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Analytical mass transfer coefficients for natural convection from vertical 

gas-evolving electrodes

N. Valle ∗, J.W. Haverkort

Process & Energy Department, Delft University of Technology, Leegwaterstraat 39, 2628 CB, Delft, the Netherlands

A B S T R A C T

The high mass transfer to or from gas-evolving electrodes is an attractive feature of electrochemical reactors, which can be partly attributed to the large convective 
flows that arise due to the buoyancy of bubbles. We derive exact analytical expressions for mass transfer coefficients for the case of constant gas flux boundary 
conditions. For the mass transport both Dirichlet and Neumann boundary conditions are considered. We deploy a recently derived self-similar solution of laminar 
two-phase flows, with density, hydrodynamic diffusivity, and viscosity dependent on the local gas fraction. Combining this with the Lévêque approximation, new 
mass transfer coefficients are obtained analytically. These new results are relevant for various electrochemical processes with gas evolution as well as boiling. The 
new formulation shows the mass transfer coefficient to scale with the vertical coordinate 𝑧 proportional to 𝑧−1∕5 for short electrodes and low current densities and 
𝑧−4∕15 for long ones and high current densities. The former limit also applies when buoyancy is due to temperature or concentration differences in the case that 
density differences are small. We provide a general overview considering all possible gas and mass boundary conditions combinations and a comparison with the 
Boussinesq approximation of small density differences.
1. Introduction

Mass transfer to or from a gas-evolving vertical plate is a phe-

nomenon of paramount industrial relevance, for example, to water elec-

trolysis [1–3], the synthesis of chlorine, sodium hydroxide [4], sodium 
chlorate [5] or aluminium [6]. Such multiphase flow systems bene-

fit from the inexpensive stirring produced by buoyant bubbles, which 
set the fluid in a convective motion, improving the mass transfer of 
dissolved species in the liquid phase and thus shifting the reaction for-

ward by removing products from the electrode. Mass transfer plays an 
essential role in the design, operation and safety of electrochemical re-

actors. For example, in water electrolysis, the concentration of dissolved 
species at the electrode determines gas crossover, which can lead to an 
explosive mixture. Therefore, poor mass transfer can restrict the safe 
operating regime of the electrolyser. Describing the mass transfer coef-

ficients of dissolved species near gas-evolving electrodes then becomes 
increasingly relevant for the energy transition, in which electrochemi-

cal processes have an essential role to play.

The two-phase flow system under study comprises a liquid-gas mix-

ture, which we model as a single fluid [7]. We assume that bubbles 
disperse similarly to the diffusion of temperature, as has been observed 
also for solid particles [8]. At very low gas fractions, the Boussinesq 
approximation holds for the mixture and we can assume a constant mix-

ture density equal to that of the liquid, except for the buoyancy force. 

* Corresponding author.

Under these conditions, two-phase, buoyant systems become analogous 
to thermally buoyant ones. For laminar flows, self-similarity solutions 
are well known [9–11], and have been extended, for example, to in-

clined plates [12,13]. For a complete review of laminar solutions using 
the Boussinesq approximation, the reader is referred to [14] and refer-

ences therein. Nonetheless, the usual Boussinesq approximation is not 
valid in general, owing to the strong influence of gas fraction on density 
and viscosity, and the relatively high gas fraction present in two-phase 
flow reactors. Actually, results considering variable physical properties 
are largely absent in the literature. However, we recently obtained a 
self-similarity solution for laminar bubbly flows developing along a gas-

evolving plate [15]. This analytical solution will be used in this paper 
to obtain general expressions for mass transfer coefficients.

Because the mass diffusivity (𝐷) is usually much smaller than the 
kinematic viscosity (𝜈) we can use the Lévêque approximation, which 
assumes that the mass transfer boundary layer is much thinner than the 
hydrodynamic one, and thus the velocity profile can be linearised. Early 
publications applied such approximation to mass transfer in forced 
laminar [16–18] and turbulent [19–21] flows. Free thermal convec-

tion studies [22–24] also kept such an approximation, together with 
the Boussinesq approximation. These results were extended to gen-

eral Schmidt numbers [25,26], including aiding and opposing buoyancy 
forces.
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Nomenclature

m Molar volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3/mol

𝑐 Molar concentration . . . . . . . . . . . . . . . . . . . . . . . . . . . . mol/m3

𝐷 Mass diffusivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2/s

𝐷b Bubble diffusivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2/s

𝑑b Bubble diameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

𝑓𝑔 Gas evolution efficiency

𝑗 Current density. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A/m2

𝑘 Mass transfer coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . m/s

𝑁 Mass flow rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mol/m2/s

𝑛𝑐 Number of molecules per electron

𝑢 Horizontal liquid velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . m/s

𝑈w Gas flux at the wall/electrode . . . . . . . . . . . . . . . . . . . . . . . m/s

𝑤 Vertical liquid velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m/s

𝑥 Horizontal coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

𝑧 Vertical coordinate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

𝐻 Height of the electrode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

𝑤′ Vertical shear strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1/s

Constants

𝐹 Faraday’s constant 96485.332... . . . . . . . . . . . . . . . . . . C/mol

𝑅 Gas constant 8.31446.... . . . . . . . . . . . . . . . . . . . . . . . . J/mol/K

Dimensionless numbers

Ar∗z Local modified Archimedes number 𝑔𝑈w𝑧4

𝜈2𝐷b

Pebz Local bubble Péclet number 𝑈w𝑧∕𝐷b

Sc Schmidt number 𝜈∕𝐷.

Sh𝑧 Local Sherwood number 𝑘𝑧∕𝐷.

Greek variables

𝜈 Liquid’s kinematic viscosity . . . . . . . . . . . . . . . . . . . . . . . . m2/s

𝜀 Void fraction

𝛿c Mass transfer boundary layer thickness . . . . . . . . . . . . . . . . m

𝛿g Gas plume thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Subscripts and other notation

𝐵 Boussinesq

𝐷 Dirichlet

𝑁 Neumann
Most papers on natural convection considering heat and mass trans-

fer deal with Dirichlet boundary conditions both for wall tempera-

ture and concentration, while only a few articles deal with Neumann 
boundary conditions of constant heat and/or mass flux. This can be at-

tributed to no similarity transformation being possible for the general 
case [27,28]. For natural thermal convection, using Neumann bound-

ary conditions does not result in a substantial difference compared with 
the Dirichlet case [10], which may partially explain why most attention 
goes to the slightly simpler use of Dirichlet boundary conditions.

However, the gas fraction at the wall is usually far from constant 
in gas-evolving electrodes. In contrast, the assumption of constant gas 
flux, associated with a constant current density, is often a good one-

for reactions in which charge transfer is the rate-determining step. This 
is usually the case in which the products are easily removed from the 
reactive sites, and reactants are abundant, like in water electrolysis. 
By neglecting solutal buoyancy and using the Lévêque approximation, 
we can obtain self-similar solutions for both types of solutal boundary 
conditions [29]. Previous works that included solutal Neumann bound-

ary conditions considered only linearised Poiseuille flows [27,29–31]. 
Therefore, we will extend previous results in the literature to apply to 
buoyant two-phase flows with constant gas evolution. To our knowl-

edge, the present paper is the first approach to a self-similar solution 
of natural convection with variable physical properties, with constant 
gas evolution and considering both Neumann and Dirichlet boundary 
conditions for mass transfer.

Beyond the classical convective mass transfer mechanism, an ad-

ditional stirring due to bubbles departing from, sliding along and/or 
coalescing on the electrodes, sometimes called micromixing, often dom-

inates [32,33]. This is not always the case. For example, hydrogen 
bubbles in alkaline electrolytes show very little micromixing [34] so 
that mass transfer is dominated by macroscopic convection. Here, we 
limit ourselves to studying the background mass transfer coefficient, 
without micromixing.

2. Model

Mass transfer boundary layers 𝛿c are thin compared to the momen-

tum boundary layer, since usually 𝜈 ≫ 𝐷 by several orders of magni-

tude. Therefore, when solving for mass transfer one can linearise the 
velocity in the vicinity of the wall as 𝑤(𝑥, 𝑧) ≈ 𝑤′(𝑧)𝑥. This is known as 
the Lévêque approximation [29] of the mass conservation equation (see 
2

Fig. 1), which in terms of molar concentration 𝑐 reads:
Fig. 1. Schematic of a gas-evolving vertical electrode. Mass 𝛿c and momentum 
boundary layers develop along the plate, together with a gas plume 𝛿g. When 
the mass transfer boundary layer 𝛿c is very thin compared with the momentum 
boundary layer, the mass transfer boundary layer can be linearised.

𝑤′𝑥
𝜕𝑐

𝜕𝑧
= 𝐷

𝜕2𝑐

𝜕𝑥2 (1)

where we have neglected streamwise diffusion, according to boundary 
layer theory. The Dirichlet boundary condition

𝑐|w = 𝑐w lim
𝑥→∞

𝑐 = 𝑐∞ (2a)

is often the most relevant one. Here 𝑐w = 0 is a good approximation 
for mass transfer experiments in which a very reactive species is used 
so that its concentration vanishes at the wall. It may alternatively be 
replaced with the Neumann condition

𝐷
𝜕𝑐

𝜕𝑥

||||w = 𝑁 lim
𝑥→∞

𝑐 = 𝑐∞ (2b)

with 𝑁 > 0 the constant flux of a reactant with concentration 𝑐 or, 
in case 𝑁 < 0, the flux of a product with concentration 𝑐. If the mass 
transfer is considered of a species that is involved in an electrochemical 
reaction, we have 𝑁 = ±(1 − 𝑓𝑔)𝑗∕𝑛𝑐𝐹 with 𝑓𝑔 the gas evolution effi-

ciency [35] (i.e., the fraction of moles that leave the electrode in gas 
form over the total electrochemical production), 𝑗 the current density, 
𝑛𝑐 the number of electrons transferred per molecule of reactant/product 

whose concentration is 𝑐.
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Note that the influence of flow in mass transport is introduced 
through the shear strain 𝑤′ which, neglecting solutal buoyancy, is in-

dependent of 𝑐. Focusing on laminar flows developing along vertical 
gas-evolving electrodes, we will obtain 𝑤′ from recent results [15], 
which consider variable density, viscosity and diffusivity.

For gas-evolving electrodes, the volumetric flux of gas can be related 
to the current density by Faraday’s law [35,36].

𝑈w = 𝑓𝑔

𝑗m

𝑛𝑐𝐹
(3)

where the molar volume is given for an ideal gas by m = 𝑅𝑇 ∕𝑝 and 𝑛c

is the number of electrons transferred per gas molecule produced.

The mass conservation equation (1) allows a simple self-similar so-

lution for both Dirichlet and Neumann cases when 𝐷∕𝑤′ is constant 
or only a function of 𝑧 [29]. Here, we will sketch only the essential 
steps and the results, whereas their complete derivations are provided 
in Appendix A. We will introduce the following self-similar variable

𝜉 ≡ 𝑥

𝐿𝑧

(4)

where the characteristic length is

𝐿𝑧 =
⎛⎜⎜⎝9

𝑧

∫
0

𝐷

𝑤′ 𝑑𝑧

⎞⎟⎟⎠
1∕3

(5)

This transformation converts equation (1) into an ODE, which can be 
solved analytically in terms of 𝜉 only. Fig. A.4 shows the solution of the 
dimensionless concentration profiles in terms of 𝜉 for both Neumann 
and Dirichlet boundary conditions. Note that the flow profile only en-

ters through 𝑤′ in the definition of 𝐿𝑧. From the analytical solution in 
Appendix A.1, we obtain the mass transfer coefficient

𝑘𝐷 ≡ 𝐷

𝑐w − 𝑐∞

𝜕𝑐

𝜕𝑥

||||w ≈ 1.12 𝐷

𝐿𝑧

(6)

Defining a local Sherwood number ShD,z ≡ 𝑘𝐷𝑧∕𝐷 we see that ShD,z ≈
1.12𝑧∕𝐿𝑧.

The mass transfer coefficient for the Neumann case 𝑘N is obtained 
assuming that not the wall concentration but the flux of species is 
constant as in equation (2b). The resulting expression, derived in Ap-

pendix A.2, is identical to the Dirichlet case except for a slightly differ-

ent prefactor

𝑘D

𝑘N

≈ 0.827 (7)

For this reason, and to lighten the exposition, we will only present the 
results for the case of 𝑘D, from which 𝑘N can be easily obtained.

3. Results

To be able to evaluate equation (6) for the mass transfer coeffi-

cient, we have to evaluate 𝐿𝑧 which depends on the shear strain at 
the wall, 𝑤′. For bubbly flows developing along a vertical electrode, we 
will use [15]

𝑤′ ≈
(
1 − 𝜀w

)(𝑔3𝑈3
w
𝑧2

𝜈𝐷3
b

)1∕5

𝑓 ′′
w

(8)

Bubbles’ diffusivity is defined as:

𝐷b =
𝑔𝑑3

b

36𝜈
(9)

This relation was determined for settling solid particles and is assumed 
to hold equally for non-coalescing bubbles [37,38]. The prefactor, fea-
3

turing the wall gas fraction 𝜀w, reads
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1 − 𝜀w = 1

1 +
(

𝜈2𝑈4
w𝑧

𝑔𝐷4
b

)1∕5
𝜃w

(10)

where [15]1:

𝜃w ≈

{
1.63Pr

−9∕25
b

Prb ≥ 1
1.63Pr

−1∕5
b

Prb ≤ 1
(13)

𝑓 ′′
w
≈

{
1.5Pr

−2∕5
b

Prb ≥ 1
1.5Pr

−1∕3
b

Prb ≤ 1
(14)

where the bubble Prandtl number is defined as

Prb ≡ 𝜈

𝐷b

≈ 18𝜈2

𝑔𝑑2
b

(15)

With 𝜈 = 10−6 m2/s and 𝑑b = 100 μm this gives Prb ≈ 1 so that for typ-

ical aqueous electrolytes the conditions Prb > 1 and Prb < 1 translate, 
approximately, to the limits 𝑑b < 100 μm and 𝑑b > 100 μm, respectively.

For very small heights and gas fluxes, the denominator in equa-

tion (10) is close to one so the wall gas fraction 1 − 𝜀w is small and 
the shear rate scales with 𝑧2∕5. For larger heights and gas fluxes, the 
denominator can be much larger than one so the wall tends to one, in 
which case the shear rate becomes proportional to 𝑧1∕5.

Next, we determine the characteristic length 𝐿𝑧 from equation (5)

by inserting equations (8) and (10) and integrating to give

𝐿𝑧 =
(

𝐷b𝑧

𝑔𝑈w

) 1
5 ⎛⎜⎜⎝15𝐷𝜈

1
5

𝑓 ′′
w

⎛⎜⎜⎝1 +
3𝜃w

4

(
𝜈2𝑈4

w
𝑧

𝑔𝐷4
b

) 1
5 ⎞⎟⎟⎠
⎞⎟⎟⎠
1
3

(16)

from which we can immediately obtain the mass transfer coefficient 
𝑘𝐷 ≈ 1.12𝐷∕𝐿𝑧 as

𝑘D ≈
0.454𝐷2∕3(𝑓 ′′

w
)1∕3

(
𝑔𝑈w

𝜈1∕3𝐷b𝑧

)1∕5

(
1 + 3

4𝜃w

(
𝜈2𝑈4

w𝑧

𝑔𝐷4
b

)1∕5
)1∕3 (17)

This shows a transition from a scaling with 𝑧−1∕5 to 𝑧−4∕15. These two 
asymptotes are equal for 𝑧 = 𝑧c where

𝑧c =
(

4
3𝜃w

)5 𝑔𝐷4
b

𝜈2𝑈4
w

. (18)

We do note that because of the very low power of 𝑧1∕5, the transition 
region is smeared out over a very wide range of heights, and in practice, 
neither of the limits will be easily attainable. In terms of current density, 
there is a transition from scaling with 𝑈1∕5

w to 𝑈−1∕15
w so that beyond a 

certain gas flux, the mass transfer coefficient decreases with increasing 
gas flux. The gas flux for which the mass transfer is optimal is given by

𝑈w,opt = 4𝐷b

(
𝑔

𝜃5
w
𝜈2𝑧

)1∕4

(19)

which will usually only be achieved at very high current densities. In 
dimensionless notation equation (17) reads for the Sherwood number 
ShD,z = 𝑘𝐷𝑧∕𝐷:

1 Approximations valid for all Prb are given by

𝜃w ≈ 1.63
(

Pr
−9∕5
b

+ Pr−1
b

)1∕5
(11)

𝑓 ′′
w
≈ 1.5

(
Pr−6

b
+ Pr−5

b

)1∕15
(12)
These give maximum relative errors of roughly 3% and 5%, respectively.
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ShD,z ≈ 0.454
⎛⎜⎜⎝

Sc𝑓 ′′
w

Ar
3∕5
∗z

1 + 3
4𝜃wPebzAr

−1∕5
∗z

⎞⎟⎟⎠
1∕3

(20)

In the limit Prb ≥ 1, typically for small bubbles with 𝑑b ≲ 100 μm, equa-

tions (17), (13), and (14) give

𝑘D ≈
0.52𝐷2∕3

(
𝑔𝑈w

𝜈𝐷
1∕3
b

𝑧

)1∕5

(
1 + 1.2

(
𝜈𝑈4

w𝑧

𝑔𝐷3
b

)1∕5
)1∕3 (21)

In the limit Prb < 1, typically for relatively large bubbles with 𝑑b ≳ 100
μm, equations (17), (13), and (14) give

𝑘D ≈
0.52𝐷2∕3

(
𝑔𝑈w𝐷

2∕3
b

𝜈2𝑧

)1∕5

(
1 + 1.2

(
𝜈1∕3𝑈4

w𝑧

𝑔𝐷
7∕3
b

)1∕5
)1∕3 (22)

In case of low heights and low gas flux the denominator of equa-

tions (17) or (20) approaches one, which agrees with the classical result 
of natural thermal convection [10] that is obtained using the Boussinesq 
approximation. In this limit, the gas fraction is so small that its effect on 
density, viscosity, and hydrodynamic dispersion is negligible. Our new 
solution is more general as it includes the effect of a finite gas fraction 
on inertia, bubble dispersion, and viscosity. In the somewhat artificial 
opposite limit of 𝜀w → 1, the denominator is much larger than one, the 
wall gas fraction tends to one and both the effective viscosity and hy-

drodynamic dispersion coefficients diverge. Because of the uncertainty 
in the dependencies of viscosity and bubble dispersion coefficient on 
gas fraction, the possible relevance of other bubble forces, and the pos-

sible occurrence of turbulence, the experimental relevance of this limit 
remains to be seen.

Note that in the limit of unit wall gas fraction, the mass transfer coef-

ficient no longer depends on the bubble dispersion coefficient for small 
bubbles. Also, the dependence on gas flux becomes extremely small, 
while the dependence on height increases compared to that at low to 
moderate gas fractions.

Our new formulation can be compared with the Boussinesq approx-

imation, 𝑘D,B, which follows from setting the denominator of equa-

tion (17) to 1. After isolating the 𝜃w

(
𝜈2𝑈4

w𝑧

𝑔𝐷4
b

)1∕5
group from equa-

tion (10), the ratio between the two reads:

𝑘D

𝑘D,B

=
(
1 + 3

4
𝜀w

1 − 𝜀w

)−1∕3
(23)

As can be seen in Fig. 2, this typically gives modest corrections except 
for very high gas void fractions, in which case the mass transfer coeffi-

cient dramatically decreases.

The new expression for mass transfer coefficient is plotted against 
experimental data taken from [39] in Fig. 3. Physical properties were 
taken from [40]. These works used a pair of marker ions in the elec-

trolyte solution which react rapidly at the electrode, resulting in an 
effective Dirichlet boundary condition for the concentration at the elec-

trodes. We focus on the cathode, which evolves H2 bubbles and whose 
diameter is typically 𝑑b ≈ 50 μm [34], so equation (21) is the most rel-

evant for this case. The height-averaged mass transfer coefficient ⟨𝑘D⟩, 
relative to the local mass transfer coefficient 𝑘D can be obtained from 
Eq. (17) by integration as

⟨𝑘D⟩
𝑘D

= 243

88�̄�
4
5

( (
1 + �̄�

1
5
) 1

3 − 1 − 1
3

�̄�
1
5 + 1

9
�̄�

2
5 − 5

81
�̄�

3
5 + 40

81
�̄�

4
5

)
(24)

where �̄� ≡ 𝑧∕𝑧c. This tends between the two limits of 5∕4 = 1.25 for 
4

�̄� → 0 and 15∕11 ≈ 1.36 for �̄� → ∞. For �̄� = 1 we obtain ⟨𝑘D⟩∕𝑘D ≈
International Journal of Heat and Mass Transfer 225 (2024) 125390

Fig. 2. The correction factor of equation (23) comparing the new result versus

the mass transfer coefficient obtained from the classical Boussinesq approxima-

tion valid for low gas fractions.

Fig. 3. Average mass transfer coefficients in a H2-evolving system for our new 
model compared with the Boussinesq approximation and experimental data 
taken from [39]. The setup consists of a 𝐻 = 10 cm height electrode immersed 
into a 2M NaOH electrolyte with 0.1M K3(CN)6 and 0.1M K4(CN)6 . A typical 
bubble diameter 𝑑b ≈ 50 μm is assumed. The band between the lower and upper 
limits of the average mass transfer coefficient (corresponding to 5∕4 × eq. (21)

for �̄� → 0 and 15∕11 × eq. (21) for �̄� →∞) is shown in grey. (For interpretation 
of the colours in the figure(s), the reader is referred to the web version of this 
article.)

1.3, which has less than 5% difference with either limits. Therefore, 
we can reasonably accurately obtain the height-average mass transfer 
coefficient by simply multiplying the mass transfer coefficient at the top 
by 1.3, which is what we did in Fig. 3.

Results show an excellent agreement with the data from [39] for 
𝑑b = 50 μm. The scaling of the experimental results is approximately 
∼ 𝑧0.1, which is captured with the new model, whereas the classical 
Boussinesq theory predicts ∼ 𝑧0.2 The results do not sensitively depend 
on 𝑑b in the range between 20 −80 μm, whereas the sensitivity to mass 
diffusion coefficient is much higher.

4. Conclusions

We obtained combined similarity solutions for natural convection 
and mass transfer by using the Lévêque approximation and boundary 
layer theory. The used self-similarity solution [15] takes into account 
the effect of gas fraction on density, mixture viscosity and bubble hy-

drodynamic dispersion.

We have considered Neumann boundary conditions, often most rel-

evant for electrochemical processes, for the gas fraction and Dirichlet or 
Neumann conditions for the concentration. We show that the difference 
between Dirichlet and Neumann boundary conditions for concentra-

tion is a simple numerical factor. That is, the mass transport coeffi-
cient of a non-buoyant species with Dirichlet boundary conditions is 
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3
√
3∕2𝜋 ≈ 0.827 times that in the case of Neumann boundary condi-

tions.

The new mass transfer coefficient shows a mixed scaling with height 
𝑧, asymptotically transitioning from a proportionality with 𝑧−1∕5 to 
𝑧−4∕15 as the wall gas fraction tends to one. We report our new results 
along with the classical Boussinesq result, where the latter is shown to 
hold for low wall gas fractions. The comparison shows a moderate cor-

rection compared to the low wall gas fraction result, which becomes 
very large at very high wall gas fractions.

Experimental results from the literature are in excellent agreement 
with the model, and most remarkably capture the right shape of the 
experimental results.
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Appendix A. Lévêque approximation

The similarity solution of equation (1) in the case of Dirichlet bound-

ary conditions can be found in many textbooks and papers on heat 
transfer [22,29,30]. However, the solution for Neumann boundary con-

ditions is not often encountered. In [29], a solution is provided in the 
context of a laminar flow through a tube with constant heat flux by 
transforming the flux as a new primitive variable. Here, we will fol-

low another strategy: changing the self-similarity prototype function to 
match the Neumann boundary conditions and then solving the resulting 
self-similar equation analytically.

Fig. A.4. Mass transfer profile for Dirichlet and Neumann boundary conditions 
5

at the electrode.
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A.1. Dirichlet

The similarity variable 𝜉 of equation (4) transforms equation (1) and 
the boundary conditions (2), into

𝑐′′ + 3𝜉2𝑐′ = 0 (A.1)

𝑐(0) = 𝑐w lim
𝜉→∞

𝑐 = 𝑐∞ (A.2)

The solution reads

𝑐 − 𝑐∞
𝑐w − 𝑐∞

= Q
(1
3

, 𝜉3
)

(A.3)

where Q is the regularized upper incomplete gamma function

Q(1∕3, 𝜉3) = Γ(1∕3, 𝜉3)∕Γ(1∕3), where Γ(1∕3, 𝜉3) = ∫ ∞
𝜉3 𝑡−2∕3e−𝑡𝑑𝑡 and 

Γ(1∕3) = Γ(1∕3, 0) ≈ 2.67894. With a single argument, Γ(𝑥) is called the 
gamma function without another descriptor.

The concentration gradient at the wall 𝜕𝑐

𝜕𝑥

|||w = lim𝑥→0+
𝜕𝑐

𝜕𝑥
is:

𝜕𝑐

𝜕𝑥

||||w = −
3
(
𝑐w − 𝑐∞

)
Γ
(
1
3

)
𝐿𝑧

(A.4)

where 3∕Γ(1∕3) ≈ 1.1198.

This gives the mass transfer coefficient 𝑘 = 𝐷

𝑐∞−𝑐w

𝜕𝑐

𝜕𝑥

|||w as

𝑘 = 3
Γ(1∕3)

𝐷

𝐿𝑧

≈ 1.1198 𝐷

𝐿𝑧

(A.5)

In dimensionless form, we define the dimensionless concentration 
with 𝑐ref = 𝑐w − 𝑐∞ so 𝑐 = (𝑐 − 𝑐∞)∕ 

(
𝑐w − 𝑐∞

)
and

𝑐 = Q
(1
3

, 𝜉3
)

(A.6)

The dimensionless wall concentration gradient:

𝜕𝑐

𝜕𝑥

||||w = 3

Γ
(
1
3

)
𝐿𝑧

(A.7)

Finally, the local Sherwood number reads:

Sh𝑧 =
3

Γ
(
1
3

) 𝑧

𝐿𝑧

≈ 1.1198 𝑧

𝐿𝑧

(A.8)

The mass transfer boundary layer thickness is defined to be the 
length from the wall at which the concentration decreases to 0.01 at 
𝜉 = 1.4037 so that the 99% concentration boundary layer thickness is 
given by 𝛿99% = 1.4037𝐿𝑧.

A.2. Neumann

Together with the coordinate transformation stated in equation (4), 
we attempt solutions of the following form:

𝑐 − 𝑐∞ = 𝑐(𝜉)𝐿𝑧 (A.9)

to transform equation (1) and the boundary conditions (2) into:

𝑐′′ + 3𝜉2𝑐′ − 3𝜉𝑐 = 0 (A.10)

𝑐′(0) = 𝑗

𝑛𝐹𝐷
lim
𝜉→∞

𝑐 = 0 (A.11)

which accepts the following analytical solution:

𝑐(𝜉) = −𝑗

𝑛𝐹𝐷
𝜉Q

(
−1
3

, 𝜉3
)

(A.12)

Here Q is the regularized upper incomplete gamma function, which 
can be expressed in terms of the upper incomplete gamma function 

Q
(
−1

3 , 𝜉3
)
=

Γ
(
− 1

3 ,𝜉3
)

Γ
(
− 1

3

) . This function is defined as an indefinite inte-

3 ∞ −4∕3 −𝑡 1( )
gral as Γ(−1∕3, 𝜉 ) = ∫
𝜉3 𝑡 e 𝑑𝑡, where 

Γ − 1
3

≈ −0.246. Solutions 
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can be seen in Fig. A.4. Undoing the transformations of equations (4)

and (A.12) we obtain

𝑐(𝜉) = 𝑐∞ − 𝑗𝑥

𝑛𝐹𝐷
Q
(
−1
3

, 𝜉3
)

(A.13)

from where we find the concentration at the wall:

𝑐w ≈ 𝑐∞ + 0.74
𝑗𝐿𝑧

𝑛𝐹𝐷
(A.14)

where lim𝜉→0 𝜉𝑄 
(
−1

3 , 𝜉3
)
= −3

Γ(−1∕3) ≈ 0.7385.

The local mass transfer coefficient 𝑘 ≡ 𝐷

𝑐∞−𝑐w

𝜕𝑐

𝜕𝑥

|||w, using equa-

tions (2) and (A.14), reads

𝑘 =
Γ(−1∕3)

−3
𝐷

𝐿𝑧

≈ 1.354 𝐷

𝐿𝑧

(A.15)

We introduce a reference concentration 𝑐ref, which may be 𝑐∞ in 
case it is non-zero, to define a dimensionless concentration profile

𝑐 =
𝑐 − 𝑐∞

𝑐ref

(A.16)

Introducing the Damkhöler number

Da𝑧 = −
𝑗𝐿𝑧

𝑛𝐹𝐷𝑐ref

(A.17)

we obtain

𝑐 = Da𝑧𝜉Q
(
−1
3

, 𝜉3
)

(A.18)

which can be seen in Fig. A.4. The dimensionless wall concentration 
then reads:

𝑐w =
3Da𝑧

Γ
(
−1

3

) (A.19)

and the local Sherwood number 𝑘𝑧∕𝐷:

Sh𝑧 = −
Γ
(
−1

3

)
3

𝑧

𝐿𝑧

≈ 1.3541 𝑧

𝐿𝑧

(A.20)

Finally, the 99% boundary layer thickness 𝛿99% may be defined 
as that distance at which the difference with the bulk concentra-

tion has decreased to 1% of the concentration difference between the 
wall and the bulk. Equations (A.13) and (A.14) can be solved for 
𝑐(𝜉)−𝑐∞
𝑐w−𝑐∞

= −1.354𝜉Q
(
−1

3 , 𝜉3
)
= 𝜉

Γ
(
− 1

3 ,𝜉3
)

3 = 0.01 to give 𝜉 = 1.31918 so 
𝛿99% ≈ 1.32𝐿𝑧. Alternatively, we can say that at 𝑥 = 𝐿𝑧 (i.e., 𝜉 = 1), the 
concentration has decreased to approximately ∼ 6.34%, which confirms 
that 𝐿𝑧 can be seen as a rough estimate of the mass transfer boundary 
layer’s thickness.

In case of mass transfer of reactants (𝑗 < 0) a zero wall concentration 
𝑐w = 0 is approached at a limiting current 𝑗lim = 1.354 𝑛𝐹𝐷𝑐∞

𝐿𝑧
. This will 

happen at the top of the electrode where 𝐿𝑧 is the highest.

Comparing equations (A.20) or (A.15) and (A.8) or (A.5) for the 
Sherwood numbers or mass transfer coefficients using Neumann and 
Dirichlet boundary conditions, respectively, we obtain

Shz,D

Shz,N

= −9
Γ(−1∕3)Γ(1∕3)

=
3
√
3

2𝜋
≈ 0.827 (A.21)
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