each interval (27, 2"*1). Now, for
n < —2 we have, by the same calculation as in the case for (0, 00), on I,, the
bound |z| < |C(x1)| + ﬁkf%C(fL‘l) —C(z)|+ éb‘ﬁC(l’l) — C(x1)]-
Now, this bound also holds on I_; since z = 0 on I_;. This means that
ze L.

Now, as in the case on (0,00), we get for n < —2 that fln 22(t) —
o2(2)(t)dt — [; wdt. This means that 21 = 2z — 02(2) on (0, 1). Now we
also have, in the same manner as done on (0,00) that u(2z) = p(o2(2)).
Now, this means that f(O,l) 2z — o2(z)dA = 0. Hence, since z; is also
mean zero, and since 71 = 2z — 02(2) on (0,3), we also have Ji o=
I} 1, 22— o9(z)d\. Hence, by definition of the conditional expectation, we
now have z1 = 2z — 02(2) on (0,1). Now, again we obtain z; € Zp.

We can now again consider the function z1 — z on I, for some n < —1.
We have |21, ]lcc < p(a)(2") 4+ w(b)(2") < oo and hence again ||(z; —
)1, || < oo so that (x1 — )1}, € Loo(l,). Now, we can continue as in the
case for (0,00) to obtain the functions yi1,y2,ys, y4 from which follows that
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r1 —x € Zg. Hence we have x € Zg. This finishes the proof.

8. NOTES

At this moment, I am still working on the proof of Kwapieri. It seems that
combining a result from [4] with the theorem for nowhere constant functions
yields the full result of Kwapien.
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