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A B S T R A C T   

Ultra-deep oil and gas wells have become a new development trend in onshore oil and gas exploitation. However, 
Ultra-deep oil and gas wellbore casing is with high failure risk due to the harsh environment. It is essential to 
evaluate the reliability of wellbore casing. This paper assesses the operational reliability of wellbore casing using 
data statistics and numerical simulation. Firstly, the theoretical model for reliability analysis of wellbore casing is 
established, and the variables in the model are determined, including rock mechanics, cement ring, and casing 
string strength factors. Subsequently, considering the random distribution of model variables, many statistics and 
analyses are performed to determine the distribution parameters of the model variables. Eventually, Monte Carlo 
based numerical simulations are carried out to obtain the residual strength distribution and the reliability of 
wellbore casing. The production casing in the ultra-deep well with a depth of 6.5 km in China as an industrial 
case is used to illustrate the present study. It is observed that this study can be useful to guide a more accurate 
assessment of the reliability of ultra-deep wellbore casing.   

1. Introduction 

There are many potential hazard factors in the production process of 
ultra-deep oil and gas wells, which pose a severe threat to wellbore 
casing integrity (Feng, 2014; 2020). The decrease of string strength 
caused by string corrosion may result in the failure of wellbore casing 
(Zhu et al., 2019), string fracture (Liang et al., 2012), and string wear 
and deformation (Liu et al., 2017; Qiao et al., 2019). Wellbore casing 
integrity is the prerequisite for normal production of oil and gas wells, 
and its failure will lead to severe consequences, e.g., gas release from the 
wellbore and shutdown. Thus, it is necessary to assess wellbore casing 
reliability for reducing the production accident risk of ultra-deep oil and 
gas wells (Li et al., 2019, 2020). 

Currently, considerable efforts were made in the field of risk and 
reliability of oil & gas strings. A reliability model based on the non- 
probabilistic reliability theory is proposed to study the uncertainty of 
variables and calculate the reliability of casing under actual load (Xu 
et al., 2015; Zhao et al., 2017). Abimbola and Khan (2016) presented a 
novel dynamic risk analysis methodology that is applicable at different 

stages of drilling operations. Abimbola et al. (2014) conducted a 
real-time barriers failure probability assessment of offshore drilling 
operations involving subsurface Blowout Preventer. Abaei et al. (2018) 
proposed a Bayesian Network-based methodology for reliability 
assessment of marine floating structure and predicting optimum design 
point of the mooring system. Sule et al. (2018) presented a reliability 
assessment of a managed pressure drilling operation by investigating the 
kick control operation of constant bottom-hole pressure technique of 
managed pressure drilling. Taleb-Berrouane et al. (2020) developed a 
hybrid reliability assessment model strengthening SPN with BN capa-
bilities, and it enables the analysis of continuous input data without the 
necessity of time-slice discretization process. Considering the random-
ness of variables and their parameter distribution, Zhuo et al. (2018) 
established the limit state equations to evaluate the reliability of the 
casing system. Liao et al. (2010) built a risk evaluation method based on 
the reliability theory to calculate the reliability of the casing. Fan et al. 
(2016) used a partial coefficient method to develop a design method for 
casing string reliability during the drilling and completion stages. 

To evaluate the reliability of the wellbore casing more accurately, a 
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large number of data statistics of reliability model variables are carried 
out. Monte Carlo method is a traditional but accurate reliability analysis 
method, which can be combined with other evaluation methods easily. 
He et al. (2018) combined BP neural network with the Monte Carlo 
method to evaluate the reliability of the gas storage unit. Azarkish and 
Rashki (2019) conducted a reliability-based sensitivity analysis of a shell 
and tube heat exchanger using Monte Carlo simulation. Chakraborty 
et al. (2020) proposed a Monte-Carlo Markov Chain simulation 
approach for evaluating coverage-area reliability of mobile wireless 
sensor networks with multistate nodes. Adumene et al. (2020) inte-
grated Bayesian Network – Markov Mixture technique with Monte Carlo 
simulation for dynamic safety assessment of the assets under the influ-
ence of MIC. Talebberrouane et al. (2016) presented a methodology 
based on Petri net with probabilistic analysis using Monte Carlo simu-
lation for long term availability of safety critical system. Xi (2017) 
conducted a reliability analysis of the prestressed aqueduct by inte-
grating the Monte Carlo method into finite element code. Wang et al. 
(2019) applied the Monte Carlo method to analyze the reliability of the 
subset. Monte Carlo method is used in the present study to evaluate the 
reliability of wellbore casing in ultra-deep oil and gas wells. The prob-
ability distributions of model variables are determined by a large 
number of data statistic. It can overcome the limitations of the previous 
studies. 

There were a lot of publications reported on risk and reliability of oil 
and gas facilities. However, these studies mainly focus on the estab-
lishment of reliability model or methodology, and the empirical prob-
ability distributions of reliability parameters were used in quantitative 
calculation and assessment. Due to the variation of operational condi-
tions of oil and gas casing, the empirical value of model variables may 
introduce the high uncertainties in reliability calculation results. 
Therefore, this paper aims to develop a novel methodology for reliability 
evaluation of wellbore casing. The uniqueness of the present work is the 
determination of the model variables by extensive data statistics. A 
reliability model based on Monte Carlo and finite element method is 
established. The data reported in the literature and provided by oil 
companies is used to extract the probability distribution of reliability 
model variables. Eventually, the methodology is applied to the pro-
duction casing in the ultra-deep well with a depth of 6.5 km in 
Changning-Weiyuan of China. 

The remainder of the paper is organized as follows: Section 2 pre-
sents the proposed methodology framework, including analytical theory 
and models. Section 3 presents data statistics and analysis of model 
variables. Section 4 presents a case of an ultra-deep well to tested pro-
posed methodology. Section 4 gives the conclusions of this work. 

2. Reliability model of wellbore casing 

The reliability models of wellbore casing in ultra-deep gas and oil 
well are proposed in this part, which contain a theoretical model based 
on reliability theory and numerical simulation model. Firstly, the used 
reliability theory based on the limit-state equation is introduced in 
detail. Then, the influence variables of wellbore casing are determined, 
and the reliability theory model is established; Finally, the numerical 
model of wellbore casing is established, combining the Monte Carlo 
method with finite element code. 

2.1. Reliability theory 

Reliability refers to the ability or possibility of a component or 
product to complete a specified task under characteristic conditions 
(Wang et al., 2019). Generally, the failure risk can be expressed as 
reliability or failure probability (Guan et al., 2010), and its expression is 
follows. 
{

Pr = P[Z = g(x1, x2,⋯, xn) ≥ 0]
Pf = P[Z = g(x1, x2,⋯, xn) < 0] (1)  

where Pr and Pf are success and failure probabilities, respectively; x1, x2, 
…, xn, are the random affecting variables of wellbore casing. 

If the random variables affecting wellbore casing can be expressed as 
a continuous function, then Z = g (x1, x2, …, xn) is the probability dis-
tribution function. 

Pr +Pf = 1 (2)  

2.2. The established reliability model 

2.2.1. Limit state function 
The variables xi that affect wellbore casing state can be divided into 

two categories. The first category is the random variable L that affects 
the external load of wellbore casing. The second category is the random 
variable S that affects the strength of wellbore casing. The functions of 
the two types of variables are expressed as follows. 
{

L = L(xL1 , xL2 ,⋯, xLn )

S = S(xS1 , xS2 ,⋯, xSn )
(3)  

where xLi is a random variable related to wellbore casing load, and xSi is 
a random variable related to wellbore casing strength. 

Then, multiple variables can be simplified into two random vari-
ables, as shown in Eq. (4). 

Z =L − S (4) 

It is assumed that strength and load are two independent random 
variables, which follow a specific probability distribution. Then the 
probability density functions are presented by pL(x) and pS(x), respec-
tively. The reliability of the casing can be expressed as follows: 

Pr =P(Z > 0)=P(L − S> 0) (5) 

Based on the probability distribution of external load variables and 
the performance parameters of string, the reliability model of the string 
is established according to limit state principle, and the variables 
include rock mechanics and cement ring factors. 

Z = g(S0,P,P1,P2,P3,E3, ν3,E2, ν2,E1, ν1,D, T) (6)  

where S0 is #P110 yield strength, MPa; P is internal pressure during 
drilling and completion, MPa; P1 is maximum horizontal principal stress 
at a certain depth, MPa; P2 is minimum horizontal principal stress at a 
certain depth, MPa; P3 is the vertical horizontal principal stress of a 
certain depth formation, MPa; E3 is the elastic modulus of a certain 
depth formation, G; ν3 is Poisson’s ratio at a certain depth; E2 is elastic 
modulus of cement, G; ν2 is Poisson’s ratio of cement ring; D2 is the Fig. 1. Finite element model.  
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thickness of cement, mm; E1 is #P110 elastic modulus, G; ν1 is #P110 
Poisson’s ratio; D is #P110 outer diameter, mm; T is #P110 wall 
thickness, mm. 

The string is in a safe state when Z is greater than zero. The occur-
rence probability of a safe state is the reliability of string, denoted as Pr; 
The string is unsafe when Z is less than zero. The occurrence probability 
of an unsafe state is the failure probability of string, denoted as Pf, as 
shown in Eq. (9). 
{

Pr = P[Z = g(S0,P,P1,P2,P3,E3, ν3,E2, ν2,E1, ν1,D, T) ≥ 0]
Pf = P[Z = g(S0,P,P1,P2,P3,E3, ν3,E2, ν2,E1, ν1,D, T) < 0] (7)  

2.2.2. Numerical model 
As a popular finite element code, ANSYS is commonly used in the 

field of structural reliability analysis. This study uses ANSYS to model 

the reliability of production casing in the ultra-deep well, including 
cement and formation, as shown in Fig. 1. In the pre-processing part of 
the model, the related variables and parameters of formation, cement, 
and casing are defined by the statistical data or nominal values of API 
standard. The probability distributions of model variables can be inte-
grated into the finite element model to perform a quantitative calcula-
tion. In the grid division part, the mapping grid division is adopted, and 
the grid density is adjusted. Calculation results show that with the 
gradual encryption of the grid, the stress value increases first, then re-
mains unchanged, and then decreases. In this paper, the grid density at 
constant stage stress value is selected to ensure the relative accuracy of 
results; The common contact surface between the cement and formation 
is set as surface contact. In the loading part, considering the pressure of 
cement slurry on casing string during drilling and completion phase, a 
corresponding internal pressure is exerted on the inner wall of the cas-
ing; considering the geological influence to the wellbore, three- 
dimensional stress of relative depth is applied around the wellbore, 
which contains the maximum principal ground stress, the minimum 
principal ground stress and the vertical ground stress. Then the simpli-
fied loading diagram is shown in Fig. 2. The environmental loadings are 
applied at 1000 mm from the wellbore centre. 

3. Determining parameters of model variables 

The safety of wellbore casing is mainly affected by the external load 
and string strength. The external load is mainly affected by the forma-
tion and cement ring factors. String strength contains Modulus elasticity, 
Poisson’s ratio, Wall thickness and Outer diameter. However, the 
external load and casing strength are subject to uncertainty and 
randomness, fluctuating within a specific range. This issue was solved by 
empirical probability density functions in the previous studies (), 
although it may not be accurate and precise. Thus, this paper attempts to 
perform a statistical analysis of external loads and string strength to 
accurately determine their distribution types and parameters to accu-
rately analyze wellbore casing reliability. The specific variable analysis 
is as follows. 

Fig. 2. The simplified model of casing loading.  

Table 1 
Rock elastic modulus data.  

Number Elastic Modulus 
(GPa) 

Number Elastic Modulus 
(GPa) 

Number Elastic Modulus 
(GPa) 

Number Elastic Modulus 
(GPa) 

Number Elastic Modulus 
(GPa) 

1 13.36 29 22 57 32.4 85 31.8 113 22 
2 18.87 30 13 58 30.1 86 33.3 114 41 
3 16.75 31 25 59 20.7 87 6.83 115 11.2 
4 20.7 32 23 60 37.2 88 34.5 116 30 
5 34.92 33 25 61 31.8 89 37.24 117 33 
6 35.42 34 47.8 62 30.3 90 35.76 118 – 
7 36.05 35 41.9 63 29.8 91 36.5 119 10.93 
8 42.47 36 31.6 64 30.8 92 49 120 21 
9 41.41 37 47.7 65 19.7 93 59 121 25 
10 37.5 38 9.76 66 15.7 94 21 122 13.36 
11 33.36 39 17 67 38.3 95 25 123 27.75 
12 42.86 40 9.13 68 23.3 96 22 124 – 
13 43.83 41 13 69 26.6 97 27 125 29.56 
14 50.38 42 15 70 13.1 98 19 126 42.99 
15 39.89 43 39 71 7.31 99 20 127 20.41 
16 43.17 44 24 72 13.4 100 22 128 32.12 
17 44.33 45 46 73 30.3 101 23 129 42.1 
18 48.43 46 12 74 30.1 102 20.7 130 – 
19 56.38 47 22 75 20.4 103 24.2 131 41 
20 29.3 48 19 76 5.91 104 27.8 132 49 
21 34.7 49 36 77 32.1 105 27 133 23.5 
22 30.11 50 34 78 19 106 64 134 65.6 
23 37.3 51 23.5 79 43.1 107 10.53 135 77 
24 18.98 52 49 80 30.34 108 66 136 78.2 
25 38.36 53 59 81 49.9 109 36.12 137 80.9 
26 37.24 54 21.36 82 44 110 12.51 138 66.94 
27 19.18 55 25.4 83 47 111 17.64 139 55.96 
28 33.21 56 28.1 84 38.4 112 22.6 140 54  
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3.1. Variables of geological rock 

Geological variables affecting wellbore casing are determined by the 
uncertainty of stratigraphic lithology and random of in-situ stress. This 
article uses big data statistics and parameter analysis to determine the 
parameters of the model variables. Firstly, a number of field data about 
geological variables are collected, then many analyses are performed to 
obtain data features. Finally, the distribution law of collected data is 
found, and distribution parameters can be obtained by Gaussian fitting. 
The data analysis process is as follows. 

3.1.1. Elastic modulus of rock 
As shown in Table 1, 140 elastic modulus data of shale rock are 

collected by literature and field of Changning-Weiyuan area. 
Then, statistical analysis was performed based on the above data. 

The result shows that the shale rock has a strong elastic modulus vari-
ability in Weiyuan-Changning area, with a maximum value of 80.90 G 
and a minimum value of 5.91 G. Its coefficient of variation is 0.4735, the 
average value is 35.0210 G, a standard deviation is 15.3661 G. And the 
95% mean confidence interval for the level is [29.8856, 35.0210]. 

Gaussian fitting is performed on the data in Table 1. The fitting curve 
is shown in Fig. 3. Fig. 3 presents the probability distribution and the 
fitting curve of shale rock elastic modulus. The normal distribution 
curve equation of shale elastic modulus by fitting is obtained. 

PE3 = 0.1052+
9.1397

26.5880 × (π/2)1/2 × e
− 2×

(
E3 − 30.4432

30.68

)2

,R2 = 0.9917 (8) 

Polynomial fitting is performed on the cumulative distribution 
probability of elastic modulus, and the resulting curve equation is shown 
as Eq. (9). 

P′

E3 = − 0.1701 + 0.03236E3 − 2.2062E3
2,R2 = 0.9878, (9)  

3.1.2. Poisson’s ratio of rock 
As shown in Table 2, 148 Poisson’s ratio data of shale rock are found 

by literature and the field of Changning-Weiyuan area. 
Then, the data of Poisson’s ratio are statistic and analyzed. The 

analysis result presents, Poisson’s ratio variability of shale in the 
Weiyuan-Changning area is low, with the maximum value of 0.38, the 
minimum value of 0.10. Its coefficient of variation is 0.22669; the 
average value is 0.22; standard deviation is 0.049. The confidence level 
of 95% is [0.21, 0.22]. 

Gaussian fitting is performed on the data in Table 2. The fitting re-
sults are shown in Fig. 4, presenting the probability distribution. The 
fitting curve of the shale Poisson’s ratio is obtained. The normal distri-
bution curve equation of shale Poisson’s ratio by fitting is shown as Eq. 

Fig. 3. Probability distribution and fitting curve of shale elastic modulus.  

Table 2 
Shale Poisson ratio data.  

Number Poisson’s ratio Number Poisson’s ratio Number Poisson’s ratio Number Poisson’s ratio Number Poisson’s ratio 

1 0.38 31 0.25 61 0.22 91 0.20 121 0.18 
2 0.35 32 0.25 62 0.22 92 0.20 122 0.18 
3 0.35 33 0.25 63 0.22 93 0.20 123 0.18 
4 0.33 34 0.25 64 0.22 94 0.20 124 0.18 
5 0.32 35 0.25 65 0.22 95 0.20 125 0.18 
6 0.32 36 0.25 66 0.21 96 0.20 126 0.18 
7 0.31 37 0.24 67 0.21 97 0.20 127 0.18 
8 0.30 38 0.24 68 0.21 98 0.20 128 0.18 
9 0.30 39 0.24 69 0.21 99 0.20 129 0.18 
10 0.30 40 0.24 70 0.21 100 0.19 130 0.18 
11 0.30 41 0.23 71 0.21 101 0.19 131 0.18 
12 0.30 42 0.23 72 0.21 102 0.19 132 0.18 
13 0.30 43 0.23 73 0.21 103 0.19 133 0.17 
14 0.29 44 0.23 74 0.21 104 0.19 134 0.16 
15 0.29 45 0.23 75 0.21 105 0.19 135 0.16 
16 0.29 46 0.23 76 0.21 106 0.19 136 0.15 
17 0.29 47 0.23 77 0.21 107 0.19 137 0.15 
18 0.28 48 0.23 78 0.21 108 0.19 138 0.15 
19 0.28 49 0.23 79 0.21 109 0.19 139 0.15 
20 0.27 50 0.23 80 0.21 110 0.19 140 0.15 
21 0.27 51 0.23 81 0.20 111 0.18 141 0.14 
22 0.27 52 0.23 82 0.20 112 0.18 142 0.14 
23 0.27 53 0.22 83 0.20 113 0.18 143 0.14 
24 0.26 54 0.22 84 0.20 114 0.18 144 0.12 
25 0.26 55 0.22 85 0.20 115 0.18 145 0.12 
26 0.26 56 0.22 86 0.20 116 0.18 146 0.12 
27 0.26 57 0.22 87 0.20 117 0.18 147 0.12 
28 0.25 58 0.22 88 0.20 118 0.18 148 0.10 
29 0.25 59 0.22 89 0.20 119 0.18   
30 0.25 60 0.22 90 0.20 120 0.18    
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(10). 

Pν3 = 1.937+
1.38

0.055 × (π/2)1/2 × e
− 2×

(
ν3 − 0.21

0.055

)2

,R2 = 0.9619 (10) 

A polynomial fitting is performed on the cumulative distribution 
probability of Poisson’s ratio, and the resulting curve equation is 
obtained. 

P′

ν3 = − 43.744 + 64.778ν3 + 3125.314ν3
2 − 6008.274ν3

3,R2 = 0.9741
(11)  

3.1.3. Three-dimensional stress of formation 
Table 3 presents the in-suit stress data. There are large data of three- 

dimensional stress of formation vary from 1.3 km to 2.4 km. 
According to the statistical analysis in Table 3, the in-situ stress 

relationship at the same depth in the Weiyuan-Changning area is, 
maximum horizontal in-situ stress > vertical in-situ stress > minimum 
horizontal in-situ stress. This relationship is in line with the real situa-
tion and can support the subsequent in-situ stress prediction. 

Then, the data in Table 3 are performed linear fitting analysis, as 
shown in Fig. 5. And the linear regression equations were obtained as 
shown following. 

P1 = 17.1205 + 0.0197h,R2 = 0.7259 (12)  

P2 = 1.4873 + 0.0186h,R2 = 0.7953 (13)  

P3 = 1.1942 + 0.0229h,R2 = 0.9202 (14)  

3.2. Variables of cement ring 

The cement ring is an essential barrier to wellbore components. Its 
geometric properties contain the outer diameter and thickness; its me-
chanical properties contain Elastic modulus and Poisson’s ratio. Ac-
cording to the statistics of on-site construction data and distribution 
parameters of cement ring in API, all performance parameters of the 
cement ring follow the normal distribution, and the distribution pa-
rameters are shown in Table 4. 

According to the tolerance range of cement ring performance pa-
rameters specified by API standard (1994), its normal distribution 
curves can be obtained by the above table. Taking the Elastic modulus of 
the cement ring is 109 MPa, Poisson’s ratio of 0.25 as an example, its 
normal distribution curves can be seen in Fig. 6. 

3.3. Variables of wellbore casing 

The randomness of casing properties is a critical parameter that af-
fects its strength, including geometric parameters (such as outer diam-

Fig. 4. Shale Poisson’s ratio probability distribution and fitting curve.  

Table 3 
Ground stress date.  

Depth 
(m) 

Maximum ground 
stress (MPa) 

Minimum ground 
stress (MPa) 

Vertical ground 
stress (MPa) 

Depth 
(m) 

Maximum ground 
stress (MPa) 

Minimum ground 
stress (MPa) 

Vertical ground 
stress (MPa) 

1300 – – 40 2420 76.3 55.14 61.96 
1464 – 26 – 2422 70.13 52.94 63 
1520 40.4 28.03 34.96 2424 82.97 57.45 62 
1520 55.78 32.51 34.96 2428 60 58.16 64 
1525 47.12 29 35.08 2441.63 75 45 57 
1525 47.69 28.975 30 2479.59 71.758 53.525 63.488 
1525 47.123 28.975 35.075 2496 59 50 60 
1526 47.153 29.994 35.098 2580 60 55 50 
1530 48.17 30.19 37.96 2598.795 66.476 48 60.433 
1530 48.17 30.19 37.96 2627.51 – 49.193  
1545 48.09 32.89 35.54 2627.51 66.48 49.19 60.43 
1545 41.73 26.98 35.54 2675 78.79 49 61.525 
1545 49.46 27.89 35.54 2675 76.2 48.55 61.525 
1545 48.11 33.5 35.54 2686.59 67.97 46.309 61.792 
1575 48 29 35 2686.59 67.97 46.31 61.79 
1580 47.08 37.13 31.28 2723.85 68.913 46.85 62.649 
1580 49.57 30.49 38.75 2723.85 68.91 46.85 62.65 
1600 48.17 30.19  2855 72.23 49.11 65.67 
1745 48 – 35 2855 72.23 49.11 65.67 
1925 63 32 – 2950 65 45  
1925 63 32 – 3025 – 46.7  
2000 46 35 48 3031 – 50  
2039 40 45 – 3178 70 54  
2177 48 29 45 3200 – – 66 
2203 45.4 34.9 – 3200 – – 66 
2300 – – 55 3356.5 91.63 73.6 81.81 
2300 – – 56 3488 93.72 76.56 85.32 
2325.78 67.307 50.195 59.55 3500 – – 75 
2348 62.1 47.7 – 3519 88.3 69.6  
2385.25 69.028 51.478 61.072 3600 76.3 70  
2397 79.6 55.7 – 3700 – – 90  
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eter and wall thickness) and mechanical parameters (such as elastic 
modulus, Poisson’s ratio, minimum yield strength). The nominal values 
of outer diameter and a wall thickness of casing were stipulated by API 
standard, and the yield strength of casing at different rigidities was 
specified with a minimum value. That is, the default elastic modulus is 
207 G, and Poisson’s ratio is 0.3. Due to manufacturing, transportation 
and other reasons, the actual string attribute value does not equal the 
nominal absolute value. There is a specific deviation. Galambos and 
Ravindra (1973) conducted a statistical analysis of the same string pa-
rameters and found that string mechanical parameters all obey the 
normal distribution. The normal distribution function is as follows. 

f (x)=
1
̅̅̅̅̅̅̅̅̅̅
2πσx

√ exp
[

−
(x − μx)

2

2σ2
x

]

,Cov=
σx

μx
(15)  

where x is attribute parameters of string, σx is their mean square error, μx 
is mean value, and Cov is and coefficient of variation. 

The random distribution and parameters of string were obtained by 
API standard, as Table 5. Then the normal distribution curves of elastic 
modulus, Poisson’s ratio and yield strength of P110 casing can be drawn, 
as Fig. 7. 

4. Reliability calculation of wellbore casing 

Taking the anonymous gas well with a depth of 6500 m in the 
Changning-Weiyuan block as an example, the reliability of wellbore 
casing and the sensitivity of the variables were studied. Through the 
statistics and calculation of in-situ stress, three-dimensional stresses of 
formation are 135.32 MPa, 124.19 MPa, and 113.09 MPa, respectively. 
According to the actual drilling fluid density, the internal pressure of 
wellbore casing is 79.62 MPa. Wellbore casing thickness is 12.65 mm. 
Moreover, the yield limit of the string is 828 MPa. According to the 
actual project, the outer diameter of cement ring is 241 mm. The stress 
and strain of the output string are obtained by simulation, as shown in 
Fig. 8. 

Fig. 8 shows that this model has good convergence and can simulate 
the stress of wellbore casing string under actual working conditions. The 
reliability calculation of wellbore casing and variables sensitivity anal-
ysis are as follows. 

4.1. Reliability calculation of wellbore casing 

According to the string strength calculation standard, the safety 
factors of casing string at different depths are analyzed and calculated in 
the Changning-Weiyuan area. The lookup table shows that the rated 
tensile strength of #P110 is 5149.3 KN and its safety design factor is 
range from 1.6 to 1.8; the rated compressive strength of #P110 is 
94.423 MPa, and its safety design factor is range from 1 to 1.35; the 

Fig. 5. Three-dimensional stress distribution regulation of formation.  

Table 4 
Random distribution of variables parameters about cement ring.  

Parameter names Mean value/Nominal value Coefficient of variation 

Elastic Modulus 1 0.1 
Poisson’s ratio 1 0.025 
Outer meter 1.005 0.01 
Thickness 1 0.018  

Fig. 6. Random distribution of performance parameters of cement ring.  

Table 5 
Random distribution of variables parameters about casing mechanical 
properties.  

Casing 
performance 

Elastic 
Modulus 

Poisson’s 
ratio 

Yield 
Strength 

Outer 
meter 

Thickness 

Mean value/ 
Nominal 
value 

1.00 1.00 1.09 1.0025 1.00 

Coefficient of 
variation 

0.035 0.025 0.022 0.0019 0.31  
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rated crush strength of #P110 is 89.8 MPa, and its safety design factor is 
range from 1 to 1.125. With reference to API RP 2 A-WSD-2014 standard 
(2014) and pipe strength design data (2005), the calculation formula of 
pipe strength can be obtained. 

The calculation formulas of actual tensile strength and safety factor 
are as follows. 

Pt = 0.85 × ρ1gh ×
1

1000

nt =
Pt

PT

(16) 

The calculation formulas of actual compressive strength and safety 
factor are as follows. 

Pin = 0.00981 × (ρ2 − ρ)h

nin =
Pin

PIN

(17) 

The calculations formula of actual crushing strength and safety factor 
are as follows. 

Pc = 0.00981 × (1 − k)ρ2h

nc =
Pc

PC

(18)  

where nt, nin and nc present safety factor of string tensile, internal 
pressure and crushing strength, respectively; PT, PIN and PC present 
specified string tensile, internal pressure and crushing strength, KN/ 
MPa, respectively; Pt, Pin and Pc present actual string tensile, internal 

Fig. 7. Random distribution curves of casing mechanical properties.  

Fig. 8. Stress and strain cloud diagram of casing string.  
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pressure and crushing strength, KN/MPa, respectively; ρ1, ρ2 and ρ are 
the density of string, cement slurry and formation water, respectively, g/ 
cm3; g is the gravity acceleration, Kg/N; h is the depth of formation, m. 

According to formulas (16) to (18), the string safety factors of tensile 
strength, internal pressure, crushing strength and yield strength at 
different formation depths are calculated, respectively. And the safety 
factor of the casing string is shown in Table 6. 

Based on the API standard about the string design and considering 
the high formation pressure of drilling and production conditions in 
ultra-deep gas wells, the design safety factors of crushing strength, 
tensile safety factor and compressive are 1.125, 1.8 and 1.20, respec-
tively. It can be seen from Table 6 that the formation depth satisfying the 
safety factor of string strength is 6.5 km. In order to more intuitively 
analyze the relationship of string safety factor and formation depth, the 
change curves of string safety factor were drawn, as shown in Fig. 11. 
From the figure, we can see that the strength safety factor of string de-
creases as the formation depth increases. Moreover, the string value of 

Table 6 
Calculated safety factor of casing strength at different depths.  

Depth/km Safety factor 

Tensile Compressive Crushing strength Yield strength 

1 11.87 7.98 20.09 4.62 
2 5.90 3.99 10.04 3.28 
3 3.90 2.66 6.70 2.37 
4 2.97 2.00 5.02 1.87 
4.5 2.64 1.77 4.46 1.69 
5 2.37 1.60 4.02 1.53 
5.5 2.16 1.45 3.65 1.42 
6 1.98 1.33 3.34 1.31 
6.5 1.82 1.23 3.09 1.20 
7 1.70 1.14 2.87 1.11  

Fig. 9. Curves of variables and strings stress.  

Fig. 10. Sensitivity analysis of different variables.  

Fig. 11. Strength safety factors in different depth.  
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the crushing strength safety factor is greater than the tensile safety 
factor, which is greater than the compressive safety factor. 

The change curve of formation depth and string yield safety factor 
was obtained by numerical simulation, as shown in Fig. 12. According to 
API standard, the safety factor of string yield is 1.20, and the formation 
depth meeting the safety factor of string strength is about 6.5 km. Then, 
the formation depth of 6.5 km is taken for detailed analysis to determine 
the variables value and their distribution parameters. Next, inputting 
them into the reliability model of string and taking multiple Monte Carlo 
simulations, then the residual strength and distribution of string at 6.5 
km are obtained as follows. 

Fitting the residual strength of casing string in Fig. 13, then its 
normal distribution and cumulative frequency fitting formula can be 
obtained, as following equations. 

PS0 = 0.00157+
1.94135 × 107

1.07482 × 108 × (π/2)1/2 exp

[

− 2
(
S0 − 1.85295 × 108

)2

1.17226

]

,R2 = 0.9877 (19)  

PS0
′ = − 2.60443 × 109S0 + 4.8519 × 10− 17S0

2 − 9.47204 × 10− 26S0
3,R2

= 0.9932,
(20) 

Fitting coefficient R2 is about 99%, indicating that the curve fitting 
effect is better, which can be used as a reference for calculating the 
reliability of string in 6.5 km. Further, the confidence interval of 
remaining strength and the range of string safety factors at a depth of 
6.5 km is obtained at confidence level ranging from 90% to 99%, as 
shown in Table 7. 

The above table shows that the higher the confidence level, the 
greater the range of string safety factor, but the reliability index de-
creases, that is, the reliability decreases. And the safety factor of string 
ranging from 90% to 99% confidence level is from 1.220 to 1.345. 
Referring to API standard, the string yield safety design factor is 1.20, 
then the casing string at 6.5 km can meet safety design requirements for 
strings of ultra-deep oil and gas wells in the Changning-Weiyuan area. 

4.2. Sensitivity analysis of model variables 

In this paper, the single variable method is used to analyze the factors 
affecting the reliability of the casing string. Furthermore, based on the 
research of a 1% variation of the variable value, the relationship be-
tween all variables and the strength of string is drawn to analyze vari-
able sensitivity. In addition, the output sensitivity of model variables by 
numerical simulation is shown in Fig. 10. 

Fig. 9 shows that model variables of cement ring have little effect on 
the change of string strength, that is, the sensitivity of E2 and V2 is very 
low; the variables related to formation have a great influence on the 
change of string strength, i.e., the sensitivity of E3 and V3 is very high; 
the string elastic modulus E1 and the formation vertical principal stress 
P3 have a great influence on the change of string strength, namely their 
sensitivity are very high. The formation principal stress P1, P2 has a 
slight change on string strength, namely their sensitivity is low; string 
internal pressure P and Poisson’s ratio V1 has little effect on the change 
of string strength, and the sensitivity is very low. The analysis results are 

Fig. 12. Yield safety factor in different depth.  

Fig. 13. Normal distribution and fitting curve of remaining strength of strings.  

Table 7 
Confidence intervals for strings residual strength and safety factors in different 
levels at 6.5 km.  

Confidence/ 
% 

Intensity interval/ 
MPa 

The value range of 
safety factor 

Reliability 
index/% 

90 [160.408， 
200.912] 

[1.240，1.320] 99.9233 

91 [159.794， 
201.526] 

[1.239，1.322] 99.9198 

92 [159.181， 
202.139] 

[1.238，1.323] 99.9158 

93 [158.444， 
202.876] 

[1.237，1.324] 99.9114 

94 [157.585， 
203.735] 

[1.235，1.326] 99.0626 

95 [156.603， 
204.717] 

[1.233，1.328] 99.9002 

96 [155.498， 
205.821] 

[1.231，1.331] 99.8928 

97 [154.026， 
207.294] 

[1.229，1.334] 99.8832 

98 [152.062， 
209.258] 

[1.225，1.338] 99.8697 

99 [148.993， 
212.326] 

[1.220，1.345] 99.8466  
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consistent with the software simulation results, and it can also be ob-
tained from Fig. 10 that wall thickness T has a slight effect on the string, 
and its sensitivity is low. 

5. Conclusion 

This paper uses data statistic and FEM simulation to conduct reli-
ability assessment of wellbore casing reliability in the ultra-deep oil and 
gas well. The variables distribution parameter in the theoretical model 
of reliability is determined by data statistics. The numerical simulation 
based on Monte Carlo is established to calculate the wellbore casing 
reliability of ultra-deep well and obtain the sensitive variables affecting 
wellbore casing reliability. The most advantage of the proposed meth-
odology is obtaining data of model variables more realistic and calcu-
lating string reliability more accurately. 

A real field case study is presented to illustrate the proposed meth-
odology. Thirteen model variables affecting casing reliability belong to 
the normal distribution by statistical analysis of large data and API 
standard, including the influencing factors of the casing, cement ring, 
and formation. Then the reliability of wellbore casing and variables 
sensitivity was obtained by the Monte Carlo method and single variable 
method respectively, as follows.  

● Through reliability analysis, the residual strength and its parameter 
distribution of casing string are obtained. Further, the safety factor 
and its value range of casing string in different confidence intervals 
are calculated, ranging from 1.220 to 1.345 at 6.5 km. The reliability 
of case string can meet the requirements of the safety design of casing 
string, and the casing string is safe at a depth of 6.5 km.  

● Through variables sensitivity analysis, diameter-thickness ratio, 
cement thickness, string elastic modulus, Poisson’s ratio, and for-
mation, three-dimensional stress are inversely proportional to string 
stress. That is, the above variable factors are required to control its 
quality from the source and focus on their monitoring in production 
to reduce the failure probability of wellbore casing. 

Case analysis results show that the proposed methodology can be 
applied to the reliability analysis of wellbore casing more accurately. 
Moreover, it can provide extensive data and theoretical support for other 
ultra-deep oil and gas well. However, this methodology also has certain 
limitations, which requires more time and effort in the formation data 
statistics module. Thus, the focus of the next step work should be to 
establish a database of in-situ stress distribution in different oil and gas 
well production areas to facilitate the establishment of reliability 
models. 
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