<]
TUDelft

Delft University of Technology

Weak convergence of stochastic integrals with respect to the state occupation measure of
a Markov chain

Jansen, H.M.

DOI
10.1017/jpr.2020.96

Publication date
2021

Document Version
Accepted author manuscript

Published in
Journal of Applied Probability

Citation (APA)

Jansen, H. M. (2021). Weak convergence of stochastic integrals with respect to the state occupation
measure of a Markov chain. Journal of Applied Probability, 58(2), 372-393.
https://doi.org/10.1017/jpr.2020.96

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1017/jpr.2020.96
https://doi.org/10.1017/jpr.2020.96

Weak convergence of stochastic integrals with respect to the state

occupation measure of a Markov chain

H. M. Jansen

Abstract

Our aim is to find sufficient conditions for weak convergence of stochastic integrals with
respect to the state occupation measure of a Markov chain. First, we study properties
of the state indicator function and the state occupation measure of a Markov chain.
In particular, we establish weak convergence of the state occupation measure under
a scaling of the generator matrix. Then, relying on the connection between the state
occupation measure and the Dynkin martingale, we provide sufficient conditions for
weak convergence of stochastic integrals with respect to the state occupation measure.
We apply our results to derive diffusion limits for the Markov-modulated Erlang loss
model and the regime-switching Cox—Ingersoll-Ross process.

Keywords: Markov chain; state occupation measure; stochastic integral; diffusion limit;
Markov modulation; regime switching.
AMS MSC 2010: 60F17; 60HO5.

1 Introduction

Stochastic integrals with respect to the state occupation measure of a Markov chain arise
naturally in the analysis of queueing systems and diffusions under Markov modulation. We
are interested in weak convergence properties of this type of stochastic integrals, as they
play a key role in the derivation of scaling limits for such processes.

To make the problem concrete, we introduce some notation. Let Y - X denote the
It6 integral of Y with respect to X and let = denote weak convergence. In addition, let
H, and G, be stochastic processes satisfying H,, = H and G, = G, with H, being a
suitable integrand and G,, denoting the (scaled and centered) state occupation measure of
an irreducible continuous-time Markov chain. We would like to find conditions under which
the convergence

Hn’Gn:>H‘G (11)

holds as well.

Rather remarkably, this case does not seem to be covered by the known results dealing
with convergence as in (1.1). To guarantee convergence as in (1.1), it is typically required
that G,, is a martingale or that G, has the so-called P-UT property (cf. [5, 6, 9, 16]).
However, neither of these requirements is satisfied if G,, is the state occupation measure
of a Markov chain, even though G, has very nice convergence properties in this important
case. An exception is [10], which considers a class of Markov-modulated ordinary differential
equations that have bounded integrands and feature the state occupation measure as an in-
tegrator. The proof there relies on integration by parts under an appropriate differentiability
condition, after which the P-UT machinery can be utilized.

The goal of this paper is to formulate practical conditions that guarantee convergence
as in (1.1) and can be easily applied to relevant examples such as queueing systems and
mean-reverting diffusions under Markov modulation. Because the state occupation measure
G, is a given, we have to impose restrictions on the integrand H,, to obtain convergence as
in (1.1). The key insight is that convergence of H,, - G, is related to the behavior of the



total variation process of H,,. Under the condition that this total variation process does not
grow too quickly, we prove that (1.1) holds. Relying on tightness arguments, we extend this
result and show weak convergence of integral equations of the form

Volt) = X0+ [ Hal)aGulo)+ [ T ()0 dd6u(e) + [ A, () (s)ds.

where I'y, and As,, are functions mapping right-continuous paths to right-continuous paths.
We demonstrate the relevance of these results by applying them to two examples, in which
we derive diffusion limits of the Erlang loss model and the Cox—Ingersoll-Ross (CIR) process
under Markov modulation.

The remainder of this paper is organized as follows. In Section 2, we introduce notation
and collect a number of basic results needed to prove the main results. In particular, we
derive properties of an irreducible, continuous-time Markov chain, its state occupation mea-
sure, and its Dynkin martingale. We also establish weak convergence of the state occupation
measure. In Section 3, we state and prove the main results in two theorems. The first theo-
rem concerns weak convergence of stochastic integrals with respect to the state occupation
measure G,, and provides conditions under which (1.1) holds. The second theorem extends
this to a class of stochastic integral equations involving G,,. In Section 4, we apply the
main results to derive the diffusion limit for the Markov-modulated Erlang loss model and
to establish a small-noise limit for the Markov-modulated CIR process. In Section 5, we
draw conclusions and point out some directions for further research. The appendix explores
the P-UT property and its relation to (G,, in some more detail. It also contains two technical
lemmas that are important for proving the main results.

2 Preliminaries

We consider stochastic processes X defined on the interval [0, 00) and taking values in RP.
We interpret vectors in RP as column vectors and equip RP with the usual Euclidian norm
I]l. Unless stated otherwise, we assume that X is cadlag, meaning that its paths are right-
continuous and admit finite left-hand limits. We denote the space of cadlag paths on [0, 00)
with values in R? by D(]0,00); RP) and we assume that D([0, c0); R?) is equipped with the
Skorokhod J; topology (cf. [5, Ch. VI|). Weak convergence is denoted by =. We refer
to uniform convergence on compacts in probability as ucp convergence. The element in
D([0, c0); R?) that is identically equal to 0 is denoted by n9. We often refer to 7y as the zero
process. We let ¢ be a positive constant that may change from line to line.

Throughout this paper, J denotes a right-continuous, irreducible, continuous-time Markov
chain with state space {1,...,d} for some d € N. We denote by Q the d x d generator ma-
trix corresponding to J. The state indicator function of .J is the {0,1}%-valued process K
defined via K(i;t) = 1= for i € {1,...,d} and t > 0, so it takes values in the set of
unit vectors. The process K is closely related to the state occupation measure, which is the
Re-valued stochastic process L(t) = fot K(s)ds. On an intuitive level, the state indicator
function K registers in which state J is, while the state occupation measure L measures how
much time J has spent in each state up to a certain time.

2.1 Basic properties of the deviation matrix

Anticipating upcoming results, we present a number of equalities. Given the irreducible
generator matrix Q, we let the d x 1 column vector 7 denote its stationary distribution, so
7 is the unique probability vector solving the equation 77Q = 0. Additionally, D denotes
the deviation matrix corresponding to Q; its entries are given by



The integral is well defined, because the irreducibility of Q implies that the probability
P(J(t) = j|J(0) = i) converges exponentially fast to m; as t — oo (cf. [3, p. 356]). Thus,
the deviation matrix D provides a measure for how much the Markov chain J deviates from
its stationary distribution if it starts in a fixed point.

Following [3], we define the ergodic matrix IT = 17" and the fundamental matrix F =
D + 11, where 1 denotes a d x 1 vector with each entry being 1. Some straightforward
arguments (cf. [3]) demonstrate that 77 D = 0 and

QF =FQ=11-1=DQ=QD. (2.1)

Applying these identities, we find that (QF)Tdiag(m)F = (QD)"diag(r) D+(QD) diag(m)II,
while (QD)"diag(n)D = —diag(w)D and (QD)diag(w)II = 0. This leads to the equality

FT(Q"diag(m) + diag(r) Q) F = —(diag(r)D + D' diag(n)). (2.2)

Given the irreducible generator matrix O, the vectors and matrices 1, 7, I, F', and D are
always as defined above.

2.2 The Dynkin martingale

Markov chains are closely connected to martingales via Dynkin’s formula. In the next result
(which follows from [1, Lem. 2.6.18] and [1, Lem. 3.8.5|), we define a martingale M, which
is the Dynkin martingale corresponding to J. Additionally, we note that M is a locally
square-integrable martingale. For this class of martingales there are powerful convergence
results available, which often depend on the predictable quadratic variation process of such
martingales converging in a suitable manner. One of these results is the Martingale Central
Limit Theorem (MCLT). We would like to invoke it later on, so we present the explicit form
of the predictable quadratic variation process of M as well.

Lemma 2.1. The process M defined via
t
M(t) = K(t) — K(0) — / QTK(s)ds (2.3)
0

s a cadlag, locally square-integrable martingale having predictable quadratic variation process

(M) (t) = /O diag(QTK(s)) ds — /O QT diag(K(s))ds — /0 diag(K (s))Qds. (2.4)

We refer to the process M defined above as the Dynkin martingale associated with the
Markov chain J.

2.3 Scaling the Markov chain

In the remainder of this paper, we are mainly concerned with the Markov chain J,,, which
is a scaled version of J. Formally, we fix a > 0 and let J,, denote a continuous-time Markov
chain with state space {1,...,d} and generator matrix n*Q, where n € N. As usual, we
assume that J, has right-continuous paths. Note that we may obtain J,, by applying the
time scaling J,,(t) = J(nt), so J, is essentially a sped-up version of J.

The state indicator function of J,, is K, while the corresponding state occupation mea-
sure is L,, and the corresponding Dynkin martingale is M,,. We let GG,, denote a scaled and
centered version of the state occupation measure L,,, with

Gn(t) = na/2/0 (Kn(s) —m)ds. (2.5)



This process is connected to M, via
Go(t) =n=*2FT M, (t) — n =2 FT(K,(t) — K,(0)), (2.6)

which follows from (2.1) and (2.3).

The process G,, in (2.5) is the process that we would like to use as an integrator. There-
fore, it is the most important object in this paper. For ease of exposition, we often abuse
terminology and refer to GG,, as the state occupation measure, leaving out the fact that it is
scaled and centered in a specific way.

2.4 Weak convergence of the state occupation measure

A first step towards proving the main result is to derive weak convergence of the Dynkin
martingale M,, and the state occupation measure GG,,. We settle this in the next lemma. In
particular, it shows that the fluctuations of G,, are well described by a Brownian motion
whose predictable quadratic variation process strongly depends on the deviation matrix D
of the underlying Markov chain. Its proof relies on a double application of the MCLT.

Lemma 2.2. For n — 0o, the stochastic process n=*/2M,, converges weakly to a Brownian
motion C' having predictable quadratic variation process

(C)(t) = —(Q"diag(m) + diag(m)Q)t. (2.7)

Additionally, for n — oo, the stochastic process G,, converges weakly to a Brownian motion
B having predictable quadratic variation process

(B)(t) = (diag(m)D + D' diag(r))t. (2.8)

Proof. We first show how the second statement follows from the first. Suppose that M, =
n~=%/2M,, converges weakly to the Brownian motion C. In this case, the process —n®/? fot QTK,(s)ds
must converge weakly to C' as well, due to (2.6). Then the process

Gn(t) = n*/? /t(Kn(s) —7m)ds = —n®/? /t FTQTK,(s)ds

0 0

converges weakly to the Brownian motion B = FTC, so
(B)(t) = FT(— (Q"diag(m) + diag(r)Q)¢t) F = (diag(w)D + D" diag(r))t.

For a justification of the last equality, see (2.2).

In view of the previous considerations, it suffices to prove that M, converges weakly to
the Brownian motion C. We would like to invoke the MCLT (cf. [16, Th. 2.1]) to establish
this convergence. To this end, we have to verify several properties: we need ucp convergence
of the predictable quadratic variation process (M,) to (C), together with bounds on the
maximum jump sizes of M, and (M,,).

As a first step, we use Lemma 2.1 to obtain that

(]\an>(t):/0 diag(QTKn(s)) ds—/0 QTdiag(Kn(s))ds—/O diag(K,(s))Qds. (2.9)

Clearly, <Mn> is continuous and the jumps of each entry of M,, are bounded by n=%/2, so

the maximum jump size of M, and (Mn) converges to 0 as n — co. In this case, the MCLT
implies that weak convergence of M,, to C follows from (M,,) converging ucp to (C).

The key to proving convergence of (M,) to (C) is the convergence of n=*M, to the
zero process 7)g. To establish the latter convergence, we again rely on the MCLT. Clearly,

(n=*M,) = n~*(M,) and (M,) is bounded on compact intervals, so (n~*M,) converges



ucp to 1. Additionally, the maximum jump size of n=*M,, and (n~*M,,) converges to 0 as
n — 00, so the MCLT implies that n~“M,, converges ucp to 1g.

Recall that we aim to prove that (M,) converges ucp to (C). Because we showed that
n~“M,, converges ucp to 1y and K, is bounded by 1, it follows from the definition of M,

in (2.3) that

- / t FTQ'K,(s)ds (2.10)

0

converges ucp to 7y, too. From the matrix equalities related to the deviation matrix D and
the fundamental matrix F' we get

FTQTK,(s) = (QF) K,(s) = (71T —I) K, (s) = m — Kn(s). (2.11)

Combining this with the convergence of the process in (2.10), we conclude that the process
fOt(Kn(s) — 1) ds converges ucp to 7g. This implies that (M,,) presented in (2.9) converges
ucp to

t t t
/ diag(Q ") ds — / Q" diag(m) ds — / diag(m)Qds = —(Q"diag(r) + diag(m) Q).
0

0 0

The last equality is based on the fact that 7' Q = 0. We conclude that (Mn> converges ucp
to (C), which establishes weak convergence of M, to C. O

3 Main results

In this section, we state and prove our main results, which we present in two theorems. The
first theorem concerns weak convergence of stochastic integrals with respect to the state
occupation measure G,. The second theorem partly relies on the first and concerns weak
convergence for a rather general class of stochastic integral equations involving G,,. These
results are the key to deriving the diffusion limits for the Markov-modulated Erlang loss
model and the regime-switching CIR process, which we focus on in the next section.

3.1 Stochastic integrals with respect to the state occupation mea-
sure

Convergence of stochastic integrals with respect to a semimartingale X,, is a delicate subject
in general. Even if H,, and X,, are well-behaved deterministic processes converging uniformly
to the zero process, the integral H,, - X,, may not converge as n — 0o. Nevertheless, there
are two well-known cases in which the analysis simplifies considerably. The first case deals
with X, being a martingale. Then H,, - X, is typically a martingale, which may be analyzed
using tools such as the MCLT. The second case (partly covering the first) deals with X,
being P-UT. Then (H,, X,) = (H, X) implies that H,, - X,, = H - X under mild conditions,
according to [5, Th. VI.6.22].

However, if we integrate against the state occupation measure G,,, neither the first nor the
second case applies. Indeed, GG,, is not a martingale and does not satisfy the P-UT property,
as we show in the appendix. We get around this problem by restricting the integrands to
be processes of finite variation that converge in a specific way. Under this restriction, we
exploit properties of both the Dynkin martingale and the state indicator function to prove
weak convergence of stochastic integrals with respect to G,,.

We proceed to develop this idea in the following theorem, which is the first main result
of this paper. The statement of the theorem also features an auxiliary process Z,. It is not
relevant for the proof, but its inclusion can be quite useful for applications.



Theorem 3.1. For fited m € N, let Hyp,...,Hyyn, and Z, be cadlag processes, with
Hy,,...,Hy, , taking values in R qnd Z,, in R®. Assume that these processes are adapted
to some underlying filtration with respect to which the Dynkin martingale M, is still a
martingale. Also assume that each entry of n_a/gH;wL s a finite variation process whose
total variation process converges ucp to the zero process ng. If

(Hl,n7-~-7Hm,naGn7Zn) = (H]_,...,Hm,B,Z) (31)
for n — oo, then

(Hl,n * Gna ey Hm,n ¢ Gn7H1,n7 .. 7Hm,na Gna Zn)

(3.2)
= (H,+B,...,Hy-B,Hy,... Hy,B,2)

for n — oo. The process B is a Brownian motion whose predictable quadratic variation
process is given by (2.8).

Proof. We first summarize some known results. According to Lemma 2.2, the martingale
n~=%/2M, converges weakly to a Brownian motion C' and the state occupation measure G,,
converges weakly to B = F'TC, which has the predictable quadratic variation process given
by (2.8). We also note that Hy ,, - G, = H,;n - G, with X~ being the left-hand limit of a
cadlag process X.

We have established a relation between G,, and n~®/2M,, in (2.6). This relation implies
that

t
(Hpp, - Gn)(t) = / H,;n(s)dn*aﬂFTMn(s)+Rk,n(t),
0
where
t
Ry (t) :—/ n—a/ZH,;n(s)FT dK,(s).
0

We now verify that Ry, converges weakly to no. Its (4, j)-th entry is given by

t
R i j(t) = —/0 Hynyij(8) ALy g, (5)=43+

where flk,m,j is the (4, 7)-th entry of n_o‘/QH,;nFT. We denote the total variation process

of f[kn” by Vi ;- The crucial observation here is that the process 1y, (s)—;} is right-
continuous and jumps between 0 and 1. Therefore, we can apply Lemma A.1 to get

< Vini(t) + sup
0<s<t

sup ﬁkn”(s)‘ (3.3)

0<s<t

/0 Hyij (r) AL, (=5

The process Hy, ,, is of finite variation and converges weakly to Hj, while the total variation
process of n~%/ 2Hy.n converges ucp to nm9. As a consequence, both H ko and its total
variation process converge ucp to 7y, too. Combining this with the inequality in (3.3), it
follows that Ry, converges weakly to 7.

The previous arguments show that

Hi, - Gn=Hy, + My+ Rip,

where M,, = n~*/2FTM,. The processes Ry, ,, converge weakly to 79, so it suffices to prove
that

(Hi, My, ...,Hy  + My, Hip,. .. Hopn, G, Zn) (3.4)



converges weakly to the limiting vector of stochastic integrals in (3.2).

We exploit the P-UT framework from [5, Th. VI.6.22] to derive weak convergence of the
processes in (3.4). As a first step, recall that M, is a locally square-integrable martingale and
that n=®/2M,, converges weakly to C, so M, = n=*/2FTM,, is a locally square-integrable
martingale that converges weakly to B. Moreover, the jumps of M,, are bounded by 1, so
M,, has bounded jumps, too. Then [5, Cor. V1.6.29] implies that the sequence of martingales
M,, has the P-UT property.

For notational convenience, we define Mk,n = Mn and By = B for k=1,...,m. For an
application of [5, Th. VI.6.22], we have to verify that

(Hiny- oo s Honny My oo, My s Zn) = (Hi, ..., Hu, B1, ..., B, Z). (3.5)

The validity of this weak convergence result follows from (2.6) and (3.1). With M,, being
P-UT and having the convergence in (3.5) at our disposal, we invoke [5, Th. VI.6.22] to
obtain the weak convergence of the vector of stochastic integrals in (3.4) to the limit vector

of stochastic integrals in (3.2). As argued before, this establishes the weak convergence in
(3.2). O

3.2 Stochastic integral equations involving the state occupation
measure

The goal of this paper is to give practical conditions for weak convergence that can be easily
applied to relevant examples involving Markov modulation. Therefore, we also introduce
the stochastic integral equation

Y. (1) :Xn(t)+/0 H,(s) dGn(8)+/O I, (Y,)(s) d@n(s)+/0 As (Yn)(s)ds, (3.6)

where we define G,, = n=%/2G,,. The process Y,, takes values in R?, while the functions r,,
and As, map D([0, 00), RP) into D([0, o0), RP*?) and D([0, 00), RP), respectively. The v, and
0y, are parameters. We impose three natural conditions on I'y, and Aj;,. First, we assume
that these functions are continuous with respect to the Skorokhod J; topology. Second, we
assume that these functions are uniformly Lipschitz continuous with respect to the supre-
mum norm, meaning that supy<,<r||Tn, (2)(t) — T, (y) ()] < esupge,<rllz(t) — y(t)|| for
all possible parameter values +,. This implies in particular that (3.6) has a unique solution.
Third, we assume that these functions are continuous in their parameters in the sense that
L., (z) — Ty (x) — no in D([0, 00), RP*D) if ~,, — ~.

The next theorem, which is the second main result of this paper, shows that Y;, converges
weakly to the solution of the stochastic integral equation

V() = X(t) + /0 H(s)dB(s) + /O As(Y)(s) ds, (3.7)

provided that (H,,G,,X,) = (H,B,X), 7%» — 7, 6, — ¢, and some additional mild
conditions are met. The proof relies on Theorem 3.1 as well as tightness arguments. We
give examples of the use of Theorem 3.2 in the next section.

Theorem 3.2. Impose the conditions of Theorem 3.1. Additionally, let H,, and X,, be cadlag
processes, with H,, taking values in RP*% and X,, in RP. Assume that all processes involved
are adapted to some underlying filtration with respect to which the Dynkin martingale M,
is still a martingale. Also assume that each entry of n=“/2H,, is a finite variation process
whose total variation process converges ucp to the zero process ng. If vy, — v, 0 — 9, and

(Hiny - s Huny Hy, Gy X0, Zn) = (Hy, ..., Hiy, H,B, X, Z) (3.8)



for n — oo, then

(Hl,n ° G’ru LR 7Hm,n ° Gn; Hn * Grm Hl,rm <o 7Hm,naHna G’rana Yn; Zn) (3 9)
= (H,-B,...,.H,,+-B,H-B,Hy,...,H,,H,B,X,Y, Z), '
for m — oo, where Y, and Y are the unique solutions to (3.6) and (3.7), respectively. The

process B is a Brownian motion whose predictable quadratic variation process is given by
(2.8).

Proof. Tt follows from Theorem 3.1 that

(Hl,n * Gn; sy H’m,n * Gna Hn * G’ru Hl,n7 sy H’rn,na an Gny Xn7 Zn) (3 10)
= (H,-B,...,H,-B,H-B,Hy,...,Hy,H B, X, 7), ’
which is just the convergence in (3.9) without the processes Y;, and Y. If we prove weak
convergence of Y,, to Y, then joint convergence with (3.10) is a direct consequence of |5,
Pr. VI.2.2], because the jumps of Y;, coincide with the jumps of X,,. Therefore, it remains
to show that Y,, = Y.

We complete the proof in two steps. In both steps, a crucial role is played by the
stochastic process Y, given by

Yo (t) = X (t) + /O H,(s)dG,(s) + /0 T, (V) (s)dGn(s) + /O As(Y,)(s)ds,  (3.11)

which is the solution to (3.6) with ~,, replaced by v and 4,, replaced by ¢. In the first step,
we show that Y, is asymptotically equivalent to Y, if Y, converges weakly. In the second
step, we show that Y, = Y, which implies that Y,, = Y due to the asymptotic equivalence.

For the first step, suppose that Y, converges weakly. To establish the asymptotic equiv-
alence of Y,, and Yn, note that

You(t) —ffn(t)H < ‘

and thus

Yo (s) = Y,(s)||ds

for every t € [0, T], where

Y, (t) — Yn(t)H < Toa(t) + c/ot

Io,n<t>=\ ()6 = 1 ()06 46 o

+\ | (@, 02)06) = B5(Fa)s)) s
0

The last inequality above is based on the Lipschitz property of I'y, and As,. An application
of Gronwall’s Lemma (cf. [8, pp. 287-288]) shows that

sup
0<t<T

Yalt) = Ya(0)]| < ( sup_Ton(t))e



With Y, converging weakly and the functions I',, and A;, being continuous in their pa-
rameters, it follows that supg<,<s lo,,(t) converges to 0 in probability, so Y;, and Y, are
stochastically equivalent if ¥}, converges Weakly

For the second step, we define I ,( fo ) dG,(s) and Iz, ( fo As(Yy)(s)ds
to ease notation. We aim to show that Y, = Y Wthh implies that Yn = Y in view of
the asymptotic equivalence of Y,, and )A/n. We take the classical tightness approach to
prove that Y, = Y. First, we establish that Y, is stochastically bounded (meaning that
supg<;< ||Yn(t)| is tight for every T > 0). This implies stochastic boundedness of I ,, and
Ig,n.iﬁsing this, we argue that I, and I, are C-tight, from which we derive tightness
of Y,,. Finally, we prove that every converging subsequence of Y, converges weakly to Y,
demonstrating that Y, =Y.

We start by establishing stochastic boundedness of Y,. The Lipschitz property of I,

and As implies that
t
/ 10 (Vi) () (B () — )] s + / 1As(Va)(s)] ds

/0(1—|— sup |V (w)]]) ds

0<u<s

1P < 1 Xa(t |+H / Hi(s) dGn(s

< 1 Xa(t |+H/H ) dG(s) | +

As before, an application of Gronwall’s Lemma then leads to the inequality

/H ) dG( )+cT>eCT
SO

IP’( sup ||V, (8)]| >a> S]P’(( sup || Xn(¢)|| + sup / H,(s)dGp(s) +cT)eCT >a>.
0<t<T 0<t<T 0<t<T

The probability on the right-hand side can be made arbitrarily small uniformly in n by
taking a large enough, because X,, and H, + G,, converge weakly and are therefore tight.
Consequently, supg<;<7 ||Y (t)]) is tight and thus Y,, is stochastically bounded. The Lipschitz

sup ||Y<>||<( sup X, ()] + sup
0<t< 0<t<T 0<t<T

property of I', and Aj implies that I‘V(ffn) and Ag(Yn) are stochastically bounded as well.
It also follows from the previous arguments that the processes I , and I, are stochas-
tically bounded. We now argue that these processes are C-tight. For € > 0, note that

P( sup Ilh,n(tz)—ll,n(tl)||>a>
t1,t2€[0,T]
0<to—ti1<e

< s T (%)) > 0)

to . R
#B( s D () (9)(Fa ()~ )l ds > 0 sup ||Fw<Yn><t>||Sb>.
t1,t2€[0,7] J 1 0<t<T
0<tz—t1<e

Since FW()}H) is stochastically bounded, the first term on the right-hand side can be made
arbitrarily small uniformly in n by choosing b large enough. For fixed b, the second term
equals zero for each n for small enough €. Consequently, the term on the left-hand side can
be made arbitrarily small uniformly in n by choosing € small enough. Together with I,
being stochastically bounded, this means that Iy ,, is C-tight (cf. [5, Pr. VI.3.26]). Analogous
arguments show that I ,, is C-tight.

The next step is to derive tightness of Y,,. The processes X,, and H, -G, converge weakly
to X and H - B, so X,, and H, - G, are tight. Since H, - G, has a continuous limit by
Theorem 3.1, we know that H,, - G,, is also C-tight. With X, being tight and H,, - G,,, 1 »,



and I ,, being C-tight, it follows from [5, Lem. VI.3.32| that Y, = Xn+(Hp-Gr)+hn+1oy,
is tight with respect to the Skorokhod J; topology.

Knowing that Y, is tight, it remains to verify that Y is the unique limit point of Y.
We take an arbitrary weakly converging subsequence of Y, (which we also denote by Y,, for
simplicity) having limit point Y. Now consider the terms on the right-hand side of (3.11).
By J; continuity of T, and A, the processes I'(Y;) and As(Yy,) converge weakly to I (Y)
and As(Y), which implies that I, converges weakly to fot As(Y)(s) ds, while I, ,, converges
weakly to 79 by Lemma A.2. Consequently, the right-hand side of (3.11) converges to the
right-hand side of (3.7) with Y replaced by }7, which implies that the limit point Y satisfies
(3.7). Thus every limit point of Y;, satisfies (3.7). Because the integral equation (3.7) has a
unique solution, we conclude that Y;, converges weakly to the unique solution Y of (3.7). O

4 Applications

In this section, we present two applications of our main results as formulated in Theorem 3.1
and Theorem 3.2. The purpose of these examples is to demonstrate that the main results
can be applied to a wide range of models. The first example establishes diffusion limits
for the Markov-modulated Erlang loss model as well as related models, which are finite-
variation processes with a reflecting boundary. The second example establishes a small-
noise limit for the Markov-modulated Cox-Ingersoll-Ross (CIR) process, which is not a
finite-variation process. Our main results are instrumental in proving both diffusion limits:
each example requires weak convergence of a stochastic integral H, - G,, to H - G, as well as
weak convergence of the solution of (3.6) to the solution of (3.7). The assumptions of the
main results are readily verified in both examples.

We use the following notation and conventions throughout this section. Given a function
A:{1,...,d} — R, we identify it with a d-dimensional column vector that we also denote by
A. Additionally, we define A™ = ATw. This quantity may be interpreted as a time-averaged
version of A, because fg A(Jn(8)) ds converges to A"t by Lemma 2.2.

4.1 Markov-modulated many-server queues with finite waiting room

We are interested in a class of many-server queues with a finite or infinite waiting room. An
important example is the Erlang loss model, which is the special case in which there is no
waiting room. We study such systems under Markov modulation, meaning that the parame-
ters depend on an independently evolving Markov chain (also referred to as the background
process). The background process represents an external environment to which the system
reacts, for instance by having an extremely large arrival rate when the environment is in
some emergency state.

We now describe the model in more detail. We consider a queueing system with n € N
servers and a waiting room of size m,, € {0} UNU {oco}. We focus on the scenario in which
the parameters of the queueing system are influenced by an independent background process
Jpn, where J, is the usual Markov chain with state space {1,...,d}, irreducible generator
matrix nQ, and stationary distribution 7. While the background process is in state 4, jobs
arrive to the system according to a Poisson process with rate A, (¢) and servers work at speed
w(2). Each job has an independent service requirement that has an exponential distribution
with unit mean. If a job arrives to the system and there are less than n jobs in service,
then it goes into service immediately. If all servers are busy when a new job arrives, then
there are two possible cases. In the first case, there are less than m,, jobs waiting and the
new job enters the system to wait for service. In the second case, there are already m,, jobs
waiting and the new job is rejected from the system. Once a job finishes service, it leaves
the system. If there are jobs waiting for service when a job finishes service, then one of those
jobs is sent to the corresponding server on a first-come, first-served basis.
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We denote the number of jobs in the system with n servers at time ¢ by Q,(¢) and
represent it as

Qult) = Qu(0) + A( / A (a(s)) ds) - s( / () (@n(s) A ) ds) UL,

Here, @,(0) is an independent random variable denoting the initial number of jobs in the
system, while A and S are independent, unit-rate Poisson processes. The loss process
U,, records the number of arrivals when there are m,, jobs waiting for service. It may
be interpreted as the downward reflecting barrier at n + m,, for Q,, meaning that U, is
the unique, nonnegative, nondecreasing stochastic process such that @, (t) < n + m, and
fooo 1{Qn(3)<n+m"} dU,L(S) =0 (Cf. [12]).

We consider this system in the Quality-and-Efficiency-Driven (QED) or Halfin—Whitt
regime (cf. [12]), suitably modified to incorporate the Markov modulation (cf. [2, 7, 11]).
More specifically, we impose the following condition.

Condition 4.1. Asn — oo, the initial condition \/n(1Q,(0) — 1) converges in distribution
to a random variable X (0). Additionally, it holds that

An(2)

— (i) (4.1)

for every i € {1,...,d} and

d .
Vi3 (uti) = 22 ) (i) 5 (12)

where v € R is fived. The waiting room m, satisfies

m—\/% — K (4.3)

for some Kk € [0, 0].

This condition reduces to the standard QED regime if there is no modulation and thus
d = 1. Indeed, in that case (4.2) states that \/n(u f_%") — ~p for certain real-valued
variables \,, i, and «, which implies in particular that A = pu.

The convergence in (4.2) trivially holds if the system operates in the standard QED
regime for any state of the background process, meaning that /n (u(z) — )‘"T(Z)) converges
to a constant for every ¢ € {1,...,d}. However, (4.2) may also hold if the system does
not operate in the standard QED regime for certain states of the background process. This
is the most interesting scenario, because the system switches between QED-behavior and
non-QED-behavior.

We now derive the diffusion limit for the scaled and centered queue content process
Qn = \/ﬁ(%Qn — 1) in the QED regime formulated in Condition 4.1, utilizing the main
results. The limit coincides with the usual diffusion limit for nonmodulated many-server
queues in the QED regime (cf. [12]) if the system operates in the standard QED regime
for any state of the background process. However, if the system does not operate in the
standard QED regime for a certain state of the background process, then the limit includes

an additional Brownian term capturing the extra variability introduced by the modulation.

Theorem 4.2. Under Condition 4.1, the process Qn converges weakly to the solution of the
stochastic integral equation

Q) = X(O) =t /3 + WO + [ (= wTaB) - [ i @r0ds -0,
(4.4)
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where U is the downward reflecting barrier at k for Q The processes B and W are inde-
pendent Brownian motions, where W 1is a standard Brownian motion and the predictable
quadratic variation process of B is given by (2.8).

Proof. The first step is to rewrite Qn in the form required for an application of Theorem
3.2. Observe that

{i00-) 5001 (1l 24000 [ 2500

0 n

t )\T t )\T t )\T
+ \/ﬁ(/ K, (s)ds — "st) +vn | “2rds
o n n n

0 0

—v/n /Ot p K, (s)ds — /Ot ,uT7rds> —vn Ot phmds — %Un(t),
G =X+ [ (2 1) a6u0) [ 1@ 2007 605
- [ 5@ n0yas - v
with

T
Xn(t) = Qn(o) + An(TLn(t)) - Sn(T2,n(t)) + \/ﬁ(i? - ,u) mt.

Here, we denote A, (t) = Vn(LA(nt) —t) and Sn(t) = Vn(+£S(nt) —t). The random time

n

changes 71, and 72, are given by 71 ,, () = fot w ds and 7, (t) = f(f 1(J0 () (2Qn(s) A1) ds.

Theorem 3.2 is not directly applicable to Qn, due to the presence of the process ﬁUn.
We get around this issue via the application of a standard method (cf. [12, 14]). The key
observation here is that ﬁUn is the downward reflecting barrier at &, = % for Q,,, since
U, is the downward reflecting barrier at n + m,, for @,.

Define the functions ¥5 and &5 mapping D([0, 00), R) into D([0, 00), R) via Us(x)(t) =
SUpg<s<;((2(s) — ) V 0) and Ps(x)(t) = x(t) — Ps(x)(t). Both Uy and Ps are Lipschitz
continuous in the supremum norm and in the J; metric for a fixed boundary level § (cf. [15,
Th. 13.5.1]). A minor variation on the arguments in [14] establishes that

t T t
o) = Xalt) + | (ﬁj—u) 46,(5) ~ [ (@5, (%)(5) A 0T 4G (o)
- / 5 (s, (Ya)(5) 1 0) ds

is a well-defined stochastic process and that ®; (Y,,) = Qn If Y,, converges weakly to some
limiting process Y, then ®; (Y;,) converges weakly to ®.(Y), since %, — £ and the map
®;s(x) is continuous both in ¢ and in z. Consequently, to prove weak convergence of Qn, it
suffices to prove weak convergence of Y,,.

The process Y,, has exactly the form required for an application of Theorem 3.2. Clearly,
Y, satisfies (3.6) with H, = (% —w", I, =Ti = (Pz, AO)u and A5, = Az, =
™ (@, A0). The continuity properties of T'y, and Aj, follow from [15, Ch. 13], so it

12



remains to verify weak convergence of (H,,G,,X,). Since H,, converges to the constant
A — i by Condition 4.1, we only have to show weak convergence of (G, X,,).

We prove the required weak convergence of (G, X,) as follows. The intial condi-
tion Q,,(0) is independent and converges to some random variable X (0), while \/ﬁ(% -
p) T converges to a constant. Therefore, weak convergence of (G,,, X,,) follows from weak
converges of (An o TLn,S”n 0 To.p, Gy), which in turn follows from weak convergence of
(An7T1)n,§n,TQ)n,Gn) by the continuous-mapping theorem (CMT) if A, and S, converge
to continuous processes (cf. [15, Th. 13.2.2]).

The processes A, and S, are independent, scaled and centered standard Poisson pro-
cesses, so they converge jointly to two independent, standard Brownian motions W; and
Wy. Additionally, G,, converges to a Brownian motion B that is independent of W; and
Wy. Therefore, the required convergence of (An,Tl)n,Sn,Tg)n,Gn) follows if 71 ,, and 7,
both converge ucp to a deterministic limit.

To prove this convergence of 71, and 72, we apply Theorem 3.2 to the process Y, =

ﬁYn. Writing k,, = ﬁfin, we get

The processes ﬁfln and ﬁé’n both converge ucp to 9. With 7, and 7, being bounded
on compact intervals, it follows that ﬁfln o Ty, and ﬁé’n o Tp , converge ucp to 1o, too.

Condition 4.1 implies that ﬁ@n(O) converges to 0 in probability and that both ()‘7 —

,u)T7r and ﬁ(% - ,u) converge to 0. Also &, converges to 0. Consequently, Theorem 3.2

guarantees weak convergence of Y,, to the unique process Y satisfying

V() = — /O 1T (@ (V) A 0) ds.

The zero process is the unique solution of this equation, so Y = 1y and Y,, converges ucp
to 79. Recall that we aim to prove that 71, and 72, both converge ucp to a deterministic
limit in order to obtain weak convergence of (fln, Tin, Sn, To.n, Gn). By Condition 4.1 and
Lemma 2.2, the process 71 ,, converges ucp to the deterministic function 7{ with 77 (t) = A"t
It follows from Lemma 2.2 and Y,, converging ucp to 79 that the process 2, converges ucp
to the deterministic function 77 with 7J (t) = p™t.

We conclude that (fln, Tim, Sn, Ton, Gr) converges weakly to (Wy, 7, Wa, 75, B). This
implies weak convergence of (An O Tl n, S, o Ton, Gn) to (Wy o1, W o 7], B) by the CMT,
where we note that Wy o 7 and W5 o 77 have the same law as VT Wy and /pm™Wa. As
argued before, this proves weak convergence of (G,,, X,,) to (B, X), where the process X is
given by

X(t) = X(0)+ VAN"W; — V™ Wy — yu™t
Then Theorem 3.2 implies that Y;, converges weakly to the process Y satisfying
t t
Y(t)=X(t) + / (A —p)"dB(s) — / T (@, (Y)A0)ds.
0 0

Here, the process B is the Brownian motion given in the theorem and X (0), Wi, W, and
B are independent.

13



Deriving weak convergence of the scaled and centered queue content process Qn =
@, (Y) is now a simple matter of applying the CMT. It follows that @, converges weakly
to the process Q) = ®,(Y), so Q) satisfies the stochastic integral equation

¢ t
Qv =X+ [ G-wTdBe) - [ im(@r0ds- T, (45)

0 0
with U being the downward reflecting barrier at x for Q O

4.2 The Markov-modulated CIR process

The previous example concerns the Markov-modulated Erlang loss model, which is a finite-
variation stochastic process with reflection. In the next example, we focus on a process
that does not have sample paths of finite variation, namely the CIR process under Markov
modulation.

In interest rate models, the CIR process is often used to model the short rate. The CIR
process R is defined via the stochastic integral equation

R(t) ::E+)\t7u/0 R(s)ds+0/0 vV R(s) dW (s),

where A and p are positive constants and o is some real number. The process W is a standard
Brownian motion. This conventional CIR process with fixed parameters may be enhanced
with a modulating process that makes the parameters change stochastically over time. In
a financial context, this is often referred to as regime switching. An example is switching
from a bull market (good economic conditions) to a bear market (bad economic conditions),
which may influence the volatility of the short rate, for instance. Another example may
be an influential person tweeting messages at random: parameters change when a tweet is
posted, but go back to their original values when the tweet loses its effect.

In this example, we consider the following Markov-modulated CIR process with small
noise and study its scaling limit. Let A, u, and o be real-valued functions on {1,...,d} with
A and p taking positive values. Let = > 0 be the initial condition and fix a > 0. We are
interested in the process R,, defined via

Ro(t) =+ / (An(5)) — i Tn(5)) R (s)) s + % / o(7n(5))y/Bon () ATV (s),

where J,, is the usual Markov chain with state space {1, ..., d}, irreducible generator matrix
n®Q, and stationary distribution w. A well-known property of the nonmodulated CIR
process is that it is nonnegative if it starts from a nonnegative position (cf. [4]). Clearly,
this property carries over to its Markov-modulated version, so R,, is nonnegative.

We use the parameter « to reflect that the background process may operate on a different
time scale than the CIR dynamics. For instance, switches between a bull market and a bear
market occur on a much slower time scale than fluctuations in the interest rate, which can
be modeled by taking o < 1. The value of a has a significant influence on the behavior
of R,. Roughly speaking, the fluctuations of R,, are dominated by the dynamics on the
slowest time scale. If o < 1, then the background process operates on the slowest time scale
and the fluctuations of R,, are dominated by the fluctuations of J,. If a > 1, then the CIR
dynamics operates on the slowest time scale and dominates the fluctuations of R,,, with the
background process averaging out. The boundary case a = 1 incorporates the effects of both
the CIR dynamics and the background process, leading to the most complicated behavior.

As mentioned, our aim is to find a scaling limit for the Markov-modulated CIR process
R,,. We consider the case in which n becomes large, so the noise term becomes small and
the background process switches states relatively rapidly. The next theorem presents the
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corresponding diffusion limit for R,,. In its proof, we first show that R, converges ucp to
the unique solution r of the integral equation

¢
r(t)=ax+ X"t —pu” / r(s)ds.
0

We then proceed by studying the fluctuations of R, around this limit and prove via an
application of the main results that R, = n? (R, — r) converges weakly to a diffusion
process, where 3 = min{1/2, a/2}.

We apply the scaling factor n® instead of the usual \/n to account for the influence of
the background process. As indicated earlier, the time scale of the background process is
relatively slow compared to the time scale of the CIR dynamics if o < 1, in which case the
fluctuations of R, are dominated by the fluctuations of the background process. Because
the fluctuations of the background process are of order n~=®/2, we have to use the scaling n®
to obtain a nondegenerate limit.

The limiting diffusion of R,, depends explicitly on properties of the background process
and on the value of a. If @ < 1, then the small-noise term disappears and the diffusion
part of the limiting process is completely determined by the fluctuations of the background
process. If @ > 1, then the background process averages out and the diffusion part arises
from the small-noise term. As explained earlier, the boundary case o = 1 incorporates both
effects.

Theorem 4.3. The process R, converges weakly to the Ornstein—Uhlenbeck process Y sat-
1sfying

Y(0) = Liacyy | = ()T dB()

+ 1ia>1y /Ot \/oTdiag(m)o/r(s) AW (s) — u™ /Ot Y (s)ds,

The processes B and W are independent Brownian motions, where W is a standard Brownian
motion and the predictable quadratic variation process of B is given by (2.8).

(4.6)

Proof. We start by showing that R,, converges ucp to r. Given R, it is convenient to define

Ri(t) =z + / (A ()) — (T () R (5)) s
and
Ri(t) = = / () Fn (5 AW (s)
n \/ﬁ 0 b

so R, may be represented as R,, = R; + R;fl. We also define R,, = R,, — r. Then, for fixed
T > 0, some straightforward calculations lead to the inequality

t

E sup |Ry(s)| < EIO(T) + EIP(T) + E sup |RI(s)] —I—C/ E sup |Rn(u)|ds (4.7)
0<s<t 0<s<t 0 0<u<s

for each t € [0, T], where

IW#) = sup
0<s<t

/OS(/\(Jn(u)) A du

and

I?(t) = sup
0<s<t

/ () (1)) — ) .

0
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The expectations IEE(LD(T) and EI;(lQ)(T) converge to 0, due to Theorem 3.1 and the fact
that both random variables are bounded. We use here that r is of finite variation.

We would like to get a bound on Esup0<s<t’RIL(s) , so that we can apply Gronwall’s
Lemma (cf. [8, pp. 287-288]) to the inequality in (4.7). To this end, we rely on the
Burkholder-Davis—-Gundy Inequalities (cf. [8, Th. 3.3.28]) as well as Jensen’s Inequality
to obtain that

su i S i tT’S ' R S S
s ol [ 1o v2 [l

< \/Cﬁ(1+/0tr(s)+/OtEoitip<>JRn(u)]ds>.

Plugging this in into (4.7) and applying Gronwall’s Lemma, we conclude that the expectation
Esupgc,<¢|Rn(s)| = Esupgc i |Rn(s) — 7(s)| converges to 0 as n — oo. This implies in
particular that R, converges ucp to 7.

The next step is to study the fluctuations of the Markov-modulated CIR process R,
around its limit . More precisely, we would like to characterize the asymptotic behavior of
Rn =nf (R, —r). Recall that the state occupation measure G,, related to the background
process J, converges weakly to a Brownian motion B with predictable quadratic variation
process (B) given by (2.8). Because the background process and the Brownian motion W
are independent, we may assume that B and W are independent.

To study the fluctuations of R,, around 7, we consider the process R, = n” (R, — 1),
which satisfies

Ro(t) =nP~1/2 / (I () v/ Bn(5) AW (5) + nf /2 / (A= r(s)p) " dG(s)

. . (4.8)
—/ Ry ()" dGp(s) — /f/ Ry (s)ds.
0 0

To be able to apply Theorem 3.2 to Rn, it suffices to show weak convergence of (H,,, G,,, X,),
where H,(t) = n®=2/2(A —r(t)p)T and X,,(t) = n’~1/2 fot o (Jn(8))v/ Rn(s) dW (s). We first
observe that H, is a deterministic process of finite variation and converges uniformly on
compacts to the process H given by H(t) = Lya<13(A — r(t)u)". Therefore, we only have
to prove weak convergence of (X,,, G,,), which follows from a straightforward application of
Theorem 3.1 combined with the MCLT, as we demonstrate next.

We know from (2.6) that G,, is equal to the locally square-integrable martingale n~V2FTM,
plus a term that converges uniformly to 7, so it suffices to show that (X, n_1/2FTMn)
converges weakly. This is a local martingale whose maximum jump size converges to 0,
so weak convergence of (X,,, n~Y 2FTM,,) follows from its predictable quadratic covariation
process converging ucp to a deterministic function (cf. [16]). Since X, is a stochastic integral
with respect to W and the processes W and n~'/2FTM,, are independent, we know that
(X, n Y2FTM,) = no, so we only have to show convergence of (X,,) and (n='/2FTM,,).
In Lemma 2.2 we established ucp convergence of (n='/2FTM,) to (B). It remains to prove
convergence of (X,,).

Note that X, is a continuous local martingale with (X,,) given by

(Xn)(t) = nQB_l/O o "diag(K,,(s))oR,(s)ds

_ p28-1 /0 o diag(K () (Ru(s) — r(s)) ds + 2! /0 o diag(K, (s))or(s) ds.

The penultimate integral above converges ucp to 79, due to R,, converging ucp to r. The
last integral above converges ucp to

¢
]l{a21}/ o'diag(m)or(s) ds, (4.9)
0
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due to Theorem 3.1 and 28 — 1 being equal to min{0, (a — 1)/2}. We use here that r is of
finite variation. Consequently, (X,,) converges ucp to the process in (4.9), too. The MCLT
then implies that X,, converges weakly to a Brownian motion whose predictable quadratic
variation process is given by (4.9).

The previous arguments establish weak convergence of (X,,G,). Now applying Theo-
rem 3.2 to R,,, we conclude that R,, converges weakly to the process Y given by (4.6). O

5 Summary and concluding remarks

We investigated weak convergence of stochastic integrals with respect to the state occupation
measure of a Markov chain. The motivation behind this was that standard results do not
apply to this elementary yet important case. Indeed, the state occupation measure is not
a martingale nor has the P-UT property. One of the underlying problems turned out to
be that the total variation of the integrand may grow too quickly. Relying on this insight,
we formulated a condition for the total variation of the integrand. In the first main result,
we proved that stochastic integrals with respect to the state occupation measure converge
weakly under this condition. We extended this to a class of stochastic integral equations in
the second main result.

We demonstrated the relevance of these results by applying them to two examples. The
first concerned a finite-variation process with a reflecting boundary, whereas the second con-
cerned a diffusion process whose sample paths were not of finite variation. Clearly, the main
results can also be used to investigate a large class of related models involving Markov mod-
ulation, such as single-server queues, networks of many-server queues, and multidimensional
diffusion processes.

There are several other possible directions for further research. An interesting question
is whether it is possible to derive similar results in the Skorokhod M; topology, which is
weaker than the Skorokhod J; topology. The results in this paper require for instance
that the arrival process for the Erlang loss model converges weakly in the J; topology, but
convergence in the M; topology is more natural for certain applications (cf. [13]). This
appears to be a little explored area and may necessitate a different approach. Finally, we
remark that the main results are only valid for finite-dimensional processes. Since many
models feature infinite-dimensional processes, it would also be interesting to see whether the
main results can be extended to that setting.

A Auxiliary results

Weak convergence of stochastic integrals H,, - G,, is the central problem of this paper. As in-
dicated earlier, the so-called P-UT property is often the key to establishing such convergence
results. In this appendix, we explore the P-UT property and its relation to the problem at
hand. First, we give a formal definition of the P-UT property. Second, we sketch an example
showing that G,, does not have the P-UT property. This example also indicates why G,
does not have the P-UT property. Third, we derive a bound for a class of Lebesgue—Stieltjes
integrals that are closely connected to integrals with respect to G,,. This bound provides
another perspective on the reason why G,, does not have the P-UT property. Moreover, it
suggests what conditions we have to impose on the integrand H,, to guarantee weak con-
vergence of H, - G,,. We end this appendix with a continuity result for state occupation
measures.
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A.1 The state occupation measure and the P-UT property

Let X,, be a sequence of one-dimensional semimartingales relative to a filtration . We say
that X,, has the P-UT property or simply that X, is P-UT if the collection

{|(H, - X,,)(t)] : n € N, H,, is F-predictable with |H,| < b}

is tight for all ¢ > 0 and b > 0. We say that a sequence X,, of d-dimensional semimartingales
is P-UT if each of its components is P-UT (cf. [5, p. 377] and [5, p. 381]). The acronym
P-UT stands for ‘Predictably Uniformly Tight’; see [5, 6, 9] for more details.

The main reason for introducing the P-UT property can be found in [5, Th. VI1.6.22].
Loosely speaking, this result states that H, - X,, = H - X if (H,,X,) = (H,X) and X,
is P-UT. This is exactly the type of result we are interested in, with the semimartingale
X, being the state occupation measure G,,. However, GG,, is not P-UT, so this result is not
applicable if we integrate against G,,.

The following arguments demonstrate that the state occupation measure G,, is not P-UT.
Recall the connection between G, and n~%/2M,, established in (2.6). The process n=*/2M,,
is a locally square-integrable martingale with bounded jumps and converges weakly to a
Brownian motion by Lemma 2.2, so n=*/?M,, is P-UT according to [5, Cor. VI1.6.29]. In
turn, this implies that G,, is P-UT if and only if n=*/?2K,, is P-UT (cf. [5, p. 377]).

Knowing this, we aim to show that n~®/?K,, (and thus G,,) is not P-UT by finding
an integral H - n~®/2K, that grows without bound as n — oo, even though H, is a
bounded and predictable process as in the definition of the P-UT property. Define H,, as
the left-continuous version of 1 — K,,, so H,(0) =1 — K,(0) and H,(t) = 1 — K, (t—) for
t > 0. Because H,, is bounded and predictable, the family {(H -n~*/?K,,)(t) |n € N} must
be tight for each ¢ > 0 if n~*/?K,, is P-UT. However, the random variable (H - K, )(1)
counts the number of jumps that .J, makes in the time interval [0,1]. Because J, is a
Markov chain with generator matrix n®Q, its number of jumps in [0,1] is of the order
n®. Consequently, (H -n~%/2K,)(1) is of the order n®/2, so it does not converge and
{(H -n=/?K,)(1) |n € N} is not tight. We conclude that G,, cannot be P-UT.

The underlying problem here is that a Lebesgue—Stieltjes integral may not converge if
the total variation of the integrand or the integrator grows without bound. Because the
total variation of the integrator GG, is a given, this suggests that we have to put restrictions
on the total variation of the integrand H,, if we want the stochastic integral H, - G, to
converge.

A.2 A bound for Lebesgue—Stieltjes integrals

Here, we derive an upper bound for a class of Lebesgue—Stieltjes integrals. This result is
closely related to the previous insight, which connects G,, not being P-UT to the behavior of
Lebesgue—Stieltjes integrals. The upper bound is important in two ways. First, it indicates
what type of restrictions we should impose on the supremum and on the total variation of
an integrand H,, if we would like the stochastic integral H,, - G,, to converge. Second, we use
this result to prove Theorem 3.1, which concerns weak convergence of stochastic integrals
with respect to G,,.

Lemma A.1. Let y: [0,00) = R be a function of bounded variation and let x: [0,00) —
{0,1} be a right-continuous function. Then the Lebesque—Stieltjes integral y - x satisfies

/ " y(s) da(s)

for every fized T' > 0, where v, denotes the total variation function of y.

sup
0<t<T

< vy (T) + Oiltlngy@)l (A1)

Proof. To prove the lemma, it suffices to show that

/0 y(s) da(s)| < vy (1) + sup [y(s)] (A2)

0<s<t

18



for every fixed ¢t > 0. Note that x has alternating jumps of size +1 and —1, and is constant
between jumps. Thus, if  has at most one jump in [0, ¢], then (A.2) holds trivially.
Suppose that z has exactly 2m jumps in [0,¢] (where m € N) and denote the jump

times by 0 < s1 < ... < S, < t. If the first jump equals +1, then fo s)dz(s) =
m—1
2o (Y(s2k+1) — y(s2042)), S0

t
A

If the first jump equals —1, then fot y(s)dz(s) = S (—y(sart1) + y(sari2)), so (A.3)
holds in this case, too. Hence, (A.2) holds if z has an even number of jumps.

Suppose that x has exactly 2m + 1 jumps in [0,¢] (where m € N) and denote the
jump times by 0 < 51 < ... < Son < Somt1 < t. Taking 6 = (Som41 — Som)/2, we get

f(f y(s) da(s) = OSzm+5 y(s)dz(s) + f:2m+5 y(s) dz(s) and

Som+90 t
/0 y(s)dz(s) + /32m+6 y(s)dxz(s)

Consequently, (A.2) also holds if z has an odd number of jumps. O

m—

Z Y(s2n42) — Y(s2n4+1)| < vy(t). (A.3)
k=

< vy(s2m) + [Y(s2mr1)| < vy(t) + sup |y(s)].
0<s<t

A.3 A convergence result for deterministic state occupation mea-
sures

Here, we state an elementary convergence result for deterministic state occupation measures
and outline its proof, which is closely related to well-known results for absolutely contin-
uous functions. We denote by ¥V C D(]0, oo) R) the collection of all absolutely continuous

functions f that admit a representation f(t) fo s)ds, where g € W. The collection W
comprises all functions g € ]D)([O oo) R) with g(t) € [ 1,1]. To each f € V corresponds a
unique g € W such that f(t) fo s) ds and we denote this unique function g by f. In the

special case that f takes values in {0, 1}, we may interpret f as a state indicator function
and f as the corresponding state occupation measure.

Lemma A.2. Let f, f1, fa,... €V and h, hy, ha € D([0,00);R). If f, = f inV and h, = h
in D([0,00); R) in the Skorokhod Jy topology as n — oo, then

/Otfn(s dsf/ f(s)h(s)ds

Proof. Since the functions f, f1, f2,... are continuous, convergence of f,, — f in the Sko-
rokhod J; topology is equivalent to f, — f under the supremum norm. In turn, this implies
that (A.4) holds if h, = h and h is a step function.

If hy, = h but h is not a step function, then there exist step functions R that converge
uniformly to h for m — co. Decomposing fnh — fh = (fn - f) (h— hm) (fn - f)fzm and
using that (fn, — f)(h — hy,) converges uniformly to 0 as m — oo, it follows that (A.4) also
holds if h,, = h and h is not necessarily a step function.

_ Finally, in the general case that h, — h in D([0,00);R), we note that fnhn — fh =
fu(hn —Rh)+ (fuh — fh). Since f, (h, — h) converges pointwise to 0 at all continuity points
of h and is bounded uniformly in n on compact sets, we may use the previous considerations
to conclude that (A.4) is also valid in this case. O

sup -0 (A.4)

0<t<T

as n — oo for each T > 0.

This lemma is useful if we have a sequence of stochastic processes Y;, = Y in D(]0, 00); R)
and a sequence of state occupation measures X,, = X in V, where X is a deterministic limit.
In this case, the CMT and the lemma together imply that Y,, - X,, = Y - X.
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