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then her giving me a reality check on whether what I am doing makes sense and seeing if
I fully understand it myself. Both were extremely useful and helped me tremendously in
completing a large project like a thesis.
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Abstract
This thesis investigates the Ground Motion Model (GMM) for the Groningen Seismic
Hazard & Risk Analysis. We look at various aspects of the model to see where improve-
ments can be made. We start by looking at model calibration and validation, where we
check to what extent the proposed model along with its parameter fits the data. Here
we come to the conclusion that both the parameters and the model itself have room for
further optimization to reflect the data set more accurately. In addition to this, a new
model for correlations of site-response amplifications is presented. The topic of how the
dependence of these quantities should be modeled is still unclear. The lack of coherent
solution to this modeling problem makes the proposed model valuable, as it is simple in
nature and reflects the data we have the best.

Lastly, the main improvements that come out of this research are in on the compu-
tational front, by finding a novel method for calculating average spectral accelerations,
which is the main quantity used in risk assessment. This method generates the distribu-
tion of this quantity in one step using numerical integration rather than the previously
used Monte Carlo method. The method speeds up computations by a factor of 550 times.
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1 Introduction
The Groningen gas field, located in the northern part of the Netherlands, is one of the
largest natural gas deposits in the world. Since its discovery in 1959, it has played an
important role in the development of the Dutch economy, being the main provider of
natural gas in the Netherlands and neighboring countries. However, the extraction of gas
has led to unintended consequences. In particular, induced earthquakes have caused a
lot of distress in the region and raised the question whether gas extraction should be re-
duced or even completely stopped. This question has been the topic of political debate for
more than a decade now and has led to the permanent closure of the gas field in April 2024.

In order to make decisions about complex problems like this, it is important to have an
accurate estimate of the risks involved in the subsequent extraction of gas. To this extent,
many risk models have been built and refined over the years [1]–[4]. These models can be
seen as a chain of submodels, ranging from estimated occurrence rates of induced earth-
quakes and their magnitude distribution to the economic risks of continuing extraction of
gas. One of these sub-models is called the ground motion model (GMM). Ground motion
models are mathematical models that predict the intensity of ground shaking during an
earthquake. They relate earthquake attributes, such as magnitude, rupture distance, and
local geological conditions, to the expected level of seismic shaking at a specific location.
The scientific field that studies these phenomena is called statistical seismology. A com-
plete overview of the model chain can be seen in Figure 1.

Figure 1: Visual representation of the Groningen Seismic Harzard and Risks model chain.
Source: [5].

One of the most important physical quantities for estimating the shaking of build-
ings is called spectral acceleration. It is a measure of the maximum acceleration that
a building would experience (which is directly related to the forces it feels) given some
earthquake signal. One can imagine different buildings responding in different ways to
the same earthquakes; therefore, there is no single spectral acceleration. Rather, there
is a whole spectrum of spectral accelerations. The most simple model we can make for
a building is to represent it as a one-dimensional oscillator of a certain eigenfrequency,
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where we expose the oscillator to the driving force that the earthquake would cause and
subsequently measure the maximum acceleration it experiences due to this force.

An important feature of the Groningen GMM is that it features a site response model.
In this type of model, the region is divided into different zones based on geological char-
acteristics to obtain an estimate of how earthquakes can affect each zone. This is done in
regions where the shallow subsurface is not homogeneous enough to produce an accurate
model. In Figure 2, we have a map of these zones. In the zonified model of Groningen,
only a part of the subsurface is modeled to be different per zone. From the source, which
is generally around 3000m deep, the subsurface is modeled to have the same properties
up to a reference depth of approximately 800m. All variations in the subsurface have
been absorbed into the variability of the reference model. This choice is based on known
geological profiles of the area; see Kruiver et al. for more information on geological zoni-
fication [6].

Because Groningen is zonified in this way, we need to have a separate GMM for each
zone. Then again, since a large part up to a reference depth is modeled to be identi-
cal, it makes more sense to make a two-stage model: we have one stage that models the
spectral acceleration at a depth of 800m, which we call reference spectral acceleration,
and another stage that models the zone-specific part. This is done by modeling so-called
amplification functions in these zones. These take a reference spectral acceleration and
give the factor by which you need to amplify (or attenuate) the reference value to get the
surface value, which is called simply the spectral acceleration, or as I will often call it, the
surface spectral acceleration, to avoid confusion. Figure 3 shows a schematic overview of
the site-response model.

Typically, the subsurface carries the seismic waves linearly, which means that regard-
less of the magnitude of the wave traveling through it, it will be amplified or attenuated
by a constant amplification factor. This is called linear behavior. However, some types
of subsurface will ‘break down’ at high magnitudes, due to the heavy shaking caused by
the wave, at which point they will stop showing linear behavior.

In this thesis, research has been conducted into various aspects of Groningen’s ground
motion model, with a particular focus on the site amplification component. The research is
broad in nature and tries to look at the ground motion model from multiple perspectives.
It can largely be split up into three areas:

1. Model calibration: In this category we will look at how we can estimate the
best-fitting parameters and compare these to the parameters prescribed by the orig-
inal author. To do this, we used a large dataset which features different types of
earthquakes with each reference spectral acceleration and amplification values.

2. Model validation: In this part of the research, we look at whether some model
choices are coherent with the data set and argue to which degree the model could be
improved by changing aspects of it, such as the choices of probability distributions
or certain functional forms for calculating parameters. This provides insights for
both my own research and future research.

3. Computational advancement: In this area, we investigate the best and most
computationally efficient ways to do risk calculations. Where the other two parts
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Figure 2: Zonation map for site-response model of the Groningen area. Source: [7].

Figure 3: Schematic overview of the site-response model
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are more about making the model represent the phenomena we are investigating
as accurately as possible, this part is about making sure that the model is not too
computationally complex to use for risk analysis purposes. We do this by creating
new methods to calculate the model and comparing them to existing ones.

The thesis will be structured such that each of these parts of the research will be
featured in its own chapter. Before this though, it is necessary to give a review of the
GMMs we will we working with, as well as to give insights into the data we are working
with. This will be done in Chapters 2 and 3, respectively. Next, Chapters 4, 5 and 6 will
feature each part of the research as described above. After this, we will look at the impact
of all proposed changes that follow from this research by looking at how they affect the
risk assessment. This will be done in Chapter 7. Thereafter, we will raise some critical
questions in a discussion in Chapter 8. Finally, we present our conclusions in Chapter 9.
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2 Review of Site-Response Models for Induced Seismic-
ity

In this chapter, I will introduce the different ground motion models used throughout the
history of modeling the seismic activities in Groningen. Before I go over the models, I
take a brief excursion to formalize some notation about how I will be representing an
earthquake as a mathematical object.

2.1 Earthquake data

Both for the context of simulating earthquakes and for data analysis on them, we need to
know what kind of data we expect from an earthquake. As explained in the Introduction,
very important quantities for earthquake engineering are the spectral accelerations, also
often called the response spectrum. In theory, these are a continuous spectrum of values,
but we represent them as a discrete set of points spaced such that they capture the most
important frequencies that buildings are vulnerable to. Firstly, note that, rather than
working with frequencies, earthquake engineers tend to work with periods, so we will be
staying true to this convention. To that extent, for the Groningen ground motion model,
we consider 23 periods ranging from 0.01s to 5s. What periods exactly are used are of lit-
tle relevance to the mathematical formulations, so we just consider periods with an index
from 1 to 23, which will make the notation simpler. So in general, we will be referring to
i ∈ {1, ..., 23} := I, rather than to period 0.01s, for example.

Subsequently, we define a ground motion measurement E as

E := (S,A, x, y,M,R, z),

Here, S ∈ Rd
+ is the vector of spectral accelerations at the reference depth and A ∈ Rd

+

is the vector of amplification factors, i.e. Ai is the factor by which Si is amplified at the
surface. We restrict them to be positive because they are positive quantities by nature.
The variables x and y specify a coordinate at which the measurement took place, M ∈ R
specifies the magnitude of the earthquake that generated the signal, and R ∈ R+ the
distance from the hypocenter of the earthquake (or sometimes the minimal distance to
the rupture, because earthquakes tend to be shaped like a plane rather than a singular
point). Lastly, z is the zone number where the measurement took place. As described in
the Introduction, the Groningen zone is divided into 160 regions, plus two that consist
completely of water, but we tend to not count those. All of these have a code consisting
of 4 numbers, as in the plot of Figure 2, but for mathematical formulations, we will gen-
erally consider them as an index from 1 to 160, much the same as for periods. Since the
mathematical formulations will all be symmetric w.r.t. the choice of mapping from index
to zones, we do not prespecify a mapping.

2.2 History of Site Response Models for Groningen

Groningen has been modeled with a site response model since around 2017. The model
has evolved quite a bit since then, but in its core has remained quite similar. For this
reason, the easiest way to convey how to model works is by going through a few iterations
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of the model, which gradually build up in complexity.

The responsibility for presenting the risk and hazard models associated with the ex-
traction of gas from the Groningen field has been attributed to NAM. Consequently,
NAM is the developer of the ground motion models (GMMs) under our current investi-
gation. Over the years, they have developed model versions one through seven, denoted
as GMMV1 to GMMV7.

2.2.1 GMMV2

The first GMM that is relevant to study is GMMV2 [8], which was based on the work of
Dr. A. Rodriguez-Marek [9]. In this paper, he sets the foundations for the site-response
model that is used to model the amplification functions to this day.

Given some earthquake E , the goal of the models we discuss is to model amplifications
Ai given the other information about the earthquake, the most important of which being
the reference spectral acceleration Si. Even though the model we are discussing is condi-
tioned on this quantity being given, it is still important to understand how to interpret
them, especially for later chapters. From the perspective of modeling the amplification
factors, we can view S as

ln(S) ∼ N (m, C), (1)

i.e. S is a multivariate lognormal random variable with some mean vector m and co-
variance matrix C, although it is more commonly described in terms of its correlation
matrix B. This correlation matrix B was suggested by Baker & Jayaram 2007 [10] and is
now commonly used as a way to describe the correlation between spectral accelerations.
Hence, when working with the reference model, we usually only work with the correlation
matrix and marginal variances, which we call s, such that C = sTBs These parameters
are determined by other models part of the GMM. How this happens precisely is not of
particular relevance; we can simply assume them as known constants.

Given this reference value, we can model the amplification of the spectral acceleration
at period i as

Ai|Si ∼ Lognormal(µz
i (Si), σ

z
i (Si)), (2)

where Si is the spectral acceleration at reference level for periods. µz
i and σz

i are functions
of the random variables Si, which give you the parameters of the conditional distribution.
The superscript z is used to denote that the parameters are zone-specific. However, this
superscript will mostly be dropped from now on, and it can be assumed that the param-
eters are zone-specific, unless stated otherwise.

The log-normal assumption is not specific to this model, but is very common in earth-
quake analysis. This is mostly because the earthquake data appears to confirm this, but
one can imagine this lognormality originating from the subsurface being quite irregular
and the surface values being an accumulation of many random features in the subsurface
which either amplify the wave or attenuate it. If you have many independent sources of
randomness multiplied together, you tend to get a lognormal random variable, much like
the case where you add many sources of randomness, you tend to get normal distributions.
Our knowledge of the subsurface is simply not complete. Although the behavior of a wave
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traveling through the ground is deterministic, the knowledge of the ground is not precise
enough to get an accurate idea of what a nearby earthquake will do to a specific building
at a specific location. Therefore, the effects are described as random with a certain set of
parameters for a specific region. These regions can be large or small, depending on the
choice of model.

For Groningen, as we have seen, the area is divided into 160 zones based on the
consistencies of the soil profile, which will each produce a different set of parameters.
The GMMV2 describes specific functions for µi and σi for the conditional distribution of
amplification factors Ai, given some reference spectral acceleration Si. For µi we have

µi(Si) = ai + bi ln

(
ci + Si

ci

)
(3)

and for σi we have the piecewise function

σi(Si) =


σ1,i for Si ≤ α,

σ1,i + (σ2,i − σ1,i)
(

ln(Si)−ln(αi)
ln(βi)−ln(αi)

)
for αi < Si ≤ βi,

σ2,i for Si > βi.

(4)

In this model, we have 7 parameters per zone/period pair, which are ai, ci ∈ R+, bi ∈ R,
αi, βi, σ1,i, σ2,i ∈ R+. Rodriguez-Marek [9] proposes fixing some of these parameters to
be constant across all zones and pre-specifying their values to reduce the number of free
parameters. In Rodriguez-Marek [9], values of c, αi, and βi are given, leaving 4 free pa-
rameters to be estimated across each zone/period. The values of these parameters can be
found in Appendix 1 in Table 2.

Groningen is divided into 160 zones, and the number of periods considered is 23.
Therefore, the GMMV2 [8] effectively describes 23 ·160 = 3680 different random variables
Ai|Si with their unique set of parameters.

Each of these parameters has a specific impact on the model. The parameters ai, bi
and ci determine the curve of the means around which the realizations of Ai will be cen-
tered. For values of Si close to 0, the curve starts at a constant value of ai and remains
approximately constant until Si gets close to the value of ci, at which point a non-linear
regime starts to emerge, which can slope both upward and downward depending on the
sign of b. b will determine how strong the amplification or attenuation effect is. As stated
above, ci are fixed and were chosen by Rodriguez-Marek [9]. According to him, these pa-
rameters ‘were set to constant field-wide values after a careful examination of preliminary
regression results.’ However, he does not share the exact methods.

The parameters αi and βi denote the points in the piecewise function for the standard
deviation σi between which the standard deviation goes from σ1,i to σ2,i. As stated above,
αi and βi are also not free parameters and were chosen by Rodriguez-Marek [9] without
a description of the procedure with which these values were determined.

This model aims to model an important characteristic of high-magnitude earthquake
waves as they travel through soft soils: the non-linear breakdown point. This occurs
when the energy of the waves can no longer be transmitted linearly through the subsur-
face materials. At this threshold, the intensity of the wave disrupts the usual propagation,
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causing the energy transfer to become non-linear. This effect is a factor in understanding
how earthquake waves are transferred through soft soils.

2.2.2 GMMV6

After the previous model GMMV4, GMMV5, and GMMV6 followed (GMMV3 was never
published and was only used internally). They were all similar in the way they handled
amplification functions. Therefore, we simply skip to the latest one.

The largest change in these models compared to the GMMV2 is the added dependence
on magnitude and distance for the parameter a. To be precise, assume that we have an
earthquake E in some zone z and we are considering a certain period i that is less than
0.30s (we again drop the indices for i for brevity). We now have

a(M,R) = a0 + a1 log(R) + (b0 + b1 log(R))(min(M,Mref )−Mref ) (5)

and Mref is defined as

Mref = M1 −
log(R)− log(3)

log(60)− log(3)
(M1 −M2).

This adds six new parameters to deal with. We have a0, b0,M1,M2 ∈ R+ and a1, b1 ∈ R.
If we set all of these to be 0 except a0, we simply retrieve the GMMV2, which is what
is done for periods of 0.3 and above. Otherwise, we let all of these be free parameters,
except M2. M2 was chosen to be 4.5, so as to center the model in the right place [3].

This addition will add an additional dependence on M and R to the model. To be
precise, we add a term scaling with the logarithm of the distance, as well as a term
that scales with small magnitudes. It is important to realize that the previous model
was completely independent of magnitude and distance, which may sound strange, but
the nuance here is that the conditional distributions were specified and, obviously, the
reference values are strongly dependent on magnitude and distance. However, Stafford et
al. [11] found that there is a linear relationship between magnitude and distance for low
periods. Therefore, Bommer et al. included these findings in GMMV5-6 [2], [3]. Note
that this model is applicable for magnitudes up to 7.25 and distances up to 60 km.

In addition to this change, lower and upper bounds were also placed on the mean
functions µ. For this, two parameters Amin and Amax were chosen. Amin is always set
to 0.25 and Amax varies between periods and zones. For Amax to be relevant in the first
place, we need a positive value for f2, i.e. there needs to be an amplifying effect due to
nonlinear breakdown. According to Bommer et al. [1], this is mostly relevant for longer
periods, say longer than 1.5s. We will later consider periods between 0.01s and 1s, so
these are not particularly relevant for us. For more information on how to calculate these,
see GMMV4 [1].
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2.2.3 GMMV7

GmmV7 introduced even more changes to the linear part of the model. In this version,
we have

a(M,R) = a0 + a1 log(R) + (b0 + b1 log(R))(min(M,Mref )−Mref )+

a2(ln(R)− ln(Rref ))
2 + b2(min(M,Mref )−Mref,2)

2+

a3(max(M,Mref )−Mref ).

(6)

The extra terms add a quadratic dependence on magnitude and distance, as well as
a term that scales with large magnitudes. The report on GMMV7 by Bommer et al. [4]
does not mention any restrictions in the domain on these parameters. However, it specifies
that Rref is a constant equal to 10.25 and that Mref,2 is 3.2. The other parameters are
described as free, although from the parameters supplied with the report, it appears that
the parameters a1 and a2 are 0 for periods greater than 0.5.

2.3 Period-to-period correlations for amplification factors

Recall from Eq. 1 that for the reference model, we specified a multivariate lognormal
model with a given covariance matrix, but for the amplifications, only marginal distribu-
tions were specified; see Eq. 2. However, it is an important question to ask whether these
should depend on each other in some way, because the dependence structure of A will
heavily influence the distribution of the surface spectral acceleration vector S⊙A = Asurf ,
where ⊙ is the operator for element-wise multiplication of vectors. As will be revealed
later, this quantity is important for risk calculations, so it is important to model the right
dependence structure for A.

In terms of what the ground motion model reports prescribe, it is rather unclear. In
V6, it appears to implicitly suggest a model where all correlations between periods are
0, i.e., full conditional independence between different amplification factors, given their
corresponding reference ground motions [3, p. 74]. In contrast to this, in V7 the same
authors appear to suggest a model with perfect positive correlation, i.e., each period has
the same residuals for their uncertain components [4, p. 172]. This sudden change in
model, without justification behind why it is being modeled this way, has left TNO to
question the views behind these sudden changes and has sparked a conversation between
the two parties [12, Appendix C].

To this day, this confusion remains unresolved. In Chapter 5, I will look into what
dependence structure the data suggests. Note the nuance here that we do not assume a
priori a multivariate lognormal distribution, even though this is prescribed by the model
authors [4].

2.4 Fragility modeling

The fragility model is the component of the Groningen model chain responsible for pre-
dicting the damage done to buildings, given some ground motion. Understanding how this
works is quite crucial to understand my contributions regarding the model computations
in Chapter 6. This is because the spectral accelerations Ssurf that the ground motion
generates are fed directly into the fragility model. Hence, if we want to make the ground
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motion simulations more efficient, we need to understand exactly what is needed to apply
the fragility model.

The following description is based on the in-depth explanation of H. Crowley in [13]
and is a paraphrasing of her explanation in my own words. The main idea of the fragility
model is that you give it some predictor for certain damage states of a building, which
we call an intensity measure (IM). Given the intensity measure, it will tell you with what
probability a certain building will be in that damaged state. This can be any imaginable
quantity and for now, we will be treating these in full generality and hence should not be
linked to the previous sections. The model can take one or multiple intensity measures.
We will explain the choice of different types of IM in more detail in the next subsection.

Next, we also assume that we have models for different building types. For context,
this could be a building with unreinforced masonry within a certain range of dimensions.
In the latest Groningen fragility model, we have data for 35 different building types,
ranging between different types of brick houses, or houses with unreinforced masonry or
farmhouses, and we have knowledge of their locations within the area. For each of these
buildings, we also have the so called ‘displacement limits’. These represent a hard limit
where if a building experiences a displacement greater than this number, the building
will receive the damage type corresponding to this displacement limit. Multiple types of
damage are possible, ranging from non-structural damage to collapse.

Intensity measures are used to predict the ‘expected displacement‘ that would occur
in a certain type of building, given those intensity measures. This goes as follows.

Definition 1 (Distribution of displacements). Let D be the displacement response and
let {I, b} ∈ Rd, where I is the vector of intensity measures and b is a coefficient vector
and b0 ∈ R. Then we define

ln(D)|I ∼ N (ln ηD|I , βs),

where

ln ηD|I(I) = E(ln(D)|I) := b0 + b · ln(I) = b0 + b1 ln(I1) + ...+ bm ln(Im),

and
βs =

√
β2
R + β2

BB + β2
D|I .

Here, βR and βBB are predetermined model parameters, and βD|I is a variance specific to
the building type.

There are several components to this model that we will briefly discuss now. Firstly,
we allow a vector of intensity measures I to be a predictor. Whether to use one or multiple
IMs is left open. Then, if using multiple IMs, it combines them in a hyperplane represen-
tation. This makes it such that the fragility model will work best for IMs that have an
approximately linear relationship with the displacement. Instead of using a hyperplane,
one could consider using other techniques, such as machine learning methods like decision
trees or neural networks, as was done by Q. Kong et al. [14].

To use this model, it is necessary to have a dataset to which one can calibrate the
parameters. An example of such a calibration can be found in Figure 4, where a data
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Figure 4: Example of a calibration data set for the calibration of an IM. On the x-axis
we see the log of the spectral acceleration of period 0.01s being calibrated to the log
displacement. Source: [13, p. 4505]

set of spectral accelerations of period 0.01s is shown with a best-fit regression line. Ob-
taining such a dataset is a non-trivial task. To do this, specialized structural engineering
software is used to model how different earthquake signals cause certain displacements
of a particular building type. The computational load is quite intense for these simula-
tions, hence the reason that in the end, the shaking is modeled using a statistical model
rather than a physical model. We will not go into how these are generated precisely. For
now, simply assume that we have a data set with displacements d1, ..., dn and for each
displacement we know the intensity measures Ii, i ∈ {1, .., n} that resulted in the building
having this displacement. Then obtaining coefficients b0, ..., bm can be done with a simple
linear regression on the logarithms of the displacements. Then, with the same data, we
determine

β2
D|I =

∑n
i=1

[
ln(di)− ln ηD|I(Ii)

]2
n− (m+ 1)

, (7)

which is the unbiased estimator for the variance of data with n data points and m+1
degrees of freedom. Lastly, βR and βBB represent, respectively, record-to-record and
building-to-building variability. These can also be assumed to be known constants.

The way this model is now put to use is to calculate the probability of exceeding a
certain displacement limit PL, where L is the point where if d ≥ L, then the building will
experience some type of damage. Note that different kinds of damaged states exist, each
with their own limit, as well as that all different building types have different thresholds
L. The probability is then easily calculated because we defined the log-displacement as a
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normal distribution earlier, so

PL = 1− Φ

(
ln(L)− ln ηD|I(I)

βs

)
. (8)

These probabilities are a fundamental component of the Groningen model chain. To-
gether with the ground motion model, we can now answer the question ‘what kind of
damage can we expect if we have an earthquake of magnitude M and location (x, y)’.
As you can see, the main remaining components that these risks are conditioned on are
magnitude and location, so if you now integrate this model over another model for magni-
tude distributions and a spatial model of where we expect earthquakes, we can calculate
aggregate risks over the entire region. We will not discuss the other components of the
chain in detail. In order to estimate the impact of changes to the ground motion model
that will be discussed in this thesis, we will, however, use the other parts of the chain.
This will be essentially a black box, but since we use the same black box for all ground
motion models we use as input, we can still use this as a way to measure the real world
impact of the changed model.

2.4.1 Intensity measures

In the fragility model, as explained above, we have said nothing about the choice of in-
tensity measure. The model is made in such a way that it can accept any possible set
of inputs as intensity measures (IMs). It is completely up to the designer of the fragility
model to determine what IMs are the most suited. One can imagine that picking things
that have a higher correlation with displacement of the building, will offer more predic-
tory value than ones with lower. For example, one can imagine that the magnitude of
the earthquake will be a better predictor than, e.g., the time of day, even though both
are valid IMs. The fragility models of the Groningen model chain have gone through
numerous iterations. The most effective IMs have proven to be the spectral accelerations,
which is why the ground-motion model focuses so heavily on these. [13]

For reference, we will briefly discuss some previous choices of IMs in older versions of
the Groningen fragility model. In the paper explaining the basis of the fragility model
that I explained above [13], H. Crowley, the lead scientist behind the Groningen fragility
model developed by NAM, also explains the IMs used at that point in time (2019). She
explains that to choose the right intensity measure, one needs to look at the most effi-
cient ones (lowest standard deviation according to Eq. (7)) and select the ones with a
low Pearson correlation with each other. The latter will ensure that you are not using
‘the same information’ in multiple IMs. She researched which IMs would be appropriate
to use, and found that the ones that appeared to fit these criteria best were to use the
spectral accelerations of two specific periods Ssurf,T1 and Ssurf,T2 and the metric called the
5-75% significant duration of the earthquake DS5−75%, which is the time between which
5% to 75% of the total energy of the earthquake’s ground motion is accumulated. The
choice of the two periods is such that it tries to capture the fundamental frequencies of the
building type optimally. Usually, this results in two frequencies not too close together,
as the closer they are, the higher their Pearson correlation will be, and the lower the
predictive power of the fragility model will be overall.
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2.4.2 Average spectral acceleration S

A more recent development in the choice of IMs is to combine all the spectral accelerations
into one predictor in the form of the average spectral acceleration. This quantity is defined
as the average surface spectral acceleration over 10 periods. To be precise, we consider
the periods 0.01s, 0.1s, 0.2s, 0.3s, 0.4s, 0.5s, 0.6s, 0.7s, 0.85s and 1s and to get the average
spectral acceleration, we take a geometric mean in the linear domain or an arithmetic
mean in the log domain. In general, we will be working with quantities in the log domain,
because it is generally more readable. Therefore, we define the logarithm of the average
spectral acceleration S as

Z := ln(S) =
1

10

10∑
i=1

ln(Ssurf,i), (9)

where Ssurf,i is the surface spectral acceleration at period i. Using this as an IM will
simplify the fragility model such that ln ηD|I from Definition 1 simplifies to

ln ηD|I = b0 + b1Z.

Using this as the only IM has shown better performance than any single spectral
acceleration component as IM [15]. To my current understanding, there is no clear math-
ematical explanation why this should be the case; however, empirically it has shown itself
to be highly effective. Using this as an IM has the major advantage of being universal: it
is a metric that can be used for all buildings and will generally have sufficient predictive
power to estimate damage states.

We can use this universality to our advantage in the model chain. Rather than simu-
lating all the ground motions that make up the average, we estimate the average directly.
This is one of the main results of this thesis and will be discussed in Chapter 6.

Although S appears to be the best performing single IM, it can still be improved by
combining it with other IMs. For example, research by E. Bojórquez et al. shows that
in their context of steel frames on soft soils, it was effective to use I =

(
S
S1
, S1

)
[16].

However, changing the fragility model is not the focus of this thesis.
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3 Data Description
In this chapter, we study the data used for model calibration and model validation. Firstly,
we will go through a brief explanation of how the data is obtained and, afterwards, we
will give statistical insights into the data. In this process, the models will become more
intuitive and you will get visual insights in how the site amplification works.

3.1 STRATA dataset

The dataset that is used for the calibration of the Groningen GMMs (except V7) is called
the STRATA dataset, provided by the research institute Deltares [17]. The reason we call
it the STRATA dataset is that it was created with software called Strata [18]. Although
it is used to calibrate the GMM, it does not contain real ground-motion data. All the
data in it has been generated by computed simulations. This is because the phenomenon
it is trying to describe, i.e. the non-linear breakdown point of the soil, has never been
actually measured in the Groningen subsurface as a consequence of an earthquake. This
is because the magnitude required to reach the energy level of a breakdown has not yet
occurred in the region. The models used to generate these are more physical in nature,
and the known soil profiles of the area are used to generate the data. Therefore, this is
the best we can do in terms of predicting the effect of larger-magnitude earthquakes.

The data set has 1.405.010 data points, divided between the 160 relevant zones. Some
zones have around 500 points, some zones have in the order of 20.000 points, which has
to do with the geographical area of the zone.

An obvious question regarding the use of this dataset is: If we have a way to generate
data based on the geology of the region, why not use this model directly in the risk
calculations? The answer to this lies in the computational complexity to create data
points like in the STRATA dataset. It is many orders of magnitude more complex.
Therefore, we use the STRATA data to calibrate a summary model that is probabilistic
in nature and is easy to sample.

3.1.1 Examples of STRATA data in multiple GMMs

To get a sense of how these data look, we will study the plots in Figure 5. Here we see
10 plots of different periods for an arbitrarily chosen zone in the STRATA dataset. In
each plot you can see a point cloud of data points. Each of these represents a simulated
earthquake signal with some coordinate, magnitude, and distance that has arrived in this
zone. This same earthquake also appears in the other periods’ plots, but it is impossible
in this way of visualizing to link them together, which is not really an issue because we do
model inference separately per period. They are plotted with the reference spectral accel-
eration on the x-axis and the amplification on the y-axis, so we can observe the functional
relationship between the two. Next, we also have the red line, which is the mean function
according to the GMMV2, and we also have the 95% confidence interval around it. You
can get a sense for how well the model fits by looking at these zones: approximately 95%
of the data points should fall into this zone. Furthermore, certain parts of the zone being
unpopulated is also a bad sign, as there should have been data points there if the model
were a perfect fit. Lastly, we have the green dashed lines that are the points αi and βi,
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that is, the points between which the variance goes from σ1,i to σ2,i.

The way in which the probabilistic part of the model should be interpreted is as fol-
lows: at each point on the red line, we expect to see data above and below that point
spread according to the lognormal distribution. Note that both axes are on a logarithmic
scale, so that means that the spread on the plot will resemble the normal distribution,
hence the symmetry in the confidence intervals.

We can also clearly observe that the mean function has a linear part (governed by
the parameter ai) and then an intermediate part where it breaks down, and finally a part
where the behavior is logarithmic (which looks linear on the logarithmically scaled x axis).

We can now compare this with how the V6 model looks. We have the same plot of
the same data but now with a visualization of the V6 parameters around it; see Figure 6.
Observe that now the mean is no longer a single curve, but can vary for each earthquake
depending on distance and magnitude. It is hard to see which orange dot corresponds to
which blue dot in the earlier periods.

Besides this, we also did not show any confidence interval because they are no longer
a curve, but rather vary around each orange dot separately. Because of this, we also
show Figure 7, in which we have a filtered version of the previous plots, where we only
include earthquakes of magnitude 5.5, making the data more concentrated. Because 5.5
is a relatively high magnitude, we see a lot of earthquakes in the nonlinear regime. Here
we can also visualize the uncertainties in a relatively clear way.

3.2 Monte Carlo simulations of GMMs

The models as described in the previous chapter are very suited for Monte Carlo sim-
ulations, because of its two step nature and conditional formulation. It is easy to get
a surface spectral acceleration by sampling a reference spectral acceleration and subse-
quently sampling an amplification factor conditioned on the reference value. Still though,
the Monte Carlo simulations have one small caveat we will be going over shortly, and it
also looks slightly different because of it being conditioned on magnitude and distance.

3.2.1 Site-to-site variability ϕS2S

In the process of obtaining the STRATA data, they cannot include certain epistemic
sources of uncertainty. Rather than artificially try to put this into the data, they opted to
leave this out and therefore calibration is done with different variances than those that are
found by calibrating the model to the STRATA data. To be precise, when we calibrate
the model for amplification Ai, we calibrate the function σi and its parameters σ1,i and
σ2,i. Recall that σi(Si) was described by Eq. 4. Now, we define the function ϕS2S(Si) in
a similar way as the piecewise function

ϕS2S(Si) =


ϕS2S,1,i for Si ≤ α,

ϕS2S,1,i + (ϕS2S,2,i − ϕS2S,1,i)
(

ln(Si)−ln(αi)
ln(βi)−ln(αi)

)
for αi < Si ≤ βi,

ϕS2S,2,i for Si > βi.

(10)
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Figure 5: Plot of the data of zone 1011 from the STRATA dataset. Each point represents
a certain simulated earthquake. On the x-axis we see the reference spectral acceleration
of a certain period, as given in the title for each subplot, and on the y-axis we see the
amplification factors in log-log scale. The red line represents the mean function according
to the GMMV2 and around it we see a 95% confidence interval. The parameters used for
the model are the maximum likelihood parameters for the plotted datapoints.
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Figure 6: Plot of the data of zone 1011 from the STRATA dataset. Each blue point
represents a certain simulated earthquake. On the x-axis we see the reference spectral
acceleration of a certain period, as given in the title for each subplot, and on the y-axis
we see the log-amplification factors. Each orange point represents the median value of a
corresponding blue point either above or below it, according to the GMMV6 model. The
parameters used for the model are the maximum likelihood parameters for the plotted
datapoints.
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Figure 7: Plot of the data of zone 1011 from the STRATA dataset, filtered for earthquakes
with magnitude M = 5.5. On the x-axis we see the reference spectral acceleration of a
certain period, as given in the title for each subplot, and on the y-axis we see the log-
amplification factors. Each orange point represents the median value of a corresponding
blue point either above or below it, according to the GMMV6 model. Each orange point
also has two corresponding red points representing the 95% confidence interval. The
parameters used for the model are the maximum likelihood parameters for the non-filtered
dataset. 18



Here, the parameters αi and βi are the same as in σi(Si). The parameters ϕS2S,1,i

and ϕS2S,2,i can be found as the sum of the two sources of uncertainty: the previously
discussed σi(Si) and the epistemic uncertainty σMRD, which is constant for all periods,
but is different per zone. This uncertainty is further subdivided into σMRD,1 and σMRD,2

such that

ϕS2S,1,i =
√
σ1,i(Si)2 + σ2

MRD,1,

ϕS2S,2,i =
√
σ2,i(Si)2 + σ2

MRD,2.

The epistemic uncertainties are subscripted MRD, which stands for modulus reduction
and damping curves. This the part of the data generation that is responsible for the
epistemic uncertainty. For a deep explanation regarding this source of uncertainty, I
refer to Rodriguez-Marek [9]. Secondly, to obtain the MRD uncertainties, I refer you
to GMMV4 [1, pp. 214-216]. Their calculation is of no significant importance to this
thesis. We will simply use ϕS2S whenever we sample the model and use σi when doing
calibrations.

3.2.2 Example of a simulation

To visualize how the model looks from the simulation side, we will pick a scenario and
work through the steps. The scenario I am choosing is a magnitude of 4.8 at a distance
of 7km. This is a medium length distance with high magnitude, so we expect quite
high spectral accelerations, but these values are no particular significance. Next, for the
reference spectral acceleration, there are a few branches in the model to choose from. I
will choose the ones which yield the highest median, i.e. some sort of ‘worst case scenario’.
We will for simplicity restrict ourselves to a single period, 0.1 seconds, for demonstration
purposes. We can now use the parameter files given as an attachment model V6 [3] to get
the function parameters for the mean of the amplification function and its uncertainties.
This is plotted in Figure 8. I chose to plot the logarithm of S and A for simplicity. In this
demonstration, you can clearly see that the amplification mean is bounded from below by
Amin as described in the model V6 section.

In this scenario, the reference model gives us that the reference spectral accelerations
ln(S) is distributed as ln(S) ∼ N (µ = −1.75, σ = 0.394). In Figure 9 you can see a
demonstration of how the reference model fits into the amplification model. Here we see
the density of the reference model, plotted on separate axes. The x-values of the points
we simulate will be sampled according to this distribution. We then will samples a dif-
ferent normal distribution, determined by the amplification model, which will determine
the vertical displacement from the blue line.

We can now sample reference spectral accelerations from this normal distributions and
compute their amplification means and variances. Then we can sample those distribu-
tions once again to get the simulated amplification values. In Figure 10, we can see an
arbitrarily sampled 1000 points according to this procedure.

Observe that the points are horizontally spread out according to the reference model,
and vertically spread out according to the amplification model. This makes it so the
point cloud appears stays clustered around the blue line. To demonstrate this effect even
further, and to generate a plot that looks a bit more similar to the STRATA data from
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Figure 8: Amplification mean and standard deviations for a magnitude of 4.8 at a distance
of 7km. On the x-axis we see the log reference spectral acceleration S and on the y-axis
we see the amplification factors A. The blue line represents the mean function w.r.t. the
reference spectral acceleration.

which the parameters were derived, we can shift the reference distribution a bit and add
more variance. For the simulation in Figure 11, the reference model was set to have
ln(S) ∼ N (−4, 2.4).
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Figure 9: Amplification mean and standard deviations for a magnitude of 4.8 at a distance
of 7km. On the x-axis we see the log reference spectral acceleration S and on the y-axis
we see the amplification factors A. The blue line represents the mean function w.r.t. the
reference spectral acceleration. Furthermore, we have plotted the density of the reference
model, scaled on its own axes to the place where we expect the amplification factors to
be.

Figure 10: Amplification mean and standard deviations for a magnitude of 4.8 at a
distance of 7km. On the x-axis we see the log reference spectral acceleration S and
on the y-axis we see the amplification factors A. The blue line represents the mean
function w.r.t. the reference spectral acceleration. Furthermore, we have plotted the
density of the reference model, scaled on its own axes to the place where we expect the
amplification factors to be. The red point cloud shows the values from a simulation of
the site amplification model.
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Figure 11: Simulation of the amplifications in an artificial scenario with inflated variance.
On the x-axis we see the log reference spectral acceleration S and on the y-axis we see the
amplification factors A. The blue line represents the mean function w.r.t. the reference
spectral acceleration.
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4 Model Calibration through Parameter Estimation
Throughout models GMMV4 to GMMV7, the communication around how the parameters
they find are calculated is unclear. They talk mainly about regression and fixing param-
eters to certain values and then tuning the other ones. To be precise, if I understand the
reports correctly [1]–[4], what they do is sequentially find the optimal value of a certain
parameter according to some metric (which is not explained). Then they go to another
parameter and optimize it to the same metric, where they now have the temporary opti-
mum for the other parameter. Then they repeat this procedure until all parameters have
been optimized a number of times. The number of times is also not explicitly stated.

This procedure seems very prone to getting stuck in local minima and in cycles, es-
pecially when optimizing a lot of parameters at the same time. Therefore, we decided
to do a calibration of the model with maximum likelihood estimations in order to find
parameters that fit the model better.

Note that we purely look at optimizing the parameters from a mathematical perspec-
tive. I do not claim that the other parameters are wrong, as the developers of the model
undoubtedly have a lot of expert insight which I lack. On the other hand, since I have
no way to replicate their method due to lack of explaining it, I found it interesting to see
what a maximum likelihood analysis finds as optimal parameters.

4.1 Maximum likelihood estimation

To find suitable parameters for this model, we will use maximum likelihood estimation.
The idea behind this is that we find the set of parameters that maximizes the probability
of finding the particular set of observations that we have. Considering some particular
period i (we drop the index for brevity), the probability of finding a particular observation
under a particular set of parameters is given by

P(A = y|S; a, b, σ1, σ2) =
1

A
√
2πσ(S;σ1, σ2)

exp

(
−(ln(y)− µ(S; a, b))2

2σ(S;α, β, σ1, σ2)2

)
, (11)

where µ and σ are defined as in equations 3 and 4 and parameters c, α and β are determined
by the period i and given in Rodriguez-Marek [9]. The likelihood of finding N ∈ N
observations X := {i ∈ {1, ..., N} : (Si, Ai)} with a certain set of parameters is given by

L(a, b, σ1, σ2;X) =
N∏
i=1

1

Ai

√
2πσ(Si;σ1, σ2)

exp

(
−(ln(Ai)− µ(ST,i; a, b))

2

2σ(Si;α, β, σ1, σ2)2

)
. (12)

Maximizing this function can be numerically unstable, hence we apply a log-transformation,
which increases the stability dramatically. We then get

ln(L) = −
N∑
i=1

[
ln(Ai) + 0.5 ln(2π) + ln(σ(Si)) +

(ln(Ai)− µ(Si))
2

2σ(Si)2

]
. (13)

Finding a maximum is usually done by finding a minimum to the negative of this function
because many programming languages have efficient implementations for minimization
problems. The minimization can be done in a fast and computationally efficient way by
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using a gradient-descent method such as the L-BFGS-B method [19]. We can speed this
procedure up dramatically by calculating an analytical expression for the gradient, which
can be done manually or with symbolic math packages like SymPy. This maximum like-
lihood estimation has to be done for 3680 of these functions, i.e. for each period in each
zone.

4.1.1 Extension to GMMV6 and GMMV7

Extending this procedure to the newer models is readily done. It is merely a matter of
updating the way you calculate the mean function, given that this is the only thing that
changes throughout the models. The likelihood function has stayed largely the same:

L(a(M,R), b, σ1, σ2;X) =

N∏
i=1

1

Ai

√
2πσ(Si;σ1, σ2)

exp

(
−(ln(Ai)− µ(Si; a(M,R), b))2

2σ(Si;α, β, σ1, σ2)2

)
,

where a(M,R) is as in Eq. 5 for GMMV6 and as in Eq. 6 for GMMV7. Although it is
computationally more complex because of the increased number of parameters, estimating
these parameters can be done in the same way as was done for the simpler version of the
model, where you need to be careful in selecting the right selection of free parameters.

The minimization procedure was done in the same way as for the simpler model. Here
it is important to stay critical and make sure the points you find are not saddle points,
because this can happen when optimizing large numbers of parameters, especially if the
likelihood is weakly sensitive to some parameters.

4.2 Comparing maximum likelihood estimates to given parame-
ters

Comparing how different sets of parameters perform for a model can be done in multiple
ways, but the obvious way, given that we are already in the maximum likelihood frame-
work, is to use the likelihoods. More specifically, a common metric to compare different
parameters is to calculate likelihood ratios, or the logarithm of this ratio.

We will be analyzing three sets of parameters. Firstly, the parameters supplied with
the V6 model [3]. We call these BommerV6, named after the main model author J. Bom-
mer. Next, we have the maximum likelihood estimates, computed with the procedure
above, labeled MLE. Lastly, we have maximum likelihood parameters, but with the c free
instead of specified by Table 2, we let it be a free parameter and optimize the parameters
in a similar way. We label this set of parameters as free c.

We will be comparing the likelihood ratios of each set of parameters for each period
and each zone. Given that there are 23 periods and 160 zones, this gives 3680 likelihood
ratios, which is too many to handle individually. Therefore, it is easiest to show them
in a histogram. You can find the results in Figure 12. Here we see three plots of the
aforementioned differences of log-likelihoods. The first one features the BommerV6 −

24



MLE, next we have BommerV6 − free c and lastly we have MLE - free c

We start with looking at the first plot. We see that the distribution is skewed very
negatively; in fact, there is not a single positive value. This is good news because it
implies the parameters we found are indeed all better in terms of likelihood compared to
the given parameters, corroborating that they are indeed optimal. The values seem to go
quite negative, showing that for some periods/zones there is a large difference between the
parameters. The absolute scale of these numbers is quite hard to interpret because the
datasets are so large, which makes the log-likelihoods themselves either very large or very
close to 0. Some values are close to 0, which means that the corresponding BommerV6
parameters are close to optimal, but many are also very negative. Unless the author has a
specific reason to not choose the MLE parameters, like any reasons stemming from expert
insight, or lacking stability of the model with these parameters, I recommend that future
developers of the GMM look into the effects of recalibrating the model.

It is clear that in the likelihood sense, the MLE are an optimization compared to the
BommerV6 parameters. However, it is hard to test the significance of this difference,
because the zones have significantly different sizes, making their likelihoods very unbal-
anced in absolute size, as was explained above. Therefore, we cannot conclude that a
large likelihood difference for some zone/period implies that the parameters are better
than for smaller likelihood differences. Due to this ambiguity, Section 5.1.1 features some
more results to establish a significant difference between the two parameter sets.

The second plot in Figure 12 showcases the results for the free c parameters compared
to the BommerV6 parameters. We see almost the exact same plot as before, so it is hard
to see if this is an improvement.

Lastly, the MLE parameters versus the free c parameters give us an insight into which
of these is better to use. Firstly, the values on the x axis are all a lot closer to 0 than
above, which shows us that the improvements in likelihood are not enormous compared to
the change from BommerV6 to MLE. Although most values are negative, some are also
positive. This is a bad sign, as including a new parameter and keeping the rest the same
should only improve the likelihood values. The fact there are positive values implies that
there have to be instabilities causing this. The amount of positive values is quite small,
and they are also close to 0, except for 1 outlier of around 3300. This is most likely caused
due to an instability in the minimization. Other than this, it seems a solid improvement,
so if one double checks for instabilities and checks if the period/zone combinations with
positive differences do not have obviously wrong parameters, it is most likely an improve-
ment to switch to this version.

From this, we can conclude at the very least that it is advisable to use the maximum
likelihood estimates rather than the supplied parameters, and potentially also let the c
parameter be free when doing the maximum likelihood calculations. We will not be using
these different parameters when doing risk calculations in subsequent chapters, simply
because otherwise we would not be able to compare our results due to other changes to
the old results.
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Figure 12: Different histograms of logarithmic likelihood differences for different sets of
parameters. We compare parameter sets MLE, BommerV6 and free c.
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5 Model Validity
In this chapter we will be looking into results regarding the model validity. We will
investigate two main questions:

• Does the marginal lognormality assumption for the amplification factors in Eq. 2
hold?

• What dependence structure between the periods can we find in the STRATA dataset?

The first question was raised after visual inspection of the STRATA data, which did
not always look the way we expect it to. The second question was already raised in
Section 2.3 and will be investigated in more detail in this chapter.

5.1 Lognormality assumption

As was said in the introduction of the chapter, it is not always visually whether the log-
normal assumption is somewhat correct. Besides this, it is not an implausible suggestion
that perhaps if the model’s linear transfer breaks down at some point, that perhaps the
lognormal assumption also breaks down after this point.

To investigate this, we start by looking at the residuals of the data. These are defined
by splitting up amplification factor ln(A) ∼ N (µ(S), σ(S)) into

ln(A) = µ(S) + σ(S)ϵ,

where ϵ is standard normally distributed. If we then calculate ln(A)−µ(S)
σ(S)

, then this should
therefore be a standard normal distribution, even though different data points have dif-
ferent means and standard deviations. We discuss a plot of the residuals of an arbitrary
zone - zone 1011 - according to the V6 model. In Figure 13, we observe histograms of
residuals, normalized to the standard normal distribution, done for the same zone and
periods as before.

We can now clearly see that there is some skewness in these distributions, as well
as some excess kurtosis in some plots. However, the other periods do look quite good.
This is, of course, only a single zone, which is not at all representative of the rest of the
dataset. This is merely a demonstration of how it can look. Upon inspection of more of
these plots, it was found that the results from this zone do not generalize to the other
ones. Sometimes the data is skewed towards the left, sometimes to the right, sometimes
the low periods look fine and the higher periods are more skewed... The few consistencies
in the results are that they are generally not great and generally worse in lower periods
than in higher periods.

This could be happening for multiple reasons. It could be that the functional form of
µ in Eq. 3 is not adequately modeling the data; it could be due to the lognormal assump-
tion not being sufficient to map the spread. Most likely, it is even due to both not being
adequate. It does not appear to have anything to do with the choice of parameters, as we
see similar results for the BommerV6 parameters as for the MLE parameters, introduced
in Chapter 4.
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Figure 13: Standard normal residuals of zone 1011 for the maximum likelihood estimates
of the GMMV6 model. Standard normal distribution is plotted as the red line for refer-
ence.
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Figure 14: Colormap showing accepted p-values (> 0.05) of KS-tests for log-normality of
the GMM V6 model according to the BommerV6 parameter set.

That being said, the results do not seem too bad; there is still quite a lot of resemblance
to the normal distribution. Furthermore, it would perhaps be unwise to put too much
resources into perfectly recreating the STRATA data in simulations because that data in
itself is also simply a reconstruction of reality and it has its own assumptions and artifacts.

5.1.1 Statistics on all zones

To get some deeper insights that are valid for the whole data set, we will now discuss
some statistics on all zones.

We will start with p-values for all the parameters of all zones and periods. In Figures
14, 15 and 16, we have plots displaying whether the p-values of KS-tests for log-normality
pass at confidence level 0.05 for the GMMV6 model for the three parameter sets, Bom-
merV6, MLE and free c as introduced in Section 4.2. It appears that not many period-
zone combinations pass the statistical tests. For the BommerV6 parameter set, only 23
pass the test. For MLE, there are 162 that pass the test and for free c there are 176
that pass the test. This does not seem like much at first sight, but before we draw any
conclusions, we can look at another test.

The following results were inspired by the observation that the quality of the estimates
appears to get worse with the number of data points in the zone. Figures 17, 18 and 19
show how the average p-value over the 10 selected periods gets smaller as the zone size
increases.

Interpreting these is a bit of a glass-half-full or glass-half-empty situation. We can
either say that the statistical test doesn’t have enough power to reject the model for lower
amounts of data. Equally, you can remark that the more data there is to reject, the more
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Figure 15: Colormap showing accepted p-values (> 0.05) of KS-tests for log-normality of
the GMM V6 model according to the MLE parameter set.

Figure 16: Colormap showing accepted p-values (> 0.05) of KS-tests for log-normality of
the GMM V6 model according to the free c parameter set.
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Figure 17: Scatter plot showing the average p-value of KS-test over 10 periods against
the size of the zone for the BommerV6 parameters. On the x-axis we see the zone size
and on the y-axis we see the average p-value.

Figure 18: Scatter plot showing the average p-value of KS-test over 10 periods against
the size of the zone for the MLE parameters. On the x-axis we see the zone size and on
the y-axis we see the average p-value.
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Figure 19: Scatter plot showing the average p-value of KS-test over 10 periods against
the size of the zone for the free c parameters. On the x-axis we see the zone size and on
the y-axis we see the average p-value.

tiny deficiencies will affect the outcome of the test and the less reliable it becomes. My
instinct says that the second makes more sense, mostly because the visual inspections
of earlier appear to give neither terrible nor perfect results, making me believe that the
small imperfections will be exploited by the KS-test.

Overall, I conclude that there are multiple signs pointing to the model not being per-
fect, but there are also no major red flags to completely reject it. Especially considering
the simplicity of the log-normal assumption, it is not appealing to reject it. Still though,
there are optimizations to be made and for future iterations of the model, it is definitely
wise to look at other distributions which allow for more accurate third and fourth mo-
ments.

We will not be looking into other models for the residuals in this thesis, but it should
definitely be a topic for further investigation. There simply was not enough time in this
project to pursue this further; rather, I decided to put the main focus into the results of
Chapter 6 instead.

5.2 Dependence structure between amplification factors

As was said in Section 2.3, there appears to be ambiguity around the correlation model
that should be applied to the residuals we discussed in the previous section. The in-
structions are unclear in the literature, and they vary from complete independence to full
correlation.

We will start by looking at this in a bit of a broader manner. Firstly, we do not
blindly assume multivariate log-normality. Still, we do keep the log-normal marginal dis-
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tributions, but look beyond just linear correlations. This is because it could very well be
that the nonlinear breakdown in the means has an effect that produces nonlinear depen-
dencies between the surface spectral accelerations of different periods.

To investigate this, we choose to look at a transformed data of the copula space. Then,
we can make a so called pairs-plot to investigate whether the copula looks Gaussian or
not. The pairs plot is found in Figure 20. This pairs plot was made with all uniform
data of all zones concatenated into one large dataset. We investigate all data together
rather than zone by zone for two reasons: simplicity of the model and conforming to
the pre-existing way of handling the dependency. Furthermore, to reliably infer a copula
model, especially for a large number of dimensions, you need a large amount of data, and
some zones lack data to do this analysis. Note that this plot is of a random subset of the
data. To be precise, 1% of the data was randomly selected from the total data, which has
around 14 million data points, which simply is too much for a scatter plot to be insightful.

In the pairs plot, the first thing we should check is the plots on the diagonal. These
should be approximately uniform. For the first period, it is decently alright, but for the
last 9 not really. This means that the marginal distributions we used to transform to
uniform scale were not really accurate enough for this to work properly. This results in
bias in the resulting copula densities, so we should take them with a grain of salt.

Ignoring the bad marginals, we can see that on the first-off diagonal, which represents
neighboring periods, the dependence looks quite strong, especially for the last 5 columns.
Furthermore, the contour plots for these neighboring periods look quite elliptical, sug-
gesting a Gaussian copula model can work for these periods. In the first 4 columns, for
plots lower than the third row, the dependence looks weak, but there are a few small
consistent asymmetries in the dependence, likt in the second column in the last two rows,
there seems to be a asymmetrical stretch upwards. In columns 5-8 on the bottom two
rows, we see a shape that resembles the Clayton copula. These asymmetries hint that
a based model rather than a linear correlation model can improve the model’s accuracy.
However, we cannot say where these effects come from. It is entirely possible that this is
due to the marginals being too bad to accurately see the dependencies.

It would be interesting for further research to see the effects of improving the marginals
- probably by allowing for skewed distributions rather than lognormal distributions, as
suggested above in Section 5.1. Only then it would make sense to pursue a copula model.
Since we do not have a better model for the marginals right now, the most reasonable
choice is to stick to the previously used linear correlation model, which we will now discuss
in more detail.

5.2.1 Best-fit correlation matrix

To calculate the best-fit correlation matrix, we start by taking the residuals of all the
zones. As with the copula data, we once again simply concatenate this data into one
dataset and then calculate the best-fit correlation matrix. The correlation matrix is
found in Figure 21. Notice here that we used all the 23 periods of the data rather than
only the 10 relevant ones for the fragility model.
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Figure 20: Pairs plot of copula-transformed data of all zones aggregated in one plot. On
the diagonal we see a histogram of the copula transformed data. Above the diagonal we
see a scatter plot of the data and below the diagonal we see kernel-density estimates of
the data.
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Figure 21: Correlation matrix derived from residuals of the GMMV6 model
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Figure 22: Baker & Jayaram correlation matrix

We can see that this matrix does not appear to be anywhere close to the two proposed
matrices of full correlation (i.e. all ones in the matrix) or zero correlation (i.e. identity
matrix). There is clearly some relevant correlation along the diagonal and even some
negative correlation in some places. Recall that TNO suggested using a consistent model
for reasons linked to the discussion in Section 8.1. With this they mean to use the same
correlation in the amplifications as in the reference model. The correlation matrix they
use for the reference model is plotted in Figure 22, derived by Baker & Jayaram [10]. The
correlation here is clearly nowhere near the empirically derived matrix. This one is much
stronger in its correlations.

Another point that is important to realize, is that even though the STRATA dataset
has this correlation, that still does not mean that we would want to use it in simulations.
Recall from Section 3.2.1 that for simulations, extra components of variability are added,
of which we have no idea whether they bring extra correlation in reality. Therefore,
we cannot conclude that this is definitely a better modeling choice compared to any of
the other options. Still, I hope this sparks new insights for further research surrounding
the dependence of amplification factors so we can get more definitive answers on this topic.
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From this section, we can conclude that the correlations present in the STRATA data
set are clearly different from any previously used model. Therefore, it is of interest to
investigate how this model compares to those models, but we should still remain critical
due to the STRATA dataset not being representative of a real-world scenario. In Chapter
7, we investigate the impact that the use of this correlation model has on risk calculations.
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6 Computational Model Advancements
In Section 2.4.2 we saw that for risk analysis purposes, the relevant quantity that is
modeled by the GMM is the average spectral acceleration. However, the simulation of
the spectral acceleration is a major bottleneck in the model chain, being the only part
that is reliant on Monte Carlo simulations rather than having direct information about
the probability distribution. In this chapter, I will present a novel method that was
created for this project to calculate the probability distribution of the average spectral
acceleration.

6.1 The problem statement

As we have previously seen, an important measure for predicting earthquake damage,
is the average spectral acceleration. Recall from the Section 2.4.2 that we defined the
logarithm of the average spectral acceleration Z as

Z =
1

10

10∑
i=1

ln(Ssurf,i), (14)

where Ssurf,i is the surface spectral acceleration at period i. Note again that i is an index
which represents the i’th period in the list of 10 periods. As we know for before, we
have modeled this as the spectral acceleration up to a reference depth, multiplied by an
amplification factor. Therefore we can also write

Z =
1

10

10∑
i=1

ln(Si) + ln(Ai),

where as before, Si represents the reference spectral acceleration and Ai is the amplifica-
tion factor. Recall that Si is a lognormal variable with given parameters mi and si, that
are jointly lognormal over the periods with a correlation matrix B. The matrix that is
currently used for this is described by the Baker & Jayaram model [10]. Furthermore Ai

is lognormal given Si with parameters defined by two functions µi(Si) and σi(Si), given
in (3) and (4), which as discussed before are also modeled as being jointly lognormal with
some different correlation matrix R. As was discussed in Section 5.2.1, there are multiple
options to choose from, ranging between zero, consistent, full or empirical correlation, the
latter of which was an addition I added.

Now we define some helpful simplifications. Firstly, let Xi := ln(Si) and Yi := ln(Ai),
so now Xi ∼ N (mi, si). Subsequently, Yi|Xi is now also also normal with parameters
µi(e

Xi) and σi(e
Xi). We drop the zone superscript here, just like before, but note again

that the reference values Xi are independent of zone, but the amplifications Yi are not.
Furthermore, another simplification of notation will be to define function νi and τi, such
that

µi(e
Xi) =: νi(Xi) and σi(e

Xi) =: τi(Xi).

For this to hold, we simply define νi and τi as

νi(x) = ai + bi ln

(
ci + ex

ci

)
(15)
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and for τi we have the piecewise function

τi(x) =


σ1,i for Si ≤ α,

σ1,i + (σ2,i − σ1,i)
(

x−ln(αi)
ln(βi)−ln(αi)

)
for αi < Si ≤ βi,

σ2,i for Si > βi,

(16)

which are the functions from equations 3 and 4, but rewritten to take logarithmic argu-
ments. A slight nuance is to recall that for GMMV6 and GMMV7, which are the versions
relevant to us, the νi functions are also artificially bounded above and below by parame-
ters Amax and Amin, as described in Section 2.2.2. Whether these bounds are included is
irrelevant for most of the mathematical steps that follow. Anywhere it makes a difference,
there will be a brief mention of it.

We can now write

Z =
1

10

10∑
i=1

Xi + Yi :=
1

10

10∑
i=1

Zi. (17)

This is the quantity to be estimated. As explained before, Monte Carlo methods have
been used for this up to now, due to the complex nature of the conditionality. However,
we decided to step away entirely from Monte Carlo methods and attempted to model the
density of Z using semi-analytical methods by means of numerical integration.

To be precise, our goal is now to find a way to model Z directly, without relying
on sampling the reference values and amplification values. However, this is not a trivial
task, because we do not have a closed form for the distribution of Yi. Instead, we only
know its form conditional on Xi. Getting the distribution of Xi + Yi for a given i, i.e.
the marginal distribution of the surface spectral acceleration for a specific i involves a
convolution integral over their joint distribution. This joint distribution is quite simple:
we have that

fXi,Yi
= fXi

· fYi|Xi
.

However, the convolution integral is not analytically calculable because the form of νi(Xi)
is too irregular. Numerically calculating these distributions is possible, but for each value
z of Z = Xi + Yi you would have to do a numerical integration of the form

pZ(z) =

∫ ∞

−∞
pXi,Xi

(x, z − x)dx.

This density is not particularly fast to compute. If you take N points to discretize x and
M points to discretize z, then the complexity scales with N ∗M . Besides that, even if you
have the marginals, you would still have to find a suitable way to combine them into a
joint distribution. However, the idea of using the convolution integral from site-response
models is not a new idea. Bazzurro and Cornell [20] took this approach in which they
used a non-multivariate model, allowing them to calculate the surface densities in one step.

6.2 Method of moments

Instead of trying to find the entire joint distribution of all surface spectral accelerations, we
decided to focus on the first two moments. The reason for this is that from a visual inves-
tigation of simulated datasets for the average spectral acceleration Z at different settings
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for the reference model and for different zones, it appeared that the data was normally
distributed. To what extent this is truly the case, we will discuss later in Section 8.2.
Besides it visually appearing to work quite well, it is also a very common assumption in
the study of ground motions to assume normality. Even the authors of the model (falsely)
state that this is in fact the case in the GMMV6 report [3, p. 70], which goes to show that
this assumption is deeply rooted in this model. For now, we note that this assumption
is itself an approximation, which we will name Approximation 1. Assuming normality,
we need only the mean and variance for the average spectral acceleration, which, as we
shall see shortly, is actually feasible to find with numerical integration. The following two
sections will outline the procedure to calculate these.

6.2.1 The mean of Z

Finding the mean is a simple computation. We can write

E(Z) = E

(
1

10

10∑
i=1

Xi + Yi

)

=
1

10

10∑
i=1

E(Xi) + E(Yi)

=
1

10

10∑
i=1

mi + E(Yi).

Using the conditional normality of Yi, we can now split it up as

Yi = νi(Xi) + τi(Xi) · ϵi,

where ϵi is a standard normal variable and they are joint normal over the different i’s
with a correlation matrix R. We now get

E(Z) =
1

10

10∑
i=1

mi + E(νi(Xi) + τi(Xi) · ϵi) =
1

10

10∑
i=1

mi + E(νi(Xi)).

The expected value that remains is not analytically solvable but is quick to calculate
numerically, as it is a one-dimensional numerical integral. This quantity will return later
so for future ease, we define νi := E(νi(Xi)), so finally we get

E(Z) =
1

10

10∑
i=1

mi + νi. (18)

6.2.2 Variance of Z

Calculating the variance of the average spectral acceleration is quite challenging, because
it consists of many terms which will end up having some covariance with each other. The
easiest way I found to show all covariances that should be taken into account is to use
the law of total variance.
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Theorem 2 (Law of Total Variance). Let X be a random variable on a probability space
(Ω,F , µ) with finite second moment. Furthermore, let G be a sub-σ-algebra of F . Then

Var(X) = E(Var(X|G)) + Var(E(X|G))

A proof for this theorem can be found in many probability textbooks, such as Blitzstein
[21, p. 401]. In order to use this theorem to calculate the variance of Z, we need its second
moment to be finite, which will make the variance finite. To show this, we start by splitting
up Yi like before to get

Z =
1

10

10∑
i=1

Xi + νi(Xi) + τi(Xi) · ϵi.

Its second moment is then

E
(
Z

2
)
= E

( 1

10

10∑
i=1

Xi + νi(Xi) + τi(Xi) · ϵi

)2


=
1

100

10∑
i=1

10∑
j=1

E(XiXj) + E(νi(Xi)νj(Xj)) + E(τj(Xj)τj(Xj) · ϵiϵj)

+ 2E(Xiνj(Xj)) + 2E(Xiτj(Xj)ϵj) + 2E(νi(Xi)τj(Xj)ϵj).

With νi and τi as described in Eqs. (15) and (16), it is easy to construct bounds for
each of these terms and to prove the finiteness of the second moment. We will treat it
term by term. The first term is finite because it is a covariance of two joint normal RV’s.

For the second term, we consider the behavior of the function νi(Xi) in the tails to
figure out if there can be contributions diverging to infinity. If we consider

lim
x→−∞

ν(x) = lim
x→−∞

f1 + f2 ln

(
ex + f3

f3

)
= f1,

so at negative infinity, νi(Xi) will never diverge. Next, at +∞, we get

lim
x→∞

ν(x) = lim
x→∞

f1 + f2 ln

(
ex + f3

f3

)
= lim

x→∞
f1 + f2(x− ln(f3)),

which means that ν(x) converges to a linear relationship for increasing x. Therefore, as the
reference spectral acceleration Xi increases, the amplification νi(Xi) will be increasingly
more linear w.r.t. Xi. So, as long as Xi has finite variance, νi(Xi) will also have finite
variance. Therefore, νi(Xi) is finite in variance, and the covariances between different
indices i, j E(νi(Xi)νj(Xj)) will be as well. Lastly, in the case of using GMMV6 and
GMMV7, the mean is bounded by design, so in this case it most certainly holds that it is
finite.

The third term with the τi-functions is very trivial, given that they have a very obvious
upper bound of σ2,i and we also have E(ϵiϵj) = Rij, and lastly we have the independence
of all τi(Xi)’s with all ϵi’s. Therefore, we get

E(τi(Xi)τj(Xj) · ϵiϵj) ≤ σ2,iσ2,jRij.

The last three terms follow analogously because we have already proven bounds for each
of the functional forms that are constant or linear. This means that the variance we are
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trying to compute does indeed exist, and consequently we can use the law of total variance
to compute it.

Recall that to use the law of total variance, we need to choose a sub-σ-algebra to
condition on. For this problem, the choice is obvious: we want to use G = σ(X1, ..., X10),
where σ is the generator of the smallest sub-σ-algebra containing its arguments, which
gives

Var(Z) = E

(
Var

(
1

10

10∑
i=1

Xi + Yi

∣∣∣∣G
))

+Var

(
E

(
1

10

10∑
i=1

Xi + Yi

∣∣∣∣G
))

(19)

= E

(
Var

(
1

10

10∑
i=1

Xi + νi(Xi) + τi(Xi) · ϵi
∣∣∣∣G
))

(20)

+Var

(
E

(
1

10

10∑
i=1

Xi + νi(Xi) + τi(Xi) · ϵi
∣∣∣∣G
))

(21)

= E

(
Var

(
1

10

10∑
i=1

τi(Xi) · ϵi
∣∣∣∣G
))

+Var

(
E

(
1

10

10∑
i=1

Xi + νi(Xi)

∣∣∣∣G
))

. (22)

Here we use in the first term that the conditional variance of f(X)|X is 0 and we use
independence in the second term.

Let us now tackle these terms one by one. We start with the first term. The expression
in the conditional has an expectation of 0, because of linearity and independence between
Xi and ϵi, so therefore

E

(
Var

(
1

10

10∑
i=1

τi(Xi) · ϵi
∣∣∣∣G
))

= E

E

( 1

10

10∑
i=1

τi(Xi) · ϵi

)2 ∣∣∣∣G


=
1

100

10∑
i,j=1

E(E(τi(Xi)τj(Xj)ϵiϵj|G))

=
1

100

10∑
i,j=1

E(τi(Xi)τj(Xj)Rij).

Lastly, we can use that for arbitrary X, Y with finite second moments, the covariance can
be written as E(XY ) = Cov(X, Y ) + E(X)E(Y ), hence we can write

1

100

10∑
i,j=1

E(τi(Xi)τj(Xj)Rij) =
1

100

10∑
i,j=1

Rij Cov(τi(Xi), τj(Xj)) +Rij E(τi(Xi))E(τj(Xj)).

Here, we make an approximation, which is to set Cov(τi(Xi), τj(Xj)) = 0, or equiv-
alently, we assume τi(Xi) and τj(Xj) to be independent. We call this Approximation
2. The reason why this approximation works is simply because these two quantities are
indeed very close to being independent. We can show this empirically by performing a
range of Monte Carlo simulations for all different index combinations and for all possible
parameter settings for the reference model and for all different τi functions for all zones.
With these simulations, we can find what these covariances are empirically and we can
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then look at statistics for these covariances.

Running this simulation gives that Cov(τi(Xi), τj(Xj)) is at maximum 0.7% of the
total covariance in this term, or equivalently

Cov(τi(Xi), τj(Xj))

Cov(τi(Xi), τj(Xj)) + E(τi(Xi))E(τj(Xj))
≤ 0.007

for any choice of reference model, over a range of different magnitudes and distances from
the epicenter. Furthermore, the average of the above quantity is approximately 0.09%.
Lastly, this part of the total covariance of Z is in general also quite small compared to
the other sources of covariance in the model. These give quantitative support for the use
of this approximation.

It is also important to understand the need for this approximation. We make it be-
cause it makes this term very easy to compute with numerical integration. Now we need
10 unique numerical integrations to calculate E(τi(Xi)) for each i, whereas otherwise we
would need to calculate a covariance for each combination of indexes, and the integrations
to do so would be two-dimensional.

We now return to Eq. 22 and we continue with the second term, which is the more
convoluted one of the two. We can start with an easy simplification, which is to remove
the conditional expectation. All random variables inside are known with respect to the
condition, so we can simply take everything out of the expectation, giving

Var

(
E

(
1

10

10∑
i=1

Xi + νi(Xi)

∣∣∣∣G
))

= Var

(
1

10

10∑
i=1

Xi + νi(Xi)

)
.

The variance of this sum will give many different covariances between the terms. Consider
each of these.

• Cov(Xi, Xj): This one is easy, it is simply equal to sisjBij, where B is the reference
model correlation matrix.

• Cov(Xi, νj(Xj)): This one is not analytically calculable. It will result in an integral
that has to be solved numerically. It is feasible to compute, given that it is a two-
dimensional integral over normal densities. Of the 100 terms in the sum, 55 would
be unique (due to symmetry of the covariance matrix), so the computation would
be 55 times a two dimensional integral. However, we can simplify it quite a lot to
make the computation a lot lighter. We start by considering that Xi and Xj are
joint-normal with correlation coefficient Bij. Therefore we can make a Cholesky
decomposition of these random variables such that

Xi = mi + siZi

Xj = mj +BijsjZi + sj

√
1−B2

ijZj,

where Zi and Zj are uncorrelated standard normal variables. Now we can substitute
the first equation into the second to get

Xj = mj +Bij
sj
si
(Xi −mi) + sj

√
1−B2

ijZj.
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Obviously this expression is symmetric w.r.t. switching i and j so it also works
to rewrite Xi. We have now rewritten one of the two random variables as a linear
combination of the other one and some random noise term. This allows us to simplify
the covariance to the following:

Cov(Xi, µj(e
Xj)) = E [(Xi −mi)(νj(Xj)− νj)]

= E
[
(mi +Bij

si
sj
(Xj −mj)−mi)(νj(Xj)− νj)

]
= Bij

si
sj

E [(Xj −mj)(νj(Xj)− νj)]

= Bij
si
sj

Cov(Xj, νj(Xj)).

Now, we only need to compute 10 covariances, which are 1 dimensional integrals.
Therefore, the number of computations, assuming equal grid spacings N for the old
two-dimensional integral and this one-dimensional integral, is reduced by a factor
5.5N .

• Cov(νi(Xi), νj(Xj)): Recall that

νi(Xi) = ai + bi ln

(
eXi + ci

ci

)
.

Suppose now that Xi is small, then the function is practically constant. So if either
Xi or Xj are in this regime, the covariance will be close to 0. On the contrary, if
both are large, then the function will be rapidly converging to the linear function
ai + bi(Xi − ln(ci)). In this case, the expectation will be approximately

E(νi(Xi)) ≈ ai + bi(mi − ln(ci))

and the covariance will be

Cov(νi(Xi), νj(Xj)) ≈ E[(ai + bi(Xi − ln(ci))− ai − bi(mi − ln(ci)))

∗ (aj + bj(Xj − ln(cj))− aj + bj(mj − ln(cj)))]

= bibj E[(Xi −mi)(Xj −mj)]

= bibjsisjBij.

Now, we assume linearity for νi(Xi) such that

νi(Xi) = ai + bi(Xi − ln(ci)),

then it is normally distributed with mean ai + bi(mi − ln(ci)) and variance (bisi)
2,

the latter of which can be computed as

(bisi)
2 = E((νi(Xi)− νi)

2).

Therefore, in the linear approximation, we have

Cov(νi(Xi), νj(Xj)) = E((νi(Xi)− νi)
2)E((νj(Xj)− νj)

2)Bij

=
√

Var(νi(Xi))Var(νj(Xj))Bij.
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This is interesting because the quantity E((νi(Xi) − νi)
2) is easy to calculate for

all i because once again it involves only a 1D numerical integral. Now consider
this same quantity but now we assume the constant regime, i.e. νi = ai. Now
E((νi(Xi)−νi)

2) = E((ai−ai)
2) = 0, hence the same estimator also works assuming

linearity.

We now have a quantity that we know works assuming that Xi is in either of two
regimes, so it is a logical choice to see how it performs in general. Obviously, this
is not a fully accurate picture, as a random variable never fully in a certain regime,
but only perhaps has a large part of its density in a certain region. Therefore, this
approximations works better for smaller reference variances and means that are far
away from the non-linear breakdown point. Still though, this will always be a decent
estimate because it also happens to a sort of first-order Taylor approximation for
the covariance, which we can see as follows:

Cov(νi(Xi), νj(Xj)) = ρ(νi(Xi), νj(Xj))
√
Var(νi(Xi))Var(νj(Xj))

≈ ρ(Xi, Xj)
√

Var(νi(Xi))Var(νj(Xj))

=
√

Var(νi(Xi))Var(νj(Xj))Bij.

The reason this is a first order approximation is because if you assume νi ad νj to
be linear close to the mean of Xi and Xj, this approximation will be quite precise.
Given the the mean function is linear in two regimes and switching between the
two in the other, it appears a reasonable choice to use this quantity to estimate the
covariance. This approximation we will call Approximation 3.

We have now considered all components, all that remains is to sum them up and divide
by 100. This gives us the variance of Z:

Var(Z) =
1

100

10∑
i,j=1

Bi,j

(
sisj + 2

si
sj

Cov(Xj, νj(Xj)) +
√

Var(νi(Xi))Var(νj(Xj))

)

+
1

100

10∑
i,j=1

Rij E(τi(Xi))E(τj(Xj)) (23)

6.3 Comparison to Monte Carlo method

In our method for computing the average spectral acceleration Z, we assumed a normal
distribution, because of Approximation 1. Since we now have its mean and variance,
given by Eqs. 18 and 23, we have all the ingredients to use this model in practice. Given
that the entire idea of the method was to make computations quicker for the computer to
handle, we will compare the two in terms of speed, but we also made Approximations 1-3,
so we will also be investigating the impact of these. We start by investigating the latter,
which will inform us on how to properly compare the two methods in a benchmarking
test.
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6.3.1 Accuracy

In this section, we aim te get a grasp on how accurate the numerical integration method
is. Firstly, it is important to note that it is not clear-cut what the proper way should be
to investigate their similarities and/or differences, as there are many statistical ways to
compare two distributions. For example, one can look at the relative entropy, or Kull-
back–Leibler divergence, between the two distributions. Another idea could be to use
Chi-squared goodness-of-fit tests and test the Monte Carlo samples to the distribution
calculated with the numerical method. Rather than do this, we choose a more practical
approach, which is to see the effect it has on the risk calculations. To be precise, recall
that in Section 2.4 we discussed that the the average spectral acceleration was the in-
tensity measure we use for calculating probabilities of damage states. To be precise, the
fragility model specified conditional distributions, which we can now integrate over the
distributions we computed for Z to get the probabilities of ending up in damage states.
The approach of using the risks rather than comparing the distributions will give us direct
insights in how using the new method impacts the overall risks.

Secondly, we note that the two methods for calculating the model both have different
sources of error. The Monte Carlo method has an deviation from the true model in the
sense that you are limited to a finite sample size, so any set of results will never show the
true distribution described by the model. It will however converge to it with increased
sample size. The error caused by this, we will call the sampling error. On the other
hand, the numerical integration method has 3 built-in approximations, so it will never
converge to the true distribution. We call this deviation the methodological error.
Lastly, a numerical integral always has two extra sources of error which are unavoidable,
being the truncation error and discretization error. Lastly, both suffer from an error
in the risk calculation that in itself is a numerical integral, so both have a truncation error
and a discretization error here as well, although this one is less relevant as it is identical
for both methods.

We can see that both methods have are flawed in their own way, which makes com-
paring the methods hard. We have no base truth to compare the two methods to. We
will however try to isolate these sources of error to gauge the impact that any of them
have on the risk calculations.

To do this comparison, we will have to create a baseline to make comparisons to, oth-
erwise there is really nothing much to say about the accuracy. To do this, we will simply
take a Monte Carlo run with as much samples as we can get, which for our purposes
is 1 billion samples. The model settings that we choose are: 3 different magnitudes, 3
different distances, and for the rest we fix all settings in the reference model to worst
case scenarios, so highest reference means and highest reference variances. This gives 9
different instances of the model with 1 billion samples each, for which we have computed
the risks of damage or probabilities of exceedence (PoE) as we will call them from now on.
To get these PoE’s, we integrate them over all parts of the fragility model, each resulting
in a different PoE. To be specific, the fragility model has 35 building types, 6 damage
states, 3 consequence branches and 3 fragility branches. For what these entail specifically,
the report for the fragility & consequence model FCMV7 should be consulted [22]. All of
these represent dimensions among which the PoE differ, so in the end, for our each run
of this type we get 3 · 3 · 35 · 6 · 3 · 3 = 17010 different PoE’s.

46



Figure 23: Standard deviations of differences between probabilities of exceedance (PoE’s)
for numerical integration runs against a Monte Carlo run with 1 billion samples. The
numerical integration runs vary in the number of points used for the numerical integration,
which can be seen on the x-axis in log-scale. On the y-axis we see the standard deviations
of the difference between the PoE’s for the different methods.

Now, we do a run with the exact same settings, but using the numerical integration
method, but using different numbers of grid points on the to integrate over, ranging be-
tween 25 and 10000. This once again gives us the same 17010 PoE’s for each number
of grid points, but slightly differing due to the different sources of errors. We can now
take the differences between the Monte Carlo run and each of the numerical runs and
compute the standard deviations of each of these datasets. The results from that can be
seen in Figure 23. Note that this is a log-log plot, so if there would be true convergence
between the two datasets, we expect to see a linear relationship on this plot, which would
suggest a power law scaling between the two. Instead, we see that it flattens out at a
certain minimum standard deviation at 1000 and 2500 samples. The value at 250 is still
8% larger than at 1000. The most interesting thing that we can take away from this plot
is that there is clearly some observable methodological error. Another take-away is that
it never really makes sense to go beyond 1000 grid points, as there will be no gain in
observable gain in accuracy.

The previous analysis tells us something about the convergence of the two and the
model error, but it is also interesting to look at their dispersion in general. We now
investigate Figure 24. On the x-axis we can see the PoE value of the numerical run and
on the y-axis we see the ratio between the PoE of the Monte Carlo run and the numerical
run. So this means that values close to 1 are a sign that the two methods are similar.

The first insight from the plot is that the dots for 25 numerical integration points are
all over the place compared to the other ones and the other ones look quite similar, the
most noticeable dissimilarity being that there is a streak of red dots (n = 100) on the

47



Figure 24: Dispersion between numerical integration and Monte Carlo methods. On the
x-axis we see the PoE’s of the numerical integration method with different numbers of
grid points n and on the y-axis we see the ratio of the PoE’s of a Monte Carlo run with
1 billion samples to the PoE’s on the x-axis.

right of the plot that sticks out below the other three colors. This implies that for higher
risks, there is a consistent difference between the two methods.

By far the most interesting observation here is the downward curvature of the points
in a fan-like shape for higher number of grid points. The fan-like shape can be attributed
to errors such as the sampling error and errors related to numerical integration. These
are approximately constant in size, making the difference in the ratios for different points
increasingly large. What is more interesting in this plot is the downward-sloping curva-
ture. It can only be explained with methodological sources of error, as the other sources
of error, such as sampling errors, should not be antisymmetric in this way. Furthermore,
the numerical integration error also cannot be responsible due to the fact that it stays
consistent with increasing numerical integration points.

Further investigation revealed that the methodological error responsible for this is
Approximation 1, the normality assumption. The data shows a consistently negative
skewness, ranging from -0.25 to 0, obtained through Monte Carlo simulation. The other
methodological errors due to Approximations 2 & 3 are comparatively irrelevant in their
effects, as these only generate a tiny error in the variance, compared to introducing skew-
ness, which clearly has a much larger impact.

The way this looks visually in the worst-case scenario can be seen in Figure 25. Observe
that this happens for a magnitude of 6.5, which is the highest setting. This is obviously
not a coincidence, since higher magnitudes are more in the nonlinear breakdown regime,
and this is the effect that will cause the skewness. The nonlinear breakdown will make it
so that the higher the value of the reference spectral acceleration is, the lower the mean
amplification is, thereby reducing the likelihood of sampling high surface values, and in-
ducing a negative skewness. The plot shows the absolute worst-case scenario in terms of
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Figure 25: Plot comparing the distributions of the average spectral acceleration for the
Monte Carlo simulation method and the numerical integration method in a worst-case
scenario. This scenario happens for magnitude 6.5 and distance 20.93 km using the zero
correlation mode. On the x-axis, we see the average spectral acceleration and on the
y-axis we see the probability density of the two methods. The red curve is the best-fit
normal distribution calculated with the numerical integration method and the blue curve
was obtained with the Monte Carlo method.

skewness, at a value of -0.27 and, in our opinion, the fit is still very decent as the majority
of the densities overlap. The main difference is in the tails of the distribution, where the
Monte Carlo density will be consistently lower than the normal distribution, hence the
downward curvature in Figure 24.

This raises two important questions. Firstly: How relevant is it that we observe this
downward trend in the PoE’s? To answer this, we start by noting that the negative skew-
ness implies that the numerical method will always be overestimating the risks; hence it is
a more cautious approach. Secondly, the overall impact on the aggregate risk calculations
over the entire Groningen region is also quite limited, which we will discuss in more detail
in the next chapter. It is important to realize that the higher the risk, the lower the
probability of an earthquake occurring that corresponds to this risk. A standard figure in
national risk policies is that the probability of a person dying in a certain risky situation
should not be higher than 10−5. Therefore, any risk lower than this is already inherently
irrelevant. Furthermore, this risk is still conditional on things like magnitude and dis-
tance. Any probabilities we get from this sill need to be multiplied by the probability of
getting an earthquake that would cause this risk. Therefore, there is a certain sweet spot
in the risk where the probability of collapse is not unreasonably low and the earthquake
corresponding to this risk is also not exceedingly unlikely to occur. This happens for risks
around 10−3, with earthquakes of around magnitude 4.5 causing these to occur, which
have never happened in reality, but have an estimated probability of the order of mag-
nitude 10−2, which brings us to a general risk of around 10−5. The maximum deviation
from the numerical method to the Monte Carlo method at this point is around 20%.
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Figure 26: Standard deviations of differences between PoE’s for Monte Carlo runs against
a numerical integration run with 10.000 x-axis points

Another question is: Can we fix the skewness by dropping the normality assumption
and working with a distribution that can account for skewness? This will be answered in
the discussion in Section 8.2, where we will give an overview of a brief attempt to make
such a model.

Finally, recall that earlier we established that, starting from around 250 to 1000 nu-
merical integration grid points, the results were indistinguishable compared to the run of
1 billion Monte Carlo samples. Now we can investigate the other way around: What is
the number of Monte Carlo samples needed to make the model error the dominant source
of error when comparing the two methods? To do this, we can do the same procedure as
before, but instead of using different runs of the numerical method and comparing it to a
large Monte Carlo run, we compare a run with 10.000 x-axis grid points to Monte Carlo
runs with different sample sizes. The results of the standard deviation in the distances
can be seen in Figure 26.

Just like before, in a setting where the two would converge, we expect a power-law
relationship between the two, which would look linear on the log-log plot. However,
clearly the line flattens rapidly already at a sample size of around 100.000. It appears
that 10 million points could be a marginal improvement, but anything more than this
would basically have no effect in comparing the two methods.

We can also look at the same kind of dispersion plot as in Figure 24, but then again
with reversed roles like above. The results can be seen in Figure 27. Note that the run for
10.000 Monte Carlo samples was removed because it had quite poor looking results and
it cluttered the plot. We can see that even though the standard deviations in Figure 26
were quite similar for larger sample sizes, here we see a clear difference, in that the there
are quite a few blue and red dots sticking out of the majority of the point cloud at the
bottom, which shows that there is in fact accuracy to be gained from going from 100.000
points to 10 million points, although it is quite marginal.
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Figure 27: Dispersion between numerical integration and Monte Carlo methods. We
compare the absolute risk values of the numerical to the ratios of the risks for Monte
Carlo, where we vary the Monte Carlo samples per color. On the x-axis we see the PoE’s
of the numerical integration method with 10.000 grid points and on the y-axis we see the
ratio of the PoE’s of Monte Carlo run with different numbers of samples to the numerical
PoE’s on the x-axis. Different colors represent different numbers of MC samples, as can
be seen in the legend.

6.3.2 Computation time

In order to compare the two methods, we can look at the results of the previous section.
We concluded that for the numerical integration method, 1000 points for discretization is
sufficient such that the model error is the dominant one. For the Monte Carlo method,
we found that at least 100.000 points are needed to reach a similar accuracy.

The settings that are used for the risk calculations are to calculate the model at 50
magnitudes and 50 distances. Furthermore, unlike for the results that I have generated in
the previous section, we do not preselect the ‘worst-case scenario’, but rather include all
scenarios, of which there are a total of 32. Note that these should not be seen as reflecting
some specific real-world scenario. They are actually different branches of a logic tree with
two choices of four options and one option of two choices, totaling 32 permutations. These
represent different sources of randomness and each choice select different variances and
means of the reference ground motions. Later in the chain, these should be averaged out
again in with certain weights to reproduce the effects of multiple sources of randomness.
More about this logic tree can be found in [4].

Next, we also need to compute the results for all 160 zones. This, together with the
fact that we previously only used 3 magnitudes and distances, makes it quite a step up
for the computer to calculate. In fact, so much so that it would suddenly take multiple
days to calculate the results. Therefore, it makes more sense to investigate the scaling
rather than results of full runs and then extrapolate the total runtime from this.
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For Monte Carlo simulations, the reasonable assumption is that e.g. including 32 sce-
narios multiplies the runtime time by 32, or doubling the number of magnitudes doubles
the computation time. This is simply because adding these generates a new set of refer-
ence model parameters to generate results for. Simple tests like these do indeed confirm
this hypothesis. With a single scenario chosen and with 5 magnitudes and 10 distances,
the time to complete a run is 13.9 minutes, whereas for 10 magnitudes and 10 distances,
the time was 29.5 minutes, which is approximately 2.1 times longer. Similarly, if we now
include an extra scenario, the time should again be approximately double. Indeed, the run
now took 54.4 minutes, or around 1.85 times longer. If we now scale up to all scenarios,
50 magnitudes and 50 distances, we get that a full run at 100.000 samples should take
approximately 15 days and 7 hours, assuming the machine has sufficient memory to store
all the computations, otherwise there would be extra overhead for writing/reading a disk,
which would make it take even longer.

Comparing this to a full run of the numerical integration method, we get a run time
of 39 minutes and 52 seconds. This is for all zones, all scenarios and the same 50 mag-
nitudes and 50 distances, and the numerical integration points set to 1000. The results
in Figure 23 suggest that even 250 points or perhaps around 500 are more than sufficient
to reach the maximum accuracy of the method, which can speed up the method even more.

This means that the numerical integration method is about 553 times faster for
the settings used. Note that previously, the risk calculations used 10.000 samples rather
than 100.000 samples which I am comparing my method to. So in their case, the speedup
would be around 55 times.
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7 Impact of Proposed Changes on Risk Assessment
So far, we have used results that are constrained by always being conditional on a certain
scenario with a chosen magnitude and distance. However, the ground motion model is
made to ultimately be used for risk analysis purposes. In chapter, we will present results
of risk calculations that have gone through the entire model chain. Specifically, we will
be investigating the impact that the proposed changes make on the final results. In the
previous chapters, we proposed two such changes of which we can measure the impact:

• Using an empirical correlation model for amplification factors

• Using a numerical integration method for calculating the intensity measures

Before we review the impact, it is important to quickly explain what we can expect
from these results. The Seismic Hazard- and Risk Analysis (SHRA) for Groningen is a
study that evaluates the expected future seismic ground movements and the associated
safety risks for residents in the Groningen earthquake region. Its goal is to support
decision making for future gas extraction. To do this, the seismic source model can
generate multiple scenarios depending on the gas extraction levels. For the coming results,
the current scenario of no gas extraction was selected. Combining this model with the
ground motion model and fragility model will in the end give us a set of heatmaps of local
personal risk (LPR) levels throughout the Groningen area for any specific building type.
These risks represent the probability for an individual that stays within such a building
for an entire year will die. The accepted level of risk is called the Meijdam standard
and is a probability of 10−5, so any area above this will be of special interest. Lastly,
another interesting statistic that comes out of the SHRA, is how many buildings in total
are endangered, so we will be comparing this as well.

7.1 Empirical Correlation Model

In this section, we will investigate the impact of using different correlation models. Recall
that in Chapter 5 we proposed an empirically derived correlation model, rather than, e.g.,
the previously used full correlation model or consistent correlation model. Recall that
even though we call it empirical, it is not actually driven from real-world data, but rather
from a simulated data set.

The correlation model we derived had quite strong correlations for neighboring peri-
ods, just like the consistent or Baker & Jayaram model [10], but weaker correlation for
periods further away. This makes us expect that the results in terms of risk will fit right
in between the zero correlation mode and the consistent correlation mode.

We start by looking at one of the main results from the SHRA, which is a heatmap
of the Groningen area with the region where the LPR is above the Meijdam standard
is indicated. Because the region exceeding is different per building type, these plots
are made for a specific building type. In this case, the building type URM1F_B was
selected, which represents the barn section of unreinforced masonry farmhouses. The rea-
son specifically this building type is chosen, is because it has the highest risk of collapsing
in general. For many other building types, the region exceeding the standard would be
small or nonexistent. We can see such heat maps for the 4 correlation models in Figure 28.
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(a) Zero correlation model (b) Empirical correlation model

(c) Consistent correlation model (d) Full correlation model

Figure 28: Local Personal Risk (LPR) heatmaps of the Groningen area for the URM1F_B
building type for gas year 2024-2025 per correlation model. The pink zone represents the
area which has LPR values exceeding the Meijdam standard.
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From these heatmaps, we can see that indeed the empirical model fits right in be-
tween consistent and zero correlation in terms of the size of the dangerous area. Another
conclusion that can be drawn from this is that the choice of dependence model for the
amplification factors is in fact quite influential in for the final risk analysis, so more re-
search should go into finding the best dependence model.

For context, it is interesting to share how the risks evolve through time. Figure 28
were all plots for gas year 2024-2025. Since the results we present are for the currently
happening scenario, which is no gas production, we can see in Figure 29 that risky region
decreases quite a lot in size over time. So according to the model chain, the seismic risks
decrease to be a lot smaller in 10 years due to the lack of gas production.

We now look at a more quantitative approach for comparing the correlation models.
Much like the analysis we did in Section 6.3, we can compare risk values for different
model by looking at their dispersion. This time however, we use LPRs that have been
calculated through the entire model chain, rather than for conditional PoE’s we looked at
for comparing numerical integration and Monte Carlo methods. In Figure 30 we can see
the dispersion relation between the consistent correlation model compared to the 3 other
models. The reason we pick this as the reference for comparing the other models to, is
the only one for which the fragility model is properly calibrated, about which more will
become clear in Section 8.1.

From this plot, you can see that the using different correlation models effectively scales
the risks, as the different colored point-clouds look very alike and look like scaled versions
of each other. We also see that the LPR of the empirical model is in general approximately
50%-80% smaller than the consistent model.

7.2 Numerical Integration Method

In this section we will compare the impact of using the numerical integration method
compared to using the Monte Carlo method. As we have seen in Section 6.3, the risks
were consistently slightly higher than the Monte Carlo method, due to it not properly
modeling the negative skew resulting from the non-linear breakdown effect. Therefore we
expect to see that the numerical integration method will produce slightly higher risks.

The results that follow come from using using GMMV7 with standard settings, which
is the one presented in the Groningen SHRA reports, but we computed the intensity mea-
sures with both the integral method and the Monte Carlo method.

We start by comparing the heatmaps of LPR, which can be found in Figure 31. These
heatmaps are once again specifically for the building type URMF_B. Clearly, the two
methods are not significantly different. In fact it is quite hard to spot any difference at
all. Upon very close inspection one can observe that the numerical integration method
indeed has a slightly larger zone exceeding the Meijdam standard. The fact that the two
are almost identical is considered a huge success, given that the numerical integration
method is significantly faster to compute.

Next, we discuss Figure 32, in which we can observe so called F-N curves, which stands
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Figure 29: Overview of Local Personal Risk (LPR) heatmaps of the Groningen area for
the URM1F_B building type throughout the gas years between 2024-2025 and 2036-2037
for the empirical correlation model. The pink zone represents the area which has LPR
values exceeding the Meijdam standard.
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Figure 30: Dispersion relation between LPRs of different correlation models. On the x-
axis we plot the LPR of the consistent correlation model and on the y-axis we have the
ratio between the LPR of another correlation model compared to the consistent. Each
point represents a point on the Groningen map.

for frequency vs. number. Here we can see cumulatively how the numbers of buildings
that exceed a certain probability of damage, where:

• DS1 is minor cracking and cosmetic damage without significant structural impact.

• DS2 is more pronounced cracking, potential spalling, and slight structural degrada-
tion.

• DS3 is severe structural damage with large cracks, spalling, and compromised load-
bearing capacity.

The way these plots should be interpreted are as follows: say you see that at 1000
buildings there is a probability of exceedence of 0.6, then that means that 1000 buildings
have around 60% chance of being damaged in this year.

Once again, there is very little observable difference between the two methods. From
this data, we can also easily derive the expected number of damaged buildings with a
certain state. These can be found in Table 1. These results confirm that there is indeed
very little difference between using the two methods in terms of the expected number of
damaged buildings.

Table 1: Expected number of buildings (out of ∼150.000) in each damage state for the
gas year 2024-2025, calculated with the two different computational methods.

Monte Carlo Numerical integration
DS1 918 919
DS2 27 27
DS3 7 7

57



(a) Monte Carlo method

(b) Numerical integration method

Figure 31: Local Personal Risk (LPR) heatmaps of the Groningen area for the URM1F_B
building type. The pink zone represents the area which has LPR values exceeding the
Meijdam standard.
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(a) Monte Carlo method (b) Numerical integration method

Figure 32: F-N-curves of the amount of buildings in Groningen exceeding certain damage
states, calculated using both the numerical integration method and the Monte Carlo
method. On the x-axis we see the number of damaged buildings and on the y-axis we see
the probability of that number of buildings being damaged, cumulatively.

Now, in Figure 33 we can see the so called mean LPR curves, where the mean is taken
over all different branches of the model chain. This figure shows us the number of buildings
with a certain mean LPR. The riskiest building appears to have, on average, an LPR of
around 1/10.000, meaning that around once in 10.000 years, a person living in the riskiest
building in Groningen can expect to have an earthquake as cause of death. The results for
where the line crosses the Meijdam norm at 1/100.000 appears similar, however, for the
Monte Carlo method, 1330 buildings exceed the norm and for the numerical integration
method, 1640 buildings exceed the norm. This is still not that significant of a difference,
since this should be viewed with a logarithmic scale in mind, just like the axes are plotted.

(a) Monte Carlo method (b) Numerical integration method

Figure 33: Mean Local Personal Risk (LPR) curves
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8 Discussion

8.1 Fragility Model Improvements

It has recently been brought to attention by TNO that the calibration of the fragility
model might not have been conducted in the proper way to work for different correlation
models. The issue lies with the samples that are used to estimate the b0 and b1 coefficients
in Definition 1. These are estimated with a linear regression from a certain set of data
points, but whether these data points are representative for the ground motion model
samples that will later be used as input in the fragility model.

To see what the issue exactly is, we need to understand the way the data for the
fragility model calibration is generated. They do this by creating virtual earthquake sig-
nals that are the best possible representation of an actual earthquake with a certain set of
parameters, like the magnitude and amount of energy released and the length. However,
they also though of trying to make the signal be such that the correlation between the
spectral acceleration components is such that it resembles the Baker & Jayaram structure
[10]. This means the fragility model has the implicit assumption when using the average
spectral acceleration as a predictor, that its distribution has the Baker & Jayaram correla-
tion underlying. This means that if you use the fragility model with a correlation different
than the Baker & Jayaram correlation, i.e. consistent correlation, you will not get fully
accurate results. This means that any GMMV7 calculation with standard settings, which
is used for the national SHRA, is also subject to this error.

The mathematical argument for why this happens is simple. Consider the exceedance
probability as defined in (8). This probability is in fact conditional on a certain intensity
measure distribution I. What happens in the chain is that in the end, we are not interested
in the conditional probability of exceedance, but the unconditional version. That is the
entire reason why we calculate the intensity measure with the ground motion models:
because we want to integrate this function over the density of distribution of I. As
explained before, the quantity ln ηD|I(I) is implicitly assumed to have Baker & Jayaram
correlation, but so if we now do simulations of I, but use a different correlation model,
we are not simulating I, but some other random variable, say I ′. If we now continue to
use this I ′ in the following calculations, we will end up integrating∫ ∞

−∞
fln(D)|I=i(d|i)fI′(i)di ̸= fln(D)(d).

Even though this obviously does not work, this is in fact what is happening at the
moment. All the results that follow discussing different correlation models will have the
same error whenever we talk about results that are progressed through the chain. The
size of the error introduced by using the model in this de-synchronized way is currently
unknown and it should be researched how to make the fragility model compatible for fu-
ture iterations of the model chain, as well as for other seismic hazard modeling research.
This error has crept in the model due to the history of different experts in both of the
fields of fragility modeling as well as ground motion modeling working on this model sep-
arately and not realizing that a change in the correlation model for the ground motions
will implicitly affect the fragility model.
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We have no gauge on how much this de-calibrated model affects the ultimate risk- and
hazard analysis. That being said, it was not the purpose of this project to do anything
with the fragility model, so we did not set out to fix this problem, rather we use the model
as it has been used in the past. Still it is important to remark this issue so hopefully it
will be resolved in the future.

Furthermore, before this issue is resolved, it is unwise to use different correlation
models for the GMM than the one the fragility model is trained for. This means that the
results presented in, e.g., Section 7.2 are all affected by this.

8.2 Normality of the average spectral acceleration

As was previously pointed out, Approximation 1 from Section 6.2.2 is not always the
most accurate, as sometimes skewness values up to -0.25 are observed in the Monte Carlo
runs. Furthermore, we say that this skewness has quite a profound effect on the risk
calculations, making the numerical integration method have higher risks than the Monte
Carlo method consistently.

Initially, it made sense to attempt to model this skewness with the help of numerical
integrations like before, but it turned out that it is a lot more complex to calculate third
moments than second moments analytically. Where the second moment has 100 terms
that need to be summed up and divided, the third moment has 1000 of these terms, all
of which are more complex than the second moment terms. So rather than go down this
rabbit hole, it makes more sense to calculate the skewness resulting from many different
choices of reference model for all the different zones and then use the Monte Carlo dis-
tribution to find the empirical skewness. From this one can find the best predictors for
the skewness and build a model that takes the input parameters like reference mean, ref-
erence variance and amplification model parameters as inputs, and uses these to predict
the resulting skewness.

Given the first two moments from the numerical integration model and the skewness
from the hypothetical model we just described, one can then use the skew-normal dis-
tribution, which takes three input parameters - location, scale and shape - which can be
derived in a one-on-one from the three moments we have. So then we basically change
Assumption 1 to have a skew-normal assumption. Given one has such a model that is
sufficiently good at predicting skewness, it is a simple task to adjust the model to use this
distribution rather than the normal distribution.

Out of curiosity for how difficult it would be to make such a model, I made an attempt
to do so. Firstly, due to the complexity of the many branches and zones, I built a model
only for one zone and a select part of the reference model scenarios. The details of how
this model was made are not particularly relevant, but the main gist was that it used the
mean of the reference median m across the 10 periods and the mean of the bi-parameter, b
of the amplification model, see Eq. 3. The latter controls the slope of the curvature in the
linear breakdown, hence my idea that it would contribute to skewness. From the different
skewness values I had collected, it appeared that there was a clear linear relationship for
the skewness with b, given some m values. The slope of this line could then in turn be
derived from the given m.
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Figure 34: Comparison of dispersion using the Gaussian model vs the Skew-Normal model.
On the x-axis we see the PoE’s of the numerical integration methods and on the y-axis
we see the ratio of the PoE’s of a Monte Carlo run with 1 billion samples to the numerical
PoE’s on the x-axis. The orange points are the results of the skew-normal method and
the blue points are from the Gaussian model.

We can now compare the effect of using this model to predict skewness, compared to
the regular Gaussian model we had before. In Figure 34, we can see a dispersion plot for
the two models on the data that it was trained for. At first sight, the skew model appears
to work exceedingly well, reducing the maximum deviation from a ratio of 1 in the region
from 10−3 to 1 drastically - the region we are most interested in. Furthermore, it is now
a symmetric dispersion, which means we eliminated a source of model error.

However, this model is not representative for the entirety of the model chain. If we
attempt to use the same model on different zones, then it sometimes works, but sometimes
makes the predictions a lot worse. However, the fact that it was possible to successfully
create a predictor for skewness for a subset of the model, implies that it is quite likely that
there exists a simple way to do it for the entirety of the model. Perhaps by creating 160
of these simple models, or perhaps by adding in another predictor, or perhaps by using
machine-learning techniques to find an optimal predictor. Due to time constraints of the
project, no further attempts to calculate this were made. We do however recommend this
to be implemented in future iterations of the Ground Motion Model.
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9 Conclusion
In this thesis, we made progress for Groningen’s Ground Motion Model on 3 fronts. Firstly,
on the calibration front, we looked at generating different sets of parameters using the
same data as the original model authors. Due to the ambiguity in the explanation of their
methods to find these parameters, we were unable to recreate the parameters they found.
In fact, we found that the maximum likelihood parameters were significantly different
from the ones they present. Whether these parameters are better, simply because they
have a higher likelihood, is hard to know. There can be many reasons for them choosing
different parameters, coming from expert judgement-based insights. However, for future
developers of the GMM, we do suggest to investigate whether it would be better to use
maximum likelihood-based parameters.

Secondly, we looked into model validation. For this, we did a critical evaluation of
the model’s lognormal assumption. The results on this were not clearly pointing to either
accepting or rejecting this assumption and we pointed out that it would be an interesting
topic for further research to investigate other distributions that allow for skewness. Fur-
thermore, we also investigated the best dependence structure for the amplification factors.
We came to the conclusion that using a copula model could be superior, but for the reason
of keeping the model simple, we stuck to using a matrix to model the dependency, as was
done before. The empirical correlation matrix we found was significantly different from
the ones used before. However, we cannot conclude that using the empirical model over
any of the previously used matrices is better. Moreover, it is not advisable to change the
dependence structure at the moment, because there needs to be a recalibration of the
fragility model in the first place to allow other models have accurate risk assessments.

Third, we looked at a newly developed calculation method for calculating the average
spectral acceleration. This method used numerical integration rather than the previously
used Monte Carlo sampling technique. This method has its merits in computational speed,
decreasing computation time by a factor of 553, but sacrifices some accuracy for this.
Specifically, it was noted that the Monte Carlo method shows slight negative skewness,
which the numerical integration method cannot reproduce. We did, however, recommend
to implement a model that can include skewness, after a brief attempt at making such
a model. This model showed promising results and gives a nice step towards potentially
including this in future iterations of the model.

Lastly, we also looked at the impact on risk calculations of the recommended changes
to the model. The results were as expected. Changing the correlation model had quite a
significant impact on risk assessment. In contrast, using the numerical integration method
shows very little impact on the risk assessment, which is a positive result, since it is much
faster.
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Appendix 1

Table 2: Model parameters that are constant for throughout all zones.

T (s) cT αT βT

0.01 0.004 0.0015 0.015
0.025 0.004 0.0013 0.0133
0.05 0.004 0.0009 0.0095
0.075 0.004 0.0018 0.0176
0.1 0.0188 0.0058 0.0577

0.125 0.0625 0.0118 0.1178
0.15 0.108 0.0177 0.1767
0.175 0.1715 0.0242 0.2419
0.2 0.256 0.0309 0.3086
0.25 0.5 0.0359 0.3589
0.3 0.5 0.0384 0.3837
0.4 0.5 0.0368 0.3679
0.5 0.5 0.0314 0.3142
0.6 0.5 0.0279 0.2786
0.7 0.5 0.0274 0.2739
0.85 0.5 0.0235 0.235
1 0.5 0.0159 0.1594

1.5 0.5 0.0092 0.0924
2 0.5 0.0053 0.0531

2.5 0.5 0.0033 0.0329
3 0.5 0.002 0.0201
4 0.5 0.0013 0.0126
5 0.5 0.0009 0.0088
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