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Abstract

Neural networks have been very successful in many applications; we often, however,
lack a theoretical understanding of what the neural networks are actually learning. This
problem emerges when trying to generalise to new data sets. The contribution of this
paper is to show that, for the residual neural network model, the deep layer limit
coincides with a parameter estimation problem for a nonlinear ordinary differential
equation. In particular, whilst it is known that the residual neural network model is a
discretisation of an ordinary differential equation, we show convergence in a variational
sense. This implies that optimal parameters converge in the deep layer limit. This is a
stronger statement than saying for a fixed parameter the residual neural network
model converges (the latter does not in general imply the former). Our variational
analysis provides a discrete-to-continuum �-convergence result for the objective
function of the residual neural network training step to a variational problem
constrained by a system of ordinary differential equations; this rigorously connects the
discrete setting to a continuum problem.

Keywords: Deep neural networks, Ordinary differential equations, Deep layer limits,
Variational convergence, Gamma-convergence, Regularity

Mathematics Subject Classification: 34E05, 39A30, 39A60, 49J45, 49J15

1 Introduction
Recent advances in neural networks have proven immensely successful for classification
and imaging tasks [81]. These practical successes have inspired many theoretical studies
that try to understandwhy certain network architectureswork better than others andwhat
role the various parameters of the networks play. Over the years, these studies have come
from such diverse areas as computational science [16,77,82], discrete mathematics [2],
control theory and dynamical systems [23,36,53,72], approximation theory [15,50,51],
frame theory [92], and statistical consistency. To the best of our knowledge, this and are
the only papers to study variational limits of neural networks.
Stemming from the work of Haber and Ruthotto [36] and E [23], there has been recent

interest in interpreting neural networks as dynamical systems. The connection with
dynamical systems follows from an idealised infinitely deep interpretation of a neural
network where one treats the depth as a time variable. There is a well-developed theory,
such asHamilton–Jacobi–Bellman equations andPontryagin’smaximumprinciple,which
can be applied to analyse the dynamical system and therefore clarify the behaviour of the
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discrete neural network [24]. Many more results have recently appeared in the literature,
e.g. [4,11,33,66,67,80,87], and we refer to [8] for a more detailed overview. The aim of
this paper is to connect discrete neural networks to a dynamical system using (a small
modification) of the model presented in [36].
Classification of data is the task of assigning each element of a data set a label which

indicates membership of one of several classes. Each of those classes has some a priori
data assigned to it. A neural network approaches this task in two steps. First the a priori
classified data is used to train the network. Then the trained network is used to classify
other data. In this paper we will consider input data x ∈ R

d leading to network output
F (x) ∈ R

m for some function F : Rd → R
m. A neural network assigns a classification to

some given input datum by performing a series of sequential operations to it, which are
known as layers. Each layer is said to consist of neurons, by which it is meant that the
output of each of the operations can be represented as a vector inRd (encoding the state of
d neurons). In our paper we assume there are n hidden layers1 and each layer has the same
number, d, of neurons. (Note that by making this assumption, the networks we consider
cannot be used for dimensionality reduction; the networkmakes the classification decision
based on the final layer, which contains a number of neurons equal to the dimension of
the input datum.)We also assume that each input datum can be represented by a vector of
the same dimension d. Hence, an input datum x ∈ R

d leads to a response in the first layer,
f0(x) ∈ R

d , which in turn leads to a response in the second layer f1(f0(x)) ∈ R
d , etc. After

the response of the final layer fn−1(fn−2(. . . f0(x) . . .)) ∈ R
d is obtained, a final function

f̂ : Rd → R
m can be applied to map that response to the labels of the various pre-defined

classes. The final output of the network then becomes F (x) := f̂ (fn−1(fn−2(. . . f0(x) . . .))).
In the training step training data {(xs, ys)}Ss=1 is available, where {xs}Ss=1 ⊂ R

d are inputs
with class labels {ys}Ss=1 ⊂ R

m. The goal is to learn the form of the functions fi such that
the network’s classifications F (xs) are close to the corresponding labels ys. In this paper
we restrict ourselves to functions fi from a parametrised family of functions, as described
in (4) below. The choice of cost function which is used to measure this “closeness” is
one of many choices whose consequences are being studied, for example for classification
[54] and image restoration tasks [98]. In this paper we consider a cost function with
mild conditions, which allow for, for example, a quadratic error term (or loss function)
∑S

s=1 ‖F (xs)− ys‖2, together with regularisation terms which we will discuss later.
Implied in the architecture is the choice of parameterisation for fi. A typical choice is to

let fi be of the form

fi(x) = σi(Kix + bi), (1)

where Ki ∈ R
d×d is a matrix which determines the weights with which neurons in layer

i activate neurons in layer i + 1 and bi ∈ R
d is a bias vector. The functions σi are called

the activation functions. Many, although not all, activation functions used in practice are
continuous approximations of a step function that effectively turn neurons “on” or “off”
depending on the value of the input Kix+bi. In this paper, we assume every layer uses the
same (Lipschitz continuous) activation function, σi = σ . Results from recent years have
shown that the rectified linear unit (ReLU) activation function (or “positive part” [55])

1For simplicity we usually speak of n layers, even though it can be argued there are n+ 2 layers if one includes the 0th
input layer and the final classification layer from (7) in the count.
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performs well in many situations [17,57,71]. It is given by

σ (x) =
⎧
⎨

⎩

0, if x < 0,

x, if x ≥ 0,
(2)

where its action on a vector should be interpreted componentwise (see Subsect. 1.1 for
details). This, however, is not the only choice that can be made. The impact of the acti-
vation function on the performance of a given network is studied in many papers. For
example, if ReLU is used the network trains faster than when some of the classical satu-
rating nonlinear activation functions such as x �→ tanh x and x �→ 1

1+e−x are used instead
[57]. Moreover, ReLU has been observed to lead to sparsity in the resulting weights, with
many of them being zero. These are sometimes referred to as “dead neurons” [68,89,96].
The activation function(s) are often2 specified beforehand for a given network and are

not a part of what should be “learned” by the network. That still leaves, however, a large
number of parameters for the learning problem. Each layer contains d×d+d parameters
in the form of Ki and bi. Different types of networks restrict the admissible sets for the
Ki and bi. For example, some networks impose that the biases bi are completely absent,
such as the Finite Impulse Response (FIR) networks in [49,79,90,93] or that each layer
has the same shared bias [75], while the traditional convolutional neural networks (CNN)
restrict the choice ofKi to convolutionmatrices, i.e.matrices inwhich each row is a shifted
version of a filter vector (0, . . . , 0, v1, . . . , vk , 0, . . . , 0), such that the productKix becomes a
discrete convolution of the vector v = (v1, . . . , vk ) with x [47,59]. In this paper we will not
restrict the choice ofKi and bi by such hard constraints. Instead, we include regularisation
terms in the cost function, which penalise Ki and bi which vary too much between layers
or whose entries in the first layer are too large (see Sect. 1.2 for details).
Oberman and Calder study, in a variational sense, the data rich limit S → ∞. In

particular, they consider, a sequence of variational problems of the form

minimise: L(F,μS)+ R(F ), (3)

where L is a loss term, μS is an empirical measure induced by the training data set
{xs, ys}Ss=1, and R a regularisation term; for example,

L(F,μS) =
∫

Rd×Rm
|F (x)− y|2 dμS(x, y) = 1

S

S∑

s=1
|F (xs)− ys|2.

The set of admissible F is determined by a neural network. The main result of is to show
that minimisers FS of (3) converge as S →∞ to a solution of the variational problem

minimise: L(F,μ)+ R(F )

for an appropriate measure μ obtained as limit of the empirical measures μS .
In this paper we study the deep layer limit (i.e. the limit n → ∞) of a residual neural

network (ResNet) [45], which are related in spirit to the highway networks of [86]. A
crucial way in which ResNet type neural networks differ from other networks such as
CNNs, is the form of the functions fi. Instead of assuming a form as in (1), in ResNet the
assumption

fi(x) = x + σi(Kix + bi) (4)

2But not always; see for example [44] for parametric ReLU, which contains a learnable parameter.
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is made. This can be interpreted as the network having shortcut connections: The addi-
tional term x on the right-hand side represents information from the previous layer “skip-
ping a layer” (or, more accurately, skipping the processing associated with the layer) and
being transmitted to the next layer without being transformed. The reason for introduc-
ing these shortcut connections is to tackle the degradation problem [43,45]: It has been
observed that increasing the depth of a network (i.e. its number of layers) can lead to
an increase in the error term instead of the expected decrease. Crucially, this behaviour
appears while training the network, which indicates that it is not due to overfitting (as
that would be an error which would be only present during the testing phase of an already
trained network). In [45] it is argued that, if f̂i(x) is the actual desired output in layer i+ 1,
the residual f̂i(x)− x is easier to learn in practice than f̂i(x) itself. Deep networks using the
architecture (1) can suffer from vanishing or exploding gradients during backpropagation
[3,31,49,75], resulting in weights which either do not changemuch at all during the train-
ing phase or which change wildly in each step. In general, learning the residual does not
suffer from vanishing/exploding gradients by approximately preserving the norm of the
gradient between layers [95]. In [31] it is shown that these problems might be avoided by
choosing a careful initialisation; [68] argues that using the ReLU activation function also
helps in avoiding vanishing gradients.
Crucially for our purposes, the additional term x in (4) compared to (1) allows us to

write

X (n)
i+1 − X (n)

i = fi(X (n)
i )− X (n)

i = 1
n

σi(K (n)
i X (n)

i + b(n)i ), (5)

where X (n)
i+1 = fi(X (n)

i ) ∈ R
d is the output in layer i + 1 and where we have introduced

a factor 1
n with σ for scaling purposes. We have also added superscripts (n) to X (n)

i , K (n)
i

and b(n)i to indicate that these weights and biases belong to the network with n layers.
Remember that, in this paper, we will use the same activation function in each layer:
σi = σ . As observed in [23,37,67], this setup describes an explicit Euler characterisation
of the ordinary differential equation (ODE)

Ẋ(t) = σ (K (t)X(t)+ b(t)),

with time step 1/n. Here X , K , and b denote real-valued functions on [0, 1]. This observa-
tion has been used to motivate new neural network architectures based on discretisations
of partial/ordinary differential equations, e.g. [11,33,36,67,80,87].
Since the forward pass through ResNet is given by a discretised ODE in (5), a natural

question is whether the deep limit (n→∞) of ResNet indeed gives us back the ODE.We
need to be a bit more careful, however, when formulating this question, and distinguish
between the training step and the use of a trained network. The latter consists of applying
(5) through all layers (with known K (n)

i and b(n)i obtained by training the network) with
a single given input datum x as initial condition, X0 = x. The deep limit question in this
case then becomes whether solutions of this discretised process converge to the solution
(Lipschitz continuity of x �→ σ (Kx + b) guarantees a unique solution, by standard ODE
theory) of the ODE. Our Corollary 2.3 shows that they do, in a pointwise sense. In order to
derive this corollary we require the trained weights and biases, K (n)

i and b(n)i , to converge
(up to a subsequence) to sufficiently regular weights and biases, K and b, which can be
used in the ODE. This requires us to carefully analyse the training step. The main result
of this paper, Theorem 2.1, does exactly that.
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Theorem 2.1 uses techniques from variational methods to show that the trained
weights and biases have (up to a subsequence) deep layer limits. In particular, it uses
�-convergence, which is explained in further detail in Sect. 3.3. Variational calculus deals
with problems which can be formulated in terms of minimisation problems. In this paper
we formulate the training step (or learning problem) of an n-layer ResNet as a minimisa-
tion problem for the function En in (8), which consists of a quadratic cost function with
regularisers for all the coefficients that are to be learned. We then identify the �-limit of
the sequence {En}∞n=1, which is given by E∞ in (12). �-convergence is a type of conver-
gence which (in combination with a compactness result) guarantees that minimisers of
En converge (up to a subsequence) to a minimiser of the �-limit E∞. It has been success-
fully applied for discrete-to-continuum limits in a machine learning setting, for example
in [88] and the references in the following sentence. The specific tools we use in this
paper to obtain the discrete-to-continuum �-limit were developed in [30] and have been
successfully applied in a series of papers since [22,27–29,83].
The impact of this �-convergence result is twofold. On the one hand it is an important

ingredient in showing that the output of an already trained network for given input data
is, in the sense made precise by Corollary 2.3, approximately the output of a dynamical
system which has the input data as initial condition. On the other hand, it shows that the
training step itself is a discrete approximation of a continuum variational problem. This
opens up the possibility of using techniques from partial differential equations (PDEs)
to solve the minimisation problem for E∞ in order to obtain (approximate) solutions to
the n-layer training step; such as Pontryagin’s maximum principle [25,64]. It also opens
up the possibility to construct different networks by using different discretisations of the
ODE, as in the midpoint network in [9].
We note that connecting discrete difference equations to a continuumdifferential equa-

tion in the setting of recursive algorithms (i.e. Xi+1 = fi(Xi, θ ) where θ are given param-
eters) is well studied, for example [13,65]. However, these results are in the pointwise
convergence setting, i.e. the parameter θ is fixed. Pointwise convergence is not strong
enough to imply convergence of minimisers, i.e. what we want is that the θ∗n that min-
imises a variational problem converges as n→∞ to some θ that minimises a variational
problem with the constraint Ẋ = f∞(X, θ ). This is the novelty of our result.
In the remainder of the introduction we introduce our framework; namely the neural

network architecture, the choice and motivation of regularisation of the neural network
parameters, and the continuum deep layer limit. In Sect. 2 we state our assumptions and
main results connecting the discrete neural network with its continuum limit. In Sect. 3
we give some preliminary material which includes (1) defining the topology we use for
convergence of the parameters K(n), b(n), i.e. we make precise K(n) → K and b(n) → b,
and (2) giving a brief background on variationalmethods and in particular�-convergence.
Section 4 is devoted to the proofs of the main results. We conclude the paper in Sect. 5
with a brief discussion of open questions.

1.1 The finite layer neural network

We recap a simplified version of ResNet as presented in [36]. In this model there are n
layers and the number of neurons in each layer is d. In particular, we let X (n)

i ∈ R
d be

the state of each neuron in the ith layer. For clarity we will denote with a superscript the
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number of layers, this is to avoid confusion when talking about two versions of the neural
network with different numbers of layers. The relationship between layers is given by

X (n)
i+1 = X (n)

i + 1
n

σ (K (n)
i X (n)

i + b(n)i ), i = 0, 1, . . . , n− 1, (6)

where K(n) = {K (n)
i }n−1i=0 ⊂ R

d×d , b(n) = {b(n)i }n−1i=0 ⊂ R
d determine an affine trans-

formation at each layer and σ : R
d → R

d is an activation function which charac-
terises the difference between layers. We will assume that σ acts componentwise, i.e.
σ (x) = (σ̃ (x1), σ̃ (x2), . . . , σ̃ (xd))T , for some σ̃ : R → R. For example, a valid, but not
necessary choice for σ̃ is the ReLU function from (2). With a slight abuse of notation, σ̃ is
sometimes also denoted by σ , as for example in (2). The layers {X (n)

i }n−1i=1 are called hidden,
X (n)
0 is the input to the network, and X (n)

n is the output.
In order to apply the neural network (6) to labelling problems an additional, classifi-

cation, layer is appended to the network. For example, one can add a linear regression
model, that is we let Y = WX (n)

n + c where W ∈ R
m×d and c ∈ R

m. More generally, we
assume the classification layer takes the form

Y = h(WX (n)
n + c) (7)

for a given function h : Rm → R
m. Given all parameters, the forward model/classifier for

input X (n)
0 = x is Y = h(WX (n)

n [x;K(n),b(n)] + c) where X (n)
n [x;K(n),b(n)] is given by the

recursive formula (6) with input X (n)
0 = x.

Given a set of training data {(xs, ys)}Ss=1, where {xs}Ss=1 ⊂ R
d are inputs with labels

{ys}Ss=1 ⊂ R
m, one wishes to find parameters K(n), b(n), W , c that minimise the error of

the neural network on the training data. There are clearly multiple ways to measure the
error. To maximise generality, we define

En(K(n),b(n),W, c; x, y) = L
(
h(WX (n)

n [x;K(n),b(n)]+ c), y
)
,

where the function L is nonnegative and has to satisfy a continuity condition in its first
argument, as detailed in Theorem 2.1 and Proposition 2.2. A typical allowed choice is
L(z, y) = ‖z − y‖2. The error En(K(n),b(n),W, c; x, y) should be interpreted as the error of
the parametersK(n), b(n),W , cwhen predicting x given that the true value is y. Naively, one
may wish to minimise the sum of En(K(n),b(n),W, c; xs, ys) over s ∈ {1, . . . , S}. However
this problem is ill-posed once the number of layers, n, is large. In particular, the number
of parameters being greater than the number of training data points leading to overfitting.
The solution, as is common in the calculus of variations, is to include regularisation terms,
e.g. (applicable to neural networks) [32,36,74,78], on each of K(n), b(n), W and c, this is
discussed in the next section.
The finite layer objective functional, with regularisation weights α1, . . . ,α4, is given by

En(K(n),b(n),W, c) =
S∑

s=1
En(K(n),b(n),W, c; xs, ys)+ α1R(1)

n (K(n))+ α2R(2)
n (b(n))

+ α3R(3)(W )+ α4R(4)(c).

(8)

Here the R(i) are regularisation terms, which will be introduced in detail in Subsect. 1.2.
The learning problem is to find (K(n),b(n),W (n), c(n)) which minimises En.
The problemwe concern ourselves with is the behaviour in the deep layer limit, i.e. what

happens to K(n),b(n),W (n), c(n) as n → ∞. The results of this paper are theoretical and
in particular ignore the considerable challenge of finding such minimisers. However, we
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do hope that a better understanding of the deep layer limit can aid the development of
numerical methods by, for example, allowing PDE approaches to the minimisation of En.
Indeed, the authors of [56] view neural networks as inverse problems and apply filtering
methods such as the ensemble Kalman filter which are gradient free. We note that theory
is often developed for continuummodels as it reveals what behaviour will be expected for
large discrete problems. For example, the authors of [97] analyse stability properties of
continuum analogues of neural networks.
In this paper we are not concerned with the actual numerical method used to compute

the learning or training step, i.e. the method to compute minimisers of (8). However,
for completeness we briefly point to some optimisation methods and potential pitfalls.
Currently, a variety of different methods are being used to compute the training step; [89]
gives an overview of various methods. One of the most popular ones is backpropagation
[41,42,46,58,99] using stochastic gradient descent [47]. Since the minimisation problem
is not convex, any gradient descentmethod risks running into critical points which are not
minima. In [19] it is argued that in certain setups critical points aremore likely to be saddle
points than local minima and [61] proves that (under some assumptions on the objective
function and the step size) gradient descent does not converge to a saddle point for almost
all initial conditions. Moreover, [12] empirically verifies that in deep networks most local
minima are close in value to the global minimum and the corresponding minimisers give
good results. In some cases it can even be proven that all local minima are equal to the
global minimum [60]. These results suggest that the critical points of the non-convex
optimisation problem are not necessarily a major problem for gradient descent methods.
Variants of gradient descent, such as blended coarse gradient descent, which is not

strictly speaking a gradient descent algorithm—rather it chooses an artificial ascent
direction—have been explored in [94]. The authors of [10] show that the (local entropy)
loss function satisfies a Hamilton-Jacobi equation and use this to analyse and develop
stochastic gradient descent methods (in continuous time) which converge to gradient
descent in the limit of fast dynamics. Outside of gradient-based methods the authors of
[35] apply an Ensemble Kalman Filter method to the training of parameters.
Overfitting is also an issue to take into account during training. Techniques such as

max pooling [81] (for a PDE-based interpretation of max pooling and ReLU as morpho-
logical convolutions in a CNN, see [84]) or Dropout [48] work well in practice to avoid
overfitting. The former consists of downsampling a layer by pooling the neurons into
groups and assigning to each group the maximum value of all its neurons. The latter
consists of randomly omitting neurons on each presentation of each training case. The
ReLU activation function works well with Dropout [17]. Recently [70] made the case that
improvements can be obtained by using sparsely connected layers. Adding regularisation
terms which encourage some level of smoothness to the cost functional can also help to
avoid overfitting [47].

1.2 Regularisation

Explicit regularisation in neural networks dates back to at least [20], where the authors
added a penalty on the rate of change of En with respect to the input xs. Here we approxi-
mately follow [36].We refer to for amore in-depthdiscussion on regularisation inmachine
learning.
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We define regularisation terms R(1)
n (K(n)), R(2)

n (b(n)), R(3)(W ), R(4)(c) by

R(1)
n (K(n)) = n

n−1∑

i=1
‖K (n)

i − K (n)
i−1‖2 + τ1‖K (n)

0 ‖2,

R(2)
n (b(n)) = n

n−1∑

i=1
‖b(n)i − b(n)i−1‖2 + τ2‖b(n)0 ‖2,

R(3)(W ) = ‖W‖2,
R(4)(c) = ‖c‖2

where τi > 0. Since all norms on finite-dimensional vector spaces are topologically equiv-
alent, many of the results in this paper do not depend on the specific choices for the norms
‖ · ‖ that are used in the definitions above. In some places, such as in Sect. 4.4 however, an
inner product structure is assumed on certain norms, while in others, such as Lemma 4.16
and the derived Corollary 2.3, the constants in the estimates will depend on the specific
choice of norm.
Since we eventually wish to interpret the n layers of the network as a discretisation of

(one-dimensional) time with time step 1
n , the scaling by n of the difference terms in R(1)

n
and R(2)

n is the correct one to view these terms as discretised integrals of finite-difference
approximations to squared gradients. Thiswill be further clarified in Sect. 1.2.1 and follows
as a consequence of the approximation

‖K̇‖2L2 ≈
1
n

n−1∑

i=0
‖K̇ (i/n)‖2 ≈ 1

n

n−1∑

i=1

∥
∥
∥
∥
K (i/n)− K ((i − 1)/n)

1/n

∥
∥
∥
∥

2
. (9)

We emphasise that R(3) and R(4) do not depend on n. We refer to R(1)
n , R(2)

n as the non-
parametric regularisers, and R(3), R(4) as the parametric regularisers (we considerK(n) and
b(n) to be non-parametric as their complexity grows with the number of layers n, whilstW
and c are parametric as their complexity is independent of n). The point of including reg-
ularisation is to enforce compactness in the minimisers; without compactness we cannot
find converging sequences of minimisers which, in particular, can lead to objective func-
tionals that become ill-posed in the deep layer limit. We justify the regularisation below;
however, we note that the regularisation is quite strong. In particular, we are imposing
H1 bounds on K(n) and b(n)—which are also suggested in [36]— as well as norm bounds
onW and c. The cost of treating a wide range of activation functions σ and classification
functions h is to include strong regularisation functions. In specific cases it may be possi-
ble to reduce the regularisation, for example by setting τi = 0 and/or removing the terms
R(3), R(4). In the next two subsections, we give a discussion on why these terms, in general,
are necessary.
It should also be noted that it is sometimes observed that techniques such as stochastic

node or layer dropout [52] can act as regularisers, without the need for explicitly added
regularisation terms. A good mathematical understanding of this phenomenon is still
missing from the literature, to the current knowledge of the authors, and in this paper
we have restricted ourselves to adding explicit regularisation terms, as is common in the
calculus of variations.
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1.2.1 The nonparametric regularisation

By construction the regularisation terms onK(n) andb(n) resembleH1 norms. These terms
are used for compactness in order to apply the direct method of the calculus of variations.
By standard Sobolev embeddings sequences bounded inH1 are (pre-)compact inL2. There
is a little work to be done in order to match discrete sequences K(n) = {K (n)

j }n−1j=0 , b(n) =
{b(n)j }n−1j=0 with continuum sequences K (n) : [0, 1] → R

d×d , b(n) : [0, 1] → R
d , but with

an appropriate identification we can show that R(1)
n (K(n)) ≈ ‖K̇ (n)‖2L2 + τ1‖K (n)(0)‖2 and

similarly for b(n). In that sense they are very natural choices from a calculus of variations
point of view as they allow us to conclude strong L2 convergence of the parameters.
Of course, given K : [0, 1]→ R

d×d we can define K̃ (n)
i = K (i/n) and then R(1)

n (K̃(n))→
‖K̇‖2L2+‖K (0)‖2. This wewould call pointwise convergence. Themain result of this paper
is stronger, in particular we show variational convergence. Without the H1 semi-norm
part of our regularisation terms (i.e. without the L2 norm of the gradient) we would a
priori only get weak L2 convergence. The question whether this suffices to still derive our
results is a very interesting one, but goes beyond the scope of this paper, as it introduces a
lot of extra technical difficulties. We note that R(i)

n , i = 1, 2, are very similar to the choice
of regularisation in [36], but we add the terms ‖K (n)

0 ‖2, ‖b(n)0 ‖2.
The penalty on finite differences is natural; in order to achieve a limit it is necessary to

bound oscillations in the parameters between layers. Physically this relates to imposing the
condition that close layers discriminate similar features. For our analysis this is needed to
establish compactness. It is interesting to note that one can obtain limitswithout including
explicit regularisation terms. The limiting behaviour of the deep network, however, may
no longer be given by a deterministic ODE system of the type we will describe in (10) and,
in particular, could be stochastic [14]. The coefficients appearing in the limiting equations
described in [14] are obtained through a different limiting procedure than the one we use
(and describe in Sect. 3.2).
The additional terms, ‖K (n)

0 ‖2, ‖b(n)0 ‖2, are perhaps less physically reasonable and intro-
duce a bias into the methodology (meaning that preference is given to smaller values of
K (n)
0 and b(n)0 ). As examples of why it is necessary to have these additional terms, i.e. to

have τ1 > 0 and τ2 > 0, consider the following. First assume τ1 = 0, let d = m = 1,
h = Id, σ = Id, L(z, y) = |z − y|2, and fix n ∈ N. Consider the set {(xs, ys)}Ss=1 ⊂ R × R,
where ys = xs, and the sequence {(K(n)

l ,b(n)l ,Wl, cl)}l∈N, with, for all i and l, (K (n)
i )l = l,

(b(n)i )l = 0,Wl = (1+ l)−n, cl = 0. Then,

En(K(n)
l ,b(n)l ,Wl, cl ; xs, ys) = |WlX (n)

n − ys|2 = |(1+ l)−n(1+ l)nxs − ys|2 = 0.

Moreover, for all l, R(1)
n (K(n)

l ) = R(2)
n (b(n)l ) = R(4)(cl) = 0 and R(3)(Wl) → 0 as l → ∞.

Therefore, {(K(n)
l ,b(n)l ,Wl, cl)}l∈N is a minimising sequence for En (as l →∞with n fixed)

with no converging subsequence. As the elementary example shows, if one were to set
τ1 = 0 then an additional assumption would be needed to guarantee relative compactness
of minimising sequences. A second example showing a similar necessity to have τ2 > 0 is
constructed by setting τ1 ≥ 0, τ2 = 0, (K (n)

i )l = 0, and (b(n)i )l = l in the previous example.

1.2.2 The parametric regularisation

An example showingwhy α3 > 0 and α4 > 0 are necessary, can be constructed in a similar
fashion. Let d = m = 1, h = Id, σ = Id,L(z, y) = |z−y|2, and fix n ∈ N. Let S = 1, so that
we have only one training pair (x1, y1) = (x, y). Define the sequence {(K(n)

l ,b(n)l ,Wl, cl)}l∈N,



    6 Page 10 of 44 Thorpe, van Gennip Res Math Sci           (2023) 10:6 

with, for all i and l, (K (n)
i )l = 0, (b(n)i )l = 0,Wl = l, cl = y− lx. Then,

En(K(n)
l ,b(n)l ,Wl, cl ; x, y) = |WlX (n)

n + cl − ys|2 = |lx + y− lx − y|2 = 0.

Also, for all l,R(1)
n (K(n)

l ) = R(2)
n (b(n)l ) = 0.Weconclude, as before, that {(K(n)

l ,b(n)l ,Wl, cl)}l∈N
is a minimising sequence for En (as l →∞with n fixed) with no converging subsequence.

1.3 The deep layer differential equation limit

By considering pointwise limits it is not difficult to derive our candidate limiting varia-
tional problem. Although pointwise convergence is not enough to imply convergence of
minimisers, it is informative. Let X : [0, 1]→ R

d solve the differential equation

Ẋ(t) = σ (K (t)X(t)+ b(t)), t ∈ [0, 1] (10)

for some given parameters K : [0, 1] → R
d×d and b : [0, 1] → R

d (as is usual we
understand Ẋ(0) to be the right-derivative of X at t = 0 and Ẋ(1) to be the left-derivative
of X at t = 1). For shorthand we write X(t; x, K, b) for the solutions of (10) with initial
condition X(0) = x and parameters K , b. One can see that (6) is the discrete analogue
of (10) with K (n)

i = K (i/n) and b(n)i = b(i/n). In fact one can show (under sufficient
conditions) that X (n)

�nt�[x,K(n),b(n)]→ X(t; x, K, b) as n→∞ (see Lemma 4.6).
Similarly, the regularisation terms R(i)

n , i = 1, 2, are discretisations of the functionals

R(1)∞ (K ) = ‖K̇‖2L2 + τ1‖K (0)‖2
R(2)∞ (b) = ‖ḃ‖2L2 + τ2‖b(0)‖2 (11)

and R(3), R(4) are unchanged. We note that R(i)∞, i = 1, 2 are well defined on H1, since by
regularity properties of Sobolev spaces any u ∈ H1 is continuous and therefore pointwise
evaluation is well defined; in particular we may define ‖K (0)‖, ‖b(0)‖ forH1 functions. In
fact, see the discussion in Sect. 3.4, R(i)∞, i = 1, 2, are equivalent to the H1 norm whenever
τi > 0.
Once we append the classification layer to the neural network, we arrive at the limiting

objective functional

E∞(K, b,W, c) =
S∑

s=1
E∞(K, b,W, c; xs, ys)+ α1R(1)∞ (K )

+ α2R(2)∞ (b)+ α3R(3)(W )+ α4R(4)(c)

(12)

where

E∞(K, b,W, c; x, y) = L (h(WX(1; x, K, b)+ c), y) .

The main result of the paper is to show that minimisers of En converge to minimisers of
E∞.

2 Main results
Our main results concern the convergence of the variational problem min En to min E∞.
In particular we show

min
K(n) ,b(n) ,W,c

En(K(n),b(n),W, c) → min
K,b,W,c

E∞(K, b,W, c),

argmin
K(n) ,b(n) ,W,c

En(K(n),b(n),W, c) → argmin
K,b,W,c

E∞(K, b,W, c),
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as n → ∞. At this point we have not specified the topology on which we define the
discrete-to-continuum convergence. For now it is enough to say that the distance is given
by a function d : �(n) ×� → [0,+∞) where �(n) is the parameter space of En and � is
the parameter space of E∞. The topology is described in detail in Sect. 3.2. We do want to
emphasise at this point that although d appears to depend on n—and in fact appears not
to be a distance at all, due to a lack of symmetry between its two arguments— it is in fact a
restriction of an n-independent metric on a higher-dimensional space to an n-dependent
subset.
We will use the following assumptions for our results.

Assumptions 1 The following assumptions will be used in our main convergence result:

1. αi > 0 for i = 1, 2, 3, 4 and τj > 0 for j = 1, 2;
2. h ∈ C0(Rm;Rm);
3. σ is Lipschitz continuous and acts componentwise;
4. σ (0) = 0;
5. L ≥ 0 and is continuous in its first argument;

We note that the condition on L does not restrict it to be a typical loss function. There
is no requirement for L to be a norm on the difference between its two arguments.
Our main result is the convergence of optimal parameters.

Theorem 2.1 Let�(n) and� be given by (14) and (15) respectively. Define En, E∞, En, E∞,
R(i)
n , R(i)∞, R(j) for i = 1, 2, j = 3, 4 as in Sect. 1.1-1.3. Let Assumptions 1 hold. Let {(xs, ys)}Ss=1

be any given set of training data (S ≥ 1). Then minimisers of En and E∞ exist in �(n) and
� respectively. Furthermore let θ (n) ⊂ �(n) be any sequence of minimisers of En, then

min
�(n)

En = En(θ (n))→ min
�

E∞, as n→∞,

{θ (n)}n∈N is relatively compact, and any limit point of {θ (n)}n∈N is a minimiser of E∞.

Through the following proposition, and under the additional and stronger assumptions
in Assumptions 2, we remark that one obtains extra regularity on minimisers to the deep
limit variational problem (as is to be expected based on elliptic regularity).

Assumptions 2 The following additional assumptions will be used in our regularity
result:

1. σ ∈ C2(Rd ;Rd);
2. h ∈ C2(Rm;Rm);
3. L(·, y) ∈ C2(Rm;R) for all y ∈ R

m;
4. all norms on R

d and R
d×d are induced by inner products.

Proposition 2.2 Let Assumptions 1 and 2 hold. Then anyminimiser θ = (K, b,W, c) ∈ �

of E∞ satisfies K ∈ H2
loc([0, 1];R

d×d) and b ∈ H2
loc([0, 1];R

d).

The proof of the proposition is given in Sect. 4.4.
Theorem 2.1 states that, up to subsequences, minimisers of En converge to minimisers

of E∞. If the minimiser of E∞ is unique then we have that the sequence of minimisers
converges (without recourse to a subsequence) to the minimiser of E∞. The proof of the
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theorem relies on variational methods and is given in Sects. 4.1-4.3. We do not prove
a convergence rate for the minimisers, but we conjecture a convergence rate of 1

n . The
conjecture is motivated by considering Taylor expansions for a fixed θ = (K, b,W, c) ∈ �;
indeed one can show that for K, b ∈ H2 the recovery sequence θ (n) given by (26-29)
satisfies

|En(θ (n))− E∞(θ )| ∼ C(θ )
n

,

where C(θ ) is a constant that depends on ‖K̈‖L2 and ‖b̈‖L2 . Assuming that this can
be extended to minimising sequences (i.e. the above holds for any sequence of min-
imisers θ (n) → θ ) one can conclude that the rate of convergence of the minima
is O(n−1). Making another conjecture that one can show a local bound of the form
d(θ (n), θ ) ≤ C

∣
∣
∣En(θ (n))− E∞(θ )

∣
∣
∣ whenever d(θ (n), θ ) is small implies

d(θ (n), θ ) = O
(
1
n

)

.

We do not prove a rate of convergence for either the minimisers or the minimum here.
However, we are able to show a rate of convergence for the forward pass through the
Neural Network; more precisely, the output of the ResNet model is converging to the
output of a dynamical system with the rate given by the following corollary.

Corollary 2.3 Let Assumptions 1 hold. We use the matrix operator norm on K(n) in
R(1)
n and R(1)∞ , and let Lσ > 0 be a Lipschitz constant for σ . Let {(xs, ys)}Ss=1 ⊂

R
d × R

m be a set of training data and, for all n ∈ N, let (K(n),b(n),W (n), c(n)) ∈
argmin(K(n) ,b(n) ,W,c) En(K(n),b(n),W, c). Let x ∈ R

d. Let (K, b,W, c) be the minimiser of E∞
which we assume is unique. For all n ∈ N and for all i ∈ {1, . . . , n}, let X (n)

i be the solution to
(6) with X (n)

0 = x, and X : [0, 1]→ R
d be the solution to the ODE in (10) (with coefficients

K and b) with initial condition X(0) = x. Then, for all δ > 0, there exists an N ∈ N such
that, for all n ≥ N, there exists an εn ∈ R such that, for all i ∈ {0, 1, . . . , n},

‖X(i/n)− X (n)
i ‖ ≤ n

Lσ (‖K‖L∞ + δ)
An

[

exp
(
i
n
Lσ (‖K‖L∞ + δ)

)

− 1
]

, (13)

where

An = 1
n
(1+ ‖X‖L∞ ) Lσ δ + εn.

Moreover, εn = o
( 1
n
)
as n→∞.

We provide the proof of Corollary 2.3 in Sect. 4.5.

Remark 2.4 In Corollary 2.3 we made the assumption that the minimiser (K, b,W, c) of
E∞ is unique, mainly to keep the notation as simple as possible. If minimisers of E∞ are
not unique, we need to be more careful in our statement of the corollary. In that case,
by Theorem 2.1 there exists a minimiser (K, b,W, c) of E∞ such that, up to subsequences,
K (n) → K and b(n) → b as n → ∞ in the topology of Sect. 3.2 (where the same indices
can be chosen for both subsequences). Taking N to be the (infinite) set containing the
(common) indices n of these subsequences, the statement of the corollary still holds if we
restrict the indices n to the setN instead of allowing them to vary over all of N.
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3 Backgroundmaterial
In this section we give background material necessary to present the proofs of the main
results. In particular, we start by clarifying our notation. We then give a description on
the discrete-to-continuum topology. Finally, for the convenience of the reader, we give a
brief overview on �-convergence.

3.1 Notation

Let
 be an open subset of a Euclidean space. Given a probability measureμ ∈ P(
) on


we write Lp(μ;�) for the set of functions from 
 to � that are Lp integrable with respect
to μ, when appropriate we will shorten notation to Lp(μ). The Lp(μ) norm for a function
f : 
 → � is denoted by ‖f ‖Lp(μ).Whenμ is the Lebesguemeasure on
wewill alsowrite
Lp or Lp(
) for Lp(μ;�), and ‖f ‖Lp or ‖f ‖Lp(
) for ‖f ‖Lp(μ). The L2 inner product with
respect to the Lebesgue measure is denoted by 〈·, ·, 〉L2 . The Sobolev space of functions
that are k-times weakly differentiable and with each weak derivative in L2 is denoted by
Hk . In order to make clear the domain 
 and range � of Hk , we will also write Hk (
;�)
(in order to avoid complications defining derivatives, the underlying measure in Sobolev
spaces when k > 0 is always the Lebesgue measure). For functions f : 
 → R that are k
times continuously differentiable, we write f ∈ Ck (
), and if all its kth partial derivatives
are Hölder continuous with exponent γ —i.e. if maxα:|α|=k supx,y∈


x �=y
|Dα f (x)−Dα f (y)|

‖x−y‖γ < ∞,

where the α are multi-indices with sum |α| equal to k andDα f denotes the corresponding
partial derivative of f of order k—we write f ∈ Ck,γ (
).
We often do not specify a matrix or vector norm, clearly these are finite-dimensional

spaces and therefore all norms are topologically equivalent. If b ∈ R
d is a vector and

K ∈ R
d×d is a matrix then we will write ‖b‖ and ‖K‖ for both the vector norm and

the matrix norm. In particular we point out that we only use subscripts for Lp norms.
Sometimes we will need that the norms are induced by inner products, we will write when
we need this additional structure.
Weuse superscripts on the parametersK(n) andb(n) (later denotedK (n) andb(n)) in order

to clearly denote the dependence of the number of layers on the parameters themselves
(this is particularly important as we take the limit n → ∞). The parameters W, c are
respectively am× d matrix and am-dimensional vector and therefore we do not include
any reference to n unless we are considering sequences.
Vectors are always column vectors. For two vectors A, B ∈ R

κ we use � to denote
componentwise multiplication, i.e. A�B = [A1B1, A2B2, . . . , AκBκ ]�. When A ∈ R

κ and
C ∈ R

κ×d then� represents row-wise multiplication, i.e.

A� C = C � A =

⎡

⎢
⎢
⎢
⎢
⎣

A1C11 A1C12 · · · A1C1d
A2C21 A2C22 · · · A2C2d

...
...

. . .
...

AκCκ1 AκCκ2 · · · AκCκd

⎤

⎥
⎥
⎥
⎥
⎦
.

We can also interpret this product as A�C = diag(A)C , where diag is the diagonal κ × κ

matrix with the vector A on its diagonal.
We use the convention that 0 /∈ N.
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3.2 Discrete-to-continuum topology

We introduced the parameters for the ResNet model with n layers K(n) and b(n) as sets
of matrices/vectors, i.e. K(n) = {K (n)

i }n−1i=0 ⊂ R
d×d and b(n) = {b(n)i }n−1i=0 ⊂ R

d . In fact it
is more convenient to think of them as functions with respect to the discrete measure
μn = 1

n
∑n−1

i=0 δ i
n
on [0, 1]. More precisely, forK(n) we make the identification with K (n) ∈

L0(μn;Rd×d) by K (n)(i/n) = K (n)
i . In the sequel we will, with a small abuse of notation,

write both K (n) and K (n)
i , where the former is understood as a function in L0(μn;Rd×d)

and the latter as the matrix K (n)
i = K (n)(i/n) ∈ R

d×d . Similarly for b(n) and b(n)i .
With this notation we can define the finite layer parameter space by

�(n) = L2(μn;Rd×d)× L2(μn;Rd)× R
m×d × R

m. (14)

For any p, q > 0 the discrete spaces Lp(μn), Lq(μn) are topologically equivalent. Since
we apply a discrete analogue of an H1 regularisation penalty to parameters of the neural
network (see also Sect. 3.4), it will transpire that the natural limiting space to work in is
given by

� = H1([0, 1];Rd×d)×H1([0, 1];Rd)× R
m×d × R

m. (15)

Given K ∈ L2([0, 1];Rd×d) and K (n) ∈ L2(μn;Rd×d) we define a distance by extending
K (n) to a function on [0, 1] by K̃ (n)(t) = K (n)(ti) (for t ∈ (ti−1, ti), ti = i/n, i = 1, . . . , n)
and comparing in L2; that is

d1(K (n), K ) = ‖K̃ (n) − K‖L2 .
We note the distance d1 is closely related to the TL2 distance, see [30], when the discrete
measure is of the formμn = 1

n
∑n

i=1 δti and the domain is [0, 1]. TheTL2 distance (see (16)
below), or more generally the TLp distance, is a topology useful for metrising discrete-to-
continuum convergence on a general domain 
 ⊆ R

d . The idea is to think of functions
on different domains as the coupling of a function with a measure; that is the TLp space
is the space of pairs (μ, K ) where K ∈ Lp(μ) and μ is a probability measure on 
 with
finite pth moment. The TLp space is metrised by a Wasserstein distance on the graphs
of functions. To compare a discrete function K (n) : {xi}ni=1 → R with associated discrete
measureμn =∑n

i=1 δxi to a continuum functionK : 
 → Rwith the continuummeasure
μ ∈ P(
) associated with 
, we perform the following steps. Firstly, we find an “optimal”
partitioning of equalmass of the underlying state space,T (n) : 
 → {xi}ni=1 (where optimal
is in the sense of solving an optimal transport problem between the discrete measure μn
and the continuum measure μ.). Secondly, we extend K (n) to 
 to be piecewise constant,
i.e. K̃ (n) = K (n) ◦ T (n) : 
 → R. Lastly we compare K̃ (n) to K in an Lp norm. The
notation TLp stands for “transport” and “Lp”. We leave further details of the topology that
is constructed in this way to [30].
To make the connection between d1 and TL2 precise consider the following. For pairs

(μ, K ), (ν, L) where μ, ν ∈ P(
) and K ∈ L2(μ), L ∈ L2(ν) the TL2 distance is defined (in
the Kantorovich formulation) by

d2TL2 ((μ, K ), (ν, L)) = inf
π∈�(μ,ν)

∫


×


‖x − y‖2 + ‖K (x)− L(y)‖2 dπ (x, y). (16)

Here �(μ, ν) denotes the set of all Borel probability measures on 
×
 whose marginals
on the first and second variable are μ and ν, respectively (so-called couplings). We say
that (μn, K (n))→ (μ, K ) in TL2 if d2TL2 ((μn, K (n)), (μ, K ))→ 0. In the Monge formulation
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we write

d2TL2 ((μ, K ), (ν, L)) = inf
T :T#μ=ν

∫




‖x − T (x)‖2 + ‖K (x)− L(T (x))‖2 dμ(x).

Wenote that theMonge formulation is not always defined as theremay not exist transport
maps T between μ and ν. Comparing the metric in TL2 to the Wasserstein distance

d2W (μ, ν) =
{
infπ∈�(μ,ν)

∫

×


‖x − y‖2 dπ (x, y) in the Kantorovich formulation
infT :T#μ=ν

∫


‖x − T (x)‖2 dμ(x) in the Monge formulation,

we can see that dTL2 ((μ, K ), (ν, L)) = dW ((Id × K )#μ, (Id × L)#ν).
In our case we choose μ to be the Lebesgue measure on [0, 1], ν = μn the discrete

measure defined above, and L = K (n). It is a consequence of results in [30] (since μn
convergesweakly∗ toμ—wesayweak∗ to be consistentwith notation in functional analysis
rather than weak which is often the notation in statistics) that

dTL2 ((μ, K ), (μn, K (n)))→ 0 ⇔ d1(K (n), K )→ 0.

More precisely, in our setting dTL2 ((μ, K ), (μn, K (n)))→ 0 is equivalent toμn
*

⇀μ and the
existence of a sequence of transport maps T (n) (between μn and μ) such that T (n) → Id
in L2 and K (n) ◦ T (n) → K in L2. The existence of such a sequence T (n) is guaranteed in
our case, since we can choose T (n)(t) = t̄i for t ∈ (t̄i−1, t̄i) where t̄i = i

n−1 , which leads to
K (n) ◦T (n) being a piecewise constant interpolation ofK (n). Hence, we can use the simpler
function d1. We note that d1 is not a metric (for example d1(K, K (n)) does not make sense;
hence, d1 is not symmetric), however due to the relationship of d1 with dTL2 we can still
take advantage of metric properties.
Similarly, we define d2(b(n), b) = ‖b̃(n) − b‖L2 and the distance between θ = (K, b,W, c)

and θ (n) = (K (n), b(n),W (n), c(n)) is given by

d : �(n) ×� �→ [0,∞)

d(θ (n), θ ) = d1(K (n), K )+ d2(b(n), b)+ ‖W (n) −W‖ + ‖c(n) − c‖. (17)

We could also have used a piecewise linear interpolation rather than the piecewise
constant interpolation we use, i.e. we could have defined

K̄ (n)(t) = t̄i − t
t̄i − t̄i−1

K (n)
i−1 +

t − t̄i−1
t̄i − t̄i−1

K (n)
i for t ∈ (t̄i−1, t̄i)

i = 1, . . . , n− 1 where t̄i = i
n− 1

,

and compared d̄1(K (n), K ) := ‖K̄ (n) − K‖L2 . However, under appropriate conditions
(which are satisfied in this paper)

d̄1(K (n), K )→ 0 ⇔ d1(K (n), K )→ 0.

Since the piecewise constant and piecewise linear constructions both generate the TL2

topology, we choose the simpler former one. This also gives us a metric space structure
that we can use to establish �-limits.

3.3 �-Convergence

Recall that we wish to show minimisers of En converge to minimisers of E∞. In partic-
ular, we want to show that E∞ is the variational limit of En. To characterise variational
convergence we first define the �-limit in a general metric space setting.
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Definition 3.1 Let En : 
 → R ∪ {±∞}, E∞ : 
 → R ∪ {+∞} where (
, d) is a metric
space. Then En �-converges to E∞, and we write E∞ = 0- limn→∞ En, if for all u ∈ 
 the
following holds:

1. (the liminf inequality) for any un → u

lim inf
n→∞ En(un) ≥ E∞(u);

2. (the recovery sequence) there exists un → u such that

lim sup
n→∞

En(un) ≤ E∞(u).

For brevity we focus only on the key property of �-convergence, and the property
that justifies the term variational convergence. For a more substantial introduction to
�-convergence, we refer to [5,18].

Theorem 3.2 Let (
, d)be ametric space andEn a proper sequence of functionals on
. Let
un be a sequence of almost minimisers for En, i.e. En(un) ≤ max{infu∈
 En(un)+ εn,− 1

εn
}

for some εn → 0+. Assume that E∞ = 0- limn→∞ En and {un}∞n=1 are relatively compact.
Then,

inf
u∈


En(u)→ min
u∈


E∞(u)

where the minimum of E∞ exists. Moreover if unm → u∞ is a convergent subsequence then
u∞ minimises E∞.

Clearly if one assumes that the minimum of E∞ is unique then, by the above theorem,
un → u∞ (without recourse to subsequences) where u∞ is the unique minimiser of E∞.
Theorem3.2 forms thebasis for ourproof ofTheorem2.1. Inorder to applyTheorem3.2,

we must show that minimisers are relatively compact and E∞ = 0- limn→∞ En.
We note that Definition 3.1 and Theorem 3.2 are in the context of metric spaces. As we

described in Sect. 3.2 we can describe the convergence ofK (n) in terms of theTL2 distance
dTL2 which is a metric on the space 
 = {(μ, f ) : f ∈ L2(μ;Rd×d),μ ∈ P([0, 1])} (and
similarly for b(n)). Hence, we can use the distance

d̃ ((μ, K, b,W, c), (ν, L, a, V, d)) = dTL2 ((μ, K ), (ν, L))+ dTL2 ((μ, b), (ν, a))

+‖W − V ‖ + ‖c − d‖
which is a metric on the space

{
(μ, K, b,W, c) : K ∈ L2(μ;Rd×d), b ∈ L2(μ;Rd),W ∈ R

d×d, c ∈ R
d,μ ∈ P([0, 1])

}
.

Since convergence in d̃ is equivalent to convergence in d, we can simplify our notation by
considering sequences that converge in d whilst still being able to apply Theorem 3.2.

3.4 Sobolev spaces

For readers unfamiliar with Sobolev spaces, in this section we provide some definitions
and results that are needed to read the remainder of the current paper. For amore detailed
introduction and further in-depth study of these concepts we refer the reader to [1,62].
We define the Sobolev space Hk ([0, 1]) recursively: for k ≥ 2, f ∈ Hk ([0, 1]) if ḟ ∈

Hk−1([0, 1]) where ḟ is the weak derivative of f , and for k = 1, f ∈ H1([0, 1]) if f ∈
L2([0, 1]) and ḟ ∈ L2([0, 1]). We can replace Hk with Hk

loc by replacing L
2 with L2loc in the
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previous definition (where L2loc([0, 1]) is the set of functions that are in L2([a, b]) for every
0 < a < b < 1). The Sobolev norm in H1([0, 1]) is defined by

‖f ‖H1([0,1]) = ‖f ‖L2([0,1]) + ‖ḟ ‖L2([0,1]).
Of course these definitions extend to p-norms and functions of several variables [62].
Morrey’s inequality in one dimension [62, Theorem 11.34] implies that there exists a

constant C such that ‖f ‖
C0, 12

≤ C‖f ‖H1 for all f ∈ H1. We note in particular that such
an f has a continuous representative, so that the pointwise evaluation f (0) is well-defined.
Therefore,

|f (0)| + ‖ḟ ‖L2 ≤ ‖f ‖C0 + ‖ḟ ‖L2 ≤ (C + 1)‖f ‖H1 .

Moreover, for any f ∈ H1 we have |f (x)− f (y)| ≤ C
√|x − y|‖ḟ ‖L2 [62, Remark 11.35] so

that |f (x)| ≤ |f (0)| + C
√|x|‖ḟ ‖L2 ≤ |f (0)| + C‖ḟ ‖L2 implying

‖f ‖H1 ≤ |f (0)| + (C + 1)‖ḟ ‖L2 .
It follows that |f (0)| + ‖ḟ ‖L2 and ‖f ‖H1 are equivalent norms. In particular, our regular-
isation terms R(1)∞ and R(2)∞ in the deep layer limit (see (11)) are equivalent to H1 norms.
We furthermore have the Rellich–Kondrachov type embedding result that H1([0, 1]) is
compactly embedded in both C0, 12 ([0, 1]) and L2([0, 1]) [62, Section 11.3].
Although the finite layer regularisation uses a finite difference approximation of the

derivative (as one cannot use usual derivatives in discrete spaces), one can expect min-
imisers of En to enjoy similar regularity properties in the deep layer limit when the scale
in the discretisation goes to zero, as minimisers of E∞ have.
Non-local characterisationsof Sobolev spaces arepossible, see for example [62,Theorem

10.55], and we utilise such ideas to prove �-convergence.

4 Proofs
The proof of Theorem 2.1 is a straightforward application of the following theorem,
Theorem 4.1, with Theorem 3.2. This section is devoted to the proofs of Theorem 4.1,
Proposition 2.2 and Corollary 2.3.

Theorem 4.1 Under the assumptions of Theorem 2.1, the following holds:

1. for every n ∈ N there exists a minimiser of En in �(n),
2. any sequence {(K (n), b(n),W (n), c(n))}n∈N which is bounded in En, i.e.

sup
n∈N

En(K (n), b(n),W (n), c(n)) < ∞,

is relatively compact, and
3. 0- limn→∞ En = E∞.

The first three subsections are each dedicated to the proof of one part of the above
theorem. In Sect. 4.1 we show that sequences bounded in En are relatively compact. The
argument relies on approximating discrete sequences θ (n) = (K (n), b(n),W (n), c(n)) ∈ �(n)

with a continuum sequence θ̃ (n) = (K̃ (n), b̃(n),W (n), c(n)) ∈ � and using standard Sobolev
embedding arguments to deduce the compactness of θ̃ (n), and therefore, θ (n).
In Sect. 4.2 we prove the existence of minimisers. The strategy is to apply the direct

method from the calculus of variations. That is, we show that En is lower semi-continuous
(in fact continuous). For compactness of minimising sequences it is enough to show
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bounded in norm (since for finite n parameters are finite-dimensional). Compactness
plus lower semi-continuity is enough to imply the existence of minimisers.
In the third subsection we prove the �-convergence of En to E∞. This relies on a

variational convergence of finite differences.
In Sect. 4.4 we analyse the regularity of minimisers of E∞ and prove Proposition 2.2. To

show this we compute the Gâteaux derivative then apply methods from elliptic regularity
theory to infer additional smoothness. In this section we assume that the norms ‖ · ‖ on
R
d and R

d×d are induced by an inner product 〈·, ·〉.
Finally, in Sect. 4.5 we prove the uniform convergence of the parameters of the neural

network to parameters of the continuum model (Corollary 2.3).

4.1 Proof of compactness

We start with a preliminary result which implies that ‖K (n)‖L∞(μn) ≤ CR(1)
n (K (n)), this is

a discrete analogue of the well-known Morrey’s inequality. We include the proof as it is
important that the constant C can be chosen independently of μn.
In the following, where we write Rκ , κ can be any integer. Specific choices for κ will be

made when the result is applied.

Proposition 4.2 Fix n ∈ N and let ti = i
n , μn = 1

n
∑n−1

i=0 δti , and fn : {ti}n−1i=0 → R
κ . Then

‖fn‖2L∞(μn) ≤ 2

⎛

⎝‖fn(t0)‖2 + n
n−1∑

j=1
‖fn(tj)− fn(tj−1)‖2

⎞

⎠ .

Proof We note that

‖fn(ti)− fn(t0)‖2 ≤
⎛

⎝
i∑

j=1
‖fn(tj)− fn(tj−1)‖

⎞

⎠

2

≤ n
n−1∑

j=1
‖fn(tj)− fn(tj−1)‖2

by Jensen’s inequality. Hence,

‖fn(ti)‖2 ≤ 2
(‖fn(ti)− fn(t0)‖2 + ‖fn(t0)‖2

)

≤ 2

⎛

⎝‖fn(t0)‖2 + n
n−1∑

j=1
‖fn(tj)− fn(tj−1)‖2

⎞

⎠ .

Taking the supremum over i ∈ {0, 1, . . . , n− 1} proves the proposition. ��

Let (K (n), b(n),W (n), c(n)) ∈ �(n) be a sequence such that supn∈N En(K (n), b(n),W (n), c(n))
< +∞. Then compactness of {W (n)}n∈N and {c(n)}n∈N is immediate from the regular-
isation functionals R(3) and R(4). For K (n) and b(n) we deduce compactness by using a
smooth continuum approximation. In particular, let fn : {ti}n−1i=0 → R

κ , where ti = i
n , be

a sequence of discrete functions that are bounded in the discrete H1 normRn given by

Rn(fn) =

√
√
√
√
√‖fn(t0)‖2 + n

n−1∑

j=1
‖fn(tj)− fn(tj−1)‖2.

We compare fn to a smooth continuum function gn : [0, 1] → R
κ with the property

‖gn‖H1 � Rn(fn). By Sobolev embedding arguments we have that {gn}n∈N is relatively
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compact in L2([0.1];Rκ ). Compactness of {fn}n∈N follows from ‖fn ◦ Tn − gn‖L2 → 0
where Tn is the map Tn(t) = ti if t ∈ [ti, ti+1).
In the following proposition Leb�[0,1] is the Lebesgue measure on R restricted to the

interval [0, 1].

Proposition 4.3 For each n ∈ N let t(n)i = i
n , μn = 1

n
∑n−1

i=0 δt(n)i
, and fn : {t(n)i }n−1i=0 → R

κ .
If

sup
n∈N

⎛

⎝‖fn(0)‖2 + n
n−1∑

j=1
‖fn(t(n)j )− fn(t(n)j−1)‖2

⎞

⎠ < +∞ (18)

then {(μn, fn)}n∈N is relatively compact in TL2 and any cluster point (μ, f ) satisfies
μ = Leb�[0,1] and f ∈ C0,γ ([0, 1];Rκ ) for any γ < 1

2 . Furthermore, for any converging sub-
sequence there exists a further subsequence (which we relabel), and a f ∈ C0,γ ([0, 1];Rκ ),
such that

max
i∈{0,1,...,n−1}

∥
∥
∥fn(t(n)i )− f (t(n)i )

∥
∥
∥→ 0. (19)

Proof First note that

‖fn(t(n)i )‖ ≤ ‖fn(0)‖ +
i−1∑

j=1
‖fn(t(n)j )− fn(t(n)j−1)‖

≤ ‖fn(0)‖ +
n−1∑

j=1
‖fn(t(n)j )− fn(t(n)j−1)‖

≤ 1+ 1
2

⎛

⎝‖fn(0)‖2 + n
n−1∑

j=1
‖fn(t(n)j )− fn(t(n)j−1)‖2

⎞

⎠ ,

with the last line following from Young’s inequality, so by (18) ‖fn‖L∞(μn) is bounded. In
particular, there existsM < +∞ such that

‖fn(0)‖2 + n
n−1∑

j=1
‖fn(t(n)j )− fn(t(n)j−1)‖2 ≤ M, ‖fn‖L∞(μn) ≤ M.

Let f̃n be the continuum extension of fn defined by

f̃n(t) =

⎧
⎪⎨

⎪⎩

fn(0) if t < 0
fn(t(n)i ) if t ∈ [t(n)i , t(n)i+1) for some i = 0, . . . , n− 1
fn(t(n)n−1) if t ≥ 1.

Define gn = Jεn ∗ f̃n where J ∈ C∞(R) is a standard mollifier [62, Remark C.18(ii)] with
‖J‖L1 = 1, ‖J‖L∞ ≤ β , for some β > 0, Jε = 1

ε
J (t/ε), for all ε > 0, and εn = 1

2n . We
recall the following facts about mollifiers (which are stated in the domain R, but hold for
higher-dimensional Euclidean spaces as well):

(M1) ‖Jε ∗ f ‖L∞ ≤ ‖f ‖L∞ , for any f ∈ L∞ and any ε > 0 (by Young’s inequality [62,
Theorem C.15]);

(M2) d
dt (Jε ∗ f ) = 1

ε
(J̇ )ε ∗ f , for any f ∈ L1 and any ε > 0, where (J̇ )ε(t) = 1

ε
J̇ (t/ε) [62,

Theorem C.20];
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(M3)
∫
R
(J̇ )ε(s) ds = 0 (since the order of integration and differentiation can be reversed,

as (J̇ )ε is continuous and supported on a compact subset of R);
(M4) ‖(J̇ )ε‖L∞ ≤ ‖J‖L∞

ε
, for any ε > 0.

We first show that gn is bounded in H1([0, 1];Rκ ). As ‖fn‖L∞(μn) is bounded then
‖f̃n‖L∞([0,1]) is bounded, so by (M1) gn is bounded in L∞([0, 1];Rκ ). It is therefore suf-
ficient to show that supn∈N ‖ġn‖L2 < +∞. For t ∈ [t(n)i , t(n)i + εn] and i ≥ 1 we have,

‖ġn(t)‖ = 1
εn

∥
∥
∥(J̇ )εn ∗ f̃n(t)

∥
∥
∥ by (M2)

= 1
εn

∥
∥
∥
∥

∫

R

(J̇ )εn (t − s)f̃n(s) ds
∥
∥
∥
∥

= 1
εn

∥
∥
∥
∥

∫

R

(J̇ )εn (t − s)
(
f̃n(s)− f̃n(t)

)
ds
∥
∥
∥
∥ by (M3)

≤ β

ε2n

∫

R

∥
∥
∥f̃n(s)− f̃n(t)

∥
∥
∥ ds by (M4)

= 4βn
∥
∥
∥fn(t(n)i )− fn(t(n)i−1)

∥
∥
∥ .

Similarly, for t ∈ [t(n)i + εn, t(n)i+1] and i ≤ n− 2 we have,

‖ġn(t)‖ ≤ 4nβ‖fn(t(n)i+1)− fn(t(n)i )‖.
From the definition of f̃n we have that ġn(t) = 0 for all t ≤ εn or t ≥ 1− εn. Squaring and
integrating the above inequality over t ∈ [0, 1] implies

‖ġn‖2L2 ≤ 16β2n
n−1∑

i=1
‖fn(t(n)i )− fn(t(n)i−1)‖2.

Hence, gn is bounded in H1([0, 1];Rκ ).
By Morrey’s inequality [62, Theorem 11.34], gn is relatively compact in C0,γ ([0, 1];Rκ )

for any γ ∈ (0, 12 ). In particular gn is relatively compact in L∞([0, 1];Rκ ). Hence, we
may assume that there exists a subsequence (which we relabel) and g ∈ C0,γ such that
gn → g in L∞([0, 1];Rκ ). The proposition is proved once we show ‖f̃n − gn‖L∞ → 0. For
t ∈ [t(n)i , t(n)i + εn] we have

‖f̃n(t)− gn(t)‖ =
∥
∥
∥
∥

∫

R

Jεn (s − t)
(
f̃n(s)− f̃n(t)

)
ds
∥
∥
∥
∥

≤ β

εn

∫ t(n)i+1

t(n)i−1
‖f̃n(s)− f̃n(t)‖ ds

=
{
2β‖fn(t(n)i )− fn(t(n)i−1)‖ if i ≥ 1
0 if i = 0.

Similarly, for t ∈ [t(n)i + εn, t(n)i+1] we have

‖f̃n(t)− gn(t)‖ ≤
{
2β‖fn(t(n)i+1)− fn(t(n)i )‖ if i ≤ n− 2
0 if i = n− 1.

Hence

‖f̃n − gn‖2L∞ ≤ 4β2 sup
i∈{1,...,n−1}

‖fn(t(n)i )− fn(t(n)i−1)‖2
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≤ 4β2
n−1∑

i=1
‖fn(t(n)i )− fn(t(n)i−1)‖2

= O
(
1
n

)

.

It follows that f̃n → g in L∞([0, 1];Rκ ) (and therefore in L2([0, 1];Rκ )) which proves (19).
Clearly μn

*
⇀Leb�[0,1]; hence, (μn, fn)→ (Leb�[0,1], g) in the TL2 topology, from which it

follows that {(μn, fn)}n∈N is relatively compact in TL2. ��
Compactness of sequences bounded in En is now a simple corollary of the above propo-

sition.

Corollary 4.4 Let�(n) and� be given by (14) and (15) respectively. Define En, E∞, En, E∞,
R(i)
n , R(i)∞, R(j) for i = 1, 2, j = 3, 4 as in Sects. 1.1-1.3. Assume that αi > 0 for i = 1, 2, 3, 4,

τj > 0 for j = 1, 2, h(x) ∈ (−∞,+∞) for all x ∈ R
d, L(z, y) ∈ [0,+∞) for all x, z ∈ R

d,
and σ is Lipschitz continuous with σ (0) = 0. If

sup
n∈N

En(K (n), b(n),W (n), c(n)) < +∞

then there exists a subsequence nm and (K, b,W, c) ∈ � such that

d
(
(K (nm), b(nm),W (nm), c(nm)), (K, b,W, c)

)
→ 0.

Furthermore, E∞(K, b,W, c) < +∞.

Proof Relative compactness in TL2 of {(K (n)}∞n=1 and {b(n)}∞n=1 follows from Proposi-
tion 4.3 and compactness of {W (n)}∞n=1 and {c(n)}∞n=1 is immediate from the bounds on
R(3)(W (n)) and R(4)(c(n)). To see that E∞(K, b,W, c) < +∞, we note that, by the bound on
σ we must have that X(1; x, K, b) is finite for any x; hence, E∞(K, b,W, c; x, y) < +∞ for
any (x, y). ��
In fact one can obtain compactness in a stronger sense; in particular one can show that,

if

sup
n∈N

En(K (n), b(n),W (n), c(n)) < +∞

then there exists a subsequence such that

max
i∈{0,...,nm−1}

∥
∥
∥
∥K
(

i
nm

)

− K (nm)
i

∥
∥
∥
∥→ 0 and max

i∈{0,...,nm−1}

∥
∥
∥
∥b
(

i
nm

)

− b(nm)i

∥
∥
∥
∥→ 0.

See Lemma 4.17.

4.2 Proof of existence of minimisers

The existence ofminimisers is a straightforward application of the directmethod from the
calculus of variations. In particular, for n ∈ N all parameters are finite-dimensional; hence,
it is enough to show that minimising sequences are bounded. For W, c this is clear from
the regularisation, for K (n), b(n) this follows from Proposition 4.2. Lower semi-continuity
then implies that converging minimising sequences converges to minimisers.

Proposition 4.5 Let n ∈ N and �(n) be given by (14). Define En, En, R(i)
n , R(j) for i = 1, 2,

j = 3, 4 as in Sect. 1.1 and 1.2. Assume that αi > 0 for i = 1, 2, 3, 4 and τj > 0 for j = 1, 2.
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Further assume that σ and h are continuous, that σ (0) = 0, and that L is non-negative
and continuous in its first argument. Then, there exists a minimiser of En in �(n).

Proof Let θ
(n)
m = (K (n)

m , b(n)m ,Wm, cm) ∈ �(n) be a minimising sequence, i.e.

En(θ (n)m )→ inf
�(n)

En asm→∞.

Since En(0) = ∑S
s=1 L (h(0), yi) =: C < ∞, we can assume that En(θ (n)m ) ≤ C for all m.

Hence, supm∈Nmax{R(1)
n (K (n)

m ), R(2)
n (b(n)m ), R(3)(Wm), R(4)(cm)} ≤ C . We emphasise that all

the parameters are finite-dimensional. Since ‖Wm‖ ≤
√
C and ‖cm‖ ≤

√
C , we immedi-

ately have that {Wm}m∈N and {cm}m∈N are bounded, hence relatively compact. By Proposi-
tion 4.2 {K (n)

m }m∈N and {b(n)m }m∈N are also bounded in the supremumnorm, hence relatively
compact.
With recourse to a subsequence,weassume that (K (n)

m , b(n)m ,Wm, cm)→ (K (n), b(n),W, c) =
θ (n) ∈ �(n). By induction on i it is easy to see that Xi[x, K (n)

m , b(n)m ] → Xi[x, K (n), b(n)] as
m → ∞ (by continuity of σ ). Hence, by continuity of h and L(·, yi), it follows that
En(θ (n)m )→ En(θ (n)). Now since,

En(θ (n)) = lim
m→∞ En(θ (n)m ) = inf

�(n)
En

it follows that En(θ (n)) = inf�(n) En. ��

4.3 �-Convergence of En

In this section we prove the �-convergence of En to E∞. We divide the result into two
parts: the liminf inequality is in Lemma 4.9, and the existence of a recovery sequence
is given in Lemma 4.11. Before getting to these results we start with some preliminary
results, the first is that, for any K (n) → K and b(n) → b, the discrete model (6) converges
uniformly to the continuummodel (10). The next preliminary result uses this to infer the
convergence of En(θ (n); x, y)→ E(θ ; x, y).

Lemma 4.6 Consider sequences K (n) ∈ L2(μn;Rd×d), b(n) ∈ L2(μn;Rd) where μn =
1
n
∑n−1

i=0 δti and ti = i
n . Let d1(K (n), K ) → 0 and d1(b(n), b) → 0 where K ∈

H1([0, 1];Rd×d) and b ∈ H1([0, 1];Rd). Define R(i)
n , i = 1, 2, as in Sect. 1.2 with

τi > 0. Assume that σ is Lipschitz continuous with constant Lσ , σ (0) = 0,
max{supn∈N R(1)

n (K (n)), supn∈N R(2)
n (b(n))} < +∞ and x ∈ R

d. Then ‖X(·; x, K, b)‖L∞ ≤ C
where C depends only on Lσ , ‖x‖, ‖K‖L∞ , and ‖b‖L∞ and furthermore

sup
i∈{0,1,...,n−1}

sup
t∈[ti ,ti+1]

∥
∥
∥X(t; x, K, b)− X (n)

i [x;K (n), b(n)]
∥
∥
∥→ 0

where X(t; x, K, b) and X (n)
i [x, K (n), b(n)] are determined by (10) and (6) respectively.

Proof Let X (n)
i = X (n)

i [x;K (n), b(n)] and X(t) = X(t; x, K, b). We have

∥
∥
∥
∥X
(
i
n

)

− X (n)
i

∥
∥
∥
∥ =

∥
∥
∥
∥
∥
X
(
i − 1
n

)

+
∫ i

n

i−1
n

Ẋ(t) dt − X (n)
i−1 −

(
X (n)
i − X (n)

i−1
)
∥
∥
∥
∥
∥

≤
∥
∥
∥
∥X
(
i − 1
n

)

− X (n)
i−1

∥
∥
∥
∥+

∥
∥
∥
∥
∥

∫ i
n

i−1
n

Ẋ(t) dt −
(
X (n)
i − X (n)

i−1
)
∥
∥
∥
∥
∥
.
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Using the iterative update for X (n)
i , i.e. (6), the continuum differential equation governing

the dynamics of X(t), i.e. (10), and the Lipschitz bound on σ , we may bound the second
term above by the following:

∥
∥
∥
∥
∥

∫ i
n

i−1
n

Ẋ(t) dt −
(
X (n)
i − X (n)

i−1
)
∥
∥
∥
∥
∥

=
∥
∥
∥
∥
∥

∫ i
n

i−1
n

σ (K (t)X(t)+ b(t))− σ
(
K (n)
i−1X

(n)
i−1 + b(n)i−1

)
dt

∥
∥
∥
∥
∥

≤ Lσ

∫ i
n

i−1
n

∥
∥
∥K (t)X(t)− b(t)− K (n)

i−1X
(n)
i−1 − b(n)i−1

∥
∥
∥ dt

≤ Lσ

∫ i
n

i−1
n

∥
∥
∥b(t)− b(n)i−1

∥
∥
∥+

∥
∥
∥K (t)X(t)− K (n)

i−1X
(n)
i−1
∥
∥
∥ dt. (20)

By Proposition 4.2 we can show that ‖K‖L∞ , ‖b‖L∞ is finite (since K (n) → K and
K (n) is uniformly bounded in L∞(μn;Rd×d), analogously for b). Now we show that
supn∈N ‖X (n)‖L∞(μn) < +∞. We have, by (6) and the Lipschitz assumption on σ ,

‖X (n)
i+1 − X (n)

i ‖ ≤ Lσ

n
‖K (n)

i X (n)
i + b(n)i ‖ ≤

LσM1
n

(
‖X (n)

i ‖ + 1
)

whereM1 = supn∈Nmax{‖K (n)‖L∞(μn), ‖b(n)‖L∞(μn)} < +∞ by Proposition 4.2. Hence,

‖X (n)
i+1‖ ≤

(

1+ LσM1
n

)

‖X (n)
i ‖ + LσM1

n
.

Since X (n)
j = x, by induction it follows that, for j ∈ {1, . . . , n},

‖X (n)
j ‖ ≤ ‖x‖

(

1+ LσM1
n

)j
+ LσM1

n

j∑

i=1

(

1+ LσM1
n

)i−1

≤ (‖x‖ + LσM1)
(

1+ LσM1
n

)n

→ (‖x‖ + LσM1) eLσM1 , as n→∞.

Hence, supn∈N ‖X (n)‖L∞(μn) < +∞.
Now consider, for 0 ≤ s1 < s2 ≤ 1,

‖X‖L∞([s1 ,s2]) = sup
s∈[s1 ,s2]

‖X(s)‖

= sup
s∈[s1 ,s2]

∥
∥
∥
∥

∫ s

s1
Ẋ(r) dr + X(s1)

∥
∥
∥
∥

= sup
s∈[s1 ,s2]

∥
∥
∥
∥

∫ s

s1
σ (K (r)X(r)+ b(r)) dr + X(s1)

∥
∥
∥
∥ by (10)

≤ sup
s∈[s1 ,s2]

∫ s

s1
Lσ

∥
∥K (r)X(r)+ b(r)

∥
∥ dr

+ ‖X(s1)‖ as σ is Lipschitz and σ (0) = 0

≤ sup
s∈[s1 ,s2]

Lσ (s − s1)‖X‖L∞([s1 ,s])‖K‖L∞ + Lσ (s − s1)‖b‖L∞ + ‖X(s1)‖

= Lσ (s2 − s1)‖X‖L∞([s1 ,s2])‖K‖L∞ + Lσ (s2 − s1)‖b‖L∞ + ‖X(s1)‖.
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Therefore, if we choose s2 = min{1, s1 + 1
2Lσ ‖K‖L∞ } we have ‖X‖L∞([s1 ,s2]) ≤ 2Lσ‖b‖L∞ +

2‖X(s1)‖. Let si = min{1, i
2Lσ ‖K‖L∞ } andN = �2Lσ ‖K‖L∞� (we note that sN−1 < 1 = sN ).

For i ∈ {2, . . . , N } we have

‖X‖L∞([0,si]) ≤ max
{‖X‖L∞([0,si−1]), ‖X‖L∞([si−1 ,si])

}

≤ max
{‖X‖L∞([0,si−1]), 2Lσ ‖b‖L∞ + 2‖X(si−1)‖

}

≤ 2Lσ‖b‖L∞ + 2‖X‖L∞([0,si−1]).

For i = 1 we have ‖X‖L∞([0,s1]) ≤ 2Lσ‖b‖L∞ + ‖x‖, and by induction for i ∈ {2, . . . , N }
we have

‖X‖L∞([0,si]) ≤ 2i‖X‖L∞([0,s1]) + 2Lσ‖b‖L∞
i−1∑

k=0
2k

≤ 2i+1Lσ ‖b‖L∞ + 2i‖x‖ + 2(2i − 1)Lσ ‖b‖L∞
= 2(2i − 1)Lσ‖b‖L∞ + 2i‖x‖.

In particular, for i = N we have

‖X‖L∞([0,1]) ≤ 2(2N − 1)Lσ‖b‖L∞ + 2N‖x‖.
Now, using σ (0) = 0 and the Lipschitz assumption on σ , we have

‖Ẋ‖L∞ = ‖σ (KX + b)‖L∞ ≤ Lσ (‖K‖L∞‖X‖L∞ + ‖b‖L∞ ) ,
hence, X is Lipschitz. Let LX be the Lipschitz constant for X .
Returning to (20) we concentrate on the second term, we bound

∫ i
n

i−1
n

∥
∥
∥K (t)X(t)− K (n)

i−1X
(n)
i−1
∥
∥
∥ dt

≤
∫ i

n

i−1
n

∥
∥
∥X(t)− X (n)

i−1
∥
∥
∥
∥
∥K (t)

∥
∥ dt +

∫ i
n

i−1
n

∥
∥
∥K (t)− K (n)

i−1
∥
∥
∥
∥
∥
∥X (n)

i−1
∥
∥
∥ dt

≤ M1

∫ i
n

i−1
n

∥
∥
∥X(t)− X (n)

i−1
∥
∥
∥ dt + ‖X (n)‖L∞(μn)

∫ i
n

i−1
n

∥
∥
∥K (t)− K (n)

i−1
∥
∥
∥ dt

≤ M2

(∫ i
n

i−1
n

∥
∥
∥X(t)− X (n)

i−1
∥
∥
∥ dt +

∫ i
n

i−1
n

∥
∥
∥K (t)− K (n)

i−1
∥
∥
∥ dt

)

(21)

where M2 = max{M1, ‖X (n)‖L∞(μn)}. Continuing to manipulate the first term on the
right-hand side of the above expression, we have,

∫ i
n

i−1
n

∥
∥
∥X(t)− X (n)

i−1
∥
∥
∥ dt ≤

∫ i
n

i−1
n

∥
∥
∥
∥X

(n)
i−1 − X

(
i − 1
n

)∥
∥
∥
∥+

∥
∥
∥
∥X
(
i − 1
n

)

− X(t)
∥
∥
∥
∥ dt

= 1
n

∥
∥
∥
∥X

(n)
i−1 − X

(
i − 1
n

)∥
∥
∥
∥+

∫ i
n

i−1
n

∥
∥
∥
∥X
(
i − 1
n

)

− X(t)
∥
∥
∥
∥ dt

≤ 1
n

∥
∥
∥
∥X

(n)
i−1 − X

(
i − 1
n

)∥
∥
∥
∥+ LX

∫ i
n

i−1
n

(

t − i − 1
n

)

dt

= 1
n

∥
∥
∥
∥X

(n)
i−1 − X

(
i − 1
n

)∥
∥
∥
∥+

LX
2n2

. (22)
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Combining the bounds (20), (21) and (22), we have

∥
∥
∥
∥X
(
i
n

)

− X (n)
i

∥
∥
∥
∥ ≤

(

1+ LσM2
n

)∥
∥
∥
∥X
(
i − 1
n

)

− X (n)
i−1

∥
∥
∥
∥+ Lσ

∫ i
n

i−1
n

∥
∥
∥b(t)− b(n)i−1

∥
∥
∥ dt

+ LσM2

∫ i
n

i−1
n

∥
∥
∥K (t)− K (n)

i−1
∥
∥
∥ dt + LXLσM2

2n2
.

By induction, for any k ∈ {0, 1, . . . , n}, we have
∥
∥
∥
∥X
(
k
n

)

− X (n)
k

∥
∥
∥
∥ ≤ Lσ

n∑

i=1

(

1+ LσM2
n

)n−i ∫ i
n

i−1
n

‖b(t)− b(n)i−1‖ dt

+ LσM2

n∑

i=1

(

1+ LσM2
n

)n−i ∫ i
n

i−1
n

‖K (t)− K (n)
i−1‖ dt

+ LXLσM2
2n2

n∑

i=1

(

1+ LσM2
n

)n−i

≤ εLσ

2n

n∑

i=1

(

1+ LσM2
n

)2(n−i)
+ Lσn

2ε

n∑

i=1

(∫ i
n

i−1
n

‖b(t)− b(n)i−1‖ dt
)2

+ εLσM2
2n

n∑

i=1

(

1+ LσM2
n

)2(n−i)
+ LσM2n

2ε

n∑

i=1

(∫ i
n

i−1
n

‖K (t)− K (n)
i−1‖ dt

)2

+ LXLσM2
2n2

n−1∑

i=0

(

1+ LσM2
n

)i

for any ε > 0 by employing Young’s inequality, αβ ≤ εα2

2 + β2

2ε , for appropriately chosen
α and β , on the first two terms for the final inequality (notice that the right hand side is
independent of k). By Hölder’s inequality and the assumption that d1(K (n), K ) → 0 we
have

n
n∑

i=1

(∫ i
n

i−1
n

‖K (t)− K (n)
i−1‖ dt

)2

≤
n∑

i=1

∫ i
n

i−1
n

‖K (t)− K (n)
i−1‖2 dt → 0

(and similarly for the sequence b(n)). Hence, to show

sup
k∈{0,1,...,n}

∥
∥
∥
∥X
(
k
n

)

− X (n)
k

∥
∥
∥
∥→ 0, (23)

it is enough to show(i) 1
n2
∑n−1

i=0
(
1+ LσM2

n

)i → 0and (ii) supn 1
n
∑n

i=1
(
1+ LσM2

n

)2(n−i)
<

∞.
For (i) we have that

0 ≤ 1
n2

n−1∑

i=0

(

1+ LσM2
n

)i
≤ 1

n

(

1+ LσM2
n

)n
→ 0.

And for (ii) we have

1
n

n∑

i=1

(

1+ LσM2
n

)2(n−i)
≤
(

1+ LσM2
n

)2n
→ e2LσM2 .
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Hence, if we replace ε by a sequence εn that converges to zero sufficiently slowly and that
satisfies

1
εn

n∑

i=1

∫ i
n

i−1
n

‖K (t)− K (n)
i−1‖2 dt → 0 and

1
εn

n∑

i=1

∫ i
n

i−1
n

‖b(t)− b(n)i−1‖2 dt → 0,

then we have that (23) holds.
Finally,

sup
t∈[tk ,tk+1]

‖X(t)− X (n)
k ‖ ≤ sup

t∈[tk ,tk+1]

(
‖X(t)− X(tk )‖ + ‖X(tk )− X (n)

k ‖
)

≤ LX
n
+ ‖X(tk )− X (n)

k ‖ → 0

where the convergence is uniform over k ∈ {0, 1, . . . , n} as required. ��
We say that � � θn = (K (n), b(n),W (n), c(n))→ θ = (K, b,W, c) ∈ � if d1(K (n), K )→ 0,

d2(b(n), b) → 0 and W (n) → W , c(n) → c (where, since W (n) and c(n) are sequences in
R
d×d and R

d , we choose any norm induced-topology for the latter). The above result
implies the following lemma.

Lemma 4.7 In addition to the assumptions of Theorem 2.1 let �(n) � θ (n) → θ ∈ �, with
max{supn∈N R(1)

n (K (n)), supn∈N R(2)
n (b(n))} < +∞ and x ∈ R

d, y ∈ R
m, then

lim
n→∞En(θ (n); x, y) = E∞(θ ; x, y).

Proof Bycontinuity ofh andL (in its first argument), convergenceofW (n) →W , c(n) → c
and X (n)

n [x, K (n), b(n)] → X(1; x, K, b) (with the latter following from Lemma 4.6) we can
easily conclude the result. ��
The following is a small generalisation of Theorem 10.55 in [62]. The difference between

the results stated here and the result in [62] is that here we treat sequences of functions fn,
whilst in [62] fn = f . We also only state the result on the domain [0, 1] and for L2 conver-
gence (the result generalises to bounded sets in higher dimensions and Lp convergence
where p > 1).

Proposition 4.8 Let fn ∈ L2([0, 1];Rκ ), f ∈ L2([0, 1];Rκ ) and εn → 0+. Assume that
fn → f in L2([0, 1];Rκ ). If

lim inf
n→∞

1
ε2n

∫ 1

εn

∥
∥fn(t)− fn(t − εn)

∥
∥2 dt < +∞,

then f ∈ H1([0, 1];Rκ ) and

lim inf
n→∞

1
ε2n

∫ 1

εn
‖fn(t)− fn(t − εn)‖2 dt ≥

∫ 1

0
‖ḟ (t)‖2 dt.

Proof The strategy is to show the following two inequalities:
∫ 1−δ′

δ′

∥
∥Jδ ∗ g̃(t)− Jδ ∗ g̃(t − εn)

∥
∥2 dt ≤

∫ 1

εn

∥
∥g̃(t)− g̃(t − εn)

∥
∥2 dt, (24)

for any g̃ ∈ L2([0, 1];Rκ ) and any δ, δ′ > 0 that satisfy εn + δ < δ′, and where Jδ is a
standard mollifier; and

∫ 1−2δ′

2δ′

∥
∥ġ(t)

∥
∥2 dt ≤ lim inf

n→∞
1
ε2n

∫ 1−2δ′

2δ′

∥
∥gn(t)− gn(t − εn)

∥
∥2 dt (25)
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for any g, gn ∈ C∞([δ′, 1 − δ′];Rκ ) with ġn → ġ in L∞([δ′, 1 − δ′];Rκ ) and
supn ‖g̈n‖L∞([δ′ ,1−δ′]) < ∞.
Before we prove these two inequalities, we use them to prove the result of the lemma.

We note that ‖ d
dt Jδ ∗ f − d

dt Jδ ∗ fn‖L∞([δ′ ,1−δ′]) ≤ ‖ d
dt Jδ‖L2(R)‖fn − f ‖L2([0,1]) and ‖ d2

dt2 Jδ ∗
fn‖L∞([δ′ ,1−δ′]) ≤ ‖ d2

dt2 Jδ‖L2(R)‖fn‖L2([0,1]). Therefore, we may apply (25) to g = Jδ ∗ f and
gn = Jδ ∗ fn.
To show existence of ḟ ∈ L2([2δ′, 1 − 2δ′];Rκ ) we assume the above inequalities hold,

then by (24) and the assumptions on fn there existsM such that

lim inf
n→∞

1
ε2n

∫ 1−δ′

δ′

∥
∥Jδ ∗ fn(t)− Jδ ∗ fn(t − εn)

∥
∥2 dt ≤ M.

Furthermore, by (25)
∫ 1−2δ′
2δ′ ‖ d

dt Jδ ∗ f (t)‖2dt ≤ M. In addition to the four standard prop-
erties of mollifiers which we recalled in the proof of Proposition 4.3, we list a fifth one
here:

(M5) Jδ ∗ g̃ → g̃ in L2([0, 1];Rκ ), as δ → 0+, for any g̃ ∈ L2([0, 1];Rκ ) [62, Theorem C.19].

By (M5) and since d
dt Jδ ∗ f is bounded in L2([2δ′, 1− 2δ′];Rκ ), uniformly in δ, there exists

an h ∈ L2([2δ′, 1−2δ′];Rκ ) such that, after potentially passing to a subsequence, Jδ∗f → f
and d

dt (Jδ ∗ f )⇀ h in L2([0, 1];Rκ ), as δ → 0+. Therefore, for any differentiable ϕ with
compact support in [2δ′, 1− 2δ′],

∫ 1−2δ′

2δ′
ϕh←

∫ 1−2δ′

2δ′
ϕ
d
dt

(Jδ ∗ f ) = −
∫ 1−2δ′

2δ′
d
dt

ϕJδ ∗ f →−
∫ 1−2δ′

2δ′
ϕ̇f =

∫ 1−2δ′

2δ′
ϕ ḟ .

Hence, h = ḟ and in particular ḟ ∈ L2([2δ′, 1−2δ′];Rκ ). Since d
dt (Jδ ∗f ) = Jδ ∗ ḟ , we can use

again the convergence ofmollifiers to infer d
dt (Jδ∗f )→ ḟ (strongly) in L2([2δ′, 1−2δ′];Rκ ).

Applying (25) followed by (24) we have

∫ 1−2δ′

2δ′

∥
∥
∥
∥
d
dt

Jδ ∗ f (t)
∥
∥
∥
∥

2
dt ≤ lim inf

n→∞

∫ 1−2δ′

2δ′

∥
∥
∥
∥
Jδ ∗ fn(t)− Jδ ∗ fn(t − εn)

εn

∥
∥
∥
∥

2
dt

≤ lim inf
n→∞

∫ 1

εn

∥
∥
∥
∥
fn(t)− fn(t − εn)

εn

∥
∥
∥
∥

2
dt.

By L2([2δ′, 1− 2δ′];Rκ ) convergence of d
dt Jδ ∗ f as δ → 0 we have

∫ 1−2δ′

2δ′

∥
∥
∥ḟ (t)

∥
∥
∥
2
dt ≤ lim inf

n→∞

∫ 1

εn

∥
∥
∥
∥
fn(t)− fn(t − εn)

εn

∥
∥
∥
∥

2
dt,

with the inequality above valid for any δ′ > 0 (since the additional constraint imposed by
δ′ > δ + εn vanishes when taking δ → 0 and εn → 0). Taking δ′ → 0 proves the lemma
under the assumption of (24) and (25).
To show (24) we have, assuming δ + εn < δ′,

(∫ 1−δ′

δ′

∥
∥Jδ ∗ g̃(t)− Jδ ∗ g̃(t − εn)

∥
∥2 dt

) 1
2

=
(∫ 1−δ′

δ′

∥
∥
∥
∥

∫ δ

−δ

Jδ(s)
[
g̃(t − s)− g̃(t − εn − s)

]
ds
∥
∥
∥
∥

2
dt
) 1

2

≤
∫ δ

−δ

Jδ(s)
(∫ 1−δ′

δ′

∥
∥g̃(t − s)− g̃(t − εn − s)

∥
∥2 dt

) 1
2

ds
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≤
∫ δ

−δ

Jδ(s)
(∫ 1

εn

∥
∥g̃(t)− g̃(t − εn)

∥
∥2 dt

) 1
2
ds

=
(∫ 1

εn

∥
∥g̃(t)− g̃(t − εn)

∥
∥2 dt

) 1
2
,

where the antepenultimate line follows fromMinkowski’s inequality for integrals.
For inequality (25), by Taylor’s theorem we have

gn(t)− gn(t − εn) = εnġn(t)+ ε2ng̈n(z) for some z ∈ [t − εn, t].

Therefore, for t ∈ [2δ′, 1− 2δ′], when εn < δ′,

‖gn(t)− gn(t − εn)‖
εn

≥ ‖ġn(t)‖ − εn‖g̈n‖L∞([δ′ ,1−δ′]).

For any η > 0 there existsCη > 0 such that |a+b|2 ≤ (1+η)|a|2+Cη|b|2 for any a, b ∈ R

(a consequence of Young’s inequality, and one can show that Cη = 1+ 1
η
), hence

‖ġn(t)‖2 ≤ (1+ η)
∥
∥
∥
∥
gn(t)− gn(t − εn)

εn

∥
∥
∥
∥

2
+ Cηε

2
n‖g̈n‖2L∞([δ′ ,1−δ′]).

Inparticular, byLebesgue’s dominatedconvergence theoremandsupn∈N ‖g̈n‖L∞([δ′ ,1−δ′]) <

∞,

∫ 1−2δ′

2δ′
‖ġ(t)‖2 dt = lim

n→∞

∫ 1−2δ′

2δ′
‖ġn(t)‖2 dt

≤ (1+ η) lim inf
n→∞

∫ 1−2δ′

2δ′

∥
∥
∥
∥
gn(t)− gn(t − εn)

εn

∥
∥
∥
∥

2
dt.

Taking η → 0 proves (25). ��

By application of the preceeding lemma we can now prove the liminf inequality for the
�-convergence of En.

Lemma 4.9 Under the assumptions of Theorem 2.1 let �(n) � θ (n) → θ ∈ �, then,

lim inf
n→∞ En(θ (n)) ≥ E∞(θ ).

Proof Let θ (n) = (K (n), b(n),W (n), c(n)) and θ = (K, b,W, c). We only need to consider the
case when lim infn→∞ En(θ (n)) < +∞. Hence, we assume that En(θ (n)) is bounded and
therefore by the compactness property (Corollary 4.4) E∞(θ ) < +∞. We will show the
following

(A) lim
n→∞En(θ (n); x, y) = E∞(θ ; x, y),

(B) lim inf
n→∞ R(1)

n (K (n)) ≥ R(1)∞ (K ), and

(C) lim inf
n→∞ R(2)

n (b(n)) ≥ R(2)∞ (b).

Indeed (A) holds by Lemma 4.7 and since R(1)
n (K (n)), R(2)

n (b(n)) are uniformly (in n)
bounded.



Thorpe, van Gennip Res Math Sci            (2023) 10:6 Page 29 of 44     6 

Parts (B) and (C) are analogous, so we only show (B). Let K̃ (n)(t) = K (n)
i for t ∈

(
i
n ,

i+1
n

]
,

for i = 0, . . . , n− 1, then

lim inf
n→∞ R(1)

n (K (n)) = lim inf
n→∞

(

n
n∑

i=1
‖K (n)

i − K (n)
i−1‖2 + τ1‖K (n)

0 ‖2
)

≥ lim inf
n→∞ n2

∫ 1

1
n

∥
∥
∥
∥K̃

(n)(t)− K̃ (n)
(

t − 1
n

)∥
∥
∥
∥

2
dt + τ1 lim inf

n→∞ ‖K (n)
0 ‖2

≥
∫ 1

0
‖K̇ (t)‖2 dt + τ1‖K (0)‖2,

with the last inequality holding as, by Proposition 4.3, K̃n → K in L2([0, 1]). Hence, we
may apply Proposition 4.8. ��
Wenow turnour attention to the recovery sequence. For any θ ∈ �wedefine a sequence

θ (n) ∈ �(n) by

K (n)
i = n

∫ i+1
n

i
n

K (t) dt, for i = 0, . . . , n− 1, (26)

b(n)i = n
∫ i+1

n

i
n

b(t) dt, for i = 0, . . . , n− 1, (27)

W (n) =W, (28)

c(n) = c. (29)

The above sequence is our candidate recovery sequence. We first show that θ (n) → θ in
the TL2 topology.

Lemma 4.10 Under the assumptions of Theorem 2.1 let θ = (K, b,W, c) ∈ � and define
θ (n) = (K (n), b(n),W (n), c(n)) ∈ �(n) by (26-29). Then θ (n) → θ in the TL2 topology.

Proof We show that K (n) → K ; the argument for b(n) → b is analogous andW (n) = W ,
c(n) = c so there is nothing to show for these parts. Let K̃ (n)(t) = K (n)

i for t ∈
[
i
n ,

i+1
n

)
for

i = 0, . . . , n − 1 and K̃ (n)(1) = K (n)
n−1. Since K ∈ H1([0, 1];Rd×d), by Morrey’s inequality

we have that K ∈ C0, 12 ([0, 1];Rd×d). In particular, ‖K (s)− K (t)‖ ≤ LK
√|t − s| for some

LK . So,

‖K̃ (n) − K‖2L2 =
n−1∑

i=0

∫ i+1
n

i
n

∥
∥
∥K (n)

i − K (t)
∥
∥
∥
2
dt

=
n−1∑

i=0

∫ i+1
n

i
n

∥
∥
∥
∥
∥
n
∫ i+1

n

i
n

K (s)− K (t) ds

∥
∥
∥
∥
∥

2

dt

≤ n
n−1∑

i=0

∫ i+1
n

i
n

∫ i+1
n

i
n

∥
∥K (s)− K (t)

∥
∥2 ds dt

≤ L2Kn
n−1∑

i=0

∫ i+1
n

i
n

∫ i+1
n

i
n

|s − t| ds dt

= L2K
3n

→ 0.
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Therefore, K (n) → K . ��
We now prove that the sequence from Lemma 4.10 is a recovery sequence.

Lemma 4.11 Under the assumptions of Theorem 2.1 for any θ ∈ � we define θ (n) ∈ �(n)

as in Lemma 4.10. Then θ (n) → θ and

lim sup
n→∞

En(θ (n)) ≤ E∞(θ ).

Proof Let θ = (K, b,W, c) ∈ � and assume E∞(θ ) < ∞ (else the result is trivial). By
Lemma 4.10 we already have that θ (n) → θ .
We show that θ (n) is a recovery sequence. It is enough to show the following.

(A) lim
n→∞En(θ (n); x, y) = E∞(θ ; x, y),

(B) lim sup
n→∞

R(1)
n (K (n)) ≤ R(1)∞ (K ), and

(C) lim sup
n→∞

R(2)
n (b(n)) ≤ R(2)∞ (b).

Part (A) follows from Lemma 4.7 once we show parts (B) and (C). Since (B) and (C) are
analogous, we only show (B).
Let ε > 0 and Cε = 1+ 1

ε
, then ‖a+ b‖2 ≤ (1+ ε)‖a‖2 + Cε‖b‖2 (as a consequence of

Young’s inequality). So,

R(1)
n (K (n)) = n

n−1∑

i=1

∥
∥
∥
∥
∥
n
∫ i+1

n

i
n

K (t)− K
(

t − 1
n

)

dt

∥
∥
∥
∥
∥

2

+ τ1

∥
∥
∥
∥
∥
n
∫ 1

n

0
K (t) dt

∥
∥
∥
∥
∥

2

≤ n2
n−1∑

i=1

∫ i+1
n

i
n

∥
∥
∥
∥K (t)− K

(

t − 1
n

)∥
∥
∥
∥

2
dt + (1+ ε)τ1‖K (0)‖2

+ Cετ1n
∫ 1

n

0
‖K (t)− K (0)‖2 dt

≤ n2
∫ 1

1
n

∥
∥
∥
∥K (t)− K

(

t − 1
n

)∥
∥
∥
∥

2
dt + (1+ ε)τ1‖K (0)‖2 + CεL2K τ1n

∫ 1
n

0
t dt

≤
∫ 1

0

∥
∥K̇ (t)

∥
∥2 dt + (1+ ε)τ1‖K (0)‖2 + CεL2K τ1

2n
,

where the last line follows from [62, Theorem 10.55] (we note that we cannot use Proposi-
tion 4.8 here, since it gives the lower bound lim infn→∞ n2

∫ 1
1
n

∥
∥K (t)− K

(
t − 1

n
)∥
∥2 dt ≥

∫ 1
0
∥
∥K̇ (t)

∥
∥2 dt, rather than an upper bound). Taking n→∞ we have

lim sup
n→∞

R(1)
n (K (n)) ≤

∫ 1

0

∥
∥K̇ (t)

∥
∥2 dt + (1+ ε)τ1‖K (0)‖2 ≤ (1+ ε)R(1)∞ (K ).

Taking ε → 0+ proves (B). ��

4.4 Regularity of minimisers

The aim of this section is to show the higher regularity (i.e. H2
loc rather than H1) of

minimisers. The strategy is to apply elliptic regularity techniques. For this we need to
compute the Euler–Lagrange equation for E∞. We start by showing how the finite layer
model (6) behaves when the parameters K (n) and b(n) are perturbed. By taking the limit
n→∞ we can then infer the corresponding result for the ODE limit (10).
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Lemma 4.12 Let n ∈ N, ti = i
n , μn = 1

n
∑n

i=1 δti and K (n), L(n) ∈ L2(μn;Rd×d) and
b(n),β(n) ∈ L2(μn;Rd). Assume

max
{
R(1)
n (K (n)), R(1)

n (L(n)), R(2)
n (b(n)), R(2)

n (β(n))
}
≤ C

where R(j)
n , j = 1, 2 are defined in Sect. 1.2 with τi > 0. Furthermore, we assume that

σ ∈ C2, σ (0) = 0, and σ acts componentwise. Let θ (n) = (K (n), b(n)) and ξ (n) = (L(n),β(n))
anddefineX (n)

i [x; θ (n)], i ∈ {0, . . . , n−1}, as a solution to (6)with initial conditionX (n)
0 = x.

We define, for r > 0 and i ∈ {0, . . . , n− 1},

D(n)
r,i (x, θ

(n), ξ (n)) = 1
r

(
X (n)
i [x; θ (n) + rξ (n)]− X (n)

i [x; θ (n)]
)
. (30)

Then,

D(n)
r,n (x, θ (n), ξ (n)) =

1
n

n−1∑

i=0

{⎡

⎣
n−1∏

j=i+1

(

Id + 1
n

σ̇
(
K (n)
j X (n)

j [x; θ (n)]+ b(n)j

)
� K (n)

j

)
⎤

⎦

×
([

L(n)i X (n)
i [x; θ (n)]+ β

(n)
i

]
� σ̇

(
K (n)
i X (n)

i [x; θ (n)]+ b(n)i

))
}

+ O(r). (31)

where the O(r) term depends on K (n), L(n), b(n),β(n) only through the parameter C and does
not depend on n in any other way.

Remark 4.13 Not that for vectors A,C ∈ R
d and a matrix B ∈ R

d×d we have [BC]�A =
A � [BC] = [A � B]C = [B � A]C where A � B is understood to be taken componen-
twise in each row, i.e. (A � B)ij = AiBij . Hence, the usual matrix multiplication × and
componentwise multiplication� commute.

Proof of Lemma 4.12 Since θ (n), ξ (n) and x are fixed, we may shorten our notation by
writing

D(n)
r,i = D(n)

r,i (xs, θ
(n), ξ (n)), (32)

X (n)
i (r) = X (n)

i [x; θ (n) + rξ (n)], and (33)

X (n)
i = X (n)

i (0) (34)

throughout the proof.
Fix i ∈ {0, 1, . . . , n}. Then, where we understand the square of the brackets below to be

taken componentwise,

D(n)
r,i =

1
rn

(

σ
((

K (n)
i−1 + rL(n)i−1

)
X (n)
i−1(r)+ b(n)i−1 + rβ(n)

i−1
)
− σ

(
K (n)
i−1X

(n)
i−1 + b(n)i−1

)
)

+ D(n)
r,i−1

= 1
rn

[(
K (n)
i−1 + rL(n)i−1

)
X (n)
i−1(r)+ rβ(n)

i−1 − K (n)
i−1X

(n)
i−1
]
� σ̇

(
K (n)
i−1X

(n)
i−1 + b(n)i−1

)

+ 1
2rn

[(
K (n)
i−1 + rL(n)i−1

)
X (n)
i−1(r)+ rβ(n)

i−1 − K (n)
i−1X

(n)
i−1
]2 � σ̈ (ξi)+ D(n)

r,i−1

= 1
n

[
K (n)
i−1D

(n)
r,i−1 + L(n)i−1X

(n)
i−1 + β

(n)
i−1
]
� σ̇

(
K (n)
i−1X

(n)
i−1 + b(n)i−1

)
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+ r
2n

[
K (n)
i−1D

(n)
r,i−1 + L(n)i−1X

(n)
i−1(r)+ β

(n)
i−1
]2 � σ̈ (ξi)+ D(n)

r,i−1 (35)

where the first equality follows from the definitions of D(n)
r,i , X

(n)
i−1(r) and X (n)

i−1, the second
equality follows from Taylor’s theorem for some ξi ∈ R

d , and the third equality follows
from the definition of D(n)

r,i−1. We can bound ξi by

ξi ≥ min
{
K (n)
i−1X

(n)
i−1 + b(n)i−1,

(
K (n)
i−1 + rL(n)i−1

)
X (n)
i−1(r)+ b(n)i−1 + rβ(n)

i−1
}

ξi ≤ max
{
K (n)
i−1X

(n)
i−1 + b(n)i−1,

(
K (n)
i−1 + rL(n)i−1

)
X (n)
i−1(r)+ b(n)i−1 + rβ(n)

i−1
}

where we understand the inequalities, minimum and maximum to hold componentwise.
By Lemma 4.6 X (n), X (n)(r) are uniformly bounded by a constant depending only on C

(for r ≤ 1 say), and so we can assume ξi is uniformly bounded independent of i and n.
Hence, if we can show that supr∈(0,1] supi∈{0,1,...,n} ‖D(n)

r,i ‖ ≤ C ′ where C ′ depends only on
C , in particular is independent of n, then

D(n)
r,i = D(n)

r,i−1 +
1
n

[
K (n)
i−1D

(n)
r,i−1 + L(n)i−1X

(n)
i−1 + β

(n)
i−1
]
� σ̇

(
K (n)
i−1X

(n)
i−1 + b(n)i−1

)
+O

( r
n

)
.

By induction the above implies (31).
We are left to show that D(n)

r,i is uniformly bounded in i and r. From (35) we may infer
the existence of constants c1 and c2, that are independent of r and n and, given C can also
be made independent of K (n), L(n), b(n),β(n), such that

‖D(n)
r,i ‖ ≤

(
c1(1+ r)

n
+ 1
)

‖D(n)
r,i−1‖ +

c2
n
.

Hence, by induction,

‖D(n)
r,i ‖ ≤

i−1∑

k=0

(

1+ c1(1+ r)
n

)k c2
n
≤ c2

(

1+ c1(1+ r)
n

)n
→ c2ec1(1+r) as n→∞.

It follows that supr∈(0,1] supi∈{0,1,...,n} ‖D(n)
r,i ‖ can be bounded as claimed. ��

We now use the above result to deduce the behaviour of the output of the ODE
model (10) when the parameters K and b are perturbed.

Lemma 4.14 Assume σ ∈ C2, σ (0) = 0 and σ acts componentwise. Let θ = (K, b)
and ξ = (L,β) where K, L ∈ H1([0, 1];Rd×d) and b,β ∈ H1([0, 1];Rd). Furthermore, let
X(t; x, θ ) be defined as a solution to (10) for the input θ and initial condition X(0) = x.
Define, for r > 0,

Dr(t; x, θ , ξ ) = 1
r
(X(t; x, θ + rξ )− X(t; x, θ )) . (36)

Then,

lim
r→0+

Dr(1; x, θ , ξ ) =
∫ 1

0

[

exp
(∫ 1

t
σ̇ (K (s)X(s; x, θ )+ b(s))� K (s) ds

)

× (L(t)X(t; x, θ )+ β(t))� σ̇ (K (t)X(t; x, θ )+ b(t))

]

dt.
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Proof Let K (n), L(n), b(n),β(n) be any discrete sequences converging to K, L, b,β respec-
tively with

sup
n∈N

max
{
R(1)
n (K (n)), R(1)

n (L(n)), R(2)
n (b(n)), R(2)

n (β(n))
}

< +∞ (37)

and where the convergence is uniform:

max
i∈{0,1,...,n−1} sup

t∈[ti ,ti+1]
max

{
‖K (n)

i − K (t)‖, ‖L(n)i − L(t)‖, ‖b(n)i − b(t)‖, ‖β(n)
i − β(t)‖

}
→ 0.

For example, the recovery sequences, as defined by (26) and (27), are sufficient. To shorten
notation we write

Dr = Dr(1; x, θ (n), ξ (n))

Xr(t) = X(t; x, θ + rξ )

X(t) = X0(t)

and again use the abbreviations in (32)-(34) where D(n)
r,i (x, θ , ξ ) is defined by (30).

By Lemma 4.6 we have X (n)
n (r)→ Xr(1) as n→∞ for all r ≥ 0. Hence, limn→∞ D(n)

r,n =
Dr . By Lemma 4.12 (and in particular using that the O(r) term in (31) is independent of n
given the bound (37) on K (n), L(n), b(n),β(n)) we have that

lim
r→0+

Dr = lim
r→0+

lim
n→∞D(n)

r,n = lim
r→0+

lim
n→∞

(
1
n

n−1∑

i=0
A(n)
i B(n)

i + O(r)
)

= lim
n→∞

1
n

n−1∑

i=0
A(n)
i B(n)

i

where

A(n)
i =

n−1∏

j=i+1

(

Id + 1
n

σ̇
(
K (n)
j X (n)

j + b(n)j

)
� K (n)

j

)

and

B(n)
i =

[
L(n)i X (n)

i + β
(n)
i

]
� σ̇

(
K (n)
i X (n)

i + b(n)i

)
.

Convergence in TL∞ implies convergence of the empirical integral, i.e. a relatively stan-
dard argument implies that, if maxi∈{0,1,...,n−1} supt∈[ti ,ti+1] ‖F (t) − Fn(ti)‖ → 0, then
1
n
∑n−1

i=0 Fn(ti) →
∫ 1
0 F (t) dt (with the result also being true for weaker assumptions,

e.g. convergence in TL1). By assumptions on the sequences K (n), L(n), b(n),β(n) we easily
have that

max
i∈{0,1,...,n−1} sup

t∈[ti ,ti+1]

∥
∥
∥B(n)

i − [L(t)X(t)+ β(t)]� σ̇ (K (t)X(t)+ b(t))
∥
∥
∥→ 0.

We are left to find the uniform limit of A(n)
i .

If maxi∈{0,1,...,n−1} supt∈[ti ,ti+1] ‖F (t)− Fn(ti)‖ ≤ ε and ‖F‖L∞ ≤ M, then
∥
∥
∥
∥
∥
∥

1
n

n−1∑

i=�tn�+1
Fn(ti)−

∫ 1

t
F (s) ds

∥
∥
∥
∥
∥
∥
≤
∫ t�tn�+1

t
‖F‖ ds +

n−1∑

i=�tn�+1

∫ ti+1

ti
‖Fn(s)− F (s)‖ ds

≤ ε + M
n
,

for any t ∈ [0, 1]. Hence,
∥
∥
∥
∥
∥
∥

n−1∏

i=�tn�+1
exp

(
1
n
Fn(ti)

)

− exp
(∫ 1

t
F (s) ds

)
∥
∥
∥
∥
∥
∥
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=
∥
∥
∥
∥
∥
∥
exp

⎛

⎝1
n

n−1∑

i=�tn�+1
Fn(ti)

⎞

⎠− exp
(∫ 1

t
F (s) ds

)
∥
∥
∥
∥
∥
∥

≤
∥
∥
∥
∥
∥
∥

1
n

n−1∑

i=�tn�+1
Fn(ti)−

∫ 1

t
F (s) ds

∥
∥
∥
∥
∥
∥
e
1
n
∑n−1

i=�tn�+1 Fn(ti)−
∫ 1
t F (s) dse

∫ 1
t F (s) ds

≤
(

ε + M
n

)

eM+ε+M
n

using the inequality ‖eX+Y − eX‖ ≤ ‖Y ‖e‖X‖e‖Y ‖ (for any square matrices X , Y ; see
Appendix A) applied to X = ∫ 1

t F (s) ds and Y = 1
n
∑n−1

i=�tn�+1 Fn(ti) −
∫ 1
t F (s) ds. We

define Fn : {tj}n−1j=0 → R
d×d and F : [0, ]→ R

d×d by

Fn(tj) = log
(

Id + 1
n
C (n)
j

)n
, C (n)

j = σ̇
(
K (n)
j X (n)

j + b(n)j

)
� K (n)

j ,

F (s) = C(s), and C(s) = σ̇ (K (s)X(s)+ b(s))� K (s).

By construction
∏n−1

j=i+1 exp
( 1
nFn(tj)

) = A(n)
i . The L∞ bound, M, on F is readily verified

from the L∞ bounds on each of K , X and b. We show the uniform convergence of Fn to
F shortly. For now we assume this is true, so we can fix an arbitrary ε > 0 and have an N
such that

max
i∈{0,1,...,n−1} sup

t∈[ti ,ti+1]
‖F (t)− Fn(ti)‖

= max
i∈{0,1,...,n−1} sup

t∈[ti ,ti+1]

∥
∥
∥
∥C(s)− n log

(

Id + 1
n
C (n)
j

)∥
∥
∥
∥ ≤ ε, (38)

for all n ≥ N . For t ∈ [ti, ti+1] we have �tn� = i, and so

max
i∈{0,1,...,n−1} sup

t∈[ti ,ti+1]

∥
∥
∥
∥A

(n)
i − exp

(∫ 1

t
F (s) ds

)∥
∥
∥
∥ ≤

(

ε + M
n

)

eM+ε+M
n .

Hence, A(n)
i converges uniformly to exp

(∫ 1
t F (s) ds

)
.

To complete the proof, we show that (38) holds. Analogously to when we considered
the sequence Bn, we can infer the existence of N such that, if n ≥ N , then

max
i∈{0,1,...,n−1} sup

t∈[ti ,ti+1]

∥
∥
∥C(s)− C (n)

j

∥
∥
∥ ≤ ε. (39)

By [40, Proposition 2.9], there exists a constant c (independent of all parameters) such
that (assuming ‖C (n)

j ‖ ≤ n
2 )

∥
∥
∥
∥C(s)− n log

(

Id + 1
n
C (n)
j

)∥
∥
∥
∥ ≤

∥
∥
∥C(s)− C (n)

j

∥
∥
∥+ n

∥
∥
∥
∥
1
n
C (n)
j − log

(

Id + 1
n
C (n)
j

)∥
∥
∥
∥

≤
∥
∥
∥C(s)− C (n)

j

∥
∥
∥+ c

n
‖C (n)

j ‖2. (40)

Since ‖C (n)
j ‖ is uniformly bounded in j and n, (39) and (40) imply (38). ��

The previous result shows the limit limr→0+ Dr(t; x, θ , ξ ) exists for t = 1. Whilst this is
all we require in the sequel, we note that a rescaling argument implies that the limit
exists for all t > 0. In particular, if we fix t > 0 and let X̂(·; x, θ̂ ) satisfy d

ds X̂(s) =
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σ̂ (K̂ (s)X̂(s) + b̂(s)) where σ̂ (·) = tσ (·) and θ̂ = (K̂ (·), b̂(·)) = (K (·t), b(·t)), then we can
apply the above lemma directly to X̂ to deduce the existence of limr→0+ D̂r(1; x, θ̂ , ξ̂ ),
where D̂r(s; x, θ̂ , ξ̂ ) = 1

r (X̂(s; x, θ̂ + rξ ) − X̂(s; x, θ̂ )). Because X̂(s; x, θ̂ ) = X(st; x, θ ), we
have D̂r(1; x, θ̂ , ξ̂ ) = Dr(t; x, θ , ξ ).
Using the above result we can compute the Gâteaux derivative of E∞, defined as

dE∞(θ ; ξ ) = lim
r→0+

E∞(θ + rξ )− E∞(θ )
r

.

Lemma 4.15 Define E∞, E∞, R(i)∞, for i = 1, 2, and R(j), for j = 3, 4, as in Sects. 1.2-
1.3. In addition to the assumptions in Lemma 4.14 we assume that h ∈ C2(Rm;Rm),
L(·, y) ∈ C2(Rm;R) for all y ∈ R

m, and all norms ‖ · ‖ on R
d and R

d×d are induced by
inner products. Let {(xs, ys)}Ss=1 ⊂ R

d ×R
m, θ = (K, b,W, c) ∈ � and ξ = (L,β , V, γ ) ∈ �

where � is given by (15). We define Dr(t; x, θ , ξ ) by (36) for r > 0 and

D0(t; x, θ , ξ ) = lim
r→0+

Dr(t; x, θ , ξ ).

Then,

dE∞(θ ; ξ ) =
S∑

s=1
∇zL(h(WX(1; xs, θ )+ c), ys) ·

[

ḣ(WX(1; xs, θ )+ c)

� (WD0(1; xs, θ , ξ )+ VX(1; xs, θ )+ γ )
]

+ α1dR(1)∞ (K ; L)+ α2dR(2)∞ (b;β)+ α3dR(3)(W ;V )+ α4dR(4)(c; γ ),

where with a small abuse of notation we wrote X(t; x, θ ) = X(t; x, K, b), ∇z is the derivative
with respect to the first argument, and

dR(1)∞ (K ; L) = 2〈K̇ , L̇〉L2 + 2τ1〈K (0), L(0)〉, dR(3)(W ;V ) = 2〈W,V 〉,
dR(2)∞ (b;β) = 2〈ḃ, β̇〉L2 + 2τ2〈b(0),β(0)〉, dR(4)(c; γ ) = 2〈c, γ 〉.

Proof We consider the derivative of each term in E∞ separately. For ease of notation let

Xr(t) = X(t; xs, θ + rξ )

X(t) = X0(t)

δhr = h((W + rV )Xr(1)+ c + rγ )− h(WX(1)+ c)

Dr(t) = Dr(t, xs, θ , ξ ).

Applying this new notation to (36), we get Dr(t) = 1
r (Xr(t)− X(t)).

By Taylor’s theorem, for each r there exists zr ∈ R
m such that

L(h(WXr(1)+ c + rγ ), ys)− L(h(WX(1)+ c), ys)

= ∇zL(h(WX(1)+ c), ys) · δhr + 1
2
(δhr)�∇2L(zr , ys)δhr .

Similarly, by another application of Taylor’s theorem, for each r there exists tr ∈ R
m such

that

δhr = ḣ(WX(1)+ c)� [(W + rV )Xr(1)+ rγ −WX(1)]
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+ 1
2
[(W + rV )Xr(1)+ rγ −WX(1)]2 � ḧ(tr)

= ḣ(WX(1)+ c)� [W (Xr(1)− X(1))+ r(VXr(1)+ γ )]

+ 1
2
[W (Xr(1)− X(1))+ r(VXr(1)+ γ )]2 � ḧ(tr)

= rḣ(WX(1)+ c)� [WDr(1)+ VXr(1)+ γ ]+ O(r2),

where the square is to be evaluated componentwise and we use that h ∈ C2 and tr is
bounded as function of r. Hence,

1
r
[L(h(WXr(1)+ c + rγ ), ys)− L(h(WX(1)+ c), ys)

]

= ∇zL(h(WX(1)+ c), ys) ·
[
ḣ(WX(1)+ c)� (WDr(1)+ VXr(1)+ γ )

]
+ O(r).

Taking r → 0 and applying Lemma 4.14 gives

dE∞(θ ; xs, ys; ξ ) = lim
r→0+

1
r
[L(h(WX(1)+ c + rγ ), ys)− L(h(WX(1)+ c), ys)

]

= ∇zL(h(WX(1; xs, θ )+ c), ys) ·
[

ḣ(WX(1; xs, θ )+ c)

� (WD0(1; xs, θ , ξ )+ VX(1; xs, θ )+ γ )

]

.

It is straightforward to show that the Gâteaux derivatives of the regularisation function-
als R(1)∞ , R(2)∞ , R(3), and R(4) are as claimed. Summing the individual terms completes the
proof. ��

Finally we can deduce the regularity of minimisers of E∞ by applying techniques from
the study of elliptic differential equations (see for example [34, Section 2.2.2] for the same
techniques).

Proof of Proposition 2.2 Assume that θ = (K, b,W, c) ∈ � be a minimiser of E∞. We will
show that K ∈ H2

loc([0, 1];R
d×d) (the argument for b ∈ H2

loc([0, 1];R
d) is analogous).

Since θ is a minimiser of E∞, dE∞(θ ; ξ ) = 0 for all ξ ∈ �. Let 
N = [1/N, 1 − 1/N ]
and γN ∈ C∞ be a cut-off function that has support in 
2N and is identically one on

N . Let KN = γN � K . We extend KN to the whole of R by setting KN (t) = 0 for all
t ∈ R \ [0, 1]. Clearly KN ∈ H1(R;Rd×d), KN = K on
N and KN has support in
2N . Let
ξ = (L, 0, 0, 0) where L ∈ H1([0, 1];Rd×d) satisfies L(0) = 0, then dE∞(θ ; ξ ) = 0 implies

〈
K̇ , L̇

〉
L2 = − 1

α1

S∑

s=1
∇zL(h(WX(1; xs, θ )+ c), ys)

·
[

ḣ(WX(1; xs, θ )+ c)� (WD0(1; xs, θ , ξ ))
]

.

Using the equality above with γN � L in place of L implies,

〈K̇N , L̇〉L2 = 〈γ̇N � K + γN � K̇ , L̇〉L2
= 〈γ̇N � K, L̇〉L2 + 〈K̇ , γN � L̇〉L2



Thorpe, van Gennip Res Math Sci            (2023) 10:6 Page 37 of 44     6 

= −
〈
d
dt

(γ̇N � K ) , L
〉

L2
+
〈

K̇ ,
d
dt

(γN � L)
〉

L2
− 〈K̇ , γ̇N � L〉L2

= −
〈
d
dt

(γ̇N � K )+ γ̇N � K̇ , L
〉

L2
+
〈

K̇ ,
d
dt

(γN � L)
〉

L2

= −
〈
d
dt

(γ̇N � K )+ γ̇N � K̇ , L
〉

L2
− 1

α1

S∑

s=1
∇zL(h(WX(1; xs, θ )+ c), ys)

·
[

ḣ(WX(1; xs, θ )+ c)� (WD0(1; xs, θ , (γN � L, 0, 0, 0)))
]

. (41)

We choose L = LN,r where

LN,r(t) = 2KN (t)− KN (t + r)− KN (t − r)
r2

.

Clearly LN,r ∈ H1(R;Rd×d) for every r > 0 and all N > 2. Furthermore, LN,r has support
in [ 1

2N − r, 1 − 1
2N + r]. Since the support of K̇N (· − r) and K̇N is contained in [r, 1] for

r ≤ 1
N ,

〈K̇N , L̇N,r〉L2 =
1
r2

∫ 1

0
K̇N (t)

(
2K̇N (t)− K̇N (t + r)− K̇N (t − r)

)
dt

= 1
r2

∫ 1

0
K̇N (t)

(
K̇N (t)− K̇N (t + r)

)
dt

+ 1
r2

∫ 1

0
K̇N (t)

(
K̇N (t)− K̇N (t − r)

)
dt

= 1
r2

∫ 1+r

r
K̇N (s − r)

(
K̇N (s − r)− K̇N (s)

)
ds

+ 1
r2

∫ 1

0
K̇N (t)

(
K̇N (t)− K̇N (t − r)

)
dt

= 1
r2

∫ 1

r
K̇N (s − r)

(
K̇N (s − r)− K̇N (s)

)
ds

+ 1
r2

∫ 1

r
K̇N (t)

(
K̇N (t)− K̇N (t − r)

)
dt

= 1
r2

∫ 1

r

∥
∥K̇N (t)− K̇N (t − r)

∥
∥2 dt,

where ξ̂N,r = (γN � LN,r , 0, 0, 0). From (41), it follows that

∫ 1

r

∥
∥
∥
∥
∥

K̇N (t)− K̇N (t − r)
r

∥
∥
∥
∥
∥

2

dt ≤ C1‖LN,r‖L2([0,1]) + C2

S∑

s=1
‖D0(1; xs, θ , ξ̂N,r )‖, (42)

where

C1 =
∥
∥
∥
∥
d
dt

(γN � K )
∥
∥
∥
∥
L2
+ ‖γ̇N � K̇‖L2 and

C2 = 1
α1

∥
∥
∥ḣ(WX(1; xs, θ )+ c)

∥
∥
∥ ‖W‖ max

s=1,...,S
∥
∥∇zL(h(WX(1; xs, θ )+ c), ys)

∥
∥

(we note that the constants C1, C2 may depend on N , but do not depend on r).
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We note that we can rewrite LN,r = 2−τr−τ−r
r2 KN = (1−τr )(1−τ−r )

r2 KN , where τr is the shift
operator definedby τrϕ(x) = ϕ(x+r). By [62,Theorem10.55] for anyψ ∈ H1([0, 1];Rd×d)
we have

∥
∥
∥ τr−1

r ψ(t + r)
∥
∥
∥
L2([r,1−r]) ≤ ‖ψ̇‖L2([r,1]). Applying this to ψ = (1−τ−r )KN

r we have,
for r sufficiently small,

‖LN,r‖2L2([0,1]) =
∥
∥
∥
∥
1− τr

r
ψ

∥
∥
∥
∥

2

L2([r,1−r])
≤ ‖ψ̇‖2L2([r,1]) =

∫ 1

r

∥
∥
∥
∥
∥

K̇N (t)− K̇N (t − r)
r

∥
∥
∥
∥
∥

2

dt.

(43)

We can write D0(1; xs, θ , ξ̂N,r ) =
∫ 1
0 AN,s(t)� LN,r(t) dt where

AN,s(t) = Bs(t)γN (t),

Bs(t) = exp
(∫ 1

t
σ̇ (K (u)Xs(u)+ b(u))� K (u) du

)

� σ̇ (K (t)Xs(t)+ b(t))Xs(t), and

Xs(t) = X(t; xs, θ ).

Hence,

‖D0(1; xs, θ , ξ̂N,r )‖ ≤ C3‖LN,r‖L2([0,1]). (44)

Combining (44) with (42) and (43) and Young’s inequality we obtain
∫ 1

r

∥
∥
∥
∥
∥

K̇N (t)− K̇N (t − r)
r

∥
∥
∥
∥
∥

2

dt ≤ C4 .

Hence, by [62, Theorem 10.55] K̇N ∈ H1([0, 1];Rd×d). Since this is true for allN , we have
that K̇ ∈ H1

loc([0, 1];R
d×d). Hence, K ∈ H2

loc([0, 1];R
d×d).

The argument for b ∈ H2
loc([0, 1];R

d) is analogous. ��

4.5 The forward pass as a discretised ODE

In this section we prove Corollary 2.3.

Lemma 4.16 Let K ∈ H1([0, 1];Rd×d), b ∈ H1([0, 1];Rd), and let σ : Rd → R
d be

Lipschitz continuous with Lipschitz constant Lσ > 0. Let x ∈ R
d and suppose that X :

[0, 1] → R
d is the solution to the ODE in (10) with initial condition X(0) = x. Let n ∈ N

and let K (n) ∈ L0(μn;Rd×d), b(n) ∈ L0(μn;Rd) be such that there exists a δn > 0 such
that, for all i ∈ {0, 1, . . . , n − 1}, ‖K (n)

i − K (i/n)‖ < δn in matrix operator norm and
‖b(n)i − b(i/n)‖ < δn. Moreover, let X (n)

i (i = 0, 1, . . . , n) be the solutions to (6) with
X (n)
0 = x. Then there exists an εn ∈ R such that, for all i ∈ {0, 1, . . . , n}, (13) is satisfied

with δ = δn and An = 1
n (1+ ‖X‖L∞ ) Lσ δn + εn. Moreover, εn = o

( 1
n
)
as n→∞.

Proof We follow closely standard proofs of the convergence of the explicit Euler scheme
for well-posed ODEs, [7, Theorem 5.9], [63, Section 6.3.3].
First we note that the case i = 0 is trivial, so we will consider i ≥ 1 from here on.
By the Sobolev embedding theorem [1] K and b are continuous. Since y �→ σ (K (t)y +

b(t)) is Lipschitz continuous, by standard ODE theory [39] there is a unique solution X
to (10) and this X is continuous. Moreover, t �→ σ

(
K (t)X(t) + b(t)

)
is continuous and

thus Ẋ is continuous. In particular, Ẋ is bounded on [0, 1]. Let n, k ∈ N with k ≤ n. We
compute, using Taylor’s theorem, for C1 functions [21, (2.22)],

X(k/n) = X((k − 1)/n)+ 1
n
Ẋ((k − 1)/n)+ rk,n
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= X((k − 1)/n)+ 1
n

σ (K ((k − 1)/n)X((k − 1)/n)+ b((k − 1)/n))+ rk,n,

where rk,n ∈ R
d is such that ‖rk,n‖ = o

( 1
n
)
as n→∞. Moreover

X (n)
k = X (n)

k−1 +
1
n

σ (K (n)
k−1X

(n)
k−1 + b(n)k−1)

and thus

X(k/n)− X (n)
k = X((k − 1)/n)− X (n)

k−1

+ 1
n
(σ (K ((k − 1)/n)X((k − 1)/n)+ b((k − 1)/n))

−σ (K (n)
k−1X

(n)
k−1 + b(n)k−1)

)
+ rk,n.

Using ‖K (n)
i −K (i/n)‖ < δn and ‖b(n)i −b(i/n)‖ < δn and the fact that Lσ > 0 is a Lipschitz

constant for σ , we find
∥
∥
∥σ (K ((k − 1)/n)X((k − 1)/n)+ b((k − 1)/n))− σ (K (n)

k−1X
(n)
k−1 + b(n)k−1)

∥
∥
∥

≤ Lσ

∥
∥
∥K ((k − 1)/n)X((k − 1)/n)+ b((k − 1)/n)− (K (n)

k−1X
(n)
k−1 + b(n)k−1)

∥
∥
∥

≤ Lσ

∥
∥
∥K ((k − 1)/n)

(
X((k − 1)/n)− X (n)

k−1
)∥
∥
∥+ Lσ ‖

(
K ((k − 1)/n)− K (n)

k−1
)
X (n)
k−1‖

+ Lσ ‖b((k − 1)/n)− b(n)k−1‖
≤ Lσ ‖K‖L∞

∥
∥
∥X((k − 1)/n)− X (n)

k−1
∥
∥
∥+ Lσ δn‖X (n)

k−1‖ + Lσ δn

≤ Lσ (‖K‖L∞ + δn)
∥
∥
∥X((k − 1)/n)− X (n)

k−1
∥
∥
∥+ Lσ δn‖X‖L∞ + Lσ δn.

For the final inequality, we used

‖X (n)
k−1‖ ≤

∥
∥
∥X((k − 1)/n)− X (n)

k−1
∥
∥
∥+ ‖X((k − 1)/n)‖

≤
∥
∥
∥X((k − 1)/n)− X (n)

k−1
∥
∥
∥+ ‖X‖L∞ .

Since K is continuous on [0, 1], we have ‖K‖L∞ < ∞. Similarly, since X is continuous, we
have ‖X‖L∞ < ∞. Combining the above we get

∥
∥
∥X(k/n)− X (n)

k

∥
∥
∥ ≤

(

1+ 1
n
Lσ (‖K‖L∞ + δn)

)∥
∥
∥X((k − 1)/n)− X (n)

k−1
∥
∥
∥

+ 1
n
(1+ ‖X‖L∞ ) Lσ δn + εn,

(45)

where we have defined εn = max1≤k≤n ‖rk,n‖. We note that εn = o
( 1
n
)
as n → ∞

and recall that An = 1
n (1+ ‖X‖L∞ ) Lσ δn + εn. Write ak =

∥
∥
∥X(k/n)− X (n)

k

∥
∥
∥ and C =

1 + 1
nLσ (‖K‖L∞ + δn), where we have repressed the dependency on n for notational

simplicity. Let i ∈ N with i ≤ n. We claim that

ai ≤ An

i−1∑

j=0
Cj. (46)

We prove this claim by induction. Since (45) holds for arbitrary k , we have a1 ≤ Ca0+An
directly from (45). Since a0 = ‖x− x‖ = 0, (46) holds for i = 1. Now let k ∈ Nwith k ≤ n
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and assume that (46) holds for i = k − 1. Then, combining (46) with (45) we deduce that

ak ≤ Cak−1 + An ≤ C

⎛

⎝An

k−1∑

j=0
Cj

⎞

⎠+ An = An

⎛

⎝1+
k−1∑

j=0
Cj+1

⎞

⎠ = An

k∑

j=0
Cj.

Thus claim (46) is proven. Since C > 1, we compute
i−1∑

j=0
Cj = 1− Ci

1− C
= n

Lσ (‖K‖L∞ + δn)

[(

1+ 1
n
Lσ (‖K‖L∞ + δn)

)i
− 1
]

.

Using that
(
1+ 1

nLσ (‖K‖L∞ + δn)
)i ≤ exp

(
i
nLσ (‖K‖L∞ + δn)

)
, we find that

ai ≤ n
Lσ (‖K‖L∞ + δn)

An

[

exp
(
i
n
Lσ (‖K‖L∞ + δn)

)

− 1
]

,

as required. ��

We now check that the conditions of Lemma 4.16 hold.

Lemma 4.17 Let �(n) and � be given by (14) and (15) respectively. Define En, E∞, En,
E∞, R(i)

n , R(i)∞, R(j) for i = 1, 2, j = 3, 4 as in Sects. 1.1-1.3. Assume that the assumptions of
Theorem 2.1 hold. If {(K (n), b(n),W (n), c(n))} ⊂ �(n) is a sequence of minimisers of En and
(K, b,W, c) ∈ � is the minimiser of E∞ which we assume to be unique then we have

max
i∈{0,...,n−1}

∥
∥
∥
∥K
(
i
n

)

− K (n)
i

∥
∥
∥
∥→ 0 and max

i∈{0,...,n−1}

∥
∥
∥
∥b
(
i
n

)

− b(n)i

∥
∥
∥
∥→ 0,

as n→∞.

Proof Let (K (n), b(n),W (n), c(n)) minimise En. Choose any subsequence {nm}m∈N of N. By
Theorem 2.1 there exists a further subsequence that converges to a minimiser (K, b,W, c)
of E∞. Since the minimiser is unique, we have (K (nm), b(nm),W (nm), c(nm)) → (K, b,W, c).
Furthermore, since Enm (K (nm), b(nm),W (nm), c(nm)) < +∞, we have, by Proposition 4.3,
that there exists a further subsequence {nmk }k∈N such that

max
i∈{0,...,nmk−1}

∥
∥
∥
∥K
(

i
nmk

)

− K
(nmk )
i

∥
∥
∥
∥→ 0, max

i∈{0,...,nmk−1}

∥
∥
∥
∥b
(

i
nmk

)

− b
(nmk )
i

∥
∥
∥
∥→ 0,

as k → ∞. We have that any subsequence of (K (n), b(n),W (n), c(n)) contains a further
subsequence that converges uniformly. Now if we suppose that (K (n), b(n),W (n), c(n)) does
not converge uniformly to (K, b,W, c), then there exists an ε > 0 and a subsequence (which
we index by nm) such that the L∞ norm of (K (nm) − K, b(nm) − b,W (nm) −W, c(nm) − c) is
bounded frombelowby ε. But this subsequence cannot nowcontain a further subsequence
that converges uniformly; a contradiction. It follows that uniform convergence holds
across the whole sequence as required. ��

The proof of Corollary 2.3 follows directly from Lemmas 4.16 and 4.17.

5 Discussion and conclusions
In this paper we proved that the variational limit of the residual neural network is an
ODE system, thereby rigorously justifying the observations in [23,37]. These and similar
observations have already inspired new architectures for neural networks, e.g. [36,67,80,
87] and the hope is that this work can help in the justification and analysis of these new
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architectures. In addition, we proved a regularity result for the coefficients obtained by
ResNet training.
We left the question of rates of convergence for the minimisers open (see after Propo-

sition 2.2). We believe this can be approached through a higher order �-convergence
argument, for example see [6, Theorem 1.5.1], and a coercivity argument, but it falls
outside the scope of this current paper.
An interesting open question which the authors intend to field in future work is to

recover partial differential equations by simultaneously taking d → ∞ (where d is the
number of neurons per layer) and n→∞. This will mean imposing certain restrictions on
the inter-layer connections; in particular, the choice of inter-layer connections is expected
to alter the continuum partial differential equation limit.
Another open question concerns our use of explicit regularisation terms in the cost

function. In practice often implicit regularisation techniques are used, such as dropout
or stochastic gradient descent [38,69,73,85,91]. Incorporating these methods into our
setting requires the rigorous mathematical establishment of their regularising effects,
which to the best of our knowledge, has not been accomplished as of yet. However, recent
work [14] shows that, at least in certain circumstances, the deep layer limit in the absence
of explicit regularisation results in a stochastic limit.
In this paper we have established convergence at a variational level. A third open ques-

tion of interest relates to the convergence of the corresponding gradient flow for the
parameters. Except in certain special circumstances, gradient flow convergence does not
follow directly from �-convergence; in this case an additional difficulty that needs to
be taken into account is the ODE constraint. The authors are planning to address this
question in future work.
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Appendix A: Thematrix exponential
For completeness we include a short proof of the inequality

∥
∥eX+Y − eX

∥
∥ ≤ ‖Y ‖e‖X‖e‖Y ‖,

for any square matrices X, Y , which is used in the proof of Lemma 4.14. Let k ∈ N \ {0}.
Then, CA

∥
∥
∥(X + Y )k − Xk

∥
∥
∥ ≤

k−1∑

j=0

(
k
j

)

‖X‖j‖Y ‖k−j = (‖X‖ + ‖Y ‖)k − ‖X‖k ,

where we obtained the inequality by expanding (X + Y )k , applying the triangle inequality
and using that ‖XY ‖ ≤ ‖X‖‖Y ‖. Then the equality follows from the binomial theorem.
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Hence,

∥
∥eX+Y − eX

∥
∥ =

∥
∥
∥
∥
∥

∞∑

k=0

1
k !

(
(X + Y )k − Xk

)
∥
∥
∥
∥
∥

≤
∞∑

k=1

1
k !

∥
∥
∥(X + Y )k − Xk

∥
∥
∥

≤
∞∑

k=1

1
k !

(‖X‖ + ‖Y ‖)k −
∞∑

k=1

1
k !
‖X‖k

= e‖X‖+‖Y ‖ − e‖X‖

= e‖X‖
(
e‖Y ‖ − 1

)
.

Since ec − 1 ≤ cec for all c ≥ 0, we conclude that the inequality holds.
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