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Abstract

In this thesis we consider the incompressible and stationary Stokes problem with Navier-slip
boundary conditions on an infinite two-dimensional wedge with opening angle 8. As is common
for differential equations on domains with corners, the problem is decomposed into a singular
expansion near the corner (polynomial problem) and a regular remainder (smooth problem).
We prove existence and uniqueness of solutions to the smooth problem related to the Stokes
equation which is given by —PAu = f, where P is the Helmholtz projection. By means of the
Lax-Milgram theorem it is found that this problem has a unique strong solution in a certain
class of weighted Sobolev spaces if the opening angle 6 is small enough. Direct application of
the Lax-Milgram theorem would normally only yield a weak solution. However, by introducing
additional bilinear forms we gain control on all second order derivatives and therewith obtain a
strong solution. Finally, we touch upon the time-dependent Stokes problem and the polynomial
problem.
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Chapter 1

Introduction

The incompressible Stokes and Navier-Stokes equations both form a system of partial differential
equations (PDEs) that models the motion of a fluid. Within applied sciences, these equations
are therefore widely used in practical problems such as weather prediction or aeroplane design.
Theoretical research into the governing equations in fluid dynamics is important for the under-
standing of phenomena in fluid flows and especially phenomena concerning turbulence. However,
a complete mathematical understanding of solutions to the (Navier-)Stokes equations is lacking
until today. Many questions about existence, uniqueness and regularity of solutions are still to
be answered and these questions are formulated in the third Millennium Prize Problem of the
Clay Mathematics Institute [8]. In fluid dynamics there is also interest in moving boundary
problems with fluid-fluid interfaces such as the spreading of droplets on a solid. These wetting
and spreading phenomena play a role in applications as drainage of water from highways, inkjet
printing or the wetting of leaf surfaces for deposition of pesticides.

In this thesis we will study the mathematics of a simplified problem related to those wetting
and spreading phenomena. To explain the mathematical setting, consider a droplet of liquid
with a free surface h(t,z) on a perfectly flat solid substrate, see Figure For simplicity we
concern ourselves with a two-dimensional droplet and assume translation invariance in the third
physical direction perpendicular to the (z,y)-plane. The region €, C R? filled with the liquid
may change over time ¢ € [0, 00). Furthermore, we assume that the liquid is a Newtonian fluid
which is in addition incompressible and homogeneous, i.e. the density p of the liquid is constant
in [0,00) x ;. Then the governing equations for the velocity u = (ux,uy)T(t,x,y) and the
pressure (divided by the density) p(¢,x,y) follow from conservation of mass and momentum,
see for a detailed derivation e.g. [4, [40] or [7, 23| [44] for a more mathematical treatment. The

Gas

Solid

Figure 1.1: A liquid droplet on a solid substrate seen from above (left) and a two-dimensional
cross-section (right).
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resulting equations are the Navier-Stokes equations given by
ou+ (u-V)u—rvyAu+ Vp =1£, in [0,00) x €,

: : (NSE)
divu=0 in [0,00) x €,

where v, = n/p is the kinematic viscosity (with 1 the shear viscosity) and f}, is a body force
density. To complete the initial boundary value problem (IBVP) we impose an initial condition
u(0,z,y) = up(z,y) and boundary conditions. The conditions required on the liquid-gas inter-
face are shortly discussed in the following section. On the solid-liquid interface it is first of all
assumed that the fluid cannot penetrate the boundary, i.e.

u-n =0, (1.1)

where n is the outward pointing normal vector. In addition, a condition is required that deter-
mines the velocity in the tangential direction of the solid-liquid interface. Three possible types
of boundary conditions are shown in Figure [1.2

u u u

(a) No slip (b) Navier Slip (c) Free Slip

Figure 1.2: Three different types of boundary conditions on the solid-liquid interface, where
B > 0 is the slip length.

The most standard boundary condition is the no-slip condition (Figure ) in which it is
assumed that the fluid sticks to the solid and that the velocity is simply zero at the boundary,
ie. u=0.

If there is some non-zero velocity at the boundary which is proportional to the normal derivative
of the velocity, we have a so-called Navier-slip condition (Figure [1.2p)

u-7+ f0(u-7)=0, (1.2)

where n is the outward pointing normal vector and 7 is the tangential normal vector. The slip
length § is a measure for the slippage and depends on the liquid and the surface structure of
the solid. For instance, the slip length for water on a graphite surface is in the order of 10nm
[27,42]. Since the slip length is in general very small, the no-slip condition is more often used for
modelling of fluids because it is easier to deal with. However, in the case of moving boundaries
the no-slip conditions is unnatural as we will discuss below.

In case of a free-slip condition (Figure ), the solid wall has no influence on the velocity of
the fluid and the slip length is infinite.

1.1 Spreading of Droplets and the No-Slip Paradox

If we consider a static droplet on a solid substrate, then at the contact line, which is the point
where gas, liquid and solid meet, there is a balance of surface tensions

Ygs = Vs T COS(Q)’Ygla
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where 745, s and 7y denote the gas-solid, liquid-solid and gas-liquid surface tensions, respec-
tively, and 6 is the microscopic contact angle, see also Figure[I.3] This force balance is known as
Young’s law [61]. If the tensions are not balanced, then two regimes can occur: if vgs < Vs + Vg1,
then the contact angle 6 is non-zero and the liquid partially wets the solid. If on the other hand
Yegs = Vs + Vg1, then 6 = 0 and the liquid eventually wets the complete solid.

Gas

Ves / Vs

Figure 1.3: Surface tensions at the contact line.

In addition to the boundary conditions on the solid-liquid interface, also conditions are
required for the gas-liquid interface, i.e. the free surface. The surface tension 7, induces a
pressure jump across the free surface, which is also known as the Laplace pressure

dp = g1k,
where dp is the pressure difference and k is the mean curvature of the free surface

o2h

k=V-n=-——"~2__
(1+ (9:h)2)?

Imposing that the total stress across the free surface is continuous gives the dynamic boundary
conditions
n- dT"-n = gk,

1.3
7-dT -n=0, (13)

where T' = —pl + v (Vu+ (Vu) ") is the Cauchy stress tensor and d7 is the difference between
the gas and liquid stress tensors. Furthermore, to ensure that the fluid remains on the free
surface we have the kinematic boundary condition

oh oh

For more details on these boundary conditions we refer to [17, [50].

The No-Slip Paradox

The situation drastically complicates if the contact line can move. Huh and Scriven studied
the moving contact line problem with the no-slip condition in [26]. They consider the two-
dimensional Stokes problem

—vAu+ Vp =0,

1.5
divu =0, (15)

which is a linearisation of the Navier-Stokes equations . We assume to have two fluids with
kinematic viscosity v; and 15 on a solid which moves with a constant velocity U, see Figure|l.4
On the solid-fluid interface we have the no-slip condition, i.e. the fluid on the boundary moves
with speed U. Furthermore, we assume that the fluid-fluid interface is a straight line under the
angle 6 from the solid. On the fluid-fluid interface we assume continuity of the velocity and
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Fluid 1 Fluid 2

Solid

Figure 1.4: The situation of two fluids on a solid as considered by Huh and Scriven [26].

stress, i.e. (1.3)) and (1.4)), which simplify due to the geometry.

Because of this geometry it is convenient to use polar coordinates (r, ¢) with the contact line
as origin. In terms of the streamfunction ¢ (r, ), which is everywhere parallel to the flow, the
Stokes problem reduces to the biharmonic equation

Vi = 0. (1.6)

The relation between the velocity field in polar coordinates u = (u,,u,) " and the streamfunction
1) is given by

Up = —r_la—w and wu, = 871&
dy v or
The solution to the biharmonic equation (|1.6)) is
U(r,¢) = r(asing + beos p + cpsinp + dp cos ¢), (1.7)

where the constants a, b, ¢ and d are determined by the boundary conditions. The corresponding
streamlines for U = 1, # = 7/6 and different ratios of the viscosities are shown in Figure
However, from the solution (1.7) we derive that the shear stress of the fluid is given by

%(ccos@ — dsin@),

which clearly diverges as r | 0. More generally, the stress tensor always diverges as 1/r near
the contact line if there is no slip on the fluid-solid interface [I2]. This problem remains if the
Navier-Stokes equations are used instead of only the Stokes equations . This diver-
gence of the stress leads to a logarithmic divergence of the energy dissipation rate, ||Vul|;2 = oo,
which is non-physical. Hence, by modelling the moving contact line problem with the no-slip
condition “not even Herakles could sink a solid if the physical model were entirely true” as Huh
and Scriven phrase it [20].

As the moving contact line problem with no slip is non-physical (which is also referred to
as the no-slip paradox), the question arises how to solve this problem. Numerous mathematical
models have been proposed to solve the singularity of the stress tensor, see e.g. [5], [16], 411 5T, 56).
One possible way of doing that is by modifying the governing equations, for instance by assuming
that the fluid behaves in a non-Newtonian way near the contact line or by taking into account
that the liquid-gas interface has a finite width with non-constant density. A second possibility,
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AN

(a) 1/1/1/2 =1 (b) 1/1/1/2 =100

Figure 1.5: The streamlines ¢ in the fluid with viscosity v, in the case that U = 1, § = 7/6 and
for different viscosity ratios vy /vs.

which we will discuss in more detail below, would be to replace the no-slip boundary condition.

As was first predicted by Maxwell [45], gases do stick to the wall on a very small scale and the
slip length is proportional to the mean free path. Hence, from a physical perspective it would
make sense to use a slip boundary condition. The option we will consider is the Navier-slip
condition (Figure ) However, also other slip conditions are possible such as nonlinear slip
[59]. Mathematically, it also makes sense to impose a slip condition because the introduced slip
length removes the divergence of the stress near the contact line. The question remains how well
this mathematical model with slip describes the physics very close to the contact line, see [51]
for a discussion. Nevertheless, the Navier-slip condition can be derived rigorously under certain
conditions [28].

The Microscopic and Macroscopic Contact Angle

As we have seen, the contact angle of a spreading droplet is microscopically determined by
Young’s law. However, the liquid-gas interface is highly curved near the contact line [11] and
the microscopic contact angle 0,;c is much smaller than the macroscopic contact angle 0ac,
which can be obtained by a measurement at a macroscopic distance from the contact line. The
macroscopic contact angle is dependent on the flow and the velocity of the contact line [55].

Since the microscopic contact angle is in general very small, it makes sense to apply a
lubrication approximation in which the Navier-Stokes equations are simplified to a scalar
equation for the film height h(¢,z). This leads to the so called thin-film equation which is valid
for small angles

Oh + 0, ((h* + B> "h™)32h) = 0, (1.8)

where (3 is the slip length and n € [1, 3) represents the physically relevant boundary condition of
the solid-liquid interface (see also Figure . The value n = 1 corresponds to the free-slip con-
dition, n = 2 corresponds to Navier slip and n = 3 corresponds to no slip which is not physical
as the no-slip paradox showed. For a formal derivation of this equation from the Navier-Stokes
equations see for instance [19] [50].
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The relation between the microscopic and macroscopic contact angle in the lubrication ap-
proximation is determined by the Cox-Voinov law which states that 3 .. is proportional to the
velocity of the free boundary up to a logarithmic correction [9] [60]. For more details on the
thin-film equation and the relation between the contact angles we refer to the literature [5] and
references therein. For mathematical results in both the complete and partial wetting regime,

see e.g. [0l 18, 19, 2], 24] 30].

1.2 Mathematical Problem

The free boundary value problem (BVP) of a spreading droplet has been studied for Navier slip
on the solid-liquid interface in [38], [57] and for special values for the contact angle leading to
additional symmetries (i.e. 0,7/2 and 7) results on well-posedness are known [15, 53| 58]. A
general procedure would be to transform the free boundary problem to a fixed wedge-shaped
domain. However, this leads to complicated nonlinear problems which are hard to deal with.
Instead of dealing with the free BVP, we will in this thesis restrict the domain to a fixed infinite
wedge denoted by ) with opening angle 0 > 0 and the tip at the origin, see Figure In polar
coordinates the domain is given by

Q:={(rcosp,rsinp):r>0,p € (0,0)}
and the boundary of the wedge is 9Q = 9pQ2 U 0:Q2 U {(0,0)}, where

002 := {(rcosp,rsing) : r >0, =0} and
012 :={(rcosp,rsing) :r>0,p =0}.

Furthermore, we will denote the part of the boundary where a normal vector can be defined as
O = 02 U 01

012

02 &z

Figure 1.6: The wedge-shaped domain with opening angle 6.

The problem that we will mainly study in this thesis is the incompressible and stationary
Stokes problem with no-penetration (1.1)) and Navier-slip (1.2]) boundary conditions on both the
lower and upper boundary of the wedge, i.e.

—vAu+ Vp =1 in Q, (
divu=0 in Q, (1.9b
u-n=0 on 99, (

u-7+ fop(u-7)=0 on O, (

where n and 7 are the outward and tangential normal vector, respectively. The final goal is
to prove existence, uniqueness and regularity of solutions to the Stokes problem (1.9). In this
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thesis we will mainly study the first two problems and leave the higher regularity for future work.

The Stokes problem - has already been studied in the literature, which we will
discuss in Chapter [3| for a wide range of domains and boundary conditions. In the problem
described above, two main issues occur and the combination of those two has not yet been
studied in the existing literature. The difficulties arise from the boundary of the wedge, which
is not smooth, and the Navier-slip condition. The non-smoothness of the domain can cause
irregular behaviour of the solution in the vicinity of the corner. Therefore, we will decompose
the Stokes problem into a singular expansion near the tip (polynomial problem) and a regular
remainder (smooth problem). The difficulty with the Navier-slip boundary condition, which can
be compared to a Robin condition, is that it is not scaling invariant. This makes the analysis
more complicated since no explicit solution formulas for the polynomial problem can be found.
Those complications and how to overcome them will be discussed in more detail in Chapter

The core of this thesis is concerned with proving existence and uniqueness of solutions to the
smooth problem related to the Stokes equations (|1.9), which is after rescaling and projecting
given by

—PAu="f~ in €,
u-n=20 on O, (1.10)
u-7+0h(u-7)=0 on 99,

where P is the Helmholtz projection that eliminates the pressure and ensures that the solution
u is divergence free ([1.9b)). With the aid of the Lax-Milgram theorem we will show that there
exists a unique solution u to in a weighted Sobolev space which is the right setting for
proving higher regularity. A direct application of the Lax-Milgram theorem would only yield
a weak solution which is once weakly differentiable. However, we will introduce two additional
bilinear forms which are derived from the Stokes problem for rd,.u and the vorticity curlu in-
stead of u. By making use of this approach, we get control on all second order derivatives and
we show that if the angle 6 is small enough, then there exists a unique strong solution which is
twice weakly differentiable.

We emphasise that the Navier-slip condition on the upper boundary 0€2; is essential for
proving our results. The underlying idea is that if 6 is small, then the two boundaries 9
and 0€); are close together and we know what the solution looks like on the boundaries by the
boundary conditions and . Intuitively, in this case there is no possibility for the
solution in the interior of the wedge to deviate from the boundary behaviour. For large contact
angles or other boundary conditions on 92y such as the free-slip condition (Figure ), it can
be much harder to gain control on the solution.

Therefore, we restrict ourselves to small angles #. This is not too restrictive since the contact
angle O of a spreading droplet near the contact line is in general very small. In this case the
thin-film equation is an approximation of the Navier-Stokes equations . The thin-
film equation only depends on the film height h and is independent of the angle. This makes
the analysis in general easier than for the (Navier-)Stokes equations in a wedge with non-zero
angle. Compared to the thin-film equation our problem is more difficult since it deals with a
two-dimensional problem. However, the thin-film equation is more general in the sense that it
allows for a moving boundary while we currently only consider a fixed boundary.
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1.3 Overview of this Thesis

The outline of this thesis is as follows: in Chapter [2] the required theory on two-point BVPs
and functional analysis is provided. In addition, we prove Hardy’s inequality on the wedge
and introduce the Mellin transform, which form the basic tools for proving our results in later
chapters. In Chapter [3| the mathematical challenges of the non-smoothness of the domain and
the Navier-slip boundary conditions are discussed. Moreover, we state the main theorem on the
existence and uniqueness of strong solutions to the Stokes problem.

In Chapter [4 the Helmholtz projection is introduced which enables us to exclude treating the
pressure explicitly. Moreover, we prove certain estimates on the Helmholtz projection. Chapters
and [6] contain the proof of the main result. In Chapter [] three bilinear forms are derived and
with the Lax-Milgram theorem we find a solution to the sum of those bilinear forms. Further-
more, we prove that the solution to this bilinear form is also a solution to the Stokes problem
and satisfies the Navier-slip boundary condition. To apply the Lax-Milgram theorem, we need a
coercivity and boundedness estimate. However, obtaining these estimates is quite cumbersome
and therefore Chapter [6 is entirely devoted to the proof of the conditions for the Lax-Milgram
theorem.

Finally, in Chapter [7] we discuss some incomplete results which can serve as a starting point
for future work. Firstly, it is shown that the time-dependent Stokes problem is easier to treat
than the stationary problem. Secondly, we solve the polynomial problem related to the stationary
Stokes problem which captures the behaviour of the solution near the tip of the wedge.



Chapter 2

Preliminary Theory

The aim of this preliminary chapter is to give a short overview of the concepts and theorems
that are used in this thesis. In Section 2.I] we introduce the notation that will be used and in
the rest of this chapter, which can be omitted on first reading, certain results are stated that
are required in later chapters.

2.1 Notation

We write f <p g (resp. f = p g) if there exists a constant C' € (0,00) depending on the set
of parameters P such that f < Cg (resp. f > Cg). Furthermore, f ~p g means f <p g and
g<pf. If P=1{, then we just write f Sg, f = gor f~g.

For U C R,V C R™ (n,m > 1) and k € NgU {oc}, the space C*(U; V') denotes the k-times
continuously differentiable functions from U to V. The space C¥(U; V') denotes the space of test
functions on U, i.e. the set of k-times differentiable functions with compact support contained
in U. If there is no confusion about the set V, we simply write C*(U) or C*(U).

Throughout this thesis, the two-dimensional wedge with origin (0,0) and opening angle
0 < 0 < /2 will always be denoted by ©Q with boundary 092 = 9pQ2 U 9;Q2 U {(0,0)}, where
002 and 0:€) are the lower and upper boundary, respectively, see Figure Furthermore, we
define 9 := 0y U 010 as the part of the boundary where we can define the normal vectors n
(outward) and 7 (tangential). For example, on 9’ the outward normal vector in polar coordi-
nates is given by n = (0,£1)", where the notation + (resp. F) will mean — (resp. +) on the
lower boundary 92 and + (resp. —) on the upper boundary 0.

Figure 2.1: The domain €2 with lower and upper boundary 0y§2 and 9:¢2, respectively, and the
corresponding outward normal vectors in polar coordinates.
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For any u : @ — R? we write in polar coordinates u(r,p) = (u,(r,¢), ux(r, »))" where
u, and u, denote the radial and angular component, respectively (see Appendix for more
details). The derivatives in the radial and angular direction are written as 0, and 0,.

~

Finally, we already remark that f(\) will always denote the Mellin transform of f and A is
the Mellin variable. The Mellin transform will be introduced in more detail in Section

2.2 Two-Point Boundary Value Problems

Below we recall the theory for solving (systems of ) non-homogeneous linear ordinary differential
equations with boundary conditions, so-called two-point boundary value problems. For a com-

plete introduction and proofs see e.g. [2], 14l 22]. Throughout this section we write J, for the

ordinary derivative di.
©

2.2.1 Green’s Matrix

Let n € N and consider the n-dimensional two-point boundary value problem for u(y)

d,u — A(p)u = b(yp) for ¢ € (0,0), (2.1a)
Rou(0) + Rpu(f) = c, (2.1b)

where A € C°([0,0];C™"), b € C°([0,6]; C™*1), Ry, Rg € C™™ and ¢ € C™*!. Recall that a
fundamental matrix V € C'([0, §]; C"*™) has columns with the n linearly independent solutions
to the homogeneous equation

J,u= A(p)u for ¢ € (0,0). (2.2)
The most important properties of the fundamental matrix are collected below.
Lemma 2.2.1. The fundamental matriz of satisfies the following properties:
1. V(¢) is a fundamental matriz if and only if 0,V = AV and det V(0) # 0.

2. For two fundamental matrices Vi and Vs, there exists a constant invertible matriz D such
that Vo = V1 D.

3. If A is constant, the matriz e is a fundamental matriz and e** = V(0)V=1(0).

To determine whether (2.1)) has a unique solution u € C*([0,0]; C**!), we introduce the
notion of the characteristic matrix.

Definition 2.2.2. For any fundamental matriz V of (2.2)), define the corresponding character-
1stic matriz
C := RyV(0) + RgV (6).

From Lemma [2.2.1} property 2, it follows that for any two characteristic matrices C1, Cs of
(2.2), there exists a constant invertible matrix D such that C7 = C2D. Using the characteristic
matrix and its properties we obtain the following result for solving ([2.1)).

Proposition 2.2.3. For Problem (2.1)) the following statements are equivalent:

1. For every b € C°([0,0]; C*1) and ¢ € C™! the solution u € C1([0,0]; C™*Y) exists and
1S UNLqUe.

2. The homogeneous problem with b =0 and c = 0 is only satisfied by the trivial solution.

10
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3. There exists a characteristic matriz with full rank.

4. All characteristic matrices have full rank.

In addition to the existence and uniqueness we would like to have an expression for the
solution of (2.1]). This is achieved by means of Green’s matrix.

Proposition 2.2.4. Let V' be a fundamental matriz of (2.2) and let C' be its corresponding
characteristic matriz satisfying det C # 0. Then the unique solution u € C'([0,0]; C™*) of

Problem (2.1) is given by
0
u(e) =V let [ Te@b@lde  forpe 0.0)

where T : [0,0] x [0,0] — C™™™ is called the Green’s matriz and is almost everywhere defined by

V(p) [id = C'RV(O)] VTH(p) for0<op<p<9,

Ho o) {—V(so)clReVl(@) for0 <o <p<o.

2.2.2 Green’s Function
Let n € N and consider the linear n-th order differential equation for u(¢p)
Opu+ an—1(9)0p u+ -+ ar(p)dpu + ag(p)u = g(p)  for ¢ € (0,6), (2.3)

where a; € C°([0,6];C) for j =0,...,n—1 and g € C°([0,6]; C). Furthermore, we impose linear
boundary conditions at ¢ € {0,6}. Define

0 1 0 0
U 0
8¢U . . . . N .

u:= . , A= : .. and b:=] "],

: : . 1 0 0

_ 0 B, 0 1
95 L g

—ap —aip -+ —Gp-2 —A4p-1

and rewrite the boundary conditions in the matrix-vector form Ryu(0) + Ryu(f) = c, so that
we obtain a special case of Problem . If ui (), ..., un(p) are linearly independent solutions
to the homogeneous equation with g = 0, then the corresponding Wronski matrix W €
C*([0,6]; C™") is defined by

u]_ “ e un
Opur -+ Opup
W) := : R
83_1U1 s 83_111”

which is just the fundamental matrix of d,u = Au in this special case. Similarly as before,
the characteristic matrix is defined as C' := RyW(0) + RyW (0). Existence and uniqueness of
the solution u € C™([0,6],C) to with boundary conditions can simply be determined with
Proposition [2.2.3] To find an expression for the solution, we now make use of the Green’s
function.

Proposition 2.2.5. Assume that the homogeneous problem of Equation ({2.3|) with boundary
conditions has only the trivial solution. Then the solution u € C™([0,6],C) is given by

0
u(@) = erun(9) + - + catin(p) + /0 Clo.9)g(@)dg  for g € (0.6),

11



Chapter 2. Preliminary Theory

where G : [0,0] x [0,0] — C is called the Green’s function and is given by

G(p, ) = {Zy:1 (Bi(@) +75(@))uj(e)  for0< @ <9<,
’ St (Bi(@) =i (@) ui(p)  for0< o< @<,

where B(@) = (B1, ..+, Bn) " and ¥(@) = (Y1,...,7m) " are determined by

0
W(@)v(@) = (:) and  (RoW(0) + ReW (0)) B(¢) = (RoW (0) — RaW (0)) ().
1
2
Finally, the constants c1,...,c, can be determined from the boundary conditions.

2.3 Functional Analysis

Tools from functional analysis play an important role within the study of partial differential
equation. We shortly recall some standard results and introduce the LP and Sobolev spaces. For
a complete introduction to the topic see e.g. [I}, 3, 13, [49].

Let (X, - ||x) and (Y,|| - |[y) be two non-trivial Banach spaces and let T': X — Y be a
bounded linear operator, i.e.
ITzlly <[ITll=]x,

where

T := sup ||Tz|y < co.
llz|lx <1

We denote the set of all bounded linear operators from X to Y as Z(X,Y).

Definition 2.3.1. Let K be R or C. Then the set of all bounded linear operators £ (X,K) is
the (topological) dual space of X which is denoted by X'. Furthermore, for x € X and 2’ € X’
we denote z'(z) € K as the dual pairing (x', z).

Proposition 2.3.2. For 2’ € X' the norm

',z
|2/ x: := sup ', )] (2.4)
sex\foy lzllx

turns X' = £ (X,K) into a Banach space.

We turn to the special case of a Hilbert space H with inner product (-,-) and the induced
norm |- || = 1/(+,-). Recall that an inner product on H x H is a sesquilinear mapping (i.e. linear
in its first argument and conjugate linear in its second argument) satisfying

1. (u,u) >0 for all w € H and if (u,u) = 0, then v = 0,
2. (u,v) = (v,u) for all u,v € H.
For Hilbert spaces we have the following characterisation of its dual space.

Theorem 2.3.3 (Riesz Representation Theorem). Let H be a Hilbert space with inner product
(+,+) and let f € H'. Then there exists a unique u € H such that

(u,v) = (f,v)  for every v € H.

12



2.3. Functional Analysis

Within the study of differential equations, this theorem is used to show existence and unique-
ness of a weak solution in a suitable Hilbert space. However, the Riesz representation theorem
requires that the bilinear form arising from the original differential equation is an inner product.
In particular, this means that the bilinear form should be (conjugate) symmetric which is in
general a too restrictive condition. Fortunately, this symmetry condition can be relaxed and
there is a generalisation of the Riesz representation theorem.

Theorem 2.3.4 (Lax-Milgram Theorem). Let H be a Hilbert space with inner product (-,-) and
let B: Hx H — K be a sesquilinear mapping for which there exist constants C, D € (0,00) such
that

|B(u,v)| < Cllull||v]|  for all u,v € H, (Boundedness)
Re B(u,u) > D|lul|? for allu e H. (Coercivity)

In addition, assume that f € H'. Then there exists a unique element u € H such that

B(u,v) = (f,v) forallve H.

Function Spaces

Consider a set U C R"” with n € N and let K be R or C. We define the following function spaces.

Definition 2.3.5 (LP-spaces). For 1 < p < oo we define LP(U) as the set of all measurable
functions f : U — K such that

Hf’\]zp(U) = [ |f(z)]P dz < co.
U
For p = oo we define L>(U) as the set of all measurable functions f : U — K such that

£l Loe () := esssup | f(z)] < oo.

zeU

For p € [1, 00| the space LP(U) is a Banach space and for p = 2 the space L?(U) is even a Hilbert
space with inner product

(f.9) 2w = /U f@)g@) de  for f.g € L3(U).

Let 5= (p1,...,0n) € Nj be a multi-index of order || = 1 + -+ + Sn.

Definition 2.3.6 (Sobolev spaces). For 1 < p < oo and k € Ny we define the Sobolev space
WHFP(U) of all locally integrable functions on U for which all weak derivatives of order |3| < k
exist and are in LP(U). As proved in [[7], we can equivalently define this space as the closure
of all f € C®(U) with 8°f € LP(U) (|B] < k) with respect to the norm

||f||€vk,p(U) = Z H@Binp(U).

0<|B|<k

For 1 < p < oo the space W*P(U) is a Banach space and for p = 2 the space H*(U) := W*2(U)
is even a Hilbert space with inner product

(f9way= D (0°1.0%°9) 2@y for f.g € HYU).
0<|8|<k

13



Chapter 2. Preliminary Theory

2.4 Hardy’s Inequality

Below we recall the famous Hardy inequalities and we prove a useful form of this inequality on
the wedge.

Lemma 2.4.1 (Hardy’s inequalities). The unweighted Hardy inequality for a measurable non-
negative function f is given by

LG [ ree) s () [ irwra

The weighted inequality for « <1 and p € [1,00) is

/OOO yPla—1-1 (/Oy |f(2)] dz)” dy < (1 E a>p/0°° 1f(2)|PzoP~ 1 dz (2.5)

and the weighted “dual” inequality for a > 1 and p € [1,00) reads

/OOO yPla—1-1 </:O |f(2)] dz)p dy < <ail>p/0°° £ (2) P22 dz. (2.6)

Proof. See [25]. O

For the two-dimensional wedge €2 with opening angle 6 we can use the Hardy inequality to prove
the following.

Lemma 2.4.2 (Hardy’s inequality on the wedge). For all § # 0 and v € C}(Q\ {0}) it holds

0 0o 0 0o
dr 1 dr
/ / (@) - de < o / / 210 (r, 0)[* - .
0o Jo r 0o Jo r

Proof. Tt suffices to show that for all ¢ € (0,0)

o 1 [
| et ar< g [T o, o) ar

Note that
b (r, )| =

/TOO (2, ) dz

which implies that for § > 0

e’ ') o0 2
20—1 2 20—1
/O P21, o) dr < /0 , (/ razwz,gondz) ar

1 oo
<5 [ et an
0

where in the last step we applied Hardy’s inequality (2.6 on 0,4 witha =d+1 > 1 and p = 2.
If § <0, then
' '
ol = | [ vty az| < [ oot a
0 0

and Hardy’s inequality (2.5) with « = §+ 1 < 1 and p = 2 gives the desired estimate for
0 < 0. O
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2.5. The Mellin Transform

2.5 The Mellin Transform

Before introducing the Mellin transform, we recall the closely related Fourier transform. Let
Z(R) be the Schwartz space defined as the set of all f € C*°(R;C) such that for all k,¢ € Ny

sup |#F0° f(x)] < oo.
zeR

On this space the Fourier transform, defined by

FN©=en [ f@etta oreer
is a bijection and its inverse is given by

FP@) = Cr)E [ f©et s fora ek

By density of the Schwartz space in LP(R;C) for 1 < p < oo, we can define the Fourier trans-
form on the Hilbert space L?(R;C). The Fourier transform is a bijection on L? and we have
Plancherel’s identity

(Ff,FDrewe) = (F 9 r2wio) for f,g € L*(R;C). (2.7)
Subsequently, we define the Mellin transform.

Definition 2.5.1. For f € C°((0,00)) the Mellin transform is defined as

| e T

on some strip of absolute convergence v1 < ReX < va. For any v € (y1,72) the inverse Mellin
transform is

o~

(M) = fA) = (2m)”

D=

flr)= A) dImA,

iV 2m /Re)\ =

where the integral is taken with increasing ImA\.

Note that the Mellin transform is analytic on the strip 73 < ReA < 42 and therefore the
inverse transform does not depend on the choice of v by Cauchy’s integral theorem.

Remark 2.5.2. With the substitution x = log(r) we get

/ e f (@) da = /OOO 7S () %

—00

and thus we have the following relation between the Fourier and Mellin transform

(FAIE) = (M[f(log(1)) (i)  for § €R,

which shows that the Fourier transform is equivalent to the Mellin transform for A € iR. Simi-
larly, we also have

(MFYN) = (Ff(eD)(—ix)  forxeC,

meaning that the Mellin transform can be formulated in terms of the complex Fourier transform.

Finally, we summarise the most important properties of the Mellin transform.

15



Chapter 2. Preliminary Theory

Lemma 2.5.3. Let f € C°((0,00)). Then the Mellin transform satisfies the following proper-
ties:

1. For anya € R

—

r=ef(\) = f(A+a).

2. For anyn € N

— ~

FFN) =A+1) - (A+n)f(A+n)

and

—_— o~

(rdp )" f(A) = A" f(N).

Remark 2.5.4. From the above properties we see that r0, corresponds to A in Mellin represen-
tation and therefore the Mellin transform is scaling invariant under taking r0, derivatives.

Furthermore, we need Plancherel’s identity for the Mellin transform.
Lemma 2.5.5. Let a € R and f,g € LQ((O, o), r—2a-l dr). Then

/ T g I = [ Fovgen atma
0 r Rel=a

and in particular
> o p dr Ty (2
e — = [f£(A)]7 dImA.
0 r Red=a
Proof. The identities follow from Plancherel’s identity for the Fourier transform (2.7)):

I £ ooy, 2y = ™ £l e, an)

= [[(Fe™ F(e) ()l L2, ag)
= [(Mf)(a+ &) L2(r, dae)
= [[(Mf)N) ”L?(ReA:a, dIm\)

and similarly for the inner products. O
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Chapter 3

Setting and Main Results

In this chapter we will first derive the Stokes equations from the Navier-Stokes equations in
Section and in Section we outline the mathematical challenges of the Stokes problem
with Navier slip on the wedge. In Section we introduce weighted Sobolev spaces and this
chapter is concluded with the main results obtained in this thesis.

3.1 The Stokes Equations

The homogeneous and incompressible Navier-Stokes equations (NSE)), i.e.

du+ (u-V)u— v Au+ Vp = £ in Q,

. . (NSE)
divu=0 in Q,

can be reduced by the creeping flow approximation to the Stokes equations if the viscosity v is

large. We set

U L
u=Uu", p= VkTp*, x = Lx*, t:ﬁt*, (3.1)

where L and U are typical length and velocity scales, respectively. Substituting this in (NSE|)
gives the dimensionless equations
Re: (0 +u* -V )u" — A'u* 4+ V'p* =f in Q,
diviu* =0 in Q,
U

where Re = V—L is the Reynolds number which is small since the viscosity vy is large. Thus we
obtain, after dropping the superscripts, the time-independent Stokes equations

—Au+Vp=+1 in €,

. : (3.2)
divau =0 in Q.
Using the same scaling as in (3.1) gives the rescaled boundary conditions
un=0 and u-7+4+0h(u-7)=0 on O, (3.3)

by choosing the length scale equal to the slip length, i.e. L = . Therefore, the stationary
Stokes problem on the wedge with Navier-slip boundary condition is given by

—Au+Vp=1£ in €,
divu=10 in Q,
u-n=0 on 9, (5-5¢)
u-7+0h(u-7)=0 on 9.

17



Chapter 3. Setting and Main Results

In addition, one can also study the time-dependent Stokes flow for ¢ > 0

ou—Au+ Vp =1 in  x [0, 00),
divu=0 in 2 x [0, 00),
un=0 on 9 x [0, ), (N-St)
u-7T+0h(u-7)=0 on 9 x [0, ),
u = ujc in  x {0}.

In this thesis we will mainly consider the stationary Stokes problem ([S-St]). This is an elliptic
problem and it is more difficult to analyse than the parabolic non-stationary Stokes problem
(N-Stf). We will discuss the non-stationary problem shortly in Chapter

Because of the wedge-shaped domain it is convenient to consider the Stokes problem in polar
coordinates (see also Appendix [A.2). Writing u = (u,u,)" and fi, = (f, f,) ", the Stokes
problem (S-St on the wedge becomes

—r2 [((r@r)2 + 32) Uy — 20pup — U] + Opp = fr for r >0, ¢ €(0,0), (3.4a)
—r2 [((r@r)z + 83) Uy + 205Uy — up] + 17 10pp = £, forr >0, ¢ € (0,0), (3.4Db)
(ror + 1)uy 4+ Opuy, =0 for r >0, ¢ €(0,0), (3.4¢)

uy, =0 for r > 0, p € {0,6}, (3.4d)

Uy + Opty =0 for r >0, ¢ € {0,0}. (3.4e)

Equations — correspond to the mass and momentum equations (3.2)). By noting that
u, is orthogonal to the boundary and u -7 = w, on the boundary, we find that the boundary
conditions become ([3.4d|) and . Finally, using that in polar coordinates n = (0, —1)T
for ¢ = 0 and n = (0, 1)T for ¢ = 6, the last equation can be written as two equations

u, + r’l(?@ur =0,

where the notation £ will in this thesis always mean + for ¢ = 8 and — for ¢ = 0 and a similar
definition holds for the notation .

3.2 Decomposition of the Problem

There are two main issues that will cause difficulties in the analysis of the stationary Stokes
problem ([S-St]). These two issues are that the domain has no smooth boundary and that the
Navier-slip condition is not scaling invariant. We will discuss this in more detail below.

Domains with Conical Points

First of all, the boundary of the wedge-shaped domain 2 has a corner (also called conical point)
at the tip (0,0). This can cause the solution to behave in an irregular way in the vicinity of a
corner and the elliptic regularity results known for smooth domains do not hold in general for
non-smooth domains. Nonetheless, the behaviour of solutions near conical points is well-studied
for both elliptic and parabolic problems, see e.g. the monographs [33] 34 [46] [48]. Because of the
irregular behaviour of the solution near the corner we decompose the problem into an expansion
near the tip and a regular remainder. Hence, we write

u=up+u; and p=py+pi,

18



3.2. Decomposition of the Problem

where ug, pyp are regular at the tip of the wedge and uy, p; are the expansions at the tip. In-
troducing the cut-off function ¢ = ((r) € C*([0,00)) with {(r) = 1 for r < } and ¢(r) = 0 for
r > 1, we have that

u; = Cpua Up =u— Cpua p1 = Cppa Po=0D— CPpa

where P, and P, are polynomials. These polynomials can be seen as a (generalised) Taylor
polynomial around the tip. The right hand side of the Stokes problem (3.2)) can be decomposed
as f, = fy + f;, where

f1 := C’Pf = —Au; +Vp; and fy:= —Aug+ Vpyg.

By linearity of the Stokes operator the problem is decomposed in two problems: one for the
regular part and one for the polynomial part. Away from the tip (r > 1) the cut-off function is
zero, so that

—Aug + Vpy = o,

3.5
div ug — 0. ( )

Near the tip of the wedge, where the cut-off function is one, the following polynomial problem
should be solved
divpP, = 0.

To prove (higher) regularity for the Stokes problem in a wedge, both problems and
have to be analysed. Results are already known in many different situations. The station-
ary and the non-stationary (Navier-)Stokes problem in two and three dimensions with no-slip
boundary condition have been studied in [10} B35 36l 37, 46, 52]. Moreover, the Navier-Stokes
equations with the free-slip boundary condition have been studied [43]. A general treatment of
the (Navier-)Stokes equations in domains with corners can be found in the trilogy [33] [34) [46]
where also scaling invariant slip boundary conditions are treated.

For other moving boundary problems in fluid dynamics with a non-smooth boundary there are
also results known. In [30] the thin-film equation (|1.8)) with Navier slip is studied and in [31], [32]
the Darcy flow with governing equation u = —Vp is considered.

(3.6)

The Navier-Slip Boundary Condition

The second issue is that the Navier-slip condition complicates the analysis of the problem. By
applying the Mellin transform on the Navier-slip condition (see Section and Lemma
we get

Ur (A, ) £ Optir(A+1,) =0,

which is not scaling invariant due to the shift in the argument A to A 4+ 1. In the existing litera-
ture for non-smooth domains only scaling-invariant boundary conditions are considered, which
makes the analysis in general easier. Even the slip condition in [46] is scaling invariant and to
our knowledge scaling-variant boundary conditions have not been studied yet in the literature.
For a treatment of the Navier-Stokes equations in a bounded two-dimensional domain with a
C%-boundary and Navier slip see [29] and references therein.

One of the difficulties with the Navier-slip condition in a non-smooth domain arises in solving
the polynomial problem (3.6)). The solution P, is assumed to be a generalised Taylor polynomial
around the tip of the form

Pu(ryp) = Y u(p) rilogr,
J.hez
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Chapter 3. Setting and Main Results

where u(j’e)(go) are unknown coefficients and Z C Z? is some appropriate index set. By inserting
these kind of expansions in , we obtain an ordinary BVP of infinitely many equations in
the angle ¢ to solve the coefficients of the Taylor expansions.

In the case of a scaling-invariant boundary condition, this BVP is uncoupled and it is possible
to write down explicit solution formulas. However, with the Navier-slip condition the system of
equations is coupled and it will not be possible to write down an explicit solution representation.

3.3 Choice of Spaces

Because of the non-smooth domain the setting of Sobolev spaces as defined in Section is
insufficient. This is because of Hardy’s inequality (Lemma [2. , ie.

0 )
d 1
7“25\u|2 il dp < = r25|87«u]2 de,
52
0o Jo r Q

which is not valid for § = 0. Hence, in unweighted Sobolev spaces it is not possible to apply this
inequality and there is little control of the solution u. Therefore, we will work with weighted
Sobolev spaces where ¢ # 0, so that Hardy’s inequality can be applied. For a general introduction
to weighted Sobolev spaces see e.g. [39].

Definition 3.3.1. Let U C R" and o« € R. Moreover, let 3 € Nj be a multi-index of order
k € No. The weighted Sobolev space Hy, o(U) is defined as the space of all functions f such that

By o= 3 / 72098 £ (2)[2 dz < oo,

0<|8|<k

where v = |x|. If k =0 we write Hy(U) and if « = 0 we recover the unweighted Sobolev spaces.
In particular we have that Hoo(U) = L*(U).

The space Hj, o(U) is a Hilbert space with inner product

D= 3 / 2098 f(2)0Pg(z) do  for f.g € Hya(U).

0<|8|<k

In the case of the wedge Q := {(rcosp,rsing) : r > 0,0 € (0,0)} we write for u € (Hka(Q))2
with & € Ny and a € R the norms as follows

0 poo
/ 2% u)? do = / / r 2@l |y ar de,
Q r

Hqua = Z 6%l ~ Z // 2(a+j+0— 1)‘(7’8 ]8411‘2 dr do.

0<|B|<k 0<J+é<k

[E{=E

In addition, on the boundary of the wedge €2 we write for u € Hj o((0,00)) with k € Ny and
o € R the norm as

k o)
[ulfa = Z/ T_2a<|aj“|v=0}2 + ’3ju|@09|2) &
§=0 0
. , d
~ Z Al (AR R
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where again |ulq := |u|o,o. Moreover, these norms have the following Mellin representation (see

Section

0 .
ulfea= > /O/R IN1058(N, 9)] dImA dep,

ulf o = Z/R 1|A|2j(|a(A,0)|2+|17(A,9)|2) dIm.

0<j<k ’ ReA=atji—;

Although we will not need it, this Mellin representation of the norms allows to define weighted
Sobolev spaces for k € R.

3.4 The Main Results

Below we state the main theorem on solutions to the stationary Stokes problem with Navier slip
on the wedge with opening angle 6.

Smooth Problem

First, consider the smooth problem (cf. (3.5)) and recall the definition of a strong solution.

Definition 3.4.1 ([20]). Let L be a second order linear differential operator. We call u a strong
solution to the differential equation Lu = f on some domain U if

1. wu is twice weakly differentiable in U,
2. u satisfies the equation Lu = f in U almost everywhere.

After projecting the Stokes problem (|S-St)) on a divergence-free space, the problem is given
by

—PAu=f in Q,
uy, =0 on O, (P-S-St)
Uy + Opty =0 on 0¢Y,

where P is the Helmholtz projection as will be defined in Chapter 4l Define the space 7, :=
7”“”", where T is the space of test functions given by

T = {v € C2(Q\ {0}) : divv=01in Q, v, =0 on 9Q and
(r&«)jﬁév is locally integrable with H(r&«)jafovﬂa < oo forj+4= 3}

and the norm is

V13, = lvnl + [ropoels + (IVVIE + [Vrov 2 + Vel

1 oo ) i
S [ bl o)
i=0"0

T oo
o [ o L

0<j+E<2

(3.7)

We prove in this thesis the following main theorem on existence and uniqueness of a strong

solution to (P-S-St)).
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Chapter 3. Setting and Main Results

Theorem. Let o < 0 and 6 > 0 with |a| and 6 small enough and assume £ € F.. Then there
exists a unique u € J¢, that satisfies

1. —PAu = f almost everywhere in the wedge 2 with opening angle 0,
2. Uy + Opu, = 0 almost everywhere on the boundary OSY.

In particular, the Stokes problem with Navier-slip boundary conditions on the wedge has a strong
2
solution in weighted Sobolev spaces. Moreover, this theorem is valid for 6 < 2.0627#106'
Although we do not have the ambition to find the largest possible angle 8, we can nonetheless
show that the theorem is valid for 8 < 6y with
272
Op < ————.
= 20672106
The angle 8y corresponds to 0.0005 degrees, however it is expected that it is possible to optimise
so that it also applies for larger angles.

Polynomial Problem

Consider the polynomial problem (3.6)), i.e.

~AP, + VP, = P,

3.8
div P, =0, (3:8)

with no-penetration (3.4d)) and Navier-slip (3.4€)) boundary conditions. Because of the static
domain  we use Taylor expansions of the form

Pulr.p) =y uld(p) 17,

i20
Pylrop) = > oV (p) 17,
=1
Pi(rp) = > £9(p) 1,
jz2

where ) are known coefficients and u), p{) are unknown coefficients. To solve this problem
we derive for every j > 0 a boundary value problem for ul?), pU=1_ Due to the Navier-slip
condition the boundary value problems need to be solved in increasing order of j and this makes
it difficult to find explicit solution representations for the coefficients. However, we derive the
following result on unique solvability of the polynomial problem

Theorem. Consider the polynomial problem (3.8) related to the Stokes problem with Navier
slip. Assume that £ = (fr,ﬁp)T has a Taylor expansion around the tip of the wedge Q) of the
form

Prlrip) = Y £O(p)rf

>—1

and satisfies the compatibility condition

/ () dg =0

Furthermore, let 0 < 0 < 5 and assume for j > 2 that

nm

0+ -

nm
o and 97&],_1 foralln >1
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Then there exists a unique solution up to an additive constant for the pressure to the polynomial
problem (3.8). Furthermore, the solution to the polynomial problem has a Taylor expansion
around the tip of the form

Pu(r, ) = Zu(j)(gp) o and Pp(r, @) = Zp(jfl)(go) rjfl,

j=0 j>0

where without loss of generality p® = 0 and all other coefficients u),pU=1 for j > 0 are
uniquely determined. In particular, for any fixed 0 it is possible to solve the polynomial problem

T—0

up to order j < T5-.

Higher Regularity

With the main result of this thesis described above, it would be possible to derive higher reg-
ularity for solutions to the Stokes problem with Navier-slip on a wedge. The idea is to reduce
the Navier-slip boundary condition to a Neumann boundary condition in the Stokes problem
(P-S-St) and to study the following problem for w

—PAw =f in €,
wy =0 on O, (3.10)
OpWy = —Uy on 0¢Y,

where w, is the solution to the Stokes problem with Navier slip which can now be
assumed to be data. Studying the above problem with Neumann boundary conditions will be
easier than proving higher regularity directly for , namely is scaling invariant
while the original problem with Navier slip is not. The Mellin representation of the
weighted norms with higher derivatives have a shift in the line of integration (see Section .
Therefore, singularities can be picked up and here the polynomial problem comes into play. We
leave the treatment of higher regularity to solutions of the Stokes problem on a wedge for future
work.
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Chapter 4

Helmholtz Projection

The Stokes problem contains the pressure p which can only be determined up to an
additive constant. To simplify the problem we will apply the so-called Helmholtz projection to
eliminate the pressure. Let w € C2(Q\ {0}), then the Helmholtz projection P is defined, at
least formally, as

Pw:=w— Vo,
where ® satisfies the elliptic problem
Ad =divw in Q, (41)
Op®=n-w on 0. '

It should be noted that in the case of a bounded domain this definition would make perfectly
sense because then the Neumann problem has a unique solution up to an additive constant.
This would imply that V@ is uniquely determined and therefore P is uniquely defined as well.
However, the wedge € is unbounded and therefore has no unique solution unless the decay
of the solution is specified as r | 0 and r — oo.

To uniquely define the Helmholtz projection in the case of the wedge-shaped domain, we will
make use of the Mellin transform. In Mellin variables it is possible to find an explicit solution
representation for o satisfying . Then, we apply the inverse Mellin transform and as long
as this inversion is uniquely defined, we can also uniquely define the Helmholtz projection on €2
in polar coordinates.

Moreover, we remark that for proving existence and uniqueness of solutions to the Stokes
problem in weighted Sobolev spaces, it is natural to use the Mellin transform. The norms
corresponding to those weighted spaces have convenient representations in Mellin variables (see
Section and those representations we will use.

In Sectionproblem is solved in Mellin variables and it is shown that we can invert this
solution under certain conditions. This allows to uniquely define the Helmholtz projection and
derive some properties which is done in Section[4.2] Finally, in Section[4.3]another representation
of the Helmholtz projection is established which makes it possible to easily derive certain estimate
that are needed in Chapters [5 [6] and
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4.1. Green’s Function Representation

4.1 Green’s Function Representation

Consider the Neumann problem (4.1)) and recall that in polar coordinates n = (0,+1)" and
On = :I:rflé?@. Therefore, (4.1) reads in polar coordinates

((roy)* + 92)® = r((r0, + L)w, + Opw,) in Q,

, (4.2)
0,® = rw,, on 0fY.

Then applying the Mellin transform and using its properties (see Section, we obtain problem
(4.1) in Mellin variables

(V2 +02) B\, 0) = Xior (A — 1,9) + 0,5(A — 1,9) =1 G\, ) in©, (4.3a)
D@ (N, @) = Wp(A — 1, ) on O€Y. (4.3b)

Proposition 4.1.1. The solution to problem (4.3)) is for Re\- 60 ¢ nZ given by

@()‘ — 17 0)
Asin(\0)

B0 =10

. 0
B\ ) = cos (M0 — ) = 2% i cos(h) + [ Gl g )FNP) 42,

where the Green’s function is

cos(Ap) cos ()\(6—90))

. o Asin(A\0)
G(@v 2 )\) - oS ()\(9_%5)) cos(Ap)

Asin(\0)

for0 <o <p <0,

for0 <o <@ <0,

and
G\, ) = Ay (A = 1,9) + 9pwu(A — 1, ).

Proof. Consider the homogeneous equation for (4.3al), i.e.
(A2 +02)Bu(N\p) =0 inQ,

which has cos(Ap) and cos(A(6 — ¢)) as linearly independent solutions. Using the boundary
conditions (4.3b)) we find the solution

S @(A_LO)

_ w,(A—1,0)
Pu(A, ) = Asin(\6)

cos (>\(9 - 80)) - Asin(A9)

cos(Ap).

To find a particular solution we use a Green’s function (see Section [2.2.2]). Define

o 0 1 0
X = ((9@:1\)) , A= <_/\2 O> and b:= <§()\’ 80)) .

The boundary conditions (4.3b|) can be written as

Rox(0) + Rgx(f) =c with Ry = <8 (1)> , Rp = (8 ?) and ¢ = <Z‘p<)\ B 1’0)> .

Furthermore, the Wronski matrix is given by

[ cos (A0 — ) cos(Ap)
Wi(p) = <)\ sin((A(G (psp))) - sin(g§\90)> '
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Chapter 4. Helmholtz Projection

With the terminology of Proposition we find

Y(@) =W (p) <(£> - 2)\51111(>\9) < cozo(i\(()\@@ 85)))

and

B(¢) = [RoW (0) + RoW (0)] ™ (RoW (0) — RgW (6)) ()
B 1 1 0 cos(Ap)
~ 2\sin(\0) (O —1) (— cos (A(0 — cﬁ)))

B 1 cos(A@)
~ 2Xsin(Ag) \cos (A(0 —p)) )’
from which we can determine the Green’s function

cos(\p) cos ()\(9*‘{’))

Glp. 3.\ = Xs(0) for0s¢<e<¥,
» cos ()\(974,5)) cos(Ap) for 0 < <9
Xsin(A\g) orlsep<p=x0
Hence, a particular solution is given by
0
Bolhe) = [ Gl a3 9) d. s

To define the Helmholtz projection in polar coordinates we want to invert Pw = w—V® and
therefore we need to make sure that the inverse Mellin transform of V& is uniquely defined. For
the inverse Mellin transform we can integrate over any vertical line in the strip of convergence
to find the same solution. However, if we integrate over a line which lies outside the strip of
convergence, then singularities are picked up and we obtain a different solution after applying the
inverse Mellin transform that can be calculated by residue calculus. This strip in the complex
plane, in which we can shift the line of integration without changing the solution in polar
coordinates, will be denoted by .

Definition 4.1.2. Let a,b € R and A € C. The strip of convergence a < Re\ < b where the
line of integration can be shifted without picking up any singularities will be written as

%(a,b) :== {s € C: Re(s) € (a,b), Im(s) € (—o0,0)}.

= (DR 1,9)
WQ"‘”‘( 0,5(A+1,¢) )

and from the representation for ® in Proposition we find with integration by parts

Note that

B0 0) = (Gl0.0) - 5ol ) To00) + <W - G(6.0.0)) TA0)

~~

=0 =0
0
+ [ (Gl e NNTO = 1.8) = 566 2 VT (0~ 1.9) d.
From the Green’s function G(¢, @, ) in Proposition it now follows that
)\:IS()\, ) and (‘L@()\, ®)

only have singularities at A0 = kn for k € Z \ {0}. Hence, as required we can uniquely define

V& as the inverse Mellin transform of V® (A, ¢) if one integrates over any vertical line such that
ReA+1 lies within the interval (— o %), i.e. we can integrate over vertical lines in E(—”Tfe, ’TTT@).
Note that as 6 | 0 these singularities move to plus and minus infinity. Since we assume 6 to be

small anyway, we have that the strip E(—”TTG, “T_e) is large.
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4.2. Properties of the Helmholtz Projection

4.2 Properties of the Helmholtz Projection

Definition 4.2.1 (Helmholtz projection). Let w € C2(Q\ {0}). We define the Helmholtz
projection P by
Pw :=w — VOo.

Here, V& is the inverse Mellin transform of ﬁ()\, ©) where is integrated over any vertical line

in the strip Z(—”Tfrg, ’TTT‘L)), i.e.

1
2T Rel=v

Furthermore, (/I\D()\, ©) with Re € (— 7 %) is the solution to the Mellin transform of the following
elliptic problem

Vo(r,p) = r)‘%()\, @)dIm\  withy € (— ’TTW, ’TTTG).

AP =divw in Q, (4.4a)
Oh®=n-w on 0. (4.4b)
Remark 4.2.2. Throughout this thesis, if an elliptic problem as (4.4) is wrilten, then the
solution ® should always be understood as the inverse Mellin transform of ® where is integrated

over a suitable vertical line in the strip of convergence. This will ensure that the solution is
unique, at least, up to an additive constant.

Note that by applying the Helmholtz projection we project onto a divergence free space,
namely by definition

1.4a
divPw = divw — Ad 0.
In addition, the normal component of the projection on the boundary is zero

w—@n(I)O.

n-Pw=n-w—n-Vé =n-

Projection of the Stokes Problem

Projection of the stationary Stokes problem (S-St)) leads to the problem that we will study in
the upcoming chapters

—PAu=f in Q, (P-S-St.a)
u, =0 on O, (P-S-St.b)
Uy + Ontyr =0 on 0€Y, (P-S-St.c)

where without loss of generality Pf is replaced by f. The pressure vanishes from the equation
because PVp = Vp — V®,,, where ®,, satisfies

A®, =divVp = Ap in Q,
On®, =m-Vp=0np on 09

So ®,, and p satisfy the same Poisson problem with Neumann boundary conditions and have the
same decay as r | 0 and r — co. Hence, ®, and p are equal up to an additive constant and it
follows that PVp = Vp — V& = 0.

Assuming that we have solved the problem for the velocity, we can find the pressure by
solving the problem

Ap =divf + divAu =divf in €,
Opp=mn-f+n-Au on 0€Y.

27



Chapter 4. Helmholtz Projection

Remark 4.2.3. Note that in the projected problem (P-S-St) the expression IF’AuA: Au— Vo

1s well-defined due to the divergence free condition divua = 0. In Mellin variables ® satisfies

A® = divAu =0 in Q, (4.6a)
9a® =n-Au on 0Q). (4.6b)

On the boundary 99 we have that n = (0,+1)" and

T (A.9),(P-S-St.b)) _— ~
By ) BIEEED g2am\ 19 o) 420,000+ 2,0).

However, 83@ is not defined on the boundary. This problem is resolved by using the divergence

free condition (3.4c) which reads in Mellin variables O ug (X, ¢) = —(A+1)dr (A, ). Therefore,

(4.6) becomes
(A2 +82)P(X, ) =0 in Q,

B\, @) = A0y (A + 1, ) on 0%,

and there is only one 0, on the boundary. By integrating into the interior of the wedge with the
fundamental theorem of calculus we obtain at most two derivatives (‘3?06} in Q. Two derivatives
i Q are controlled by the 4, -norm and therefore the boundary condition is defined
n a negative weighted Sobolev space. This implies that the problem for ® and in addition also
the expression PAu are well-defined.

Properties of the Helmholtz Projection

Below we prove some properties of P, namely that it is indeed a projection and that it is self-
adjoint with respect to (-,")r2(q)-

Lemma 4.2.4. The Helmholtz projection P, as defined in Definition[{.2.1, is a projection and
satisfies for wi,wo € C2(Q\ {0})

(PWl,WQ)LQ(Q) = (Wl,]P)WQ)LQ(Q).

Proof. Note that
Plw; = wi; — V&, — VU,

where ®; and ¥ satisfy

A®; =divwy; in §, AV =divPw; =0 in €,
On®1 =n-w; on 9, On¥ =n-Pw; =0 on 0.

Hence, W satisfies the Laplace equation with homogeneous Neumann boundary conditions which
has only the trivial solution up to an additive constant and therefore

P’w; = wi — V&, — VU = w; — V&; = Pwy,
implying that PP is indeed a projection. For the self-adjointness note that
(Pw1, w2)r2(0) = (W1 — V@1, W) 120,
where @, satisfies the same BVP as above and let Pwy = wo — V®y, where @ satisfies
Ady = divwy in €,

On®2 = n-wy on 0Y.
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4.3. Estimates on the Helmholtz Projection

Then by using the problem for ®5 we have that
(V(I)l,WQ)L2(Q) = / Vq)l * W2 dz
Q

:/div(@1W2) d."l}—/q)l diVW2 dx
Q Q

:/ <I>1w2'nds—/<I>1A<I>2dx
o’ Q

= / div(<I>1V<I>2) dx — / div(<I>1V<I>2) dx +/ V‘I)l . V(I)Q dx
Q Q Q

= / V(I)l . V‘I’Q dx
Q

and hence by symmetry we obtain (V®1,w2)12(q) = (W1, V®2)12(q). From this it follows that
(Pwl,WQ)LQ(Q) = (W1 - V(I)l,WQ)Lz(Q) = (Wl,Wg - V(I)Q)L2(Q) = (Wl,PW2>L2(Q). O

For later reference we also prove that the Helmholtz projection commutes with the 70,
derivative in the case of a divergence free function which does not necessarily have a homogeneous
boundary condition (cf. (4.4b)). This is for example the case for Au, since divAu = 0 (u is
divergence free), but n - Au # 0 in general.

Lemma 4.2.5. Assume that the vector field w € C2(Q\ {0}) satisfies divw = 0 in Q. Then
Pro,w = rd,Pw.
Proof. Note that
rO,Pw =ro,w —V(ro, —1)¥ and P(ro,w)=ro,w— Vo,
where

AV =divw =0 in Q, d A® =div(ro,w) = (ro, + 1)divw =0 in ©,
a
Oh¥ =n-w on O, On® =n-ro,w on 0.

Both problems have a unique solution up to an additive constant by Definition It is
straightforward to check that (rd, — 1)V satisfies the problem for ® and therefore (rd, — 1)¥
and ® are equal up to an additive constant which proves the lemma. O

4.3 Estimates on the Helmholtz Projection

In the next chapters we will look for weak solutions and therefore we need (coercivity) estimates.
However, it is easier to find estimates with a Fourier expansion than with the Green’s function
that we derived above in Proposition

4.3.1 Fourier Series Representation

We derive a Fourier expansion for ® in the angle ¢ in a special case which is needed for finding
weak solutions in weighted spaces. If the projected Stokes problem is tested against a
test function v € C2(Q2\ {0}) satisfying divv = 0 in Q and v, = 0 on 9’ in the weighted inner
product (-, ), with a # 0, then

(—=PAu,v), = (—PAu, 7‘_2O‘V)L2(Q) = (—Au,]P)T_2aV)L2(Q),
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Chapter 4. Helmholtz Projection

since the Helmholtz projection is only self—adJomt in the unweighted case (Lemma . There-
fore, we want to find the Fourier expansion of ® where ® satisfies

AD = divr—2v = —2ar 2 1y, in Q,
On® =n-r2%v =0 on 0¢Y,
which can be written more conveniently in polar coordinates as
((ro,)* + 83) d = —2ar 2y, = ¢ in Q, (4.7a)
0,® =0 on 99). (4.7b)

Before deriving the Fourier expansion, we introduce two orthonormal systems.

Definition 4.3.1. For k € Ny define the orthonormal system of cosines and sines
1
— k=0
o Vo ’ ~ i \/E (kﬂ'go)
e = and € = sin k>1,
k() \/%cos (IMTSO) k>, k() 0 0 2
which satisfy
0 0
/ er(plec(p) dp =0p  and / & (0)8(p) dp = Oy,
0 0
where Oy is the Kronecker delta.

Note that by using this notation the Mellin transform g(\, ) of the right hand side of (4.7a)
can be extended as an even function on (—0,0) and therefore admits a Fourier expansion in the

angle ¢ of the form
= G(Ver()

k=0

where the Fourier coefficients are given by
0
g(\) = —2a/ Ur(A+2a —1,9)er(@) dp = —2a0, (A + 2a — 1), (4.8)
0

where 0,, is the Fourier coefficient

0

) = [ 5O Plen(s) g

and

[o.¢]
¢) = Zm(A)ek(w) in L*(0,0).
In addition, we remark that Bessel’s 1dent1ty (also called Parseval’s identity) holds

e |0 (A (4.9)
e

Lemma 4.3.2. The Mellin transform of the solution ® of problem (4.7) can be written as

Uy )\—|—2a—1
~ aa Y T oL Jer(p) for v (0,6,
k=1 [

and its derivative is given by

with ReA € (— 5,%) and X # —2a.
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4.3. Estimates on the Helmholtz Projection

Proof. Taking the Mellin transform of (4.7)) gives

W +2)P(N9) =g\ p) G, (4.10a)
0 on 0, (4.10b)

which is a non-homogeneous second order ordinary differential equation (ODE) with homoge-
neous Neumann boundary conditions and has a series solution of the form

= > (Ner(p)
k=0

Inserting this into Equation (4.10a)) and using the orthogonality of the cosines gives that the
coeflicients satisfy

(¥ = (5)7) B0 =50, 9):

By Equation (4.8)) this leads to the following series representation

Bg) = 20 A2 D ()

The condition div v = 0 reads in Mellin variables (A+1)0, (), ¢)+0,05(\, ¢) = 0 and integrating
this over the angle gives

A+ 1)/ Or(N, ) dp = / DypUp (A, @) dp = 05(A,0) —0,(N,0) =0

by the boundary condition v, = 0 on 9€'. Therefore,

U (A \f/ Opr(Ap)dp =0 for A # —1

and the Fourier expansion reduces for Re\ - 8 # kr with k € N to

= 2« Z vrk (A+2a 1)ek(g0) for A # —2a.

- ()

In view of Definition we consider this solution only for Re\ € ( -7 %) For A = -2«

the zeroth Fourier coefficient does not necessarily vanish. However, we will always consider ®
in some norm, so that a contribution on a measure zero set does not matter. Note that

o ~
D E*e(V)]* < o0
k=1
and therefore the series converges in H2(0, §) which embeds into C'([0, 8]). Therefore, the series

converges pointwise and the series can be differentiated to obtain

— kT (A +2a—1)_

d =2
890 ()‘790) « 0 A2— (ki)2 ek(90)7
k=1 0

which converges in H'(0, ) and therefore &p(/f) also converges pointwise. O
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Chapter 4. Helmholtz Projection

4.3.2 Estimates on the Helmholtz Projection

Below in Lemma and we derive certain estimates on the Helmholtz projection which
are needed to prove (coercivity) estimates for the elliptic and parabolic Stokes problem.

To obtain coercivity in the elliptic case in Chapter [0 we will need that # > 0 and o < 0 with
0 and |a| small. Therefore, in Lemma it is already assumed that —i < a < 0. For the
parabolic case a larger range of a should be considered to obtain coercivity.

Lemma 4.3.3. Let ® satisfy problem (4.7) and assume that —% <a<0and 0 <35. Then for
¢ € {0,1} we have the estimates

/'/ (0,000 T dp < 0¥ V|2, (4.11)
200 dr 2220 2
/ / (a0l ®)” < dp < 022 |Vv2, (4.12)
R ART AL dr 2-2¢ 2
oL @) L dp < 622, (4.13)

Proof. We first prove some preliminary estimates. Note that for —% < a<0and 6 < 5 we have

25 172
1-— < —<2< =
I-of<ig<2<3pm
Then, for £ > 1 and ¢t € R we have on the one hand

2

km\? 2 1
t2—(1—a)2+(9ﬂ> >t — (1 - )+9—2_t2+§% (4.14)

(=Y.

and on the other hand

22— (1-a)?+ <kgr>22—(1—a)2+ (lﬁeﬂ)z 2%

For A =it with { € R we get the estimates

1 1 @15) o \*
(O —a+1)2- (%”)2‘2 ) (P-(-a2+ (%’7)2)2 - 4<kr) (4.16)
and
1 - 1 & 2
Omasz- (B (poa-ape ) (ErER)D
2 2

CEra-a) () peas()

Estimates (4.11)-(#.13) follow by transforming to Mellin variables, inserting the Fourier repre-
sentation of ® from Lemmal& and then using one of the estimates or . Note that
by Lemmawe are only allowed to integrate over vertical lines such that Re)\ € (— 7 5) and
for < § we at least have Re\ € (—2,2). As is clear from ( - below, the line of integration
is ReA = 1 — « and for the considered values of « it holds that 1 —a € (—2,2).
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4.3. Estimates on the Helmholtz Projection

Consider ([4.11)) with £ = 0. Note that |A — a + 1]? < a™2|A + af?, so we get

/ / )2 4" —dp= / / IAZIB(N, )2 dImA dg (4.18)
Rex=1—«

:// A—a+ 1B —a+1,0)]2 dim deg
ReA=0

o0 ~ 2
§4a2/ A—a+1) [Ori(X + @) 5 dIm\
_ k2
feA=0 =1 |(A—a+1)2 = (F) ‘

[1.16)
< 94/ A2 ka )|? dImA
Red=a

!94// AR5 )2 dlmd d < 01 V2.
Rel=«a

If in (4.11) we have £ = 1, then there is a ¢ derivative which produces an extra %’T in the
numerator of the Fourier expansion, see Lemma[£.3.2] Therefore, we get with a similar estimate
as above that

0 poo 0o Em\2 | ~ 2
d km\2 e ()
|| ioo000r Tap<aat [ p-as1y S MU R A
0 /0 ReA=0 k:l‘()\—a—f—l)Z—(%)‘

(4.16)
< 92/ A2 ka )2 dIm) < 02 V]2,
Red=a

which finishes the proof of (4.11)). For (4.12)) with £ € {0,1} we get

ar
// o(ro2ata) L a // A oA —a+ 1205800 — a + 1) dlmh dy
ReA=0

- 20 | 2
(A
§4a/ A= al?A—a+ 12 § () 1o +a)|22d1m)\
ReA=0 kzl\(A—aH)L(%”)\

4.17)

2/\

a2 | Aokl 160+ )l dtoa
ReA=0

€D (292~ 24/ / A5 (A, )2 dImA dg < 02622V 2.
Red=«a

Finally, we have similarly as above for ¢ € {0,1}

00 k20 | ~ 2
km (A
/ / (r 1oLt ®)? dr —dp< 4a2/ ()" 15 +0‘)|2 5 dIm)\
o253t ()]

6 oo d
< a292_%/ / 202 il de (4.19)
0 Jo r
and the desired estimate (4.13) follows by applying Hardy’s inequality (Lemma [2.4.2)). O

Lemma 4.3.4. Let ® satisfy problem (4.7) and let o # 0. Then there exists a 6 > 0 small
enough such that
172(V @ VO)|2 Sap Ir~ ol
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Proof. First, note that by (A.10))

0?® r710,0,® — r=20,®
Ve Ve = <r‘18¢,87@ — 20,0 72020 40,0 ) (4.20)
Hence, it suffices to prove for j, ¢ € {0,1} (excluding j = ¢ = 1) the estimates
igitigt gy2 97 2
(r’0l7°0, ®)? dg@ Sap Ir o2, (4.21)
1ot lgp)2 dr 2
9,7 @) dgo Sap lr o3 (4.22)
For any « # 0, there exists an n > 2 such that (1 — )% < $n?. Then, if § < 7 we obtain
2 2 2 _ 2 2 2
9 2 ((1 — @)* — n?) I 1w
(-o) < g < —5p = (-0 <3

Therefore, we can reuse the preliminary estimates (4.16|) and (4.17) from Lemma and in
addition we have for k >1and A= witht € R

1 1 () 1
<

o2 S N2 = 2 2
O & o I G (e C ol I R 7)Mo
1 1
T (2+(-ap)? Poatlt

Note that (4.22) follows immediately from (4.19). The estimates (4.21)) can be proved with the
same strategy as in the proof of Lemma [4.3.3] Furthermore, note that with the given conditions

on « and 6 it is still possible to integrate over the line ReA = 1 — « as required for using Lemma
We obtain the following estimates which may depend on « and 6

© ~ 2
/ / “(ro2d)? d¢</ A—a+1[*> [Or(A + )] > dIm)\
= k2
ReA=0 kﬂyx_a+1y_(7)]

/ Z’v”f (A + @)|? dImA
R.

el= ar_q

d
://r%ﬁrwzwmm
0o Jo r

and for ¢ € {0,1}

// r219,0L8(r, o) |2 d@</Re”|A 04+1|Z‘(A )2e+1)(w;m))2 AT
“a s

/R ZV% )1 dlmA = [~ o |[2,

el= ap_q

which proves (4.21)) and this finishes the proof. O
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Chapter 5

Weak and Strong Solutions

In this chapter we search for solutions of the projected stationary Stokes problem (P-S-St|) given
by

—PAu="f in €, (P-S-St.a)
Uy, =0 on 0, (P-S-St.b)
Uy + Optty =0 on O, (P-S-St.c)

where € is the wedge-shaped domain with opening angle § and 9 = 9Q\ {(0,0)} on which we
can define the outward pointing normal vector n.

In Section [5.1] weak solutions in unweighted Sobolev spaces are discussed which are straight-
forward to establish. However, weak solutions in unweighted spaces are not sufficient for proving
higher regularity. Therefore, the rest of this chapter is devoted to finding solutions in weighted
Sobolev spaces. The obtained result is based on a coercivity estimate which is proved in the
next chapter.

In any case we need suitable test functions to test the equation (P-S-St.al) with. Therefore, we
define the space of test functions given by

T = {v € C2(Q\{0}) : divv=01in Q, v, =0 on 9Q and
A A (5.2)
(r@T)Jﬁf,v is locally integrable with ||(r67«)]65)v||a < oo forj+4= 3}.

The condition that the third order derivatives should exist as distributional derivatives and are
finite in the a-norm is required for applying integration by parts, the necessity of this condition
is discussed in the proof of Theorem Note that the Navier-slip boundary condition is a
natural boundary condition and is thus not included in the definition of the space 7.

5.1 Weak Solutions in Unweighted Spaces

The Stokes problem (P-S-St) tested with a test function v € 7 in the unweighted (-, ) 12(Q)

inner product becomes

(=PAu,v)r2(0) = (£, V) 2(0)-
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Chapter 5. Weak and Strong Solutions

By using Lemma the notation from Appendix and the Navier-slip condition (P-S-St.c)),

we obtain

(=PAu, v)r2(0) = (—Au,Pv)12q) = (—Au, v)2(q)

2
= —/ Zdiv(vjVuj) dx—i—/ Vu: Vvdz
Q Q

Jj=1

:—/ v-@nuds—i—/Vu:Vde

oY Q

—/ Vp-Onty ds + / Vu: Vvdz
oY Q

(P-S-St.c)
— vty ds + / Vu: Vvdz,
o0/ Q

so that the weak formulation reads
By(u,v) = / f-vde forallveT,
Q
where the bilinear form is
By(u,v) := / Vptly A —|—/ Vu: Vvdz.

oY Q
Consider the Hilbert space ¢ given by

Ay = 7—\\'||%0

with 7 as in (5.2]) and
_ 2 _ 2 2
Bo(v.v) = vl = [ s+ [ vvitde
oY Q

Thus, By defines an inner product on the space % and therefore the Riesz representation
theorem (see Theorem [2.3.3)) gives existence and uniqueness of the solution in % for any f € 7.

Proposition 5.1.1. For any f € J¢ there exists a unique weak solution u € ) of the Stokes
problem .
5.2 Bilinear Form in the Weighted Case
Equation tested against v € T in the weighted inner product (-, ), with a # 0 reads
(=PAu,v), = (f,v),.
Then again by Lemma
(—PAu,v), = (—PAu, T_QO‘V)Lz(Q) = (_Au,]P)r_2aV)L2(Q)

= / (—Au) - (r2v — V) dz
Q

~ [(aw- ) dos [ (A (98 da,
Q Q
=:1 =:1>
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where ®; (in the sense of Definition [4.2.1]) satisfies
Ad; = div(r~2v) = —2ar 2"y, in Q, (5.3a)
On®1 =n-r72% =0 on 0. (5.3b)

With the theorem of Gauf} the first integral I; becomes

2
I —/ Zdiv(r_QavjVuj) dx+/(V7“_2av):Vu dz
Q%
7j=1

Q
= —/ (r72%v) - Oqu ds + / (Vr—2%v) : Vudz.
oY Q
By the product rule for vector fields (see Appendix |A.1])

V(T_QO‘V) :Vu=r"2Vv:Vu+ (V & VT_M) :Vu

og Uy —2qr—2a-l1 Ortty r_l(&{,ur — Uyp)
= : : 4
rovvvaE [(%) v ( 0 )] <8T“<p r Oy + uy) (54
=r2°Vv : Vu - 2ar 2" v . 9,u,

and the boundary conditions (5.2)) and (P-S-St.d|), we obtain

I = / 2%, ds +/ 7 2Vv : Vudz — Qa/ r—?*"lv. g,uds. (5.5)
o% Q Q

Again by the theorem of Gauf}, the second integral I» becomes

. /Q (Au) - (V) dz

2
= div ((0;®1)Vu;) do — VeVe): Vude
f s (@mvu) iz | (7o Ve -

= Onu - V&, ds—/ (Vo V®;) : Vude
o Q

(anu,,)(&@l)ds—/ (V® V) : Vudz.
oY Q

By combining the expressions for I1 and I in (5.5) and (5.6|), we obtain the bilinear form

Bi(u,v) :/ r—2%,u, ds +/ r2°Vv : Vudz — 2a/ rY201ly . gude
a0/ Q Q
(B1)

5
+/ (Onuy)(0p®1) ds — / (V ® V‘Pl) :Vudr = ZTZ-(U,
o Q ]
where @, is defined as in (5.3]).

Remark 5.2.1. In order to get a coercivity estimate consider By(u,u) that contains the positive
terms

/ r2%%ds  and /r_2a|Vu\2dx, (5.7)
oy Q

which can be used to absorb the remaining terms. It will turn out that the fourth term T4(1)
with the boundary integral arising from I is the most problematic. Note that O = :l:rfl&p, but
there is no control of derivatives on the boundary. A natural thing to do would be to apply the
Navier-slip condition . Gaining control is then possible by using the estimate from the
unweighted case. However, this approach leads to the additional condition o > %, while it will
turn out that the coercivity estimate for the other terms requires o < 0 (see Chapter@.
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Chapter 5. Weak and Strong Solutions

For obtaining a coercivity estimate, we can integrate the fourth term into the interior of the
wedge with the fundamental theorem of calculus:

/{9 (G (0,01) ds = / " (Opun) @00y~ @pu) @00 _y)

.
dr
// aur (0r®1) d(p—i—// wuraaqn) dp

This now requires control on the second order derivative 92 Uy in €2, but we only have control on
the first derivatives || Vu||?. We can obtain control on all second order derivatives by introducing
two additional bilinear forms arising from testing the equation with particularly
chosen test functions. Those two bilinear forms are derived in the following sections.

5.2.1 The Second Bilinear Form
For the second bilinear form we test (P-S-St.al) with

vy := (=10, + 2a)(rdy)v, (5.8)

where v € T is as before. Through integration by parts and commutation of 79, with P (Lemma
4.2.5]) we obtain

( — PAu, v2)a = ( — (r0y + 2)PAu, r@rv)a = ( — PA7rO,u, r@rv)a. (5.9)

We can carry out the same derivation as for B; but with u and v replaced by rd,u and rd,v,
respectively. The bilinear form that will arise looks similar to B; and it contains the term (cf.

73" in (BI))
/ r2%(Vrd,v) : (Vrou) dr,
Q

which will give control on certain second order derivatives as desired.

Note that in we put one derivative from the test function vo on PAu, so that there
are three derivatives on u. For the derivation of the bilinear form it does not matter how many
derivatives there are on u, but for later purposes (see the proof of Theorem we do not
want more than two derivatives on u. Therefore, the second bilinear form By is derived in an
alternative way without having more than two derivatives on u.

Testing (P-S-St.a)) with vo gives with Lemma
(—PAU,vy)o = (—PAU, 77**va)12(0) = (—Au, Pro>*vy)2(q)
= /(—Au) (r7 %) da + / (—Au) - (=Voy,) dz,
Q Q

::152) =:I§2)

where @, (in the sense of Definition |4.2.1]) satisfies

AD,, = div(r 2%vy) = —2ar 27 (=rd, + 20)(rd, v, in (5.10a)
On®y, =n -7 2%y =0 on 9% (5.10b)
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5.2. Bilinear Form in the Weighted Case

With the theorem of Gaufl and (5.4) the first integral I 1(2) becomes

1= - [ Zdw 10, +20)(r0,)0;) Vy) do -+ [ (9r72va): Vuda

= — / (r72%3) - Oqu ds + / r~2Vvy : Vudz — 2a/ r2=lv,0,ude
oY Q Q

= - / 2 (r00,) ((rdy + 1)0nur) ds + / r2(Vrdpv) « (Vrou) da
oY L

- 2a/ r=20" (0, v) - (Oprdyu) do
Q

where in the last step we used the commutation relations (A.11) and applied integration by
parts. Using the Navier-slip boundary condition (P-S-St.c) gives that

I§2) = / r_zo‘(r&nvr)((r&« + 1)u,) ds + / r2(Vrd,v) : (Vrou) dz
o Q

(5.11)

- Qa/ =207 o) - (Opropu) da.
Q

Again by the theorem of Gauf}, the second integral 12(2) becomes

1 = [ (aw)-(vey,) ds
2
- /szzldiv ((0;®v,)Vu,) dz — /Q (V& Va,,) : Vuds
m/

Onty) (0 Py, ) ds — / (V ® VCDVQ) : Vudz.
oY

Q

To simplify this expression we use the potential ®o which (in the sense of Definition [4.2.1)

satisfies
Ady = div(r_%‘r(?rv) = —2ar 2 o0, in Q,

On®r=1n-r"2%0,v=0 on 0,
and is related to ®y, in (5.10) via &y, = —(rd, — 1)®2. This problem for ®» would appear

if we derive the bilinear form using (5.9)). To rewrite I§2) in terms of ®9, we apply again the
commutation relations (A.11)) and integration by parts to obtain

(5.12)

1—2(2) _ / (Ot ) (0, (10, — 1)®g) ds + / (V ®@ V(ro, — 1)<I>2) : Vudx
19% Q (5.13)

_ / (0, + 1)0nuy) 0, @ ds — / (V @ V) : (Vrdypu) de
oY Q

By combining the expressions for I 52) and Iéz) in (5.11) and (5.13)), we obtain the bilinear form

Bs(u,v) —/ 2% (rdp, ) ((roy + 1)u,) ds +/ r2(Vropv) : (Vroyu) do
oY Q

2 /Q r 2 (r0v) - (yrdru) da + /8 o (10 + 1nur) (9, ®2) ds ()

/(V®vq>2) (Vrd,u) dx_ZT
Q

=1
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Chapter 5. Weak and Strong Solutions

where ®, satisfies (5.12)). With this second bilinear form we see from By(u,u) that there
is control in Q on terms with ||Vrd,u||?, i.e. the second order derivatives in 7 and the mixed
derivatives. By using the divergence free condition we also gain control on Gfou@. However, still
control on ﬁgur is missing and, even worse, By gives an extra 8<%ur term. Therefore, a third
bilinear form is required to get control on those problematic terms.

Remark 5.2.2. Note that in the above derivation of By there are not more than two derivatives
on u. Alternatively, one can apply integration by parts in a different order by first putting one
derivative from the test function vo on PAu as in . Then carrying out the same derivation
as for By, but replacing u and v by ro.u and ro,v, respectively, gives

( — PAro,u, r@rv)a = — /

72 (rdpy ) (OnrOruy) ds + / r=2(Vropv) : (Vroyu) dz
o

Q
_ 2a/ r=2 (9, v) - (0,70,u) dx +/ (OnrOruy)(0,®2) ds
o P

Q/

— /Q(V ® V®y) : (Vroyu) dz,

where @y satisfies (5.12). Then rewriting Onrdru, = (rdy + 1)Onu, and using the Navier-slip
condition (P-S-St.c) on the first boundary integral (but not on the other boundary integral to
avoid problems with the scaling), leads to the same bilinear form (B2)).

5.2.2 The Vorticity Bilinear Form
Recall that the curl in polar coordinates (see also (A.7)) is given by
wy = curlu = 71 ((r0, + D)uy, — dpuy). (5.14)

To derive the third bilinear form we should test against a suitable test function in
(*,)a such that after integration by parts we gain control on ||rVwy||%. This term also contains
the derivative Ogur and we finally get control on all second order derivatives which will be
required for a coercivity estimate. To obtain the third bilinear form, which we will also call the
vorticity bilinear form, we use the test function

. Dy :
v3i=r (—r@r 9l 2a> wy withveT. (5.15)
Furthermore, recall from Appendix [A| that for a = (aj,a2)" we define at := (—ag,a1)"
which satisfies
at-b=—-a-bt forabeC?! (5.16)
and for w : R? D Q — R? satisfying divw = 0 we have
Vi w=uwy and Aw=Viwy, (5.17)

where V+ = (—=r710,,0,)" is the rotated gradient.

Testing (P-S-St.a)) with the test function (5.15)) gives with Lemma and the theorem of

GauB

Au- (Pr2*v;) dz é/ (Vwy) - (PT_QQV;),)J_ dz

Q

div (wu (IP’?“_QO‘V;),)J') dz + / wWa VT - (IP)T_QO‘V;),) dz

@ (5.18)
= — / r_2awu((7“8r +2— 2a)2 + 8?0)wv do

Q

et o

(—PAu,v3), = —/

Q
@

Q
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5.2. Bilinear Form in the Weighted Case

where in the last step we used the identity (which holds by the representation of PP in Definition
4.2.1))

V- (Brovs) = V- (7 20v) B el (1 20v)
— 1 [(rar + 1)r*20‘+1(—7’8¢ -2+ 2a)7'71wv - T72a+183;wv]
= 17210, + 2 — 20)2 + 82)wy.

Through integration by parts in r we obtain
0 roo
d
— / / T—2a+2wu(,’,8r + 2 _ 206)2(.0\, l ng
0o Jo r
T dr
— / / ((rdy — 2+ 2a)r~20%205,) ((r0; + 2 — 20)wy) — de (5.19)
0 Jo

’ —20+2 dr
= r (rorwa) ((roy + 2 — 2a)wy) o dy
0o Jo

and through integration by parts in ¢ we obtain

N SRR p2042(g dr
— r wud, wv — d<P = @wu)(&pwv) —dy
0o Jo (5.20)

—2a+2( ) dr
WuO,w — wWyuO,w —.
/0 u <p v‘ uyp V‘L,DZO ,

Substituting (5.19)) and (5.20) in (5.18) gives

(—PAu,v3), = / r20T29 0, - Vwy dz + (2 —2a) / r20t G, 0wy da
0

Q
o0
+/ (wu(]}br_2av3)r’4p:9_WU(PT_2QV3)7"’4P:0) dr (5.21)
0
o]
d
_/0 2042 <wu8¢wv‘¢:9—wu&pwv|@:0> %

To rewrite the boundary integrals we need a representation of (Pr—2

Lemma 5.2.3. For Re\ € Z(—”—W ”ng) we have that

M ((Pr2%vs) ) (A,0) = (A + 20 + 1) 905 (A + 20, 0) — 925, (A + 201, 0)
0,00 (A + 20, 0)
— A+ 12 ’
Ry R
M ((Pr2%vs) ) (A, 0) = (A + 20 + 1) 005 (A + 20, 0) — 920, (A + 201, 0),
90 (X + 2a,0) D0y (A + 2a, 0)

v3) on the boundary.

O0p0p (A + 201, 0)
sin (A+1)6) ’

os (A+1)8) + (A +1)

—(A+1 A+1 A+1)6).
A+1) sin (A + 1)6) O+ sin (A + 1)6) cos (A +1)6)
Proof. By Definition it follows that
_ _ A+ 1Dy, (A+1,0)
Pr—2c A — A+ 2 _ ( - 3 5.22
M( r V3)( 7@) V3( + CY,QD) < 8@@\/3()\_’_17@) ) ( )

where (T)Vs (in the sense of Definition } satisfies
Ad,, = div(r~**vs) =0 in Q,

On®y, =n- r2%ys on 0.
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Chapter 5. Weak and Strong Solutions

We already solved this elliptic problem in the general case in Proposition but now the
equation is homogeneous. Hence, we will not get the term involving the Green’s function, so
that
(Va)p(A+ 20 —1,0) (Va)p(A+ 20— 1,0)
A0 — —
Asin(A\G) cos (A0 - ¢)) Asin(AG)

)

v3 ()‘v ‘P) =

cos(Ay). (5.23)

Substituting ((5.23) in the r component of (5.22), evaluating at ¢ € {0, 6}, and using that

TN, @) — 026,
= (VL) seoson

gives the result. O

Note that for the vorticity we have the boundary condition

. P-S-St.b

wa =" 7 ((r0r + Vuy — dpuy) —r10pu, on O, (5.24)
where we do not apply the Navier-slip condition to avoid problems with the scaling in r. Consider
the boundary terms at ¢ = 0 in (5.21]), which become with Plancherel’s identity (Lemma [2.5.5))

dr dr

oo o0
o —2a+1 2c —2a = —20+42 h
/0 r wur”®(Pr V3)r}¢:0 . —i—/o r wuawwv\‘pzo .

. / (0, 0)M ((Br—2av3) ) (A — 20, 0) dm) + / (), 003,75 (A, 0) dImA
Rel=a Rel=a

(
A—2a+1
= dptir (A, 0 —
/RBA:(X o )sin (A —2a+1)0)

where we have used (5.24) and inserted the result from Lemma [5.2.3] Note that the d,v, and
8?06} terms in Lemma cancel with the second integral. Similarly, for the boundary terms

in (p.21)) at ¢ =0

* o oat1 200 (.. —20 dr *  2a42 dr
r wul (]P?“ V3) ‘ L — = r w0, wv‘ L —
0 rle=0 0 ¥ =0

[—5@76}(/\, 0) cos (A — 2a + 1)) + 9,0, (A, 0)} dImA,

:_/ 0,15.(\, 0)— )\7—204—}—1
Rel=a sin (A — 2a + 1))

By rewriting we obtain

o0
/ (wu (PT_QQV;g)T‘SO:G — Wy (PT_2QV3)T‘@:O> dr
0

[—a@@(x, 0) + B0, (X, 0) cos (X — 20+ 1)9)} dIm.

- /Ooo rm2et? (wuawwV‘go:e - wua@“\"¢:o> %
B /ReA—aWSin (?A_—2§a++11)9) [ — 0pr (X, 0) cos (A — 2+ 1)0) + Ot (N, e)] dIm\
- /R _ 0n (0 (?A__Q;T 7% | = 0,2, 0) + B, (X, 8) cos (X — 20+ 1)6) | dImA
— /Re)\a()\ —1)0,0:(\, 0) [—m cos (A —1)0) + MI dIm\

_ _ {]\7 _ %@(A,O) 8@@()‘79)
/ReAa(A D35 (.6) [ sin (A — 1)) T s (A= 1)9)

cos (A — 1)9)] dImA,
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5.3. Solution to the Bilinear Form

where in the last step one can write A = a + it with ¢t € R to see that A\ — 2a +1 = —(A — 1).
Substituting this representation for the boundary integrals in (5.21)) gives for o € ( — “TTG, wTﬂ)

the vorticity bilinear form

Bs(u,v) :/ 202V, - Vo, do + (2 —2a) / r20t G, 0wy do
0 0

+ /RQA_Q(A = 1) [9,6, (X, 0)B3(A — 1,0) — 90, (X, 0) 5 (A — 1, 0)] dim) (g,
3
= E:Ti(?’)7
i=1
where @3 is the potential of —PAu = —Au+ V&3 and satisfies (in the sense of Definition
Ad3 =divAu =0 in Q,

, (5.25)
On®3 =n-Au on 0f).
With the aid of Proposition one finds that
5 (Au)p(A - 1,¢) (Au)p(A - 1,¢)
P = — _
(A ) Asin(AG) cos ()\(9 (p)) Asin(A0) cos(Ap)
_ Optr(A+1,0) Optr (A +1,0)
(0 cos (A(0 — ) + ) cos(Ay),
since
(Aw), B2 -2 [((r0,)? + 92)ug + 204, — )
r72(33,u¢ +20,u,) B2d —r72(r87a — 1)0,uy.
Evaluating in ¢ € {0,0} gives that ®4 is for Re) € (—%,%) given by
~ ~ Optr(A+1,0) Oplr (A +1,6)
@3()\7 0) = W COS()\H) =+ W, (526&)
~ Optiy(AN+1,0)  Opty(N+1,0)
@ =2 ’ L2 ’ 0). 2
3(A,6) sin(\0) sin(\0) cos(A6) (5-26b)

Remark 5.2.4. Note that the test function vs contains two derivatives and to derive the
bilinear form Bs from (—PAu,vs),, we first applied integration by parts to get one derivative
from Au on the test function (see ) Subsequently, by another integration by parts the
derivatives are again evenly distributed on u and v (see (5.19)) and (5.19)). Alternatively, we
could first apply integration by parts to get one derivative from the test function on PAu, so that
there are three derivatives on u. In this case there are also boundary terms appearing and to
evaluate them it requires to solve . By another integration by parts one obtains the same
eTpression . Therefore, it is not a surprise that </153 appears in (B3|) and we will use (|5.26))
to shorten the notation.

5.3 Solution to the Bilinear Form

By introducing the additional bilinear forms, we obtain control on all second order derivatives,
meaning that we can absorb the problematic 83,117« terms. Therefore, define for some appropriate
constants co, c3 > 0 the bilinear form

B(u,v) := Bi(u,v) + &0?By(u,v) + c30*B3(u, v),
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Chapter 5. Weak and Strong Solutions

which thus arises from testing the equation —PAu = f in (-, ), with the test function
Viest = V + 202V + c30%vs, (5.27)

where v € T and vg, v3 are defined as in (5.8]) and (5.15), i.e.

_ _ 9
vy = (=10, +2a)(rd,)v. and v3z=r (—r@r 9 2a> Wy, (5.28)
with wy := curlv, see (5.14). The extra factors cp6? and c36* in Vi are included to make the
estimates work as we will see in Chapter [6]

With the bilinear form B all second order derivatives are controlled but note that the bilinear
forms By and B3 come together with additional terms which also need to be absorbed to obtain
coercivity. These remainder terms should be absorbed by the other forms and this will be done
in detail in Chapter [} For now we will state the coercivity and boundedness estimate which we
need to obtain a solution.

Consider for a # 0 the space
Ay =T (5.29)
with 7 the space of test functions as in (5.2]) and

VI, = lvorla + [roroel& + IVVIE + [IVrav] + [rVewy |13

:/ 202 ds+/ 2% (rdpv,)? ds
oy o
—|—/1"_2°‘|VV|2 dx—i—/1"_2°‘|V1"8Tv|2 dx+/r_2°‘+2|Vko|2 dz.
Q Q Q

Proposition 5.3.1 (Coercivity estimate). Let —i <a<0and0 <0 < 5. Moreover, let
u € T. Then there are constants co,c3 > 0 independent of o and 0 for which there exists an
ap € (—3%,0) large enough such that for all o € (p,0) there exists a 6y € (0,%) small enough

such that for all 6 € (0,6p) we have the coercivity estimate
B(u,u) = Bi(u,u) + 26°By(u,u) + 30" Bs(u,u) 2 [l

o2

Specifically, this estimate is valid for 0 < 5560505

Proposition 5.3.2 (Boundedness). Let —3 < a < 0 and 0 < § < Z. Then for any u,v € T
the bilinear form is bounded, i.e.

B(u,v) Sae llulle vz,

The proofs of these estimates, especially for coercivity, are quite cumbersome and therefore
the proofs of those two propositions are postponed to the next chapter.

With these two estimates we can apply the Lax-Milgram theorem to find a solution to the
bilinear form.

Theorem 5.3.3 (Solution to the bilinear form). Let c,c3 > 0, ag € (—3,0) and 6y € (0, %) be

as determined from Proposition and let a € (v, 0) and 0 € (0,0y). Moreover, assume that
f € . Then there exists a unique u € J, satisfying

Bi(u,v) + c20%By(u,v) + c30* B3(u,v) = (£, v + c20%vo + c30'v3)  for allv € A, (5.30)
where the bilinear forms By, Bs and Bs are defined as in (B1)),(B2)) and (B3)), and vo and vs
are the test functions (5.28)).
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5.4. Strong Solutions to the Stokes Problem

Proof. This result follows immediately from Propositions and the Lax-Milgram the-
orem (Theorem :2.3.4;, since those estimates also hold in 77, by density of the test functions 7
in S, see 15.29: . O

5.4 Strong Solutions to the Stokes Problem

With Theoremwe have derived a solution in 4%, to equation which arises from testing
with the specific test function 7 2% (v+co6*vo+c36tvs) in (-, *)r2(0)- However, it is not
clear yet whether this solution is also a solution to the original Stokes problem with Navier-slip
since we have introduced additional bilinear forms. Therefore, we will in the remainder
of this chapter verify that indeed the solution from Theorem [5.3.3|is also a solution to the Stokes
problem. In Section [5.4.1] it is shown that still enough test functions are generated so that the
equation —PAu = f is satisfied. Furthermore, we check that the Navier-slip condition still holds
and in Section [5.4.2) we conclude that the solution of Theorem [5.3.3]is a strong solution to the
Stokes problem.

5.4.1 Generating Test Functions

For the solution from Theorem to be also a solution to the Stokes equation we need that
with the special chosen test function r~2%(v + c20?vy + c36*v3) still enough test functions are
generated to apply the fundamental lemma of calculus of variations. That means that the set

{P[r2*(v + c26*va + c30*vs)] : v e T} (5.31)
should lie dense in {Pv : v € L?(Q)} where T is as defined in (5.2). For this purpose we study
the surjectivity of the mapping

v P [r2 (v + v + e30tvs)] (5.32)
by solving the problem
P [r 2 (v + co6?va + 6394V3)] =w, weT. (5.33)

Remark 5.4.1. In the above we additionally have to apply the Helmholtz projection to the
test function because r—2* (v + c6%vy + 6304V3) with v € T s not divergence free. From the
definition of vo and vs3 in and the fact that v € T, it follows that v, vy and 7~>%v3 are
divergence free. Therefore,

div [T_QO‘ (v + c90%vs + 0394V3)] = div [T_QO‘ (v + CQQQVQ)]

5.34
= —2qr—207! (1 + 0% (=70, + 2a)r8r)vr. ( )

To ensure that v and w can both be divergence free we apply the Helmholtz projection. Note that
it does not matter if we test the equation with a test function ¢ or P¢ since in the derivation of
the bilinear form we used that P is self-adjoint to put the projection on the test function to obtain
Po or P2¢, respectively. Thus, it does not matter which test function we use since P = P2.
Moreover, problem has no unique solution since it involves a projection. However, we
want v to satisfy divv = 0 in Q and v, = 0 on Y. Therefore, for solving problem we
can assume that v has those two properties.

We proceed as follows: first problem ([5.33)) will be solved by means of the Fourier-Mellin

representation (Lemma |5.4.2)) and then in Proposition it is shown that the mapping (5.32))
is surjective from C — 7, where

C:= {v € C*(Q):divv=01in Q, v, =0 on 09 and

(r@r)jaf;v is locally integrable with H(r@r)jﬁévﬂa < oo forj+4= 3}.
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Chapter 5. Weak and Strong Solutions

By a cut-off of the streamfunction it is proved in Lemma that C is dense in 7. Finally, it
follows that (5.31) is also dense in {Pv : v € L?(Q)} as will be shown in Corollary

Lemma 5.4.2. Problem (5.33) has a solution v which satisfies divv = 0 in Q and v, = 0 on
0. This solution v has a Fourier-Mellin representation which is given by

Zmrk Ywrk (A —2a)er(p)  and  vg(A mek YWe (A — 2a)€ (),

where the multipliers myj and myy are gien by

Mk (A) = (X Y ((}\+ 12— (%)2>) ] (()\ —%a + 1?2 _ (%) ) + 20X (A —2a + 1),
(5.35)
() (5.36)

A+ 1) [ =20+ 1)~ (5)°]
N (A + DX =i =20+ 1) (0 + 12 = (5)7)] - (A =20+ 1)2 = (5)7) + 20X (5)"
with X := 14 co0*(—\ + 22)\.

In particular, myy, and myy, decay as k=2 as k — oo and both Fourier series for 0, and @
converge pointwise.

Proof. Let v be divergence free in 2 and let v, = 0 on Q. Then we have the Fourier expansions

(see Definition |4.3.1])
= hpNer(p)  and  To(A @) =Y 5, (Mek(p), (5.37)

k=1 k=1

where the coefficients are related by

—~ ivv= k _—
Grp(n) 0 T )U%(A), A£ 1, k> 0. (5.38)

0N +1
In Mellin variables problem ([5.33) reads using ([5.28])
(14 26> (=A + 20)A)V(\, @) + 30'V3(\, ) — VO(A — 2, ) = W(A — 20, ), (5.39)

where @ (in the sense of Definition [4.2.1]) satisfies

AP —2ar~20—1 (1 + 0292(—7"8,, + 204)7’87«)1),, in Q, (5.40)
Oa® =n-r 2@ (v + 90%vy + 03a294V3) = c3020%7%%n - vy on 0,

where we used that v, =0 on 0§’ and the expression for vy in to simplify the boundary
condition for ®. In case of homogeneous boundary data the Fourier-Mellin representation from
Section [4.3.T] can be used to find a series solution to the problem. Hence, instead of solving the
above problem we solve the problem with the homogeneous boundary condition

AD = —2qr— 2071 (1 + 0202(—7“& + 2a)r3r)vr in €,

5.41
O0n® =0 on 9, (5.41)
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5.4. Strong Solutions to the Stokes Problem

and if we have a solution to :5.33) using (5.41) we verify that indeed 9,® = c3a20%r—2n .
vz =0 on 9. From Lemma [4.3.2| we obtain the solution for problem (/5.41)) in Fourier-Mellin
representation

DN, ) = —2a(1 + 262 (—A + 1)(A + 20 — 1) Zvrk( a—l)
o1 A (0)

for ReA € (— %, 7). Furthermore, by (5.28) and (5.14) we have in Mellin variables

er (), (5.42)

A - A+ 100, (A, ) — 826}()\, ©)
valhe) = ((—A 1 20) (A DT ) - B8 (A, soﬂ)

and

—— ()\+1) A+1,0)
VCI)_( B, @A+ 1,¢) )

so that problem ([5.39) simplifies to
T~ 20,0) = (14 @02(-A + 200N G () + s [+ 1) 9,750 ) 025\, )]

~ (D) ()
— (A =20+ 1)\ — 20+ 1, ), (5.43)
Wp(A — 20, 0) = (1 + c20% (=X + 2a)A) T (N, )
F et (=A+ 20— 1) [(A+ DTN @) — p0r (N, 9)] — 9p@(X — 20 + 1, ).

(5.44)
Substituting the Fourier expansions (5.37) in (5.43) and using (5.42)) gives
wr (A —2a, ) Z 1+ 0292 A+ 2a)\ — 36 <()\ + 1)2 — (%)2) (5.45)
k=
200(A — 2 1 N
+ (14 c20?(= A+ 2a)) ar=2a+1) S B (Vex(p).
(A — 20+ 1)2 — (&7)

Since w € C2(Q2\{0}), we can expand w;, and w,, in a similar manner as for v (Equation (5.37)).
The Fourier coefficients w,, are then square summable, meanmg that they decay faster than
k™% as k — oo. Using that divw = 0 (i.e. Equation (5.38) for w) gives that in addition wg,,

decays as o(k~ %) as k — oo.
Using the Fourier expansion for w, in we find by orthogonality that
Or(A) = My () Wr (A — 20),
where

(A — 20+ 1)2 — (k)
(X =0t (412 = (58)%)) - (A —20+12 = (5)*) +20X(A =20+ 1)
with X := 1+ 20%(=\ + 2a)\.

mrk()\) =
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Chapter 5. Weak and Strong Solutions

Similarly, substituting the Fourier expansions (5.37)) in ([5.44]), using (5.38]) and ([5.42)) gives that
Vg (A) = My (N)We, (A — 2ar), where

Mk ()
) A+1) [ =20 +1)2 = (4)7]
- [()\ F1)X - e304(N — 2a + 1) (()\ 112 - (%“)2)] : (()\ — 20 +1)2 — (k) ) +20X (k)%

Both sequences m,;, and my, decay as k=2 as k — oo and are therefore summable. Furthermore,
the Fourier coefficients satisfy the following decay

Urp(A) =0 <k‘_g> and vy () =0 (k'_%> as k — oo, (5.46)

and therefore the Fourier series for v, and v, converge pointwise. It remains to check whether
this solution satisfies the boundary condition Op® = c3a26*~2*n-vs = 0, which reads in Mellin

+ c3020*N0,0r (N + 20— 1,0) =0 for ¢ € {0,6}. (5.47)

Note that
km -
8SOUT Z ? )7
k=1
where by ([5.46)) the coefficients satisfy

%r@k(/\) =0 (k*%)

and thus also the series for 0,0, converges pointwise. Therefore, the series can be evaluated at
the boundary ¢ € {0,60} and there we obtain 0,0, = 0 meaning that (5.47) holds. O

Remark 5.4.3. In view of Definition we need to ensure that the inverse Mellin transform
of the Fourier-Mellin representations for v, and vy, are uniquely defined. Therefore, we do not
want to pick up the singularities from the multipliers myy, and myy. It is straightforward to check
that the multipliers do not have a singularity at Re\ = 0 and as 0 | 0 the strip of convergence
Y(a,b) satisfies a — —oo and b — oo. Thus, for 6 small, there is a large strip in which we can
integrate over any line ReX for the inverse Mellin transform to get a uniquely defined solution
in polar coordinates. This strip will be denoted by Y,

Proposition 5.4.4. Let v be the solution to problem (5.33|) as given in Proposition . Then
we have for j, 0 € {0,1,2,3} the estimate

Yoo lroYovIEs Yo oY opwlisa, weT,

0<j+0<4 0<j+4<2
for some weight 3 such that B — 1 € ¥,,. Moreover, we have that v € C%(Q).

Proof. The estimates are proved by transforming to Mellin variables and using the solution
representation from Proposition and the fact that the multipliers m, and m,, decay as
k=2 as k — oco. The estimates for v, are presented and for v, the proof is similar since m,;, and
myk share the same properties. By the expression of m, and its decay it follows that for
pe€{0,1}

o0 [o.¢] 9
> O im (V)P ST and SE)T AP Im (V) S 1 (5.48)
k=1 k=1
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5.4. Strong Solutions to the Stokes Problem

2

For £ =0 and j € {0, 1,2} we obtain
S m ()T - 20)en(s)| dimadg

0
10,03 = / / A
0 JRex=p-1 P

- /Re>\=ﬁl’/\|2j (Z\mMA)F) (Zluﬁm—mﬂz) dImA

k=1 k=1

S o) w5 gq-

In the case that £ = 0 and 7 = 3 we get in a similar way that

1(ror)?v, |3 g/ IA[4 (Z |>\mrk()\)|2> (Z |y (N — 2a)|2> dIm\
Red=f-1 k=1 k=1

(5.48) 9 9
S [(r0r) w, HB—QOL'

If £ =1 and j € {0,1}, then an extra %” arises from differentiating the Fourier series and

therefore
2 o0
) (Z [wre(A — 2a)\2) dIm\
k=1

o poulh< [ P
oo yoplis [ e (%
If =1 and j € {2, 3}, then there is an extra (7”) and \2

k=1
||(r87«)j8@w||%§/ — IA[26=D (Z (E2)2 A (A ) (Z Wy (X — 20)] ) dIm\
ReA=p—-1 k=1

k=1

k
%mrk()\)

49 -
S ||(7“87“)]w7"Hﬁ—2a-

(RE) P
S ror) ™ w5
For £ =2 and j € {0, 1,2} we get by orthonormality of ey (y)

[e.9]

10,0203 = / A ST (55Y i (V) @ (A — 201) 2 dTim
Re)\:,B—l kle

S o) wrl|§-ga-

Finally, for £ = 3 and j € {0,1} consider
[e.e]

Borne) =3 (55) (N k(A — 20)8, ()
k=1

and with integration by parts we can identify — 0 Ty, as the k-th Fourier coefficient of dy,w;:

km__ kr [0 __ - o o N~ oy 1
- 7wrk<)‘) = 0 ) wr (N, P)eg(@) dp = /0 (%wr)()\, @)ex(p) dp. (5.49)
Therefore,
||(ra,ﬁ)ja§;w\|%=/RA , 1|>\|2j2(7”) MmN [(0p07) k(X — 2a)|? dTmA
ex=03— kil—’_/

<1

S oY 05w 13- oa-



Chapter 5. Weak and Strong Solutions

Since w € C2(Q\ {0}) it follows by combining all the above estimates that

> o) obvE < oo, (5.50)
0<j+£<4
j.£€{0,...,3}

for some weight 8 with g — 1 € 3.

Remark 5.4.5. We remark that if one wants to prove the above estimate for more than three
derivatives in @, then boundary terms from the integration by parts are occurring which do not
necessarily vanish (cf. ) This is the reason that we only prove that v € C*(Q) and not
v € C™(Q) even if w would be in C>(2\ {0}). Since we do not need the estimates for higher
derivatives, it suffices to show that v € C2(€).

To complete the proof we still show that indeed v € C?(Q), for that purpose we apply the
Sobolev embedding twice: first in the angle and then in the radius. This is shown schematically
in Figure Note that for # < 1 the strip %,, is large (Remark and therefore there
exists a @ such that 5 —1,—(8 — 1) € ¥,,. Hence, by Morrey’s inequality (see e.g. [13] Section
5.6.3, Theorem 6]) and the inequality 1 < 2% 4+ =28 we obtain

Wl gnr3 gy S o Vllan ey < WVl o0 + VI, 5y forn €N, (5.51)

where C™7(I) is the space of n-times continuously differentiable functions on the interval I C R
of which the n-th partial derivatives are y-Ho6lder continuous.

Fix j € {1,2,3}, then by and we obtain
HVHC:%*]',%([O’@]) S IvIlEas-s0.0)) < VI, 50,00 + IVl H; _5(0,0)) < 00
Similarly, for fixed ¢ € {1,2,3}
HV||0374,%([0’00)) SeIvIlaa-e0,00)) < VI 50,000 T 1VIIEL_p_5((0,00)) < 00

This shows that v is twice continuously differentiable in both the angle and radius, i.e. v €
C?(Q). 0O

Figure 5.1: Schematic representation of applying the Sobolev embedding: first in the angle with
¢ derivatives (red arrows) and then in the radius with j derivatives (blue arrows) so that we end
up in C?(Q) (orange dots).

From Proposition it thus follows that problem ((5.33), i.e.

P [r_Qa (v + c20°vo + 0394V3)] =w, weT,
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5.4. Strong Solutions to the Stokes Problem

is a surjective mapping from C — 7, where

C:= {v € C*(Q) :divv=01in Q, v, =0 on 09 and
A A (5.52)
(TGT)]aév is locally integrable with ||(7“8T)385;v||a < oo forj+40= 3}.

To prove the desired density of P[r—2%(v + c260%vy + c30*vs)] with v € T in {Pv : v € L*(Q)},
it is thus required to approximate functions in C with a sequence of functions in 7. A natural
thing to do would be to cut off v.€ C%(Q) to get a compactly supported function. However, by
naively cutting off a C?-function the divergence free condition is destroyed. Instead, consider
the streamfunction ¥ (r, ¢) corresponding to v € C:

!

which satisfies the boundary condition v, = 9,0 = 0 on 9€Y. By construction the rotated
gradient V14 always satisfies the divergence free condition, namely

div Ve = (10, + 1) (=r 1) + 0,0, = 0.

Hence, the idea is to cut off ¢ and to consider the rotated gradient of this cut-off in order to
preserve the divergence free condition. Furthermore, ¢ satisfies the elliptic problem

Ay = curlv in Q,

5.93
Orp =0 on 9. (5:53)

In addition to the divergence free condition, we also want that the condition v, = 0 on 9 is
preserved. Therefore, we need that ¢» = 0 on the boundary, so instead of (5.53|) we consider the

problem with homogeneous Dirichlet boundary conditions

Ay = curlv in €, (5.54a)
=0 on 0. (5.54b)

Lemma 5.4.6. The solution v of problem (5.54]) is also a streamfunction for v € C, i.e. v =
V4.

Proof. In Mellin variables the solution ¢ of problem (5.54) satisfies
(AN +2)2+82) 0N +2,0) = A+ 2)Tp(A + 1,¢0) — 8,5, (A + 1, ).
Using the divergence free condition for v
(A +2)0,00(A +1,0) + 0205(A + 1,0) =0
we obtain for A # —2 the ODE for v,
(A +22+2)To(A+1,0) = (A+2) (A +2)? + )b\ +2,9),

with boundary conditions v, = 0 for ¢ € {0,6}. Furthermore, ¢ = 0 on the boundary and there
is sufficient decay on v, namely ||(9£)v¢||% < oo for £ € {0,1,2} and B — 1 € %,,, see Proposition
So the ODE has a unique solution and thus

V(A +1,9) = (A+2)p(A +2,¢). (5.55)
Applying the inverse Mellin transform gives v, = 9,1. Furthermore, for A\ # —2
~ _ — 5.55! -~
GO+ 1) = -+ 270,550+ 1,9) B2 0,500+ 2,0)
and thus v, = —r_lapw. d
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Chapter 5. Weak and Strong Solutions

Lemma 5.4.7. The solution v of problem (5.54) can be written in Fourier-Mellin representation
as

P)= > 1T~ DEL(p)
k=1

for Re\ € ( 7 9)

Proof. The proof is similar as in Lemma but because of the Dirichlet condition we now
use the orthonormal basis € (p) instead of ex(y), see Definition [1.3.] By (A.5) and (A7) we
have in Mellin variables that 1 satisfies

Expanding the streamfunction as

X)) = r(Ner(y)
k=1

and inserting the Fourier expansion for v, and v, (5.37) gives using (5.38) and orthogonality

PrY) = 37— 1) =

We are now able to prove that any divergence free C2-function can be approximated in L?(£2)
by a sequence of compactly supported and divergence free functions.

Lemma 5.4.8. For any v € C%(Q) satisfying divv = 0 in Q and vy, =0 on O there exists a

sequence of functions v\®) satisfying divv®) =0 in Q and vc(pk) =0 on O such that
Jim IV® = v 20y = 0.
Proof. Introduce the cut-off function
(€ CF(R) satisfying C‘[—l,l] =1 and q(—oo,—Q]U[Z,oo) =0.

Furthermore, define for k € N

This cut-off function 7, has its support in [e=2#, €2¥] and ny(r) — 1 pointwise as k — oo for all
r > 0. Moreover, its derivative is given by

0umlr) = o (55) = ¢ (). (5.56)

Let 1 be the corresponding streamfunction to v € C, which by Lemma [5.4.6| satisfies problem
(5.54). We now choose the approximating sequence

v® (o) =V (e ()b (r, ).

Then v(®) € C2(Q\ {0}), divv®) =0 in Q and on the boundary 9 we have

) B2 for v €{0,0},

Ufpk) (T’ 90) =0, (le (7“)1!)(7‘, 4,0)

92



5.4. Strong Solutions to the Stokes Problem

so v(¥) has the required properties. Furthermore, since N — 1 we in addition have that vk _y =
V4 (nr — 1)y — 0 pointwise as k — co. Because of |n; — 1| < 1 and (5.56) we find for k > 1

IV (e = D = (O — 1)r10,0)° + (g — 1O + $d)?

2 2,127,—2( 1] 2 (5.57)
SV 2t ()
Note that for 5 # 0 we obtain by Lemma [5.4.
1,02 o - 2
Irtlg= [ ) 1O LR dimadg
0 JRex=pg-1
= / > A+ 172 Ju5,(N)]? dimi
ReA=p-1 ;" —
<1 if ReA#—1
<6 lvellg: (5.58)

Let 8 be such that 3 — 1, —(8 — 1) € X,,,, then by the inequality 1 < r*? + 2% we obtain

_ _ _
Ir= %l T2y < Ir ' DlE + I 902 Zp ool + llvpl2s < oo,

so that
(5-57)

IV (e — 1)1?”%2&) S HVH2L2(Q) + HCI|’2L°°(R)H7"_1¢H%2(Q) < 00.

By the dominated convergence theorem the approximation follows

Tim v = V]2 g IV (e = Dl 32 = 0. -

= lim
k—o0

With the above approximation the required density result for the test functions (5.31) is
obtained.

Corollary 5.4.9. The following density result holds

{P[r—2e(v + c26%vy + c30*v3)| 1 v € T}MLQ(Q) ={Pv:veL*Q)}.

Proof. Throughout this proof we consider density with respect to the L?-norm. As already
mentioned, from Proposition [5.4.4] it follows that the mapping

P [772& (V + c90%vs + 6394V3)] =w, weT.

is surjective from C — T, where T and C are defined in (5.2) and (5.52). Moreover, Lemma
implies that 7T is dense in C and therefore

T C {P[T‘—Qa(v + 902vy + 6394‘,3)] = 7—}H’||L2(Q).

By a similar cut-off argument as in Lemma it can be shown that 7 is dense in {Pv : v €
C%(Q\ {0})}. Continuity of the Helmholtz projection P in L?(f2) then implies that

[Pv:veC2@\ o))} "® = [Py v e L*(Q).

By combining the above density results we obtain the result

{P[r—2e(v + c26%vy + c30*v3)| 1 v € 7'}”.HL2(Q) ={Pv:veL*Q)}. O
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Chapter 5. Weak and Strong Solutions

5.4.2 The Final Result

Recall from (j5.29) that the space J#, is defined as %, := '77'”"“%, where
T := {V € C2(Q\{0}) : divv=01in Q, v, =0 on 9 and
(5.59)
inl - . . A0 . .
(r0r)?9,v is locally integrable with [[(r0;)?9,v||o < oo for j + £ = 3}

and

S = loela + rovocll + [VVIE + IVrov [ + Vw12

1 S . .
N Z/O 2 (|0l + |0 Yol *) e
=0

+ Z /9/007“2°‘|(r8)j8€v‘2drd
o Jo r) Op , ®-

0<j+0<2

[v]

In Theorem we found a solution u € S, to the equation with the bilinear form
B(u,v) which arises from testing with the test function r=2%(v + c26%va + c360*v3)
in (+,-)r2(0). In the previous subsection it was shown that with P[r—2*(v + c20?vy + c30'v3)]
still enough test functions are generated. Therefore, as we will show below, the solution from

Theorem is a solution to the stationary Stokes problem ([P-S-St]), i.e.

—PAu="f in ©, (P-S-St.a)
u, =0 on O, (P-S-St.b)
Uy + Optyr =0 on 0. (P-S-St.c)
Recall that the bilinear form is
B(u,v) = Bi(u,v) + 20 Bs(u,v) + 36 Bs(u, v), (B)

where Bj, B and Bj are given as in (B1)), (B2) and (B3)), i.e.

Bi(u,v) :/ 2%, ds +/ r2Vv : Vudr — 204/ r207ly . gude (B1)
oY Q Q

5
+/ (anur)(a@l)ds—/ (Vo ve): Vade =Y 17}V,
oY Q

i=1

Bs(u,v) = /69' 2% (r0pv, ) ((r0r + 1)u,) ds + /Q’I”QQ(V’FaTV) : (Vroyu) do (B2)

_ 2a/ r=2 79, v) - (9,r0pu) d +/ ((rdr + 1)Onu,) (9, P2) ds
0 o

5
- / (Ve V) : (Vroyu) dz =: ZTZ@),
@ i=1

Bs(u,v) :/ r 20TV 0y - Vg dr + (2 — 204)/ P20ty 0wy da (B3)
Q Q

3
+ / (A—1) [a@@(A, 0)®3(A —1,0) — B0, (A, O)P3(A — 1, 9)} dimx =: Y 1.
Rel=a i=1
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5.4. Strong Solutions to the Stokes Problem

Theorem 5.4.10. Let o < 0 and 0 > 0 with || and 6 small enough and assume £ € F.. Then
there exists a unique u € 5, that satisfies

1. —PAu = f almost everywhere in the wedge ) with opening angle 6,

2. Uy + Opu, = 0 almost everywhere on the boundary OSY.

In particular, the Stokes problem with Navier-slip boundary conditions on the wedge has a strong

solution in weighted Sobolev spaces. Moreover, this theorem is valid for 6 < %.

Proof. Tt remains to show that the solution u € &, from Theorem [5.3.3| satisfies the equation

(P-S-St.a)) in © and the Navier-slip boundary condition (P-S-St.c|). The conditions divu = 0 in

2 and u, = 0 on 08 are ensured by the space J7,.

To show that —PAu = f in Q, take a test function v € C?(f2) satisfying divv = 0 in Q and
v, = 0 on 9 instead of the usual test function from 7. Inserting this test function v into the

bilinear form gives that the boundary integrals Tl(l), T1(2) and T?E?)) vanish, i.e.

5 5 2
Z Tz-(l) + c20° Z TZ-(Q) + 30 Z Ti(g) = (£, v + c20?va + c3a’0%v3). (5.61)
i=2 i=2 i=1
Corollary ensures that still enough test functions are generated with our special chosen

test function. Therefore, by the fundamental lemma of calculus of variations the solution u from
Theorem [5.3.3] satisfies —PAu = f almost everywhere in Q.

Lastly, we verify that the Navier-slip condition (P-S-St.c) holds. Take v € T, and consider

5 5 3
Tl(l) + 0292T1(2) + Z Tz-(l) + 902 Z Ti@) + c30* Z Ti(g) =(f,v+ c20°vy + C3a204V3>. (5.62)
i=2 i=2 i=1

Recall from the derivation of the bilinear forms in Section[5.2]that we only applied the Navier-slip
boundary condition to get Tl(l) and T1(2). The idea is to undo the integration by parts
on the remaining terms on the left hand side of . However, we need that the regularity of
u € #, and v € T allow for applying integration by parts. Recall that for deriving the bilinear
forms By, Bs and B3 we do not need more than two derivatives on u if the integration by parts
is applied in the right order, see Remark [5.2.2] and [5.2.4. This, however, does require three
derivatives on the test function v and this is ensured in the test space by the condition

1(r, Y 9v]la < 00 for j+€=3. (5.63)
Therefore, we can undo the integration by parts for By, By and Bs as in Section but then
in the opposite direction to obtain

5 5 3
DT e Y T et YT = (= PAw T (v eafPva - es'vs)) g
=2 i=2 =1

2
+/ 7%, 0pu, ds
oY

+ 0292/ T_2a(rarvr)(8nrarur) ds.
o

Obviously, we cannot apply the Navier-slip condition on the last two boundary integrals as
we did in the derivation of the bilinear forms since we are trying to show that u satisfies it.
Substituting this into (5.62)) and using that the equation is satisfied in €, i.e.

(= PAu, 772%(v + c20°va + c30'v3)) = (f,v + c20°va + c30%0%V3),

L2(Q)
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Chapter 5. Weak and Strong Solutions

gives that
/ T_ZO‘UT(UT + Onu,) ds + 262 / r_2o‘(r0rvr) [(r@r + 1)(u, + anu,,)] ds = 0.
o o

We obtain that u, + Ohu, = 0 on 9" almost everywhere if enough test functions are generated.
Therefore, we must have that for v, € C2((0,00)) the test functions

r 2T (1 + e20% (=10, + 20)(r0;))vr = (14 c20*(—10, + 1) (10, + 2a — 1))r 2> Ty,

are dense in L?((0, 00), %) Note that r =291y, € C2((0,00)) and we can do the transformation
r = e, apply the Fourier transform and use the density of the Schwartz space S(R) in L?(R) to
see that it suffices to show that

{(1 4 c20*(—i€ + 1)(i€ +2a —1))¢: ¢ € S(R)}
is dense in L?(R). We will thus show that the mapping
¢ (L+ a0 (—i& + 1)(i€ + 20 — 1)) p

is surjective from S(R) to S(R). Therefore, assume that

B(€) = (1 + c20?(—i€ + 1) (i€ + 2o — 1)) ¢ € S(R),
then ~

_ P(€)

14 cef2(—if + 1) (i€ +2a — 1)

is in the Schwartz space if the denominator has no real roots. We find that

¢(¢)

Re (1 + 202 (—i& + 1) (i€ + 20 — 1)) = 1 + e20*(€* + 2a — 1),
which attains its minimum at £ = 0, so to stay away from the roots we must have
14 c26*(2a— 1) > 0.

This condition is satisfied in the case that 6 is small enough. Hence, enough test functions are
generated and therefore with the fundamental lemma of variational calculus we can conclude
that u, + Oyu, = 0 almost everywhere on 9¢Y'. ]

Remark 5.4.11. Note that the condition on the third order derivatives in the test space
(5.59) can be avoided if one uses test functions which are at least in C3(Q\ {0}). However, in
Proposition we have only shown that v € C?(Q) instead of C3(). Therefore, using test
functions v € C2(Q\ {0}) is possible, but one must then perform an additional mollification step
to approzimate C?(Q) with C3(Q\ {0}).
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Chapter 6

Proof of the Coercivity and
Boundedness Estimate

This chapter is devoted to the proof of the coercivity and boundedness estimate as stated in
Propositions and Recall that the space of test functions is given by

T = {v € Cg(ﬁ\ {0}) :divv=01in Q, v, =0 on 9Q" and
(r@r)jaiv is locally integrable with H(r&)j@f;VHa < oo forj+4= 3},

and that the original bilinear form B arose from testing —PAu = f with v € 7 in (-,+)o. As
we have seen in Section control on the second order derivatives was missing. Therefore, we

tested (P-S-St.al) with

o — 9y
vy = (=10 +2a)(r0,)v  and vz:=r <—r(‘3r o4 2a> curlv

to obtain two additional bilinear forms By and Bs (Sections and |5.2.2)) with which control
on all the second order derivatives was obtained. For the resulting bilinear form

B(u,v) := Bi(u,v) + c20°By(u,v) + c36'B3(u,v) for some cg,¢3 > 0, (B)
we prove the coercivity and boundedness estimates required for the Lax-Milgram theorem:
B(u,u) 2 HuHifa forueT,

B(u,v) Sap llullzlvle foruveT,

where J7, = T 55 defined in (5.29). As mentioned earlier we want to prove coercivity for
a small opening angle # and in a certain range of weights with o < 0 and |«| small. Therefore,
we assume throughout this whole chapter that

0<f<Z and -—1<a<o, (6.1)

although most of the estimates apply for larger ranges of a # 0 and this condition on « is only
crucial in Lemma Moreover, (6.1) will also ensure that if the Mellin transform is employed,
the integration will be over some line Re\ which lies in the strip of convergence.

In Sections and [6.3] we focus on the coercivity estimates of the bilinear forms By, By

and Bj separately. Finally, in Section [6.4] we combine all the estimates to prove Propositions

(.31 and 532
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

6.1 An Incomplete Coercivity Estimate for B,
Consider the first bilinear form

Bji(u,u) :/ 202 ds—l—/ 2%Vl dr — 2a/ r207ly . gude
o Q )

5
+/ (anur)(ar(bl) ds _/ (V ® V@l) :Vudz =: ZTz(l)?
oY Q

i=1
where @1 (in the sense of Definition [4.2.1)) is determined by

AD = —2ar 2 1y, in Q,

6.2
On®1 =0 on 0. (6:2)

The terms Tl(l) and TQ(Q) are already positive, hence these terms can be used to absorb other
terms which are possibly negative. Throughout this chapter, we use that the gradient in polar
coordinates (see also Appendix [A.2)) can be expressed as

[ Oruy ril(&pur — Uy)
Vu = <3ru<p r_l(awuso +u)) (6:3)

Before deriving estimates for Tél),Tf) and Tél), we first prove an auxiliary estimate.

Lemma 6.1.1. For a # 0 and u € T the following estimate holds
0 oo dr
/ / 7“720"11,%20 — dp <20%*(1 + a%)||Vul 2.
o Jo r
Proof. Note that u,(r,¢) =0 for ¢ € {0,6} and hence by the fundamental theorem of calculus
<p ~ ~
ug(r, @) = /0 (Opuyp)(r, @) dg,

which gives that

/Oeuz, dp = /00 (/j(%u@(n ?) d@)2 dy
< [0 [ (@109 aga
-o | () 9) 3
< 26? /09 (Bpuy + uy)? dp + 267 /09 u? de.

a=1 and integrating over r leads to the following estimate

0 poo 0 proo 0 roo
d d d
/ / T_QO‘ui—r dp < 292/ / 2 (9 pup + uT)Q—T do + 202/ / 202 & dp
0 Jo r 0 Jo r 0 Jo r

20>
= 202/ e (ril(&ﬂu‘»@ + UT))2 dz + ? / TﬁQa(arur)Q de,
Q Q

Multiplying with 7—2

where we have applied Hardy’s inequality (Lemma [2.4.2)). O
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6.1. An Incomplete Coercivity Estimate for By

We start with the estimate for the boundary integral T4(1) in (6.2).

Lemma 6.1.2 (Estimate of T4(1)). Let —% <a<0and0 <0 < 5. Then foru € T the
following estimate holds

% 00
d
Svl// 7“720‘(831”)2 rdgp
2 Jo Jo

C10* | Ca0?
_|_< 1 2

-

/ (Onuy)(0r®1) ds
oY

+

20%75(1 Vul|?,
b G bt (14 7)) [Vl

where Cy,Cy > 0 are universal constants arising from Lemmal[{.3.3 and v1,v2 > 0 are arbitrary
constants.

Proof. Note that Oyu, = j:r_lavur. Hence, by the fundamental theorem of calculus

T = / N ((a@ur>(a )| ,_p — (Opur) (0,01 :0) %

// 82%« (0,91) dg0+// O,y ) (010, <I>1)gd<p

For the first term, applying the Cauchy-Schwarz inequality, Young’s inequality, and Lemma

433 gives

/ 8uT8<I>1)d<p' // *‘ma%r?drd +// aq>12drd¢
2’71

/ ~2a(p2y,)2 —do+ 7||Vu]|2

// —Qaauﬂdrd +// aaqﬂdr
2")/2 T

/ 209, uy)2 & L dp+ —HVu||2

IN

A
w\ﬁ w\;ﬁ

Similarly, for the second term

// Oyt )(0r0,P)

and with Lemma [6.1.1] the first integral can be bounded by

d
// —2awrd<// —QQWUT u¢ d80+// —2a27“

1+20°(1 + 7)) [Vul3. (6.4)

A
w\;g [\9\‘5

Combining all the estimates above and introducing the universal constants C7,Cy > 0 from
applying Lemma, gives the result. O

We are left with the terms Tél) and T(l)7 where Tél) can be split into a ¢ and an r part:
T(l) 2a/ / * (upOruy + upOpuy) dr dp = T(l) + T3( )

The term T( g will be treated in the next lemma and the remaining part T3( ) + T5(1) will be
considered together in Lemma [6.1.5] and [6.1.6]

Lemma 6.1.3 (Estimate of Tg(#z). For a0 and u € T the following estimate holds

0 poo
‘Té};‘ = Qa/ / r 2 u,0puy dr dp| < 46%(a? 4 1) Vu2.
0 JO
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

Proof. Using that u,0,u, = %&ui gives with integration by parts

1 0 0o 0 00 dr
Té& = —a/ / rfmarufo dr dy = —2a2/ / r*QQui . dp
0o Jo 0o Jo
and the desired estimate follows from Lemma [6.1.1] O

Remark 6.1.4. Note that if we apply integration by parts on Télr) similarly as in the proof

of Lemma |6.1.9 for T3 D then we would end up with ‘T3 ‘ < 2||Vul|2 where the o has been
cancelled since we have applzed Hardy’s inequality. Thus there is no « or 6 in front of this term
to make it small so that it can be absorbed in |Vu|%2. Therefore, we have to find another way

to absord Té}r) .

We are left with T?ilr) + T5(1) which we will treat together. For T5(1) note that

i 82(1)1 r‘16r8¢<1>1 0 —7’72(990(1)1
VeV <7’18@8T<I>1 2y ) T\, o, )0 (69

=:A; =:As

and we write T:ST) + T(l) Tgf T) + Té 211 + T5( 212 We first treat T( ) + Télz‘l below in Lemma

6.1.5(and [6.1.6] After that, we prove coercivity for T5( 1312 in Lemma [6.1.7

To obtain an estimate for Tg(,lr) + Télf)11 we first rewrite using (/6.3

A7 :Vu
(82@1 Orur) + 17 (acparq)l)(arutp) + 7"_2(8Ta<pq)1)(a<p“7’ —ug) + 7_3(84%@1)(8@“% + uy)

N

(3.4c)

(0791)(Dpur) + 1~ (Dp0r 1) (Orti) + 177 2(0r0p®1) (Dptty — ug) — 1~ 2(0281) (Dpur)
= (0,0,%1) [r~ YOrup) + 172 (0puy — up)] + [(83@1) +r72(r0,)?®; + 2&7‘720‘71%] (Oruy),

where in the last step we have used problem (6.2)) for ®; which is in polar ((rd,)? + 8%)@1 =

—2ar—20+1y, . Thus T?E}T) + T5(12‘1 can be rewritten as

— 2a/ r=20 =1y, 0, do — / Ay :Vudx
Q Q
= _ 4o / 20 Yy, Opu, da
0

- /Q(a?«a@@l) [T_l((?rug,) + 17 2(Dpuy — up)] + [(83@) + T_Q(Tar)zq)l] (Oruy) dx

0 00 6 00
d d
= — 4a/ / r20ty, 0,u, & dp — / / (0r0,P1)(rOruy — uy) —T dp
0o Jo r 0o Jo

0 [e%) 0 [e'e)
_ / / (0,0,81) (Dur) L dp + / / (12020 + (r0,)2®1] (B,ur) L dp
0o Jo r 0o Jo r

=51 + 8+ 52+ 5.
In the above rewriting there occurs one term S which only contains u, and therefore can be

dealt with by aid of Lemmas and This is done below in Lemma|6.1.5] The remaining
terms with u, are treated in Lemma [6.1.6
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6.1. An Incomplete Coercivity Estimate for By

Lemma 6.1.5 (Estimate of 5') Let —i <a<0and0<60<3F. Then forue T the following
estimate holds

/ (0r0,®1)(rOruy — u)dgo‘

< <3’Y3 ey Gt P 072)) IVul?,
9 3 2 V4

where C3,Cy > 0 are universal constants arising from Lemmal[{.3.3 and ~v3,v4 > 0 are arbitrary
constants.

Proof. Applying the Cauchy-Schwarz inequality, Young’s inequality and Lemma and
on the term with u, gives

/aacp dcp'ﬁ // 88(1)2de +// *2024’(1@
273 T

Cav362 92
g( ”3«+a+aﬁﬂuvm@
2 Y3

and similarly for the term with r0,u, after additionally applying integration by parts

0 roo
/ (0,0,8)r,u, L d ’
0o Jo r

T828 D)u, — dgp‘

C 2 6
s(““”+<1+a40\vm@
2 Y4

where the universal constants C3,C4 > 0 appear from applying Lemma and 3,74 > 0

come from Young’s inequality. O
The remaining terms S + S + S3 will also be absorbed in the gradient term T = [|[Vu?.
Note that for u € T we have divu = 0, so that
0 oo dr
IVl = / / P2 2r0pu0)? + D — ) + (r0)”] (6.6)
0o Jo

and in the next lemma we show the terms 57,59 and S3 can directly be absorbed into the

integral
0 poo
d
2/ / 2% (rdpuy)? & de.
0o Jo r

Lemma 6.1.6 (Estimate of Sy + Sz + 53). Let u € T and assume that 0 < 0 < 5 and
—% < a < 0. Then there exists a constant C > 0 such that

0 poo dr 0 oo dr
2 / / P2 (rdu,)’ — dp+ S+ Sp + 532 C / / r2(rdpur)? - .
o Jo r 00 '

Specifically, for the specified values of o and 8, C = % is an admissible choice.

Proof. The strategy of the proof is as follows: first the terms Sy, Sz and S3 Wlll be transformed
to Mellin variables, using the Fourier representation for ® and Oy o (Lemma . Then setting
A =it (t € R) leads to polynomial fractions and since the orlglnal integrals are real, we can take
the real part and rewrite the fractions using

z 2w RezRew + ImzImw

Re— =R = C. 6.7
e e‘wP WP , zZ,w € (6.7)
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

Finally, it is shown that for the resulting fraction there exists a positive lower bound.

By using Bessel’s identity (4.9) we obtain for Sy

Si=—da [ (R+) 3 [@er+ a)f dimd
ReA=0 =1

=it g Re/ (- it+a)2\ﬁrk(it+a)|2dt

=—4a? / Z|u”f (it + )| dt

k=1

and define F} := —4a?2. For Sy we obtain

0 e —
—/ / (A= a+ DB —a+ 1,900,600+ a,9)] dimh dg
ReA=0

— 9% N o (X + a) (57) &lp)
=2 //Re,\ 0 T (Z A —a+1)2 _(ﬂ)2>

0
. (Z Urg(A + @) (?) ég((p)) dImA dp
/=1

0o > |0y (it + a)|? 2
- 2aRe/ (it —a+ 1)2 (it—ak—&— 0 (ki)? (B)" at
9

/ Z By |ty (it + )|? dt,

k=1

where by (/6.7]) we obtain

pape BV it —at ) —a- D))" —(@-) () P+ ()"

0
ok 2= (7)o foto -1+ 2(59)] 2 4 (012 = (5)7)

In a similar manner converting S3 to Mellin variables gives

—/9/ =) A —at D)+ —at DB —a+1,0)(+ )i+ ap) dimh de
ReA=0

= 2aRe/ (it —a+ 1)(—it + ) [2it—2a—|—1] |, (1 + )| S dt
i1 (it —a+1)2 = (57)
/ Z Fy |ty (it + o) dt,
0 k=1
where again by (6.7
(4) 14 (2),2 (0)
Fy7t" + F37t 4 Fy
F3:= 2« + * e with
th + [2(a—1) +2 (&m) }t2+ <(a_1)2_ Ca) )
FY =20+ 1,

F® = (60— 3) (42)” + a(4a® — 6a + 1) + 1,
F3(0) = a2 = 70’ + 90® — 5a + 1) + (—20° + 30” — a) (%W)2 :
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6.1. An Incomplete Coercivity Estimate for By

Hence,

S1+ 59+ 53 = / Z F1 + Fy —I—F3) |1/L\Tk(it+ Oz)\2 dt
X k=1

and by bringing everything under the same denominator the expression simplifies to

t* + @2 4 p(0)
Fi + 5+ F3:= 2a + + with (68)

t4+[(oz—1 k] 4 (o 12 - (5)°)
F® = (20— 1)(a - (7”) :
FO = a(a—1)%+ (a —20%) (5)"+ (1 (@ + 1) (%)) (5)". (6.9)

Using that we want to absorb this into (see Equation (6.6]))

, dr
// =20 (10, uy)? dcp—Z/ |Zt+a|2|urk2t+a)’2dt
~—_——

—24q2 k=0

it is convenient to factor out t? + a2 from F) + F5 + F3 so that we can write
0 oo dr
2/ / 2% (ropu,)? — dp 4+ Sy + Sa + S3
0 Jo T

o0 = P+ P+ F
:/ (t2+a2)2(2+1+2+3> |G (it + o) |? dt.

oo P +

It suffices to find a lower bound C' > 0 uniformly in ¢ and k for the expression

Fi + F> + F3
Fi=24+ —=_- 1
* t2+a2 (6.10)
because
o dr
// Taur 7d¢+51+52+53

>C/ (t* + a?) |urk(zt—|—a|dt C// 2 (rpu,)? —

The remainder of the proof is to find that lower bound C. Fix any ¢t and the limit of F' as
Y = ’“r — o0 is
a+1

+2 + a?’
This limit is positive for each ¢ € R if and only if o < 0 holds.

2 — 2«

Furthermore, for fixed k, we have that the limit as ¢ — 400 equals 2. The expression F'
has a singularity at (¢,Y) = (0,1 — «). The idea is that for £ > 1 we jump over the singularity
by choosing 6 small enough. The condition o < 0 ensures that the limit for any fixed ¢ as
Y — oo is positive. Hence, if 6 is small enough, the fraction becomes positive and we can find
a positive lower bound C' for it. It suffices to jump over the singularity already for k£ = 1, i.e.
the value of F should be positive already for £ = 1 for all t. Then for k£ > 1 the value of the
fraction will only be larger for all ¢. Figure[6.1]depicts contour plots of F' for different values of «.
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

0
t

Figure 6.1: Contour plots of the expression F' in (6.10) for different values of a. Moreover, F' is
negative in the white area.

From the contour plots it appears that for any o < 0 the angle 6 can be chosen small enough
such that a positive lower bound C' can be found. However, we are only interested in |a| small
and we assumed that —}1 < «a < 0. Below we prove that indeed for these values of a a lower
bound exists and therefore it suffices to choose 6 < 7, i.e. Y := %’r > 2. Note that under these
assumptions we have for the last term in F(© (see (6.9))

20Y%(1 = (a+1)Y?) >0

and therefore by leaving out all positive terms in the numerator of F} 4+ Fy + Fj3 in we

obtain
th+ (20— ) (a — )2 + afa —1)3

4 20— 12 +2Y2 82 + (e — 1)2 = Y2)*
For the three terms separately we obtain by using 1 < (a —1)2 < % the bounds

Fy+ F + F3 > 2a

20t 20t 9
3 2 55 = 7
4+ 2(a—1)2 4+ 2Y2 82 + (e — 1)2 = YV2)? — 2(a—1)%
20200 — 1) (o — 1)¢2 15 at? o
B2 —1)24+2V2) 82 + ((a—1)2 = Y2 — 4 (Y2 —(a—1)2)>

—202(1 — )3 —40? 9

2 2 2 2 —Q,
4+ 2(a—1)2+2Y2] 2 + ((a — 1)2 = Y?) (Y2 - (a—1)?)
where we used for the second and third estimate that
15 1 15 1 4 4
1 (y2 Sy _mpe st ad o S me st
(V2= ({a=1)2) (4- %) (Y2 (a— 127~ (4- %)
Therefore we obtain
Fy + F> + F3 2at? — a? 1
F=24+——"-">24+——2>1+2a> -,
T e 2T e 2Ty
meaning that C' = % is an admissible choice. O

Finally, we have to absorb the term 7. EE,lf)lz (see Equation (6.5))). Recall that
) = —/ Az : Vudz
’ Q

_ / 172 (0,®1) (1 (Opur — uy) + Oruy) da — /(Tlar@l)(rl(awuw +uy)) da.
5 Q

64



6.2. An Incomplete Coercivity Estimate for Bs

Lemma 6.1.7 (Estimate of Té})b). Let —3 < a < 0and0 <60 < Z. Then foru € T the
following estimates hold

C56?
< 5| VulZ + ?%I\Vulli,

/ r2(0,®1) (r_l(&puT — uy) + Oyuy) do
Q

Ce0*

v 2
2/-}/6 H uHou

/Q(rlﬁrcpl)(rl(a@uw +u,)) da

6 2
< EHVHHQ +
where Cs,Cg > 0 are universal constants arising from Lemmal[{.3.3 and 5,76 > 0 are arbitrary
constants.

Proof. By the Cauchy-Schwarz inequality, Young’s inequality and Lemma [4.3.3] we have

2 1 b e 200, —1 dr
S%HVUHQ“‘T% - e (r 8¢<I>1)7dg0

/ 77 2(0,®1) (1M (Opur — up) + Oruy) dv
Q

92
2 2
< 5l Vullg + T%IIVHIIQ

and A
Y6 0
< PIVul + o Vull. m

/ (r~10,®1)r 1 (O,uy + uy) do
Q

Combining the results of Lemma [6.1.2] [6.1.3] [6.1.5] [6.1.6] and [6.1.7] gives an incomplete
coercivity estimate for By. Everything can be absorbed apart from the term with (Bﬁu,« in
Lemma [6.1.2)

Corollary 6.1.8. Let u € T and assume —i <a<0and0 <0 < 5. Then there exists a
constant C > 0 such that

o4 62
Bi(u,u) > |u, > + (C —40%(0® +1) — Qo _ G Yo — 20%y5(1 4+ o~ 2)
21 272
Ca36” 62 5 Cuyse® 62 9 Cs50% 6 0694> 2
- ——(1+a?)- — (4 )y - - D Vu?
o Tra ) - P a2 0 ) oy
—%/0/007"_20‘((‘)2u )2gd
2 Jo Jo plir) T O

where C; > 0 (i = 1,...,6) are universal constants arising from Lemma and v > 0
(i=1,...,6) are constants arising from Young’s inequality and can be chosen later.

6.2 An Incomplete Coercivity Estimate for B;

The second bilinear form is quite similar to the first, so that we can reuse most of the work from
the previous section. However, the commutation of 9, and r9, in T7 and Ty causes some extra,
boundary terms which should be absorbed by Bj. Consider the second bilinear form (B2)

Bs(u,u) :/ 2 (r0puy ) ((roy + 1)uy) ds —i—/ 2 Vrdul® da
oY Q

_ 204/ r—2a—1(r&«u) - (Oprdpu) dz + / ((rdy + 1)Onu, ) (0,P2) ds
Q 99
5
- / (Ve V) : (Vrdyu) dr =: ZTZ@),
Q

=1
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

where ®9 (in the sense of Definition [4.2.1]) satisfies

Ady = —2ar 2 1rou,, in €,
8n(1)2 == 0, on 89’.

For T3(2) —|—T5(2) we can reuse Lemma |6.1.3|, |6.1.5|, |6.1.6| and |6.1.7| to get the following estimate.

Lemma 6.2.1 (Estimate of T?E2)+T5(2)). Letu € T and assume that —% <a<0and0 <0< 3.
Then there exists a constant D > 0 such that

D30360% 62
7 4+ 7 > (D—492(a2+ 1) - =5~ =(1+a”?)
3
D454052 02 —9 D592 56 D694 2
- ~Za gy o % 26T 2,
2 Tt e o m g g, ) Vol
where Ds, ..., Dg are the constants arising from Lemma[].3.3 and ds,...,56 > 0 are arbitrary

constants. Specifically, D = % is an admissible choice.

Remark 6.2.2. Note that the constants D and D;, i = 1,...6 can be chosen equal to the
constants C and C; introduced for Bi. However, to make clear which constants come from
which bilinear form we will use different notation.

We now focus on the boundary terms which are slightly different. In T1(2) the term with

(r0,u,)? is positive and the other term can be absorbed in Tl(l) of Bj.

Lemma 6.2.3 (Reformulation of remainder Tl(z)). For a # 0 and u € T the following estimate

holds
/ 2% (rdpuy Ju, ds = (a — ) / r2%2 ds.
oY oY

Proof. This is immediate with integration by parts

—2a 1 —2a+1 2y dr 1 —2a, 2
2 (ropuy )uy ds = = r ror(u;) — dp = (a — 3) r~“%u; ds. O
o 2 Joor r o0

Lemma 6.2.4 (Estimate of T4(2)). Let —1 < a <0 and 0 <0 < Z. Then foru € T the
following estimate holds

5 0 [e’e] d
7| < 5 [0 [ e o+ (52 2026%(1 4 a7 Val?
0 0

D1a202 l)QOé2 2
# (P ) Il

where Dy, Dy > 0 are universal constants arising from Lemma[{.5.3 and 61,82 > 0 are arbitrary
constants.

Proof. By the fundamental theorem of calculus we obtain

T® = / (Onr0,u, ) (9 ®s) ds
o

= /OOO <(3gar8ru7=)(3r<1>2)‘¢=9 - (awTarUr)(arq)?)‘soﬂ) T

0 oo 9 dr 0 o dr
= ) (10r05uy ) (0rP2) g do + ) (r0r0,uy ) (0r0,P2) - de.
:;P =

1 Py
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6.3. An Incomplete Coercivity Estimate for Bs

Then applying integration by parts gives

|P1| = ‘ (82ur)(r82<1>2) g dgo‘

5 _9 2dr 9 er
a *(u,)? — ®
// ot Lap o | [ oot oo
a 292
1// P00, T dp + G [Vr0ul,
0 JO

where we have applied Lemma with v = rd,u. Similarly, for the second term we get

| Py = ' / / Opur)( 7“8 0,P2) drdgp’

s [ [ s k[ [t
0 0 2

S (62 +2026%(1 + a”2)) [ Va2 + %uw&uui- .
2

2/\@

Combining Lemma and gives the following (still incomplete) coercivity
estimate for Bs.

Corollary 6.2.5. Let u € T and assume that —i <a<0and0 <0 <75. Then there exists a
constant D > 0 such that

D1a?0?  Dya?
B?<uau>2!rarwliﬂa—;)rur\%(9—492<a2+1>— e

263 202
D3(5392 92 _9 D4(540é 92 D592
— - (1 — 1 — = —
I SR A Sty A U Ak B
56  Dgb*

2 266

/ / —2aa2u 2%

where D; > 0 (i = 1,...,6) are universal constants arising from Lemma and 6; > 0
(i=1,...,6) are constants arising from Young’s inequality and can be chosen later.

) IVroulf2 — (82 + 2826%(1 + a~2)) | V|2

6.3 An Incomplete Coercivity Estimate for Bj
Recall the notation
Wy = curlu = r~ ! ((r&« + Duy, — 3@%)-
For coercivity of the vorticity bilinear form (B3)), consider
Bs(u,u) —/ 202 | Uy |2 da + (2 — 2a)/ 20 0wy da
Q

Q
3

+/ (A= 1) |90, (X, 0)B3(A — 1,0) — Dptir (N, O)P3(A — 1, 9)} dimA = " 1%
Rel=a

i=1
where ®3 satisfies (in the sense of Definition 4.2.1))
A(I)g =0 in Q,
On®3 =n-Au on 0.
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

Below we derive estimates for T2(3) and T§3). Again we obtain some terms that can directly be

absorbed into Tl(S), but also remainder terms appear which need to be absorbed into B; and Bs.

Lemma 6.3.1 (Estimate of TQ(S)). Let « # 0 and u € T. Then the following estimate holds

79| =2~ 20) [ it aa] < o = 12wl
Q

Proof. Integration by parts gives

0 poo
d
(2 —2a) / 2ot dz = (1 — @) 20 209, (W) —T de
0 JO

0
_ a _ 1)2/ OOT—20¢+2 2 dr ng
0 Jo

= oz12/0 Oo_zarau (aufu))2drd
= o Jo ® wUr ® ®-

Hence,

)TZ(?’)(gzl(a // 2% (r0pug)? —dgo—l—éla—l // 8ur—u¥,)2drdgo

< 4(a—1)3 / 2% Vul? d. O
Q

Lemma 6.3.2 (Estimate of T3(3)). Let -1 < a <0 and 0 < 0 < Z. Then foru € T the
following estimate holds

6 0o
(3)‘ 81 deg / / ~20(p2y, )2 dr 12 8 16 )
O < (L4222 ) 8
‘ 371> ( ) + 9 > o r (qu d + 7 + 0 - |Vropul|Z
18 16e1 320 8 16 )
1 24 20y ° 0
+<92+( +a )( + 5 +€2>+€10+€20>||Vu”a,

where €1,2 > 0 are arbitrary constants.

Proof. By applying Plancherel’s identity and using the expression ([5.26)) for C/I\>3()\, ) with ¢ €
{0,60} we obtain

(3) _ a0 |- Get(A0) D1y (N, 0) .
T;” = /Remu 1)9, T(A,O)[ N EET] (A 1)9)+sin((>\1)9)] dTm

B Cniaog | 2 ()0) D,y (N, )
/RBAQ(A 10, (1,9) [ sin (A — 1)6) T Gin (A —1)8

] cos (A — 1)9)] dImA\

_ _ _ M o 2 0 21 dlm
a /Re,\ a()\ 1)sin (A —1)0) (1058 (A, 0)* + |01 (A, 0)7] dTmA

1 - -

A= 1)————— (9,0 (\, 0)0,t0r (N, 0) + Dy (X, 0) D, (A, 0) | dImA

Lo O D g [P 00,00 0) + B 10,70,0)] dim
= Myt M. (6.11)

To estimate those integrals we integrate in the angle and use the estimates

cos (A —1)0)
sin (A — 1)6)

-
sin (A — 1)0)

\V)

<

2
<3 and < - (6.12)
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6.3. An Incomplete Coercivity Estimate for Bs

To prove these two preliminary estimates, write A = a + it with ¢t € R. Then

’COS (()\ — 1)0)’ 4| i(a— 1)6 —t6 + e—i(a_1)96t9‘2
= 1| cos ((a — 1)6) [e7 + €] +isin ((a — 1)) [ — e |2
= cos® ((a — 1)0) cosh2(t9) + sin? ((a — 1)9) sinhZ(tG),

|sin (A —1)0)|* = %{ei(a—l)ee—w _ e—i(a—1)06t0’2
= ﬂ cos ((a — 1)9) [e_te — ete] + isin ((a — 1)9) [ete + e_te] ‘2
= cos” ((a — 1)0) sinh®(¢0) + sin® ((a — 1)6) cosh?(¢9),

and therefore

1

1 1

sin? ((a — 1)0) cosh?(t0) = sin? ((a — 1)) = sin?()
1)
1)

sin (A —1)0)

<

? 0) cosh?(tf) sin® ((a —1)8) sinh?(th)

0) ' cosh?(6) " sin? ((o — 1)8) . cosh?(0)
2 < 2
sin? ((a — 1)) ~ sin?(9)

cos (A —1)0)
sin (A — 1)0)

cos? ((a —

~ sin ((

IN

For 0 < < Z it holds that sin(f) > 16 and in particular the estimates (6.12) hold true with
the same constant.

Note that both M; and M5 in contain a term which is evaluated at 0 and one at 0,
but both these terms can be treated similarly. We write M; = Ml(o) + Ml(e) and consider Ml(o)
which is the part of M; evaluated at ¢ = 0. Note that u, = 0 on the boundary, so we can add
this to the integral. Then using the fundamental theorem of calculus gives

9
0) cos (A —1)6) <¢ 0 2)
- —(A -l 0 D,y — d dTm\
/ReA a/ ( ) in((A_1)9) 2 0 | U Ugo’ @ dlm
cos (()\ - 1)0) 1 , -0 R
/ReA a/ sm (()\ — 1)9) <9]8¢,ur — ug|” + 0 0p|0ptr — ug|* | de dImA,

for which we have the estimate
cos ((A -10) .,
O,y — dy dImA
/Re)\ a/ sm (()\ - 1)9) 91 tpl dp dim
©12) 2 _
=/ t/!A—lW%m~ﬂdewﬂmA
92 Red=a JO

I _ 1 /[0 L
= 2/ / IA =10t — ugl? dIm)\dgo—i—Q/ / |0,y — Tg|* dTmA d
0 Rel=«a 0 0 JRel=a

—% dr 19 e, dr
m//'2|a—n@w—>ﬁ do g [ [0 —u Lag

=< @IIW@UI@ + @IIVUI@ (6.13)
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

and using that ‘ ‘ <1 and 9,|f(9)|? = f(©)0uf () + f()0uf () We get the estimate

0 A—1)0) o —
| [ -a- O e 0y 156 - Tl dip dlma
Rel=a

sin (A — 1)6)
-281

/ |0, (Dt — 1) |? d(dem)\—i—— / A — 110,10 — Ug|* de dTmA
Red=a Red=a

461 2 d?” 461 _ a dr
/ / 2 82ur 2 / / 2 ‘P <,0 2 7

:—(r@ +1)ur

dr
—2a o . ar
619/ / (00, = D@1, — )
4

where in the last step Hardy’s inequality is used. The part Ml(e) of M that is evaluated at ¢ = 0
is similar (replace “"T*g by %), so we get the above estimates ((6.13) and (6.14]) twice. Therefore,

8¢ 2 r 6 16e 8
|M1| < 1/ / 2 82Ur — (02 + Tl(l + « )+ > Hqua

(6.15)
+ <92 + ) |V ro, uH2

For M in (6.11) we write My = M, 0 4 M, 9 and consider MQ(O) which is the part of My where
the function 0,1, (A, p)Opur (X, 0 — gp) is evaluated at ¢ = 0. We get

(0) 1 -
MO — A1) B a (N, 0)0ua, (N, 6) dTm
? /Re)\ a( )sin((A_l)g) pur(A, 0)0p0r (A, 0) dIm

0 1 o
- Al 9 Dptir (N, ©)0ptir (N, 0 — de dImA
/Re)\ a/( )sin —1)0) SD< 0 Wu( SO) Sou( 30)> @ dlm

1
20,0 (A, (N, 0 —
/Rc)\ a/ Sln _ 1)9) <98<pu ( 90)8<pu ( CP)'F

RO DOE 00— ) - E S )0 9)) dpdin

(6.16)

9

In the following estimates it is used that

0 00
/0 /0 r‘za((rﬁr — 1)8¢ur 2 g dep < 4/ / _20‘ @Tﬁ Up — 10, u¢)2 g de
dr

+ 4/ / ((rOyup)? + (Opur — uy)?) —dy

—|—4// r_2auigd
o Jo r

Lemma [6.1.1]
< 4| Vroul2 + (448631 +a7%)) [ Vul2.  (6.17)
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6.3. An Incomplete Coercivity Estimate for Bs

For the first term in (6.16]) we have the estimate

Ayt (A, )0ty (A, 0 — ) dp dImA

Rex=a Jo sin (A —1)6)

/ / A = 1[0y (X, 9)Dyir (A, 0 — )| dp dImA
Rel=a

dr dr
_2a 2 —2a 2
= 92/ / (ror —1)dpur) d +/ / (Opur) .

6
< ﬁHVr&«uHi + (92 +12(14+ o~ )> |Vul?, (6.18)

using (6.4), (6.17) and Lemma The second term in (6.16)) can be estimated as follows

0
A —1 —0 =T ~
/R N /0 sin ) ) 14 7 (0p040r (A, ©))Optr (A, 0 — ) de dImA

/\

= /\A—waﬂ( DO 0 — )] dp I
Rel=a

—2a( 52 2d7" // P2 _ =
0// (O ur) de + o0 (ro, 1)6¢ur) dcp

d 4 86
2 52// 20 (52u,)? wa IV ul + (+(1+a2)) [Vul[Z  (6.19)
9 0 €90 &9

| /\

and similarly for the third term in (6.16)

’ )\ -1 -0 —— -
/R A= /o sin —1) ) - i (D (A, 90))337%()\, 0 — ) dep dImA
€. e%

/“ /IA—lew( )2 (N6 — )| dp dTm
Rel=a

<2//_2M2dr //‘”_za i
=5/ J, r (qur) dp + =0 r*((roy — 1)0puy) "

6De, [0 [ d 4 80
< E2// 7292 u,)? Td +f|ywa a2+ (= + 2 a)) Va2, (620)
0 0 0 ® 629 €9

The part MQ(G) of My where 0,1, (A go)&pur()\ 0—) is evaluated at ¢ = 6 is similar by symmetry.

Therefore, we get the above estimates - twice which gives the following estimate for
My

dey [0 [ 12 2 1
<52 [ [T reezur T aps (G (200 2 ) (ka4 ) pvul
0 /0 2 2 (6.21)

Adding the estimates for M and My in (6.15) and (6.21]) gives the result. O

From Lemma [6.3.1] and [6.3.2] above we find the last missing estimate required for proving
coercivity in the next section.
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

Corollary 6.3.3. Let u € T and assume —% <a<0and0<6<7F. Then

8 4 d
Bg(u,u)z /T_2a+2|ku’2d <51 52)// —2a 2u 2 ng@
Q
12 8 16
(5 Vel
(32 =5+ o) 19r0ul

18 16e; 320 8 16 9
1 2+ Ly 2 L % P fa—1
<92 (1+a” )< + 7 + 52>+510+520 (a )>|]VuHa,

where €1,e9 > 0 are constants arising from Young’s inequality and can be chosen later.

6.4 Proof of Propositions 5.3.1 and [5.3.2

We are now in the position to prove the coercivity estimate in Proposition by combining
Corollaries |6.1.8|, |6.2.5| and |6.3.3} The strategy is to absorb the problematic terms with 83%
from B; and B into Bj3 using the estimate

/ / —20(92u,)? dr g (6.22)

// —2a 82ur + (r0, —i—l)ur dgp+2// —2((ro, —i—l)ur) d—dcp
r

/ / 2 (O2uy — (1o, + 1)8,u,)* d7 de + 2/ / r=2(((r0,)? 4 270, + Du,)? @ dy
0 0
< 2|rVwy|% + 6] Vroul? + 6(4 + a~?)(|Vulf3,

I/\. I/\

where in the last step we used ED the inequality (a + b+ c)? < 3a? + 3b% + 3¢? and Hardy’s
inequality. By estlmatlng the 2 ,ur terms, also terms in By and By appear, but we already have
control on ||Vul|2 and ||Vro, uH2 so this will not cause new problems. The other remainder
terms that were created by introducing the additional bilinear forms are again absorbed into
the other forms. This is schematically shown in Figure

Remainders

Bf,ur terms

Figure 6.2: Schematic representation of the absorption of terms in other bilinear forms.

Proposition (Coercivity estimate). Let —% <a<0and0 <6< 3F. Moreower, let u € T.
Then there are constants ca, c3 > 0 independent of a and 0 such that there exists an ag € (—%, 0)
large enough such that for all a € (o, 0) there exists a 6y € (0,%) small enough such that for
all 6 € (0,6p) we have the coercivity estimate for the bilinear form , i.€.

B(u,u) = Bi(u,u) + c20*Bo(u, u) + ¢36* By (u,u) 2 |lull%,.

Specifically, this estimate is valid for 0 < W
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6.4. Proof of Propositions |5.3.1| and |5.3.2

Proof. In the terminology of Corollaries[6.1.8] [6.2.5]and [6.3.3] we choose for instance the constants

6394 C

Y1 = - 4 Y2 = E’ v3 =1, Y4 = 004_27 V5 =0, Y6 = 02’
02 Doa?

= b= =1, di=fah G=0, =07
402 D

_ 0 _9

1730 2740

Then, combining the results from Corollaries [6.1.8} [6.2.5| and [6.3.3] using (6.22)) and the above
constants gives that

Bi(u,u) 4 ¢26%Bs(u,u) + 30" Bs(u, )

1
> [1+eb(a = )] furld + 200w, |3 + K1 ||Vl + 20 Ko||ro, Vul |3, + T00394H7"un|!§»

where
D
Ky = % —desb(a—1)2 — 0(a® +1) {1 +46 + 293021)2] (6.23)
5Cy C3+Cs+1  caDoa® Ci+C
_p2 2 3 6 21472 B 4 5
0 [1298C3+ -t 5 +— } 9[1+2 }
2 2
— 1—;0394(4 +a7%) —0*(1+a?) [(; + 1+ ¢360%(1304 + é)] _24
_D 9 D3+ Dg+1 27 c3 9 D4+ Ds
Ky=3 —0 { : 1002] 0(a? +1)(40 + 1) e[ ; +1] (6.24)
2D1co0?
—PP(1+a?) - 2T 1999%,
C3 C9

For coercivity we need Ki, Ko > 0. Only the last term in both K; and K3 are constant (i.e. do
not depend on 6 or «), however we can still choose the constants ¢ and c3 in the definition of
the bilinear form . We set

323000, 5C

_ e = - 2
2 oD and c3 o (6.25)
so that o o D
LY and 12028 = 2
C3 5 C9 5

Moreover, we choose |a| small enough such that the second but last term in Ky becomes

Dicoa? < Q
C3 -5

(6.26)

However, having || small will cause the terms with an a~2 in K; and K to blow up. But we
can in addition choose # so small that § < o so that it cancels the a~2, i.e.

?(1+a2)<h?+1) and 0 (4+a?) <6(4a®+1).

Finally, we choose # small enough (if not small enough yet by the condition § < a?) such that
K1, K5 > 0 and we obtain

Bi(u,u) + c20°Bs(u,u) + ¢30*Bs(u,u) 2 |lu|%, forallue 7.
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Chapter 6. Proof of the Coercivity and Boundedness Estimate

By keeping track of all the constants, a value of 6y (which will not be optimal) can be determined
such that for all € (0,6) the coercivity estimate holds. The most restrictive condition on 6
is that # < o? and « should be such that holds. The constants C; and D; appear in
Lemma [6.1.2 and [6.2.4] after applying the estimates (4.11)) and (4.12) (both with ¢ = 0) from
Lemma [4.3.3] From the proof of Lemma [4.3.3] we find the values of the constants C; = 1674
and Dy = 872, From Lemma [6.1.6/ and [6.2.1| it follows that C' = D = 1. Inserting this into

(6:25) gives

2.0672 - 10° 160
Cg=——fp— and c¢3= —
v T
so that by (6.26))
D 272
0 <a?< 23 T ~9.55-107F.

~ 5D¢9 2.0672 - 106

Furthermore, it is elementary to check that for these values of a and 6 the coefficients K; and
K5 in (6.23) and (6.24]) are positive, so that the statement of this proposition is true for

o2
2 _ _
% =% = 55672 106" =

Finally, we give the proof of the boundedness of the bilinear form as stated in Proposition
0.9.2)

Proposition (Boundedness). Let — < o < 0 and 0 < 6 < Z. Then for any u,v € T the

bilinear form s bounded, i.e.
B(w,v) Sae [ullz vl

Proof. First consider the terms in bilinear form (B1]). It is immediate that T} (a ) ( ) and T( )
be bounded by applying the Cauchy-Schwarz 1nequahty and in addition by Hardy S mequahty
h

for T?Sl). From the proof of Lemma it follows that for Tf)

s ([ o) ([ [ onr o)
+ </09 /0°° 2 (9u,)? g > (/ / 00,8, d¢)1 |

where @, satisfies ([5.3)). Using Lemma and Equations (6.4]), (6.22) we obtain

1
’T4( | Sao (IVlla+ 19700 + [rVeulla) [VV]a S [l V]

For the last term T5(1) in Bj recall that

(A.10) 83@1 T_laraqu)l — 7”_28¢(I)1
Veve = (rla@arcpl S 20,0, 2020 4+ 10,0y )

so that by the Cauchy-Schwarz inequality and Lemma [4.3.3] we obtain

9 1
2
| < E:(/QTQO‘KV@V@l)ideCL’) (/Q 2 (V) dw) Sao [l Vil

i,j=1

Boundedness for the terms in the second bilinear form (B2|) follow in the same manner as for

By, but with u and v replaced by rd,u and rd,v, respectively. Again, boundedness of Tl(z),
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6.4. Proof of Propositions |5.3.1| and |5.3.2

T 2(2) and T. 352) follows immediately from the Cauchy-Schwarz inequality and Hardy’s inequality.
From the proof of Lemma it follows that for T4(2)

o= (f [ o) ([ [ sty
([ T a ) ([ / (720 <1>1>2drdso>17

where ®9 satisfies (5.12)). Using Lemma and Equations (6.4), (6.22) we obtain
2
17| S o (198l + (V78,0 + [ Vesal) [V S lullg, [¥]rs
Moreover, with the Cauchy-Schwarz inequality and Lemma, we obtain
2 1 1
18] < 3 ([ oo venpan) ([ o @uar) Son vl
= Q Q
i,7=1

Finally, for the vorticity bilinear form (B3]) it is immediate that T1(3) can be bounded by applying
the Cauchy-Schwarz inequality. By in addition applying Hardy’s inequality for T2(3) gives

l 1
79| < </ ~20,,2 dm) </ 2002, )2 dx>2 < o [7Veu [l Veoul.
Q Q

The boundedness of the boundary term T(S) can be proved in a similar manner as for the

coercivity in Lemma Recall from and - ) that

(3) _ cos (A — 1)9) R - ~ o
T3 - /Re)\ a()\ B 1)m [aﬁur()" 9)890'07“()‘7 9) + &pur()\, 0)8¢vr()\, 0)] dIm\

1 A ~ /N A ——
A1) |91 (X, 0)3,0, (A, 0) + Dpin (X, 008,05, (A, 0) | dIm).
o A D T [ O 000 + 0,50, 00,50, b

Then integrating into the wedge with the fundamental theorem of calculus and applying the
Cauchy-Schwarz inequality on each term gives with similar estimates as in Lemma that
T 3(3) is bounded. O
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Chapter 7

The Parabolic and Polynomial
Problem

In this final chapter we gather some incomplete results, which can serve as a starting point for
future research into the (Navier-)Stokes equations with Navier slip on a wedge. In the previous
chapters we made an effort to find a solution to the elliptic Stokes problem . Fortunately,
our efforts were rewarded with even the existence and uniqueness of a strong solution. In Section
m we will show that for the parabolic (i.e. time-dependent) Stokes problem it is much easier
to find at least a weak solution.

As outlined in Chapter [3] the solution on a non-smooth domain is decomposed in a regular and
singular part. For the elliptic Stokes problem we have dealt with the regular problem in the
foregoing chapters and in Section we will make a start with the polynomial problem.

7.1 The Parabolic Stokes Problem

Recall from Chapter [3| the time-dependent Stokes problem with Navier slip (N-St)), i.e.

ou—Au+Vp="~f in 2 x [0, 00),
diva=0 in  x [0, 00),
un=0 on 9 x [0, ), (N-St)
u-7T+0h(u-7)=0 on 9 x [0, ),
u = ujc in  x {0}.

For simplicity assume that u;. = 0, then after applying the Laplace transform in time and the
Helmholtz projection, we obtain the resolvent equation

sPu—PAu=f in Q, (P-N-St.a)

diva=0 in Q, (P-N-St.b)

u, = 0, on 99, (P-N-St.c)

Up + Oy = 0, on 99, (P-N-St.d)

for some arbitrary complex number Re(s) > 1. In comparison with the elliptic case there is an
extra term sPu. This term can be used to absorb other terms in the bilinear form by enlarging
Re(s) and therefore we do not need additional bilinear forms with higher derivatives for coer-
civity.
Let TP be the space of test functions given by
TP :={veC*Q\{0}):divv =0in Q and v, = 0 on 9Q'}.
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7.1. The Parabolic Stokes Problem

Testing the resolvent equation (P-N-St.a]) against v € 7P in the unweighted L?(§2) inner product
gives the following weak formulation

sPu — PAu, v)20) = (f,v)r2(qy forallve TP Re(s)>1.
Q) (2)

By using that P is self-adjoint (Lemma [4.2.4]), a similar computation as in the elliptic case
(Section shows that

(sPu — PA, v)12(0) = s(1,v)2(q) — (Au, v)12(q)
:s/u-vd$+/Vu:Vvdx+/ U, Uy ds
Q Q oY
=: Bso(u,v),

where the Navier-slip condition (P-N-St.c|) is applied in the boundary integral. Consider the
Hilbert space

%p = ﬁ”'“ﬂop’ (72)

Hv@pp:/ ]v]de—k/ Vv |? dm—i—/ v? ds.
0 Q Q oY

Proposition 7.1.1. Let Re(s) > 1. For any f € (A#}) there exists a unique u € J° satisfying

where

Bso(u,v) = (f,v) forallv e H}.
Proof. Let u,v € TP. With the Cauchy-Schwarz inequality it follows that
[ Bs,o(, v)| < ([s] + 2)[[ull sz [[v] »

and we trivially have
ReB;(u,u) = Re(s)/ lul? dz +/ |Vul|? dz +/ u? ds
Q Q o
> HuHQIfOp for Re(s) > 1.

Hence, the result follows from the Lax-Milgram theorem (Theorem [2.3.4)) and the density of 7P
in A, see (7.2). O
7.1.1 Solutions in the Weighted Case

Testing the resolvent equation (P-N-St.a)) against v € TP in the weighted inner product gives

(f,v)o = (sPu—PAu,v), = (su,v), + (—PAu,v), = (su,v)y + (—Au,Pr_2av)L2(Q),

where we used Pu = u (by (P-N-St.b)) and (P-N-St.d)) and Lemma[4.2.4 Recall that Pr—2tv =
r~2%y — V&, where ® satisfies (in the sense of Definition |4.2.1])

AD = div(r—2%v) = —2ar 21y, in Q,

0, =n-r"2*v=0 on 0.
The derivation of the rest of the bilinear form is similar as for the elliptic case in Section [5.2
We obtain

Bsa(u,v) = (su, T_QO‘V) o)t (ur, r_QO‘vT)LQ(aﬂ,) + (Vu, r_QO‘VV)LQ(Q) - 2a(0pu, T_Q"_lv)LQ(Q)

5
— (urs 0 ®) 2oy — (VO VO V) 1 0 =2 Y T
=0
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Chapter 7. The Parabolic and Polynomial Problem

In comparison with the bilinear form for the elliptic problem (B1]), we have the extra Ty term.
We will show that for this bilinear form it is much easier to obtain a coercivity estimate only
using the unweighted bilinear form By . We first prove an auxiliary result.

Lemma 7.1.2. For a < —1 the following estimate holds
-1, 12 2 2
Ir ™ urlly < ellurllze ) + Cellurlla,
where Cz > 0 is some large constant depending on €.

Proof. Write

7“72&72:(7“7204)%(1)%’ }: Oé‘l‘l7 q:_l,
P o (0}

so that % + % =1 (and o < —1 ensures that p,q > 1) and thus application of Holder’s and
Young’s inequality gives

a+1

atl _1
< </ 2%y, |2 dx) i (/ | |2 dw) i
Q Q

_2 gatl
— el e a
< ellurllFz(q) + Cellurlla. O
Consider for some C' > 0 the bilinear form
Bg(u,v) := CBso(u,v) + B o(u,v),
for which we can now obtain the following coercivity estimate.

Proposition 7.1.3. Let o« < —1 and 6 > 0 be small enough. Furthermore, let C and Re(s) be
large enough. Then for allu € TP

Re Bs(u,u) = Re CB;p(u,u) + Re B; o (u,u)
>l oy + lar 2 4 [y + V20 + 2 + [Vl

Proof. We only need to absorb the last three terms 73,7, and T5. Note that for T3 the ¢ part
can be dealt with similarly as in Lemma [6.1.3] i.e.

6 0o
a/ / r209, g 2 dr dgp’ < 46%(02 + 1) Vul2. (7.3)
0 0

For the r part of T3 we obtain with integration by parts and Lemma

Qa/r_Qa_18r|uT|2 dz
Q

= 2021 e |2 < 1 fur |2 g + Cen 2. (7.4)
For T, we can integrate into the interior of 2 to obtain
oo
—(uy, 0,® ,:—/ (778@_—1—78(1)_)&“
( ry Ur )L2(8Q) 0 rUr ‘(pf() rUr ‘9079

_ /0 ’ /0 - 2*00‘ L0, (10, @) + T (r9,0,9)] % do.  (7.5)
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7.1. The Parabolic Stokes Problem

To further estimate this integral we need estimates on ®. However, applying the Navier-slip
condition on T, has changed the scaling of this term. Therefore, we cannot directly
use Lemma for estimating the integrals with ®. Yet, with an analogous proof as the one
of Lemma [:3.4] we can nonetheless show the estimates

0 proo
d
/ / r2a\r8r8£<1)|2 < de S a29225/ r2%ul?dz  for £ € {0,1}. (7.6)
0 Jo r Q
Then for the first term in we obtain using Lemma and ([7.6))
*° 2<p 0

(0,157) (r0, ) = dgo‘

d
1/ / r72°‘]8¢ur\2—dgp+ / / r*ro, et — .
261
d C 292
<51/ / 2a|8¢ur—u¢|2d90+61/ / _2a|u¢|2 "d 10;_ /r_2°‘|u|2d:c
1 Jo

C1a%6?
< (e1+ 2616%(1 + a7 2)) [Vl + 120; [ulf2. (7.7)
1
Similarly, we get for the second term in ([7.5))
X 2p—0__ dr C'
w(r0,0,9) < do| < 21Tl + 5ol 79)

Therefore, from ((7.5)), (7.7)) and (7.8) we obtain

Cia%9?  C
< 2 -2 52 2 1 72 2 2. .
_(51+2819 (a4 o) IVulli + (5= + 50 ) Il (79)

[(ur,0,0)

L2(09)
For Ts we can use Lemma [4.3.4] and [7.1.2] to obtain

(Vu,Veve),

2 2c 2
(m\ < Z|vul2 + gur (Ve ve)?

€3 1 _
*IIVuHi + 7“,, Y12

IN

| /\

1
SI9ull + o (allur o + Collwll) . (7.20)

Combining estimates (7.3)),(7.4), (7.9) and (7.10]), and choosing for instance ; = £2 = o6 and
€3 =¢4 = 1 gives

3
Ro B(w,w)  Clur ) + |CRe(s) — 3 ullo) + IVl

T2 + [Re<s> o —cp-C C&*] Jul2

20 2
+ [; — 2022+ 6)(a® +1) — a%0 — 2} | Vul|?.

If Re(s) ~ 6~1 and 6 is small enough, then all coefficients are positive and we get the coercivity
estimate. n

With this coercivity estimate for By in hand, one can (after transforming back in time) also
construct a solution for the parabolic Stokes problem if enough test functions are generated.
Recall that the bilinear form B, was constructed by testing the equation with Cv + r—2%v
(v € TP)in (-,)r2(q), so to determine whether enough test functions are generated with this
special test function it is required to solve the dual problem (see also Remark

IP’(CV + r_%‘v) =w, wecTP
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Chapter 7. The Parabolic and Polynomial Problem

7.2 The Polynomial Problem

Recall from Section that the Stokes problem on the wedge is decomposed into an
expansion that captures the behaviour of the solution near the tip of the wedge and a regular
remainder. We have dealt with the smooth problem in Chapter 5] and [6] and it remains to study
the problem for the polynomial part. The polynomial problem that we have to solve (see also

Section is given by (3.6)), i.e.
—AP, + VP, =Py,
RS (7.11)
div’P, = 0.

In general one can consider generalised Taylor expansions which allow for logarithmic blow-up
near the tip, e.g. for the velocity

Pu(rip) =Y ul(p) rilog'r,
(4,0) € 22

where uU9) are unknown coefficients for which we will solve. However, since we have a fixed
domain it is expected that the logarithms are not needed in the expansion [54]. Therefore, we

will consider the Taylor expansions
Typ) = Zu(j)(go) ), (7.12a)

Jj=0

=3 () o, (7.12b)
Jjz-1

— Z £0) () 14, (7.12¢)
j>—2

where £ are known coefficients and u'?), p{¥) are unknown coefficients. The shift in the sum-
mation index j for P, and Py with respect to P, is basically because the velocity has a derivative
more than the pressure and two derivatives more than the right hand side f.

We remark that in the case of a moving domain it might be necessary to include logarithms
in the expansion. This is for instance done for the thin-film equation (see Chapter |1)) with Navier
slip in [30].

Remark 7.2.1. Note that by integrating the body force density £=2) we get

/f(_Q)r_2 dr dy = /f(_2)7"_1 dr dy,

which diverges as r | 0. This is non-physical and we assume that only finite forces can act on
finite volumes. Therefore, we in addition assume that f(=2) = 0.

To solve the polynomial problem we need to determine the coefficients ul?) and p(9). The
strategy will be to substitute the expansions P,, P, and Py into the problem and derive
a system of ODEs. This is done below in Lemma and after that in Section we will
concern ourselves with the solvability of the resulting BVP. Recall from Chapter [3] that the
Stokes problem in polar coordinates is given by

2 [((T@T)Z + 6?0) Uy — 20 Uy — ur} + Orp = [, forr >0, ¢ € (0,0), (7.13a)

—r2 [((r&,)2 + 8@) Uy + 20,u, — uw} + r_l('?@p = fo, for r > 0, ¢ € (0,0), (7.13b)
(roy + uy + 0puy, =0, for r >0, ¢ €(0,0), (7.13c¢)

uy, =0, forr >0, p € {0,0}, (7.13d)

Uy + Onuy, = 0, for r >0, p € {0,0}. (7.13e)
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7.2. The Polynomial Problem

Lemma 7.2.2. The vector with the coefficients of the Taylor polynomials
v (p) = (u?, u), a,u, (j—l))T for j >0,
satisfies the ordinary boundary value problem

0,vV () = AV () =gV (p)  for 0 < <0,

. BVP
Rov9(0) + RgvW) () = V), ( )
where
0 0 -1 0 0
| i+t 0 0 0 G _ 0
A= G+1)2 0 0 —(-1) and gV = —fﬁ‘a) , (7.14)
) . j—2
0 —(j2-1) j—1 0 G-2)
and the boundary conditions are given by
0100 0000 0
oo o0 o0 1010 0 g1 0
Ry = 00 1 ol Ry := 00 0 0 and cV’ = u£]_1)(0) . (7.15)
0000 0010 W77V (9)

Remark 7.2.3. Throughout this section we write O, for the ordinary derivative d%o'

Proof. Let Py,, Py, and Py,, Py, denote the radial and angular components of P, and Py in
(7.12), respectlvely First, substitute P,, and P, in the incompressibility constraint (7.13c) to

obtain
(roy + 1)Zu£j) 7 +8¢Zug) ri = Z (G + Duy: )+ 9,uY )]T‘J =0.

j>0 Jj=0 Jj=0

For fixed j > 0 we thus have the following relation
(G + Dul? + 9uld) =0. (7.16)

Substitution of the Taylor expansions Py, , Py, ,Pp and Py, in the momentum equation ([7.13a)
gives

=3 (G2 = DU + 92l — 20,0 ) 7724 37 jpUle Tt = 3 p)

J=0 j=2-1 j==2

and by shifting every term to 77~2 we obtain

_Z(J — 1)ul®) + 92uld) — 20,ul ),,J 213G - )pU 2 = 3T p0 2,

7>0 3>0 7>0

which leads for fixed 7 > 0 to the relation
|67 = D)+ 0l — 20,0 4 (G - 1pU Y = . (7.17)

Similarly, for the momentum equation ([7.13b]) we substitute Py,., Pu,, Py and Py, to obtain

-3 ( ud) + 02ud) + Qawu@) P S apr = 3 5 4

>0 i>-1 i>=2
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Chapter 7. The Parabolic and Polynomial Problem

Shifting the indices such that each term contains a factor /=2 gives for fixed index j the relation
- [(jz —Dud) + 02 + 28¢u$j)} +0,pU D = fU2), (7.18)

For j > 0 we rewrite Equations — into a system ODEs of the form
a@v(j) — Av) = g, (7.19)

where ‘ 4 ' ‘ '
V(J) = (’Ul,’Ug,’Ug,’U4)T = (u7("J)7us(0j)78@“7(“J7)7p(]_1))—r' (720)

It should be noted that Equation (7.17)) contains a term aguﬁj ) and therefore it is also required

to include (%u,(nj ) in the vector v9). For the term 83}u<(pj ) occurring in (|7.18) it is not required to

g ) g ) with the aid of the incompressibility constraint

include O ug’ in v9) since we can rewrite 83,71,

(7-16).

We now derive A and g¥) in the ODE ([7.19) by rewriting (7.16)-(7.18). By definition of the
vector v/ in ([7.20)) it is clear that
a,o'Ul — V3 = 0. (721)

From Equation ((7.16) it follows that
6901)2 + (] + 1)1)1 =0. (7.22)
Using Equation ((7.17)) we find

Dpvs = —[(2 = Dyor — 20,0 | + (j = Vo — £9°2
and for the term with awug ) we can apply the incompressibility (7.16]) to obtain

Opvs + (7 = 1) +2(j + 1) Jor — (j = Doa = —fI 72, (7.23)

= (j+1)?

Furthermore, using Equation (7.18)) we find
Bpva = (52 — Doy + 20D + 205 + fU2)

and for the term with 83ug ) we can again apply the incompressibility (7.16)) to obtain

; . Tz .
O = —(j+ 1o B —(j+ 1)y
and finally we arrive at
Opvs — (72 = Vva + (j — Vg = f972. (7.24)

Combining the four Equations (7.21)-(7.24) gives that —A and g\/) are as in Equation (7.14) of

the statement of the proposition.

The boundary conditions of the boundary value problem are determined from the boundary
conditions in (7.13). Substituting the expansion P, in boundary condition ([7.13d)) gives

S uld(@)rd =0 for ¢ €{0,0},
j=0
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7.2. The Polynomial Problem

and thus . '
u9)(0) = ul?(9) = 0. (7.25)

Substituting the expansion P, in the Navier-slip boundary condition ((7.13€]) gives
> ud (@) = dud ()i =0 for ¢ € {0,6},
Jj=0 Jj=>0
and by shifting j — j — 1 in the first sum we find
d,u(0) = w1 (0) and 9,u () = w1V (H). (7.26)

Writing the boundary conditions (7.25) and (7.26) in matrix form gives Rov()(0) + Ryv\¥)(8) =
¢ where Ry, Ry and c\9) are as given in the statement of the proposition, see Equation (7.15)).
O

Before studying the solvability of the boundary value problem (BVP)), we collect some prop-
erties of the matrix A.

Lemma 7.2.4. Let j > 0. The matriz A as in Lemma[7.2.9 has the eigenvalues
i(j+1), —i(j+1), i(j—1) and —i(j—1).

If j = 0, then the eigenvalues are i and —i, both with algebraic multiplicity 2 and geometric
multiplicity 1. The corresponding eigenvectors are

Vi, =(=i,1,1,0)"  and vi__,=(3,1,1,0)"
and the generalised eigenvectors are
Vi =(1,2i,0,-2)" and v3__,=(1,-2i,0,-2) .
If j =1, then the eigenvalues are 0,0,2i and —2i and there are four eigenvectors given by
Vico = (0,1,0,0)7, v3_o=(0,0,0,1)", wacei=(—11,2,0)", vie_9 = (,1,2,0) .

If 7 > 2, then the four eigenvalues are distinct and the corresponding eigenvectors are given by

—i 1 T i1 T

Va=i(j+1) = (mvﬁv]wo) ; Va=—i(j+1) = (maﬁ,l,o) ;
_ (=1 iG+) G- )T _ (=1 =iy —ig-1? )T
V)\zi(j—l)—<]477 1 7T71> ) V)\:—i(j—l)—(ij G T4 71) :

Proof. A straightforward calculation shows that
det(A — M) = M +2(2 + A2 4 (52 — 1)?

has four roots given by i(j + 1), —i(j + 1),i(j — 1) and —i(j — 1). For j = 0 we have thus two
distinct eigenvalues, each with one eigenvector

viei=(-41,1,00" and vi__,=(i,1,1,0) .
The generalised eigenvectors v?\ should satisfy
(A= X)v3=vi and (A—A\)*vi=0,
and we find that
vi_;=(1,21,0,-2)" and v3__,=(1,-2i,0,-2)".

For j > 1 an involved but straightforward calculation shows that for all eigenvalues the algebraic
and geometric multiplicities are equal and that the eigenvectors are as in the statement of the
proposition. O]
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Chapter 7. The Parabolic and Polynomial Problem

7.2.1 Solvability of Polynomial Problem

Recall the boundary value problem , i.e.
A, v (@) — AvD (@) = g () for 0 < ¢ < 6, (BVP.a)
Rov\)(0) + Rov?(0) = V), (BVP.b)

where A,gU), Ry, Ry and ¢\ are given in (7.14) and (7.15). Note that for solving for
7 € Ny we need uﬁj U as data (see c¥ in ) Therefore, we have to solve the problem
in increasing order for j and this coupling of the equations due to the Navier-slip boundary
condition makes it difficult to find explicit solution representations. We will make use of the
Green’s matrix (see Section to show that a unique solution to exists for every
j > 0. In the Propositions we study the solvability for j = 0,5 =1 and j > 1.

Proposition 7.2.5 (Solvability of (BVP) for j = 0). Let 0 < 6 < 2w. Then the boundary value
problem (BVP)) for j =0 is only satisfied by the trivial solution, i.e.

v(0 = (uﬁf”, ug)), @,,ug,o),p(_l))—r =0.

Proof. For j =0 the matrix A in ([7.14]) is

0 0O 1 0
-1 0 0 0
A= -1 0 0 -1
0O -1 1 0
and in view of Remark the right hand side is
0 0
0 0
0) _
& i 0
1 0

In addition, the boundary conditions (BVP.D) are also homogeneous, i.e. c¢U) = 0 by the
definition of V) in (7.15). The Jordan form becomes A = PJP~', where by Lemma

-1 4 1 i1 0 0
1 20 1 =2 0« 0 O
P=11 01 o and - J= g0
0 -2 0 -2 00 0 —i
The fundamental matrix e#4 is given by
e? pe? 0 0
A —perdpt—p| 0 & 0 0 ) pa

0 0 e % e ?
0 0 0 e¥

and the characteristic matrix corresponding to this fundamental matrix is

C = Roe"? + Rpe?

0 1 0 0

| —sin(@) cos(9) + 36sin(0) —20sin(0) 2 sin(f) — 10 cos(0)
0 0 1 0

— sin(6) +0sin(0) cos(f) — 3 sin() —1sin(6) — 36 cos(0)
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7.2. The Polynomial Problem

The determinant of the characteristic matrix is

1 . ; 1 1
det C = Z(e%e +e 20 _ 2) = icos(ZQ) —5< 0 for 0 <6< 2m.

The determinant of the characteristic matrix is non-zero and therefore by Proposition [2.2.3] the
(BVP)) is only satisfied by the trivial solution. O

Next, consider j = 1, then we solve (BVP]) for

0 010
-2 0 0 0
A= -4 0 0 0
0 0 0O

It is clear that A has determinant 0 and therefore will not have a unique solution. How-
ever, note that we solve for p(®) which corresponds to the constant contribution of the pressure.
Since the pressure is always determined up to an additive constant, it is to be expected that
the system does not have a unique solution and without loss of generality we can set p(®©) = 0.
We study the remaining three-dimensional system and show that this system satisfies the four
boundary conditions if f satisfies some compatibility condition.

Proposition 7.2.6 (Solvability of (BVP) for j =1). Let 0 < 0 < § and assume that f satisfies
the compatibility condition

/0 " 1) do 0.

Then the boundary value problem (BVP|) for j = 1 has a unique solution up to an additive
constant for the pressure.

Proof. In this proof we ignore the pressure in the vector v(!) and consider the remaining three-
dimensional system

0,v=Av+g for pe(0,0), (7.28)
where .
uy /0 01 0
@)= « |, A=[-2 0 0] and g=[ 0
9, ul® —4 0 0 _ =y

The three boundary conditions to determine the solution are Ryv(0) + Rgv () = &, where
010 0 00 0
Ro=0 0 0|, Be=(0 1 0] and e={ o |TLZA (o). (729
00 1 00 0 u!?(0) 0

By Lemma the matrix A has eigenvalues 0, 27 and 2i and can be written in Jordan form
as A= PJP™!, where

0 —i ¢ 0 0 O
P=11 1 1 and J=1|0 20 0 |. (7.30)
0 2 2 0 0 —2¢
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Chapter 7. The Parabolic and Polynomial Problem

The fundamental matrix is given by

. cos(2¢) O 1 sin(2¢)
e = —sin(2p) 1 3 cos(2p) — 3 (7.31)
—2sin(2¢p) 0 cos(2¢)
and therefore the characteristic matrix is
S 0 1 0
C = Rpe® + Rpe? = | —sin(20) 1 % cos(20) — 1
0 0 1

We obtain that det C = sin(26) which is non-zero for 0 < ¢ < § and by Proposition the
three-dimensional system ([7.28)) has a unique solution. The solution is given by

- @ -
(p) = #b + /0 ~DAg(3) dp, (7.32)

where b := (bl, ba, bg)T is a constant vector determined by the boundary conditions ([7.29). We
will insert the solution v into the boundary conditions to find the constant vector b. By ((7.29)
we obtain

0= Rov(0) + Rgv(6)

by 0
= | 0] + [ —brsin(20) + by + b3 (L cos(20) — 1) — 7 1V (@) [L cos (200 — @) — 3] dp
bs 0

and it follows that by = b3 = 0 and that b; satisfies

1 1

6
b= " sin(26) /0 K@) E cos (2(0 — ¢)) 2} de. (7.33)

Therefore, we have a unique solution v satisfying (7.28) with the three boundary conditions
(7.29). However, this solution should also satisfy the fourth, still unused, boundary condition

9,uD (9) = u® (9) T2,

r

Writing out the third component of the solution v in ([7.32) and substituting b1, b and bs gives
0
dpulV () = —2b; sin(20) — / FED(@) cos (20 — @) dp
0

0
_ /O FE0(@) dg.

Therefore, (BVP)) has a unique solution up to an additive constant for the pressure if f satisfies
the compatibility condition

0
| #0@)ae o, m
0
Proposition 7.2.7 (Solvability of (BVP)) for j > 2). Let 6 > 0 and
97&% and e#jn%l for allm > 1.
Then the boundary value problem (BVP)) for j > 2 has a unique solution.
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Proof. Recall from Lemma that for j > 2 the matrix A in ([7.14)) has four distinct eigenvalues
and we can calculate the corresponding fundamental matrix e#4 and characteristic matrix C
similarly to the previous propositions. A tedious but straightforward calculation shows that

1 1
det C = 5 cos(260) — B cos(2;0).

This determinant is zero for

1
nroa 6?:(n—i- )

0= - - for n € Z.
1—7 j+1

Therefore, by Proposition there is a unique solution to (BVPJ) for # > 0 and

nm

0
#j—kl

and Q#Lwl for alln > 1.
j—

Note that -7 is the smallest root of det C and therefore we can solve (BVP)) for some fixed 6
at least up to order j < ”T*H. O

By combining the above Propositions [7.2.5 we obtain the following result on the solv-
ability of the polynomial problem ([7.11)), i.e.

—AP, + VP, =Py,

7.34
div P, =0, (7.34)

with Navier-slip boundary condition.

Theorem 7.2.8. Consider the polynomial problem ([7.34) related to the Stokes problem with
Navier slip. Assume that £ = (f,, f<p)T has a Taylor expansion around the tip of the wedge Q) of
the form

Py(r.p) = Y £9(p)rf

>—1

and satisfies the compatibility condition

0
[ #06) de =0
0
Furthermore, let 0 < 0 < 5 and assume for j > 2 that
97&% and 97&% for allm > 1.

Then there exists a unique solution up to an additive constant for the pressure to the polynomial
problem (7.34). Furthermore, the solution to the polynomial problem has a Taylor exrpansion
around the tip of the form

Pulr,p) =Y uD(p) 1 and  Pyr,p) = > pV V(p) 7,

Jj=0 J=0

where without loss of generality p®© = 0 and all other coefficients '), pU=1 for j > 0 are
uniquely determined. In particular, for any fized 0 it is possible to solve the polynomial problem

up to order j < ”TTG.
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Appendix A

Vector Identities and Polar
Coordinates

A.1 Vector Identities

For a vector-valued function u = (ul(xl,xz),UQ(xl,xg))T : R?2 5 Q — R? in Cartesian coordi-
nates (x1,x2) we define

divu:=V . u =0, u; + Oy,us, (divergence) (A.1)
curlu := V+ - u = 9,,us — 9p,u1, (curl or rotation) (A.2)
L 8901U1 8x2u1 .
Vu = (leuQ 812u2> , (gradient) (A.3)
Au := Au (Laplacian) (A4)
=\ Aug ) p . .

Moreover, for u,v : R? 5 Q — R? we introduce the notation

2
Vu:Vv = Z O, U0y, 05,
ij=1
u®v e R*? with (u®v);; := uw; for 1 <i,5 < 2.

With this notation we get the identities
2 2
Zdiv(vjVuj) = ZvjAuj +Vov;-Vuj =v-Au+ Vv: Vu,
j=1

Jj=1

V(¢u) = pVu+u® Ve,
for any scalar field ¢. Furthermore, we have the following properties.
Lemma A.1l. For u a vector field in R? and ¢ a scalar field we have the following properties:
1. The curl of a gradient is zero: curl V¢ = 0.
2. The divergence of a curl is zero: divcurlu = 0.
3. The divergence and Laplacian commute: div Au = Adivu.

4. If diva = 0, then the curl and Laplacian commute: curl Au = A curlu.
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A.2 Polar Coordinates
To switch from Cartesian coordinates (x,y) to polar coordinates (7, ), set
x=rcosp and y=rsing

and the unit vectors are

Cartesian: ex = L , ey = 0 i Polar: e, = cos @ e, = —sinp)
0 1 sin ¢ Ccos

We write u = u,(r, p)e; + uy(r, ¢)e, as

The gradient and Laplace operators are in polar coordinates given by
V=0 )e+(r'd)e, and A=09+r10,+ T_QOZ =r2((ro,)* + 85,). (A.5)

Therefore, for any vector-valued function u : R? D  — R? and scalar field ¢ we have

divu=r" ((r@ + Dy + Opuy), (A.6)
curlu = r~1((rd, + L)uy, — dpuy),
_1 (O Opur — Uy
(7‘8 Uy Opliy + ur) (A.8)
B 70, )? +82)u7~—28 Up — Uy
Au=r- (((Ta )2 4 85)1@ + 20U, —uy )’ (A.9)

- 029 110,00 — 172040
veve= <1"_10¢8T¢ —r 20,0 202+ 110, ) ' (A.10)

Finally, we also have the commutation relations

r’rdy, = (ro, —y)r"  and  ror? =7r7(ro, + ) for y € R. (A.11)

89



Bibliography

1]

[10]

[11]

[12]

[13]

[14]

[15]

R.A. Adams and J.J.F. Fournier. Sobolev spaces, volume 140 of Pure and Applied Mathe-
matics. Elsevier, 2nd edition, 2010.

R.P. Agarwal and D. O’Regan. An introduction to ordinary differential equations. Springer-
Verlag, 1st edition, 2008.

H.W. Alt. Linear functional analysis. Springer, 2012.

G.K. Batchelor. An introduction to fluid dynamics. Cambridge University Press, 2nd
edition, 2000.

D. Bonn, J. Eggers, J. Indekeu, J. Meunier, and E. Rolley. Wetting and spreading. Reviews
of Modern Physics, 81:739-805, 2009.

M. Chiricotto and L. Giacomelli. Droplets spreading with contact-line friction: lubrication
approximation and traveling wave solutions. Communications in Applied and Industrial
Mathematics, 2(2):1-16, 2011.

A.J. Chorin and J.E. Marsden. A mathematical introduction to fluid mechanics. Springer,
3rd edition, 1993.

Clay Mathematics Institute. Navier-Stokes Equation. https://www.claymath.org/mil
lennium-problems/navier,E2%80%93stokes-equation. Accessed: 06-2022.

R.G. Cox. The dynamics of the spreading of liquids on a solid surface. part 1. viscous flow.
Journal of Fluid Mechanics, 168:169-194, 1986.

M. Dauge. Stationary Stokes and Navier-Stokes systems on two- and three-dimensional do-
mains with corners. Part 1: linearized equations. SIAM Journal on Mathematical Analysis,
20(1):74-97, 1989.

E.B. Dussan. Spreading of liquids on solid surfaces: static and dynamic contact lines.
Annual Review of Fluid Mechanics, 11:371-400, 1979.

E.B. Dussan and S.H. Davis. On the motion of a fluid-fluid interface along a solid surface.
Journal of Fluid Mechanics, 65(1):71-95, 1974.

L.C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathematics.
American Mathematical Society, 2nd edition, 2010.

W. Forst and D. Hoffmann. Gewdhnliche Differentialgleichungen. Springer Spektrum, 2nd
edition, 2013.

A. Friedman and J.L. Veldzquez. Time-dependent coating flows in a strip, Part I: The
linearized problem. Transactions of the American Mathematical Society, 349:2981-3074,
1997.

90


https://www.claymath.org/millennium-problems/navier%E2%80%93stokes-equation
https://www.claymath.org/millennium-problems/navier%E2%80%93stokes-equation

Bibliography

[16]

[17]

18]

[19]

[20]

[21]

[22]

[24]

[25]

[26]

[27]

28]

[29]

[30]

P.-G. de Gennes. Wetting: statics and dynamics. Reviews of Modern Physics, 57:827-863,
1985.

P.-G. de Gennes, F. Brochart-Wyart, and D. Quéré. Capillarity and wetting phenomena:
drops, bubbles, pearls, waves. Springer, 1st edition, 2003.

L. Giacomelli, M.V. Gnann, and F. Otto. Rigorous asymptotics of traveling-wave solutions
to the thin-film equation and Tanner’s law. Nonlinearity, 29(9):2497-2536, 2016.

L. Giacomelli and F. Otto. Rigorous lubrication approximation. Interfaces Free Boundaries,
5(4):483-529, 2003.

G. Gilbarg and N.S. Trudinger. FElliptic partial differential equations of second order.
Springer-Verlag, 1977.

M.V. Gnann. Well-posedness and self-similar asymptotics for a thin-film equation. STAM
Journal on Mathematical Analysis, 47(4):2868-2902, 2015.

M.V. Gnann. Gewdhnliche Differentialgleichungen. Universitdt Heidelberg, 2018. https:
//drive.google.com/file/d/16In4f-k3z8hiFvkoREe XZt0-K1S1CjQ/view. Accessed:
06-2022.

M.V. Gnann. Mathematics of fluid dynamics. Delft University of Technology, 2021. https:
//drive.google.com/file/d/16IIQnPwFFRK7B3FF8rGho6e_8zkc3BMi/view. Accessed:
06-2022.

M.V. Gnann and A.C. Wisse. The Cox-Voinov law for traveling waves in the partial wetting
regime. Nonlinearity, 35(7):3560-3592, 2022.

G.H. Hardy, J.E. Littlewood, and G. Pélya. Inequalities. Cambridge University Press, 2nd
edition, 1952.

C. Huh and S.C. Scriven. Hydrodynamic model of steady movement of a solid/liquid /fluid
contact line. Journal of Colloid Interface Science, 35(1):85-101, 1971.

P. Joseph and P. Tabeling. Direct measurement of the apparent slip length. Physical Review
E, 71:035303, 2005.

W. Jager and A. Mikeli¢. On the roughness-induced effective boundary conditions for an
incompressible viscous flow. Journal of Differential Equations, 170:96-122, 2001.

J. Kelliher. Navier-Stokes equations with Navier boundary conditions for a bounded domain
in the plane. SIAM Journal on Mathematical Analysis, 38(1):210-232, 2006.

H. Kniipfer. Well-posedness for the Navier slip thin-film equation in the case of partial
wetting. Communications on Pure and Applied Mathematics, 64(9):1263-1296, 2011.

H. Kniipfer and N. Masmoudi. Well-posedness and uniform bounds for a nonlocal third
order evolution operator on an infinite wedge. Communications in Mathematical Physics,
320(2):395-424, 2013.

H. Kniipfer and N. Masmoudi. Darcy’s flow with prescribed contact angle: well-posedness
and lubrication approximation. Archive for Rational Mechanics and Analysis, 218(2):589—
646, 2015.

91


https://drive.google.com/file/d/16In4f-k3z8hiFvkoREe_XZt0-K1S1CjQ/view
https://drive.google.com/file/d/16In4f-k3z8hiFvkoREe_XZt0-K1S1CjQ/view
https://drive.google.com/file/d/16IIQnPwFFRK7B3FF8rGho6e_8zkc3BMi/view
https://drive.google.com/file/d/16IIQnPwFFRK7B3FF8rGho6e_8zkc3BMi/view

Bibliography

[33]

[34]

[38]

[39]
[40]

[41]

V.A. Kozlov, V.G. Maz’ya, and J. Rossmann. Elliptic boundary value problems in domains
with point singularities, volume 52 of Mathematical Surveys and Monographs. American
Mathematical Society, 1997.

V.A. Kozlov, V.G. Maz’ya, and J. Rossmann. Spectral problems associated with corner sin-
gularities of solutions to elliptic equations, volume 85 of Mathematical Surveys and Mono-
graphs. American Mathematical Society, 2001.

V.A. Kozlov and J. Rossmann. On the nonstationary Stokes system in a cone. Journal of
Differential Equations, 260(5):8277-8315, 2016.

V.A. Kozlov and J. Rossmann. On the behavior of solutions of the nonstationary Stokes
system near the vertex of a cone. Journal of Applied Mathematics and Mechanics, 99, 2018.

V.A. Kozlov and J. Rossmann. On the nonstationary Stokes system in a cone: asymptotics
of solutions at infinity. Journal of Mathematical Analysis and Applications, 486:123821,
2020.

D. Kroner. The flow of a fluid with a free boundary and dynamic contact angle. Journal
of Applied Mathematics and Mechanics, 67(5):304-306, 1987.

A. Kufner. Weighted Sobolev spaces. John Wiley & Sons, 1985.
L.D. Landau and E.M. Lifschitz. Fluid mechanics. Pergamon Press, 2nd edition, 1987.

E. Lauga, M.P. Brenner, and H.A. Stone. Microfluidics: the no-slip boundary condition.
In C. Tropea, A.L. Yarin, and J.F. Foss, editors, Springer handbook of experimental fluid
mechanics, pages 1219-1240. Springer, 2007.

A. Maali, T. Cohen-Bouhacina, and H. Kellay. Measurement of the slip length of water
flow on graphite surface. Applied Physics Letters, 92:0563101, 2008.

S. Maier and J. Saal. Stokes and Navier-Stokes equations with perfect slip on wedge type
domains. Discrete and Continuous Dynamical Systems - Series S, 7(5):1045-1063, 2014.

A.J. Majda and A.L. Bertozzi. Vorticity and incompressible flow. Cambridge University
Press, 1st edition, 2002.

J. Maxwell. On stresses in rarified gases arising from inequalities of temperature. Philo-
sophical Transactions of the Royal Society of London, 170:231-256, 1878.

V.G. Maz’ya and V.A. Kozlov. Elliptic equations in polyhedral domains, volume 162 of
Mathematical Surveys and Monographs. American Mathematical Society, 2010.

N.G. Meyers and J. Serrin. H = W. Proceedings of the National Academy of Sciences of
the United States of America, 51(6):1055-1056, 1964.

S.A. Nazarov and B.A. Plamenevsky. Elliptic problems in domains with piecewise smooth
boundaries. De Gruyter, 1994.

J.M.A.M. van Neerven. Functional Analysis, volume 201 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, 2022.

A. Oron, S.H. Davis, and S.G. Bankoff. Long-scale evolution of thin liquid films. Reviews
of Modern Physics, 69(3):931-980, 1997.

92



Bibliography

[51]

[52]

[53]

[54]

[55]

W. Ren and W. E. Boundary conditions for the moving contact line problem. Physics of
Fluids, 19:022101, 2007.

J. Rossmann. On the nonstationary stokes system in an angle. Mathematische Nachrichten,
291:2631-2659, 2018.

B. Schweizer. A well-posed model for dynamic contact angles. Nonlinear Analysis: Theory,
Methods & Applications, 43(1):109-125, 2001.

Y.D. Shikhmurzaev. Singularities at the moving contact line. mathematical, physical and
computational aspects. Physica D: Nonlinear Phenomena, 217(2):121-133, 2006.

Y.D. Shikhmurzaev. Moving contact lines and dynamic contact angles: a ’litmus test’ for
mathematical models, accomplishments and new challenges. The Furopean Physical Journal
Special Topics, 229(10):1945-1977, 2020.

J.H. Snoeijer and B. Andreotti. Moving contact lines: scales, regimes, and dynamical
transitions. Annual Review of Fluid Mechanics, 45:269-292, 2013.

J. Socolowsky. On a free boundary problem for the stationary Navier-Stokes equations
with a dynamic contact line. In J.G. Heywood, K. Masuda, R. Rautmann, and V.A.
Solonnikov, editors, The Navier-Stokes equations II - theory and numerical methods, pages
17-29. Springer, 1992.

V.A. Solonnikov. On some free boundary problems for the Navier-Stokes equations with
moving contact points and lines. Mathematische Annalen, 302:743-772, 1995.

P. A. Thompson and S. M. Troian. A general boundary condition for liquid flow at solid
surfaces. Nature, 389(6649):360-362, September 1997.

0O.V. Voinov. Inclination angles of the boundary in moving liquid layers. Journal of Applied
Mechanics and Technical Physics, 18(2):216-222, 1977.

T. Young. An essay on the cohesion of fluids. Philosophical Transactions of the Royal
Society of London, 95:65-87, 1805.

93



	Introduction
	Spreading of Droplets and the No-Slip Paradox
	Mathematical Problem
	Overview of this Thesis

	Preliminary Theory
	Notation
	Two-Point Boundary Value Problems
	Functional Analysis
	Hardy's Inequality
	The Mellin Transform

	Setting and Main Results
	The Stokes Equations
	Decomposition of the Problem
	Choice of Spaces
	The Main Results

	Helmholtz Projection
	Green's Function Representation
	Properties of the Helmholtz Projection
	Estimates on the Helmholtz Projection

	Weak and Strong Solutions
	Weak Solutions in Unweighted Spaces
	Bilinear Form in the Weighted Case
	Solution to the Bilinear Form
	Strong Solutions to the Stokes Problem

	Proof of the Coercivity and Boundedness Estimate
	An Incomplete Coercivity Estimate for B1
	An Incomplete Coercivity Estimate for B2
	An Incomplete Coercivity Estimate for B3
	Proof of Propositions 5.3.1 and 5.3.2

	The Parabolic and Polynomial Problem
	The Parabolic Stokes Problem
	The Polynomial Problem

	Appendices
	Vector Identities and Polar Coordinates
	Vector Identities
	Polar Coordinates

	Bibliography

