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Abstract
Quantum-to-classical transition still eludes a full understanding. Out of its multiple aspects, one
has recently gained an increased attention—the appearance of objective world out of the quantum.
One particular idea is that objectivity appears thanks to specific quantum state structures
formation during the evolution, known as spectrum broadcast structures (SBS). Despite that quite
some research was already performed on this strong and fundamental form of objectivity, the
practical realization of SBS in a concrete physical medium has not been explicitly analyzed so far.
In this work, we study the possibility to simulate objectivization process via SBS formation using
widely studied nitrogen-vacancy centers in diamonds. Assuming achievable limits of dynamical
polarization technique, we show that for high, but experimentally viable polarizations (p > 0.5) of
nuclear spins and for magnetic fields lower than ≈ 20 G the state of the NV center and its nearest
polarized environment approaches an SBS state reasonably well.

1. Introduction

The central spin model—of a two-level system interacting with many other spins—is not only a
paradigmatic model of decoherence [1, 2], but it has been highly relevant for description of dephasing of
many kinds of semiconductor-based electron spin qubits interacting with nuclear spins [3–7]. Dynamics of
nuclear-induced decoherence has been understood to a very large degree for many kinds of spin qubits
interacting with nuclear environments consisting of between ∼ 102 to ∼ 106 nuclei [5, 7, 8]. For
nitrogen-vacancy (NV) centers in diamond [9, 10] we are dealing with rather small environment of few
hundreds of spins. The spin qubit based in this center has been extensively studied theoretically and
experimentally in order to characterize its spin environment (both natural, consisting of spins of 13C
isotope [11, 13, 14], and artificially modified by putting organic molecules on top of the diamond [15, 16])
by analyzing the time-dependence of dephasing of an appropriately driven qubit [17]. Most importantly for
us here, a large progress has been made in controlling the state of at least a part of this environment—up to
a few tens of nuclear spins most strongly coupled to the central spin (the qubit)—and using the center to
sense the state of at least some of these environmental spins. Having a well-tested theoretical model of open
system dynamics for NV centers interacting with their nuclear environment [8, 18], one can shift the focus
from the process of qubit’s loss of coherence, to the possibly accompanying processes of modification of
environmental state due to interaction with the qubit.

In the process of decoherence, qubit can leave traces of its presence in the environment. If we treat the
environment as a channel through which many observers can acquire information about the qubit, then we
can try to find how objectively this information is proliferated. Objectivity, as an important part of the
quantum-to-classical transition, has been recently receiving a growing research attention, see e.g. [19–21,
25–28] for recent developments. The problem of objectivity, i.e. how to explain a robust objective world of
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everyday experience from quantum postulates, was first raised by Zurek and collaborators [29, 30], who
realized that decoherence alone is not enough, as nothing a priori guarantees that during its course
information about the decohering system will make it into its environment in many copies accessible to
independent observations—a prerequisite of objectivity. There have been proposed several approaches to
the problem, with quantum Darwinism [29, 30] being the first and the most popular one, followed by
spectrum broadcast structures (SBS) [31, 32, 35–39] and strong quantum Darwinism [40]. All the
approaches can be viewed as extensions of theory of decoherence, in which one is interested not only in the
system’s state but also in what information about it, leaks into the environment (assumed to be a
compound quantum system itself). The first and the last approaches study the behavior of quantum mutual
information between the system and the parts of the environment, while SBS concerns directly the structure
of quantum states. The rigorous relationships among them have been shown in [40]: SBS and strong
Darwinism both imply the original quantum Darwinism but not vice versa since the original quantum
Darwinism is in a sense too weak a condition for classicality as it can still allow for information not
accessible locally (via quantum discord) (see also [41, 42]). The difference between SBS and the strong
quantum Darwinism is in turn rather small, with the latter allowing for a bit more general, correlated
structure of the environment (a fact already noted in [32] and thus both can be regarded as largely
equivalent. A more detailed account of different approaches can be found in [42]. Since strong quantum
Darwinism requires calculations of quantum discord, which are in general difficult, we will use in this work
SBS formation as an indicator of objectivity.

Let us briefly recall [31, 32] that SBS are the following multipartite state structures:

ρ̂Q:Eobs
=

∑
m

πm

∣∣mQ
〉 〈

mQ
∣∣⊗ ρ̂E1

m ⊗ . . .⊗ ρ̂EN
m , (1)

where Eobs is the observed part of the environment, πm are probabilities,
∣∣mQ

〉
are so called pointer states to

which the central system decoheres [1, 43] and the system state conditional density matrices of
environmental parts must have mutually orthogonal supports and as a result be perfectly distinguishable:

ρ̂Ek
m ⊥ ρ̂

Ek
m′ . (2)

It is straightforward to see that due to (2) each fragment of the environment perfectly encodes the same
pointer state index m and it is locally measurable without any disturbance (on average) to the whole state
(6). But this is nothing else than an operational form of objectivity [30] or to be more precise
intersubjectivity [36]. Surprisingly, the converse is also true [32]: SBS (possibly generalized to correlated
environments [40]) is the only state structure compatible with the quoted notion of objectivity.
Interestingly, recent experiments [27, 28] that tested quantum Darwinism did so through SBS states [42].

We will discuss the formation of SBS structures in the experimentally widely investigated system of NV
centers in diamond. It is worth mentioning at this point that recently a state of the art experiment has been
performed [26], reporting an emergence of a (somewhat reduced) form of quantum Darwinism in NV
system. While undoubtedly pioneering and of a great importance, in the light of the above discussion it
represents rather the first step in using NV systems as ‘simulators of objectivity’. In particular, SBS
represents the strongest form of objectivity and it is an interesting question if NV centers can simulate it.

The electronic energy levels of these centers lie in the bandgap of diamond, and the ground state
manifold of the NV center corresponds to spin S = 1 (e.g. [9]) system. The selection rules for coupling of
photons to relevant transitions allow for optical initialization of spin-polarized state within the ground state
manifold. By choice of microwave resonant drive between two out of three possible spin levels, one can
experimentally define a qubit. Additionally, very weak spin–orbit coupling causes that the NV center
decoherence is caused mostly by coupling to the environment formed out of 13C nuclear spins randomly
uniformly distributed through the lattice structure [18]. Natural concentration of those nuclei is around
1.1%, so the environment consists of rather sparsely distributed spins, the spatial arrangement of which
does not reflect the periodicity of underlying crystal lattice. These spins are coupled to the NV center qubit,
and also among themselves, via anisotropic dipolar interactions, whose power-law (1/r3) decay with
distance, makes nearby spins much more strongly coupled than the remote ones, but does not allow for
treating the interaction as having a finite range. This, together with the sparsity of the environment, means
that the coupling constants in the Hamiltonian for each NV-environment system are specific to the given
spatial arrangement of nuclei (‘spatial realization of environment’). The experiments are most often done at
finite magnetic fields, so the environmental spins undergo Larmor precession. The resulting dynamics due
to this precession, qubit-nuclear coupling, and inter-nuclear interactions, strongly depends on the value of
magnetic field. In the case on which we are focusing here—that of freely evolving qubit not subjected to any
kind of dynamical decoupling that prolongs its coherence time [8]—complete dephasing of the qubit
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occurs on timescale on which inter-nuclear interactions play no role [18]. However, the SBS emerge only
after a time of decoherence caused by a part of the environment [31], which is longer than the time of
decoherence due to the whole environment. Consequently, we will pay here careful attention to relevant
timescales, in order to maintain the validity of approximation of treating the nuclear spins as mutually
non-interacting.

For typically used values of magnetic field and temperature, the nuclear density matrix is very close to a
completely mixed one. SBS cannot form with an initially completely mixed state of environment for a
simple reason that such environment is completely ignorant to any information about the system and there
is no chance for the condition (2) to be fulfilled (see e.g. [31, 44]). However, there has been a recent
progress in generation of so-called dynamical nuclear polarization (DNP) of the nuclear spins most strongly
coupled (i.e. the closest) to the NV center [45–54]. Consequently, we focus here on the case in which such a
DNP is present, and we analyze the emergence of SBS as a function of polarization of the nuclei, and the
size of the polarized fraction of the environment. A novel aspect of our SBS analysis is the inclusion of a
non-trivial dynamics for the spin environment. This is an important generalization of the spin–spin models
studied so far in the context of SBS fomation [36, 55]. In these studies, the environment self-Hamiltonian
was completely neglected, leading to a very simplified and a rather academic model. Here we present a more
realistic one (cf [33, 34]).

The work is organized in the following way. In section 2, we shall present the Hamiltonian for an NV
center interacting with an environment of 13C nuclei. In section 3 we first study a general model of SBS
formation in spin systems with a non-trivial environment dynamics. We also discuss the model of the
nuclear environment. We then apply the model to the situation when the nuclear environment interacts
only with the central qubit, i.e. there are no direct interactions between the bath spins. In section 4 we
perform numerical analysis of the model described in the prior sections, showing the regime of SBS
formation under realistic conditions for NV centers in diamond with natural concentration of 13C nuclei.
Concluding remarks are presented in section 5.

2. The model

The system of the NV center and its nuclear environment is described by a pure dephasing Hamiltonian:

Ĥ = ĤQ + ĤE + ŜzV̂ (3)

where ĤQ is the Hamiltonian of the qubit, ĤE of the environment, Ŝz is the z component of center’s spin
(with z axis being determined by the vector connecting the nitrogen and the vacancy), and V is the
environmental operator that couples to the qubit. A special feature of the NV center is that its low-energy
subspace relevant for qubit physics is that of spin 1, so that Ŝz has eigenvalues m = −1, 0, 1. The qubit’s
Hamiltonian is

ĤQ = Δ0Ŝ2
z + Ω̄Ŝz, (4)

where Δ0 = 2.87 GHz is the zero-field splitting, between the m = 0 and m = ±1 states, and Ω̄ = γeB GHz
is the Zeeman splitting between ms = ±1 levels due to external magnetic field B. Gyromagnetic ratio of the
electron is equal to γe = 28.07 GHz T−1. Note that the B field is assumed to be parallel to the NV center
quantization axis. There is a freedom of choosing any 2 out of 3 energy levels to define the qubit. Here we
focus on the most popular (due to experimental ease of manipulation) choice of qubit based on m = 0 and
m = −1 levels.

The environmental Hamiltonian consists of the Zeeman splittings term and the inter-nuclear
interactions:

ĤE =
∑

i

ωi Î
i
z + Ĥint, (5)

where ωi = γ13C B MHz is the Zeeman splitting with gyromagnetic ratio of 13C nuclei, γ13C =

10.71 MHz T−1, and Î(i)
z is the z-axis spin operator of the ith nuclear spin. There are two mechanisms of

electronic spin-nuclear spin coupling: Fermi contact interaction, which is proportional to the overlap of the
electronic wavefunction at the position of a nucleus AFermi ∝ |ψe (ri) |2, and dipolar interaction. The former
is negligible for nuclei farther away than 0.5 nm from the center [56] as the wavefunction is highly localized
for deep defects. Within this radius, for ≈ 50% possible realizations of the environment there will be no
spinful nuclei. Keeping in mind the post-selection of spatial realizations of the environment that needs to be
done, we will focus from now on only on dipolar qubit-nuclear spin couplings.

For magnetic fields of interest here, the order of magnitude of qubit energy splitting is determined by
the zero-field splitting Δ0, which is much larger than the nuclear energy scales (Zeeman splittings, dipolar
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Figure 1. Experimental strategies for nuclear polarization in NV centers. Panel (a) depicts a situation when strongly coupled
nuclei, located up to a radius rp from the NV center, are polarized using DNP. Panel (b) shows the case for achieving a
polarization in high magnetic fields and cryogenic temperatures to increase the ratio between Zeeman splitting and temperature,
which corresponds to thermal polarization pi = tanh(ωi/2kBT). In this work we study case (a), unless otherwise stated.

interactions). Consequently, the qubit and its environment cannot exchange energy, i.e. we are dealing with
pure dephasing, and we can neglect terms ∼ Ŝx, Ŝy in the qubit-nuclear coupling, which is therefore given
by

Ŝz ⊗ V̂ =
∑

k

∑
j=x,y,z

Ŝz ⊗ Aj
kÎk

j , (6)

where j = x, y, z enumerates directions of spin operators, k-nuclear spins interacting with the qubit and Aj
k

are given by:

Aj
k =

μ0γeγ13C

4π

ẑ · ĵ

|rk|3
− 3(ẑ · rk)(̂j · rk)

|rk|5
, (7)

where μ0 is the magnetic permeability of vacuum, rk is a displacement vector between nitrogen and nucleus
k and the gyromagnetic ratios γe and γ13C are defined above.

For qubit based on m = 0 and 1 levels that we consider here, the qubit-environment coupling is then
given by |0〉 〈0| ⊗ V̂0 + |1〉 〈1| ⊗ V̂1 in which

V̂m = m
∑

k

∑
j=x,y,z

Aj
kÎk

j , (8)

so that V̂0=0. Consequently, the evolution operator of the whole system can be written as:

Û(t) = |0〉 〈0| ⊗ Û0(t) + |1〉 〈1| ⊗ Û1(t) , (9)

where the conditional evolution operators are given by

Ûm(t) = exp[−it(ĤE + V̂m)]. (10)

We are working in the qubit rotating frame, so that the energy splitting of the qubit Ω̄ + Δ0 is removed.
Having discussed the dynamics, let us now discuss the initial conditions. If the spin environment is

non-polarized, the interaction (9) will not lead to any information recording in the environment, only to
dephasing [22, 23, 57]. Therefore we will consider here partially polarized environments. Specifically, we
focus on environments in which nuclear spins within some distance from the qubit are polarized, as such an
environmental state can be prepared by repetition of appropriate manipulation protocols [45–54] on the
qubit and the nuclei, and the efficiency of polarization scales with the magnitude of qubit-nuclear coupling.
Such an initial state of the environment is illustrated in figure 1. Another strategy for nuclear polarization is
to put the diamond crystal in cryogenic temperatures and apply high magnetic field, resulting in uniform
polarization after the nuclear spins reach thermal equilibrium with the lattice, see figure 1(b). However,
equilibrium polarization p for temperature of a few tens of milikelvins and at B ∼ 1 T is p ∼ 10−2. Below
we will see that such a polarization is not enough to support formation of the SBS.

3. Dynamics of the SBS formation

3.1. General considerations
As explained in the Introduction, our method is based on direct studies of the quantum state as the most
fundamental carrier of information. In particular, we are interested if there are regimes such that a joint
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state of the central qubit and some of its nuclear environment approaches the SBS structure (6) and (2),
signalizing that the state of the qubit acquired a certain operational objective character during the evolution
as explained in detail in [31, 32]. As in the previous SBS studies, e.g. in [31, 35, 36, 55], our method is the
following. First, since we are interested not only in the state of the qubit alone but in how it is correlated
with some of its environment, we cannot trace all of the environment as it is normally done. Instead, we
divide the environment E into two parts: the one we are interested in (say observed), denoted symbolically
fE and containing fN spins, 0 � f � 1, and the one that pass unobserved and can be traced out, denoted
(1 − f )E and containing the rest of the (1 − f )N nuclei. In terms of experimental capabilities, one may
think of DNP as a form of environment separation. As described above, high degree of polarization can be
reached for only a few nuclear spins closest to the NV center. Control and observation of polarized
fragment of the environment can be realized by measurement 〈σ̂y〉 of the qubit as a function of total
evolution time, which is zero when the environment is completely mixed during evolution of a qubit
initialized in eigenstate of σ̂x.

The main object of our study is what we call a partially reduced state:

ρ̂Q:fE(t) = Tr(1−f )E ρ̂Q:E(t), (11)

obtained by tracing out only the unobserved part of the environment, (1 − f)E, from the global
qubit-environment state ρ̂Q:E(t) evolving under (9). The check for SBS structure then proceeds in two steps
[36]: (i) first check if dephasing takes place and the partially reduced state approaches the form
equation (6); (ii) check if the conditional environment states satisfy (2). The first condition, dephasing, is
fairly standard and we will use well-known results, scaled down however to a part of the environment rather
than the whole. When it comes to the second condition, out of the several available measures of state
distinguishability (2) [24], we use the state fidelity:

F(ρ̂, σ̂) = Tr(
√
ρ̂σ̂

√
ρ̂) (12)

for the ease of work. In any case, we are interested only in F = 0, which is equivalent to (2). It can happen
that a state of a single environment nucleus is changed too little during the evolution (9) to approach (2),
but when we consider groups of nuclei, their joint states can come close to satisfying (2). This can be viewed
as a kind of ‘information concentration’. Anticipating such situation, we introduce following [31] a further
coarse-graining of the observed environment fE into M groups, called macrofractions, each of a size
μN = (f/M)N (equal sizes are for our convenience only). The approach to SBS is then mathematically
equivalent to simultaneous vanishing of the decoherence factor due to (1 − f)E and all the pairwise fidelities
calculated between the states of the macrofractions [36]. We note that for pure states the fidelity (12)
becomes just the overlap between the two considered states F(ψ,φ) = |〈ψ|φ〉|2.

The concrete setup studied here will be the DNP setup of figure 1(a) with the following identifications:

• The central system is the NV qubit, defined by the
∣∣mQ = 0

〉
and

∣∣mQ = 1
〉

states, which constitute
the pointer basis. We are seeking if during the interaction with the environment, the decohered state
of the qubit becomes objective via a creation of the SBS state (6).

• The observed part of the environment, fE, will be the DNP spins within the radius rp from the NV
center.

• The observed part will be further divided into several, equal size, macrofractions (see figure 2). They
represent parts of the environment accessible for independent observers.

• The weakly polarized part of the environment past the radius rp carries vanishingly small amount of
information about the qubit and thus this will be the unobserved part, (1 − f)E, subsequently traced
over.

We assume that the initial state of the qubit and all the nuclei is initially completely uncorrelated:

ρ̂Q:E(0) = ρ̂Q(0) ⊗ ρ̂E(0) = ρ̂Q(0)
⊗

k

ρ̂k
E(0) , (13)

where k enumerates nuclei in the bath, and the state of a single nucleus is given by

ρ̂k
E(0) =

1

2
(𝟙+ pkσ̂

(k)
z ) , (14)

in which pk is the initial polarization degree. When pk = ±1, the state is pure, and when pk = 0, the state is
fully mixed. In other words, only spins affected by DNP, thus, forming the observed environment, will
correspond to pk �= 0 and for the unobserved part, we assume pk = 0, corresponding to room
temperature—typical conditions for experiments with NV centers.

5
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Figure 2. Schematic representation of the coarse-graining of the observed part of the environment, fE, into macrofractions
containing μN spins each. This helps achieving ‘information concentration’, defined here by the perfect distinguishability of the
states (2), and thus helps approaching SBS states. This is more general situation than just considering each environmental spin
individually.

Anticipating the irrelevance of inter-nuclear interactions, the total Hamiltonian reads:

Ĥ = (Δ0 + Ω̄) |1〉 〈1|+
∑

k

ωkÎk
z + |1〉 〈1| ⊗

∑
k

∑
j=x,y,z

Aj
kÎk

j . (15)

This Hamiltonian allows for a correct description of decoherence of a freely evolving NV center spin qubit
[18], which has also been used for interpretation of experimental signal from such an NV center [58]. From
the point of view of objectivity and SBS studies, the above Hamiltonian is an important generalization of
the previously studied spin–spin models [36, 55].

When the central qubit is initialized in a pure superposition of pointer states, i.e. in

ρ̂Q(0) = |φ〉Q 〈φ| , |φ〉Q= c0 |0〉+ c1 |1〉 , (16)

the evolution of total system, governed by (9), is given by:

ρ̂Q:E(t) =
∑

m,m′=0,1

cmc∗m′
∣∣mQ

〉 〈
m′Q∣∣ N⊗

k=1

Û k
mρ̂

k
E(0)Ûk†

m′ . (17)

3.2. Analytical results-decoherence factor
Once we trace out the unobserved part of the environment (1 − f)E, the partially reduced density matrix
becomes:

ρ̂Q:fE(t) =
∑

m=0,1

|cm|2|m〉Q 〈m|
fN⊗

k=1

Û k
mρ̂

k
E(0)Ûk†

m +

(
cmc∗m′γmm′(t)|m〉Q 〈m′| ⊗

fN⊗
k=1

Û k
mρ̂

k
E(0)Ûk†

m′ + c.c.

)
.

(18)
where γmm′(t) is the decoherence factor coming from the unobserved fraction of the environment (1 − f)E.
For the chosen realization of a qubit between m = 0 and m = 1 states, this term can be expressed as:

γ(t) =
(1−f )N∏

k=1

γk(t) =
(1−f )N∏

k=1

Tr
(
Û k

0ρ̂
E
k (0)Ûk†

1

)
, (19)
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where the single nucleus decoherence factor γk(t) reads by (8)–(10):

γk(t) = cos
ωkt

2
cos

Ωkt

2
+

Az
k + ωk

Ωk
sin

ωkt

2
sin

Ωkt

2

+ ipk

(
cos

Ωkt

2
sin

ωkt

2
− Az

k + ωk

Ωk
cos

ωkt

2
sin

Ωkt

2

)
(20)

in which Ωk =

√(
A⊥

k

)2
+ (ωk + Az

k)2 and A⊥
k =

√(
Ax

k

)2
+
(
Ay

k

)2
. The modulus is given by:

|γk(t)|2 =
[

1 − (1 − p2
k)sin2 ωkt

2

]
cos2 Ωkt

2
+

(
Az

k + ωk

Ωk

)2 [
1 − (1 − p2

k)cos2 ωkt

2

]
sin2 Ωkt

2

+
Az

k + ωk

2Ωk
(1 − p2

k) sin(ωkt) sin(Ωkt). (21)

A general expression for decoherence factor when qubit is defined between m and m′ states can be found
in appendix A.

We now have to estimate the product (19) with the factors given by (20). Analytical studies are possible
only under some simplifications. The most universal one is the short-time limit Ωkt � 1, which also implies
ωkt � 1, so it can hold only below a certain magnetic field for given timescale of interest. The total
decoherence factor then reads:

γweak(t) ≈ exp
[
−
(
t/T∗

2

)2 − iφ(t)
]

(22)

where the dephasing time T∗
2 is defined by

(T∗
2 )2 =

8

(1 − f )N〈(Az)2 + (A⊥)2〉 , (23)

and the phase shift is given by φ(t) = (1 − f)N〈pAz〉t/2. The averages are defined by:

〈g(A)〉 = 1

(1 − f )N

(1−f )N∑
k

g(Ak) . (24)

As expected, at short times the decoherence factor shows a Gaussian decay but this does not mean that it
decays also for larger times. In fact in general it does not for small traced fractions. However analytical
study of mid/long-time behavior is very difficult due to the complicated nature of the functions (19) and
(20) and therefore for the purpose of this work a further analysis of γ(t) will be carried out numerically.

3.3. Analytical results-conditional states fidelity
After the decoherence due to the unobserved part of the environment has taken place, the resulting partially
traced state (18) comes close to the SBS form (6). We have to however still check the orthogonality (2) for
the conditional states ρ̂Ek

m ≡ ρ̂k
m, where ρ̂k

m(t) = Ûm(t)ρ̂k
E(0)Û†

m(t), cf (18). We will use the state fidelity
function (12). We calculate it, using the fact that all the matrices are 2 × 2:

Fmm′ = F
(
ρ̂k

m(t), ρ̂k
m′(t)

)
= Tr[ρ̂k

m(t)ρ̂k
m′(t)] + 2

√
det[ρ̂k

m(t)] det[ρ̂k
m′(t)]. (25)

For the qubit based on m ∈ {0,+1} levels, considered here, the resulting fidelity for conditional states of
the nucleus becomes:

F
(
ρ̂k

0(t), ρ̂k
1(t)

)
= 1 −

(
A⊥

k

)2

Ω2
k

p2
k sin2

(
Ωkt

2

)
, (26)

While single-spin contribution to decoherence, equation (20), is finite even when A⊥
k =0 (only nonzero Az

k

is needed), for the fidelity between the two conditional states of a single environmental spin to be less than
unity, A⊥

k �=0 is necessary. This is a consequence of a simple observation that the environment has to
undergo an evolution non-trivially conditioned on the state of the qubit for this fidelity to deviate from
unity. We recall that fidelity equals to one iff the states are identical, which is a trivial situation. For the
similar reason, the non-polarized limit of pk → 0 is not interesting either.

In the studied model of qubit-environment coupling leading to qubit’s pure dephasing, and initially
pure state of the qubit, the necessary condition for the conditional states to be (approximately) orthogonal
at long enough times is appearance of nonzero qubit-environment entanglement at earlier times, in the
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initial stages of the evolution [12]. The condition for the latter is ρ̂k
0(t) �= ρ̂k

1(t), as shown in [57, 59]. This
motivates why as the observed part of the spin environment we consider only the polarized part. These are
the nuclear spins inside a ball of radius rp, schematically shown in figure 1, according to experimental state
of the art concerning DNP.

As we explained at the beginning of this section, to increase the chances of satisfying distinguishability
condition (2), we perform a coarse-graining of the observed environment fE, dividing it into M
macrofractions of size μN each. Symbolically fE = μE ∪ · · · ∪ μE. The state of each macrofraction for
neglected mutual interactions is just a product ρ̂μE

m (t) ≡
⊗

k∈μN
ρ̂k

m(t) so that using the factorization property

of the fidelity we obtain:

FμE
mm′(t) ≡ F

(
ρ̂μE

m (t), ρ̂μE
m′ (t)

)
=

∏
k∈μE

F
(
ρ̂k

m(t), ρ̂k
m′(t)

)
. (27)

Thus, the fidelity between two qubit-state conditional density matrices of macrofractions is a product of
contributions from equation (26):

FμE(t) =
∏
k∈μE

[
1 − p2

k

(
A⊥

k

)2

Ω2
k

sin2

(
Ωkt

2

)]
. (28)

A general expression for a qubit defined between m and m′ is much more complicated and can be found in
appendix B.

We are now interested when FμE(t) → 0, meaning the condition (2) is satisfied for macrofraction states.
The easiest regime for analytical study corresponds to a situation, when:

(
A⊥

k

)2

Ω2
k

p2
k sin2

(
Ωkt

2

)
� 1 (29)

for every k. This happens when e.g. (i) all the members of the macrofraction are weakly coupled to the
central spin: (

A⊥
k

)2

Ω2
k

� 1 ⇔ Az
k + ωk

A⊥
k

� 1 , (30)

or when (ii) polarization of the observed environment is low, meaning:

p2
k �

Ω2
k(

A⊥
k

)2 = 1 +
(Az

k + ωk)2(
A⊥

k

)2 , (31)

or when (iii) we consider very short times Ωkt � 1. Then, equation (28) can be rewritten as an exponential
of a sum of contributions from all the nuclei in the macrofraction:

FμE(t) ≈ exp

[
−

μN∑
k=1

(
A⊥

k

)2

Ω2
k

p2
k sin2

(
Ωkt

2

)]
. (32)

For short times Ωkt � 1, we can derive an effective timescale of the initial decay of the fidelity:

FμE(t) ≈ exp

[
−1

4

μN∑
k=1

p2
k

(
A⊥

k

)2
t2

]
= e

−
(

t
τμ

)2

, (33)

where

τ−2
μ =

1

4
μN〈p2A2

⊥〉μN , (34)

with 〈·〉μN denoting the averaging over the macrofraction, similar to (24). In general, to prove the
orthogonalization (2), this short time analysis is of course not enough. As for the behavior of fidelity at long
times, we can state the following. Let us assume that:

Ωk ≈ ω +

(
A⊥

k

)2

2ω
(35)

(with Zeeman splittings ωk assumed to be the same ω for all the nuclei, implying spatially uniform
magnetic field), which holds for ω�A⊥

k , Az
k. This automatically implies (29) via (30) so that we can use

(32). With σ being the standard deviation of distribution of A⊥
k in the given macrofraction, for σ2t/2ω � 1

8
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the values of sin2Ωkt/2 in equation (32) are randomly distributed in [0, 1]. With many spins in the
macrofraction, we can replace then sin2Ωkt/2 terms by their average value of 1/2, and the fidelity is

FμE
mm′

(
t � 2ω

σ2

)
≈ exp

[
− 1

2ω2

μN∑
k=1

(
A⊥

k

)2
p2

k

]
. (36)

If in the macrofraction of interest

μN
〈p2A2

⊥〉μN

ω2
�1, (37)

which should be treated as a condition for minimal polarization or the number of spins in the
macrofraction, then the fidelity decays towards a very small value on timescale that is ∼ ω/σ2.

For a qubit with a macrofraction μN to form a spectrum broadcast structure, we not only need to meet
a condition for mutual orthogonalization for conditional states of the macrofraction, but also decoherence
due to the remaining part of the bath. For short times the ratio of the decoherence and orthogonalization
time becomes: (

T∗
2

τμ

)2

=
μ

1 − f
· 2〈p2(A⊥)2〉μN

〈(Az)2 + (A⊥)2〉(1−f )N
. (38)

Experimental endeavor to measure and control clusters of polarized nuclear spins with NV centers is mostly
limited by the decoherence of the NV center. Therefore, if decoherence happened on a longer timescale than
orthogonalization, it should be possible to predict formation of SBS, e.g. by state tomography.

4. Numerical results

Analytical studies of the decoherence and the fidelity factors, derived in the previous section, are quite
limited due to the fact that compact approximate expressions can only be obtained for weakly coupled
(ω�Az

k, A⊥
k ) or weakly polarized nuclei—and below we will show that having large polarization and strong

coupling is needed for appearance of genuine SBS. We will now present results of numerical investigations.
We recall that in order to show the creation of SBS states, both functions (19) and (28) must vanish.

Experiments and theory of decoherence of NV centers show that the time-dependence of their
dephasing is very prone to the effects connected with presence of a few, maybe few tens of strongly coupled
nuclei, located 1–2 nm from the defect. A widespread collection of applications of such nuclei, either for
sensing or creating a register for quantum networks have been discussed and tested experimentally
[13, 60–62]. Presence of such ‘fingerprints’ of a spatial arrangement of environmental spins most strongly
coupled to the qubit is also expected in the time-dependence of fidelity between the states of a
macrofraction conditioned on two states of the qubit. Here we consider a given number fN of nuclear spins
within a ball of radius rp around NV center, which are in a polarized state. Outside of this region, the
environment is initialized in a completely mixed state, which corresponds to room temperature conditions,
typical for NV center experiments.

Numerical studies performed here are based on parameters of natural samples of diamonds implanted
with NV centers. Diamond lattice symmetry corresponds to a diamond cubic crystal structure, with a cubic
unit cell containing three tetrahedrons with carbon atoms as vertices. Each side of the unit cell corresponds
to aNN = 0.357 nm distance between the neighboring carbon atoms. For a given realization of the
environment around an NV center positioned at one of these vertices, positions of spinful 13C nuclei,
described by lattice are drawn from a random uniform distribution of sets of three lattice indices,
corresponding to spatial location of these species. Size of the environment, enumerated by number of spins
in the environment-N-has to be estimated by the convergence of results for quantities of interest
(decoherence factor due to unobserved fraction of the environment, fidelity between the conditional states
for macrofractions) as function of size of part of environment taken into account, while considering these
quantities on certain timescale (here determined by decoherence due to unobserved nuclei). Experimental
and theoretical works show that NV centers should be sensitive to nuclei at distances of a few nanometers
with natural concentration of 13C isotope in the lattice [9, 13]. This corresponds to the total number of
spins on the order of N = 300–500. We assume here N = 400. The dipolar couplings of nuclei to the NV
center, i.e. A⊥

k and Az
k, are then determined from equation (7) and are random quantities due to random

positions rk. We assume equal Zeeman splittings ωk = ω, corresponding to application of constant external
magnetic field B = 10 G. Concerning polarization degrees, we assume an experimentally viable scenario of
application of DNP as a preparatory stage, which results in the environment split into highly polarized and
non-polarized parts as depicted in figure 1(a). We then associate the observed part of the environment fE, of
the size fN, with the highly polarized fraction, assuming equal polarization for all spins in fE,

9
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Figure 3. Modulus squared of the decoherence factor (19) as a function of time. The plot corresponds to a single spatial
realization of nuclear environment, labelled as (II). Due to the fact that unobserved part of environment, used to generate the
plot, does not contain by assumption strongly coupled nuclear spins, this figure can be treated as reference for decoherence
timescales independently of realization. The total number of spins in the simulation is N = 400. Each curve is enumerated by the
size of the observed macrofraction fE, rather than that of the unobserved (1 − f)E, hence the larger the fN the slower the
decoherence as less nuclei out of the total N = 400 contribute to (19). The corresponding state fidelities are shown in column (II)
of figure 4.

∀ k∈fE pk = p �= 0. The unobserved part (1 − f)E, of the size (1 − f)N, is then the unpolarized fraction,
assumed initially in a completely mixed state: ∀ k∈(1−f)E pk = 0. Thus, the only randomness is in the coupling
constants A⊥

k and Az
k.

We will first look at the decoherence process as the necessary condition for the SBS formation. The
choice of the unobserved environment by removing the strongly coupled nuclei from the decoherence
function (19) means that decoherence as a function of time can be well-represented by one spatial
realization of the environment (assuming no application of any resonant operations on the central qubit).
Figure 3 shows the squared modulus of the decoherence factor (19) for a single sample realization, further
denoted as (II), and different fully polarized (observed) fractions fN. All of these curves have been tested for
relevance of intra-environment interactions, using the so called cluster-correlation expansion (CCE), using
which one can account in a controllable way for influence of inter-nuclear interactions on qubit’s
decoherence [8, 13, 63, 64]. The calculations have shown that for magnetic field B = 10 G, it is sufficient to
describe the decoherence dynamics due to the environmental remainder as non-interacting (CCE-1) on the
timescales of t < 300 μs, which is in agreement with [13, 58]. Figure 3 shows a smooth Gaussian decay of
coherences on the time scale of 10–20 μs, depending on how many of N nuclei are left for observation. In
figure 5, where we analyze formation of SBS states for macrofractions of fN = 5, 10, 20 nuclear spins closest
to the NV center, we also show decoherence computed, taking into account up to four-spin correlations
generated by their mutual interactions (CCE-4) (dashed-green curves). Results confirm that treating the
unobserved environment as non-interacting on these timescales is justified.

Let us now look at the state fidelity (28) for the polarized spins. The results are presented in figure 4.
The first two columns show (28) as a function of total evolution time for two different spatial realizations of
the nuclear environment in relatively low magnetic field of 10 G. As described earlier, nuclear spins are
randomly uniformly distributed in the diamond lattice and their concentration is 1.1%. The rows (a)–(c)
correspond to different polarizations, assumed the same for all the nuclei in the macrofraction. First of all,
one can see that the polarization p plays a crucial role in the fidelity behavior and for low polarization,
figure 4(a), there is no chance of approaching even remotely the state distinguishability (2) for any
reasonable macrofraction size. This is because for low p the initial environment state is very close to the
totally mixed stated (cf (14)) and hence is very little affected by the interaction. However, figures 4(b) and
(c) show that for higher polarizations (p > 0.5), even a macrofraction of few dozens nuclei can achieve
some level of distinguishability for times t > 100 μs given our assumed parameters. These plots also show
the initial Gaussian decay of the fidelity as predicted by the short-time analysis of section 3.3. Past short
times however, one can see an oscillatory behavior, especially prominent for small macrofraction sizes. This
is due to the not enough randomization for small sizes μN of the strongly coupled nuclei.

In order to see more clearly the qualitative behavior of the fidelity, we present its average over a hundred
realizations of the positions of the 13C nuclei around the NV center in the last column of figure 4. Clearly,
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Figure 4. Fidelity as a function of evolution time for 2 spatial realizations, labelled (I) and (II), and an average over 100
realizations of the nuclear environment, corresponding to macrofractions containing μN = 5, 10, 20 nuclear spins. Panels
(a)–(c) correspond to macrofraction polarizations p = 0.1, 0.5 and 1.0, respectively.

the orthogonalization of the conditional environmental states is both faster, and more complete, for larger
polarizations and macrofraction sizes.

Comparing figures 3 and 4 (b) and (c) suggests there is a time region when both functions come
reasonable close to zero, indicating that the partially reduced state is close to the SBS form. Indeed it is so as
figure 5 shows. Working with the realization (II) from figure 4 for definiteness, we assumed the polarized
(observed) fraction fE is divided into two identical macrofractions fE = μE ∪ μE of the size μN. We assume
the polarization degree p = 0.9, which should be experimentally viable, close to achieving an initially pure
state for the observed part of the environment. In the case of the division into μN = 5 spin-macrofractions
(cf figure 5(a)), the fidelity strongly oscillates, indicating an insufficient number of spins in the
macrofraction. However, for μN = 10, figure 5(b), although the fidelity shows some revivals for certain
times, it generally tends to weakly oscillate around zero. For μN = 20, figure 5(c), the situation is even
better with a definite decay of the fidelity past t ≈ 20 μs. Therefore, we can claim that for macrofractions of
at least 10 strongly coupled nuclear spins in the highly polarized (p � 0.9) part of the environment, an SBS
state is approached within 100 μs. Since in the current state of the art experiments, a polarization of around
20 tightly coupled spins is achieved [62], the realistic SBS structure one can expect is a two-observer one.

For fractions of μN = 5, 10 (figures 5(a) and (b)), we also show numerical calculation of fidelity,
including interactions between nuclear spins (yellow dashed lines). For the chosen external magnetic field
and resulting timescales of SBS formation, interactions between nuclear spins do not play any significant
role both in orthogonalization of conditional nuclear states, and (as discussed above) decoherence of the
central spin due to the unobserved part of the environment.

All of the previous results have been calculated for a relatively low magnetic field of 10 G. When
increasing the field, we should be able to suppress the dynamics of nuclear spins induced by transverse the
hyperfine couplings—i.e. the dynamics that is caused by interaction with the qubit, and thus might be
conditional on the state of the qubit. The dependence of the fidelity on the magnetic field is presented in
figure 6 for a group of completely polarized 20 nuclear spins. For fields between 10-20 G, the fidelity only
slightly deviates from zero, but for 50–100 G, it persistently oscillates, which means that only a few nuclear
spins contribute to formation of mutually orthogonal conditional states and thus the formation of SBS is
not observed. These few nuclear spins are the ones that are still strongly coupled to the qubit at elevated
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Figure 5. Example of SBS states formation. We assume realization (II) polarized up to p = 0.9. The strongly coupled fraction fN
is divided into two identical fractions, fN = 2 × μN, of a size: (a) μN = 5, (b) μN = 10 and (c) μN = 20. The blue curve
corresponds to the fidelity and the red curve to decoherence due to the unobserved environment. Dashed green line shows
decoherence calculation up to CCE-4 and dashed yellow line-fidelity, including internuclear couplings in the Hamiltonian. Total
number of spins in the nuclear bath is N = 400. The insets show the short-time behavior that is close to Gaussian decay. Part (c)
does not contain calculation including internuclear couplings, since direct diagonalization of the corresponding Hamiltonian was
not possible with the available computational resources.

magnetic fields. By ‘strong coupling’ we mean here that the characteristic energy scale of qubit-nucleus
coupling (more precisely, of the part of the coupling that leads to qubit-dependent dynamics) is larger than
the characteristic energy scale of Hamiltonian of the nucleus, i.e. A⊥

k �ω. Only in this limit, in which the
qubit-environment coupling V̂m dominates over the environmental Hamiltonian, ĤE (a condition known
as the ‘quantum measurement limit’ of decoherence, see [65]), we can expect the qubit to leave a significant
trace of its state (or even presence) on the state of the environment.

When looking at statistics of hyperfine couplings for each of a hundred realizations of nuclear bath
around NV center, as discussed in appendix C, it becomes clear why μN ≈ 20 corresponds to the formation
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Figure 6. Fidelity for two spatial realizations of the nuclear environment. We assume macrofractions of 20 completely polarized
spins (p = 1). Each curve corresponds to a different value of external magnetic field (in Gauss), as indicated in the legend. Panels
(a) and (b) represent the fidelity on the short and the long timescales respectively.

of SBS: around 15–20 nuclear spins closest to the NV center have the transverse hyperfine exceeding nuclear
Zeeman splitting for B = 10 G. Additionally, for roughly a half of these spins also the component of the
hyperfine coupling parallel to the magnetic field exceeds the Zeeman splittings. For these spins one cannot
of course use the weak-coupling approximation, and one has to consider the full form of equations (26) and
(28) for fidelity. For a few strongly coupled nuclei, oscillations of fidelity with frequencies

Ωk≈
√

(A⊥
k )2 + (Az

k)2 should be indeed visible.

5. Conclusions

We have analyzed a realistic model of NV center as a ‘simulator’ for an important process of the
quantum-to-classical transition—the appearance of objectivity. The latter is described by SBS—specific
multipartite quantum states, encoding an operational notion of objectivity and related to the idea of
quantum Darwinism. From our theoretical analysis it follows that using current state of the art dynamical
polarization technique, the post decoherence quantum state of the NV center and two macrofractions, each
consisting of about 10 strongly polarized nuclei localized close to the center, comes reasonably close to an
SBS form, provided that we keep the external magnetic field below ≈ 20 G, so that the polarized nuclei
close to the NV center are strongly coupled to it, i.e. the energy scale of their coupling to the qubit exceeds
their Zeeman energy. In these conditions, during the decoherence process the information about the state of
the NV center qubit becomes redundantly encoded in its nearest environment in the strongest possible
form, and hence becomes objective.

This is, to the best of our knowledge, the first study of SBS using a model that closely describes a system
that is actually a subject of ongoing experiments. Let us discuss the possibilities of an experimental
verification of our results.

NV center is the only qubit in the considered system that can be directly read out. It is possible to create
a coherent quantum state of nuclear spins or even an entangled state of NV center and a few nuclei [61],
but then the tomography of such state is performed using NV center coherence. Therefore, a direct
observation of an SBS state or measurement of fidelity between conditional states of observed fraction is not
possible in a setup with a single NV center qubit, since the state comes into being as a result of central qubit
decoherence. However, according to [61], tomography of conditional states of the bath or at least
identification of timescales for orthogonalization of conditional states of the observed bath as discussed in
this work should be experimentally viable. There, the authors show that it is possible to perform a full state
tomography of 8 qubits: the NV center, the nitrogen spin on the defect, and six carbon spins. This can be
done by measuring the electron spin in the pointer state basis and conditioned on the measured state of the
qubit, application of sequence of rotations both to the carbon and electron spins, intertwined with
dynamical decoupling sequence (cf figure 7 in [61]), such that a certain multi-qubit density matrix element
can be read out by measurement of the electron spin coherence. Alternatively, one could take advantage of
the ability of the NV center qubit to characterize nearby nuclear spins in a two-qubit setup, in which the
second qubit is kept in m = 0 state (decoupled from the environment) while the first one decoheres, and
only after time at which creation of SBS is expected, it is rotated into a superposition state, and its
dephasing under dynamical decoupling is used to characterize the state of the nuclear environment
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common to the two qubits. In order for polarized spins close to the first qubit to be within such a common
environment, the distance between the centers should be a few nanometers [14], which will be challenging
to achieve, but it’s not inconceivable, with entanglement of two centers separated by ≈ 20 nm achieved a
few years ago [66].
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Appendix A. Decoherence of a qubit defined between states m and m′ due to free
evolution with a non-interacting bath

Coherence of a qubit defined between m and m′ states evolving freely with a bath of non-interacting spins
(from the unobserved part of the environment), in a rotating frame with respect to free Hamiltonian of the
qubit, can be expressed as:

γmm′(t) =
∏

k∈(1−μ)E

γk
mm′(t), (A.1)

with the contribution from a single spin k:

γk
mm′(t) = cos

ωmt

2
cos

ωm′ t

2
+

mm′(A⊥
k )2 + (Az

km + ωk)(Az
km′ + ωk)

ωmωm′
sin

ωmt

2
sin

ωm′ t

2

− ipk

(
Az

km + ωk

ωm
cos

ωm′ t

2
sin

ωmt

2
− Az

km′ + ωk

ωm′
cos

ωmt

2
sin

ωm′ t

2

)
(A.2)

Appendix B. Fidelity between environmental states conditioned on qubit defined
between states m and m′

For a qubit defined between arbitrary m and m′ states, fidelity for noninteracting bath can be expressed as
stated in equation (27):

FμE
mm′(t) ≡ F(ρ̂μE

m (t), ρ̂μE
m′ (t)) =

∏
k∈μN

F(ρ̂ k
m(t), ρ̂k

m′(t)). (B.1)

Contribution for a single member of such macrofraction corresponds to the following formula:

F(ρ̂ k
m(t), ρ̂k

m′(t)) = 1 + p2
k

[
(A⊥

k )2

(
m2

ω2
m

sin2 ωmt

2
− m′2

ω2
m′

sin2 ωm′t

2

)

+ 2mm′
(

(A⊥
k )2(mAz

k + ωk)(m′Az
k + ωk)

ω2
mω

2
m′

sin
ωmt

2
sin

ωm′ t

2

+
(A⊥

k )2

ωmωm′
sin ωmt sin ωm′t

)
+

2m2m′2(A⊥
k )4

ω2
mω

2
m′

sin2 ωmt

2
sin2 ωm′ t

2

]
. (B.2)

From the form of this expression one can observe that equation (28), which corresponds to the case
when qubit defined between m = 0 and m′ = 1, simply reduces the above equation to one term
proportional to m2 = 1. For a qubit defined between m = −1 and m′ = 1, one needs to consider a
complete expression.
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Figure C1. Number of nuclear spins for which transverse or parallel hyperfine interaction value is larger than nuclear Zeeman
splitting for B = 10 G, where A⊥

k corresponds to the perpendicular and Az
k to the parallel coupling of kth nuclear spin to the NV

center, and ω is the Zeeman splitting (equal for all nuclear spins in a constant magnetic field).

Appendix C. Fidelity for very strongly coupled nuclear spins

In the limit of very strong coupling to the qubit, i.e. when Az
k � ωk and t � 1

ωk

√
1 +

(A⊥
k )2

(Az
k)2

, this formula

becomes:

FμE(t) ≈
∏

k∈μN

[
1 − p2

k

(A⊥
k )2

|Ak|2

(
1 − 2ωAz

k

|Ak|2

)
sin2

( t

2
|Ak|

)]
, (C.1)

where |Ak| =
√

(A⊥
k )2 + (Az

k)2. This limit can either correspond to strong oscillations observable on the

timescale of orthogonalization of qubit-conditional states of a given macrofraction or, when exceeding a
certain number of such spins, a rapid decay of fidelity as a function of total evolution time.

When looking at statistics of hyperfine couplings for each of a hundred realizations of nuclear bath
around NV center, as represented in the figure C1 it becomes clear why N ≈ 20 corresponds to formation of
SBS, as around 15–20 nuclear spins closest to the NV center should have transverse hyperfine couplings
which exceed nuclear Zeeman splitting for B = 10 G. Additionally, for roughly a half of these spins also
component of the hyperfine coupling parallel to the magnetic field exceeds the Zeeman splittings. For these
spins it is not practical to discuss the relevance of weakly coupled bath, however one should expect that the
oscillations observed in fidelity for high magnetic fields, corresponds to dynamics of a few nuclear spins.
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