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Motion-Based Separation and Imaging of
Closely Spaced Extended Targets

Shengzhi Xu and Alexander Yarovoy, Fellow, IEEE

Abstract—Separating images of multiple moving extended-
targets by means of ultra-wideband (UWB) frequency-
modulated-continuous-wave (FMCW) radar is investigated.
The difference in motion of closely-spacedextended targets is
used to separate and image them when their radar signatures
overlap in the range-azimuth domain. A novel auto-focusing
criterion based on the entropy of the eigenspectrum and the
Fourier spectrum is proposed for target imaging using inverse
synthetic aperture radar (ISAR). It allows separating closely
spaced targets and estimating their motion parameters. The
criterion proposed overcomes the low Doppler resolution of
closely-spaced extended targets of conventional techniques.
The bearing information is extracted by signal reconstruction
for every target separately. With the estimated position and the motion parameters of multiple targets, their images are
reconstructed using standard imaging processing algorithms. The performance of the proposed method is validated via
numerical simulations.

Index Terms— Frequency modulated continuous wave (FMCW), inverse synthetic aperture radar (ISAR), eigenspectrum,
ultra-wideband (UWB).

I. INTRODUCTION

THE separation of multiple closely-spaced moving targets
and the estimation of their positions and motions parame-

ters are important for numerous civil and military applications.
The motion information can be used for target separation
in the case when targets cannot be separated in range and
azimuth. In an example shown in Fig. 1, responses of both
cars at the left lanes overlap in the range-azimuth output
of a typical automotive radar with a typical resolution in
azimuth of about 10 degrees for 3 transmit and 4 receive
antennas. To observe the motion differences, the observation
time is extended to increase the Doppler resolution. The
differences between the Doppler shifts of strong scatterers
from the same target will be observed when the Doppler
resolution is sufficiently high. This phenomenon is used to
image the targets and is called ISAR imaging [1]. ISAR
imaging of a single target has been thoroughly studied and
is widely used for target classification and recognition [2].
One of the key techniques for ISAR imaging is the range
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Fig. 1. Traffic scenario where two cars cannot be separated in either
beam or range profile.

alignment by motion compensation. Many algorithms have
been proposed for motion parameters estimation, such as the
centroid tracking algorithm [3], the entropy minimisation (EM)
[4], the phase gradient auto-focusing technique [5], the image
contrast maximisation [6]. Among them, EM is one of the most
popular and widely used methods. Moreover, many improved
algorithms based on EM have been introduced, such as Rényi
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entropy [7], Tsallis entropy [8] and efficient implementation
of EM [9], [10].

In the case of multiple targets presented in the observed
scene, the conventional methods of range alignment and phase
adjustment proposed for the only single target may fail to
image the targets. Therefore, many algorithms are proposed
to separate and image multiple targets. Current approaches of
multiple targets separation in ISAR imaging can be roughly
categorised into two categories: direct imaging [1], [11], [12]
and separated imaging [13]–[22].

If the targets are far-spaced, a coarse image of the targets
can be obtained and the targets can be separated in the coarse
image using imaging segmentation techniques [1], [11] or
sparse representation [12] and more precise images can be
achieved by accurate motion compensation separately.

An alternative situation, when the range histories of the
targets are overlapped, is much more challenging. For such
cases, several popular types of algorithms are intensively
studied. One is based on time-frequency (TF) analysis which
is used to separate different sources in TF domain [13]–[16].
However, there are crucial limitations for the use of TF
analysis: Wigner-Ville distribution(WVD) and Radon-Wigner
transform (RWT) suffer from cross-terms, and short-time
Fourier transform (STFT) has a poor frequency resolution.
Another well-known algorithm uses fractional Fourier trans-
form (FrFT) [17] to extract the higher-order phase terms of
the signal which are related to the acceleration and jerk.
However, the closely-spaced targets with the same or similar
acceleration are difficult to be recognised by FrFT. Several
lines or curves detection based algorithms [18], [19], such as
Hough Transform, are applied to separate the range profile
of each target. However, the performance of these algorithms
decreases significantly when the range histories of differ-
ent targets are seriously overlapped. Another approach is
the exhaustive search of the motion parameters and using
auto-focusing criteria as the indications to estimate these
parameters [20], [21]. Based on the auto-focusing approach,
many algorithms are introduced to separate and image multiple
moving targets, e.g., the Modified Keystone [17], [22] and
Radon-Transform [23].

Although the previous Fourier spectrum-based
auto-focusing criteria [11], [20], [21] are quite sensitive
to the differences of the higher-order motion parameters
(acceleration and jerk), they are much less affected by
the Doppler differences. Such low sensitivity leads to a
poor separation in velocity. To overcome such a drawback,
a novel criterion based on the entropy of the eigenspectrum
is proposed in this paper to separate targets with high
Doppler velocity resolution. Since the eigenspectrum has
a much higher sensitivity to the second-order mutual
coupling introduced by the constant Doppler shifts, targets
with similar radial velocities can be separated in the
eigenspectrum-based EM but may not be separated by the
conventional Fourier spectrum-based EM. The proposed
criterion has, however, a low resolution and spread entropy
information for higher-order motion parameters such as
acceleration. Therefore, a simple method to combine both
entropies is introduced, resulting in high resolutions for both

velocities and accelerations. After estimating the motion
parameters, the targets are imaged and separated by different
range history alignments. Then, based on the image and
estimated parameters, the signal models of each target are
reconstructed. The matched filter is applied to estimate
the corresponding azimuths using the reconstructed signal
model of each target separately. At last, the observed scene
of multiple targets will be imaged based on the estimated
parameters.

Notations used in this paper are as follows. Scalars are
denoted by lower-case letters, vectors and matrices are written
as lower-case and upper-case bold-face letters, and multi-way
tensors are written as bold-face calligraphic letters respec-
tively. (·)T , (·)H and (·)∗ denote the transpose, conjugate trans-
pose and complex conjugate of a vector or matrix, respectively.
Symbols � and ◦ represent the Hadamard product and outer
product, respectively. �x� gives the nearest integer less than
or equal to x . The O is the asymptotic notation. The notation
σ (A) denotes the spectrum of the matrix A; [A]p,q denotes
the entry of matrix A at the (p + 1)th row and (q + 1)th
column. This means the indices of the vector, matrix and
tensor in this paper are starting from 0. Tr(A) returns the
trace of matrix A. vec(A) yields the vector of stacking the
A’s columns together [24]. F() represents the full-dimensional
fast Fourier transform (FFT) operation. A special vector 1M is
defined as 1M = [1, 1, . . . , 1] ∈ RM . ||A|| returns the norm
of the tensor A [25].

The rest of the paper is organised as follows. The signal
model for multiple extended-targets illuminated by FMCW
signals is established in Section II. A new criterion for
auto-focusing ISAR imaging is introduced in Section III.
Numerical simulations are presented in Section IV and the
conclusions are drawn in Section V.

II. SIGNAL MODEL

In this section, the signal model of multiple extended targets
using wideband FMCW is formulated. Assume that I moving
targets represented by J dominant scatterers are presented
in the observed domain and illuminated by the radar [26].
A sequence of chirps are transmitted with the normalised
single chirp form as

s0(t) = e j2π( f0t+0.5μt2) t ∈ [0, T0], (1)

where f0 is the starting frequency, T0 is the chirp duration
interval, the time t ∈ (T0, T ) is the system reset interval and

T is the sweep repetition interval, and μ = B

T0
denotes the

frequency modulation rate. The periodic transmitted signal is
decomposed into fast-time domain t � and chirp number (slow-
time) domain tm = mT as t � = t − tm , t � ∈ [0, T ), where

m =
⌊

t

T

⌋
, m = 0, 1, 2, . . . , M −1 and M is the total number

of the chirps in one coherent processing interval (CPI). Then
the periodically transmitted signal is decomposed in terms of
fast-time t � and slow-time tm as

s(t) = s(t � + tm) = s(tm, t �) = s0(t
�). (2)
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Since the scatterers from one target could have different veloc-
ity projection on the line of sight (LOS) and the correspond-
ing received signals contain different Doppler information as
well, a scattering centroid is chosen as a reference phase
centre. Generally, the scattering centre can be chosen randomly
close to the geometric centroid of the target. Consequently,
the scattering centre is usually not unique but located in
a bounded region (acceptable boundaries). The acceptable
boundaries indicate the minimum Doppler domain in the
expanded range-Doppler map (with different fold numbers),
within which all the scatterers of one target are included.
It is assumed that the instantaneous range of the i th scattering
centre is expressed as the second-order polynomial

Ri (tm) = Ri0 + vi tm + 1

2
ai t

2
m , (3)

where Ri0 denotes the initial range of the scattering centre of
the i th target (i = 1, 2, . . . I ) and the corresponding motion
parameters, velocity and acceleration are denoted by vi and
ai , respectively. Here, the fast-time t � is directly omitted since
t � 	 tm . Moreover, the higher-order motion parameters are
ignored since it is sufficiently accurate to describe the move-
ments of the targets with the second-order Taylor polynomial
in a short time [22], [27]. It is worth noting that, the proposed
algorithm would also work for higher-order motions at the
price of an increased computational burden.

The instantaneous range of the j th scatterer ( j = 1,
2, . . . , J ) includes the polynomial term Ri (tm) and the trian-
gular terms which denote the relative range to the phase centre
and the projection of the cross-range on the LOS. Therefore,
the instantaneous range of the j th scatterer of i th target is
given as [2], [15]

Rij (tm) = Ri (tm) + yi j cos(ωi tm) + xi j sin(ωi tm)

≈ Ri0 + vi tm + 1

2
ai t

2
m + yi j + xi j ωi tm, (4)

where yi j and xi j denote range and cross-range relative to the
scattering centre of j th scatterer of i th target, ωi is the rota-
tional speed of i th target, which is provided by the tangential
velocity. Since the observation time is short, the assumptions
cos(ωi tm) ≈ 1 and sin(ωi tm) ≈ ωi tm are made to linearise the
model [2], [15].

Then the round trip delay of the transmitted waves reflected
from the j th scatterer of i th target is then written as

τi j (tm) = 2Rij (tm)

c
, (5)

where c is the speed of the light.
Insert (4) in (5), the round-trip delay is written as

τi j (tm) = 2Rij (tm)

c

= 2

c
( Ri0 + vi tm + 1

2
ai t

2
m + yi j + xi j ωi tm )

= 2(Ri0 + yi j )

c
+ 2(vi + xi j ωi )

c
tm + ai

c
t2
m . (6)

By choosing a proper scattering centre, the target “shape”
could be constructed by yi j and xi j ωi . Here, the “shape” is a
distorted shape in the range-crossrange plane, and if the ωi can

be correctly estimated, the real range-crossrange shape can be
reconstructed.

With the time delay in (6), the received wave of j th scatterer
from i th target is obtained as ri j (t) = αi j s(t − τi j (tm)). Then
ri j (t) is mixed with the conjugate copy of the transmitted wave
and the de-chirped signal of such scatterer is obtained as

yi (tm, t �) = ri j (tm , t �)s∗(tm , t �)
= αi j exp{ j2π[ f0(t

� − τi j (tm)) + μ(t � − τi j (tm))2

− f0t � − μt �2]}
≈ αi j exp[− j2π( f0τi j (tm) + 2μτi j (tm)t �)]
= αi j exp

{
− j2π

[
f0

2(vi + xi j ωi )

c
tm

+ f0
ai

c
t2
m + 2μ

2(Ri0 + yi j )

c
t �

+ 2μ
2(vi + xi j ωi )

c
tmt � + 2μ

ai

c
t2
mt �

]}
, (7)

where αi j is the complex amplitude of j th scatterer of i th

target, and the constant terms exp
(

− j4π f0
Ri0 + yi j

c

)
and

exp
[
4μ

( Ri0 + yi j

c

)2]
are subsumed into the constant ampli-

tudes term αi j . Here since the observing time is very short,
we assume that the amplitudes of all the scatterers do not
change within one CPI.

Sampling the data yi (tm, t �) in terms of the fast-time t � with

frequency fs (sampling interval Ts = 1

fs
), the data can be

stacked in matrix form Xi ∈ C
M×K

Xi j = αi j fd(vi + xi j ωi )fT
r (yi j )

��(vi + xi j ωi ) � �(ai) � �(ai ), (8)

where k = 0, 1, . . . , K − 1 is the fast-time sampling indices
and K is the total samples in one chirp, and the sinusoidal
vectors fd(vi + xi j ωi ) ∈ C

M×1, fr (yi j ) ∈ C
K×1 are

fd(vi + xi j ωi ) =
[
1, exp

( − j4π
vi + xi j ωi

λ
T

)
, . . . ,

exp
( − j4π

vi + xi j ωi

λ
T (M − 1)

)]T
,

fr (yi j ) =
[
1, exp

( − j8πμ
Ri0 + yi j

c fs

)
, . . . ,

exp
( − j8πμ

Ri0 + yi j

c fs
(K − 1)

)]T
, (9)

where λ = c

f0
is the wavelength corresponding to the lowest

frequency of the band, and the coupling matrices �(vi +xi j ) ∈
CM×K , �(ai) ∈ CM×K , �(ai ) ∈ CM×K are defined with
entries as

[�(vi + xi j )]m,k = exp
[

− j8πμ
vi + xi j ωi

c fs
T mk

]
,

[�(ai)]m,k = exp
[

− j2π f0
ai

c
T 2 m2

]
,

[�(ai)]m,k = exp
[

− j4πμ
ai

cfs
T 2m2k

]
. (10)

The signal model for a single scatterer contains the sinu-
soidal terms fd (vi +xi j ωi ) and fr (yi j ), whose Fourier spectrum
reveals the distorted shape of the targets by yi j and xi j ωi .
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In addition to the sinusoidal terms, there are three extra
coupling components. The second-order mutual coupling term
�(vi + xi j ωi ) is the function of the Doppler velocity vi which
contains in vi + xi j ωi . Here, the velocity vi can be larger than
the maximum unambiguous velocity of the system and will be
folded in the unambiguous Doppler interval. This is one of the
main problems for target detection and parameter estimation
in most cases when the acceleration of the target is ignored.
The high-order phase term �(ai ) and higher-order asymmetric
mutual coupling term �(ai) contain the higher-order motion
parameters, i.e. the acceleration ai . To image the i th target
in the range-Doppler map, all these coupling terms should be
correctly compensated.

The matrix data of a single antenna element are Xi j .
Now the uniformly distributed linear antenna array (ULA)
for receiver is considered and the wideband steering matrix
A(θi j (tm)) ∈ CL×K can be written as [28]

A(θi j (tm)) = a(θi j (tm))1T
k � �(θi j (tm)), (11)

where θi j (tm) is the azimuth of the j th scatterer of the i th
target at the time tm and the narrowband steering vector is

a(θi j (tm)) =
[
1, exp

( − j2π
d

λ
sin(θi j (tm))

)
, . . . ,

exp
( − j2π

(L − 1)d

λ
sin(θi j (tm))

)]T
, (12)

and the coupling term introduced by the wideband waveform
is adopted from [28] as

[�(θi j (tm))]l,k = exp
(

− 2 jπμ
lkd

cfs
sin(θi j (tm))

)
. (13)

Stacking all the slow-time t0 to tM−1 forms the tensor data
Ai j ∈ CM×K×L as

Ai j = . (14)

Now the discretised data Yi j ∈ CM×K×L of the antenna array
of the j th scatterer of i th target are stacked as a tensor, given
by

Yi j = Ai j � (Xi j ◦ 1L), (15)

and the received multi-way data Z ∈ C
M×K×L in the presence

of the noise are written as

Z =
I∑

i=1

J∑
j=1

Yi j + N , (16)

where N is the discrete multi-way additive complex Gaussian
white noise with the entries’ distribution as N (0, σ 2).

Now the problem is to estimate the motion parameters and
image the targets from the tensor data Z .

III. MOTION-BASED TARGET SEPARATION AND IMAGING

In this section, we propose a novel method for multiple
closely-spaced extended targets separation and imaging.
Firstly, the motion parameters of the targets are esti-
mated using the combination of the conventional Fourier
spectrum-based entropy and the proposed eigenspectrum-
based entropy. Secondly, the ISAR imaging is performed
via the range-Doppler processing and a simple threshold-
ing method is applied to separate multiple targets. Thirdly,
the azimuths of the targets are estimated accordingly using
the signal reconstruction of the targets. Finally, the observed
scene is reconstructed via an image processing technique using
the estimated target motion parameters.

A. Motion Parameters Estimation
To present the 2D targets in the Fourier spectrum using

the conventional range-Doppler algorithm, the range migration
needs to be eliminated. To align the range history, or equiva-
lently to compensate the coupling components �(vi + xi j ωi ),
�(ai) and �(ai ), the motion parameters of the scattering
centre vi and ai should be estimated. However, since the
motion parameters of targets are usually different, the range
alignments of all the observed targets cannot be performed
simultaneously. The Shannon Entropy of the Fourier spectrum
provides an efficient way of estimating the motion parame-
ters for a single extended target and can be applied in the
multi-targets scenario if the targets have sufficiently different
motion parameters [4], [10], [27]. The Shannon entropy for a
vector s = [s1, . . . , sN ] with positive entries is defined by

Entropy(s) = −
n=N∑
n=1

pn log pn, (17)

where

pn = sn∑
n sn

. (18)

According to the definition of the Shannon entropy, when the
targets are correctly focused by motion compensation, the FFT
result yields a minimum entropy value. In terms of velocity
v and acceleration a, the range alignment is performed via
phase compensation as

Ŷ(v, a) = Y � �∗(v) � �∗(a) � �∗(a)

= αi j fd(vi + xi j ωi )fT
r (yi j )

��(vi − v + xi j ωi )

��(ai − a) � �(ai − a), (19)

where Y = [Z]:,:,0 is the data of the first antenna ele-
ment. With the power spectrum P(v, a) = (FŶ(v, a)) �
(FŶ(v, a))∗, the motion parameters are estimated via the
optimisation:

ṽ , ã = argmin
v,a

Entropy[vec(P(v, a))]. (20)

The conventional Fourier spectrum-based Shannon entropy
works properly when the motion parameters of different
targets - velocities or accelerations - are significantly distinct.
However, the Fourier spectrum has relatively low sensitivity on
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the second-order mutual coupling, therefore, it may be difficult
to separate the targets when they are moving with slightly
different velocities and similar acceleration.

To overcome this problem, we propose a novel approach
based on Shannon entropy of the matrix eigenspectrum for
motion parameters estimation given by

R(v, a) = Ŷ(v, a)ŶH (v, a),

ṽ, ã = argmin
v,a

Entropy[σ (R(v, a))]. (21)

It is worth noting that R(v, a) = ŶH (v, a)Ŷ(v, a) can also
be used for EM. Moreover, since the eigenspectrum is insen-
sitive to the auto-coupling terms, the Ŷ(v, a) can be replaced
by Ŷ(v, a) = Y � �∗(v) � �∗(a), where the term �∗(a) is
omitted for computational simplicity. The proposed approach
is based on the fact that the off-grid eigenspectrum has a much
higher sensitivity to the second-order mutual coupling terms
than the grid-based Fourier spectrum and has no side-lobes
issues.

Although the proposed entropy has higher velocity resolu-
tion, it is much less affected by the coupling terms �(ai ) and
�(ai). This is because these coupling terms have much less
influence on the orthogonality of the eigenvectors. Therefore,
it is possible to have two entropy maps together, where the
Fourier spectrum-based entropy has a higher resolution for the
higher-order motion parameters, while eigenspectrum-based
entropy has a higher resolution for the first-order motion
parameters. A straightforward approach is to combine these
two entropies to obtain high-resolution separation both on
velocity and acceleration.

Before combining them, the entropy maps should be nor-
malised into the same scale. We propose to use the normali-
sation towards the interval [0, 1] by

N(I ) = I − min(I )

max(I ) − min(I )
, (22)

where I denotes the entropy map constructed by the entropy
value of all the points in the searching grid of velocity
and acceleration, and max() and min() return the maximum
and minimum value of the map. To benefit from the high
sensitivities to different motion parameters, we propose the
novel metric obtained from both entropy maps:

S = 1 − [1 − N(F)][1 − N(�)], (23)

where F and � are the entropy maps of Fourier spectrum
and eigenspectrum, respectively. Then the motion parameters
can be estimated by finding the local minima of the combined
entropy map of S.

To automatically detect the targets and estimate the motion
parameters, some further steps should be performed. Since
both entropy maps contain noise, there might be many local
minima introduced by the noise. To alleviate the influence
of noise, the total variation (TV) denoising algorithm [29]
is applied to the combined entropy. This processing removes
most of the local minima. The locations of the local minima
would indicate the motion parameters of the targets.

B. Target Imaging and Separation
With the estimated parameters from the previous step,

the targets can be imaged separately by appropriate range
alignments. Through the coupling terms compensation for the
scattering centre, most of the signal distortion due to the range
migration will be eliminated. However, that is not sufficient
to obtain a well-focused image due to the Doppler differences
of the scatterers to the phase centre. The Keystone transform
is performed to the aligned data within the maximum unam-
biguous Doppler interval [22]. The process is illustrated as

F{Keystone[Y � �∗(ṽ) � �∗(ã)

��∗(ã) � (fd(ṽ)1T
K )∗]}, (24)

where Keystone denotes the Keystone transform operation and
the term (fd(ṽ)1T

K )∗ is used to put the scattering centre in
the centroid of the spectrum. If the estimation results are
located within the acceptable boundary, all the scatterers of
one target are shifted into the observation window without
Doppler ambiguity, and the FFT and Keystone transform will
generate a focused image.

Here we also assume that the targets would not be focused
at the same time; otherwise, they will be recognised as
the same target. According to this assumption, when one
target is focused, the others would not be entirely focused.
Then, the multiple targets can be separated with the CLEAN
techniques or the thresholding method [20]. If the targets are
constructed of too many scatterers, it is time-consuming to
apply the CLEAN technique, therefore, the simpler threshold-
ing is adopted in this paper for target detection and separation.
From the separated focused range-Doppler map, the distorted
shape of the targets can be recognised and parameters of all
the dominant scatterers ỹi j and x̃i j ω̃i are estimated.

C. Azimuthal Beamforming
Multiple targets may not be separable in the azimuthal

domain by means of traditional beamforming techniques
if they are closely positioned or even partially over-
lapped. Although the subspace-based methods can provide
super-resolution ability, most of them are applicable only
for point-like targets and not suitable for extended targets
considered in this study [28]. Fortunately, since the targets
have been separated from the previous steps, the corresponding
azimuthal information can be estimated.

Because the azimuthal values of the targets are slightly
changing with time, to accurately estimate them, the data
Z = [Z]0,:,: of the first slow-time index are used to avoid
angle migration.

To estimate the azimuth of a single target, we apply
beam-forming with the reconstructed data of each target
separately. For the i th target, the reconstructed data for the
first slow-time sample and the searching angle grid θ are

Z̃i (θ) = A(θ) �
( J∑

j=1

α̃i j 1M fT
r (ỹi j )

)
. (25)

Then the estimation can be made simply by

θ̃i = argmax
θ

|Tr[Z̃H
i (θ)Z]|. (26)
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D. Imaging of the Observed Scene
According to the parameters estimated above, we can

image the observed scene of multiple moving targets. Here,
we assume the ranges of the targets are known, which are
easily estimated from the range profile and we also assume
that all the targets move along the Y � axis. Then, the image
of the observed scene can be obtained by a few steps:

1) Image Rescaling: Since the images are distorted by the
xi j ωi , the real crossrange xi j is rescaled by dividing the ωi ,

where ωi ≈ vi tan θi

Ri0
.

2) Rotation and Location: The range-crossrange map is
transformed to real geometric coordinates X �OY � according
to the angle θi for the i th target separately. Finally, based on
the estimated positions of the centroid of the targets θi and
Ri , the focused images of all the targets are placed in the
corresponding positions.

IV. SIMULATIONS

In this section, the simulation results are presented to
demonstrate the performance of the proposed algorithm and
further discussions are also provided.

A. Numerical Simulations
The automotive scenario is considered and the radar has

the following parameters. The bandwidth of FMCW signal is
B = 4 GHz with starting frequency f0 = 77 GHz, the chirp
duration is T0 = 320 μs and the chirp repetition interval is
T = 400 μs. M = 156 chirps are transmitted in a burst and the
reflected signals are received by the ULA with L = 8 antenna
elements. After the de-chirping process, the data are sampled
with the sampling frequency of fs = 625 kHz. Then the
received data in the multi-way form Z ∈ C156×200×8 are used
to estimate the motion parameters. To demonstrate imaging
capabilities of the method each car model is represented by
137 point scatterers which are generated randomly from the
edges of the car as shown in Fig. 2 according to the Swerling
model [26]. The data set is inspired by the data dome [30]
and the measurements presented in [31]. Despite being placed
around positions of strong physical scatterers at a car body,
these point scatterers are not meant to fully mimic physical
scattering from a car. These scatterers are also assumed to
be isotropic and provide constant amplitude and phase of the
scattered field during the processing period (60 ms), similar
to the approach in [31]. To simplify numerical analysis later
but without restricting the generality of the imaging approach
proposed, we shall not consider possible multipath propagation
of electromagnetic waves due to reflection from the road.
The multi-path propagation of electromagnetic waves due to
reflections from the road will influence the received signal,
which may result in the appearance of additional points in
the image when the specular reflection from the road surface
is sufficiently strong (very smooth road surface, water layer
above the road, etc.).

The amplitudes of all the scatterers are set from uniform
distribution αi j ∼ U(0.8, 1). The signal-to-noise ratio (SNR)

Fig. 2. Car model with 137 point scatters.

Fig. 3. The geometry of the simulations.

is set to SNR = 10 log10

|| ∑I
i=1

∑J
j=1 Yi j ||2

||N ||2 = 10 dB with

additive complex Gaussian noise.
To validate the performance of separating multiple

closely-spaced targets, two cars are set in the observed domain,
which cannot be separated from the beam and range profile.
The exact geometry of the two cars is shown in Fig. 3, where
the radar is located in the position of (0, 0). This scenario is
very common in the real world, where two cars are close to
each other and partially overlapped with each other in both
beam and range. It is worth noting that the real geometry
is indicated by axis X � and Y �, while the ranges X of the
LOS are indicated by the dashed lines. The velocities of
car1 and car2 are set as 20.87 m/s and 20.62 m/s along the
negative Y � axis. We assume the radar is mounted on the
vehicle which has a velocity of 19.44 m/s along the positive
Y � axis. Thus, the total relative velocities of the cars to the
radar are −40.31 m/s and −40.06 m/s along the Y-axis and
the velocity projections of the scattering centre of the targets
on the LOS are −37.89 m/s and −34.69 m/s, respectively.
Moreover, the accelerations of both targets are set to ai = 0
to test the capability of separating two cars from the Doppler
differences.

According to the parameter setting of the system and
the objects, the discrete received data in tensor form are
established using the signal model (16). It is worth noting
that in reality, only half of these scatterers can be illuminated
by the radar due to the propagation of the radio wave, but
for simulation, we assume all these scatterers are observed
by the radar. In the signal model, the relative velocities of
the cars along the Y � axis are divided into two orthogonal
components, the radial parts v� in the direction to the radar
and tangential parts v⊥ which is orthogonal to the radial
parts v� and provide the rotational speeds of the targets as

ω = v⊥
R

. Here, since the observing time is very short and
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Fig. 4. Range-Doppler map for (a) range-Doppler map in the observed window and (b) unfolded range-Doppler map.

Fig. 5. (a) 1D FFT on fast-time to show the range migration with slow-time bins and (b) 2D FFT imaging result without motion compensation.

the rotational acceleration is usually small, we assume the
speeds are constant over one CPI. In fact, this assumption is
also not necessary since the rotational acceleration can also be
compensated using well-known approaches, but this is not the
main contribution in our paper, so in order to keep the focus
of the manuscript on the main novelty we assume constant
rotational speed during the CPI.

For comparison, the ideal imaging results of all the
scatterers without any coupling components are shown in
Fig. 4. Fig. 4(a) shows the positions of the scatterers of the
cars in the observed window, where the observed window
means the unambiguous range-Doppler map with 0 fold num-
ber. Fig. 4(b) illustrates the corresponding unfolded imaging
results with the green and blue dashed lines indicating the
region of acceptable boundaries of two cars and the space
between the red dashed lines indicates the maximum unam-
biguous domain. All the velocity estimations within the dashed
lines would compensate most of the coupling influence and
bring the target close to the centroid of the observed window.
One of the main objectives in the following simulation is
the estimation of the motion parameters of the cars and
reconstruction of the unfolded range-Doppler map similar to
Fig. 4(b).

By applying 1D FFT on the fast-time domain of the
data, the range migration phenomenon of two cars is shown
in Fig. 5(a), in which the range histories of two targets
are overlapped with the same slope and are hardly sepa-
rated. Fig. 5(b) shows the imaging results without any range

alignment applying 2D FFT to the raw data of a single antenna
element.

Next, the proposed eigenspectrum based entropy map (21),
the conventional Fourier spectrum-based entropy map (20)
and the combination of both entropies (23) are applied to
the simulated data and the simulation results are shown in
Fig. 6, where all the entropy results are normalised. The local
minimum values are detected with the prominence threshold
0.05 and indicated by the white crosses for all the entropy
maps. Here to clearly show the local entropy, we made an
assumption that the coarse velocity estimations have been
obtained which are in the range from −33 m/s to −40 m/s.

Fig. 6(a) shows the proposed entropy map obtained with the
eigenspectrum and Fig. 6(b) shows the counterpart of using
the Fourier spectrum. Since the eigenspectrum is not very
sensitive to the asymmetric coupling terms, the entropy map
shows strong thick lines along the acceleration dimension.
Although the resolution of the acceleration is low, one can
observe that two targets are distinctly resolved in Fig. 6(a)
from the velocity domain, while they can hardly be separated
in Fig. 6(b). Therefore, the algorithms for multiple targets
imaging of the Fourier spectrum-based EM [20], [22] will
fail to image the targets separately. The result of using the
proposed combination is shown in Fig. 6(c).

One can observe that although the eigenspectrum-based
entropy map provides a high resolution on velocity, it yields
local minima with poor acceleration estimations. By contrast,
the Fourier spectrum-based entropy map has a much higher
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Fig. 6. The entropy map for (a) the eigenspectrum, (b) the Fourier spectrum (c) the Combined entropy by (23).

Fig. 7. Entropy maps at slice of a = 0 m/s2.

resolution in the acceleration domain but fails to separate
two cars in the velocity. The target detection and motion
parameters estimation revealed in Fig. 6(c) by the proposed
algorithm are in agreement with the ground truth in terms of
velocity and acceleration estimation.

To show the superiority of the proposed algorithm,
the entropies at the acceleration 0 m/s2 are plotted in Fig. 7.
There is a deep valley between two peaks which correspond to
the cars with the proposed algorithm, while the entropy of the
Fourier spectrum is much smoother and only one peak could
be recognised.

After the motion parameters estimation, the next step is to
image the targets separately. According to (24), the coupling
terms are firstly compensated for the phase centre. Secondly,
Keystone transform is applied to eliminate the coupling terms
for all the scatterers within the unambiguous region. After
that, 2D FFT is used to obtain the range-Doppler map of the

cars. Finally, the “shape” of the targets are extracted using
thresholding sequentially.

The two cars are imaged using 2D FFT followed by 10 dB
thresholding and the results are shown in Fig. 8. Since two
cars are so close in the Doppler velocity domain that it
is not possible to separate completely all scatterers and a
part of another car would appear in the observed window.
The thresholding results are further combined to generate the
unfolded range-Doppler map, which is shown in Fig 9. Despite
some artifacts, the overall map agrees well to Fig. 4(b).

Then the beamforming results using the algorithm described
in Section III-C of two cars are plotted in Fig. 10, where the
azimuths of the cars are correctly estimated. In comparison,
the beamforming result of using the whole data of the first
slow-time is plotted as well, where only one peak can be
estimated for a single car.

After estimating the azimuths, the real geometric image
can be reconstructed according to the steps proposed in
Section III-D and the imaging results are shown in Fig. 11.
By comparison with the geometric setting in Fig. 3, the two
cars are correctly positioned in the observed scene.

B. Discussions
According to the approximate equation, the far-field antenna

beamwidth in degrees of a uniform linear antenna array with
L antenna elements and the inter-element spacing equal to
the half-wavelength of the electromagnetic field at a center
frequency is 112◦/(L − 1). Therefore, for (virtual) uniform
linear antenna array with 8 elements in our simulation,
the azimuthal resolution is around 16 degrees. However,
the angular difference between two maxima corresponding to
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Fig. 8. (a)(b) Focused image and thresholding result for car1 and (c)(d) Focused image and thresholding result for car2.

Fig. 9. Estimated unfolded range-Doppler map.

Fig. 10. Beamforming results.

both cars is about 10 degrees, which outperform conventional
beamforming. To achieve images with azimuthal resolution
similar to those shown in Fig. 10 with conventional beam-
forming algorithm, the number of antennas in the array should
be increased by a factor of ten at least.

In addition to the advantages demonstrated in the simu-
lation, the algorithm has some limitations. The first one is

Fig. 11. Reconstructed Scene.

that the eigenspectrum is much easier to be contaminated by
the noise than the Fourier spectrum. Therefore, the general
performance of the proposed method under low SNR con-
dition, for instance, less than 0 dB, is usually worse than
that of Fourier spectrum-based entropy. The second limitation
is that the entropy of both eigenspectrum-based and Fourier
spectrum-based would fail to separate two targets when their
energies of the reflected signals are significantly distinct, for
instance, more than 10 dB. The technique presented in this
paper, therefore, is more suited to a motorway environment
where the targets have similar size and their accelerations are
low. However, with more complicated acceleration compensa-
tion, the technique is also promising in an agile urban envi-
ronment. The last limitation is that the eigenspectrum-based
algorithm needs much larger computational power than the
Fourier spectrum-based one and the time consumptions for
them in our simulation are, respectively, around 10 seconds
and 5 seconds on the Intel Dual Core i5-4250U. Since the
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complexity for eigendecomposition and Fourier transform are
O(min(M, K )3) and O(M K log(M K )), respectively, if both
M and K are larger, such time consumption difference would
be more significant. However, with the rapid development
of computer engineering and the introduction of GPUs in
automotive applications, we expect that the hardware will
be not a limiting factor for the application of the algorithm
proposed in already in nearest future. Despite these limitations,
the proposed approach of the combined entropy provides better
performance than existing methods.

V. CONCLUSIONS

The motion parameters estimation and range-Doppler imag-
ing of multiple moving extended-targets are addressed in
this paper. To improve the moving targets separation in the
Doppler velocity domain when the targets are moving with
almost the same accelerations, a novel auto-focusing method
based on the entropy of the eigenspectrum is proposed.
Combining the proposed eigenspectrum-based entropy and
Fourier spectrum-based entropy, both Doppler velocities and
higher-order motion parameters can be estimated accurately.
After estimating the motion parameters, the azimuthal values
of the extended targets are estimated by reconstructing the
corresponding signal model which cannot be separated in the
beam profile. Finally, the spatial images of extended targets are
reconstructed. The numerical simulation results demonstrate
high cross-range resolution capability of the algorithm for
moving targets and applicability of the proposed method to
the automotive domain. The advantage over the conventional
algorithm is demonstrated for moderate SNR condition. The
operational limitations of the algorithm are discussed. The
general idea of the proposed method does not depend on the
transmitted waveform and can be easily generalised to other
waveforms.
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