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complex issues needing to be addressed, especially considering the longitudinal inhomo-
geneity and uncertainty of dynamic properties in physics and correspondingly their tem-
poral evolutions. In this paper, a temporal-spatial coupled model is developed to fully
deal with the deterministically/non-deterministically computational and analytical matters

Keywords:

Train-track-bridge interactions in the train-track-bridge interactions with a novelty, where a train-track-bridge interac-
Random vibrations tion model is newly developed by effectively coupling the three-dimensional nonlinear
Monte-Carlo method wheel-rail contact model and the finite element theory, moreover, the Monte-Carlo method
Karhunen-Loéve expansion (MCM) and Karhunen-Loéve expansion (KLE) are effectively united to model the random
Track irregularities field of track-bridge systems, and a spectral evolution method accompanied by a track ir-

regularity probabilistic model are introduced to select the most representative track irregu-
larity sets and to characterize their random evolutions in temporal dimension. In terms of
random vibration analysis, the high-efficiency and effectiveness of this developed model
is validated by comparing to a robust method, i.e., MCM. Apart from validations, multi-
applications of the temporal-spatial coupled model from aspects of deterministic compu-
tation, random vibration, resonant analysis and long-term dynamic prediction, etc., have
been fully presented to illustrate the universality of the proposed model.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Railway bridges, as a kind of infrastructure, are becoming increasingly important in supporting and guiding the train-
track systems. Especially in high-speed lines, the proportion of bridges is much higher than common railway lines that are
mainly supported by the subgrade layer. To specific lines, even 90% over is occupied by bridges for conservation of land
and environment protection. Hence the theoretical methods and applied technologies related to the assessment of dynamic
performance of railway systems, when a train passes through the track/bridge structures, have attracted more and more
attentions in last two decades.

Comparing to expensively experimental studies in situ or lab, the dynamic simulations actualized by the computer
program have become a dominant strategy in most situations. Till now, the dynamic models developed to characterize the
train-track-bridge interactions are numerous, but mostly concentrated on vertical vibrations [1-8], obviously, it limits the re-
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Nomenclature

my the rail mass per unit length

Ar the cross-sectional area of the rail

Wr the polar moment of inertia of the rail cross-section

L the length of the beam element

I; the distance between two adjacent rail pads

E; the Young’s modulus of the rail

(Iey.rz) the flexural moment of inertia about the Y-axis and Z-axis of the cross section of the rail respectively
ket the torsional rigidity of the rail cross section around the X-axis

ms the mass of the slab per unit volume

(hs,bs,ls) the height, width and length of the slab track element respectively
Es the Young’s modulus of the slab track

Us the Poisson ratio of the slab track

Is, the moment of inertia of the track slab around Z-axis

mp the mass of the pier

(kpx.kpx,kpx) the supporting stiffness coefficients of the subgrade in X-, Y- and Z- axis, respectively

(cpxoCpx,Cpx)  the supporting damping coefficients of the subgrade in X-, Y- and Z- axis, respectively

(krpz:krpy)  the vertical and lateral stiffness of the rail pad respectively

(crpasCrpy)  the vertical and lateral damping of the rail pad respectively

b the lateral distance between the contact point of rail pad-slab track and the left-side border of the slab
along X-axis

(Kcazkcay)  the vertical and lateral stiffness coefficients of the CAM

(Br,Hy) the central lateral and vertical distances between the slab track and the girder

(kpz.kpy) the vertical and lateral stiffness reflecting the properties of the bearing

ag the half of the horizontal distance between two contact points

(M) the rolling radius of the left and right wheelset respectively

Q the nominal rolling angular velocity of the wheelset

(Iyy.Iwz) the moment of inertia of the wheelset around Y- and Z- axis

My, the mass of the wheelset

R; the radius of the curvature of the rail corresponding to the ith wheelset

o the angle of superelevation corresponding to the center of the ith wheelset

(@wi» Pwi)  the first-order and second-order derivatives of ¢;

Iy the nominal rolling radius of the wheelset

Awi the first-order derivative of the curvature

g the acceleration of gravity

v the running speed of the vehicle

M. the mass of the car body

(Iexolcz) the moment of inertia of the car body around X- and Z- axis respectively

Rc the radius of curvature with regard to the centroid of the car body

bc the angle of superelevation corresponding to the centroid of the car body

Pc the second-order derivative of ¢

Se the first-order derivative of the track curvature

Hew the vertical distance between the centroid of the bogie frame and the center of the wheelset

Hye the vertical distance between the centroid of the bogie frame and the bottom plane of the secondary
suspension

Hy the vertical distance between the centroid of the bogie frame and the upper plane of the secondary sus-
pension

(ksz,ksy,ksx) the secondary suspension stiffness in vertical, lateral and longitudinal directions
(kpz.kpy.kpx) the primary suspension stiffness in vertical, lateral and longitudinal directions

(ds,dp) the semi-horizontal distance of the secondary and primary suspension respectively

e the semi-longitudinal distance between bogies

I the semi-longitudinal distance between wheelsets in a bogie

(I lv) the lateral and vertical distance between the wheel-rail contact point and the centroid of the rail

search scopes since the issues on lateral stability and safety of system components have gradually become notable concerns
in railway engineering, especially in conditions of high speed operations. Accounting for this, more and more researchers
start to focus on building the three-dimensional train-track/bridge interaction models, see for example, Zhai et al. [9] made
a pioneering work in comprehensively considering the coupled dynamics between a vehicle and the tracks, in which the
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three-dimensional (3-D) nonlinear contact/creep in wheel-rail interactions are introduced in focused manner, later, by adopt-
ing the same fundamentals, extensive researches in train-track-bridge coupled dynamics are put into practice [10,11]; more-
over, Refs. [12-17] conducted significant work on 3-D train-bridge interactions, but neglecting the effects of track structural
participations on synthetic vibrations, additionally, only linear wheel-rail interactions are accounted for; Zeng et al. [18] con-
structed a rather comprehensive model for train-slab track-bridge interactions, but still, the core mechanism highlighting
the complex wheel-rail interactions is linearized to unify the system components by energy-variational principle [19].

Apart from the developments on constructing train-bridge dynamic simulation models, researchers gradually ex-
tend the general deterministic computations into random vibration analysis in light of the random characteristics of
the train/track/bridge systems on physical properties and mechanical status. With regard to the random analysis of
train-track/bridge interactions, there are mainly three types of methods, i.e., Monte-Carlo method (MCM) [6,20,21],
pseudo-excitation method (PEM) [17,18,22,23] and probability density evolution method (PDEM) [16,24], where the system
parameters or excitations, e.g, track irregularities and seismic motions, etc., are assumed to be random processes statically
characterized by probability density function (PDF) and spectral densities. Undoubtedly, these work has taken significant
steps towards the road of random analysis, however, far more scientific researches need to be probed into, e.g.,

e Random simulation involving with the longitudinal uncertainty of dynamic properties of track/bridge systems at spatial
dimension. Though fragmentary reports investigating the effects of random track bed stiffness on vehicle-track interac-
tions have been presented [25], a united and high-efficient method dealing with random simulation and combination of
multiple variables is rarely presented;

Ergodic characterization of the system excitations. For example, track irregularities, perhaps the most important excita-
tion of train-track/bridge systems, hold random nature. In Refs. [16,18], only the excitation of specific track irregularity
spectrums, which are just statistical status of the rail deformation at one probability, is considered, certainly, based on
which the full responses of system components cannot be revealed;

The strategies to characterize the evolution of system dynamic characteristics affecting the long-term behaviors of train-
track/bridge systems.

Previously, Xu and Zhai [26] had proposed a theoretical prototype to expand the general random vibration analysis into
temporal-spatial stochastic analysis with respect to the vehicle-track systems, in which the randomness and correlation
between longitudinal system parameters are considered but being limited to normal distribution, moreover, the ergodic
simulation of track random irregularities are solved by a probabilistic method. This research notices the features of railway
lines in large-scale construction and longitudinal unevenness/randomness in system parameters and track irregularities, the
temporal-spatial stochastic model is therefore established to wholly consider the possibility of combination over system
parameters and excitations, and achieving far more comprehensive dynamics results that are necessities in reliability
assessment, track maintenance and design, etc.

Based on the fundamentals of the work in Ref. [26], the studies aiming at constructing a general model for achieving
the temporal-stochastic analysis of train-track-bridge systems will be further extended and perfected. The main content
of this paper can be illustrated by: firstly, a more advanced 3-D nonlinear train-track-bridge dynamic model will be
developed by fully modelling the tracks and the bridges as an integrated one, while the interactions between the train
and the track-bridge systems are characterized by the complex nonlinear wheel-rail forces by correcting the deficiency
of Ref. [18,27]; secondly, a united method will be provided to randomly simulate the system variables that are correlated
and following arbitrary probability distribution, based on MCM and Karhunen-Loéve expansion (KLE); thirdly, a statistical
strategy is developed to describe the evolution of track random irregularities accompanied by a simple introduction of the
track irregularity probabilistic model; fourthly, the theoretical framework for constructing the temporal-spatial stochastic
model for train-track-bridge interactions is presented; finally, numerical studies and conclusions will be further presented.

2. Modelling for train-track-bridge interactions
2.1. Basic instructions

To the three-dimensional (3-D) train-track-bridge model (Fig. 1), the following instructions should be made in advance,
namely

(1) The train consists of the front and rear motor car and several trailer cars modelled as rigid bodies of a car body, two
bogie frame, four wheelsets and linear suspension systems, and the vehicles move at a constant velocity V along the
tracks;

(2) The bridge is modelled as simply supported girder bridges; the tracks resting on the bridges are chosen as slab tracks
modelled by thin-plate element, while the tracks on rigid-subgrades are modelled by commonly used ballasted tracks.

(3) Only the presentation over the dynamic equations of motion for the train-track-bridge interactions will be illustrated
for brevity.
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Fig. 1. Three-dimensional train-track-bridge interaction model (end view).

2.2. Dynamic equations of motion for train-track-bridge interactions

Based on fundamentals of finite element theory and energy-variational principle, one can derive the 3-D equations of
motion in sub-matrix form for the train-track bridge interaction system as

M. 0 0 0 o07[X CG:c G 0 0 O07[X
0o M, O 0 0 X; G: G G 0 0 [|X
0 0 Mg O 0 X|+|0 G C C, 0 ||X
0 0 0 My 0 [[X, 0 0 Gs Cp GCyll|Xx,
0 0 0 0 Myl|Xx, 0 0 0 G Cyl|x,
K: K., 0 0 01X E
Krt Krr Krs 0 0 Xr Fr
+] 0 Ks Ks; K, O ||X|=|E (1)
0 0 Ky Ky Kpl||Xp F,
0 0 0 K, Kypllx, F,

where the subscripts “t”, “r”, “s”, “b” and “p” denote the train, rail, slab track, girder and pier, respectively.

2.2.1. The methodologies used to couple the train-track-bridge systems

Surveying this train-track-bridge coupled system, one can discover that the connection of all system components
including the wheel-rail interfacial interaction can be equivalently treated as a form of spring-dashpot contact.

Obviously the dynamic problems of elastic systems can be also transformed as static equilibrium problems where d’
Alembert principle and the effects of damping forces is respectively introduced and considered by a general form [19]

Je=fp + fc — Fsign(u) + p(t) + G (2)

with f, = [, (-pii)dv; f. = [, (—ci)dv,where fe, f,, fo, F, p(t) and G are the vectors of system elastic force, inertia force,
damping force, Coulomb’s friction force, external interfere force and gravity, respectively; i, # and u are respectively the
acceleration, velocity and displacement quantity; p and c respectively denote the parameters of mass density and damping
coefficient.

Based on the principle of virtual work, the equation below can be derived by accounting for the system virtual
displacement du, that is [19]

8U, = —/ Su' piidv —/ Sucudv — Su'Fsign(u) + Su"p(t) + Su'G (3)
v v

with U, = [, Su" piidv, U = f,, SuTcudv, Ve =u"Fsign(u), V, = —u'p(t), Ve = —u'G, in which U, is the elastic strain energy of
the systems; Up, U, V¢ and V), are the negative work of the non-potential forces, that is, the system inertia force, damping
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force, Coulomb’s friction force and external interfere force, respectively; Vg is the gravitational potential energy of the
systems.

Following the principle of finite element method (FEM), it is known that u= NX, == NX and ii= NX, in which N is the
equivalent shape function, X, X and X are respectively the displacement, velocity and acceleration vector of the systems,
thus Eq. (3) can be transformed as

8Ue + SXTMX + 8XTCX = 6XF, (4)

with M = [, pNINpdu, €= [, cNINcdv, F = —N[Fsign(NgX) — N7 p(t) — NLG, where N;; and N denote the equivalent
shape functions for the mass matrix and damping matrix respectively; Nr, Ny and N denote the equivalent shape functions
for load distribution; §Ue is the variation of the elastic strain energy, which has different expressions according to the motion
modes, for example, U, = 6XT [, EIN'TN"duX for the elastic deformation energy of a beam, in which E and I denote the
modulus of elasticity and moment of inertia respectively, N’ denotes the second derivative of the equivalent shape function.

From Eq. (4) one can observe that the dynamic matrices can be obtained by removing the virtual displacement term
6X, thus the key work in building the equations of motion for a dynamical system lies in clarifying the shape functions
and loading vectors. The detail methodology and derivation process from the potential energy of a dynamic system to the
correspondingly dynamic matrices have been presented in the work of Xu et al. [28], which can be consulted for reference.

In the following parts, the displacement vectors and sub-matrices will be given directly without further derivations for
brevity.

2.2.2. Displacement vector
The total train displacement vector, X;, can be assembled as

T

X = [XMo,l Xre1 X2 ... Xmew, XMo,Z] (5)
where the superscript “T” denotes the transposition of the matrix; the subscripts “Mo”, “Tr” denote the motor car and trailer
car respectively, and Xy, ;, i=1, 2 and Xpj, j=1, 2, .., Ny denote the sub-vectors of the ith motor car and the jth trailer car,

all with 35 degrees of freedom (DOF’s), as shown in Appendix A-Table Al.

The displacement vector of the rail, X, with order of (2 x N; x n;;) x 1, where N; is the total number of rail beam element,
ny is the number of DOFs of a rail beam and the number “2” originates from the left- and right- side of the rails, can be
written as

T
X = [XLr,l X2 oo Xy, Xrr X2 .- XRr,nr] (6)

where the subscript “Lr” and “Rr” denotes the left- and right-side rail respectively. The DOF for each node of the rail beam
element has been listed in Appendix A-Table A2.

The displacement vector of the slab track, X;, with order of (Ns x ng) x 1, where Ns is the total number of slab element,
ns is the number of DOFs of a slab thin-plate element, can be written as

Xo=[X1 X2 - Xl (7

where the X;;, I=1, 2, .., Ns, denotes the displacement vector of the Ith slab track element. The DOFs for the thin-plate
element of the slab tracks have been listed in Appendix A-Table A3.

The displacement vector of the girder, X}, with order of (N, x n,) x 1, where N, is the total number of bridge girder
elements, n, is the number of DOFs of a girder element, can be written as

Xo=[Xo1 Xo2 .. Xow]' ®)

where the Xp;, k=1, 2, .., N, denotes the displacement vector of the kth girder element. The DOFs for the girder element
are the same as the rail beam element.

The displacement vector of the pier, X,, with order of (Np x np) x 1, where N, is the total number of bridge girder
elements, np is the number of DOFs of a girder element, can be written as

Xo=[Xp1 X2 . Xom]' 9)

where the X4, =1, 2, ..., Np denotes the displacement vector of the gth girder element. The DOFs for the pier element are
linear displacements along X-, Y- and Z- axis since being assumed as mass element.

2.2.3. Sub-matrices for the train
The mass matrix of the train, My, can be assembled as

Ny Nwr
Mtt = Z MTT,C(G)Tr.Cv ®Tr,c) + MTr,Gq(G)Tr,Gq’ ®Tr,Gq) + MTr,Gh(G)Tr.Ghs ®Tr.Gh) + ZMTr,w,i(G)Tr,w,is G)Tr,w,i)
Tr=1 i=1
2

+ Z MMo,c(eMo,o ®Mo,c) + MMO,G(](OMD,qu G')Mo,(.‘.q)
Mo=1
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Nwr

+MM0,Gh(®M0.Gh’ ®Mo.Gh) + ZMMO.WJ(@MO,w,h ®M0.w,i) (10)

i=1
with
0, = [ w Zu Y lgu ¢u],
My(®,, ©,) =diag(fmy, my I, Ly ITux D.

®w.g = [}’w,g Zw.g 1/fw,g ,Bw,g ¢w,g],
Mw<g(®w.g7 ®w,g) = diag([mw,g My g Iw,z,g Iw‘y,g Iw,x,g ]),

where the subscript “u” will be substituted by “c”, “Gq” and “Gh” representing the car body, front bogie frame and rear
bogie frame respectively; the subscript “w” denotes the wheelset, “g” denotes the gth wheelset; m is the mass, Iy, Iy and I,
denote moment of inertia around X-, Y- and Z- axis; ©[e] is a general operator indicating the DOF number corresponding
to the matrices.

The stiffness matrix of the train can be derived as

Ny 2
I(t[ = Z I(Tr + Z KMo (11)
Tr=1 Mo=1

The detailed expression of Eq. (11) has been elaborated in Appendix B [29]. Additionally, the damping matrix of the train,
Cy;, has almost the same expression as Ky. It is just needed to substitute the stiffness coefficient k with damping coefficient c.

2.2.4. Sub-matrices for the rail
The mass matrix of the rail, M, can be written as

N 2 I I Iy I
M, = szr </0 NI Nxd& —I—/O Ny Ny d€ +/0 NNz dg +/0 AFNGTXrN‘)erS) (12)
h=1 g=1 r
with
NXr=N6xr:["‘ 1-§/1L ... &/ "’]Mny’

M=l 130 28 (G2’ (O 320" (- ]
M= 13 w20 -2 @ 30 26 O -

where Ny, Ny, Nz and Ny, are the shape functions for displacement along X-, Y- and Z- axis and angle around X -axis;
g=1, 2 denote the left and right side rail along X-axis; Ny is the total number of rail beam elements; ¢ is the local distance
from the left node of the rail beam to arbitrary points within the beam element along X-axis.

The stiffness matrix of the rail, K, can be written as

w52 [ErAr S ING T ING I + Evly [Ngrﬁwgr]ds]

K = 2 PR ;T
| [ Bl 5 INGTTING 108 o+ ke [ I, 1IN 10

(13)

where N’ and N” are the first and second derivative of the shape function respectively.
2.2.5. Sub-matrices for the slab tracks

The mass matrix of the slab track, Mg, can be written as
5/2

Ny b. Is/2 I
My = 3 mehy( / / NI Nzsd£dg + b / NI Nysdé) (14)
he1 —bs/2 J—Is/2 0

where ¢ is the local coordinate along the Y-axis; Nys has the same expression as Ny;, while Nz is chosen as the shape
function of a rectangular thin-plate element.
The stiffness matrix of the slab track, Kss, can be written as

N ls bs Is ” "
Ks=) [ /0 /0 BTDBd§d$i|+ESISZ /0 Nj, Npod¢ ] (15)
h=1

s

with

g [N PNe N1 Eh ,1 T 0
9E2 ° 92’ 9EaC | 12(1 - ps?) OS 0 (1-ps)/2 ’
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2.2.6. Sub-matrices for the girder

Because the girder is assumed to be beam element as the rails, thus its sub-matrices have the same expressions as the
rail.

To the mass matrices of the girder, My, one can derive it by substituting the “m,”, “A;” and “W;” in Eq. (12) with “m;”,
“Ap” and “W,”, namely

Ns 1 1 I 1.
T T T T W
My, = Zmb( A NI Ny d& + /0 NY Ny, d& + /0 NI Nzd& + /0 A:NngNgxrdE) (16)
h=1

To the stiffness matrix of the girder, Ky, it can be obtained by substituting the “E;”, “A;”, “Iiy”, “I;” and “ky” in Eq.
(13) with “Ep", “Ap", “Ipy", “Ip,” and “kp;”, namely

e [ (Bt fy [N ING 108 + Eoly 3 N[N 1 |

Koy =3 bt T b 1T (7)
i | [ Bol fo NN, 8 ke 3 TN NG 6
Based on the assumption of Rayleigh damping, the damping matrix Cp, can be computed by
Cop = My, + BKyp (18)

with a=2¢ w10, /(w1 + w,) and B=2¢ /(w1 + w5).
Where ¢, is the damping ratio, w; and w- are the first two circular frequencies of vibration of the girder.

2.2.7. Sub-matrices for the pier
The pier is simplified as mass element, the mass, stiffness and damping matrix of which, My, Ky, and Cpp, can be
written as
Ny
My, = diag(Im, m, m, ]) (19)
h=1
Ny
Kpp =) diag((kpe  kpy kp ] (20)
h=1
NP
Cop = Zdiag([cpx oy Cpz D) (21)
h=1

2.2.8. Sub-matrices for the rail-slab track interactions

The matrices for rail-slab interactions are marked with the subscripts “rs” and “sr”, which are derived by the interactions
between the rails and the slab tracks connected by the rail pads.

The stiffness matrix, K;_s, with order of (2 x N; x ny + Ns x 115) x (2 x Ny x nir + N5 x 115), can be written as

20+ [ kep.zl (INzelg_g — [NzsTE_g o _p) (INzele g — [Nzs)e_g )
Rr—s = Z +([NZr]§=o - [NZS]§=01§=bS_b)([NZrL&:O - [NZS]E=O.§=b5—b)] (22)
h=1 +krp,y[([NYr]§=0 - [NYs]é-:O)([NYr]g:o - [NYS]5=0)]

The damping matrix C._s can be obtained by substituting the stiffness coefficients kyp, and krpy in K,_ with damping
coefficients crp, and crpy.

It should be noted that the matrices of stiffness and damping are actually assembled ones, which will be further
partitioned as

Ke Ks|_ o [Gr G| _&
X | 2R, ol 23
|:Ksr Kss,l:| e [Csr C551:| - ( )

Thus the stiffness and damping matrix of the rail will be replaced by K;+K;- and Cy+G;.

2.2.9. Sub-matrices for the slab track-girder interactions

The matrices for slab track-girder interactions are marked with the subscripts “sb” and “bs”, which are derived by the
interactions between the slab tracks and the girder connected by the cement asphalt mortar (CAM).

The stiffness matrix, K,_j, with order of (Ns x ns +Nj, x 1) x (Ns x s + N}, x 11,), can be written as

Ny

Is bs I
Ksb=z[km.z /0 /0 N Ny 2 dE + Keay fo N;sbNy,sbds} (24)

h=1
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' B’ Projection of the Op-Yy line on O-X-Y plane
zZ

Fig. 2. Wheel-rail coupled model [24].

with
bs
Nzsy = Nzs — Nzp,  Nzp = | Nz | Br — 5t ¢ ) Noyr |

Nysh=Nys —Nyp, Nyp=[ Nyr Hr Ny,

The damping matrix, €;_p, has almost the same expression as K;_, just by substituting the stiffness coefficients “kca”
and “kcay” with damping coefficients “cca;” and “ccay” .
In the same manner as Eq. (23), the matrices of stiffness and damping should be partitioned as

Rss 2 Ksb 7 c_‘ss 2 Csb ~
: - =K,_;; ' - =C_p, (25)
|:Kbs Ky 1 T G Con b
Thus the stiffness and damping matrix of the slab will be replaced by Kgs+Kss 1-+Kss 2 and Css+Cs 1 +Cis -

2.2.10. Sub-matrices for the Girder-Pier interactions

The matrices for girder-pier interactions are marked with the subscripts “bp” and “pb”, which are derived by the
interactions between the girder and the pier connected by the cement asphalt mortar (CAM).

The stiffness matrix, I?b,p, with order of (N, x np +Np x np) x (N x n, + Np x np), can be written as

Np
Ky p =" [kp2N} ) Nzbp + kpyN§ )Ny by (26)
h=1
with Npr =Ny — sz, NZb~: 1; NY,bp =NYb 7Nyp, Nyp =1;
The damping matrix, C,_,, can be obtained by replacing the stiffness coefficients “kp,” and “kp,” in the corresponding
stiffness matrix with damping coefficients “cp.” and “cpy” .
The matrices of stiffness and damping should be partitioned as
Ky Ky ; Cwa G ~
2 =K, ,: 2 b | 6 27
[Kpb Kyp PG Copa b-p (27)

Accordingly, the stiffness and damping matrix of the girder will be assembled as Kbbj—Rbb_1+Rbb_2 and Cpy+Cpp 1+Chp 2,
and the stiffness and damping matrix of the pier will be obtained by Kpp+Kpp 1 and Cpp+Cpp 1.

2.2.11. Load vectors

The wheel-rail contact geometries are almost the most important and complex part in the whole train-track-bridge
dynamic model. In the wheel-rail coupled model [30], the yaw, pitch, roll, transverse and bounce motions of the wheelset
and the transverse, bounce and torsional motions of the rail are considered with a comprehensive way, as shown in Fig. 2,
the wheel-rail contacts will therefore be treated as a three-dimensional (3-D) nonlinear and asymmetry problem inevitably.
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The dynamic load acting on the wheelset is derived by the work of the force/moment on transverse, bounce, roll, yaw
and pitch motions of the wheelset respectively, that is [24],

2+Ny
m—ZZm, (28)
j=1 i=1
with
Fuyi Fni + FrritMwgpi — MWVZ/Ri—MwFo¢wi
Ey zi Eni + Exi+Mw& + Myo@yi + My V2 /Ri@wi
Fw,i = Fw,d)i =] do (FZn - Fle) - thYll - rnF‘/n + Iny (ﬂwz - Q)(wm + V/R ) wawwz s
FWJ/“' ao (FXlz Fsz) - aowm (F\/lz E/l'l) + MZI: + MZH + IWY (,sz Q)(¢wt+(pw1) IWZV)“WI
Fu pi 1iFxii + Trifxei + Ywi (MiFyi + Tifve) + My + My

where the subscript “i”, i=1, 2, 3, 4, denotes the ith wheelset; Fy;; and Fy,; denote the longitudinal forces acting on the left-
and right- side of wheel/rail contact interface, respectively; Fy; and Fy;; denote the transverse forces acting on the left- and
right- side of wheel/rail contact interface, respectively; Fz; and Fz; denote the vertical forces acting on the left- and right-
side of the wheel/rail contact interface, respectively; Mz; and My; are the moment of force around Z-axis, respectively; Myj;
and My,; are the moment of force around Y-axis, respectively; Byi, ¥ and ¢,,; denote the pitch, yaw and rolling velocity
of the ith wheelset; ¥,,; is the yaw angle.

The forces acting on the centroid of mass of the car body are mainly derived from the work of force/moment at motions
of transverse, bounce, rolling and yaw when the vehicle passes through the curved tracks, namely

2+N,
E=Y F; (29)
with

Feyi Mcgpc—MV?/Rc—M(r + Huw + Hy + Hep)Pc

F.. = Fc,Zi _ Mcg+ MCVZ/RC(pCJ'_MCaO(pC
c1 — F . - —I 3 ’
c,pi CX(pC.
Fc,z//i - cZVS-c

The forces acting on the centroid of mass of the bogie frames are mainly derived from the work of force/moment at
motions of transverse, bounce, rolling and yaw when the vehicle passes through the curved tracks, namely

2+Ny

F=3 ZFk (30)

i=1 k=1
with
F.y M gpx—M,V? /R—My (o + Hew) @1
F.z Mg + M, V2 /Ripi+Miao @y
Feg —lixPrc
Fey —IizV Sk
where k=1 and 2 represent the front bogie frame, “Gq”, and rear bogie frame, “Gh”, respectively.

With regard to the track systems, rail is the component that directly bears the dynamic loads from the train, and the
dynamic force acting on the transverse, vertical and torsional displacement can be expressed as

2+Ny
oY Y R 61
i=1 j=1 I=1

with

K F Ny, j
Fj=|Ei | = | Nz j ,
Mr (Ezlpi + Fyili)Noyr

where the subscript “I” denotes the left or right side of the rail; the subscript “j” denotes the jth wheel-rail contact pair;
Fyjj, Fz;; and Myy; denote the equivalent lateral, vertical and torsional forces acting on the centroid of the rail.

According to above presentations, one can obtained that F;=F + F, + F, F;=0, F,=0, F,=0.

Till now, the dynamic sub-matrices and loading vectors in Eq. (1) have been fully revealed to effectively couple the train,
track and bridge systems as an entire system. By adopting numerical integration methods, the system responses of train,
track and bridge can be obtained simultaneously.
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Fig. 3. Comparisons with the model of Zhai et al. [1] on car body accelerations and the vibrations at the mid-span of the bridge (a. lateral acceleration of
the car body; b. vertical acceleration of the car body; c. lateral displacement of the girder at the mid-span; d. vertical displacement of the girder at the
mid-span).

2.2.12. Comparison with general solutions

For validating the practicality of this dynamical model compiled in a computer program, a comparison to a three-
dimensional model by Zhai et al. [10] is conducted. It is assumed that an entire train grouped by five vehicles runs on the
bridge (five-span simply supported beam-bridge) with a constant velocity (300 km/h).

Fig. 3 presents the comparisons on the dynamic responses of the bridge at the second mid-span and car body accelera-
tions, from which one can observe that the dynamic results respectively derived from these two models coincide relatively
well with each other. The accurateness and practicality of this model is therefore illustrated clearly. However it should be
noted that there inevitably exist slight deviations between the results because of the completely different methods in the
model constructions, see for example: the coupler and draft system between the car bodies of vehicles ignored in [10] are
considered effectively in this model; in this model, the track and the bridge have been united an entire system, while they
are solved separately in [10].

3. Characterization of the temporal-spatial stochasticity for the coupled system

The model constructed in Section 2 is developed to characterize the train-track-bridge interactions with respect to
deterministic system parameters and excitations, e.g., track random irregularities. It has been pointed out previously that
the train-track-bridge systems are essentially random in nature, especially the track-bridge system, which holds significantly
inhomogeneous characteristics in the spatial domain, moreover, the random field of dynamic parameters is constantly
evolved corresponding to the cyclic train-track-bridge interactions.

3.1. Joint simulation based on Monte-Carlo Method (MCM) and Karhunen-Loéve Expansion (KLE)

3.1.1. Random field representation

By neglecting the stochasticity of the system components in Y direction, the random variables of track-bridge systems
can be expressed as €2(x, z, t), where x represents the longitudinal abscissa of the tracks, z represents the vertical coordinate
and t represents the time process. Thus the unified field of system structures can be expressed by

To =T(R(x,2,t)), eR3 (32)

where R3 represents the three-dimensional Euclidean space, ® represents the definition domain of the random field, and
the variable z is mainly applied to express the vertically layered characteristics of track and bridge structures, namely
different physical and mechanical parameters of structures.

With respect to the determined structural parameters z,, v =1,2, ..., M and the time point ¢, k=1, 2, .., N, the spatial
distribution of (x, z, t), which is regarded to follow a certain type of probability distribution, can be characterized by

T(R(x, 2y, t))~P(V) (33)
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where P(e) represents the possible probability distribution type, and V represents the corresponding characteristic param-
eters, e.g., the statistical mean and standard deviation of normal distribution, the degree of chi square distribution, etc.

Generally, the longitudinal coordinate of the rail line represented by parameter x will be with a huge magnitude once
considering the whole bridge sections existing in a railway line. Therefore, a longitudinal division towards the random
space is conducted by considering the limit length of numerical calculations, namely

x =nNx,, x; € (0, S /N] (34)

where S% represents the total railway length, N represents the number of division, and [=1, 2, ..., N.
In summary, the random field of track-bridge systems can be further transformed from Eq. (32) as

To = T(R(X;, 2u. ti)) (35)

3.1.2. Monte-Carlo simulation

In numerical studies, the random field represented by Eq. (35) is conventionally modelled by MCM that is perhaps the
most robust approach in random analysis. For a certain time point t,, the space vector in Eq. (35) can be expounded as a
two-dimensional matrix form

T(u(x1,21,tc)) T(uxz,z1.t)) - TRn, 21, t))
To=| TG zian ) TWoZum 6)) TGN Ziaks £)) (36)
T(u(xlsZ‘MsttK)) T(u(x27Z‘MsttK)) T(u(xNaZ"MxHJ’K)) (MxH)xN

where the subscript “H” denotes the number for a specific variable in one sample.
To the actual random variables z,,, which are assumed to follow an already known probability density function (PDF)
fz(zy), the cumulative distribution function (CDF), a monotonic function, can be derived by

zy
F(20) =/ fz)dzy, v=1.2. ... M, (37)
The correlation matrix between z,, can be expressed by
1 12 . "M
™1 1 . M
Rvm =1 . : : (38)
'vi vz e 1

For obtaining random series of z,, that satisfies Eqs. (37) and (38), based on a linear-nonlinear transformation method
[31], the steps for achieving this goal can be followed by
(1) Let g, be the variable following Gaussian distribution, that is,

1 zZ— 2
exp( - ( Mzgu) (39)
\/ 27TO'gU ZO'gU
where ug, and oy, respectively represent the statistical average and standard deviation with respect to the variable g,,. For

simplifying the transformation, it is practical to set ug, =0 and og, = 1.
In the same manner as Eq. (37), the CDF of g, can be obtained by

fe(gw) =

8i
Fogo) = [ fetgo)de. (40)
Based on Egs. (37) and (40), the nonlinear transformation between x,, and g, can be estimated as

Xo = hy(gu) = F ' (Fs(gv)) (41)

where fi(e) denotes the nonlinear transformation operator for argument (s); F!(#) denotes the inverse function.
(2) Deriving the correlation coefficient Tgg; through Txix;» i,j=1,2,.., M, i#j, that is [30,31],

E[(Xi — M) (X} — ij)]
0%, 0%,

_ /oo /°° (6(g) — px) (£5(8)) — M,
N o

Txix; =

)
p fec(gi, gj)dgidg; (42)
Xj

with



720 L. Xu et al./Applied Mathematical Modelling 63 (2018) 709-731

0.04
—MCM

0.03/ —MCM-KLE |
[T
G 0.02
o

0.01

S 10 15 20 25

Railpad lateral stiffness (MN/m)

Fig. 4. PDF comparison between the results of MCM and MCM-KLE.

(& - 2rgg8e +8])

1
———————exp |:
2(1 =12,
2w /1 — rélgj ( ;)

in Eq. (42), E denotes the mathematical expectation, and the relationship between rgg. and rxx; has been connected defi-
nitely. For solving the integration of Eq. (42), Newton-Raphson iteration method is applied [32], and then, the correlation
matrix Ry, with regard to g; can be confirmed accordingly.

(3) Using Monte-Carlo method, the random vector of g; can be assembled as

fec(gi &) = }; px = E(); ox = E(x?) — [EQO,

(G = (61, Gy, ..., Gy)rxm) (43)
And then, the Cholesky decomposition is conducted on Ry, p, and the G will be updated by
G = GG mxm (44)

with Ry = CgCg, the updated random vector ¢ will satisfy the correlation matrix Ry, .
(4) Finally, through the nonlinear transformation, the standardized random vector G’ can be transformed into arbitrary
correlated pseudorandom variables, namely the space vector of the random filed by

To = h(G) (45)

3.1.3. Dimension reduction based on Karhunen-Loéve Expansion (KLE)

MCM is generally accompanied by rather low computational efficiency and convergence in the random analysis. In the
current work, Karhunen-Loéve Expansion (KLE) is further applied to achieve a dimensional reduction for the random filed
of track-bridge systems.

Based on the definition of KLE [33], the random field of track structures can be further expressed by

Ns
To ~ E[To] + ) _ v/ A (46)
i=1
with E[¢;¢;] = §;;, where §j; is the Kronecker delta, E[-] denotes the expectation operation; E[Tg] is the mean of the

stochastic process, ¢; are orthonormal random variables.
The set of deterministic functions A; and u; are eigenvalues and eigenvectors, respectively, with satisfying the following
equation, namely

Cxxt = Ap (47)

where Cyy represents an bounded, symmetric and positive definite auto-covariance function of Tg. The projection basis
{m1.m2,.... )N, } is chosen orthonormal in the sense that, for all y and ¢:
(W) " =38y, (48)

The KLE is capable of capturing the spatial correlation of the fields, guaranteeing the randomicity of signals and greatly
reducing the calculation samples by Ny <« N.

For more details about KLE, Refs. [34,35] can be consulted for references.

For validating the effectiveness of the MCM-KLE method, Fig. 4 plots a PDF comparison between the random samples
respectively simulated by MCM and MCM-KLE with regard to the random variable, i.e., lateral stiffness of fastener. As seen
from Fig. 4, the statistical properties for the simulating results of these two method coincide well with each other, however,
there are 2000 samples in the MCM, but by applying MCM-KLE, the sampling number is reduced to 174, thus the united
MCM-KLE method greatly increases the computational efficiency.

3.2. Track irregularity probabilistic model

Xu and Zhai [36] proposed a track irregularity probabilistic model (TIPM) to select representative and realistic track
irregularity sets for a high-efficient characterization of the statistical properties of track geometries.
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The abbreviated procedures are illustrated as
1) Divide the measured track irregularities I(s) into N segments, namely
I(s) = U (%)) (49)
where s denotes the distance along the track, k=1, 2, ..., N, §; € (Stot (k — 1)/N, Stotk/N],

2) Set ¢(e) as the power spectral density (PSD) operator, and the PSD of I(5,) can be obtained by P, (w) = ¢(I(5));

3) With a series of derivations, the probability density function (PDF) of P,(w) denoted by I'(P,(w)) can be derived.

4) Based on time-frequency transformation approach [35], the equivalent time domain track irregularities I(§,) used as the
exciting inputs of the interaction model can be performed on P(k), and assuming I" (P (w)) = I"(I(5}))-

5) With cognition of the probability distribution of Py(w), it is rather convenient to select representative PSD function, i.e.,
Pr(w), in which r is the selected sample of PSD, r =1, 2, ..., N, using random simulation methods. Generally, it is obvious
that N « N, while the statistical properties of I(s) in amplitudes and frequencies are defined without information loss,
and being contained in Pr(w).

3.3. Temporal evolution of system dynamic characteristics

As to the evolution of system parameters, the experimental studies in situ or lab have rarely been reported yet, thus the
formulaic expressions used to program the variation of parameters against time cannot be revealed in the present study,
and accordingly, the coefficients of variation (COV) are simply adopted to characterize the evolution of random system
parameters, as shown in Ref. [26].

To the track irregularities, track maintenance department will periodically detect the rail profile deformations using track
inspection car. The track irregularity probabilistic model mentioned in last part is developed to extract the realistic and
representative samples from the massive track irregularity data, based on which the strategy on statistically characterizing
the temporal evolution of track random irregularities can be further achieved by equivalently transforming the amplitude
evolution of track irregularities into its power spectral density evolution, the detailed procedures can be followed as below

1) The power spectrums of track irregularities at time ¢; and t;,y denoted by P (,(w) and Py, , (w) respectively, where the
subscript “¢” denotes the track irregularity type, are summarily obtained by the spectral estimation method, indicating
that the amplitude-frequency properties of I, (s) will be evolved from P; 1, (@) to P¢, , (w) during the time period of
(titi; 1], thus the spectral evolution can be figured out by

Pe 1)) = Pe g, (0) — Pe (@) (50)
2) For the analytical convenience, a spectral density matrix with order of E x W can be assembled by
(g ®) =[UPsrq(@d)],,, 4=1.2, .. E, (51)

where the subscript "i" and "q" denotes the time interval of measurement (t;t;, ;] and the qth track irregularity power
spectrum with respect to the gth track portion, E is the total number of power spectrums and the subscript “W” denotes
the total number of frequency points. In the same manner, a spectral density evolution matrix flgy,'(q, w) can be obtained
by [2¢41(d, ©) R i(q, )],

Obviously, with large-scale and long-term measurements, namely i=1, 2, .., T, T is a relatively large value, a com-
pletely mapping relation between (g, w) and SNZg’,-(q, ) can be numerically matched, where 2.(q,0)=US_(q, »)
and ¢ (q, w) = UL ;(q, w).

Let P j(wg)=min [R(q.w4)] and P¢u(wy) = max [R(q.wq)], where min [¢] and max [¢] denote the minimum and max-
imum operators respectively. Because the spectral densities are discretely distributed, the amplitude domain of P.(wg)
can be divided into

Po_, (wg) € [Pe (wq) + gP(wy), P j(wq) + (8+ 1)P(wy)] (52)

Pg u(wg)—Pc | (wg)
[f

3

—

&

with P(wy) = int .0=<g=<Z1,

where P is the discrete interval of spectral densities; Z is the total partition number; int[-] is an operator used to obtain
the largest integer being smaller than the number in the bracket; the subscript " ®.¢" denotes the field of spectral
densities satisfying Eq. (52).

5

—

It is certain that the spectral densities Pg_,(wy) included in the field of @4 will correspond to different evolution
values, Peg_g(wd) € flg(wd). Based on probabilistic statistics, the probability density function (PDF) of the evolutions

denoted by fc.a, (ﬁ@gyg) can be determined by ﬁ@gvg (wg).

It is regarded that the evolution of the spectral densities within @, will follow the same PDF characteristics. Therefore,
a cumulative probability index p. € (0, 1) is introduced to uniquely confirm the evolution value of spectral density over
P; 1, (w), namely

Bl (w: pe) = FZ), (po) (53)

. N 5 N N
with Fe v, (Ps g) = /225 fo.0,(Pe ) dPs g,

D
=
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where F; , () is the CDF of f¢ o, (-).
7) On the basis of Eq. (53), the evolution spectrum P{M (w; pe) can be obtained by

Pt/m (w; pg) =P (w) + ﬁt/l(a)s pg) (54)

8) It should be noted that Pt’i+1 (w; p¢), which is determined by the probability index p. and evolution domain ﬁ@;,g(wd)v
is an uncertain quantity, thus it can be selected by random simulation methods.

By implementing the time-frequency transformation process [36], the evolution spectrum P{m (w; p¢e) in Eq. (54) can
be equivalently transformed into time-domain track irregularities I[’i+1 (s). By loading I{M (s) into the dynamic model, the
dynamic performance of train-track-bridge systems can be assessed in light of different evolutionary status of excitations.

4. Construction of the temporal-spatial stochastic model

Till now, the work related to the establishment of the dynamic model, random simulation and characterization of
the system parameters and excitations in temporal-spatial domain have all been accomplished properly. The essence for
constructing the train-track-bridge temporal-spatial stochastic model lays on uniting the random physical-mechanical status
of the systems and the dynamical interaction mechanisms.

Summarily, the modelling framework can be illustrated as Fig. 5

5. Case studies

In the numerical studies, it is assumed that there are two motor cars in the front and rear part of the train, and with
three trailer cars contained in the middle, the related parameters have been presented in Ref. [18]; besides, a five span
simple support beam bridge is constructed by 32-meter beam elements, the related dynamic parameters of the bridge are
listed in Ref. [18].

5.1. Case 1: characteristics of system responses for train-track-bridge interactions

Rather different from common infrastructural systems, the railway bridges normally assumed as beam elements offer
more flexible supports to the train-track systems in general, thus the dynamic response of train-track-bridge systems might
possess unique characteristics.

Fig. 6 plots the time-varying rail displacements by tracking the wheel-rail contact points. It can be seen from Fig. 7
that the time processes of rail displacements show significantly non-stationary and asymmetry characteristics; when the
wheelsets arrive at the mid-span of the bridge, the vertical dynamic deflections D,; of the track-bridge structures reach the
maximum responses; as to the rail lateral displacement Dy, though, without that significantly asymmetry feature as D,
we can still observe that the Dy, has obviously deviated from the normal central line.

Moreover, Fig. 7 illustrates the representative responses of the displacement and the acceleration with specific to the
point at the mid-span of the bridge girder, from which one can observe that when the first motor car approaches to the
specific point, the vertical deflection will be gradually increased to reach the first peak with loading of a half weight of a
car, and then the deflection will reach the maximum after a full weight of the car acting on the girder of the bridge, when
the train gradually passes through the mid-span, the deflection of the bridge structures will accordingly decay to original
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Fig. 6. The time-varying displacement of the rail following the trail of the 1st wheelset of the trailer car (a. vertical displacement; b. lateral displacement).
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Fig. 7. The displacement and acceleration of the bridge at the mid-span (a. vertical displacement of the centroid of the bridge; b. lateral displacement with
regard to the middle point of the track-bridge contact area; c. vertical acceleration of the centroid of the bridge; d. lateral acceleration with regard to the
middle point of the track-bridge contact area).

status. With regarding to the acceleration of the bridge at the mid-span, the responses are generally zero-mean stationary
processes controlled with the limits, i.e., 0.35 g for vertical acceleration and 0.14 g for lateral acceleration.

For investigating the influence of train speed on the system vibrations, the speed of the train is set to increase from
200 km/h to 800 km/h with an increment of 10 km/h. The vertical and lateral natural frequency of the bridge are respectively
8.91Hz and 3.98 Hz. Fig. 8 shows the maximum responses of the wheel-rail force and the acceleration of the mid-span
against different train speeds. It can be observed that the resonance speed of the train for the bridge vertical vibration is
significantly larger than that for the bridge lateral vibration due to its higher natural frequency. Obviously it can be seen
that the wheel-rail forces are generally promoted by the increase of the train speed, besides the resonance of the bridge
will strengthen dynamical impacts on wheel-rail interactions on the basis of the moving of the train. See for instance,
when the train speed reaches 710 km/h (resonant train speed), the wheel-rail vertical force is significantly enlarged, which
also causes the fluctuation of the wheel-rail lateral force since the wheel-rail vertical/lateral interactions are coupled in 3-D
space in the dynamical model.
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where fg; is the nth vertical or lateral natural frequency of the bridge (Hz), Lg is the interval of the moving loads (

For the simply supported beam under moving loads, the resonant train speed V; can be estimated by Xia et al. [37]

 36fmle

Vg :

, n=1,2,..,

Ly =22.125m in this example.

(55)

m),
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Fig. 9. Spatial deviation of response due to randomness of the girder parameters (a. rail vertical displacement; b. girder vertical displacement).
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Theoretically the resonant train speeds for the bridge vertical and lateral vibration are respectively 709 km/h and
317 km/h that are derived by Eq. (55). Obviously the resonant speeds obtained by the numerical computations coincide well
with the theoretical ones.

5.2. Case 2: the influence of the spatial randomness of system parameters

In this study, we will put an emphasis on identifying the influence of structural randomness on the dynamic behaviors
of train-track-bridge systems, in which the structural randomness is mainly characterized by the dynamic characteristics of
the system parameters.

For investigating the dynamic effects of spatial randomness regarding various system structures [38], five computational
conditions are classified, namely

o Spatial randomness of the rail. Random parameters: elastic modulus E;, mass per unit length M;, flexural moment of
inertia about the y-axis Iy, flexural moment of inertia about the z-axis I;;, denoted by Cy;

« Spatial randomness of the rail pads. Random parameters: lateral and vertical stiffness coefficients kypy and k;p_, lateral
and vertical damping coefficients ¢py and crp., denoted by Cy;

« Spatial randomness of the CAM. Random parameters: lateral and vertical stiffness coefficients kcay and keaz, lateral and
vertical damping coefficients ccay and ccaz, denoted by Cs;

« Spatial randomness of the girder. Random parameters: lateral and vertical stiffness coefficients kcay and kca, lateral and
vertical damping coefficients ccay and ccaz, denoted by Cy;

It is assumed that the random parameters are all following normal distribution with coefficients of variation of 0.1 and
correlation coefficient of 0.7-0.9, for each computational condition. Besides, only a three span simply supported girder
bridge is considered for advancing the efficiency of numerical analysis, and running speed of the vehicle is 300 km/h.

Fig. 9 shows the displacement deviations of the rail and the girder in C4 condition, from which one can observe that
the spatial randomness of the girder holds significant influence on structural vibrations; due to the variation of the girder
parameters, the discrepancy between the minimum and maximum displacement may even hold a double difference.

Besides, to validate the effectiveness of the MCM-KLE method presented in Section 3.1, Fig. 10 illustrates the comparisons
of statistical indices over time-varying vertical displacement of girder between the MCM-KLE with 174 samples and MCM
with 2000 samples. As observed from Fig. 10, the results of these two methods are in agreement with each other well, but
the MCM-KLE approach greatly reduces the time-consuming of computation.

Figs. 11-13 respectively show the dynamic effects of spatial randomness of system structural parameters on the lateral
acceleration of the girder, the wheel-rail lateral force and the lateral acceleration of the car body. As seen from Figs. 11-13,
the randomness of structure dynamic characteristics holds significant impacts on the variation of the system responses,
because of the stationary feature of system excitations, the mean values are remained nearly unchanged across all variants.
However, it can be derived from Figs. 11(b)-13 (b) that the degree of dynamic effects are significantly different against
different dynamic indices when the structural components that shows random properties are different. See for example, the
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Fig. 11. The statistical results of the time-varying lateral acceleration of the girder under different system conditions (a. mean; b. standard deviation).
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Fig. 12. The statistical results of the wheel-rail lateral force under different system conditions (a. mean; b. standard deviation.
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Fig. 13. The statistical results of the vertical acceleration of the car body under different system conditions (a. mean; b. standard deviation).

Table 1

Standard deviations for different dynamic indices with respect to spatial randomness of system parameters.
Dynamic indices Computational conditions

G G G Cy

Ayr 0.212 0.258 0.203 0.132
Az 0.300 0.238 0.115 0.017
Ayg (x103 g) 0.400 0.600 0.400 2.700
Az (x1073g) 0.900 2.300 3.200 6.900
Ayc (x 103g) 0.147 0.3414 0.070 0.036
Az (x1073g) 0.300 0.700 0.300 1.200
Fyw (x 1073 kN) 0.224 0.436 0.168 0.066
Fw (kN) 0.921 1.899 1135 0.158

Note: Ay, - lateral acceleration of the rail; A;; - vertical acceleration of the rail; Ay, - lateral acceleration of the girder; A,z - vertical acceleration of the
girder; Ayc - lateral acceleration of the car body; A, - vertical acceleration of the car body; Fyw - wheel-rail lateral force; F,w - wheel-rail vertical force.

random characteristics of the bridge girder play a critical role in affecting the variations of the lateral acceleration of the
girder, however, its influence on wheel-rail lateral force is relative small, instead, the variations of the dynamic parameters
of the rail pads become the most important factor influencing the response magnitude of wheel-rail forces; moreover,
Fig. 13(b) shows that the key factor affecting the variation of the vertical vibration of the car body is the randomness of
the girder parameters, which might be a special phenomenon that only occurring on railway bridges, in normal railway
sections, the random parameters of the subgrade tracks only bring about very small effects on vibrations of the car body.

Table 1 further lists the maximum standard deviations of dynamic indices with respect to various computation condi-
tions, from which one can conveniently clarify the main structural components possessing the most significant impacts on
the vibrations of a specific index.
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5.3. Case 3: full excitation of track irregularities

In the previous section, track irregularities, as geometrical excitations of the rail profile, are set to be deterministic to
afford a more clarity of the dynamic influence induced by the randomness of system parameters. However, as stated in the
introduction, the track irregularities on the bridge tracks are random and variant in nature, especially in a situation with
large-scale constructions of railway bridges.

In this example, a case for investigating the influence of the uncertainty of track irregularities on dynamical assessment
of train-track-bridge systems is presented by introducing the track irregularity probabilistic model (TIPM), where the track
irregularities are cumulatively collected from a high-speed line (Wuhan-Guangzhou) in three years with a detection interval
of one month. Through TIPM, the dynamic response under full excitations of track irregularities can be obtained with a
high efficiency.

To validate the effectiveness of TIPM, Monte-Carlo method (MCM) is applied to select the track irregularity sets ade-
quately. Fig. 14 plots the comparison of statistical results between TIPM and MCM regarding rail vertical accelerations, from
which one can observe that these two results coincide well with each other, however, 2999 samples are used in the MCM,
which is greatly larger than that of TIPM, i.e., 304 samples. Besides, it can be noted that the variations of the acceleration
will be enlarged by the abrupt change of track stiffness at bridge-subgrade transition sections.

By introducing TIPM, the full excitations due to track irregularities can be revealed, but in most researches, only a single
excitation is loaded, in which a statistical average track irregularity set is used as the system excitation. Figs. 15 and 16 plot
the probability density function (PDF) comparisons between full excitation and single excitation with specific to wheel-rail
forces and rail accelerations, from which one can observed that there exists significant differences between results of these
two forms of excitations no matter on maximum responses or on PDF distributions. Thus it can be deduced that whether to
consider the full excitation of track irregularities will remarkably influence the results on aspects of reliability assessment
and prediction of extremum.
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5.4. Case 4: temporal prediction of system performance due to evolution of dynamic characteristics of systems

The spectral evolution method developed in Section 3.3 is validated to be fairly practical, which can be used to statis-
tically reveal the time-evolving process of track irregularities, and having been reported in a key project of The National
Natural Science Fund of China [39] with specific to the vehicle-track system.

Based on the spectral evolution method, predictions for the long-term behaviors of train-track-bridge systems can
be estimated. The spectral densities of track irregularities Pc(w; t;, 1) at time ;1 can be clarified based on the power
spectrum at time t;, i.e,, P-(w; t;) and an enlarge factor, i.e., p.(t;), where i=1, 2, .., H and [ty,ty] denotes the whole time
period predicted, that is,

Pg(w§ tiv1) :Pg(w§ ti)+F;__20(ﬁ;(ti)) (56)

where p¢(t;) is the cumulative probability that is statistically obtained to characterize the degree of evolution of the
spectral densities, and then the domain of evolution spectrums p (t;,,) over time period of [¢;, 1, t;, »] are confirmed by
the spectral characteristics of Pc(w; t;, 1).

Here, only representative results against the evolution of system characteristics are presented without further exper-
imental verifications, through which the related methods can be extended to the long-term dynamics prediction of the
train-track-bridge interactions in the same manner. As a numerical example, Fig. 17 plots the general, upper and lower
limits of the vertical and lateral acceleration of the girder at the mid-span, the lateral acceleration of the car body, the
wheel-rail vertical and lateral force, respectively. In Fig. 17, the upper and lower limits of the response are presented to
define the influence of uncertainty of evolutions. As observed from Fig. 17, the system responses are generally increased
by the cyclic operations of railway trains. However, it should be noted that this example is only regarding to a specific
condition of track random irregularities and system parameter variations.

In practical usage, the system characteristic of train-track-bridge systems should be actually measured and then loaded
into the dynamic model to obtain more realistic results.

6. Conclusions

With the sufficiency and perfection on deterministically computational and analytical theory and method, special
attentions on how to achieve a systematic quantification of the dynamical effects aroused by the uncertainty have been
paid in recent years. Due to inevitable error in construction, measurement and prediction, we naturally cannot obtain the
exact solution for such a complex dynamic system like train-track-bridge interactions. In this paper, a systematic work
aiming at train-track-bridge systems is conducted to fully probe into its randomness stemming from spatial deviations and
temporal evolutions and revealing its random vibrations through a train-track-bridge interaction model.

Following the modelling framework and fundamentals of this work, the longitudinal heterogeneity, randomness and
evolution of the system excitations can be effectively simulated with higher efficiency and accordingly, the full view of the
system behaviors brought out by the uncertain factors can be revealed from aspects of response characteristics, random
vibration, dynamic reliability and long-term prediction, etc.
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Apart from the model validations, some conclusions can be drawn accordingly:

1) The longitudinal inhomogeneity of the bridge girder shows significant influence on girder’s response deviations, espe-
cially on the car body accelerations, which is rather different from the dynamic characteristics caused by embankment
supports. However its influence on wheel-rail force is slight.

2) The resonance effect of the bridge girder caused by the moving load series or the loading rate of the train has been
revealed in this work. It can be observed from the results that the vibration of the bridge systems will be significantly
amplified by the resonance, besides the wheel-rail forces are also prompted by the resonance effects except the train
speed.

3) The PDF characterizations for system responses are rather different if the spectral excitation of track irregularity is
deficiently considered, which subsequently affects the reliability assessment of this dynamical system.
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Appendix A

Table A1, Table A2, Table A3

Table A1l
The degrees of freedom (DOFs) for vehicle systems.
Vehicle components DOFs
Transverse Bounce Yaw Pitch Roll
Car body Ve Zc Ve Be ®c
Front bogie frame Yeaq Z6q Yaeq Beq ¥cq
Rear bogie frame Yon Zgh VYan Ben ®ch
Wheelset, i=1~4 Ywi Zyj Vi Bui Pwi
Table A2
The degrees of freedom (DOFs) for the rail element node.
DOFs type
Linear displacement Angular displacement
Along X-axis Along Y-axis Along Z-axis Around X-axis Around Y-axis Around Z-axis
Xr Yr Zr Orx Oy 02
Table A3
The degrees of freedom (DOFs) for the slab track.
Vibration type Element node DOFs type
Linear displacement Angular displacement
Vertical Xvini=1,2,3,4 - Zs Osx Osy -

Lateral X i=1,2 Vs - - - 0,
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Appendix B [29]

Krr = Kyio = K71 (Os1, Oss1) + K72 (Os22, Os2) + Koy (Osy1, Ogy1) + K2 (Osy2, Ogyz) + Kix1 (Osx1, Osx1)
+Ksx0 (Osx2, Osx2) + K21 (Opz1, Opz1) + Kpr2 (Opra, Oprz) + Kp3 (Opz3, Opy3) + Kpza (Opra, ©Opra)
FKoy1 (Opy1. Opy1) + Kpya2 (Opya. Opya) + Kpys (Opy3, Opya) + Kpya (Opya, Opys)
+Kox1 (Opxi, Opx1) + Kpxa (Opxa, Opxa) + K3 (O3, Opxa) + Kipxa (Opxa, Opxa)

with

O =[2c b B Zaq Poq)s K (Oszr, Osn) = ks (NGy 1Niz1 1 + Niyy 5Nez1 2);

Oy, = [Zc ¢c  Be  zgn ¢ch], K2 (O, O5r0) = ksy (N {Nszo.1 + Nby 5Nez2 2):

Oy = [Yc ¢ Yo Yoq ¢Gq]a Koy1(Ogy1, Ogy1) = 2ksyNg,; Noy1:

O =y & Ve Yon Pen] Ky2(Osya, Ogya) = 2ksyNj,)Neyo:

Oy = [1//c Yeoq  Be ﬁcq], Ko (O, Osx1) = ks (NS 1Noxa 1 + Niyq 5Noxa 2):

Oso=[V¥c Yo Be o] Kea(Osa, Osa) = ksx(Njp 1Nsxa.1 + Niy 5Nex2.2):

Op =[2cq Zwm1 ¢Pcq P Boal: K1 (Op1, Oppr) = kpz (N3,1 1Noz1 1 + Nijy 2Np )

Opn=1I2cq Zw2 Pcq Pwz  Bodl Kp2(Opsa. Opra) = ko (N} 21 Nia1 + N3 5 5Npz2 2):

Ops=Izch Zws Pon  Pws  Bon Kpz(Opsz, Opz) = kpr (N33 Npza1 + Ny oNpzz2):

Opu=Izch Zwa Pon  DPwa  Bonl Kpua(Opza. Opus) = kpz (Np,41 Npzar + Ny 5Npza 2):

Opi=[Veq Ywi Boq  Veql: Kpy1(Opy1, Opyr) = 2kpyNy, 1 Noyi:

Opo=1[Vcq Vw2 Pcq  Vcal Kpy2(Opy2. Opy2) = 2kpyNy ) Npyo:

Ops=[Yon Yus Pon  WYenl Kpz(Opys. Opyz) = 2kpyNT sNpys:

Opa=[Von Yws Pon  Yenl Kpya(Opya. Opya) = 2kpyN} ,Npys:

Opa=[Voq Ywi  Boql Kpxa (Opx1. Opx1) = kpx (N3 5 1 Npx1.1 + Ny 2Npxt 2):

Opo=[Veq Vw2 Boql Koa(Opxa. Opxa) = Kpx (N3 1 Npwo1 + N3y 5Npxa 2):

Ops=[Ven Vw3  Bonl Ko (Opxs, Opxz) = Ky (N3, 31 Npus1 + N33 5Np3 2):

®px4= [wGh ¢w4 ﬂGh]v pr4(®px4v ®px4) = kpx (Ngx41pr4l + Ngx4_2NpX4,2)v

in which K1, K1 and K denote the stiffness matrices derived by the interactions between the car body and the front
bogie frame in vertical, lateral and longitudinal directions; K5, Ky, and K, denote the stiffness matrices derived by the
interactions between the car body and the rear bogie frame in vertical, lateral and longitudinal directions; Kp;1, Kyz2, Kyz3
and K4 denote the stiffness matrices derived by the interactions between the bogie frame and the 1st and 2nd wheelset
and the interactions between the rear bogie frame and the 3rd and 4th wheelset in vertical direction; Kpyi, Kpyz, Kpy3
and Ky, denote the stiffness matrices derived by the interactions between the bogie frame and the 1st and 2nd wheelset
and the interactions between the rear bogie frame and the 3rd and 4th wheelset in lateral direction; Kpyq, Kpxo, Kpx3 and
K;y4 denote the stiffness matrices derived by the interactions between the bogie frame and the 1st and 2nd wheelset and
the interactions between the rear bogie frame and the 3rd and 4th wheelset in longitudinal direction; moreover, N, Ny,
and N;, denote the equivalent shape functions used to characterize the relative motions between DOFs, whose detailed
expressions are shown below:

stl,] = [l _ds _lc -1 dS]1 stl,2 = [l ds _lc -1 _dS]1
stZ,] = [1 —ds I -1 ds]v stZ,Z = [1 ds I -1 _ds]§
Nsyl =[-1 —Hgp -l 1 Hyl, Nsy2 =[-1 Hgp I 1 Hyl;
Nsxl.l = [ds _ds ch Hbt]v Nsxl.2 = [_ds ds ch Hbt]7
Noo1=1[ds —ds Hg Hyl, Nooo =[—ds ds Hg Hyl;
szl,l = [1 -1 _dp dp lt]? sz1,2 = [1 -1 dp _dp _lt],
szz,l = [1 -1 —dp dp lt], szz,z = [1 -1 dp —dp lt],

sz3,1 = szl‘l, sz3.2 = szl,Zs sz4,1 = szZ‘l, sz4.2 = sz2,2§
prl = [_1 1 Hew _lt]7 pr22 = [—1 1 Hw lt]7

Npys = Npy1, Npys = Npya:

prl‘l = [dp _dp HtWL pr1,2 = [_dp dp Htw],

pr2.1 = pr].l’ pr2.2 = pr].Z’ pr3.1 = pr].l’ pr3.2 = pr].z,

pr4,1 = pr],lv pr4,2 = prl,Zv
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