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Abstract

In this thesis we consider orbital stability of certain patterns in stochastic partial differential equa-
tions. We study two examples: a rotating wave in a two-dimensional reaction-diffusion equation and
a soliton in a parametrically forced nonlinear Schrédinger equation. In both cases, we show that,
for small noise, solutions to the stochastic equations remain close to a version of the pattern which
is shifted according to some stochastic phase. We give explicit expressions for this phase, and show
that it is optimal to first order in the strength of the noise.

To show stability, we construct a multiscale expansion of the solution around an arbitrarily shifted
version of the pattern, and show that this expansion is accurate to second order. From this expansion
an obvious candidate for the correct phase shift arises. For technical reasons we then construct a
sequence of approximations to this phase shift, which is necessary to show the multiscale expansion
around the correctly shifted pattern. We then combine this expansion with a deterministic stability
result to get stochastic stability.

Finally, we take first steps towards formulating and proving the same results in a more general
setting, where the pattern shift is represented by the action of a Lie group. We obtain some es-
timates necessary for the multiscale expansion, find the correct phase, and formulate necessary
assumptions for the stability to hold.
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Chapter 1

Introduction

In 1842, engineer John Scott Russell observed a large, solitary wave in a canal and followed it on
horseback for two miles [46]. His observation was explained in 1895 by Korteweg and De Vries [30],
who found solitary wave (soliton) solutions to the now celebrated KdV equation, a nonlinear PDE
which models surface waves on shallow water. Since then, many more patterns in nonlinear PDE
have been found. Notable examples are travelling pulses and wave trains in neural field equations
[4, 9, 10, 13] and optics equations [2, 28, 40], rotating waves in reaction-diffusion equations [12, 22]
and superconductivity equations [7], and surface waves on shallow water [3, 30]. Patterns have also
been observed in chemical and biological systems [27].

Figure 1.1: Phase plot of a spinning soliton in the quintic Ginzburg-Landau equation [5].

In physical, chemical or biological systems it is almost always impossible to measure or control the
ezxact state of the system. Thus, to study these patterns it is important to ask:

How do the patterns occurring in PDE change when the system is slightly perturbed?

Much work has been done in a deterministic setting, where a small perturbation of the initial con-
dition is introduced. Many of the aforementioned patterns exhibit orbital stability in this setting [6,



9, 11, 18, 28, 41, 47, 48|, meaning the pattern persists but is shifted according to some phase.f

However, perturbing only the initial conditions of a PDE is not sufficient for modelling real noise,
which is typically ever-present in any physical system due to random thermal fluctuations. Thus it is
natural to introduce noise by turning the PDE into an SPDE and to consider orbital stability in the
stochastic setting. This subject has received more attention in the last decade, and three distinct
methods [23, 26, 50| have been developed to lift deterministic stability to the stochastic setting.

1.1 Stochastic stability of patterns

We consider a semilinear PDE taking the form
du(t) = [Au(t) + f(u(t))]dt, (1.1)

where u takes values in some Hilbert space H, and A is a linear operator generating a Cp-semigroup
on H. We also assume (1.1) admits a pattern solution u*(¢). This pattern can be any of the
aforementioned ones, such as a travelling wave, wave train, rotating wave, or soliton. We now
introduce noise to (1.1) to get the SPDE

du(t) = [Au(t) + f(u(t))]dt + o B(u(t))dW(t) (1.2)
u(0) = u*(0) + owvg,
where W (t) is a Brownian motion taking values in H and o is a parameter controlling the strength

of the noise, which we assume to be small. Assuming equation (1.2) is well-posed, we aim to answer
the following question:

Does the stochastic solution u(t) remain close to (a shifted version of) u*(t) over long
timescales?

Because the study of patterns originated with one-dimensional waves, the shift in u* is typically
called the phase. Keeping with the literature we will use the word phase even when more complicated
patterns and transformations (such as rotations) are involved. The necessity of tracking the phase
stochastically is illustrated by figure 1.2.
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Figure 1.2: Three wave profiles of a reaction-diffusion equation. (a). Wave profile without phase
correction. (b). Wave profile with corrected wave speed. (c¢). Wave profile with stochastic phase
correction [25].

In order define the phase, it is intuitive to look at the function

E 6 Jlu(t) - Tou (Ol (1.3)



where T4 is the shift corresponding to some phase ¢. Because £ measures the difference between
the stochastic solution and the shifted deterministic solution, the value of ¢ which minimizes F is
an obvious candidate for defining the phase. However, the dynamics of the global minimizer of (1.3)
are highly irregular, since this minimizer may jump around between local minima. To remedy this,
Stannat [50] considers a phase-lag method, where the phase is defined via the ODE

. d
Pm(t) = —md(TmIIu(t) — Tyt ()17, (1.4)

where m > 0 is some relaxation parameter. Equation (1.4) guarantees that ¢,, continually changes
to decrease E at a speed determined by m. As m goes to infinity, this ¢,, converges to some ¢,
which no longer lags behind the real phase. The advantage of this method is that explicit solutions
for ¢, and ¢, are often available, giving insight into the phase dynamics. The method has primarily
been used in stochastic neural field applications [15, 31, 32, 37].

Inglis and MacLaurin [26] took a more direct approach, deriving an SDE for ¢ which forces the
equation

d * * (12
%Hu —Tp, w7 =0

to hold. This enables tracking of a local minimum until the time where it becomes a saddle point.
This method was later extended [38] and applied to more general patterns [39].

Finally, there is the most recent method by Hamster and Hupkes [23, 24, 25] which is less straight-
forward, defining the phase via a stochastic freezing condition, which guarantees that the shifted
pattern only feels stochastic forcing. This method results in a significantly more complicated SDE
for ¢, but has been used to establish stability on a timescale of order O(exp(Co 1)) [25]. For more
information on these techniques, we refer to the recent review by Kuehn [33].

In this thesis, we consider stochastic orbital stability of two particular patterns: rotating waves
in two-dimensional reaction-diffusion equations two-dimensions, and a soliton in the parametrically
forced nonlinear Schrédinger (PFNLS) equation. In both cases, we use an approach based on the
phase-lag method introduced by Stannat [50] to obtain a first-order (in the noise strength) multi-
scale expansion of the stochastic solution around the shifted pattern. However, our approach differs
in a significant way. Instead of defining the lagging phase ¢,, by equation (1.4) and linearizing
(1.2) around 7y, u*, we compute a linearization around Tgu* for an arbitrary (but small) ¢. This
linear approximation is then split up using a Riesz spectral projection, which leads to a natural
candidate for the phase. This natural candidate turns out to be equal to the ¢, obtained using the
phase-lag method. For technical reasons, this ¢, then needs to be approximated by a sequence of
(progressively measurable) differentiable processes, which are defined via the ODE

¢m(t) = _m(¢m(t) — $oo (t))
The resulting sequence also turns out to be equivalent (up to a difference in m) to the ¢, which
solves (1.4). Thus, our approach gives the same phase correction as the phase-lag method without
having to derive an SDE from (1.4). Although deriving this SDE is relatively straightforward for
one-dimensional travelling waves, it is significantly more complicated in the case of rotating waves
due to the noncommutativity of translations and rotations. More importantly, our approach still
works when the derivative in equation (1.4) does not exist, which is generally the case in Banach
spaces. Therefore, we believe this approach can be extended to work in general Banach spaces, since
it does not utilize any tools specific to the Hilbert space setting.



1.2 Overview

This thesis contains three main chapters, in each of which a different pattern in an SPDE is exam-
ined. In each case, we show stochastic orbital stability by first constructing a multiscale expansion,
using this to find the right phase correction, and subsequently combining this with a deterministic
stability result.

Chapter 2 contains the mathematical preliminaries used throughout the thesis. In particular, we
need theory concerning functional analysis, Sobolev spaces and elliptic PDE, (non)autonomous evo-
lution equations, stochastic integration, and Lie groups and Lie algebras.

In Chapter 3, we treat rotating waves in a two-dimensional reaction-diffusion equation. Here, the
main difficulty lies with the noncommutativity of the symmetry group SE(2). In Chapter 4, the
situation is slightly different. Here we treat solitons in a parametrically forced nonlinear Schrédinger
equation, for which the symmetry is translational. However, in this case we have to deal with multi-
plicative noise, which presents an additional difficulty when constructing the multiscale expansion.
Finally, in Chapter 5 we take first steps towards showing stochastic orbital stability for patterns in
PDE with more general symmetries. We show some necessary estimates, formulate required assump-
tions assumptions and find an explicit expression for the (generalized) phase. Chapter 6 contains
some auxiliary results, which are used throughout chapters 3, 4 and 5.



Chapter 2

Preliminary Theory

2.1 Functional analysis

We state some theorems and definitions from functional analysis for later use. For proofs of the
statements, see [42] or [21].

Throughout this section, let H, H; and Hs be seperable real or complex Hilbert spaces, and let
X and Y be Banach spaces. We use the notation (u,v)y for the inner product of two elements
u,v € H. In case the Hilbert space is complex, we use the convention that the inner product is
linear in the first variable and conjugate-linear in the second variable.

Definition 2.1.1. A function T : X — Y is Fréchet differentiable at x € X if there exists a bounded
linear operator from X toY denoted by f'(x) which satisfies

If(z+y) = fa) = faylly _

llyllx —0 lyllx

Theorem 2.1.2. Let T' be a linear operator defined and bounded on a dense subspace of X with
values in' Y. Then T extends uniquely to a bounded operator T : X — Y.

Definition 2.1.3. An operator T : H — H is positive if it satisfies
(Th, h)H > 0
for every h € H.

Definition 2.1.4. Let e; be an orthonormal basis of H. The trace of an operator T € L(H) is
defined as

oo

tr(T) := Z(T€i7 €)H-

i=1

Definition 2.1.5. Let e; be an orthonormal basis of Hy. The Hilbert-Schmidt norm of an operator
T € L(Hy, Hs) is defined as

VT s 10 1y 2= (DI Teill, ).
=1



We denote the subspace of L(Hy, Hs) consisting of operators with finite Hilbert-Schmidt norm by
Lo(Hy, Ho).

The trace and Hilbert-Schmidt norm are both independent of the choice of basis.

Proposition 2.1.6. Ly(H;, H3) is a Hilbert space with respect to the inner product

o0

(T7 S)Lz(Hl,H'z) = Z(Tei? Sei)Hz .
=1

Theorem 2.1.7. Let T : H — H be positive. Then there exists a unique operator T'/? € L(H)
which satisfies

TV =T,

Furthermore there exists an orthonormal basis e; of H consisting of eigenvectors of T. If T has
finite trace, the sum of the eigenvalues (repeated according to multiplicity) is finite.

Theorem 2.1.8. Let T : D(T) — H be a closed linear operator. Suppose the spectrum of T is the
union of two disjoint compact sets K1 and Ko. Define the linear operators I1; by

11, ::j{ (21 — T) " tdz,
Vi

where y; is an admissible contour for K;. Then each I1; is a projection which commutes with T, and
1s called the spectral projection onto K;.

2.2 Classical function spaces and derivatives

Throughout sections 2.2, 2.3, and 2.4, let U C R™ be open and let V be either R R™, R™*™ or C
with the obvious inner product and norm. Proofs of the statements can be found in [16, 21, 42].

The space C*¥(U, V) is the set of all k-times continuously differentiable functions on U taking values
in V, where k may be infinity. By C°(U,V) we denote the subspace of functions f € C*(U,V)
which have their support compactly contained in U.

If f € C'([a,b],V), we denote the derivative of f either by f’ or f. If f € CY(U,V), we de-
note the partial derivative with respect to the i-th coordinate by 0, f. For repeated differentiation,
we will sometimes write 0., f to mean 0,,0,, f. To denote higher order derivatives we also use the
concept of a multi-index, which is an element in N™. Given some multi-index o = («y, ..., ), the
order of « is defined as

n
| := Zai.
i=1

Given a function f € C*(R") and a multi-index o with order |a| < k, we define

0 f = %00 f,

Tn

where 8% f denotes the j-th order partial derivative in the i-th coordinate.



2.3 Sobolev spaces
In order to study elliptic PDE, we introduce the notion of weak differentiability and Sobolev spaces.
We mainly follow the conventions of [16]. For a comprehensive treatment of Sobolev spaces, see [1].

Definition 2.3.1. A measurable function f: U — V is locally integrable if it satisfies

/ | fldz < oo,
K
for every compact set K C U.

Definition 2.3.2. A locally integrable function f : U — V is k-times weakly differentiable if for
every multi-index o with |a| < k there exists a locally integrable function, denoted by 0% f, which
satisfies

/Ufaaasdx:(—1)la\/U¢aafdx

for every ¢ € C°(U) (here 0%¢ is the classical derivative).

Weak derivatives are unique (up to a set of measure zero), and satisfy many familiar properties of
classical derivatives, such as linearity, the product rule, and the chain rule. If a function is weakly
and classically differentiable, then the two derivatives coincide almost everywhere.

In order to be able to use the powerful tools from functional analysis, it is necessary to have a
Banach space of weakly differentiable functions. The Sobolev spaces serve this purpose.

Definition 2.3.3. The Sobolev space W*P (U, V) consists of all k-times weakly differentiable func-
tions f : U — V for which the weak derivatives of order |a| < k are in LP(U).

Theorem 2.3.4. The Sobolev space W*P(U, V) is a Banach space when equipped with the norm

1/p
Ilwerwwy = (3 107 o) - (2.1)
|al<k
Theorem 2.3.5. The Sobolev space H*(U, V) := W*2(U, V) is a Hilbert space with inner product
(f, g)Hk(U,v) = Z (0% f,0%9)r2w,v) (2.2)
lal<k

It is easily verified that the norm induced by the inner product in equation (2.2) is consistent with
the norm in equation (2.1). It turns out that LP integrability of f and 9,,f sometimes implies L9
integrability of f for some g > p, where the relation between p and ¢ is determined by the dimension
n. Thus, it is possible to trade differentiability for integrability in some sense. This is made precise
by the Sobolev embedding theorem.

Theorem 2.3.6. (Gigliardo-Niremberg-Sobolev) Let p € (1,n), and let p* = %' Then there exists
a constant C,, ,, independent of f : U =V such that

1 £lle* vy < Crpllfllwre@,vy,

The exponent p* is called the Sobolev conjugate of p. From the computation

p* _np_ n
7:7171): >1

p p n—p
we can see that p* > p, which means we have gained integrability.




2.4 Weak solutions to PDE

Using Sobolev spaces, we define the notion of a weak solution to an elliptic PDE. Our treatment is
similar to [16, Chapter 6], but similar statements are contained in [21, 42].

Definition 2.4.1. A function a : U — R™*™ is uniformly elliptic if there exists a constant ¢ > 0
independent of x,(, such that

n

D aii(@)¢i¢ > el

ij=1
for every ¢ € R™ and almost every x € U.

Consider the PDE

= > Oni(aidnu) + Y bideutcu= f, (2.3)

ij=1 i=1

where u is real-valued, @ : U — R"*"™ b : U — R™ and ¢ : U — R are essentially bounded and
measurable, and f € L?(U,R), and additionally a is uniformly elliptic. If u is sufficiently smooth,
we can multiply this PDE by a test function ¢ € C2° (U, R), integrate over U and apply integration
by parts to obtain the following equation.

Z /Uaij(ﬁxiqb)(ﬁxju)dm—i-;/bi(amiu)(bdx—&—/Ucuqzﬁdx:/quzﬁdx. (2.4)

i,j=1

Notice all the terms in equation (2.4) are well-defined even if u is only in H'(U,R). This motivates
the notion of a weak solution.

Definition 2.4.2. A function u € H*(U,R) is a weak solution of (2.3) if it satisfies (2.4) for every
¢ € C*(U,R).

The notion of a weak solution is a robust one: it is often possible to show existence and uniqueness
of weak solutions using powerful tools from functional analysis, such as the Riesz-representation
theorem or the Lax-Milgram theorem. If a, b, ¢ and f are sufficiently smooth, it is even possible to
show that this weak solution is also a classical solution to (2.3). This is usually done by showing that
uw € H* for higher k and using Sobolev embeddings of W*P? into the Holder spaces C®. However,
for our purposes the following theorem suffices.

Theorem 2.4.3 (Elliptic interior regularity). Suppose that a is uniformly elliptic, a, b and c are
k + 1-times classically differentiable, f € H*(U,R), and u € H'(U,R) is a weak solution to (2.3).
Then w is k + 2 times weakly differentiable.

The additional weak derivatives of u do not necessarily lie in L?(U).

2.5 Semigroups and evolution families

The theory of strongly continuous evolution families can be used to study nonautonomous PDE
in an abstract form. These definition and theorems, along with their proofs can be found in [44].
Throughout this section, let X be a banach space.



Definition 2.5.1. A family of bounded linear operators Py € L(X), t,t' > 0 is a strongly contin-
wous evolution family if it satisfies
Py=1, forallt >0
Py Py =Py forallt,s >0,
and the map (t,t') — P, px is continuous for every x € X.

Note that, in general, (¢,¢') — P, is not continuous in the operator norm. If we can write
P,y = S(t —t') for some set of operators S(t), we say that S(¢) is a strongly continuous- or Cjp-
semigroup.
Definition 2.5.2. The generator of P,y is a family of (possibly unbounded) linear operators A; :
D(A:) — X, t >0, defined by
P..r—

Az = lim S T

s—t  §—1t

where D(A;) consists of all x € X for which this limit exists.

: (2.5)

Equation (2.5) is reminiscent of the definition of the derivative. The following theorem states that
A; can indeed be interpreted as the derivative of P; 1.

Theorem 2.5.3. Let P,y be a strongly continuous evolution family on X generated by A;. If
T € D(At), then

d
fPt,t/Jj = AtPtﬂg/JI

dt
and
iPt X = —Pt t/At/{E (26)
dat’ ’
Theorem 2.5.3 shows that P; gug is the solution to the nonautonomous abstract Cauchy problem
% = Azu(t) (2.7)
u(0) = up.

A typical example is when A; is the Laplacian, in which case (2.7) is the heat equation and
P, = S(t —t') is the heat semigroup.

Evolution families can also be used to solve nonlinear equations. Consider the nonlinear abstract
Cauchy problem

du
5 = Avult) + f(t,u(t)) (2.8)
u(0) = up.

Motivated by the classical variation of parameters formula, we define the notion of a mild solution.

Definition 2.5.4. A function u : [0,T] — X is a mild solution of (2.8) if u(t) is continuous and
satisfies

t
u(t) = P ouo + / Py f(t,u(t'))dt'.
0

Existence of mild solutions can often be shown under certain conditions on f, such as Lipschitz
continuity.



2.6 Stochastic Integration in Infinite Dimensions

Fix some stochastic basis (2, F,P), along with a normal filtration %, to be used throughout this
section. When we speak of adapted, predictable or progressively measurable processes it is with
respect to this filtration. We also fix some terminal time 7" > 0.

Throughout this section, let U and H be Hilbert spaces. First, we define the notion of a Wiener
process in infinite dimensions.

Definition 2.6.1. Let Q € L(U) be a positive with finite trace. Let e; be an orthonormal basis of
eigenvectors of QQ with eigenvalues X\;, and let B; be a family of independent real-valued Brownian
motions. A Q-Wiener process W (t) is defined by

W(t) := Z VAiBi(bes

Theorem 2.1.7 guarantees that the sequence converges in L?(Q,U).

We now fix some @Q-Wiener process W(t) to be used throughout the rest of this section. For
technical reasons we define Uy := Q'/2U, which is a Hilbert space with respect to the inner product

(Q1/2U,Q1/2U)Uo = (%U)U-

In order to define the notion of a stochastic partial differential equation, we will need a stochastic
integral to make sense of expressions such as

/0 FOAW (D), (2.9)

where f is a predictable process. The reason why this is not straightforward is that we cannot
interpret equation (2.9) as a Stieltjes integral, since W (t) is not sufficiently regular. Instead, (2.9)
is defined for a class of simple processes, and extended by density to a larger space using the 1t6
isometry. The class of simple proceses is defined as follows.

Definition 2.6.2. A stochastic process ®(t) taking values in L(U, H) is called simple if it takes the
form

N-1

(I)(t) = Z 1(ti7ti+1](t)(bi’

=

with t; being an increasing sequence of real numbers with tg = 0, txy =T, and ®; being a sequence
of Fi,-measurable random L(U, H) variables with each ®; taking only finitely many values.

For a simple process ®, the stochastic integral is naturally defined as

N-1

/t O(t")dW (') = Z Qi (Wi, ont — Wiat)-
0

=0

Using the basic properties of a Wiener-process, the following proposition can be shown.

10



Proposition 2.6.3. For a simple process ®(t), we have

T T
B[l [ o@aw i) = [ E[196)Q 1, m)ar- (210)
Using this isometry, it is possible to extend the definition of the stochastic integral to a large class

of stochastic processes.

Definition 2.6.4. Define N3,(0,T, H) as the space of all predictable L(U, H)-valued processes ®(t)
on [0,T) for which the norm

T 2
1%l 0 = | E[IOIQ ]

is finite.
Proposition 2.6.5. The simple processes are dense in N3, (0,1, H).

By density and equation (2.10), the stochastic integral now extends to N3, (0, T, H). We will fre-
quently use the following two maximal estimate on the stochastic integral.

Theorem 2.6.6. There exists a constant C' independent of f such that
t T
B[ sup || [ reyaw@)li] < [ E[lre)@ 2.
te0,7] Jo 0
for all f € N3, (0, T, H).

Theorem 2.6.7. Let S(t) be a Cy-semigroup on H. Then there exists a constant C, independent
of f such that

t T
B sup | [ s - t)f@)aw@)l] < e [ s[lre)e ] o
tef0,7] Jo 0
Now we formulate the notion of an SPDE and its solutions. Consider the SPDE
du(t) = [Aeu(t) + f(t, u(t))]dt + B(t, u(t))dW (¢) (2.11)
u(0) =¢

where f: Qx [0,T] x H— H and B : Q2 x [0,T] x H — Ly(Up, H) are measurable and A, generates
a strongly continuous evolution family on H. Motivated by the variation of constants formula, the
notion of a mild solution to (2.11) is defined as follows.

Definition 2.6.8. An H-valued predictable process u(t) is a mild solution of (2.11) if it satisfies
T
P [ ol <] = 1.
0

T
P 1B@0)Q I 0 < ] =1

and
t

u(t):Pt70C+/ Pt,t/f(t’,u(t))dt’+/ P, v B(t,u(t))dt’, P—a.s.
0 0

11



Now we formulate the following existence and uniqueness results. Theorems 2.6.9 and 2.6.10 both
follow from theorem 2.6.11.

Theorem 2.6.9. (Linear SPDE with additive noise) Suppose that f is independent of u, and B = By
for some By € La(Up, H). Then there exists a unique mild solution of (2.11).

Theorem 2.6.10. (Linear SPDE with multiplicative noise) Suppose that f is independent of u, and
B(w,t,u) = Bou for some By € L(H, Ly(Ug, H)). Then there exists a unique mild solution of (2.11).

Theorem 2.6.11. (SPDE with Lipschitz nonlinearity) [49, Theorem 1.3] Suppose there exists a
constant C' such that

Hf(wvt’u) - f(watvv)”H + ||B(w7t’u) - B(Watvv)HLz(Uo,H) < CHU - UHH’
and
1f (@, tw)ll3r + 1 Blws t, Wl 1,5y < C*(A + [l o)

hold uniformly in t, w. Then there exists a unique mild solution to (2.11).

2.7 Lie groups and Lie algebras

To capture general continuous symmetries we will need the notion of a Lie group and a Lie algebra.
We only require some definitions and basic theorems, which can be found for example in [29].

Definition 2.7.1. A Lie group G is a group which is also a (finite-dimensional) smooth manifold,
for which group multiplication and inversion are continuous.

Definition 2.7.2. A Lie algebra g is a vector space which has an additional operation called the Lie
bracket

gxg—49
(X,Y) = [X,Y],

which is symmetric, bilinear and satisfies the Jacobi identity
(XY, 2N + [V (2, X]] + 2, [X, Y]] = 0.
Definition 2.7.3. A Lie group representation is a vector space V along with a smooth map
II:G— GL(V),
which satisfies
I(g)TL(h) = 1I(gh),
forall g,h € G.
Definition 2.7.4. A Lie algebra representation is a vector space V' along with a map
m:g— L(V),
which satisfies
m(X)r(Y) — 7 (YV)w(X) = 7([X, Y]),
forall XY € g.

12



There is a rich correspondence between Lie groups and Lie algebras, as illustrated by the next few
theorems.

Theorem 2.7.5. Let g := T.G be the tangent space of G. There exists a unique functionexp : g — G
called the exponential map, which is continous and satisfies

exp(0) =1,
exp((t+ s)X) = exp(tX) exp(sX),
d
T exp(tX) o X,

forallt,s e R, X € g.

Furthermore, g is a Lie algebra when equipped with the bracket

d
[X,Y]:= %etXYeftX

t=0

Theorem 2.7.6. Let I1 be a Lie group representation of G on V. Then the map
m:g— L(V)
m: X — (Y — %H(exp(tX)Y’f:o)
is a Lie algebra representation of g on the T,V . Furthermore, we have the equality
(g)m(X)I(g™") = m(9Xg™") (2.12)

The tangent space T.G consists of equivalence classes of smooth curves v which satisfy v(0) = e.
If y(t) is such a curve, then so is gy(t)g~', and this operation is well-defined on the equivalence
classes. This is the way in which we interpret ¢X¢~' € T,G for g € G, X € T.G.

Theorem 2.7.7. The map

Ad: G — GL(g)
g— (X = gXg™h (2.13)

1s a Lie group representation, and its corresponding Lie algebra representation is
ad: X — (Y — [X,Y])). (2.14)

We often write Ady := Ad(g) and adx = ad(X).
For X,Y € T.G we have the equality

Adep(x)(Y) = €2 (Y), (2.15)

where the exponential on the right-hand side is an operator exponential.
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Chapter 3

Rotating Waves

We consider a two-dimensional reaction-diffusion system, which satisfies the semilinear PDE
du(t,z) = DAu(t,x)dt + f(u(t,x))dt, (3.1)

where u(t,z) € R™ and D is a diagonal matrix with strictly positive entries on the diagonal. Such
systems are widespread throughout physics, chemistry [52] and biology [22, 36], and exhibit many
interesting behaviours. A possible interpretation of (3.1) is as a chemical system. Here, u(t, )
models the density at time ¢ and position x of a compound made up of n different chemical species.
The term DAwu models the natural diffusion of chemicals, with D determining the diffusion speed
of each species. The term f(u) models a chemical reaction, turning some chemicals into others at a
rate dependent on their densities.

Multi-component reaction-diffusion equations are well known for their propensity for pattern forma-
tion [14]. Typical patterns such as spots, stripes, and mazes have been numerically observed [20].
Although numerical simulations were not available at the time, Alan Turing knew about these pat-
terns, and even postulated these reaction-diffusion equations to be the mechanism by which animals
form patterns on their skin [51, 54].

In this thesis, we will treat one particular type of pattern: a rotating wave. This is a pattern
having a fixed wave profile, which rotates along a fixed origin as time progresses. Rotating waves
have been studied in a deterministic setting, where exponential decay [43] and stability [6] have been
shown. Stability in a stochastic setting has previously been shown using the method of MacLaurin
[34]. However, their SDE for the phase is extremely unwieldy compared to ours. Furthermore, our
results about the multiscale expansion and approximate optimality of the phase are completely new.

3.1 Preliminaries

Throughout chapter 3 we will write

H* := H*(R? R™),
L? := L[*(R* R"),
L™ := L>(R?,R").

14



We also fix some stochastic basis (£2, F,P) along with a normal filtration F; to be used throughout
these sections.

We will study a stochastic version of the reaction-diffusion equation (3.1). Let W (t) be a Q-Wiener
process. The stochastic version of (3.1) reads

du(t,z) = [DAu(t, z) + f(u(t, z))]dt + cdW (1), (3.2)
where u takes values in H2. We will assume f is such that the problem is well-posed.

Assumption 3.1.1. The nonlinearity f is such that it satisfies the hypotheses of theorem 2.6.11.
Thus, (3.2) has a unique mild solution.

We will also need a notion of a small phase-correction. The phase-correction y(t) at time ¢ will be
described by a translation and a rotation, parameterized by

o(t)
() = [ bi(t)
ba(t)

We identify () € R? with the isometry of R? given by

& — Rox + (b1> (3.3)
by
which we also call y(t) in a slight abuse of notation. Here Ry is a rotation matrix defined as

_ [cos(f) —sin(h)
Ry = (gin(a) cos(0) ) : (3.4)

by

b ) The isometry v(t) further induces an isometry 7, on H,
2

We will also frequently write b := (
defined by

T, ¢(x) = (v~ 'z) = ¢(R,ex - b). (3.5)
The reason we define 7, with the inverse is so that we have 7,7, = T5,+,-

Next we need some assumptions and preliminary results regarding the deterministic problem and
rotating waves.

Assumption 3.1.2. Equation (3.1) has a solution of the form
a(t,2) = Troou (2) = u* (Ror) (3.6)

This solution « is called the rotating wave, and u* is called the rotating wave profile or wave profile.
If w* is sufficiently smooth, we can directly compute

3tﬁ(t, x) = atu* (R,wtx)
= (VU*)(R_th>atR_wtl’
= _w(vu*)(R—wtl‘)Rﬂ'/QR—wtx
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Therefore if we change to co-rotating coordinates y = R_:x, equation (3.1) transforms into

—wVu (y) Ry 2y = DAu™(y) + f(u”(y)). (3.7)
Introducing the differential operator
Oy @ := 10,0 — 1202, ¢ = Vo(2) Ry o2, (3.8)

equation (3.7) simplifies further to
DAu* + wiypu™ + f(u*) = 0. (3.9)

In fact, any sufficiently smooth solution to (3.9) can be used as the wave profile for a rotating wave.
Thus, existence of rotating waves is equivalent to existence of solutions to (3.9).

In equation 3.8 we chose the notation 0, because this operator is also the derivative in the ra-
dial direction in polar coordinates. This also means that 0, obeys the product rule.

3.1.1 Commutation relations

Later we will need various identities involving V, 0y and 75, so we derive them all now. Throughout
this section, let ¢ : R2 — R™ be a sufficiently smooth function.

We start by computing
i Tymyd = d(y~H(t)x) = (Vo) (v~ (D)) Dy~ (t)a. (3.10)
Using the product rule and the chain rule, we derive
By~ L(t)x = 8, [R_g(t) (x— b(t))}
= —0(t)Ryj2aR_g(1)(z — b(t)) — R_g(s)b(t)
= —0(t)Ry /oy~ (t)x — R_p(syb(t).
Substitute this into equation (3.10), and use the definition of Oy (3.8) to get
Ty d(x) = —(Vo) (v ()2)[(0(t) Rej2y " () + R_p(0)b(t))]
= ~ T (IVOIIO) R + R_g(b(1))])
=Ty (é(t)aw + V¢R,9<t)z;(t))).

Now introduce the three-dimensional matrix

1 0 0
Ryp:= [0 cos(f) —sin(d) | . (3.11)
0 sin(d) cos(0)
to get
9
0T d(@) = ~To) (Oud 0zd 0yd) Rooqry (b1 | - (3.12)
ba
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From now on, Ry can either mean the two-dimensional matrix from (3.4) or the three-dimensional
matrix from (3.11). It should always be clear from the context which one is meant. Note that the
identity

R.Ry = Rayo = Ry R,
holds in both cases. Next, we introduce the notational shorthand
Vet = (0y¢ 020 0y0) (3.13)
to rewrite (3.12) to
O Tyy#() := [Tty Vedl Bt ¥ (2)- (3.14)

Now we derive the commutation relation between 9y, and V. First let £ € C?(R",R). By the product
rule, we have

821 T 8$11172 - 81111 4
e = o —wate) (51¢) = (D152 0re)

Vo 6 _ 83?1 (m18$2£ - 33289:15) T _ xlaﬂhﬂczg - 'r28$1$1£ g + 83325 T
vs T 8I2 (x16$2£ - $28I1£) B Ilaﬁmiwg - x282?1$2£ 78%16

which gives
VO = 0y VE + [VE|Rr 2,
which immediately extends to
VOy6 = 8,V + [V Rea, (3.15)

for vector-valued functions. Next is the relation between V and 7. Using the multivariable chain
rule, we get

V(v tz) = (Vo) (v ') V(v a). (3.16)
Now observe that

vy le Y VR_(x — b) = R_y. (3.17)
Thus, substituting (3.17) into (3.16) we get

Vo6 = (Vo) (v )Ry & T,VoR_. (3.18)

Next we find

0y Ty0 2 [VT50| Ry o

C2Y [T VR Ry o

= TY[V¢R7T/2R_97;—1$}. (3.19)
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To simplify further, we compute

R,QTY—L'L‘ =" R_ (Rel‘—l—b)—x—‘rR gb.

OyTv¢ = T, [VOR j2(x + R_gb)] (3.20)
T,0y¢ + Ty V@R, ;2 R_gb).
Using the V. symbol introduced in (3.13), we may also combine (3.18) and (3.20) into

VeTy¢ = [Ty VedlR_g + TyVoRr 2 R_gbey, (3.21)

where ey, := (1,0,0).

3.1.2 Differentiability of 7,u

In this section we establish differentiability of 7,4 with respect to «y in various function spaces. We
introduce the following Hilbert spaces to be able to deal with rotational derivatives efficiently. Let
V be either R, R™ or R™*"™,

Definition 3.1.3. For | < k, the space H*!(R",V) is defined as
H(R™, V) = {f € H¥R™, V) : &%, f € H¥J(R", V) for all j < I}

with the inner product

l
(f; )H“ (R, V) "= Z(aify 321;9)H’vﬂ(Rn,V)~ (3.22)

7=0

Again, we will write HY := H¥!(R2, V). The parameter [ measures how many rotational derivatives
we can ’safely’ take. Notice that H*! c H* " and @l orr < M@l e if &' >k and 1" > 1. We also
rot rot

rot Tot

recover the regular Sobolev spaces if [ = 0.

Proposition 3.1.4. The space CZ° is dense in HE

rot

for every k,l.
Proposition 3.1.5. The operator Tr, is an isometry of Hmt for every 0, k, 1.

Proof. We first observe that T is an isometry of H* for every v € SE(2). Next, by (3.20) we see
that 0y commutes with 7p,. Combining these facts we see that

185, Ty 1l s = | TRy 030\l rr-5 = 0]l s
holds for every k, j with j < k. Thus, the norm induced by (3.22) is invariant under Tg, . O

Proposition 3.1.6. For each k, | there exists a constant C, independent of ¢ such that

l
iy [yl (3.23)
j=0
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Proof. We use induction on [. The case I = 0 follows from the fact that 7, is an isometry of H k.
Now suppose equation (3.23) holds for some [ =1’ > 0. To show (3.23) for [ =1’ + 1, we see from

(3.22) that we only need to estimate the additional term Hafﬁlgﬁnm_,/_l. By equation (3.20) we
have

10y, Tl pi—v—s < NTR0y 0l s + T (VO 6] R 2 R-6) | v
= 10y, 6ll g1 + I[VOy & R j2R—6b) | v
<105 0l grumvr—s + Y1050l e
< ||¢||Hf(;’,;/+1 + |’Y|H¢||Hf(;lt'~
The result follows from the induction hypothesis and the fact that ||¢[| ,x.r < ||| r.v+1, which is

trivial. O

Next we establish the following differentiability result.

Rtz

rot

Proposition 3.1.7. Suppose ¢ € . Then the map
v —=T9

is differentiable as an Hfo’i—valued function, with Fréchet derivative

T (V4R . (3.24)
Furthermore, we have the estimates
l .
1736~ dllgges < 16l rsiss Gy S 117+, (3.25)
j=0
and
l .
1756 = 6+ (Ve 1l ot < 9]l esecraCioa 3 P2 (3.26)
j=0

Proof. First assume ¢ € C2°. As a notational shorthand, we write

V’Y = (81/, 81,1 81,2) 5

Opo  Opby Oy,
H’Y = V’Y[V’Y]T = 8wb1 ablbl able
Oy Obiby  Obyby

From equation (3.14) we see that

v = Typ(z)
is differentiable for each z, with derivative

V. Tob(x) = T [Ved(a)| Rs.
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Differentiating again, we find the Hessian matrix.
HyTyo(x) = VW[V'YTWS(@‘)]T
~V, T[Ved (@) R-g]"
= —RoV4[T5[Veo(a)]"
= RyTyV[Vp(z)]" Ry
Thus, applying Taylor’s theorem (in +y, with integral remainder) for a fixed x to 7,¢(z), we find that

1
To(w) = (@) + 9 To@)| _a+9" [ (0= 0m T oty

1
= () — Vod(z)y + AT / (1= ) Rg Ty Vo Voo ()] R_sadt (3.27)
0
holds for each x. Now we estimate

1R Tor Vel Fed @) Rl s, = 1T, Vel V(@)

(3.23) . t .
< CrllVelVed(@)] Il ra D P
j=0

l
< Crallgl grszasa D Iyl
§=0

Thus we may interpret (3.27) as an H*!-valued equality (replacing the integral by a Bochner inte-
gral). Rearranging (3.27) and taking the H*! norm then also gives

l
1756 — ¢ + (VeI rra < Cralldllmrraase D 7P+,

=0

which shows (3.26). Dividing by |v| and letting v — 0 shows differentiability by definition of the
Fréchet derivative.

Now let v(t) = ¢vy. By the fundamental theorem of calculus (for Bochner integrals) we have

(3.24)

1 1
To—o= [ (VTwon (a2 = [ T voR e

Taking the Hf,;lt—norm we find
1
1736 = Bll e < Ivl/0 1T [V eu] R . dt
1
= | [ 1 Ve
0

(3.23) ! ,
< CrallVeul g Y P
j=0

l
< Crllull rsrasa Y- Iy P+,
=0
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which shows (3.25). For general ¢, the results follow by density using proposition 3.1.4. O

We would like to apply proposition 3.1.7 to 4. To do so, the following assumption is needed.
Assumption 3.1.8. u* € HS3

rot*

In section 6.3 we show using standard elliptic regularity methods that a weak solution to equation
(3.9) automatically satisfies this assumption. Thus, assumption 3.1.8 is not restrictive. Hence we
can specify to the case ¢ = 4(t), and formulate the estimates we will actually use.

Proposition 3.1.9. For every t, the map

T,i(t)
18 differentiable with Fréchet derivative
—T,[V a)R_g.
Furthermore, we have the estimates
ITat) = a(®) a2 < | gs Cool, (3.28)
and
3 .
IT(t) — a(t) + [Vea®) o < JullgesCan S . (3.29)

=0

Proof. Since 4 = Tg_,u*, this follows directly from propositions 3.1.5 and 3.1.7, and assumption
3.1.8. 0

3.1.3 Linearization operator

Now we show that the derivatives of u* are eigenfunctions of some linearization operator. We first
observe that the laplacian is invariant under rotations, so it commutes with 9. Thus, assuming
sufficient smoothness of u* and f, we may apply Jy to (3.9) to find

DAOyu* + wdyOyu* + f'(u*)dyu* = 0. (3.30)

Similarly, applying the gradient operator (which also commutes with the laplacian) to (3.9) and
using (3.15) gives

DAVU* + wdyVu* + f'(u*)Vu* = —w[Vu*] Ry )s. (3.31)
Introducing the "frozen-wave" operator
L#¢ = DAY+ wdyo + f'(u*)e, (3.32)
we may succinctly restate equations (3.30) and (3.31) as
L#dyu* =0, L7, 0" = —wdy,u”, L7y, u* = wdy, u* (3.33)
or
L#FOyu* =0 (3.34a)
L7 (D, +10,,)u* = iw(Dy, + 10y, )u* (3.34b)
L#(0,, — 10, )u* = —iw(Dy, — 104, U™ (3.34c)

The following assumption on £# is critical for the deterministic stability of rotating waves.
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Assumption 3.1.10. £# generates a Cy-semigroup Pt# on H.

Later we will need to compute the action of Pt# on linear combinations of dyu*, 0, u* and Oy, u*.
Let V be the subspace of H spanned by these derivatives of u*. We use the basis dyu*, 0, u* and
Oy, u* for V. In this basis, (3.33) becomes

a 0 a
Lo =-c|l=5(b],
b c
where
0 0 O
S=10 0 —w
0 w 0

Computing the matrix exponential

we find that
Pt#v = R0,
for any v € V. In particular, this means that
PF[Veu'ly = [Veu' ] Rory (3.35)

for any v € R3. Note that equation (3.35) is just a different notation for taking linear combinations
of Oyu*, Oy, u™ and Oy, u™.

Next we define a spectral projection onto some eigenvalues of £#. The following assumption guar-
antees that this is well-defined.

Assumption 3.1.11. The point spectrum o, (L*) on H satisfies
opt(LF) C{A e C: R(N\) < —b} U{0,iw, —iw}.
Furthermore, the eigenvalues {0, iw, —iw} all have multiplicity one.

The second part of assumption 3.1.11 guarantees that £# has no eigenfunctions with eigenvalues
{0, iw, —iw} except for the ones found in equation (3.34c). From now on, we will call the span of
these eigenvalues the center space. Next we define a projection onto the center space.

Definition 3.1.12. TI#:¢ is the spectral projection of L# onto {0,iw, —iw} (see theorem 2.1.8). We
further define

I .= [ — I1%° (3.36)
¢ = Tr, 0" Tx_, (3.37)
Ur,, = TR, ¥ Tr ., (3.38)
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Later we will need a more explicit form of I1#:¢. Using assumption 3.1.11 and equation (3.34c), we
find that IT#:¢ has the form

(3.13)

%€ p = adyu® + bdy, u* + cOpyu* =" [Veu'] , (3.39)

o o

where the coefficients a, b, ¢ depend on ¢. Taking inner products in L? from the right with dyu*,
Oz, u* and Oy,u* results in the following system

(H#’C¢,8¢u*) (Opu®, Opu™*)  (Og,u*, Opu®)  (Dg,u™, Opu®) a
(%, Opu™) | = (Opu*, Op,u*)  (Op u*, 0p,u*)  (Opyu™, Oy, u™) bl. (3.40)
(%<, Oyu’*) (Opu*, Op,u™)  (Op,u*, 0p,u*)  (Op,u™, Op,u™) c

where all inner products are taken in L2. For notational purposes, we abbreviate the matrix on the
left-hand side by defining

(Opu*, Oypu™)  (Ogu*, O0pu®)  (Og,u™, Opu®)
B := | (Opu*,0p,u*) (g u*,05,u*)  (Op,u*, Oy, u*)
(a¢U*v aﬂtz u*) (8961“*’ afwu*) (aﬂﬁz u*v a$2u*)

Since u* and all its derivatives are real-valued, B is symmetric and strictly postive definite. Therefore
we may invert B to solve equation (3.40) and substitute back into (3.39) to find

(TI#:¢ ¢, Dyu*)
%y = [V |B~ | (TT#¢p, 0,u*) | . (3.41)
(IT%:¢, Oyu”)

If we now introduce the bounded linear operator
P: H*(R*R") - R®
(IT#:p, Oy u™)

¢ — | (179, 0pu*) |,
(IT#°¢, Oyu*)

equation (3.41) further simplifies to

¢ = [V u*| B~ P(e). (3.42)
Now we formulate the final few assumptions required for deterministic stability.
Assumption 3.1.13. There is a vector us € R™ such that

sup |[u*(x) — tso| = 0 as R — o0
|z|>R

Assumption 3.1.14. f € C*(RY;RY). Furthermore, f and its first, second and third derivatives
are bounded.

Assumption 3.1.15. f'(us) is a negative definite matriz.
Finally we can formulate the linear stability result, due to Beyn and Lorenz [6].

Theorem 3.1.16. Under assumptions 3.1.2, 3.1.8, 3.1.10, 3.1.11, 3.1.13, 3.1.14 and 3.1.15 we
have

Hpt#H#HL(m) < Ce (3.43)

for some constants C, a > 0.
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3.1.4 Derivation of the SPDE

Let v(t) € R3 be a differentiable stochastic process which is adapted to F; and satisfies v(0) = 0.
Now introduce the following three ways to write u:

u(t,x) =: a(t, z) + v(t, z), (3.44)
u(t, z) =: Toy@y0(t, z) + v, (L, ), (3.45)
U(t, ‘T) =: 7:77(1:)11(157 I) + O—w’Y(ta I) + Z’Y(ta I)ﬂ (346)

where w, will be specified later, after which the third equation serves as the definition for z,.

Combining the SPDE (3.2) for u, the definition (3.45) of v.,, and (3.14) now gives the SPDE for v,,.
dvy =du(t, ) — dTe @ u(t, v)
=DAu(t,x)dt + f(u(t,x))dt + odW (¢, z) (3.47)
+ U[Eﬂy(t) vca(ta (E)]R_g(t)’}/(t)dt - Ey(t)da(ta CE)
We use (3.1) to find
Toydilt, ©) = Toyw[Aa(t, x) + f(a(t, x))]dt
- A7:ry(t (t )dt + 7:77(t f(ﬁ’(t7 .’I,‘))dt
Substituting this back into (3.47) gives
dvy, =DAu(t, z)dt + f(u(t,z))dt + cdW (¢, x)
+ 0 [Tory@) Vei(t, ac)]R o)y (t)dt
A'Em(t (t7x)dt J'y t)f( ( ) ))dt’
after which we rearrange some terms and use (3.45) to recombine the terms affected by A to find
dvy, =DAv,(t, z)dt
+ U[Ew(t)vc’&(t, .Z‘)]R,g(t)"}/(t)dt + odW (t, z)
+ f(u(t7 .’I,'))dt - %w(t)f(a(t x))dt
Finally, add and subtract [To.)f'(4(t, z))]v, (¢, z)dt to get
dvy =DAvy(t, z)dt 4 [Toqw) f'(0(t, x))]vy (t, z)dt (3.48)
ol Ve DR 0t 7 .2
+ f(ult, 2))dt = Ton(o f (@t 2))dt = [Ton o) f/(0lt, )]0y (¢, ) dt.

Now define the linear operator

Li¢ = DAG(x) + [Ty ' (alt, 2))]d(2) (3.49)
and the nonlinear term
Ry = f(ult,®)) = Tom f(a(t 7)) = [Ton [ (a(t, 2))]0y (t, ). (3.50)
We also introduce
Lip(x) == Ap(x) + f'(a(t, )¢ (z), (3.51)
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and observe that £, = L, . By a direct computation, we find the following relation between £; and
L#.

(3.32

0= £0) 2 T, (00— £) i
Using assumption 3.1.10 and the identity atpjﬁt/ = L#Pit,, we also derive

(0 —L*)PF, =0
Tro, (8 — LYTm_ o Tr, Py Tr ., =0
(8 — L)Tr,, PF Tr ., =0.

wt!

wt’

Now define

Pt,t’ = Tth Ptft’TR_ (352)

wt!?

and observe that P, ;P , = P;, to conclude that P,y is an evolution family on H generated by L;.

With this notation (3.48) simplifies to

dvy =Ly gy 1) 0~ (t, z)dt
+ a[TM(t)ch&(t, .T)]R_g(t)’.}/(t)]dt + odW (t, ) (3.53)
+ R dt.

We now linearize (3.53), set v (but not %) to zero and scale out o to obtain the SPDE for the
linearization w.,.

dw, = Lywy (t,2)dt + [Vea(t, z)y(t)dt + dW (¢, z). (3.54)
In the next section we show that cw, is a good approximation to v.,.
Finally we choose the following initial conditions for v and w.:

u(0,x) = 4(0, z) + ovp(x)
w~ (0, ) = vo(x)

where vg is some fixed vector in H. The reason we choose these initial conditions is to make sure
that

1. wy is independent of o
2. the approximation u(t, ) = T, U(t, ) + ow, (L, ) is exact at time 0.

The second property is easily verified using (3.45), remembering that we initially assumed ~(0) = 0.

3.2 Multiscale expansion

Now we formulate the first main result.
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Theorem 3.2.1. (a) Let

be a progressively measurable stochastic process which is almost surely differentiable, satisfies v(0) = 0
and

E[ sup w(t)ﬂ =, < . (3.55)
te[0,7]

Let u(t, x) be the solution to (3.2) with initial condition u(0) = u* + ovg. Then equation (3.54) with
initial condition w.(0) = vy has a unique mild solution in C([0,T]; H?), given by

t
wv(t7 .’L') = Pt,OvO + Tth [ch*]th’V(t) + / Pt’t/dW(t/). (356)
0

(b) Let q € (0, 3). Define the stopping times

Tgony =If({t € [0,T] : |7(t)]| > 07} AT (3.57)
Tg,ow = 1nf({t € [0,T] : [Ju(t, x)|| g2 > 01"1}) AT
Tyoy = Tgon N Tqo (3.58)
as well as
u(t,z) =: Toy@)0(t, x) + ow, (L, x) + 24(t, ). (3.59)

Then we have the estimate

sup ||z, (t, 2)| gz < Co? ™24, (3.60)
t€[0,Ty,0,~]

for a constant C independent of v, o.
(¢) For sufficiently small o,
P[Tyor =T| 21— C1+C,)0%, (3.61)

with C., as in part (a), for a constant C independent of o, .

3.2.1 Mild solution

We begin with the proof of (a). By theorem 2.6.9 we straightforwardly have existence and uniqueness
of a mild solution to (3.54) given by

t t
w-(t, ) = Provo + / Py [Vea(t, 2)[4(¢)dt’ + / PpdW(t, ). (3.62)
0 0
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It is possible to simplify the middle term. To do this we evaluate

P Vel @) (t) " T, PETa Vet o))

3.21 N .
C2) T PE LN Tr it o) Rop (1)

3.6 * .

( = ) Tth Pfit/ [VCU ]th/’}/(t/)

3.35 . .
O T [V ew| Ry Rt A(E)
= Tr.. [ch*}th"y(t/).

Substituting this into (3.62) gives

t t
wy (t,z) = Povo + / Tr,, [Veu|Roy(t)dt + / P, pdW (¢, ).
0 0

By linearity, we can now integrate the middle term (notice that only 4 depends on the integration
variable) and use v(0) = 0 to find

t
'U]-y(t, l’) = Pt70’00 + Tth [VCU*]th’Y(t) + / Pt7t/dW(t/, l’),
0
which is equal to (3.56).

3.2.2 Estimate for z,

We now prove part (b). Throughout the remainder of this section, the symbol A < B will mean
A < CB for some constant C' depending only on f and u*. By rewriting equations (3.45) and (3.46)
we find that z,(t,z) = v,(t,2) — ow, (¢, ). Therefore we can combine equations (3.53) and (3.54)
to find the SPDE (which turns out to be a PDE) satisfied by z:

dzy = dvy — odw,

= Et,U’y(t)U’ydt + 0'7;,),“ Vcﬂ
X

Vet 2)] R oo 3(2)dt + odTW (1, ) + R, (1, )t
— oLyw, (t, x)dt — o[V u(t, z)]

Ny (t)dt — odW (t, x).
Using the identity £; ¢ = Lo+ [T, f'(0(t, z)) — f'(a(t, z))]¢ (which follows from (3.49) and (3.51))
and rearranging the terms gives
dz,(t,x) =Lz, (t, x)dt

+ [Tony [ (lt, 2)) = f(a(t, 2))]oy (¢, 2)dt

0 [ Ton o [Veilt, 2R ooy (2) — [Vt 2))3(0)] dt

+ Rydt

:ZLtZ»Y (t, .Z‘) + Tldt + ngt + ngt (363)
We also establish the preliminary estimates
¢

sup ||| SE—-t)TH)dt |z < MT sup ||T)]x2, (3.64)
t€[0,Ty.0,4] JO t€[0,Tg,0,4]
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and

oy (&, )|z < vy (t,2) — o(t.2)|[ g2 + [lo(t2)]| a2

(3.44)(3.45) [ Tony(t, @) — a(t, 2) || g2 + [[o(ta)]|| 2

(3.28)
S o+ ot @) g2,

which further implies

sup o (t, @)z S o' (3.65)
t€[0,Ty,0,+]

by definition (3.58). By the same definition, it holds trivially that

sup  [y(t)[ <079 (3.66)
te[0,Ty,0,~]

Before we proceed, we remark that assumption 3.1.14 justifies all our uses of Taylor’s theorem and
Lipschitz continuity of f and its derivatives.

T1

First we estimate

Ty = [Toywy ' (At 2)) = f'(a(t, 2))]vy (t, 2).
Using lemma 6.2.4 we immediately get
I T1l 2 < [ Tome £ (@) = /(@) | 2 vy | 72, (3.67)
where we have again suppressed the dependence on ¢t and x. Thus it suffices to estimate
Ty = Ty f'(0) = f'(0) = f(Toqwyt) — f()
= f'(¥2) — f'(¥), (3.68)

where we have abbreviated 11 (¢, z) = @ and 12 = T5+)0(t, z) to ease the notation. The reasoning
behind equation (3.92) also result in

11t @) |z = 92t @)l 12 = (™ ()] 12 (3.69)

By Lipschitz continuity of f’, we immediately get

T1a] S |2 — 4]
pointwise. Taking the L? norm gives
IT1llz2 < 12 = allee < [lv2 — ¥illme (3.70)
Next we estimate the first derivative. Let ¢ € {1,2}. Taking the z;-derivative of (3.68) gives
O, Tia = " (¥2)00, 002 — f"(¢1) 0z, 91 (3.71)
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Adding and subtracting f”(12)9,,%1 and taking absolute values gives

|00, T1 1| <[ (V2)0n,8b2 — [ (2)0u 1]
+ |f“(¢2)axi¢1 - f,/(¢1)8$iw1‘

pointwise. By boundedness and Lipschitz continuity of f”, we now have

|6IiT171| S |am7,w2 - 8I11/11| + |¢2 - 7/)1||6m1¢1‘

Next we take the L2 norm and use lemma 6.2.2 to find

102, T1 122 SN102,%02 — Ox, 1|12 + (|02 — Y1 Lo [|0n, 901 || L2
Sllva — Vil + |2 — all g2 llr [ a2
Sl — 1l a2, (3.72)

where we have additionally used (3.69) for the final step.

Now we estimate the second derivative. Let j € {1,2} and take the zj-derivative of (3.71) to
find
693,inle1 Zf//'(¢2)8z,i¢23mj ¢2 + fﬂ(w2)8wiwj w2
- f//l(wl)aﬂ:iwlaijl - f/l(wl)awizij

Rearrange the terms, and add and subtract

S (02)0, 205,101 + [ (02) 00, 105,901 + [ (¥02)0z,0, U1
to get

Ovie; T1 =f" (12)0, 1205 102 — [ (102) 0,120, ,91
+ [ (2) 0, 10205 ;901 — " (2) 0,102,001
+ [ (Y2) 0, 10105101 — " (1) 02,0105, 01
+ fﬂ(wZ)axixﬂ/)Q - f/l(¢2)axixjwl
+ £ (12) 00,01 — [ (¥01) 00,01

Taking absolute values and using boundedness of f”/ and Lipschitz continuity of f”, we get

|amiij1,1| §|azﬂ/12”amj¢2 - 3xj7/11|
+ 02,02 — 02, Y1([0n, 11 |
+ |2 — ¥1|0x, 9102, 91
4 0,2, V2 = Oz, Y1
+ |2 — V1[0, 1]
pointwise. Take the L? norm and use lemma 6.2.3 for the first and second line, and lemma 6.2.2 for
the third and fifth line to find
022, T1a L2 Slv2ll a2 llbe — a2
+ 1 = 9 e
+[[vb2 — 1]l 21901 | 7
+ (|92 — 1| a2
+ b2 — 1l 2l || =
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Using (3.69), this estimate immediately simplifies to
1022, T 1> < ||Y2 — b1l a2
Combining (3.70), (3.72) and (3.73) now gives
IT1allm2 S N2 — ¢l me
Looking back at the definitions for 1; and 2, we see that 12 = T541. Therefore we have

(3.28)
(T allmz S N2 — illaz = Toytbr — Yilluz S oyl

Finally, substituting this back into (3.67) gives
1Tyl S oly@)l[oy] a2

Combining this with (3.64), (3.65) and (3.66), we immediately get

¢
sup ||/ P T (t, x)dl || = < 02724,
te[0,Tg.04] JO

T2

Now we estimate the convolution with

Ty = O'<7:,,Y(t) [V R_ o0y 7(t) — [Vcﬁ]"y(t)).

(3.73)

(3.74)

The main difficulty with this term is that 75 depends linearly on 7, but our assumptions only gives

a bound on 7. To remedy this, we introduce the quantity

Sy = Toywyult, x) — a(t, x) + [Vea]oy(t).

(3.75)

Looking back at (3.14), we see that (3.75) is analogous to a first-order Taylor expansion of 75 in 7.

We now apply 0; + w0y to Sa. To keep things readable, we examine the terms separately. For

the middle term of (3.75), we immediately have
(O + wOy)u(t, x) = (0 + wiy)u* (R_wix) = 0.

For the third term of (3.75), we use the product rule and (3.15) to find

(0 + wdy) [V ett]oy(t) =or(t) [vc ((at + waw)a)}
+ [Ved]oy(t)
+ w[Vil] Ry jo0b(t)

P V.aloi(e)

— WV Ry jp0b(t).
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For the first term of (3.75), we use (3.14) and (3.20) to find

(O + waw)'t,,y(t)’& :7;7(0 [(O¢ + wdy )1 (3.78)
- 7:7’y(t) [Vcﬁ]R—oa(t)Uﬁ(t)
+ WToy ) [VU] Rr 2 R_o(1)0b(1)
3.76 . .
C2) T [Vl R oo (1)
+ Wony () [VU Ry j2 R 59(1)0b(t).
Combining (3.76), (3.78) and (3.77) we find
(at + w(‘)w)Sg = — 7—07@) [VCQ]R,gg(t)O'")/(t)
+ [Vei]oy(t)
+ Wy (1) [V Rr 2 R 0(1)0b(2)
— w[Va]" R, j20b(t)
= = Ty + T () [V Ry jo R o) b(t) — w[Vil] Ry j20b(2)
=: =Ty + Ty,

where the last line serves as the definition for 75 ;. Thus, if we define T5 5 1= (0; + wdy,)S2 we get
Ty =T1 —Topo, (3.79)

and it suffices to estimate 75 ; and 75 » separately. To estimate T5 1, we add and subtract w7q. ) [V@] Ry /20b(t)
to find

To1 =wToq (1) [V{L]RW/QR_G-Q(t)O-b(t) — w[Vﬁ]Rﬁ/gab(t)
=W/ oy(t) [Vﬁ‘] RTF/QR—UQ(t)O'b(t) — Wlony(t) [Vﬂ] RW/20b(t)
+ wTM(t) [Vﬂ]Rﬂ/QOb(t) — w[V1i] Rﬂ—/QUb(t).

Taking the H?-norm and using the triangle inequality we get

1T21]l 2 < wo || Tonye) Vil 2l By 2 llLe2) | R—co) — Il L2) [0l
+ wol|(Toyt) — DVl g2l Ry 2|l Lr2) [0l
S oyl

because § — Ry is Lipschitz continuous and we have used equation (3.28). Combining this with
(3.64) and (3.66), we immediately get

t
sip | / PoyTon (', 2)dt | 1 < 0220, (3.80)
€[0Ty ] Jo

For T5 5, we apply the evolution family to get

t t
— / P Too(t)dt' = / P, 4(Op + wdy)S2(t')dt’
0 0

:Pt’tSQ(t) - Pt7052(0) (381)

t
+/ Pt7t’(£t’ +waw)<52(t/))dtl,
0
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where we have used the identity

Oy (Pry f(t') = PopOp f(') + (O Pry ) f(E)
O Py f() = (P L) f(H)

to integrate by parts. From (3.75) we see that S2(0) = 0, since v(0) = 0 by assumption. Furthermore,
P, ; is the identity. Therefore, (3.81) simplifies to

t t
7/ Pt,t/Tu(t’)dtLSQ(t)Jr/ Py (Lo + wdy)(S2(t))dt’. (3.82)
0 0

From equation (3.51) we now see that £; is bounded (uniformly in t) when considered as an operator
from the space H*! (recall definition 3.1.3) to H2. Therefore we may estimate
(3.29)(3.75) _3 s
1€ +wdpSo(t)lmz SIS () lmen S D loP (3.83)
§=0
Trivially, we also have

(3.29)(3.75) 3 Ly
1S2O)llz S 192 lan S D lorP 2. (3.84)
§=0

Combining (3.82), (3.83) and (3.84) we find that

t 3
|| / PouTos ()t S 3 lonl 2,
0

j=0
Thus, by (3.66) we get
t
sup || / Py Top(t)dt'|| S 0?2 (3.85)
t€[0,Ty,0,~] 0

for o < 1.

T3
Recalling equation (3.50), we have
T3(t7 x) = R’Y(t7 LE) = f(u<t7 m)) - nv(t)f(ﬁ’(t’ .Z')) - [E’y(t)f/(ﬁ’(tv x))]v’y(t’ 3?)
= f(ut,2)) = f(Torywya(t, 2)) = f'(Ton@ytult, 2)) v, (¢, ).

Now we fix some ¢, and write ¢(z) = v,(t,7) and () = T, U(t, ). Recalling (3.45) we see we
can write T3 as

Ts = f(¢ +¢) — f(¥) = f'(¥)o, (3.86)

where we have suppressed the x and ¢ dependence of T3, ¢ and v. We will continue to do so whenever
possible. We can apply Taylor’s theorem so that

| T5(2)] < lo(2)]”.
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pointwise. Taking the L? norm on both sides and using lemma 6.2.2 immediately gives

T30 2 S 6% 12 S N6l < 1l (3.87)

Next find a bound on the first derivative. In the following derivation, let ¢ € {1,2}. Taking the
x;-derivative of (3.86) and using the chain rule gives

02, Ts = ['( + ) (00, ¥ + 00, 8) = /() (00, ¥ + 00, 8) — [ (1) $0a, ¢ (3.88)
='W+ ¢) = /() = f"(¥))0u, 0 + (f' (¥ + ¢) = f'(1)) 0z, &

We use Taylor’s theorem on the first term, and Lipschitz continuity of f’ on the second term to get

pointwise. Now take the L? norm, and use lemma 6.2.2 on both terms to find

102 Tl 22 S 16117 10z, %[l 2 + 6]l Lo 1|0z, Sl 2
S N1l (1 + [[9]lz2)- (3.89)

Next we estimate the second derivative. Let 4,5 € {1,2,3}. Then taking the x;-derivative of (3.88)
gives

O, T3 =f" (¥ + 0) (00, %) + 00,0) (00, ¥ + 02, 9)
+ /(W + ) (0,0, + O, ¥)
— [ () (00, ¥ + 02,6)00, % — [ (¥) (0,0, + O, 0)
— " ()00, 000,00 — [ (1), 00,00 — [ (1)) $0n,z, -

Now rearrange these terms to get

On,a, Ts =(f" (0 + &) = [ (¥0) = f" (1) $) 00,10 0a; b
+ (' (W +¢) = f'(¥)0n,z,6
+ ("W + @) = " (1) (0, 00x, 0 + Or, $0r, 1))
+ (¥ + ¢)0r, 004, ¢
+ (W +0) = [ () = 1" (1)$) 00,9

We estimate 0., T3 by applying Taylor’s theorem to the first and fifth line, and Lipschitz continuity
of f" and f” to the second and third line, and boundedness of f” to the fourth line. This gives

10rias| 61710, 910, 0|
+[81|92,2, |
+[8(10, 81|02, 4| + 10z, 01102,7])
+ |0z, 8110z, 8|
+ 1610z, ¥
Taking the L? norm, and using Holder’s inequality we get
1002, Tsl112 SNOI3 192,60, 11
+ |l (102,29l 2
+ ¢l o (102, 90, ¥ [| L2 + 1|0z, $0, )| 12)
+ 1|0z, $0x; || 2
+ 1@l 10, ¥ 2
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Now applying lemmas 6.2.2 and 6.2.3 gives

10z,2, T5l22 SNOllz (1 + 1¢la2 + 1]F2)- (3.90)
Combining (3.87), (3.89) and (3.90), now gives
I Tsll 2 < 17 (1 + ]2 + 112)- (3.91)

Recalling our definition for ¢ as well as equation (3.6), we find

[Pl = ([ Toyalt, @)l = [ Tioy ropu™ a2 = [[0” | a2, (3.92)

because T(,+)r,, is an isometry. Substituting back our original definition ¢ = v, (t,z) into (3.91)
and using (3.92) gives

IT5(t, ) |12 < lloy (8, 2) 1o

Combining this with (3.64) and (3.65), we immediately get

t
sup || / Py T3t x)dl' | g < 0?21 (3.93)
1 Jo

te[0,Tq,0,~

3.2.3 Combination of estimates

Now we combine all our estimates to estimate z,. Combining equation (3.63) with (3.79) we see
that

dZ,Y (t, .T) = ,CtZ,y(t, l‘) + Tidt + T2,1dt + T272dt + T3dt.

Also note that by our choice of initial conditions for v and w.,, we have z,(0) = 0. Thus z, has a
mild solution given by

t t
Zay(t,l') :\/0 Pt,t/Tl(t/)dt/+/0 Pt7t/T271(t/)dt/

t t
* / Py Too(t')dt’ + / Py Ts(t')dt'.
0 0

Applying the triangle inequality, taking the supremum and using our estimates (3.74), (3.80), (3.85),
and (3.93), we find

sup [z (8)laz S 027,
t€[0,Ty,0,~]

3.2.4 Convergence of stopping time

Now we show part (c) of theorem 3.2.1. We first split up the probability using (3.58) to get
P{TCIJ,’Y < T} < P{T%UKY < T} + P[{Tqm’y =T} {1400 <T} (3.94)
which is implied by the set-theoretic identity

(ANB)® = (A°N B) U B°
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combined with subadditivity of P and (3.58). To estimate the first probability we use Markov’s
inequality:

IP[T%U,A, < T} < IP’{ sup |y(t)] > a_q}
t€[0,T]

<P[ sup () = o]
t€[0,T

< O'QQE{ sup |7(t)|2}
t€[0,T)

< o%C,, (3.95)

For the second probability we abbreviate {7, ,, =T} N {745, < T} =: E. By combining equations
(3.44) and (3.46) and rearranging we get

v(8) = Toryyl(s) — U(s) + owy(s) + 24(s).
Taking the H2-norm, using the triangle inequality and equation (3.28) then gives
[v($) |z < oC'ly(s)] + ollws (s, )|z + |25 (9)l| 2 (3.96)
for some C” depending only on u*. Notice that on E we have 74 5, = Ty, by (3.58), which implies
(360) o o,
124 (Tg.00)llmz < sup - [[zo(@)[[mz < Co™7,
te[oqu,UW]

by part (b) of theorem 3.2.1. Since 7,4, < T, we also have ||v(750,,)|gz = 0'79. Substituting
Tq.00 fOr s into (3.96) gives that

o' < oC' Y (Tg,00)| + 0w (7,00, ) | 2 + Co? 2
holds on E. We rearrange this to
C' Y (Tg,00)| + w5 (T 00, @) 112 > 074(1 = Co' ).

Then a fortiori, £ implies

sup (C'Wy()] + Iy (@)l ) = 0~ 1(1 = Co' =)
t€[0,T)

which means that

PIE] < P| sup C'ly(t)] + llwy (t,2) |2 = 07(1 = Cor' )]
te[0,T]

= P[ sup (C'y(®)] + llwy (t,2)112)? = 0™21(1 = Co*~9)?]
t€[0,T)

24

< mz&[ sup (€[ (D)] + | (t,2)12)?]

te[0,T)

< =G (B[ e hOF] <[ s 0.0 )

(3.55) o2

e 2
= TGy (OB sup s ()] ). (3.97)
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where we have used Markov’s inequality and Young’s inequality for the intermediate steps. Applying
theorem 2.6.6 to equation (3.56), we see that

E[ sup ]va(t,x)H?{Q} < . (3.98)

te[0,T

Substituting back our definition for F into (3.97) and using (3.98) we get
P {74 = TN {700 < TH S (14 C;)0™, (3.99)
for o sufficiently small. Combining (3.94), (3.95) and (3.99) then gives
P[Tq,m < T} < (14 Cy)o™

which is the desired estimate (3.61).

3.3 Immediate relaxation

We take a closer look at the mild solution for w.. We repeat equation (3.56) here.

t
IU,y(t, Jf) = Pt70U0 + Tth [VCU*}th’}/(t) + / Pt,t/dW(t/).
0

We will split w, up into two parts: one part which lies in the center space, and one part comple-
mentary to the center space. The part complementary to the center space will be estimated using
theorem 3.1.16, and the part in the center space is minimized by choosing v appropriately.

Using the identities

1 @29 e #,

(3.36),(3.37),(3.38)

I H%wt + Hth?

we get
t
Wy = Pt,OH#Uo +/ Pt,t/Hth/dW(tl, I)
0

t
+ Pt’OH#’C’UO + / Pt,t’H%wt,dW(t/a (E) (3100)
0

+ Tr,, [Vt Ry (1).
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Now we rewrite the middle term of (3.100). We compute

t
Pt’on#’c’l}o + / Pt’t/H%w,dW(t/, .’I])
o ¢

t
OO T PRI 0y + / T PE TR, dW ()
0

t
G2 e PEIV B Pug + / Tro, PY [V | BT YPTR__, dW (1)
0
(3-35) * —1 ¢ * —1 /
= Tth[ch |R,:B™ Pvo + Tth[ch ]Rw(t—t’)B PTR,wt/dW(t)
0
t
= Tro [Veu']Ru [B—1Pv0+ / Ry B "PTr_,, dW(t')|. (3.101)
0
We now define wy, and v, as follows:
t
woo(t) = Pt70H#1)0 +/ Pt’t/Hth,dW(t/), (3102)
0
t
olt) == —B~Puy — / RowwB-'PTh _,dW(t). (3.103)
0

Notice that we have

t
%, weo(t) (3.102) H%tht,OH#Uo +/ H%thm/HthdW(t/)
0

o - t
(3.372(3.81) TRMH#’CPt#H#vo +/ TRMH#’CPfft/H#TR,WdW(t/)
0

_(3.37),(3.81)

t
T, P TTHTT# 0 + / Tro, PP T T, dW ()
0
=0, (3.104)

since I1#:¢ and II# are projections which satisfy (3.36). Using the substitutions (3.101), (3.102) and
(3.103), we see (3.100) simplifies to

Wy (1) = Woo () + Tre, [Veu [ Rut (Y(E) = oo (t))- (3.105)

If we can show that w, is small, we obtain stability of the rotating wave using theorem 3.2.1.
With (3.104), we will be able to estimate ws(t) using theorem 3.1.16. This leaves only the term
proportional to y(¢) —Yeo (t). This term disappears if we choose ¥ = 7o, but unfortunately this is not
possible since 7., does not satisfy the hypotheses of theorem 3.2.1, so the multiscale expansion does
not apply. Hence we construct a sequence of approximations -, which do satisfy these hypotheses,
and transfer the multiscale expansion to w., using a limiting argument.

3.3.1 Phase-lag

We create the approximations to v, using the phase-lag method. For m > 0, define v,,(¢) as the
solution to the following first-order RODE:

Ym(t) = =m(ym(t) — Yoo (1)) (3.106)
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with initial conditions 7,,(0) = 0. By theorem 6.1.1 we have existence, uniqueness and progressive
measurability of 7,,,. Also 7, is differentiable and starts at zero by definition. From equation (3.106),
it is clear that ~y,, will always ’chase after’ 7., at a rate depending on the parameter m. By theorem
6.1.1, we also have the solution representation:

m/ —m(t—t') t/)dt/

(3.103 —m/ R t)[ 17)1}04‘/(: R_,B™'PTr_ L AW (") dt’
-(1- efmt) B~'"Pug
_m/ / e ™R BT YPT, AW (t)dt
— e ™Y B 1Py
Cm / / e ARy BTVPT_ AW (1)
=—(1- e*tmt)Bflmo (3.107)

t
- / (1—e ™ "NR_ 0B "PTx__,, dW(t").
0
Using the sequence 7,,, we will prove the the multiscale expansion for we.

3.3.2 Multiscale expansion for w,,

Theorem 3.3.1. (a) Let vy, be defined as in equation (3.107). Then v, (t) is progressively measur-
able, differentiable, v, (0) =0 and

E[ sup ()] < C, (3.108)
t€[0,T]

for some constant Co, independent of m.

(b) Let ¢ € (0,3). Let woo and voo be defined as in (3.102) (3.103). Let u and 74, be as in

theorem 3.2.1, and define the additional stopping times

Tgo,00 1= Inf{t € [0,T] : |7 (t)| = 07} AT, (3.109)
T4,0,00 = Tq,0000 N\ Tg,o00- (3.110)

Then we have the following multiscale expansion for u(t,x):

u(t,x) =: Toy (L, &) + owss (t, ) + 200 (t, ), (3.111)
where zs satisfies
sup |20 (t,2) | 52 < Co® ™%, (3.112)
t€[0,Tq,0,00)

where C' is the same constant as in (3.60) (which is independent of o).
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(c) The stopping time Ty 500 satisfies
P[Tq,a,oo = T} >1- CO,Zq,

for some constant C independent of o.

Proof. We have already shown all of part (a) except (3.108). By theorem 6.1.1 we have

(6.2)
E[ sup |ym(t)]*] < E[ sup |ye(t)*] = Cee, (3.113)
telo.7) te[0.7]

where we know C, < 0o from equation (3.103) and theorem 2.6.6. To show part (b), we make three
observations. Firstly, by theorem 6.1.1 we have

i sup () — 7o ()] 20, (3.114)
M= te[5,T)
and also
(6.2) -
sup  |ym(t)] < sup  |yeo(t)[ <07
te[oﬂ'q,a,oo] tE[OVTq,a,oo]
By definition of 7, 5 ,, and 74 5 o0, this implies
(3.57),(3.109)
Tq,0,00 < Tq,0vm»
which further leads to
(3.58),(3.110)
Tq,a,oo < Tq,a’,’ym' (3115)
Secondly, from equation (3.105) we see that
[0y, (t) = weo (1) | < C'|ym(t) = Yoo (B, (3.116)

where C' < oo depends only on w*. Thus, using equations (3.59) and (3.111) equal and using the
triangle inequality we find

1200 )] < [|24,,, @) | + o llws,, () = woo D) + | To,,, 1y 8(E) = Tone wyao)l
(3.28),(3.116) .
29, @ + C” | ym () — Yoo ()]

where C” < oo depends only on w*. Taking the supremum over ¢ € [0, T} » 0] We get

sip 2 < sup (llzn,, (O + oC"Im(t) = 70 (1))

t€(0,Tq,0,00) t€[6,Tq,0,00)
(3.115) "
< s ([, O+ 0C"m(®) = 7 (0)])
€8, 74,0, ]
(3.60) 2—-2 "
< Co ™+ 00" sup |ym(t) — veo(t)],

te(s,T]
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where C' is the constant from (3.60). Note that our application of theorem 3.2.1 is justified by part
(a) of theorem 3.3.1. Since neither C' nor C” depends on m, we can let m tend to infinity and use
(3.114) to get

sup |20 (1) < Co®20,
te[6,Tq,0,00]

Choosing § arbitrarily small we find

sup 20 (t)]| < Co® 721,
tE(O7Tq,a,oo]

The estimate also holds at the left endpoint since 2z, is continuous, as can be seen from (3.111).
Now we prove part (¢). Applying part (c) of theorem 3.2.1 with v = 0 already gives
P{Tq,mv < T} < Co™, (3.117)

for some C' < oo independent of o. Using Markov’s inequality we also get

Plryoeo < T 27 P[ sup proc(t)] = 077]
t€[0,T]

< O'QQE[ sup \’yoo(t)ﬂ
te[0,T)
G129 o2, (3.118)

for some C < oo independent of m. After combining (3.110) with (3.117) and (3.118), part (c)
follows. o

3.3.3 Stability and approximate minimization

Finally, we can prove orbital stability of the rotating wave by straightforwardly combining theorem
3.1.16 and theorem 3.3.1.

Proposition 3.3.2. Let wy be as in theorem 3.3.1. Then
02
| lwoo ()32 < 20272 |l + —(1 = e Q/2|3,, (3.119)
where C' and a are the constants from theorem 3.1.16.
Proof. First we compute

(3.102) 4 t ,
[t < IPeal ool + | [ Pl dW (e, )|
0

t
3.38),(3.52
( ):( ) ||TRm,Pt#H#'UO||H2 + ||/ TthPt:}ft/H#Twat’ dW(tl,’I)”HZ
0

AW (t', z)| mz,

—wt!

t
— [P e+ [ PE AT
0
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where the final step is justified since T is an isometry of H2. Taking the square, using (a + b)? <
2a? + 2b% and taking the expectation gives

t
E[||woo(t,x)||2] < 9| PFI# v ||? + 2JE[||/O Pit,n#TR_m,dW(t’,x)uﬂ. (3.120)
From theorem 3.1.16 we already have
(3.43)
| PFIT#ug)? < C2%e 2% ||ugl|%. (3.121)

Furthermore, applying Itd’s isometry to the second term of (3.120) gives

LQY2|3,dt

w

' (2.10) [*
8| [ P T Wi o) 2] 2 [ p, T
0 0
t
ﬂmmmwwgﬂaméwﬁﬂmmﬂy

(3.43) t ,
< QY ey [ et
0

2 s
= S MQYIIE ) (1 = e72). (3.122)

Substituting (3.121) and (3.122) into (3.122) gives the desired estimate (3.119). O

The multiscale expansion (3.111) combined with proposition 3.3.2 shows that the difference between
u(t) and T, (t)@ is O(o), which shows orbital stability. Next we show that v, is a locally approx-
imately optimal value for the phase, to first order in ¢. This notion is made exact in the following
proposition.

Proposition 3.3.3. Define
E:R*>R
v = Mg, fult) = Ta)][l3e.

Then 0750 (t) is an approzimate local minimizer of E, in the sense that

2001 = 0(0),

Y=07oo (t)

and the Hessian

V[V, E())|

Y=Y
18 strictly positive to first order in o.

Proof. We compute
Vg, [ = Ta]E = (T, o~ Ta(0), V4T, [u — Ta(0)])

(3.20) — (M [0 = T (0), T, T3 Ve R ] ). (3.123)
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Evaluating this expression at v = 074 (t) and using theorem 3.3.1.

(3.59) c . R
V,E() 20 (M [0 (8) + 200 (O], Wi, Tone 0 [Vei] R0 0]

Y=o (t)

(3.104) c c .
2 (MW oo (O] M, Torne (0 [Vt R0 0)])
(3.112) 0(o229).

For the Hessian matrix, we transpose and differentiate (3.123) to find
V3 VA 05 [ = T3] 2 (5, Vet R, (M, T [VealR o)) (3124)
+ (W Ju = Ta(0)], W, Ty RV e[V e R ).
Evaluating at v = 07 (t) and using theorem 3.2.1 again we see that

(Ml = Tore (@0 W, Tor R () Vel Vel T B 1))

(3»1:11) (H%w5 [cwoo (t) + 200 (t)], IR

Tore () Rotoe () Ve[Vel] " R_yo.. (t)])
(3.104) [, . X
= ( R, Roo (t)v Hth 7:7700 (t)RUGOO(t)vc[vcu]TR—UOm(t)])

O(c?729),

wt

(3.112)

Substituting this into (3.124) then gives
VAV EBON| = (W BVl B, (0 T Vel Rog)T) +0(0* ),

which shows the claim, since any matrix of the form vv® is positive definite. O
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Chapter 4

Solitons

The nonlinear schrodinger (NLS) equation (4.1) is a well-known PDE modelling propagation of
waves in a nonlinear dispersive medium which has no dissipation.

du(t, ) = iAu(t, z)dt + ik|u(t, z)[>u(t, z)dt. (4.1)

Equation (4.1) has many interpretations. For example, it can describe a classical field theory [45], a
wave envelope in a fiber optics system [8] [17], or a wave profile of a (deep) water wave [53]. We will
interpret (4.1) as a fiber optics equation. In this case, z(¢,2) describes the complex amplitude of a
wave envelope of a pulse in a nonlinear dispersive medium, such as an optical fiber. In this context,
x represents a temporal variable while ¢ represents the position along the fiber. Even though this
may seem unintuitive, we use this convention since it is convenient from a mathematical point of
view to interpret (4.1) as an evolution equation. As such, when we refer to ’time’ we mean the
spatial variable ¢t and not the physical time. For a derivation of the NLS equation for laser pulses in
an isotropic medium, see [17].

An interesting feature of the NLS equation is that it supports solitary standing waves. This means
there exists solution of (4.1), called solitons, which are independent of ¢. Since ¢ models a spatial
variable, this means the soliton has the same amplitude everywhere. Therefore it is possible for
there to be an extremely bright pulse throughout the whole fiber, a fact which has interesting opti-
cal applications.

However, realistic physical models almost always have dissipative properties. To model this, a term
proportional to u (with positive proportionality constant) may be added to (4.1). Unsurprisingly
this term makes it impossible for solitons to exist. To compensate for the dissipation, a mechanism
to induce a phase-sensitive amplification has been proposed [35]. This result in the parametrically
forced nonlinear schrodinger (PFNLS) equation, which takes the form

du = [iAu — idu — e(yu — pa)]dt + ir|u|>udt. (4.2)

Here, the constant v > 0 models the strength of the dissipation, and v > 0 and g > 0 model the
amplification. Due to the amplification, the PFNLS equation supports soliton solutions depending
on the parameters §,v and u. In particular, the strength of the amplification y must be greater than
the dissipation v [28].

43



4.1 Preliminaries

Throughout chapter 4, we will write
H* .= H*[R, C),
L?:= [*(R,C),
L := L*(R,C).

We also fix some stochastic basis (£2, F,P) along with a normal filtration F; to be used throughout
these sections.

Let Wy be a cylindrical Wiener process in L? which is adapted to F; and let ® € L(L? H*').
We define the linear operator

A ¢ — i —idd — e(yu — pd),

and consider the following stochastic version of the PFNLS equation.

1
du = Audt + 4ilu|*udt — uFedt —iu®dWiy, (4.3)

where u takes values in H'. The term %’U,F@ arises from the need to convert between the Stratonovich

formulation of the SPDE (which is the correct one for the physical problem) and the It6 formulation
which we use. Here Fg is defined as

oo

Fo(z) =Y (Pei(x))?, (4.4)

i=1

where e; is an orthonormal basis of L2. This definition is independent of the choice of basis. We
additionally require the following assumption on ®.

Assumption 4.1.1. ® is Hilbert-Schmidt as an operator from L? to H'. Furthermore, ® is ~y-
radonifying from L? to W12t for some 6 > 0.

The property of being y-radonifying is analogous to being Hilbert-Schmidt when the codomain is a
Banach space.

With this assumption, it has been shown that (4.3) has a unique mild solution in the sense of
definition 2.6.8 [19].

4.1.1 Solitons

By a direct computation it can be verified that the deterministic equation (4.2) supports soliton
solutions given by

o in (20,
G o) == €' wsech( w + eusin(26;)(z — a)),

where 6; € [0,27) is a solution to cos(26;) = % [28]. The solitons are parametrized by ¢ € {1,2} and
a € R. The parameter ¢ determines which of the two (possibly non-distinct) solutions for 6; is used,
while a simply translates the soliton, and is present because (4.2) is translation invariant.
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We now fix some soliton u* to be used throughout the remainder of this thesis. Since u* is time-
independent and solves (4.2), it satisfies

Au* = —dilu* Pu*. (4.5)

We will show stability of this soliton in the stochastic equation (4.3). However, it is not reasonable
to expect stability if the noise is large. Therefore, we introduce a parameter o which controls
the strength of the noise, and replace ® by ¢® in (4.3). Notice from (4.4) that Fg then needs
to be replaced by 0?Fp. We also define the Q-Wiener process W (t) = ®Wy(t). Making these
modifications to (4.3) we get the SPDE

1
du = Audt + 4i|u|*udt — §azqu>dt + uodW. (4.6)

4.1.2 Derivation of the SPDE

To show stability of the soliton u* in the stochastic PFNLS equation (4.6), we take the same ap-
proach as in the case of the rotating wave. For an overview of the strategy, see section 1.1.

Let u be a solution to (4.6), and let a(t) be a progressively measurable differentiable process starting
at 0. Now introduce the following three ways to write w:

u(t,z) = u*(z) + v(t, x) (4.7
u(t,z) = u* (x4 oa(t)) + va(t, z) (4.8)
u(t,z) = u* (x4 oa(t)) + owa(t,x) + z4(t, x) (4.9)

with w, (¢, z) being specified later, and the third line serving as a definition of z, (¢, z).

We will determine the SPDE satisfied by v,, linearize it and scale out ¢ to obtain an SPDE which
will define w,. Firstly, from equation (4.8) we have v, (t,z) = u(t,z) — u*(z + oa(t)). Therefore,
taking the differential and using (4.6) we get

dvg (t, z) =du — du*(x + a(t))
O Audt — %UQFq)udt + diuPudt + ucdW — ca(t)ul(z + a(t))dt
=2 Avgdt — %UQqudt + 4i|u|*udt + uodW — ga(t)u’(z + a(t))dt
+ Au™(x + ca(t))dt
D) Avgdt — %JQqudt +uodW — ga(t)u’(z + alt))dt (4.10)
+ difulPudt — dilu* (x + oa(t))|*u* (z + ca(t)).

We want to linearize this equation around u*, thus we compute (temporarily abbreviating u*(z+o(t))
by u*)
Ju*u — |u* Pu* =(u* 4 v)(u* + ) (u" +v) = |u*Pu
=(2[u*|?v + (u*)?*D) (4.11)
+ 2u*|u]? + T*0?)

+ [v]?v,
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where we have seperated the terms which are, first, second or third order in v. Multiplying (4.11)
by 4i and substituting into (4.10) we get

dv, (t,x) =Av,dt — %O’ZF@udt + uodW — ga(t)u;(z + a(t))dt (4.12)
(1))*a
(

+ 8iu*(z + oa(t))|ve|* + 4iu* (z + oa

+ 8i|u* (x + oa(t))|?ve + 4iv* (z + oa
)02 + 4i|vg|[*v,.

To ease the notation, we now define the family of linear operators
Lod(t,x) = Ad(t, x) + 8ilu* (z + a)|*¢(t, z) + 4i|u*(x + a)p(t, z) (4.13)
as well as the nonlinear term
R = Siu* (x + oa(t)|ve|* + 4iu* (x + ga(t))v? + 4i|ve|*v,. (4.14)
We also define
Lo(t,x) = Lod(t, ).

With this notation, equation (4.12) becomes

1
dvg(t, x) =Lga(t)vadt — iochpudt +uocdW — ga(t)u,(x + oa(t))dt
+ Radt.
We next substitute © = u* + v in the uocdW term and change the order of the terms to get
dvg(t, ) =Lya(t)Vadl — ca(t)uy(z + oa(t))dt + u*odW (4.15)

1
— §U2F¢>udt + Redt + vodW.

Finally, we set a to zero in (4.15), approximate to first order in o and scale out o to get an SPDE
for the first-order linearization w,.

dwg(t,x) = Lwedt — a(t)uldt + u*dW. (4.16)

4.1.3 Initial conditions

It remains to discuss initial conditions for w, and u, which we have not specified until now. As we
noted when introducing (4.8) and (4.9), it is the aim that u*(x+oa(t))+ow, is a good approximation
to u(t,z). It is also desirable for w, to be independent of o, which means that the initial condition
must be independent of o as well. Therefore we use the initial conditions

for some fixed vg € H*(R). Substituting ¢t = 0 in (4.7) and (4.9) and using a(0) = 0 shows that
our approximation u*(z + ca(t)) + ow, exactly matches u at time zero. In the next chapters we
will show that this approximation is still accurate after some finite time. To do this we first need to
formulate some results about deterministic stability of the solitons.
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4.1.4 Deterministic stability of solitons

It has been shown by Kapitula and Sandstede that soliton solutions to (4.2) are orbitally stable [28].
However, for our purposes we only require stability of the linearized solution around u*. In their
proof, Kapitula and Sandstede first establish the following facts, which we also need.

Theorem 4.1.2. [28] L generates a Co semigroup S(t) on H*(R).

By differentiating (4.5) we can see that uf (the subscript = denotes a spatial derivative) is an

eigenvector of £ with eigenvalue 0. This also means that
St uy = ul (4.17)

xT xT

Kapitual and Sandstede also show that this eigenvalue is isolated. Thus it makes sense to define the
following spectral projection.

Definition 4.1.3. I1° is the spectral projection of L onto the eigenvalue 0. We also define IT = I—11°.

With this definition, IT® and IT are both bounded linear operators on H*(R). Kapitual and Sandstede
also show that u* is the only eigenvector with this eigenvalue (up to scalar multiplication). Therefore,
we have

¢ = a(é)u* (4.18)
for some scalar function a. Taking inner products in L? with u* from the right we get
a(¢)(u*,u") per) = (I°¢, u*) p2(r).
Rewriting this and substituting back into (4.18) gives

M0 — (%, u} ) r2(r) o
(uf, u3) L2 )
For convenience, we define the (bounded) linear operator
P:HY(R) - R
(I, u}) 2 (w)

(ug, ul) L2 (r)

¢ —

)

to see that
¢ = uiPo. (4.19)
We can now formulate the linear stability result which we need.
Theorem 4.1.4. [28] There exist constants C, a (possibly depending on u*), such that
ST s ey < Ceot. (4.20)
Finally we need some estimates involving translation of u*.
Proposition 4.1.5. There exists a constant C' < 0o, depending only on u* such that
|u*(z + a) — u*(2)| g1 r) < Ca. (4.21)
Proposition 4.1.6. There exists a constant C' < 0o, depending only on u* such that
Ju*(z + @) — ' (2) — aws (@) sy < Ca?.

Note that the norm in proposition 4.1.6 is not the H' norm but the H3 norm.
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4.2 Multiscale expansion

As a first step towards stochastic stability, we formulate the following multiscale expansion of u
around u*(z + oa(t)), where a(t) is still arbitrary.

Theorem 4.2.1. (a) Let a(t) be a progressively measurable stochastic process which is almost surely
differentiable and satisfies a(0) = 0 and

IE[ sup |a(t)|2] =C, < 0. (4.22)
t€[0,T)

Let u(t,x) be the solution to (4.6) with initial condition u(0) = u* +ovy for some vo € H*(R). Then
equation (4.16) with initial condition w,(0) = vy has a unique mild solution, given by

we(t, ) = S(t)vo — a(t)ul + /Ot St —thu*dW (). (4.23)

(b) Let q € (0,3). Define the stopping times

Tgoa = f({t € [0,T] : la(t)| > o7} AT
Taow :=f({t €[0,T] : |v(t,z)||gn > o' "I AT

Tg.oc;=inf({t € [0, 77 : ||/t St =t )dW ()| > o' P AT (4.24)
Tyoa ' =TgoaNTgom N Tqic (4.25)

as well as
u(t,z) =1 u* (x + oa(t)) + owa(t, ) + 24 (t, ). (4.26)

Then we have the estimate

sup |20 (t, @) || < Co®~2 (4.27)
t€[0,Ty,0,a)

for some C < o0, independent of a, o.
(¢) For sufficiently small o,
]P’{Tq@a - T} >1-C(1 4 Cy)o

with Cy, as in part (a) for some C < oo, independent of a, o.

4.2.1 Mild solution

We begin with the proof of part (a). Since (4.16) is a linear SPDE with additive noise, theorem
2.6.9 immediately gives existence and uniqueness of the following mild solution:

wa(t, z) = S(t)vo — /0 S(t— ¢)a(t i (2)dt’ + /0 S(t— ¢)u ()W (t').
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Using (4.17), we can simplify the middle term to get
t t
wa(t, ) = S(t)vyg — / a(t")ul(z)dt’ +/ St —tu*(t")dw (t")
0 0

= S(t)vo — a(t)ui(x) + /0 St —tHu*(t")dw (t),

since a(0) = 0 by assumption.

4.2.2 Estimate for z,

Now we prove part (b). By rewriting equations (4.8) and (4.9) we find that z,(t,x) = v, (t,z) —
owg(t, x). Taking the differential and using equations (4.15) and (4.16) we find that z, satisfies

dz, =dv, — odw,

1
=Loq(t)Vadl — ca(t)ul(z + oa(t))dt + u*cdW — 502F¢udt + Radt + vodW

— Lowgdt + oa(t)uldt — u*odW

Next we add and subtract Luv,, use v, = cw, + 24 by (4.8) and (4.9) and rearrange the terms to find

dzg =L2z,dt
+ [,Cga(t)’l)a — Lug]dt
—oa(t)(u(z + oa(t)) — ug(x))dt

1
— 502F¢udt

+ Redt
+ vodW
::Ezadt + Tldt + ngt + ngt + T4dt + T5dW

(4.28)

We will estimate these five terms separately. Before we do so, we record the elementary estimate

t
sup ||| St —YTH)dt'||gr < MT  sup || T®)|m,
t€[0,Ty,0.a] JO t€[0,T4,0,q]

as well as

[va(t; @)l < fJva(t; ) = vt @)l + [0t )|

Gt (@ + ga(t)) — (@) + [o(t,2) o

(4.21)
S ola®)] + [[v(t, )| mr,

which implies

sup  |va(t, z)||gr S ol
t€[0,Ty,0,a]

by definition (4.25). From this same definition, the following estimates are also trivial:

sup ||v(t,z)||gr < ot 9,
t€[0,Ty,0,qa]

sup  |a(t)| S o7
t€[0,Tyq,0,a]
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T1
For the first term we estimate
T1 ::Eaa(t)va — £Ua
(4‘13) - 2 - 2
="8i|u*(x + oa(t)) | va(t, z) — 8ilu* (z)|“va(t, x)
+ diu* (x + oa(t))*Ta(t, ©) — diu* (2)*T4 (¢, ).
Using the triangle inequality and lemma 6.2.6 we first derive
|(ab—a'b)|| g < |lab—ab)|| g1 + |lab’ — a'b|| i

S llallg[|b = bl g + [0l g1 la — o[ g1

for a,b,a’,t’ € H(R). Substituting a = u*(x + oa(t)), a’ = u*(x), b=a and b’ = a’ we find

1w (2 + oa(®))]* — [u* (2)*| g2 < ola(t)]

using proposition 4.1.5. Using lemma 6.2.6 again gives

[ (2 + oa(®))Pva(t, 2) — Ju* (@) Pva(t, 2) | g1 < ola(®)]vall -

If we instead substitute b = u*(z 4+ oa(t)) and ¥’ = u*(x), we find that

lu* (2 + oa(t))*Ta(t, 2) — u* (@) Ta(t, @)l 1 < ola(®)]|[Tallz

= ola(®)[l|vall
Combining (4.33) and (4.34) now gives
1T () < ola(®)]l[valla

which we further combine with (4.29), (4.30) and (4.32) to find

t
sup || / S(t— YTV ()t | i < 0220,
te[0,Ty,6,a] JO

T2

Now we estimate the term involving

Ty := —oa(t)(us(z + oal(t)) — ui(z)).

(4.33)

(4.34)

(4.35)

The main difficulty with this term is that we have no prior control over a. Therefore, we introduce

Jao(t, z) = u*(x + oa(t)) — u*(x) — oa(t)us(x),

which is a first-order Taylor expansion of u*(z + oa(t)). By proposition 4.1.6, we see that

[ Ja(t, )| s S o2a?(t).
Differentiating Sy with respect to ¢, we find

OrJa(t,x) = ca(t)ul(xz + oa(t)) — ca(t)us(z) = —Ta(t, z).
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Therefore, we can use integration by parts to compute
/OtS(t—th /St—t Oy Jo(#)dt
= —5(0)J2(t) + S(t)J2(0) + /Ot(at/S(t — ') Ja(t)adt
— Dt /St—t)EJ()dt

From equation (4.13) it is clear that £ = L is a bounded operator from H3(R) to H'(R). Thus we
can estimate

t
|| / S(t — ) To(t)dt |1 < [12(0)] |1
0

t
+ 186 = Ol 1€l ) 1720) s
0

S sup [[Jo(t)]|m
t'€[0,t]

(4.36)
< sup oZad?(t).
t'e€[0,t]
Taking the supremum over ¢ € [0, Ty o] we find

¢ 2
sup H/ St —tTo(tdt || < sup  o2a?(t) S o272 (4.37)
te[OaTq,a,a] tE[O,Tq,g,a]

T3

Now we estimate

Ts(t) == —%U2F¢>u(t)

We first derive

(4.4) |~
[Fallm =" (®e:)? ||
i=1

< D I(®@es)?[la

1
6.17 o0
5 ZH‘I’@H?{l

= ||<I>||L2(L2,H1)

which is finite, since ® is a Hilbert-Schmidt operator from L? to H' by assumption. Thus, by lemma
6.2.6 we get

(4.7)
ITs@llen S @l < o (Il + (@)l ).
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Combining this with (4.29) and (4.31) gives
t
sup | / S(t — )Tt |11y < 0*(1+ 010) S 022
t€[0,Tq,0,a] YO

for o < 1.

T4
Now we estimate

(4

Ty(t) == Ra 29 g (z + oa(t)|ve|? + diu* (z + oa(t))v? + 4ilv,|?v,.

Applying the triangle inequality and repeatedly using lemma 6.2.6, we find
T2 < vall gy + llvallz -
Combining this with (4.29) and (4.30) gives
t
swp || / S(t — YTy ()t s gy < 0727 4 073 < g2
t€l0,Ty,0,a] JO

for o < 1.

T5
For T5(t) := ov(t), it follows by definition of T}, , (4.25) and 74 4. (4.24) that

t
sup | / S(t — #)T5 ()W (¢)] s ey
te[0,Tq,0,a] YO

t
s | [ St = p)aW (@)
tE[O,Tq,g,a] 0

¢
<o sup ||/ St —t") o) dW (') | mrw) < o272,
0

tE[O,Tq,o,c]

4.2.3 Combination of estimates

(4.38)

(4.39)

Recalling equation (4.28) as well as the fact that z,(0) = 0 by our choice of initial conditions, we

find that z, takes the following form:

cat) :Z; /O S(t — )Ty () dt! + /0 S(t — ) T3 (E)dW (1),

Thus, applying the triangle inequality, taking the supremum and using (4.35), (4.37), (4.38), (4.39)

and (4.40), we get

sup [z ()| ) S 0?72,
t€[0,Ty,0,a]

which concludes the proof of part (b).
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4.2.4 Convergence of stopping time

Next we show part (¢). We first split up the probability to get

(4.25)
PTho0 <T] < Plrgoa <T|+P{r4.00=T} N {1400 ATgo.c<T}]

which is implied by the set-theoretic identity
(ANB)*=(A°NB)U B°

combined with subadditivity of P. Next we split the event {74 s, A Tq0.c < T} up into the events
{Tg.0.c <T}Y{Tg.00¢ < Tgow} ad {Tg.00 < TIN{Tg.00 < Tq.0,c}- By subadditivity and monotonicity

of P this gives the estimate

P00 <T] <Pl1y5.0 <T]
+P{7g00 =T} {7g0.c <T} W {7000 < Tg00}]
+ P{7g00 =T} N {7g,00 < T} N {7400 < Tg0c}]
<P[1y.0,a <T] (4.41)
+ Plrgo.c < Tq.00]

+P{r4.00 =T} N {Tg00 <T}N{Tg.00 < Tg0.c}]
and we shall estimate these three probabilities individually. Firstly, by Markov’s inequality we have

Plry o0 <T]) <P[ sup |a(t)| > o9 =P sup |a(t)|2 > 0_2‘1]

te[0,T t€[0,T
< aQqE[ sup \a(t)|2} (4.22) o%10,. (4.42)
t€[0,T]

For the second probability we first estimate

Plryoe < Tgoul SB[ sup | / S(t — syo(s)dW ()| > o*~2]
tE[O Tq,0,0)
— B[ sup H/ S(t — syo(s)dW () > o* ]
tE[O Tq,o, 1,
< 0_2+4qE sup ||/ S(t— s)v (s)||§{1}, (4.43)
te[O Tq,ov)

where we have used Markov’s inequality for the final step. Now for s < t < 7,,,, we have
v(s) = v(s)1ls<r, .- Therefore, using theorem 2.6.7 with M = sup,cjo ml|S(#) || L(zr), and |lg(s)|| =
[v(8)Ls<ry ool < 0177 we get

B[ s [ S0 o))

tE[O Tq,ov]

= IE sup ||/ S(t — s)v s<fq,a,vdW(3)||2Hl]

OTan]

< E[ sup | [ (= 05/ er,. AW ()
te[0,7] JO

< g2 (4.44)
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Thus, substituting (4.44) into (4.43) gives

P[TQJ,C < Tq,a,v] < 0% (4.45)

~

Now we estimate the third probability, which we abbreviate be Es := {755, = T} N {7g.00 <
T} N {7400 < Tgo.cr- By rearranging (4.7) and (4.9) and using proposition 4.1.5, we get

[o(s)|[ 2 < C'ola(s)] + ollwals, z)||m + [|za(s, @)l (4.46)
where C’ < oo only depends on u*. Now observe that on the event Es, we have 74 54 < T4.0.a ATq.0.c5
and therefore 7, , , = Ty 5, by (4.25) which implies

@2
lza(Tg.00)ller < sup |za(t, )|y < Co™ 70
Tg,0.a

Since 74,5, < T we also have ||v(74,0.0,2)| g1 = 0'7% Therefore, substituting s = 7,5, in (4.46)
gives that

0171 < C'ola(rg,00)] + 0l Wa(Tg,000, )| + Co® 72
holds on E5. We rearrange this to

Cl‘a(Tq,o,v” + Hwa(Tq,o,vvx)”Hl >0 91— CO’l_q).
Therefore, F3 implies

sup C'|a(t)| + [|wa(t, z)|| g2 > 091 — Co'™9),
te[0,T)

meaning that

P[Es] < P[ sup C'la(t)] + lwa(t, @) m = 079(1 ~ Co' )]
t€[0,T]

=P[( sup C'la(t)] + [lwa(t, 2)||z2)? > 0724(1 = Co'79)?]
t€[0,T]
2q

g 2
<7 / )
= 1- CUl_q)2]E[(teS[%g“]C la(t)] + |lwa(t, )] )]

S T (B[ sup Ja(OF] +E[ sup funlt.0)3]) (4.47)
~ (1—-Col=9)2 te[0,T) t€[0,T] 7 "

where we have used Markov’s and Young’s inequalities for the final two steps. Using (4.23) and
theorem 2.6.6, we find

]E[ sup Hwa(t,z)H?p(R)} < 00. (4.48)
t€[0,T)

Substituting (4.22) and (4.48) into (4.47), and recalling the definition of E3 then gives
Pty =T Tgow NTgoe <T] S (14 Cy)o?e. (4.49)

Combining (4.42), (4.45) and (4.49) with (4.41) shows part (c) of theorem 4.2.1.
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4.3 Immediate relaxation

We take a closer look at the solution for w,. We repeat equation (4.23) here:
¢
wa(t) = S(t)vo — a(t)ul + / St —tHu*dWw (t').
0
We split up w, into two parts, just like in section 3.3. Using definition 4.1.3 we get
¢
we(t) = S(t)vy + / St —t"u*dW (t')
0
t
+ SO, + / S(t — ) Ou* dW (1) (4.50)
0

—a(t)u;.

x

Now we rewrite the middle term of (4.50). We compute

t
S(t)I%q + / S(t — " \ITOu*dW (t')
0

(4.19) i , )
=7 S(t)urPug + / St —tHuyPudW(t")
0

ULD e Py + /O t wEPur AW (1)

_ [on + /Ot Pu*dW(t’)]u;;. (4.51)
We now define wo, and ao, as follows:

Weoo () = S(t)Tug + /Ot St —t")Mu*dW (t') (4.52)

(oo (t) = Puvg + /0 t Pu*dW (). (4.53)
Notice by construction that we already have

M%w. (t) = 0, (4.54)

since 11011 2 9(7 —11°%) = 1 — TI° = 0. Using the substitutions (4.51), (4.52) and (4.53), we see
(4.50) simplifies to

We (t) = Woo(t) + (o (t) — alt))us. (4.55)

Similarly to the rotating waves case, we will transfer the multiscale expansion from theorem 4.2.1
to wso by defining a.,, to be the solution to the random ODE

am (t) = —m(am(t) — as(t)),
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with the initial condition a(0) = 0. Again, by theorem 6.1.1 we have existence, uniqueness and
progressive measurability of a,,. By construction we have that a,, is differentiable and starts at
zero. Also, we have the explicit solution representation

t
am(t) = m/ e (') dt!
0
(4-53) K —m(t—t/) v * 17 /
P e (on-i— PurdW (t ))dt
0 0
t ot ,
= (1—e™)Pug +m/ / e~ Py AW () dt!
o Jo
t ot )
=(1—e™)Puy+m / / e @t Py dW (1)
o Je
t
=(1—e ™)Puyy + / (1 — e ™= Py*aw (¢). (4.56)
0
We now formulate the multiscale expansion for wee-

4.3.1 Multiscale expansion for w,,

Theorem 4.3.1. (a) Let an, be defined as in equation (4.56). Then an,(t) is progressively measurable,
almost surely differentiable, a,,(0) =0 and

E[ sup |an(t)?] < Cu (4.57)
t€[0,T)

for some constant Co, < 0o independent of m.

(b) Let ¢ € (0,3). Let woo and aos be as in (4.52) and (4.53), let u, 40,0 and Tqq.c be as in
theorem 4.2.1, and define the new stopping times

Tgo00 :=If{t € [0,T] : |ace(t)] > 07} AT

TQ70'700 = Tq,0,00 A Tq,ov A Tq,0.c-

Then we have the following multiscale expansion for u(t,x):

u(t, ) =: (T 4 000 (t)) + oweo (t) + 200 (t), (4.58)
where zoo(t) satisfies
sup  [|ze0 (1) || 1 < Co® ™2, (4.59)
t€(0,Ty,0,00]

with C' being the same constant as in (4.27) (which is independent of o).
(c) The stopping time Ty 500 Satisfies
P[TQJ,OO = T:| >1- Co*

for some constant C independent of o.
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Proof. We have already shown part of part (a) except (4.57). By theorem 6.1.1 we have

(6.2)
E[ sup |am(t)]*] < E[ sup [aco(t)]*] = Coo, (4.60)

te[0,T] te[0,T]

where we know Co < 00 from equation (4.53) and theorem 2.6.6. To show part (b), we make the
following three observations. Firstly, by theorem 6.1.1 we have

lim sup |am(t) — ax(t)] = 0. (4.61)
M= te[5,T)

Secondly, by the same theorem we have

sup ‘am(t)| < sup |aoc(t)| <o 4
t€[0,7q,0,00] t€[0,7¢,5,00]

By definition of 7, 4 4,, this implies

Tq,0,00 < Tq,00am
which further leads to

Ty0,00 < To,00a0 - (4.62)

Thirdly, from equation (4.55) we see that

[wa,,, (t) = woo ()| < C'|am(t) — ace(t)], (4.63)

where C’ only depends on u*.
Therefore, by combining equations (4.26) and (4.58) and using the triangle inequality, we find

200 Ol <l|2a,, ()72 + ol|lwa,, () — woo (8) || 1
+ ||u*(z + gan(t)) — u*(xz + oa(t))| g2
(4.21),(4.63)
<

|za,, (D1 + oC” |am(t) — ass(t)],

with C” < oo depending only on u*.
Taking the supremum over t € [0, T} » o] We get

s [z (®)m < s (2, Ollm +0C”Jam(t) — axe (1))

€18, 0. cc] €. Ty 0.
(4.62) .
< s (Ol +0Cjan(®) - ax (1))
te[0,Ty,0,am]
(4.27) 2—-2 "
< Co 214 0C" sup |am(t) — aso(t)],

te[s,T]

where C is the constant from equation (4.27). Note that our use of theorem 4.2.1 is justified by part
(a). Since neither C' nor C” depends on m, we can let m tend to infinity and use (4.61) to find

sup  ||zeo (t)|| g1 < Co®24,
t€[6,Tq,0,00)
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Now C is also independent of d, so we can choose ¢ arbitrarily small to get

sup || Zoo () || g < Co?722,
t€(0,Tg,0,00]

The estimate also holds at the left endpoint since z. is continuous (as can be seen from (4.58)).

Now we prove part (¢). Applying part (c) of theorem 4.2.1 with a = 0 already gives
[P|:Tq)g7v ATgoc < T} < Co?
for some C' < oo independent of o. Using Markov’s inequality we also get

P[Tqﬁ,oo < T} = }P’[ Sup |ac(t)| > cr*q]
t€[0,T]

< 0B sup awe(t)]
t€[0,T]
(4.60) Co,

for some C < oo independent of o. The result now follows from the definition of T} ;. O

4.3.2 Stability and approximate minimization

By combining theorems 4.1.4 and 4.3.1, we can now show stability of the soliton by the following
proposition.

Proposition 4.3.2. Let ws be as in theorem 4.53.1. Then

—a 02 —2a *
E [ lwno (0113 ] < 20%€7 |loollf, + == (1 = 2l a1y 1QY213, 2

where C' and a are the constants from theorem 4.1.4.

Proof. First we find
(4.52) t , . ,
lwos )| < [|S(E)Mvol| g + ||/ St = t)MudW (') -
0
Taking the square, using (a + b)? < 2a? + 2b? and taking the expectation gives
t
E [llwoe (1) 3] < 201S(6)TTwo ) +21E[H/ S(t— )T dw (¢) 3 | (4.64)
0

From theorem 4.1.4 we already have

(4.20)
[S(OMwo|[ < C2e™ w71 (4.65)
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Furthermore, applying Itd’s isometry to the second term of (4.64) gives
¢ 2.10) [*
Bl [ st e awe)i] = [ st @2, ar
0 0
t
< Hu*”%(Hl)”Ql/z”%g(Hl)/O 1S (t = )L (gt

(420) o w2 1/2))2 ' —2a(t—t') 741
< O 1R T | € at

c? o, —aa
= 551l 2 QY2 1%,y (1 — e72). (4.66)
Substituting (4.65) and (4.66) into (4.64) gives the desired estimate. O

Combining the multiscale expansion (4.58) with proposition 4.3.2 shows that u(t, z) —u*(z+0ax(t))
is O(o), which shows the orbital stability. Next we show that as is (to first order) the right phase
correction, in the sense that it approximately locally minimizes the fluctiations around u*(z+oca(t)).
This is made precise in the following proposition.

Proposition 4.3.3. Define

F:R—R

a — ||H0u(t, x) —u*(x + a)||?{

Then oa(t) is an approximate local minimizer of E, in the sense that

0.F = o(0),

a=0a00(t)

and the second derivative

Oua

a=0a(t)
is strictly positive to first order in o.

Proof. We compute
BaITT0u(t, ) — u*(z + a)|[% = —Q(HO [u(t, z) — u*(z + a)], I%u® (z + a)). (4.67)

Evaluating at @ = 0a(t) and using theorem 4.3.1 we get

0| _ " 2 (M00wne(t) + 2o (1)), IO (w + 00ec(1))
aAa=00as (T
20 (1020 (0). 10w (x + e (1))
(429) 0(0_2—2(1).

Differentiating (4.67) again gives

OoaE(a) = 2 (Hou;(a: +a), 0 (2 + a)) - 2(H° [u(t) — u*(z + a)], 0", (z + a)). (4.68)
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Evaluating at a = 0a(t) and using theorem 4.3.1 again we find

(T°[u(t) = (2 + e ()], T3 (@ + 0ase (1)) ) "2 (0w (8) + 200 (1)), 102, (2 + 0a(t)))

xrx

(459 (Hozoo(t), 00", (z + Ua(t)))
(4.59) O(0?729).

Substituting this into (4.68) then gives
aaaE(CL) o) = 2<HOU;($ + O'aoo(t)), Houi(m + Uaoo(t))) + (9(0.272q)7
a=00as(t

which shows the claim.
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Chapter 5

An investigation of general
symmetries

In this section, we take first steps towards showing stability of patterns which have more general
symmetries. Consider the PDE

du(t) = f(u(t))dt, (5.1)
as well as its corresponding stochastic counterpart
du(t) = f(u(t))dt + cdW(t), (5.2)

where f is a possible unbounded linear operator which maps its domain D(f) into H, W(¢) is a
@Q-Wiener process taking values in H, and o is a parameter controlling the strength of the noise.
We now assume that the PDE has certain symmetries, captured by a Lie group G. Let g be the
corresponding Lie algebra, which we assume to be finite-dimensional. We also choose some norm to
turn g into a normed vector space. By symmetry, we mean there exists a Lie group representation
II of G on H such that

(g)f(h) = f(Il(g)h) g€ G,heH. (5:3)

In the case of rotating waves, the symmetry group was SE(2), while in the case of the PFNLS soliton
is was the group of translations. The symmetry group will determine which types of ’corrections’
(such are rotations or translations) we can make to the pattern solution. By a pattern solution, we
mean there exists a solution @ to (5.1) and an element X € g such that

a(t) = (e )u* (5.4)

for some uw* € H. Comparing this to the rotating wave, we see that we had X = wdy and
I(eX) = Tg,, there. In the remainder, X will always denote this particular element. We will
use the letters Y and Z to denote arbitrary elements of g.

To get a Lie algebra representation, we define the linear operator:
m(Y):=D(xn(Y)) — H
d

T (55)
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where D(m(X)) consists of all ¢ € H for which this limit exists.
The following assumptions are needed for the multiscale expansions.

Assumption 5.0.1. The linear operator 11(e¥) € L(H) is an isometry.
Assumption 5.0.2. u* € D(w(Y)) for every Y, and also n(Y)u* € D(w(Z)) for every Z.

Assumption 5.0.3. f is Fréchet differentiable at I1(g)u* for every g € G. We denote this derivative
by f'. Furthermore, there exists a constant C' independent of g,v such that

1 (I(g)u" +v) — f(Il(g)u") — f'(I(g)u*)vllm < Cllv|l; (5.6)
for everyge G, ve H.
Assumption 5.0.4. There exists a constant C, independent of Y such that
[T (exp(Y)) = Iz < CJY] (5.7)
for every Y € g.

Assumption 5.0.5. There exists a Hilbert space Hi continuously embedded into H such that
I(g)u* € Hy for every g € G, and furthermore

/(T g)u™) + 7 (X) i) < .
for some C < oo which is independent of g.
Assumption 5.0.6. There exists a constant C independent of Y such that
I= (V)i < CIY], (5.8)

forallY €g,t>0.

5.1 Linearized problem

To show stability of the stochastic pattern we will linearize the SPDE (5.2) around 4. To do this
we first find some identities regarding u*. Substituting (5.4) into (5.1) gives

d t * t *
aﬂ(e yu* = fF(I1(eX)u*).

Evalutuating this equation at t = 0 and using assumption 5.0.2 gives our first identity:
m(X)u* =" f(u"). (5.9)
This equation is analogous to (3.9) and (4.5). Next apply I1(e!¥") from the left and use 5.3 to get

(e™)m(X)u* = (™) f(u”)
= f(II(e™ )u).
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Differentiating this with respect to ¢ (which is justified by assumptions 5.0.2 and 5.0.3) and evaluating
at t = 0 now gives

(V) r(X)u* = f(u*)m(Y)u*
(V) m(X)u* — n(X)n(Y)u* = f/(u*)7(Y)u* — 7(X)7(Y)u*

w([Y, X)) = (f/(u*) = (X))m(¥ ). (5.10)

We now introduce the linear operators
L= f(u*) — n(X), (5.11)
Lyy = f(I(e¥)a(t)), (5.12)
Ly = f'(a(t)), (5.13)

as well as the linear map
L:g—g

Y - [Y, X]. (5.14)

Notice that equations (5.11), (5.12), and (5.13) are directly analogous to (3.32), (3.49) and (3.51).
We may also easily verify that

Oy — Ly = T1(e!X)(9, — L)TI(e ) (5.15)
The following assumption is crucial.
Assumption 5.1.1. L£* generates a Cy-semigroup Py on H.
From assumption 5.1.1 and equation (5.15) the following proposition immediately follows.

Proposition 5.1.2. L; generates a strongly continuous evolution family P, . We also have the
relation

P,y =) Py, T(e"X) (5.16)
With equations (5.14) and (5.11), equation (5.10) can be restated as
L'7m(Y)u" =7(LY)u". (5.17)
Now we introduce the concept of the center space

Definition 5.1.3. Let Y; be the eigenvectors of L with corresponding eigenvalues \;. The center

space of L* consists of the span of w(Y;)u*.
From equation (5.17) we see that the \; are then also eigenvalues of £*.

By direct differentiation using equation (5.17) it can now be verified that

Pru* = m(eFY)u”. (5.18)
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This also results in

(") Py TI(e™*%)m(Y)ii(s)
O (e P (e ) (V) (e Yu*

@12 () Py m(e X Yes X )u*

P2 () P r(Ad o (V)"

CI () P (e o (V)
(2:14),(5.14) H(etX)Pt*,SW(e‘SLY)U*

(528) H(etX)ﬂ_(e(tfs)LesLy)u*

= TI(e")m (e Y )u* (5.19)

The most important feature of this identity is that the final expression is independent of s.

As a further assumption, we require a linear deterministic stability result similar to theorem 3.1.16
and 4.1.4. We first introduce the following spectral projections, justified by the next assumption.

Assumption 5.1.4. The eigenvalues A; introduced in definition 5.1.3 are isolated eigenvalues of
L*. Furthermore, the combined span of the eigenspaces of L* with eigenvalues \; is the same as the
center space.

Definition 5.1.5. Define P*¢ to be the spectral projection of L* onto the eigenvalues X\;. Addition-
ally define

P i=1—P"¢
P = TI(eX)PoeTl(e= ), (5.20)
Py = ()P TI(e~HY).
Now we can formulate the deterministic stability assumption.
Assumption 5.1.6. There exist constants C, a > 0 such that
1P P ||y < C7°

5.2 Derivation of the SPDE

Now we obtain a multiscale expansion around a shifted version of #(t) for some arbitrary phase
correction . Let v : [0,T7] — g be differentiable, adapted to F; and satisfy v(0) = 0. We also
introduce

9(t) == exp(o7(1)), (5.21)

where exp is the exponential map from g to G. Let u be a solution to (5.2). Now we introduce the
following three ways to write u(¢):

u(t) = a(t) +v(t),
u(t) = TH(g(1))lt) + vs 1), (5.22)
u(t) =:(g(t))a(t) + owy(t) + 24(t), (5.23)



where w, will be introduced later, at which point the third line becomes the definition for 2.
To linearize (5.2) around II(g(t))u(t) we will find the SPDE satisfied by v, (t). By rewriting (5.22)
and taking the differential we find
duv (t ) du(t) — dIl(g(t))a(t)
=) f(u(t))dt + odW (1) — [0,T1(g(t)Ja(t)dt — TI(g(t))dat)
.1),(5.3)

= flu(®))dt + odW(t) — [0,11(g(t))]a(t)dt — f(IL(g(t))a(t))dt

Now we add and subtract f'(II(g(t))@(t))vy(¢)dt and rearrange the terms to get

ot

(

dvs (1) = f' (T(g(t))a(t) o (£)dt + [BI1(g())alt)dt + odWV (1)
4 LF((®) — FLa(E))a0) — F(IL(g(e) ity (1))

Defining
Ry (t) = f(Il(g(t)u(t)) — f(IL(g(t))a(t) — f'(T(g(t)a(t))) v~ (2), (5.24)
and recalling equations (5.12) and (5.21) we get
vy (£) = Ly ooy vy (E)dt + [0T1(g(£)))0(t)dt + odW (£) + R, (£)dt (5.25)
We now linearize this equation and scale out o to get the definition of w.,.
duw. () = Lows (£)dt + m(3)a(t)dt + dW (t) (5.26)

Initial conditions

So far we have only stated the SPDE satisfied by u and w, without specifying initial conditions.
Similar to our treatment of the PFNLS equation and the rotating wave, we set

u(0) = 4(0) + ovy
w~(0) = v

for some vy € H. By equation (3.44) and (3.46) this guarantees that ow., exactly matches v, at the
initial time. We will now show that this approximation is still good after a finite time.
5.3 Multiscale expansions

Now we compute some estimates which are necessary to formulate a multiscale expansion of the
form

u(t) = T(exp(oy(1)))it) + owy(t) + 24(1),

where 2, (t) = O(c?72).
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The SPDE satisfied by the difference v, — cw, =: 2z, reads:

(5.22),(5.23)

dz (1) dv.,(t) — odw,(t)

CBLEIN e, s () = Loow, ()]dt
+ [[0:10(g(t))]a(t) — w(¥(t))u(t)]dt
+ Rydt
CLr,2 (t)dt
+ [‘Ct,a'y(t) — ,Ct]’l},y(t)dt
T [[91(g(e)]at) — 7((8))a(b)]de
4 Rydt
::/.thfydt + Tldt - ngt + T3dt.

We estimate the three terms separately.

5.3.1 T1

For the first term, we immediately see

Ti(t): = [;Ct)g,),(t) — Et]vv
GO 1 exp(ay(t))alt)) — F(at)]o,
D M(exp(oy () F/(@(t)) — £/ (at))]vy-
Therefore, we have
1T (0l < [T exp(ov(6))) = Tl oo L F (@) | oo o o

(5.7)
< [If" @@)llally @ vy |,

so we see this term is of second order.

5.3.2 T2

Now we estimate the convolution with T5.

To(t) := (:T1(g()))a(t) — m(a(t))a(t). (5.27)

To do this, we formulate the following expression, which is analogous to a first-order Taylor expan-
sion:

J(t) = I(exp(oy(t)))a(t) — a(t) — m(oy(t))a(t)
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We apply 0; — 7(X) to J(t) to get
(0r — m(X))J (t) =[0:11(exp(oy(t)))]a(t) + H(exp(oy(t)))dri(t) — m(X ) (exp(oy(t)))i(t)
— optu(t) + m(X)u(t)
— m(oy(@))a(t) — w(oy(t))dra(t) + m(X)m(oy(t))a(t)

)
" [aTexp(or (#)]alt) + (exp(oy(1)m(X)i(t) — (XM (exp(oy(t)))
— m(X)a(t) + m(X)a(t)
—m(o(t))a(t) — m(oy(t))m(X)i(t) + m(X)m(oy(t))a(t).
We now cancel the two terms on the second line and rearrange the other terms to get
(0 — m(X))J (t) = [OuIL(exp(oy(t))]a(t) — om((t))a(t)
+om([X,y])a(t)
+ [(exp(oy(t)))m(X) — m(X)I(exp(oy(t))) — m(oy(t))m(X)]a(t).
After introducing
T (t) == om([X,y(8)])a(?),
Ty5(t) = [M(exp(o(t)))m(X) — m(X)I(exp(oy(t))) — w(oy(t))m(X)]a(t),
and using (5.27), we get
(0 = m(X))J(t) = To(t) + T2 (1) + To2(t). (5.28)

Notice that we immediately have

(5.9)
1T2q e < ollX,v®)]] S alv(t)], (5.29)

since the bracket is continuous. To estimate T 5, we temporarily suppress the dependence on ¢ and
compute

Ty = T(exp(09)) (7(X) = T{exp(—o)(X)exp(oy)) + 7((X,00))a (530
+ (I = Ti(exp(om) (X, 7))

Using assumption 5.0.4 and 5.0.6 we see that

(5.7),(5.8)
I(T = M(exp(o)r([X,on)ilr < |ol[X, ov]] S 0?1 *. (5.31)
To estimate the remaining terms of (5.30) we first compute
K = m(X) = T(exp(—a7))m(X)(exp(a7)) + 7 ([X; 07])

(2.12) 7m(X) — m(exp(—o7y)X exp(07)) + m([X, 07])

(2;3) 7T(X) - 7T(Adexp(—U“/)‘X) + W([X’ U’Y])
L) () - w0 X) 4 w([X, 7))
= W(X + [X,09] — %(—adaw)iX>

i=0
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where the first two terms of the sum cancel since ady (Z) = [Y, Z]. We now apply K to @ and take
the norm to get

8

15l = I (3 5 (~adoy)'X )l
=2

8

1
Z'

5Za|07|i
Ll
| Z (i+42)!

|2€UW.

(5. s)
S | ad«m

<oy

Combining this estimate with (5.31) and (5.30) we see that

(5.32)

for |oy| < 1. Finally we need an estimate for J(t). It is not possible to show this estimate without
knowing G and II. Thus, for our purposes, we formulate this estimate as an assumption.

Assumption 5.3.1. There exists a constant C, independent of o, v such that
1T ()] < Clovy[. (5.33)

Using (5.28) (5.29), (5.32) and (5.33) and assumption 5.0.5, it is now possible to show

|| / P S st (o)
0.t

by the same derivation as in the end of section 3.2.2.
5.3.3 T3

Now we estimate T3. Firstly we have

(5.24)

Ty(t) = R (1) "2V flu(t)) — F(I(g(®))a(t) — £ (TT(g(t))alt, 2))os (¢)
C22 p(11(g(1))at) + vy (1) F(IT(g(1))a(t)) — F'(T(g(t))alt, ))vy (1),

Therefore, by assumption 5.0.3 we immediately have

(5.6) )
T30 le < Clloylz,

so this term is also of second order.
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5.4 Mild solution

By theorem 2.6.9 we immediately see that (5.26) has a unique mild solution given by

t t
w,(t) = Py ovo —/0 Py (y(t'))a(t’)dt’ +/0 Py dW(t).

Using (5.19) we can simplify to
(5.19) t ¢
wy(t) =" P ovo — / (e X)m(eE5(t))u*dt’ —I—/ Py pdW (t)
0 0

t

= Py ovg — (") (™) y(t)u* + / Py dW ('),
0
where the final step can be taken since the map Y — II(e!* )7 (e!l'Y )u* is linear and independent of ¢'.
We now split up w, using I = P{ + P, = P*° 4+ P*, and find

t
wfy(t) = Pt70,P*UO + A Pt,t//Pt/dW(t/) (534)

t
+ Pt,()P*7CUO + / Pt,tf’PtC/dW(t/)
0

= TI(e")m(e Ty (t))u*

Before we proceed, it is convenient to obtain a more explicit representation of P*¢. From assumption
5.1.4 we see that P*¢ projects onto the space m(Y)u*, ¥ € g. Since 7 is linear, there exists a
continuous map A : H — g such that

P = m(Av)u®. (5.35)
Thus we have
P, v Piv (5:10):5:20) H(exp(tX))Py—y Pl (exp(—t' X))v
(5.3%) M(exp(tX))P;_pm(All(exp(—t' X))v)u*
OL [ (exp(tX))m (e % ATl (exp(—t X ))v)u*. (5.36)
In case ¢’ = 0 this reduces to
Py oP*¢ = Tl(exp(tX))m (e Av)u*. (5.37)

Combining (5.36) and (5.37) we find that
P, oP™ vy + /Ot Py PEdW (') = H(exp(tX)) (et {Avo + /Ot e V'L ATl (exp(—t' X))dW (') |u*.
Substituting this into (5.34) gives
w, (t) =Py v + /0 BT (s) (5.38)
+ T )m(et™ (Avg + /O t e LA™ X)W (s) ) '

+ (e )m(e ()
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Now finally we introduce ws, and ., as follows:
t
Woo 1= PpoIT" vy —|—/ P, I, dW (s),
0

t
Voo 1= Ang —|—/ e SLATI(e=*X)dW (s).
0

which simplifies (5.38) further to
wy (1) = woo (t) = T )m (e (o0 () — 7(t)))u” (5.39)

Just like in the case of the rotating wave and the PFNLS soliton, equation (5.39) suggests that vy
is the correct phase correction.

70



Chapter 6

Auxiliary results

6.1 Phase tracking

Let y(t) be a continuous progressively measurable stochastic process taking values in some vector
space V. The aim of this section is to approximate y(t) by a sequence of progressively measurable
process ,,(t) which are differentiable and start at zero.

Theorem 6.1.1. Let y(t) be a continuous progressively measurable stochastic process on [0,T] taking
values in V. For any m, the random ODE

T () = =m(zm(t) = y(t)),

with initial condition x,,(0) =0 has a unique solution, given by ’

t
T (t) = m/ e~y ()t (6.1)
0
This solution is progressively measurable and satisfies

sup [lzm ()|l < sup [ly®)llv (6.2)
t'€[0,t] t'€[0,t]

for any t' € [0,T). Furthermore, if y(t) is a-Holder continuous, then

i s len(©) = y(O)lv =0 (6.3)

M= 4[5, T

Proof. First, existence and uniqueness of a global solution is guaranteed by the Picard-Lindelof
theorem since y(t) is continuous. By differentiating (6.1) we immediately see that it is indeed the
solution. Progressive measurability of z,,(¢) is obvious from equation (6.1).
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To show (6.2), we simply compute
el = lm [ ey rat

< sup ly()v - m/ —mt=t) gy

€[0,¢]
(6.4) .
=" sup [ly(t)llv - (1 —e™™)
t’€[0,t]
< sup [ly(®)]v,
t'€0,t]
which gives the estimate.
Finally we show (6.3). We first state the elementary integral
t ’
1= m/ e ) gy e, (6.4)
0

With this expression, we can write
(6.1),(6.4) ! —m(t—t'"), (4 4! ! —m(t—t') 4/ —mt
() —y(®) L m [ ey yar — yym [ e mar — y(ye
0 0

= [ e~ yo)ar =yl (6.5)

By a-Holder continuity of y(¢), we have

t t
I [ e OE) ~ yoydr v <m [ Oy - yio) v
0 0

t
< m/ efm(tft’)|t N t/|adt/
0

t
:m/ e~ ul%du

< m/ e~ ul%du

=m" / “*|z|%dz

= m °T(1 + a) (6.6)
Now taking the supremum of the norm of (6.5) and substituting (6.6) we get

sup ||z (t) —y(@)|[v < m *T(1 +a)+ sup y(t)e ™
te[6,T] te[s,T]

<mTT(1+a) +e ™ sup [ly(®)|lv,
t€[0,T]

which converges to zero as m — . O
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6.2 Properties of H! and H?

In this section we establish some properties of H'(R) and H?(R?) which we will frequently use in
the proofs of theorems 3.2.1 and 4.2.1. Throughout this section, A < B mean that there exists a
constant C (possibly depending on ¢,7, d in lemma 6.2.1) such that A < CB. We begin with Sobolev
embeddings in the critical case where p = d.

Lemma 6.2.1. WHY4(R?) embeds continuously into L1 (R?) for any q € [d, o).
Proof. Let u € C°(R?). Let v € (1,d]. By manipulating exponents we get the estimate

a2 = llulza < llelljq- (6.7)

Next observe that |u|” is weakly differentiable with derivative v|u|Y~!|u,|. Using Holder’s inequality
With%:%—i—éweget

- - —1
Iyl ualll 2 < Al luellze = yllull 7o el e < Al (6.8)

Combining (6.7) and (6.8) gives
Il Sl (6.9)

Next, note that the Sobolev conjugate of % is equal to

at 4
d = o _
Therefore by theorem 2.3.6 we have
el llzs < M (6.10)
for any ¢ € [d, %] Taking (6.10) to the power v~! and combining with (6.9) we get
1 1
lullra = Ml Ze S Mul™l7 ) 4 S lullwra.
Wy
Since ¢ € [d, %], we get yq € [vd, %] Thus by taking «y close enough to 1, we can get g anywhere
in the interval (d, c0). Therefore, setting r = g we get that W14(R?) embeds continuously in L"(R?)
for any r € [d,00) (the case r = d is trivial). O

We will use this lemma with p = d = 2, ¢ = 4, which gives |Ju||ps < |Jullg:.
Lemma 6.2.2. If v € H*(R?), then v € L*=°(R?) and

vl Lo @2y < V]l £r2(r2)- (6.11)
Proof. Let v € C2°(R?). By the fundamental theorem of calculus:

v(wy,22)? :/ 20(x], x2)0x, v(x], T2 )dT)
= 2/ / Oy (") 0y v(2") + v(2") Dy y v (2’ )da') dir
< [ @0 4 (00 0+ (Guprde
RZ

<ol ey
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where we have used Young’s inequality for the penultimate step. Taking the supremum over
(71,22) € R? gives

[0l @2y < M0l a2 @2)-
The result follows by density of C2° in H?(R?). O
Lemma 6.2.3. Let u,v € H*(R?) and i,j € {1,2}. Then 0,,ud,,v € L*(R?) and
[0iud;v] L2 w2y S llull m2(re) V] 52 (R2).- (6.12)
Proof. By Holder’s inequality and lemma 6.2.1 we have

[0iud;vll L2 ®2) < |0sull Lare) 105 L4 (r2)
S ”aiuHHlR?)||8jv||H1(]R2)

< lull gz @2y 1ol 72 r2) -

O
Lemma 6.2.4. If u,v € H*(R?), then uwv € H*(R?) and
luoll zre) S llull 2@z l[o]l 2 R2).-
Proof. First we estimate
luv|lp2 g2y < |ullno g2y llvllLer2)
(6.11)
< lullzz ey o)l 22 r2)- (6.13)
Next let ¢ € {1,2}. Then by the product rule and Holder’s inequality we have
10, (wv)|| 2(r2) = [0z, v + VO, ull L2(r2)
< ||wdy,v |L2(R2) + H’U@miuHLz(Rz)
< Jull oo ®2) 10z, 0| L2 (®2) + [V oo (2) 1|0, vl 2 (R2)
(6.11)
< 2lullaz@e) 0]l 2 (r2)- (6.14)
Finally, let ¢,5 € {1,2}. Then we have
1022, (uv) | L2®2) = U0z, v + VO0p, ;U + Op,u0p ;v + O, u0z, || 12(r2)
(6.12)
S lullpee ey vl g2 @e) + vl Lo ®e) el r2@e) + lull g2 @2) [Vl 72 (R2)
(6.11)
< 2lull gy llvl g2 ®) - (6.15)
The result follows by combining (6.13), (6.14) and (6.15). O
Next we establish similar properties for H!(R!), for use the proof of theorem 4.2.1 and 4.3.1.
Lemma 6.2.5. If v € H'(R), then v € L*(R) and
[vllzoe®) < N0l E1(R)- (6.16)
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Proof. Let v € C°(R). By the fundamental theorem of calculus,

rod
v(x)? z/ @’U(Z‘/)Qdﬂf/

= / " () (2 )da!

—0o0

< / o(@)? + v(@)2d’

— 00
< / v(x')? 4+ v(z’)da’
R
= ”UH?P(RV
where we have used Young’s inequality. Therefore,
[l ey < 10l F my-
The general result follows by density of C2°(R) in H*(R). O
Lemma 6.2.6. If u,v € H'(R), then uwv € H'(R) and
luvll g ry < Cllullg @) llvl g =) (6.17)
for some C < oo which is independent of u and v.
Proof. Firstly, by lemma 6.2.5 we have
JwvllLem) < llullpe@llvllm @) < lullm@llvllm - (6.18)

Furthermore, by the product rule we have

()| L2®) = [Juv + u'v|| L2 (w)
< luv'f[ 2@y + [[w'vllz2 @)

< lulloe @)V |2 @) + 0]l Loe @) |4 || 2 ()
(6.16)
< 2lullgr @y llvll g w)- (6.19)

The result follows by combining (6.18) and (6.19). O

6.3 Regularity of @

Throughout this section, the expression A < B indicates that A < CB for some constant C,
independent of R and u. C' may depend on a, b and w.

Proposition 6.3.1. Let f € L?(R?), and let a, b, w be real constants. If u € H*(R?) is a weak
solution to

Au 4 wiypu + a0z, u + b0g,u = f, (6.20)

then w € H*(R?), and dyu € L*(R?)
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Proof. Since u is a weak solution to (6.20) on R?, it also solves (6.20) on any ball B(0, R) around
the origin. Applying theorem 2.4.3, we see that u is weakly differentiable on B(0, R) for any R,
and thus on R2. This also means u solves (6.20) pointwise. The only thing left to show is that the
(weak) second derivatives of u are square-integrable.

Let g € C.([0,00) be a monotonically decreasing function such that the support of g(z) = 1 for
€ [0,1]. For any R > 1, define gr(z) = g(|z|/R). Then gr € C.(R?) and by direct computation
we see that

lgr| < 1,
1
|ng| S.; Ev
|6ng| = 07
1
|Agr| < R
By applying the product rule, this leads to the estimates

lugrllrz < [lullrz, (6.21)
IV(ugr)llze < lullm, (6.22)
10y (ugr)llze < [|0pullm,

[A(ugr)llz < llullge- (6.23)

Now multiply (6.20) by grA(ugr) and integrate over R%. The compact support of gr guarantees
all the integrals are well-defined. This gives

/AuA(ugR)ngx = —w/@qu(ugR)ngac (6.24)
- /(a&u + boyu)A(ugr)grdx

+ / FA(ugr)grde.

Using integration by parts, we find that
- / dypul(ugr)grdr = / V(grOyu) - V(ugr)dx
~ [ Y @utugn)) - Vlugns
~ [ @ (ugn)) - Vugr)do + [ Fugn)Refz - Vlugn)

1
— /§8¢|V(u93)\2da@+/V(ugR)RW/Q~V(ugR)
=0.

Substituting this into (6.24), and using the Cauchy-Schwarz inquality on the remaining terms we
find

/AUA(UQR)QRdx < (la|llgrOz, ull L2 + [bll|grOz vl L2)[lgr AUl L2 + || fgrl L2 | Augrl| L2 (6.25)
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Using (6.21), (6.22), and (6.23), we simplify this to

/ AuA(ugr)grdz < ([ullm |1 Fl1z2)llgrdull 2

Now we compute
/gRAuA(ugR)dx = /g,z?l(Au)2 +29rAu(Vgr - Vu) + ugrAulAgr)dz,

which we rearrange to

/g%(Au)zdaﬁ = /gRAuA(ugR)dx—Q/gRAu(VgR-Vu)dm—/ugRAuAgR)dx,
which gives the estimate
lgr(Au)l|7 < /QRAUA(U!JR)diE + llgrAul| 2| Vull L2 + lgrAul[ L2 [|luAgr] 12
S [ ntuatugn)ds + g2 ul (6.26)

by Cauchy-Schwarz. Substituting (6.25) into (6.26), and letting C be the proportionality constant
gives

lgr(Aw)ll72 < CllgrAullrz(ullm + [1f122),

at which point we use Young’s inequality to find

1 C?
lgr(Au)llZ: < Sllgrdullrz + = (lulm + 1 £]22)-
Rearranging this inequality gives

lgr(Auw)l|7 < C*(lullm + [1f]2).

Now let R — oo, note that C' is independent of R and use monotone convergence to find
[Au|Z: < C*(|full mrr + || fllz2) < oo,

which is sufficient to show v € H?(R?*). By rewriting (6.20), we now see that dyu is a linear
combination of square integrable functions, so dyu € L*(R?). O

If we apply Oy,, Oy, or Oy to (6.20) and use (3.15), we see that the derivatives of u also solve (3.9)
(with different values of a, b). Thus, by assumption 3.1.14 we use extend proposition 6.3.2 to get
the regularity for uv* we need.

Proposition 6.3.2. Suppose u* € H'(R% R") is a weak solution to (3.9). Then assumption 3.1.8
1s satisfied.
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